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Abstract

The GSO projection in the twisted sector of orbifold background is sometimes subtle
and incompatible descriptions are found in literatures. Here, from the equivalence of
partition functions in NSR and GS formalisms, we give a simple rule of GSO projection
for the chiral rings of string theory in C"/Z,,, r = 1,2, 3. Necessary constructions of chiral

rings are given by explicit mode analysis.
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1 Introduction

Recent study of closed string tachyon analysis[1, 2, 3, 4, 5] raised the interests in the string
theory in non-compact orbifold backgrounds. The essential ingredient in either chiral ring
technique[3] or mirror symmetry approach[2, 7, 8] is the world sheet N' = 2 supersymmetry of
NSR formalism, which in turn requires a precise understanding of the GSO projection. However,
the description of this basic ingredient is rather subtle and the subtlety comes from following
reason: in untwisted string theory, the criteria is the spacetime supersymetry which fixes a Z,
projection unambiguously. However, in orbifold theory, the spacetime SUSY is broken even
after we impose a GSO projection and the imposition of SUSY in untwisted sector does not
fix the action of Zs projection in the twisted sector uniquely, in the sense that there are many
ways of defining Z, operartion. Hence the choice of GSO is largely arbitrary and in fact it is
not hard to find that descriptions in literatures are partially incompatible with one another.
Furthermore it is not clear whether such GSO projection rules give string theories equivalent

to those in Green-Schwarz formalism.

In this paper, we explicitly work out the chiral rings and GSO projection rules on them
for non-compact orbifolds C"/Z,, r = 3 such that it guarantee the equivalence of the NSR
and Green-Schwarz formalisms. We find that GS-NSR equivalence uniquely fixes a GSO for all
twisted sectors and gives us a simple rule for the GSO projection. For r = 1,2, the same GSO
rule was given in the paper [5].

The rest paper is as follows: After constructing the chiral ring by mode analysis in section
2, we derive the GSO rule in section 3 by looking at the low temperature limits of partition
function. We derive partition functions of NSR formalism starting from that of Green-Schwarz
one using the Riemann’s theta identities. The spectrum analysis from this partition function
gives the surviving condition of individual energy values, which we identify as the rule of the

GSO projection.

2 Construction of Chiral Rings of C"/Z,

The purpose of this section is to explicitly construct the chiral rings of orbifold theories|6],
which is essential both in language and in physical interpretation of section 3. We use mode

analysis and rewrite the result in terms of monomials of mirror Landau-Ginzburg picture [2],



whose review is not included here.

2.1 CYYz,
The Energy momentum tensor of the NSR string on the cone C!/Z, is

T=-0X0X"+ %w*aw + %waw*,

(2.1)

where X = X! +4iX? X* = X! —iX? and ¢ and * are Weyl fermions which are conjugate

to each other with respect to the target space complex structure. All the fields appearing here

describe worldsheet left movers. We denote the corresponding worldsheet complex conjugate

by barred fields: X, X* 1,¢*. The N' = 2 world sheet SCFT algebra is generated by T,

Gt =¢*0X, G~ =¢YdX* and J = ¢*1). The orbifold symmetry group
Zn={d'l=0,1,2,---,n—1,with ¢" =1}

act on the fields in NS sector by

g-X(o+2m,7) = &g X(0,7),

g- X (0 + 277 7_) = e—2m’k/ng : X*(Ua T)7
g- ¢(U + 27T7 T) = _627rik/ng : ¢<0-7 7—)’

g- Q/J* (J + 27T7 T) - = G_ZMk/ng ' w*(aa T)‘

The mode expansions of the the fields in the conformal plane are given by

0X(z

ZnEZ an+a/zn+1+a’

) pr—
aX*(Z) = ZneZ O‘:—a/szrliav
Y(z) = ZreZJr% Yria 2T,
¢*(2> = ZT€Z+% w:—a/zwr%iaa

where a = k/n. The quantization conditions are:

[a'fH—ll? aimfa] - (n + a)(;m,'m {1/}7‘-1-6” 77Disftz} = 67"15'
Hence the conjugate variables are given by

T

n+a

¢I+a = djir—m (¢:—a)T = Y—rta-

o - a*—n—a’ (a:—a)T = O _pta,

(2.2)

(2.3)

(2.6)



The vacuum is defined as a state that is annihilated by all positive modes. Notice that as
a grows greater than 3, 1_ 1iq (¢1_,)changes from a creation(annihilation) to an annihilation
2

(creation) operator. The (left mode) hamiltonian of the orbifolded complex plane is

HL — 1 Z [Oéinfaan—i-a —+ O{_n+aa27ai| =+ 1 Z |:(’f’ + a)zﬁr,a%ura + (T - a>¢—r+aw;fa] :

2 2
TEZJr%
(2.7)
The contribution of the left modes to the zero energy is
EL—li(n—l—a)%—li(n—a)—li(nle—ira)—li(l—i—n—a) (2.8)
" 2 n=0 2 n=1 2 n=0 2 2 n=0 2 ' '

If we define -
fla)=>) (n+a)=1/24— (a—1/2)*/2, (2.9)

n=0

then f(a) = f(1—a) and f(a+1/2) = f(—a+1/2) so that the above sum gives EF = a/2—1/8.
Embedding the cone to the string theory to make the target space C/Z, x R™!, we need to add
the zero energy fluctuation of the 6 transverse flat space, 6 x (—1/24)(1 + 1/2) = —3/8 to the

zero point energy, which finally become

1 1
E()L:§(a—1), for 0<a<s. (2.10)

If 1/2 < a <1, then (a — %)wlaw% +a should be added to the normal ordered Hamiltonian
2
while (% - a)l/J_% +q¥1_, should be removed from it. Therefore the zero point energy should be

modified to be

E()L:%(a_l)—%{— (%—a)+(a—%)] :—%a, for %<a<1. (2.11)

From this we can identify the weight and charge of twisted ground states using

EF=A—-1/2, and ¢q=+2A, (2.12)

where we take + if the the ground state is a chiral state and — if it is anti-chiral state.

We now construct next level chiral and anti-chiral primary states by applying the creation

operator.

G* = Z win,%,aan—&-a = w%,aa—l—s—a + -
Go, = Z w*”*%Jraa:;—a = wf%Jraa*—a +oe (2.13)



Notice that for 0 < a < 3, ¢3_ [0 >= 0, hence
Gr0>=0 (2.14)

so that |0 > is a chiral state. It has a weight a/2 and a R-charge a, so that the local ring

element of LG theory corresponding to |0 >, can be identified as u*:

0 >4~ u. (2.15)

The first excited state is Yo 1 |0 > which is annihilated by G~

(NI

G~ 19,110 >=0. (2.16)

Therefore it is an anti-chiral state. Its weight is %(1 —a) and charge is a—1, hence it corresponds
to a" "

V1|0 >~ a7k, (2.17)

For 3 <a <1, q-1|0 >= 0, hence G:%|O >= 0 so that |0 > is an anti-chiral state. It has
weight %(1 —a) and charge a — 1, hence the corresponding local ring element is 2" *. The first
excited state is 47 |0 > which is annihilated by G™, therefore it is a chiral state. Its weight
is a/2 and the ch2arge is a hence the corresponding lf)cal ring element is again u*. Using the
weight and charge relation for chiral and anti-chiral states, we see that ¢* has +1 charge and

1 has —1 charge.

So far we have worked out the first twisted sector for arbitrary generator k. For the j-
th twisted sector, we can easily extend the above identifications by observing that a is the

fractional part of jk/n;
a={jk/n}. (2.18)
The result is that for all chiral operators, the local ring elements are given by «™7%/"} and for

the anti-chiral operators they are given by @" "¥/7} In both cases j runs from 1 to n — 1 for

twisted sectors. It is worthwhile to observe that

n(l = {jk/n}) = n{j(n —k)/n}, (2.19)

so that the generator of the anti-chiral ring is @"~*, while that of chiral ring is u*. Since it is
the building block for the results in higher dimensional theories, we tabulate the above results

in Table 1.



lal

Region vacuum annihilator creators
0<a<sz| [0>~um Vi Ua_1]0 >~ an7me
2
s<a<l]|0>~arme V-t ¢’§_a|0 >~y

Table 1: Twisted vacuum and first excited states. The chirality is equal to the holomorphic structure of the target space, i.e,

chiral(anti-chiral) states correspond to monomial of u ().

What about the case a = —k/n < 0 The answer can be read off from what we already have
by noticing that above structure is periodic in a with period 1, because we should shift the
mode if a is bigger than 1. The effect of a — —a amounts to exchanging the role of ¢ and ¥*.
Therefore in this case, the local ring elements of LG dual are given by u”~ ™%/} and for the

anti-chiral operators they are given by u™{7/%/7},
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(i) |g| v.s a for any k<0 (i) |g] v.sj/n, k=3 (i) |af v.sj/in, k=-1 (iv) mass v.s a

Figure 1: Spectrum versus twists in C1/Zn: (i) 2A = |q| v.s a = {jk/n} for any k > 0. The states on solid lines are chiral
while those on the dotted lines are anti-chiral. (ii) |g| v.s j/n for k=3, (iii) |¢| v.s j/n for k = —1. For k < 0, the role of chiral and
anti-chiral states are interchanged. (iv) All possible Tachyom mass v.s a. Dotted lines are for the (twisted) vacuum, solid lines are
for worldsheet fermion excitations, the rests are for scalar excitations. Notice that the lowest tachyon mass is always generated by

worldsheet fermion.

The first three graphs in Fig.1 show the weight versus twist a for the various cases. The
charge can be read off by the ¢ = +2A rule. We are interested in 2A since left and right moving
parts contribute the same to the masses of the states represented by these polynomials. The
last figure in Fig.1 is mass spectrum ia’ M? = El as a function of the twist a for all possible
tachyons including the scalar excitations:

1

o, 0): Ef = (3a—1)/2, for 0<a<§
1

= a/2, for §<a<1



1
a_1-g)0): Ey = (1—a)/, for 0<a<§
1
= (2—3a)/2, for 5 <ac< L. (2.20)

These scalar excitations o ,|0), _(1_4)|0) are tachyons if 0 < a < 1/3,2/3 < a < 1 respectively.
They can not be characterized as chiral or anti-chiral states. Furthermore it never gives the

lowest tachyon mass, hence we will not pay much attention afterward.

2.2 C*/7Z,

Now we extend the result of previous section to C?/Z, case, which is our main interests. We in-
troduce two sets of (bosonic and fermionic) complex fields X (1), (1) op*(1): X2 X*(2) 4)y(2) 4)*(2)
and specify how the orbifold group Z, is acting on each set of fields. The group action is the
same as before except that Z, can act on first and second set of fields with different generators

k1 and ky. For example, in the first twisted sector,
g- X9 (g +2m,7)=e¥hilng . XD (5, 7), for j=1,2. (2.21)

Since three parameter n, k1, ko fix an C?/Z,, orbifold theory completely, we use notation n(ki, ko)

to denote it.

Let a; = k;/n as before. For 0 < a; < %, the zero energy fluctuation can be calculated as

1 1 1 1 1 1 1
El=|(-a,— = —ayg— = | —— [1+= 4 == —-1). 2.22
0 (2a1 8) + (2a2 8) 24( + 2) X 5 (ay +az — 1) (2.22)

Therefore the weight of twisted vacuum is given by
1
AO = 5(@1 + CLQ). (223)
We define
GT =G} +Gy, (2.24)

where G = *®9X @ For abbreviation, we use following notations;

g =y and gy =70 (2.25)

1T 9 §—ai

Then for a; < §,as < 5, we have ¢{]0 >= 0 and 3|0 >= 0, which gives G, |0 >= 0 so that
2

the twisted vacuum is a chiral state, whose associated local ring element is identified:

0 S g1/} olika/m} (2.26)



(a1 — 3,02 — 3) b bf chiral state | anti-chiral state neither

- V1,05 | U1, e 0> P11h2|0 > 1|0 >~ )" M uy®
~utuy® |~ ay T M ag T | a0 >~ ug My

—+ Ve | s | 930> |0 > [0 >~ w2
|~ T | gl s g

+- V1,5 | Yl e | T[0 > 1|0 > [0 >~ iy ™" uy®
| T | 0 >

++ U1 | 15| T3]0 > 0> 110 > uy "y
gt | T | 0 s g

Table 2: Oscillator and monomial representations of chiral and anti-chiral rings. +— means (a1 — %) >0, (a2 — %) < 0.

Both 11,15 are creation operators and G, ¢115|0 >= 0, so that ;1|0 > is an anti-chiral
2

state. By considering weight and charge, corresponding monomial is found to be

D] O g0 2:27)

So far, ¢7|0 >’s are neither chiral(c) nor anti-chiral(a). One can work out other three cases in

similar fashion. We summarize the result in the Table 2.

Notice that (anti-)chiral states in different parameter ranges have different oscillator repre-

sentations but have the same polynomial expressions as local ring elements.

When some of a; < 0, one can get the similar result by exchanging the role of ¢ and ¥*,
and u; and u;. As a result, for the factor with the negative twist a; = —{jk;/n}, we need to
use u "%/ for the chiral states and @!U*/™ for the anti-chiral states, while for the factor
with the positive twist {jk;/n}, we need to use u?{j %/} for the chiral states and a?{j R for
the anti-chiral states. For example: if only as is negative, the chiral states are associated with
utUR Mtk onile the anti-chiral states are associated with @) "UF/ ™ grtika/n e

summarize the result in the Table 3.

2.3 C¥/z,

Now let a; = k;/n as before with i = 1,2,3 and consider first 0 < a; < i

5- The zero energy

fluctuation can be calculated as

1 1 1 1 1



(a1, as) c-ring 2A a-ring 2A

“n(l—a1) _n(1—

++ uy " uy ™ aj + as T al)ug( 2 |92 —ay
n(l—|az _n(l—ay1) —nlaz

+— u?a1u2( lazl) a; — |ag] +1 U1( )u2| | 1 —aj + |as|
n(l—|a _nlai| —n(l—a

—F Ul( | 1‘)u§“‘2 1 —|ay| + a2 ull 1|u2( 2 ai] —az +1
n(1—lai]), n(1—l|az) ~nla1| —nlasg]

- Uy Uy 2 — |a1| — [as Uy Uy |a1] + |az]

Table 3: Monomial basis of chiral and anti-chiral rings and their weights when some of a; is negative. +— means a1 > 0,a2 < 0.

The R-charges can be read off by the rule ¢ = +2A.
Hence the weight of the twisted vacuum can be read off as before
1
Ay = §(a1 + ao + ag).

We define
Gt =Gf +G3 +G7,

where G = ¢*®9X @ For abbreviation we use the following notations

Y = ¢Z)_%

v =0,

Suppose a; < % then
PH0>=0 de. G, ]0>=0.
2

Thus the twisted vacuum is a chiral state, in other words

|0 >~ u?{jkl/n}u;{ij/n}ug{jkB/n},

while
GI%%%%IO >=0,

meaning

Drhath3|0 >~ gt IR o ndikafn) gnonihs/n

is an anti-chiral state. We summarize this in Table 4 and for a; < 0 in Table 5.

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

The discussion on the enhanced (2,2) SUSY can be described completely parallel way with

C?/Z,, case.



(a1 — 5,00 — 3,03 — 3) b bf chiral anti-chiral
(= ——) V1, 03,05 | 1, e, s 0> V1021)3]0 >
~uyuyPug® | o~ oay ey gy e
(= +,—) YT, ;15 | 1,13, 93 ¥310 > 1]0 >
~uyudBug® |~ ay T gy gy e
(= —+) V1, 05,03 | Y1, e, 13 ¥310 > V120 >
~uf M uyug® | o~ al T M ay Py
(+,——) Y1, 05,05 | Y1, P2, s Y10 > Pa1)3]0 >
~uf M uyPug® |~y a2y e
(+,+.-) V1, b, 5 | T, 3,10 Yis3]0 > ¥3[0 >
~ufMuyPug® | o~oay T ey 2y e
(4+,—+) V1,5, s | VT e, 03 | Y7, 03]0 > 1[0 >
~ufPuyPug® | o~oay M ay e
(= +,+) VT2, Y3 | Y1, 43,95 V330 > ¥1]0 >
~uytudPug® | o~ ay T gy gy e
(+,+,+) V1o, s | U1 05,05 | UTYses[0 > 0>
~ N0 | gh=nan gn—nas gnnas

Table 4: Oscillator and monomial representations of chita and anti-chiral rings: —(+) means

a; < %(al > %)
ai, o, ag c-ring 2 A a-ring 2A

+, 4+, + uf M uy P uy a1 + ag + as gt gr-e)gn=e) |3 4 gy — ag

+,—,+ i gl na ar + 1 —|as| + a3 aptmegplelgn=es) | 9 _ 4 4 |as| — as

+,+, W ey a; + ag + 1 — |ag| apt- e gpi=elgrlosl | o g — ay + |ag|

—+,+ ety pazy e 1 —a1| + az + a3 a2 gptmes) 1o 4 jay| — ay — ag

| uprelyprlelynas o gy = Jag] +ag | af™lap®lant et 1 4 ay| + Jao| — ag
a2 | fae —aof | ey a " ay™ 1 fa] — ag + Jagl

+, -, - u?“lu;_nlazlug_M%l 2+ a; — |as| — |as| u’f“‘“”a;‘“?'ug‘%' 1 —ay + |as + |as|

e A T e Y e P e ay g el |a1| + |as| + |as]

Table 5: Monomial basis of chiral and anti-chiral rings and their weights when some of a; are

negative.

10



G c-ring 2 A a-ring 2A

Gece uf Pl uy a, + as + as ﬁ?(lfal)ﬁg(lfq”ﬂg(l*“?’) 3—ay —as — as
Glone u711a1ag—na2uga3 a1+ 1—ay+ as a?(lfal)ugazag(lfas) 2 — aj + ay — as
Geca ul P uh g " a; +as +1—as a’f“*“l)ag(*”)ug% 2 —a, — ay + as
Gacc a?—nmugazuga:s 1- ai +az + as u?alﬂ?(lia”ag(lia?)) 2+ a; —az —as
Gaae | Uy "Muy " Puz™ | 2—a; —ay +as U?alug@a;(lias) I+ay+ay—az
Gaca | W Mud®uy™® | 2 —ay +ag — a3 u’f“la’;(l“’?)ug% 14+a; —as+as
Goa urluu ﬂg—nazﬂg—nag 2+ a; — ay — as ﬂ?(l—al)ugagugm 1—aj +as+as
Gaaa | Uy " uy "2us " | 3 —a; —ag — as uy " uy P ug a; + as + as

Table 6: Monomial basis of chiral and anti-chiral rings and their weights for varius choices of

target space complex structures.

3 GSO projection

3.1 Type 0 and type II Orbifold

Here we discuss when there is bulk tachyons whose presence/absence defines type 0/type II.
Considering twist operation in Green-Schwarz formalism. We follow the argument in [1] and

generalize it.

First we consider C!/Z,,. Let g be the orbifold action acting on complex plane;
g=e¥HRm = _p4 1o n—2n—1, (3.1)
where J is the rotation generator in the complex plane that is orbifolded.
g = (-1, (32

where F; means spacetime fermion number and we used J = 1/2 for the spacetime fermion.
Hence if k£ is even, then ¢"™ = 1 and g is a good generator of Z, action. On the other hand, if
kis odd, g" = (—=1)* # 1, and g is not a generator of Z,, action. In fact g is the generator of

Zo, action. The Z,, projection operator P projects out all spacetime fermion, since

2n—1

P= L3 g=larnm) Y am (3.3

1=0
The consequence is type 0 string where there is no spacetime fermion. More precisely, the bulk

fermion in untwisted sector is cancelled by those of n-th twisted sector.

11



In order to get type II string for k& odd case, one try to change the projection operator by
g/ _ 627rikJ/n(_1)—27riJ7 (34)

so that ¢ = (—1) =% Notice that under the change g — ¢, it follows that & — k —n in
eq.(3.1) and &' = k —n is even only if n is odd and the theory can be a type II [1]. Notice that
after we change g — ¢’ the theory is changed from n(k) — n(k —n) and when n is odd, two
are different after GSO projection, though they were the same as a conformal field theories in
NSR formalism. We emphasize that it is not necessary for n odd for type II if k is even. This

is consistent with [9].

Now we consider C?/Z,,. The twist operator is
g = exp(2mi(kyJy + kada)/n), (3.5)

g" = (—1)Fstktk) — (_1)F Therefore g define a type II theory for k; + k; even, and a type
0 theory for ky + ko odd. In order to get a type Il theory for ki + ks = odd, the twist operator
should be modified to

g = exp(2mi(k1Jy + ko Jo)/m)(—1)">. (3.6)

Since g™ = (—1)*+k2=m)Fs e need odd n to get type II theory in the case of ky + ks is odd.

Again, important notice is that when we twist by (—1)f*, we need to shift one of k; to k; — n.

So we get the following lemma:

If k1 + ks is even, the theory is type II, otherwise it is type 0.

Since we can choose k; = 1 without loss of generality, we need to consider only n(1, k) and
in this convention, we have type II theory if £k is odd and type 0 if k is even.

C3/Z,, is similar: we have g = e2m(kitheJathals)/n which gives g" = (—1)*1+kz+ka)Fs \When
k1 + ko + k3 is even the result is type II while odd type 0. To be a type II for odd case modify
g = eZrilhnithelathss)/n(_1)Fs which is g™ = (—1)FFheth—I - Hence we can get type I1

when n is odd for odd ki + ko + ks.

The key notice in all cases is that when we twist by extra (—1)f* by ¢ — ¢/, we are changing
Yo ki— >, ki—n. If nis odd we can change type 0 to type II (and vice versa), but this is
possible only if n is odd. Now we can state following rule: An orbifold string theory is type 0
or type II according to ) . k; is even or odd. For C"/Z,, r = 1,2, the result is consistent with

[4] obtained from the partition function.

12



3.2 From partition function to GSO projection

First consider C/Z, and C?/Z,,. By considering the low temperature limit of orbifold partition
functions[9, 4, 11], one can prove that the GSO projection is acting on chiral rings in the

following manner [5].

1. C/Zy: Let q; := n{k/n} in the c ring of n(k) theory, and G, = [lk/n]. If G, is odd the
chiral GSO projection keeps ¢ in c ring, project out ¢ := n — ¢ in a ring. If G, is even, it

keeps ¢ in a ring, project out ¢ in cc ring.

2. C?/Z,: Let q := (n{kil/n},n{ksl/n}) in the cc ring of n(ky,ks) theory, and G, =
[lk1/n] + [lk2/n]. If G, is odd the chiral GSO projection keeps ¢ in cc ring, project out ¢

in ca ring. If Gy is even, it keeps ¢ in ca ring, project out ¢ in cc ring.

For C?/Z,, this result is consistent with [3].

Examples:

1. n(1,1): G =1[j/n]+ [j/n] =0, hence all cc-ring and aa-ring elements are projected out.

All ca and ac ring elements survive under GSO.

2. n(l,-1): G=[j/n]+[-j/n]=0+[-1+ (n—j)/n] = —1, hence all cc-ring and aa-ring

elements survive under GSO. All ca and ac ring elements are projected out.

3. n(l,n—1): G=1[j(n—1)/n] =[j—j/n] = j— 1. Hence, alternating. Surviving elements
are j = 1: (1,1); j = 2: (2)n-2); j = 3: (3,3); etc.

4. n(1,1 —n): G = [j(1 —n)/n] = [—j +j/n] = —j: Alternating projection. Surviving
elements are j = 1: (1,1); j = 2: (2,n-2); 7 = 3: (3,3); ete.

From the examples above, it is quite obvious that the set of surviving spectrum of n(1, k)
and that of n(1, —k) are identical. The reason is because the ca ring of n(1, k) is the same as
the cc ring of n(1, —k) and this relation is true even at the GSO projection. One can see this
by simply calculating the G parity of cc ring of each theory. For n(1,k), G = [jk/n| and for
n(1,k), G = [—jk/n] = —[jk/n] — 1. They differ by one as desired. Therefore, two theories
are isomorphic as string theories. On the other hand, n(1, k) and n(1,k — n) have the same

spectrum before GSO projection, but they are very different after GSO projection.

13



Next we consider C3/Z,,. To derive the GSO rule, we need partition function and its limiting
behaviour. Now let us calculate partition function C3/Z,. Our calcualtion is based on [12].
The relevant parts are summarized in the appendix A. The partition function that we need is

then

(o' —rwl?) |91(X’|T)91(X/2|7)91(X§|7)91(X2|7)|2.
101(x1]7)01(x2|7)01 (x| T)n(T)3]?

(3.7)

R —
= cV3R/ Z

w/'=—00

Using Riemann’s quartic identity listed in appendix C, we can write GS partition function

as RNS one. Taking the orbifold limit(R — 0) as in [4] C?/Z,, partition function becomes

n—1
1
Z(1) = 1N D [105(vi|7)05 (7, 7)05 (v, 17)65 (0] )
[,m=0

— (=) G, (v [7)0s (v, 7)02(vi, | 7)02(0]7)
— (=)0, ()04 (7, | 7)0a (Vi |7) 0 (017) ]

|01 (Vi | 7)01 (V1 | T)01 (v | T)0(7)? 72, (3.8)
where
Vlm = N — N T. (39)

By taking the low temperature(, — oo or ¢ — 0) the partition function reduce the form

Z ~q", (3.10)
where E here represents minimal tachyon mass. E depends on whether G = [ == []T] [ k“]
is even or odd as well as on the ordering of {u;}’s, the fractional parts of p; := Jl’“ 's. Here

we wrote result only and we gave more detail in appendix B. The ordering of {,uz} s gives 6
possibilities. We first consider {1} > {p2} > {3} case. For G = even, according to the range
of v := {1} + {p2} + {us} and 0 := —{p1 } + {p2} + {ps}, there are four possible cases:

)
0
qa,

0<a<2,0>0);
g tmttlettest (0 <o < 2,0 <0);
( )
( )

(3.11)
qQ—{Nl}—{M2}—{H3}’

q2_2{ul},

2<a<3,0>0);

I

2<a<3,0<0).

\

The second and third cases give the spectrum of acc-ring, aaa-ring respectively. In the first

case, the spectrum is all marginal and this is interesting, since we did not require any inequality
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ordering G=even | G=o0dd

{a} > {pe} > {us} | acc,aaa | cce, aac
{p} > {us} > {p2} | acc,aaa | cec,aca
{pa} >{ps} > {1} | cac,aaa | cce,caa
{pa} > {p1} > {ps} | cac,aaa | ccc,aac
{us}t > {p2} > {1} | cca,aaa | cec,caa
{ps} > {p1} > {p2} | cca,aaa | cee,aca

Table 7: Chiral rings from various orderings

like {u1} = {uo} + {ps}. It means that marginal operator can be realized as a bulk in weight
space apart from the boundary of relevant and irrelevant regions. However, since these states
do not satisfy the charge-mass relation h = ¢/2, they are not chiral states. The last case can
not be realized since the 2 < a < 3,6 < 0 can not be. For G odd, there are four cases according

to the range of o and §:= {1} — {pa} + {us}-

( gl {us} =1

0D<a<1,0<B<1);
O<a<l,1<f<2);
¢, (I<a<3,0<3<1);
(

qlf{u1}*{u2}+{ﬂs}’ l<a<3, 1< ﬁ < 2)‘

q2{l"3}’ (3 12)

\

Here first and fourth cases give us the ccc and aac rings respectively. The second case can not
be realized and the third case gives us a bulky range of marginal operators mentioned above.
In summary, for {u1} > {ua} > {us} ordering, we get ccc, aac from odd-G and ace, aaa rings

from even G and there are marginal regions.

Similarly, using the fact that the least u; give the ¢ in odd cases and largest p; gives the a
in even cases, we can tabulate the rings from each ordering. The GSO projection rule read off

from the Table 7 is as follows:

cce, caa, aca, aacrings : only G =) [lk;/n] = odd cases survive. (3.13)
aaa, acc, cac, ccarings : only G =) [lk;/n] = even cases survive. '

While it is largely by hand in other approaches, here the method is uniform and the result is

simple.
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4 Discussion and Conclusion

In this paper we explicitly worked out the chiral rings and GSO projection rules for non-compact
orbifolds C"/Z,, r = 1,2,3, which lead to the equivalence of NSR-GS formalisms. We used
mode analysis to construct the chiral ring and derived and used partition functions of NSR
formalism obtained from Green-Schwarz one transformed by the Riemann’s theta identities.
The spectrum analysis from this partition function gives the surviving condition of individual
energy values, which we identify as the rule of the GSO projection. As a side remark, we
found that there are unexpected rich spectrum of non-BPS marginal operators in C?/Z,, whose
existence is not yet well understood from geometric point of view. We also mention that one of
the main motive to discuss the GSO projection is to discuss the m-theorem [8] in type II. We

wish to come back this issue in later publications.
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Appendix

A Calculation of partition function

Here we sketch the calculation of partition function of (NS,NS) Melvin with three magnetic
parameters, by(s = 1,2,3). For more details for this section refer to [12]. The three parameter

solution satisfy the relation ) =+b, = 0, explicitly
by =by+0bg or by =—(ba+0b3) or by =by—0by or by =—(by—b3). (A.1)

In this background the Lorentz group is broken to
SO(8) — SO(2) x SO(2) x SO(2) x SO(2). (A.2)

The three of SO(2) represent rotations in the 1-2, 3-4, and 5-6 plane respectively. Fermion

representation decompose as follows

Sp=vp" T @Y OYR T YR T @Y T oY @Yy T By,

88— (132 2 2) @ (Lt 22, —2) @ (13, 2, 2) & (Lo 3, 2, =)
27272 2727 2 27 272 2727 2
(5 ~555) ® (Tn =55, -3) & (o =5,-5,5) & (In, —3,~3,~3). (A3
Bosonic Lagrangian has the form
3
Ly = S7(0s +ibydyy) (0 — ibd_y)=T, (A4)

s=1
where z, = x4 + ix,. The fermionic Lagrangian is given by

Ly = i (04 + 5 (bl + by +03)04y) T i (0 + 5 (b1 — by —b3)0, Yy~
+ iy (0 + 5 (bl — by + b3)0y) Yt i (0 + 5 (bl + by — b3) 0y U

+ (R—1L). (A.5)

The partition function becomes

P
Z(R,bybabs) = ViR [ — >

w,w'=—00

|w —Tw|2)Z _. _
O(Ta T3 Xs» Xs)

1 1

1 1
x | Y(1,7; §(X1 + X2 + X3), 5(5(1 + X2 +X3)Y (7, T s (X1 — X2 — X3) 5

5 2(5(1 — X2 — X3))

1, B B 1 1 _ _
§(X1 — X2+ Xx3)Y (7,75 §(X1 + X2 — X3)s §(X1 + X2 — X3))
X [Y (7,73 x1, X1)Y (T, 75 Xa, X2) Y (7, 75 X3, X3)) (A.6)

1
XY (7,7 2(X1 X2 + X3),
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where Y is given by

- —02/2m O1(X|T) O1(X|T)
Y (7,7 x, X) = erx0*/2m ~ Z A7
(. 75%X) <1 (0]7) X6 0]7) (A7)
We defined
Xs = b R(W —1w), Xs=0bR(W —T1Ww), s$=1,2,3. (A.8)

Taking the limit R — 0 and setting b, R = % lead us to orbifold partition function.

B Low temperature limit of the partition function

Using the identity

1 2 3
Vlm:l:Vlmj:Vlm|

81( 9 ’7')
= Z’Z(_1)”(]%("—%—%(Mlﬂ:mﬂ:#s))Zq—%(#1ﬂ:,u2ﬂ:,u3)2eiﬁ(”—%)%(klikzﬂ:k?)’ (B.1)
the relevent part of partition function of type II can be written as Z ~ ¢"V="
1_ a2 2 2 1 8\2
=97 fl<a<?2 1 1 =—9)", if0<o
N: (2 2)2 +(__é) _i_(__Z) + (2 2)2 <B2)
(3-9), if2<a<3 2 2 2 2 (3-9)", if0>¢
for even G,
2 . 2 2 2 .
)7 ifo<a<1 ) )7, ifo<y<1
vod ©) 2 +(§> +(_) L] G) ) v (B.3)
(1-2)°, ifl<a<3 2 2 (1-2)", ifo<y<2
for odd GG, and
D= Z{M}z - Z{Mz} + 1, (B.4)

where o := {in} + {pe} + {us}, 8 = {m} — {pe} + {us}, v == {m} + {p2} — {ws} and
6 := —{p1} + {p2} + {u3}. Considering all these cases one can obtain the 4 cases of G = even

four cases of G = odd for the ordering p; > ps > ps. For other orderings calculations are

similar.

C Theta function identities

The partition function in the Green-Schwarz(GS) formalism can be easily transformed to

Ramond-Neveu-Schwarz(RNS) one by using Riemann theta identity

20, (v|7) = 05(v|7) — O (vIT) — Oi(v|T) + 01 (v|7). (C.1)
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More generally, we have

4 4

2[[0:(vilr) = [ [ 0s(valr) = T O2(valr) = T Oa(valr) + [ ] 1(valr), (C.2)

a=1 a=1 a=1

where

/ /
2V, =V Ve + sty 20, =1+ UV — Vs — Uy,

Wy =11 — Uyt s —y, 2Wy=v— Uy — Vst (C.3)

We need the definition and a property of 6;:

0r(v|r) = 2¢7 sin(rv) [[(1 = ¢") (1 = ™) (1 —e2™q") =i Y (~1)"g2" 2273, (C.4)
n=1 n=—oo

D Chiral Rings and Enhanced (2,2) SUSY

Here, we will show that for C?/Z,,, any worldsheet fermion generated tachyon can be constructed
as a BPS state, i.e., a member of a chiral ring. Essential ingredient is the existence of the 4

copies of (2,2) worldsheet SUSY for this special theory.

Characterizing a state as a chiral or anti-chiral state gives an extremely powerful result since
we can utilize the (2,2) worldsheet supersymmetry. If all the tachyon spectrum are chiral or
anti-chiral, the analysis of the tachyon condensation could be much easier. However, in reality it

is not the case. For example, when ay < % < ay, 7|0 >~ uf" uy® and 5|0 >~ u

T(l—al)ﬂ;(l—aﬂ
are chiral and anti-chiral state respectively, while |0 > and j1)5|0 > are neither of them.! This
issue is particularly relevant in case the lowest mass in the given twisted sector is neither chiral

nor anti-chiral. 2

1One may argue that we have not considered the left-right combination and it might be such that left-right
combination non BPS tachyon might be projected out. However, examining the low temperature behavior of the
partition function[5], we can easily see that the string theory does contain a tachyon with io/ M? = —% |ar — as|
as well as %a’ M? = —%\al + ay — 1|. In fact, since we are looking for lowest tachyonic spectrum which comes
from (NS,NS) sector the level matching condition requires that Ay, = Ag and we do not get —|a; — ag| from
the (chiral,chiral) or (anti-chiral,anti-chiral) states. That is, those spectrum with mass of the form 1a/M? =
—1lay — as] is in fact not a SUSY state according to our definition of (2,2) SUSY. For the level matching
between left NS and right R sectors, we need to consider the modular invariance that leads to GSO projection
n(Enxs — Fr) = 0 mod 1 [9]. Even in the case we combine left chiral and right anti-chiral, we do not get the
spectrum of type 1o/ M? = —1ja; — as.

20ne example is the 10(1,3) theory.
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However, we will see that one can improve the situation by recognizing that there are en-
hanced SUSY in orbifold thoeries. We will show that all twisted sector tachyons generated
by world sheet fermions can be considered as chiral states by redefining the generator of the
supersymmetry algebra. For this, let’s define L), G®* J(® as the generators of N' = 2 super-
conformal algebra in i-th complex plane. Usually we define L = LM + L) J = JO 4 J?) and
Gt = Gt + GO and the last was used above to identify the chiralities. However, it is a
simple matter to check that we can also define the N' = 2 superconformal algebra by defining
Gt = GW+ + G?~ with corresponding change in J = JU) — J@ but the same L = LM + L3,
We call this (+—) choice of G as G,

ca’

while we call the previous (++) choice as G.. The fact
that we need to change the sign of J) means that we need to count the U(1) charge of uy, s
as —1,+1 respectively while uy,u; as 1, —1 as before. The choice of Gt corresponds to the
target space complex structure. This phenomena is due to the special geometry of target space
in which each complex plane have independent complex structure so that to define a complex

structure of the whole target space, we need to specify one in each complex plane.

Since J ~ ¢*1) and GT ~ ¢*0X and G~ ~ 0 X*, the above change of generator construc-
tion corresponds to the change in the complex structure in the target space, i.e, interchanging
starred fields and un-starred fields with the notion of positivity of charge also changed: 1* has

—1 charge and ¢ has +1 charge, which is opposite to the previous case.

Since the chirality is defined by this new choice of G*, we now have different classification

of tachyon states: for example, in ay < & < a; < 1 case, ¥jtho|0 >~ W) and |0 >~
a?“‘“l)u;m are chiral and anti-chiral state respectively. Notice that they were neither chiral

nor anti—chiral under G7.. On the other hand, ¥7|0 >~ u* 4% and 1|0 >~ a} D gst =)

are neither chiral nor anti-chiral in the new definition of G*. Similarly, we can classify other

parameter zones. The result can be conceptually summarized as follows: for G, Geq, Gae, Gaa

the monomial basis of local chiral ring is generated by uf'ub?  uf a8 @ *yb> and @ a5~
respectively, while the anti-chiral ring is generated by a7 Fal "2 aP*ub2 ufrai=h o hybe

respectively. Notice that anti-chiral ring of G, is chiral ring of G, while anti-chiral ring of G,
is chiral ring of GG,.. Therefore we may consider only chiral ring of each complex structure. We
call the chiral ring of G.. complex structure as cc-ring. We define ca-ring, ac-ring and aa-ring
similarly.

It is convenient to consider the weight of a state as sum of contribution from each complex

plane. For example, the weight of u/“'u3"* can be considered as sum of a; from w; and ay from
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G c-ring 2A a-ring 2A
Gee ul M uy ™ ar + as TS T [ R,
G u’f“lﬁ;(l_@) a, —ag + 1 ﬂ?(l_al)m”a? 1—a+as
G aqlq,(l—m)ugaz 1—ay + as U1na1ﬂ;(1_a2) ag —ag +1
Gaa a?(l—al)a;(l—aﬂ 2 - ap — Qg ulna1u2nag a1 + az

Table 8: Monomial basis of chiral and anti-chiral rings and their weights for various choices of

target space complex structures.

us. (a1, az) form a point in the weight space. As we vary j in a; = {jk;/n}, the trajectory of
the point in weight space will give us a parametric plot in the plane. In the figure 2, we draw
for weight points of cc and aa rings in the first figure and those of ca and ac rings in the second

figure of Fig. 2. In order to compare these spectrum with a; and/or as negative cases, we

1 7 7 1% y y
v 1 1
{ / ag) vac \
1] /] 1] A} A} \
) ] ) \ \ \
] 1] ] 1 1 1
1 ] 1 \ \ \
/) 7 /) 1 1 1
1 1 1 \ \ \
1 7 1 Y Y )
1 1 1 \ \ 1
I 1 I Y Y Y
1 1 1 \ \ \
1 7 1 Y 1 \
1 1 1 \ \ \
1 7 1 1 1 1
1 1 1 1 1 1
7 1 7 Y Y 1
] ] ] v v \
{lcc [ { \ v cayy
! ! ! \ \ ‘\
9 :' :' LY LY
0 1 0 1

Figure 2: Weight points of cc, aa and ac, ca rings in weight space. x- and y-axis represent 2A1(j) and 2A2(j). Arrows represent

the direction and starting point of corresponding ring as j increases from 1 to n-1. Plot is drawn for k; = 1, ko = 3.

work out the weight of the states in Table 8. By comparing the two Table 3 and Table 8, it is
clear that the spectrum of ca-ring of n(ky, ko) theory is equal to the ce-chiral ring of n(ky, —k2)
theory. So the change in complex structure u; — u; is equivalent to the change in generator
k; — —k; keeping the complex structure fixed. For string theory, we have to consider all four
different complex structures. That is, we may consider 4 sets of spectra generated by (ki, k2),
(—k1,ka), (k1,—ko) and (—ky, —ko) all together.

Summarizing, we have shown that any of the lowest tachyon spectrum generated by the
worldsheet fermions, can be considered as chiral state by choosing a worldsheet SUSY generator
appropriately; any of them belongs to one of 4 classes: cc-, ca-, ac-, aa- ring depending on the

choice of complex structure of C2. This is explicit in the Table 9. We emphasize that these
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(a1 — 3,00 — 3 ce ca ac aa
L 0> 5|0 > 1|0 > | P11h2|0 >
. 30 > 0> | 150> | 9]0 >
+— Ui0 > | 9iel0> ] J0> | 40>
++ vigslo> | o> | wilo> | 0>

Table 9: For a given twisted sector, any tachyon generated by worldsheet fermions is an element

of one of the 4 possible chiral rings.

chiral rings do not co-exist at the same time. For example, when cc-ring is active ( chosen),
then aa-ring exists as its anti-chiral ring and other two are not chiral or anti-chiral ring. But
for our purpose, for any tachyon state, there is a choice of complex structure in which the given
state is a chiral primary. For example, if a tachyon in ca ring is condensed, the spectrum of
entire ca-ring is well controlled by the worldsheet supersymmetries generated by G1, G5 . As a
consequence, we will be able to calculate the fate of those controlled spectrum. This is powerful
since if we know that initial and final thoeries are described by an orbifold theories [1, 2, 3],
knowing those of a few spectrum completely fixes entire tower of the string spectrum in the final
theory. The same phenomena arise for all C"/Z,. Any worldsheet fermion generated tachyon
state is a chiral primary by properly choosing the target space complex structure among 2"
possibilities defined by the >_7_, GF. There are 2" (2,2) world sheet supersymmetries instead
of one. 3 In fact this happens for any tensor product of N' = 2 SCFT’s.

We end this subsection with a few comments.

e The weight space is a lattice in torus of size n x n. The identification of weights by
modulo n corresponds to shifting string modes. However, periodicity of the generator
(k1, ko) is 2n and (ky, k2) and (ki, ke + n) do not generate the same theory in general.
We choose the standard range of k; between —n + 1 to n — 1. This is because the GSO
projection depends not only on the R-charge vector ({jki/n},{jk2/n}) but also on the
G-parity number G = [jk;/n] + [jka/n]. We will come back to this when we discuss the
GSO projection.

e When n and k; are not relatively prime, we have a chiral primary whose R-charge vector

3The notion of enhanced symmetry already appeared in literature implicitly. For example in [3, 10], the

notion of cc, ca ring is discussed and the chiral ring elements were described in terms of bosonization.
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is (p/n,0). We call this as the reducible case and eliminate from our interests. This is
a spectrum that is not completely localized at the tip of the orbifold. Sometimes, even
in the case we started from non-reducible theory, a tachyon condensation leads us to the

reducible case.
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