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ABSTRACT

A general _nonperturbative model for the entire Compton amplitude which
incorporates Bjorken scaling, gauge-invariance, and Regge behavior is pre-
sented. We show that a covariantly regularized model based on the infinite
momentum frame techniques of Drell, Levy, and Yan is equivalent to the mani-
festly covariant nonperturbative parton model of Landshoff, Polkinghorne and
Short. We also demonstrate that a general consequence of composite theories
of hadrons with field-theoretic constituents which incorporates the above
properties is the existence of a constant energy-independent and qz—independent

term in Tl(v, q2) (a "Kronecker delta" 5., term) and a J=0 fixed pole in Tz(v, qz).

Jo
Sum rules for general Compton amplitudes are derived and a discussion of mass
renormalization for electromagnetic self-energy corrections of hadrons is
presented. We demonstrate that such sum rules are always finite, even in the
presence of Regge behavior, when subtraction terms in the underlying parfon

proton u-channel dispersion relation are taken into account. Analytic continua-

tion in « is thus justified.
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INTRODUCTION

Although many models of scaling behavior of the electromagnetic inter-
actions have been proposed, the most compelling models continue to be those
in which the hadronic matrix elements of the current behave as if the carriers
of the current are elementary field-theoretic constituents. In addition to the
general light-cone approach, specific dynamical models have been given by
Drell, Levy and Yan (DLY), 1 Landshoff, Polkinghorne, and Short (LPS) ,2 and
Drell and Lee. 3 One of the purposes of this paper is to show that a covariant
regularized model based on the infinite momentum techniques of DLY is equiva-
lent to the LPS model, and displays many of the covariant features of the
Bethe-Salpeter bound state model of Drell and Lee.

One of the great virtues of the LPS model is that it naturally incorporates
analytic Regge-behavior of the scaling function qu(x), reflecting the hadronic
Regge behavior of the parton-proton amplitude. In this paper, we present a
related model, which is explicitly gauge-invariant, and allows a complete
discussion of the entire Compton amplitude. The importance of Regge subtrac-
tions in the internal representation for the parton-proton amplitude is emphasized.
The new model is defined in a linear operational fashion in terms of lowest order
calculations, and is eminently suitable for analyzing the interplay of fixed pole,
Regge behavior, current algebra sum rules, and gauge invariance. One
essential feature of the model is that all sum rules are automatically finite.

In this paper we also establish in detail the direct connection between scaling
in local field theories and the presence of a polynomial-residual J=0 "fixed pole"
contribution to the Compton amplitude. The infinite momentum frame analysis is

particularly useful for establishing the presence of this contribution in the case of



Fermion currents. The magnitude of the fixed pole is given by a finite integral

over the deep inelastic structure function sz(X).4’ 5
The outline of this paper is as follows. In Section I we present an ex-

tremely simple derivation of the LPS nonperturbative covariant model based

on time-ordered perturbatioﬁ theory in an infinite momentum reference frame.

The Regge behavior of the scaling structure function is demonstrated. In

Section II perturbation theory calculations in scalar and Fermion electro-

dynamics are presented which are particularly instructive for demonstrating

the close correspondence between Bjorken scaling, J=0 fixed pole behavior,

and the requirements of gauge invariance. The necessity for covariant regulari-

zation is pointed out. Following this preparation we derive in Section Il a

finite gauge-invariant nonperturbative model, with general Regge behavior.

A complete discussion and calculation of the analytic behavior of the Compton

amplitude in this scaling theory is then presented. In Appendix A, a complete

summary of fixed-pole sum rules for electromagnetic and weak processes is

presented. In Appendix B, a general connection between the explicitly covariant,

and infinite momentum techniques is discussed. Finally in Appendix C, a

discussion of mass renormalization for electromagnetic self-energy corrections

of hadrons is presented.



I. THE NONPERTURBATIVE PARTON MODEL

In this section we present a simple derivation of the Landshoff, Polkinghorne,
and Short covariant parton model,2 based on time-ordered perturbation theory
in an infinite momentum reference frame. The general procedure is to relate
the analytic behavior of a parton-proton scattering amplitude to the proton
structure function VWZ(X). We first derive this relationship in lowest order
perturbation theory. The generalization to any order in perturbation theory will
then be immediate. The term '"parton' refers to the elementary carrier of
the electromagnetic current within the hadrons: at time t=0 in the interaction
picture, the current is a superposition of the free currents of these fields.

Thus, first consider the u-channel contribution to the parton-proton scat-
tering amplitude from gluon exchange in lowest order perturbation theory (see
Fig. 1). All particles are taken as scalars.

It will be convenient to use the following Lorentz reference frame:

p=(P+%/II—?,T)1, P)
\ €. 1)
< —1512 + u(z) - )
k! =\ xP + —S5Tp k K xP
where 0<x<1, and we will eventually take P —c«. In terms of the variables

—Ef and x, we have
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k7 +pu
u= k)2 =M+ - xMt - A 0+0(«1§>
P
. . (I. 2)
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Using time-ordered perturbation theory, the time-ordering of Fig. 1 gives

g 1 1 _,_g_z_ 1
M= . ,
U g3 2E, (B FE) - B FE FE)Fic p_ @2m° urlrie
(. 3)

in an agreement with the covariant result since the contribution of the other

time-ordering vanishes in order 1/P2.
To this same order in perturbation theory the proton form factor at q2=0

is (see Section Il and Ref. 4)

1=F (0) =2+ —L & K dxg{‘x) L (1. 4)
: (2n° (027
where Z . is the wave function renormalization constant in second order. Here

2

the surviving contribution for P — « comes from the time-ordering shown in
Fig. 2. The two energy denominators are the same as that appearing in . u

It is convenient to define a normalized distribution function f(x):
1
Fl(O) =1 =f f(x) dx (1.5)
0
with
i(x) ~fd kJ. 2x = ] +Z 6(1—x) {I.6)

In fact, as shown in Section II, we can identify the Bjorken scaling function
VW2 x) =xfx), x= —q2 /2My. Note that f(x) has one extra energy denominator
beyond that of the parton-proton amplitude.

We now generalize the parton-proton amplitude to include the full com-
plexities of a Reggeized hadronic amplitude. One can in fact show that if

proton-proton scattering has Regge behavior, then one cannot avoid having



Regge behavior in the parton-proton amplitude. We thus write

2 2 2
@n° A = f — - [subtraction terms] Tmn
u-m- +ie

where 7p is the imaginary part of the forward (anti) parton-proton scattering
amplitude. The spectral sum variable m2 replaces 7\2 of the perturbation
result. In the case of a Regge contribution, p « (mz)a, 0< a <1, asub-
traction term is of course required in order that the expression for ‘/”u be
finite. As we shall see, the subtraction term does not enter the calculation
of sz(x) or the form factor, but it is essential in obtaining finite results for

sum rules. The corresponding result for f(x) is then

sz(x)

X

2 2

_ - 2 2 (1-x) pm ,p)

= {(x) = d’k [dm + Z, 6(1-%) .8
-/ L Z omie)? 2 -9

Again f(x) has one extra energy denominator beyond that of e/i{u. In the case of

a composite hadron one may take Z =0, corresponding to the absence of direct

2
interactions of the photon with the proton.

As indicated in Eq. (I.8), one must in general take into account the off-
shell dependence of the forward parton-proton amplitude when imbedded in the
interior of a general amplitude. The usual Feynman off-shell variable uz
corresponds in time-ordered perturbation theory to the invariant four-

momentum squared of the particle computed taking the energy component from

energy conservation (in addition to the usual three momentum conservation):

( M2(1-x) - mz-T{f _
pP-p,, = xP + TIER)S R kJ.’ xP
9 x(1-x) M2 - sz -~ l—sz_
poo= (p-p ?= (1.9)

m 1-x



or

2 2 _ x m2
Bk = 1o (u-m7)

In general, this off-shell dependence ensures strong convergence of the T{f
integrations, and the existence of Bjorken scaling — even in the case of spin 1/2
theories. The convergence occurs in the variable T;lz /(1-x) — corresponding to
the covariant variable uz — rather than in T{lz alone. In the Drell and Lee
theory the convergence in u2 is a natural consequence of a bound-state Bethe-
Salpeter model, In any case, it is a natural assumption for the off-shell
behavior of a hadronic amplitude.

If we absorb into p(mz, /,tz) two Feynman propagators, and define

2 2

2 2
Im T(m™, u )=—7r-p—2£§2—LH2—) (1. 10)
(H‘ ""1’0)
then one obtains
1 (.2 X f 2 2 2
f(x) = Wf d kJ. 215 dm” Im T(m™,u") , (1.11)

which is directly comparable to the LPS formula, Eq. (2.25). In our formula,
one sums explicitly over both parton and antiparton, whereas LPS implicitly
include antipartons via a crossed channel contribution. An alternate identifi-
cation of f(x) in terms of composite wave functions of the proton defined in the
infinite momentum frame, and a discussion of the sufficient conditions for the
Drell-Yan threshold theorem is given in Ref. 5.

The general assumption of convergent off-shell behavior guarantees that
the Bjorken scaling function sz(x) = x f(x) comes solely from the "handbag"

or "contiguous' diagrams shown in Fig. 3.



Perhaps the most important feature of the representation (I.11), is the
natural way in which scaling-Regge behavior
fx) — x %, X —0 (1.12)
arises as a consequence of the hadronic Regge-behavior of the parton-proton

amplitude. For instance, if

pm?, 1% = @)% s

1.13)
(€= xmz]
one obtains o
f(x)=§fd2k f 4t 1 p)
: 2 1Jy ot (%) (“2_“5)2
with
0 x(1_x)M2-§—T{f
W2 = - (1. 14)
Thus for small x
©0 -9
) g [-¢-¥7
f(x) — x O‘f dzklfdg % L Q. 15)
o |

¢+ T{f + “g} 2
and the integrals are convergent.

Thus, in this model, one includes hadronic interactions to all orders, and
electromagnetic interactions to minimal order. In order to show explicitly how
renormalization works and gauge invariance is satisfied in scaling models, we ’
will present the results for the Compton amplitude to second order in g for scalar
and covariantly-regulated 'y5—spin 1/2 electrodynamics. The perturbation theory
calculations are done using time-ordered perturbation theory in an infinite mo-
mentum frame since this provides the clearest treatment of the separation of the

J=0 fixed pole (Kronecker delta) contribution and its relationship to Bjorken

-8 -



scaling. In Section III we construct a gauge-invariant nonperturbative model
using a specific generalization of the lowest order calculations. The deriva-
tions again result in the representation of Eq. (I.11) for f(x), and illustrate
the manner in which fixed pole sum rules are made convergent in the presence
of Regge behavior. In Appendix B, we give the direct connection between the

explicitly covariant and infinite momentum (or light cone variable) techniques.



II. COMPTON AMPLITUDE IN PERTURBATION THEORY

As an example of the techniques and utility of time-ordered perturbation
theory and the infinite momentum frame we shall review the illustrative ¢3
field theory (scalar electrodynamics) where the proton is a composite of
charged scalar and neutral séalar particles. Despite the simplicity of this
model many of the results of the subsequent sections are already exhibited
within this example, especially the scaling behavior of the virtual Compton
amplitude, and the presence of a J=0 fixed singularity.

In the last part of this section we show the analogous results for a field
theory in which a spin 1/2 proton is composed of a spin 1/2 charged particle
and a neutral pseudoscalar ('y5 vertex coupling). This example forms a bridge
between the scalar electrodynamics model discussed in detail here and the s
model of Drell, Levy, and Yan,1 who concentrated on the scaling behavior of
the sz. Our work (Section III) shows how covariant off-shell convergence
factors required for Bjorken scaling can be introduced within such models
while perserving gauge invariance. Again we shall utilize the infinite momentum
method, since this technique conveniently isolates the fixed pole behavior of

spinor theories.

A. BScalar Electrodynamics

We first calculate for later use the second order wave function renormali-

zation constant Z2= (1—B)_1 =1+ B The methods are essentially those of

2
Drell, Levy, Yan1 and We:inberg.6 From Fig. 4 one obtains

2 S, &, 63T +E -9
(2) (27T)3 2E Zwk 2(,02 (E _ B )2 ‘
p 1 1 %k T4
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We parametrize the momenta as follows

p=D , k1=xi5+ E L=0xP-% ,
- M2 '1212+u2
kl B=0 , Ep=P+—2—13— , wkl IXIP + —51575 (I1. 2)
_k'f+7\2
= AP+ 5771

Then for P — »
dk
By, = = / dx/ o (L. 3)
- (27T) D(k X)

D(K ,x) = 2P x(1-x) (wkl +

where

w, - E))
ﬁl P

= Tgf' + x}\z + (1-x) ”2 - X(1-%) M2

Note that the energy denominator Ep - is of order (1/P) if the inter-

mediate particles are moving forward relative to P (i.e., 0 <x< 1), and of
order P otherwise. In (1)3 theory there is no possibility of introducing com-
pensating powers of P into the numerator (unlike spinor theory), and thus in

the limit P —, only the region 0 < x < 1 contributes.

The elastic form factor of a spin 0 particle, F(qz) is defined by

1 1 1 2
<p'IJ“(0)lp> = 3 9% . 2E F(q) (p+p')“ (1. 4)
2m p' 7P

The diagrams which contribute to F(qz) through order gz in the scalar exchange

interaction are shown in Fig. 5. Of the six time-ordered contributions to the

order gz Feynman amplitude, only the contribution of Fig. 5b survives for P —«

- 11 -



if we choose the Lorentz frame such that

= (1P T
q (P ,ql,0> . 5)
where

2 =2

q —_q..L

(For the elastic form factor, 2q-p=2Mv = ~q2.) In each of the other diagrams
at least one intermediate particle must be moving backwards by three-momentum

conservation and may be neglected to order 1 /PZ. Using the parametrization

— — (k.l.+q_|_) +u
k2-XP+(kl+q—L) . Wy ——XP'I'T (11. 6)

2

2 2
k. dxP(2P 2kt
s fd | GxPEP)" (2ktq)

<p'{d (0)Ip> = g
M 2Ep 2Ep, (2703 2wk12wk22w£1 AA
(L. 7)
where
- 1)('12’l ,X)
A=2P (Ep— wkl— wﬂl) = XA
. _ (IT. 8)
-D(E +(1-%) 4, %)
A' = 2P (Ep+ Eq - wkz - wﬂl) = TiE)
By examining the p=0 components we obtain
9 1
+(1-
2(27)" 0 D(kl.) D(kL (1-x) qJ.)
(I1.9)

As 'dl»» 0 (.e., qz—»O) we see that F(qz) —1. That is, L(Z)’ the proper
vertex contribution at q2=0, is equal to -B @) This, of course, is a require-

ment of any gauge invariant theory or, equivalently, a consequence of the

~12 -



Ward identity. We define for future use the function f(x) which to order g2 is

2
£(x) = Zy 6(1-X) + é 3’/‘deL —’%1_;?9) (L. 10)
2(2m) D
L

so that 1= F(0) =J;)1 f(x)dx . This is a special case of the results quoted in
Section I. It is clear from the definition of the variable x that f(x) is the frac-
tional longitudinal momentum distribution function for the charged particle as
seen in the infinite momentum frame. In fact, by using time-ordered pertur-
bation theory, it is clear that a normalized distribution function can be defined
to any order in perturbation theory. In general a distribution function fa(x)

can be defined for each type of charged constituent, a, within the hadron. Then

_ 1
F(0) = Za,é A, fo ax £, ().
Turning now to the forward virtual Compton amplitude (spin averaged) we

will calculate Tl(qz,y) and T2(q2, v) where

. . T
O P P At WA A W
uy ny 2 1 1! 2 v 2 M2

q q q
(I1.11)
In the infinite momentum frame previously defined (Egqs. (II.2), (IL.5))
p’r,
T . — (I1.12)
00 M2

while, if the components p, v =i are chosen orthogonal to P and —cil , then

T, =-g;T;=T; - (IL. 13)

Using the above definition of Tl and T 5 the Born contributions turn ouf to be

2.2
TBorn — 4D TBorn - 8q° M (L. 14)
1 2 2 4
2Mv) -q
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and

2
. Born , v Born
121m T1 + =5 T2 -0 (IL. 15)

q —0

2

as required by analyticity of TMV in qz.

To second order in g2 the only surviving time-ordered diagrams contributing
to the Compton amplitudes in the P — limit are shown in Fig. 6. Using trans-
verse components, the only contributions to T1 arise from the ''seagull" (e)
and (b) and ""handbag" (c) diagrams. The Born type contributions (e) yields
Z g X Tllaorn- The seagull contribution (b) is calculated in close analogy with
the form factor calculation for 511 = 0, the only difference being that the seagull

"eurrent'' is proportional to _Zguv rather than x2P. Thus we immediately

have

1
Tieaguu =2 f 1) g% @. 16)
0 X

We note that because of this analogy the dependence on t (of the Compton ampli-~
tude) for the seagull contribution is like that of the form factor. For diagrams
(c), the outside two energy denominators are equal and proportional to D(T{l),

whereas the middle ones are

1 2 (-El:!:ql)2+u2 >\2+k—‘_2} -1 ,
op (M = 2Mv - x T TTx ) T P x(im x @17
Including the contribution of (¢) to T1 we obtain
2k12(1-x)

2 1
% = & [ 42 ax (1-%)
T,(v,q) =2 (Z,+ 3fdkl/ 2 11 - — .
2(27) 0 D "y Q+X(1—X)<q_L—2Mv)—1e

(IL. 19)

perpendicular to EL’ and we have defined

where ki is the component of _li

D =D(E, +(1-% ), D=D(k ).

- 14 -~



For q2 =0, v-—0, we can use the identity

) 4kf(1-x) ) z'ﬁ’f(l-x) Pk (1-x)
/dk ———§——=fdkL—~—= —L @L. 20)

L o D° D2

andthe Ward identity, B @) =-L )’ to verify the Thomson limit
lim Tl(v ,00=2 . (I1. 21)
y—0
The integration by parts in Elz is essential here: if there had been an arbitrary
cutoff in the Ef integration then a surface term would be introduced and the low
energy theorem would fail.
At large energies only the "seagull" contributions 6(b) and (f) survive
because of the additional v -dependent denominator in the handbag diagram.

Thus

3

2
lim T (v,q%) = z[zz+ - /%%iﬂ
2(2m) L D°

P —>x

1
=T7‘i)’°m f ax 18 (L. 22)
0 X

This result will be generalized in later sections. Thus in the (coherent)
impulse approximation (v >> binding energy), the Compton amplitude exhibits
an energy-independent, qz-independent constant real term in the guv amplitude.
In complex J language, this is a J=0 "Kronecker delta' with t-independent
energy dependence VO. We also note that the seagull contribution to the general
Compton amplitude Tuv v,t, qi, qg) is independent of either photon mass at
fixed t. The t-dependence of this contribution is similar to that of the elastic
form factor F(t). These features all reflect the locality of the two photon

seagull interaction, and are consequences of the point-like nature of the parton

couplings.

- 15 -



The result of Eq. (II.22) is entirely analogous to that obtained for the
Compton amplitude in atomic or nuclear physics for v >> BE (but below strong

interaction thresholds). It corresponds to Thomson scattering on the elemen-

-1

M or <1/x>. Further discussion

tary constituents with effective mass m;i.lf =
may be found in Refs. 4 and 5.
The calculation of the amplitude T2 (by examining T 00) proceeds in

analogous fashion. The only new feature is that in the case of diagram (6a)

one must perform mass renormalization. The net result for diagram (a) is

5 1
-1 g /d2k fd"<_1_ _ l.) o) (. 23)
(2My -“Efi)z 2(2m)° LJo \Py D ( |

the D—1 term is the mass renormalization counter term. Although the sub-

tracted form is finite, the individual terms must be defined using a covariant
regularization procedure — e.g., a Pauli Villars negative metric regulator.
This allows us to replace D—1 ~— Q_l in the mass subtraction term. This will
be essential in obtaining the final forms. The other confributing
diagrams are (c), (d), and (f). Diagram (c) and the two diagrams of type (d)

give

ey / (1-x)° 2 x('l—x)] e o)
z(zm \:D D! oMy - qf DD

(I1. 24)
Adding in the Born contributions (diagram (f)) and using the above replace-

ment for the mass subtraction term one obtains after rearrangement
2 am> 1 o2 2 Daxx(ix (21
T,(.q7) = Z|1B, " 5 ) 4k D (E - 5)
2My - q, 2) 227 0 ~ ~

2
——g——4M a’x f 'y l‘x %_%) -y (IL. 25)
2(27r) ~
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Of primary concern is the check of gauge invariance

2
. v _
lgm ——2—T2+ Tl—O (IL. 26)
¢ —0 4
For T2 as qi — 0 one has from the first term of Eq. (II.25)
24,2
8q M 1 2 [ 2 ! ax1x)x 4
54 4|18 3] 4% 5| t0@)
AM™p "-q (2) 167 D
1 0
1 Born :93 Born
- [.__._l_B + L(z)] TOO = 2 T (L. 27)
(2) v
The remainder-reduces, using
2 [2(1-x)'12 _a.“]z 2(1-x) 2 k2 o
% B} %] - T ro@t) s —L2+ (IL. 28)
RS D L D
to
2 4 2
2 2 1 x(1-x)" 2k
%Tgon_Born = 8% 3 dsz / R I
q 2(27) 0 DO -x"(1-x) 4M v )
(IL. 29)
. _ ~Born non-Born 2_
Writing T1 as T1 = T1 + T1 we have (at 9 0)
kf (1-x)

2
non—Born(—-Z:O’v): 9 g

T q
1 L 2(2m)°

1 dx(1-x)t x2 sMZy %’k f

2
=-2—" dzkf 53 232, .2
LJo  pPPaM®yx*(1-%)%)

2(2m)
which explicitly cancels (v2 / qz) TIZIOD—BOTH.

Of course, at v —0 only the Born contribution survives in T1

the correct Thomson limit is obtained.

- 17 -
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2 dx (1-x) [(1-x) 2
d kl‘/o‘ e [ 5 2K };; DT x(1-x) (-2M7)-ic

(I1. 30)

and T 5 and



In the limit v — o, qi finite, straightforward algebra yields
2 2 Born 1 dx
lim T (¢,v)=-% T Zix) . (1L 31)
2771 v 1 X
P —>0 0
In complex J plane language this is a fixed pole with a=0 (v T2 ~p oz—l) with
residue linear in q2.
Finally we consider the scaling region V,Hi —c0 With w=2My/ qu_ fixed
(Bjorken limit). The ka_ integral here is sufficiently convergent such that the
standard limiting procedure is valid. We obtain

: 1
Bj 2 2 _ 2
Tz‘”’qf) > 1-1:; 4Mz + / dsz _/ dXX(zl = 4M2
i (2) 2My ~-q +ie 2(27) Yo D q
1 2My - _}ZJ; +ie

(IL. 32)
so that defining 1
VWZ = S Im ZJT2 (. 33)
we have
W_(v 2 ) Bj fldx ) x 6 (X—L) = 1 f(.l_> (1. 34)
¥ e ’qi 0 w/ w \w ’
The results given above in ferms of f(x), i.e.,
1 1
F(O) = [ 169 ax oWy (x=k) = xito (. 35)
0
and
2 1 1 vW_(x) dx
FP _y~ . FP __Born dax _ Bornf 9
T1 =5 T2 —Tl f ” f(x) T1 — (11. 36)
q 0 0 X

are clearly valid to any finite order in ¢>3 perturbation theory. The scaling
result only depends upon the convergence of the ki integrations. In higher
order we may define f(x) from the infinite momentum frame time ordered

perturbation calculation of the form factor. All the matrix elements of interest
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are variations on the vertex operator in x space, i.e.,

(@) xxa for form factor

®) 212 for fixed pole in T,
2,2 1

(c) X Aa 6 (X——(;) for VWZ(Q))

(Aa = charge of parton a, all charges to be summed over) an effective local
operator can clearly be derived in any case in which the impulse approximation
applies between the times of emission and absorption of a given constituent,
e.g., arbitrary currents acting at light-like separation. £(x) gives the hadronic
emission matrix element for each constituent over which the above effective
operators must be integrated, and as such is the unifying link between a large
number of theoretically interesting quantities.

The renormalization procedure may be carried out to any finite order in

perturbation theory in a straightforward fashion. The explicit occurrences

p
2

for any of the above three effective operators. The wavefunction renormali-

of the wavefunction renormalization factors Z; and Z; are shown in Fig. 7,
zation of the parton propagating between the photons cancels for sz in the
scaling region. 1 We define the renormalized parton-proton scattering amplitude,
as usual, as

_gagP
TR Z2Z2 Tunrenormalized (H.37)

Thus from Fig. 7b we see that f(x) implicitly contains a factor Za2' when expressed
in terms of renormalized parton-hadron scattering amplitude TR (see Eq. (I.11)).

Thus Z;f 0 for a scaling theory, and the parton constituents cannot be composite. 2

- 19 -



We now turn to the analogous results for spin 1/2 perturbation theory, in
which the proton consists of a spin 1/2 charged particle of mass p and a neutral
pseudoscalar of mass A. We may compute the F 1 form factor trivially using
the "good" u=0 component of the current, and the same choice of Lorentz
frame used above [(II. 2) and (II.5). Then only one time-ordered diagram con-

tributes and we obtain as in DLY1

1
F (0)=1 =j(') f(x) dx (I1. 383)
where
- 9 Kf + (U —XM)Z
2 d"k x(1-x)
f(x) = —F—g / L 5 % (II. 38b)
2(2m) D (kL,X)

The denominator factor D(kl ,X) is defined as before. The numerator bracket
is the factor Z(p-p1 - My), which comes from the spin average pseudoscalar
coupling. When divergent, the dl_iz integration will be temporarily defined in
this, and all subsequent formulae of this section, by means of simple covariant
regularization — either by a spectral condition on the mass AZ or specifically,
Pauli-Villars negative metric subtraction in this mass. In the nonperturbative
model discussed in Section III, this unphysical but gauge-invariant regularization
is replaced by the assumption of strong off-shell convergence in the parton-
proton scattering amplitude.

For the purpose of gauge-invariance checks we will only need to calculate
T1 for q2=0 and arbitrary v. In Fig. 7 we show the contributing graphs to
Tﬂ(v ,0) in order g2 and the corresponding time-ordered graphs which survive
in the limit P — «. Here i refers to any component perpendicular to the 0 and

T directions. Because of the Gordon identity, a graph in which a photon is
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attached to an external leg will not contribute unless it also connects to a
backward-moving spinor. As first emphasized by DLY, intermediate states
with backward-moving Fermions can contribute in the P — limit, since the
numerator algebra can compensate for the two powers of P of the "bad"
denominators. [A method for automatically including the contribution of
z-graphs is given in Ref. 7 . Here it is useful to exhibit them explicitly.] The

complete result for Tl(v ,0) is

1 =2
2 2(1-x)K
2 X 2 1
T (v,0) = —5— dk/ dx +— - @) - @) —x5
1 2(2m)° L Jo D, D, DD,
) Sp @0y @(V,)
k%8 K
2 71 1 (1-x) S 2(1-x) 1
+ 2(1-x) + + +
DzD+ xD_ D2 x DD,
H)  Hy) (Hq) (H, +Hy)
Born
+ (v -v) + Z,T] (IL. 39)
where
D, = D(T{f,x) _ 2My x(1-X) (IL. 40)
and
T{'z+ (u —XM)2
S = *l._._g...._ (I1.41)

As in the (PS case, integration by parts in -1212 is crucial in ascertaining
that lim Tl(v ,0) = 2, the Thomson limit. For y-—-e, only the z-contribution

v —_— 00
H3 survives. This is true as well for q27£O, since the numerator traces do not
depend on ¢, but only on ?11; it is thus not possible to compensate for the
denominators which increase with v. It is this feature, which makes time-

ordered perturbation theory so useful for extracting the energy-independent
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contribution fo Tl' We thus obtain

1
lim T (v, q) =T}130rnf 19 ax (IL. 42)
0 X

P -0
Note that z-graph H3 takes the place of the seagull contribution of scalar elec-

trodynamics. Because of the effective local coupling of both the z-graph and

N

Compton amplitude Tuv (q‘%, dgs ¥ ,t) is independent of either photon mass
qi, qg at fixed t. Experimental implications of this remarkable behavior have
been discussed in Ref. 4.

We will now calculate the T 9 amplitude for all v and q2. It is easiest to
evaluate T 9 by examining the ;¢=0, v=0 component of TMV , since the resulting
currents cannot reverse the direction of a Fermion line — the "good' current
rule of DLY.! Thus only the time-ordered diagrams shown in Fig. 8 contribute.

The contributing terms in the amplitude must be proportional to Pz, which

results in a considerable simplification of the algebra. The result is

2 2 2 !
T,a",v) =—5—5 dk/dx
0

2(27r)3
(qL - 2Mv) (1-x) + A7 - (M-p) ) }\2 - (M~u)2
P) 2
D_"_ H+ DH+
(S,) (6m:S,)

. @ [SX(l—x) + K- ql(l—x)] 2ax’s

2
DD! H, D" D},
Vy) (H,)

+§v—-»—u, EIL —--}i’l } +zzT]23°rn (L. 43)
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where

_ —2 .
H+—2Mv —qL + i€

—— — —*2 .
! = + (1= 4 - 4
D} D<kJ— (1-x) qJﬁ,x) (q_L 2Mu> x(1-x) - i€ (1. 44)
Born 4M2
TZ = —‘H—+— + (v — -v)

Upon regularization, the 6m subtraction for 83 in fact cancels the 83

contribution. As in ¢3 calculation, this is made explicit by the ability to shift

the —1_{1 integration in S3. After some algebra, one verifies the threshold
2
constraint Lim T @)+ Tz(qz,y) =0, and the Thomson limit. The
q¢—0 q

J=0 fixed pole agrees with Eq. (L. 36), with f(x) defined from Eq. (II. 38).

Finally, the Bjorken scaling limit is

1
Iim VWZ(V R q2) = x £(x)]
2My . Ix= 1
14 —>°°,(,u=—:§- fixed w
9

As stated before, these results in ferms of £(x) are more general than
these specific perturbation theory examples. When summed to all orders in
perturbation theory, the fixed pole sum rule may formally diverge at x~ 0 due
to Regge behavior f(x) ~ X—a, 0< a < 1, but in actual fact subtraction terms
automatically arise which keep the sum rule finite. The mechanism for this

and a full treatment of a nonpertfurbative model is given in the next section.
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III. A FINITE GAUGE-INVARIANT NONPERTURBATIVE MODEL

In this section we consider a simple nonperturbative parton model for

electromagnetic processes which has the following features:

@)

()

()

(d

(€

It is gauge invariant by construction.

It is explicitly covariant.

It contains the off-shell suppression required to obtain scaling
for deep inelastic e-p scattering.

It contains a proper treatment of Regge behavior in the parton
model including the crucial role of subtraction terms.

It yields a polynomial-residued fixed pole whose magnitude is
given by a finite integral over the vWZ(x) deep inelastic

structure function.

Further, the model can be generalized for any of the spin-dependent or spin-

independent sum rules (see Appendix A). It can be employed as a theoretical labor-

atory for checking results based on light-cone dominance or parton model intuition.

This model can be regarded as a gauge-invariant extension of the Landshoff-

Polkinghorne-Short nonperturbative model. The results can also be obtained

from an infinite momentum frame OFPT approach, with covariant regularization.

The basic starting point for our model is a representation of the parton-

proton forward scattering amplitude, Fig. 9a, which is assumed to have the

normal analytic features of a hadronic amplitude.

We write the off-shell forward amplitude as [y2= (p—k)z, u=k2, see Fig. 9a:|

2
dn’dg | _ptnp PRV P

2
T(usu ) = -
Hz—ﬁ u—7n2+i€ —117,2

(I1I. 1)
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Note that the total antiparton-proton cross section is proportional to p:

2
p(s,m)
Gép(S) @ (1L 2)

The subtraction term 8 which only contributes to the real part of T, is necessary
to ensure convergence of the representation (IIl. 1), and will be crucial in the
derivation of finite sum rules; it is required for that part of T which has Regge-

behavior

ot = 20 D% B - (IIL. 3)

O<a<l

In order to obtain the ""softened'" behavior necessary to derive scaling
we take T to have off-shell damping in the variable Mz. We thus assume that
at least the first moment in B of pNR (mz, B) and pR(B) vanishes. Such be-
havior is not unnatural for a hadronic amplitude, and it is a natural conse-

quence of bound state models for the target proton. 3

The form (III.1) leads naturally to the following representation for the
self-energy of the proton due to the emission and absorption of a parton. [In

general one sums over all types of partons (see Fig. 9b)]:
Z(p) =+f dnzzdﬁfd4k/i

R, 2
1 1 o P k A)

(ur. 4
(-02m? ERZp| u-mite  -m

We can generalize this further by using the general Kidllen-Lehman representa-

tion for the parton propagator

(> o]

L _.,f & ——s——50) (IIL. 5)
(p-k) -m,_+e 0 (p-k) -0 +ie
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Then

d k/l [ ()n,z 2) pR (7"2’“2)
2w =1 G4t 5 (IIL. 6)
—k) -z y Lk —an +1€ —27t

with

dm dpdo (o) dy (. 7
(2m"* ) ’ f (dz ) !

where we have used a Feynman parameter to combine the denominators
1

1 1 d
= 4y (I11L. 8)
(p-k)z—o (P—k)z-ﬂ '/0‘ [(p—k)z—zy]z

Ey =yB+ (1-y)o

Note that the resulting nonperturbative theory is defined in a linear operational
way on second order perturbation theory results. Since we are starting with a
finite expression for Z(p), the subsequent formulae we derive will all be well-
defined.
Starting from Z(p) we can use the Ward-Takahashi identities to derive
gauge-invariant expressions for the form factor and the full Compton amplitude:
2(p+a) - 2(0) = ¢ T, (0+a,p)
(1. 9)
T, @+q,p) - T @,p-9) = -’ T,
In each case this yields the proper amplitude. The full vertex and the full
Compton amplitude illustrated in Fig. 10, also include the improper contribu-
tions. The case of a composite protonis I(1+B)=0, which eliminates the Born-
like diagrams. This procedure yields the nontrivial, minimal gauge-invariant
currents (i.e., terms which are not explicitly transverse). The results for

p term are thus identical to those obtained from the effective spectral sum of
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contributions corresponding to the elementary self-energy, vertex, and
Compton diagrams of the usual Feynman perturbation theory. In the present
case, the line carrying momentum p“ -k is the only charged line. In the case
of multiple charge, one applies the Ward identities to a basic self-energy
diagram in which the externalr momentum is routed in proportion to the fraction
of charge carried by that line. Thus, in the form factor calculation, one

sums the individual parton and antiparton contributions weighted by the parton
charge.

Using Eq. (IIL.6) for 3(p) we obtain for the one-photon vertex,

y R
=1 f ate/i (212}“1‘21‘)# 5 [ s - 2 2] @Il 10a)
[(p+q—k) —zy] [(p—k) -zy] K -n’  -m
1
4
=1 [ dk/i [ dz
S,
L 9a-x) [2xp+a(-22 =) (1-22) ¢'p
f dx R A=z p + A5t AL (IIL. 10b)
0 D°(x,2) m-D(0,2)
where
D(x,z) = k;(z —-Xm2 - (l—x)Ey + sz(l—x)
+ 20 2%(1-X) + q> 2 (1-X) (L-z(1-X))+ie (IL. 11)
and
k! =k-(1-x)p - z(1-)q . (01 12)

Since we are considering the on-shell vertex, v=p-q= —qz/ 2. The odd terms
in k' have been discarded in the numerator of (IIl. 10b).

Since the denominators D(0,z) and D(x,z) are symmetric under z—1-z (for
y= —q2/2) the Regge subtraction term in (III. 10) vanishes and the numerator

vector in the surviving term is x(2p+ q)“ . The stability condition M < m+2Z
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is assumed. The form factor is thus

F(gH) = -7 If dzfdx[ X(l'xlﬁ

X +(1—X)Z‘, -X(1- X)M -q (1 X) z(l z)}

(I1I. 13)
We define the normalized distribution function f(x) via
1=F(0) = jz)l dx £(x) (II1. 14a)
where
fx) = -2 I %(1-X)o (II1L. 14b)

X2+ (1-x) 2 -x(1-%) M2

For the Regge part of the spectral function p, we have

' 2 2
o = 42 Jase w00, f dyf dn” o= (" 2" o 1s)

(27) m +(1 -X) 2 -X(]_—X)M]

For x ~0, the last integral is proportional to

2.0
fm d,mz X)) 1 (I11. 16)
2 2 a
0 [Xm +2y:| X

Thus
) — ). v, X x — 0) (L. 17)
1>a>0

where we have defined

o
~ d
Yy = f i Th (III. 18)
0 @+2]
¥
and T is the (8,0,y) integral operator defined from the first line of (IIL. 15).
As we shall see below, the structure function VWZ(X) is given by x{(x).

The Regge behavior of f(x), which follows from the Regge behavior of the

parton-proton total cross section, does not disturb the convergence of the x
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integration for F(qz). In the more general case of multiple internal charges,
it is possible for the distribution function fa(x) for an individual parton to have
Pomeron behavior. However, even charge-conjugation contributions such

as the Pomeron cancel in the summation over parton-antiparton types for the

F(0) =j;1; A, £ () dx (IIL. 19)

The form factor does not receive any contribution from the Regge subtraction
in Z(p).

Using the second Ward-Takahashi identity for the forward Compton
amplitude

v _
o’ T, = [[, 4.0 - T,0.0)] 20

+|T -I (p,p~
[r,@.m - 7,000
we obtain the "uncrossed" diagram and half the "seagull" contribution from the

first bracket of (II1. 20).

2

kK ~m wn

R
1 _ 4
Ty 'Ifdk/l[“:z‘p-‘z‘“f p—}

~2kyM oY g
[(p(filj);-l-{ )z yf[(ii)glj)zy]z ) [(p_k) g_vz y] 2 (. 21a)

_1 qu‘k/i./O‘ldx{ldz

[oxp+ q(1-22 (1-x)) - 2k1* [2xp+q(1-22 (1-x)-2k1]” 6 (1-2) (1-%)° p
71
D (x,z)

L La(1-22) - 2k [q(1-22) - 2K']” 2(1-7) ot 8y 20Xp g0
DS(O ’ Z)”’lz D3(X, 0) DZ(O . 0)9);,2

(TIL. 21b)
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In each ferm kL is chosen to diagonalize the denominator D, defined in
Eq. (III.11). The remaining contribution T;(sz) is obtained from the substitution
q—-q, v—-v.

As usual we define Tl and T2 from Eq. (II.11). The structure function
Wz(v s q2) = (27TM)—1 Im Tz(v ,qz) is obtained in the scaling region from the
proper confribution T;(le) alone, and may be isolated from the pupv coefficient

in Eq. (O.21b). Thus

lim —-M-Wz(v g ) = llm— If dxf dz x (1—X) (1-2z) pv

Y0

-2v /q2=w fixed

-2
Im [21) zx(l—x)+q2z (1-x) (1-z(1-x))-x m2— (1—x)2y+x(1—x) M2+i€]

(I1I. 22a)
2 1 22(1-x) 20 620 x(1-x)+q>(1-X))
=—7° lim I [ dx . T
Bj 0 Xan +(1—X)Ey-x(1—x)M
(I11. 22b)
= xf(x)\ (II1. 22¢)
X=-Q /2v

The surviving term in the Bjorken limit is obtained by integrating Eq. (II. 22a)
once by parts in z. Only the surface term at z=0 contributes for v—w. The
existence of the scaling limit is guaranteed by the "'softening" conditions on
the spectral functions. Again, the Regge subtraction term does not contribute.
The invariant amplitude Tl(u, qz) may be isolated from the coefficient of

the guv terms which only occur in the proper part of the Compton amplitude.
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We obtain (after angular averaging in k')

T, (. q) =1fd4k/if01dx./0-1dz

[6(1—2)(1—x)2pk'2+ 2(l-z)pk®  2(1-x)p o
p*(x,7) W2D%(0,2)  D°(x,0) m2D2(0,0)

+ (v — -v) (IIL. 23)

At this point we can check the low energy theorem

1 2
lim Tl(v’ 0) =(2) I 7r2f dx 2(1--X) g - (1-xX)p 5
y—0 0 X s +(1—X)Z‘,y-x(1_.x)M :|

1
=2f0 dx £(x) = 2 (IIL. 24)

which is the correct Thomson limit for the covariant normalization used here.
A more complicated proof can be derived for the case of multiple charges.

We next investigate the high energy limit of Tl(qz, v) at fixed qz. From
Eq. (II.23) we have

1 1
Tl(V:qz)z"Iﬂ'zf dedZ
0 0

[(2(1_2)2(1_x)3p 2" ) ] ((:tz—x)zp_ o )} (L. 25)
d°(x, z) m” d(0,2) d%(x,0) »-d(0,0)

+ - -v)

where

d(x,2) = x> + (1-X) z, - x(1-%) M2y zx(1-%) - ¢°2 (1-X) (L-z(1-X)) (LI 26)

and T is the same as I without the d/dEy differentiation. We have grouped
together uncrossed diagram contributions and the seagull diagram contributions

(z=0 terms). The d(0,0) term (which arises from the seagull Regge subtraction)
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may be rewritten as

R © R
~@ 1 e— = _2q2 If ———9—2—@‘—5 (111 27)
we 2 0 [X;n +Z}
y Y.

Thus the contribution to Tl(v,qz) from the seagull diagrams (second paren-

thesis of Eq. (IIL. 25)) is

o0

1%, dh =2 [
0
:2{ 1ix—N(x)— Z l’Yj\ (1. 28)
o * oloel ¢ @
where
~ e R
f(x)=6(1-x) fx) - 1———5———2— (11. 29)
[:Xm +2 ]
= 0(1-x) f(x) - ) 2 ,
(8

with Yy 28 defined in Eq. (II.17). Thus the seagull diagrams yield a finite
energy-independent, qz—independent contribution to the 'I‘1 amplitudes. Note
that the subtraction term is crucial for the finiteness of the seagull contribu-
tion in the presence of Regge behavior. For q2=0, the effects of the subtraction
term actually cancel out in the total contribution for Tl(v ,qz). An even
simpler derivation of the § Jo sum rule for Tl(v ,0) can then be given. See
Ref. 4.

The remaining contribution to T1 from the uncrossed and crossed graphs
has normal Regge behavior. The presence of the pR subtraction terms for

these contributions is crucial for obtaining a finite result. The Regge terms
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only arise from the pR contribution and the leading behavior at x —0: We have

2
T

2. 2 o 1 1
- (271_)4 fd,B do dw ) ;PQ(B) (") -4. dZA/O' dy 2(1-2z)

1 3
f ax (zl—x) - 1 : (L. 30)
0 daz) [Ey—q z(l—z)]

where

o0

f ax f(1-x) _ 1
0 [[Xm‘2+zy—2v zx—qzz(l—z)]2 [Xm2+2y—q2z(1-—z)]2]
_ ~® a F dx , 6(1-x)
- e f sl . 2 )
0 0 x §+Ly—2v ZX-q z(l—z)]

1
- (IIL. 31)
[g + Zy—qzz (l—z)] 2:|

Using integration by parts on ¢, the surface terms vanish (for 0 <o <1) and

Eq. (1. 31) becomes

% 4 121 © dx 6(1-x) , 1
ozf £ o+l 2 1 - 2 .
0 0 x [§+2y—2u 7ZX~( Z(l—Z)-—lG] §+Ly—q z{1-z)-~ie

(. 32)

For v large we scale

[Zy+ ¢- qzz(l—z)]
2vz '

X =x!

(ITI. 33)
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and obtain

T,0,9%) = Ty (v, q%) + TSO (IIL. 342)
where
2 1 1 w
R 27 / ~
TS = - dgdo ) p (B)p(ff)f dy/ dz 2(1—z>f de
L ept ; @ o Jo 0
aga_l o
(2vz) & (II1. 34b)
[§+E —qzz(l—z)]a+1 @
y
and
- dX'§X'21_a -ira
£, =f 5 =-1l-e (L. 34c)
0 1-x"-ie

is the correct signature factor for a crossing even amplitude. This result for
T 1 shows the scali‘ng behavior of the Regge term in the variable = —2v/q2,
which arises from the z ~ l/qz region. In the case of our spinless example

qu1 scales in . This illustrates the general point that the "handbag' diagram

contains Regge »¥ terms which vanish in the scaling region.

The subtraction terms, which are crucial for the finiteness of T1 are not

evident from the approach of Polkinghorne et al. ,2 but arise from a consistent
gauge-invariant finite treatment of the electromagnetic amplitudes. Theseterms do
not contribute to the form factor F(t) or W

2!
tional to the external momentum pu , since the subtraction terms which involve

which arise from currents propor-

d(x, z) with x=0 correspond to contributions in which the external momenta
does not flow through the charged line. The Feynman variable x appearing in
the above equations may be identified with the fraction of the momentum carried

by the charged particle in the infinite momentum frame of the proton.
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As is evident from the perturbation theory example given in Section II,
the result (. 28) for the qz—independent p -independent J=0 Kronecker delta
term in the T1 amplitude, holds as well for the case of spin 1/2 charged
particles. 9 This result for T1 , which we first presented in Ref. 4, is a
compelling feature of the scaling parton model. We can also derive a result
for the J=0 fixed pole in T 2(V ,q2), first given by Cornwall, Corrigan, and

Norton, 10 who used a scaling DGS representation.,

We shall show below that

- 2 ol 1~

FP, 2 2q°M £ Y

T, (@,v)=-“5— f —L)Xde_ Z 2 (IIL. 35)
v 0 O<a<1

Thus, using (III. 35), we see that

2
e Tgp(qz,v) =TfP (II1. 36)
M™q

This result is equivalent to the assumption of a fixed pole whose residue is
polynomial in q2 (as conjectured by Cheng and Tungll), plus the assumption of
scale-independence.

The derivation of the fixed pole in T 9 is in many ways more difficult than
the derivation for the T1 amplitude; for example, in the model described above,
one must be certain to include the improper (proton-pole) diagrams shown in
Fig. 10, as required by gauge invariance. In particular, the finiteness of the
x integration for the fixed pole in T 9 requires inclusion of these contributions.
In a true bound state model the pole diagrams do not appear; in this case the
T(6) diagrams (i.e.: those which involve the connected six-point hadronic

amplitude) are required to restore the full gauge-invariance of the theory, and

are necessary to obtain the correct result for the J=0 fixed pole in the T2 amplitude.
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We first calculate an expansion for the self-energy terms in Fig. 10.

[+ -20))| ,
p =M

R
= 1fd4k/i Py L— - 5 (IIL. 37)
kK- +ie - (p+g-k) _zy (-k) _zy

The pR term vanishes upon a shift of the (finite) kH -integration. We then have

[Z(pt+a) -Z(p)]
|p2=M2

-7 w?_/o‘l dx(1-x) p [d(x{ 1)~ d(Xl, 0)]

1 1
- 2 2 x(1-X)
@v+q9) I 7 j(; dxfo dz G (IIL. 38)

where
o) = 2 2 2
h(x,z) = X + (1-X) Ey - x(1-x) M” - (2v+q") zx(1-X)

The vertex required in Fig. 10 is obtained from Egs. (III.9) and (IIL. 20).
Again, the Regge subtraction term does not contribute. We thus obtain from
the ppch/M2 coefficient

o0

1

2 2 2
T, (v,q)=7n" 1 dx dz B(x,z) + (v — -v) (I1I. 39)
: I
where
2 2
Bix,z) = 6(1-%) p[élx (;—x) (1-z) 8x;1—x) . 4};(1—}() ] ’
d"(x,2) (2v+qT)d(x,z) (2v+q")h(x,2)

(IIL. 40)
the three terms arising from the proper, vertex, and self-mass contributions,

respectively.
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It turns out to be convenient to isolate the leading v behavior of T using

2
the Mellin transform technique. The contribution of the first term of B(x, z)

to the Mellin transform of T 9

j(') @) @v)# 1 T,(v,q°) (4 >0) (IIL. 41)
is
1 A1
—ZWZMZI—I:-(Z-ZI—%S—_Z)-(—DS_J{ dx/(; dz

4x2(1—x)3 (1-z)p
[xfnz+2y(l—x)—X(l—X)Mz—qzz(1—x)(1—z(1—x))]3—”({ [ex(1-x]%

(LI1. 42)
To isolate the J=0 fixed pole contribution we add and subtract the leading

X —0 integrand

2 R .
: 4x (1-2)p (IIL. 43)
2 2 3-Jr af :
Xon +zy_q z(1-z) [zx]
Using the Mellin inversion formula,
_ 7
fc a7 F(F) (@v) J (II1. 44)

one may isolate the leading v dependence by picking up the nearest g plane

singularity of F( ) to the right of the inversion contour C (see Fig. 11).
For the difference term the x-integration is strongly convergent so that

the leading v dependence is obtained from the pole at /=2 arising from a

z integration of the form

1
dz 1
S (IL. 45)
'/0‘ zg"1 2-4

(Note that when the cross term (v —-v) is included, the resulting signature factor

(—1)j+1 cancels the contribution of the =1 pole.) Expanding the denominator

- 37 -



in powers of z gives

1
~ _ _ 7
ZWzle(_1)3g INe4 1“3,,{ dxfz’_%y“

T'(3)
( 4x2(1—x) 3p (-1) _ _ (£-3) qz(l—X)
x & (1-x¥ [xm.2+2 (1-x)-x(1-x)M2 3~ [x,,22+2 (1~x)—x(l—x)M2]4—j
Y ] y
2 R 2
4x*p (-1) (£-3) q
) (II1. 46)
X(g [an +2 ] g |—X;n +Ey 4 g

so that the residue of the pole at J=2 gives a contribution to T 9

2 9~ A1
2T g [yt q*(1-x)
@v)? Yo [Xuz 42 (1-)-x(1- x)Mz] [x 42 (1-0-x(L-x)M ]
2 ]
gt = 4 (IIL. 47)

[X)n2+zyl l X 2+2y] 2
The corresponding calculation for the vertex and self-mass terms in B(x, z)
precisely cancels the qz-independent terms in (II1.47). The contribution of the
remainder to the J=0 fixed pole is thus
R

" M : ——ﬂf [XM +Z(tl)—(i() x(1-x)M ] i [x»mg+2y] M-28

The final contribution to the J=0 fixed pole of T 9 is obtained from adding back

in the Regge term (III. 43). Exhibiting the mz dependence from

pR = Z pa(ﬁ)(mz)a ) (TII. 49)
(8]
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we have

i = £)
1

22 TATE-F) [T dx dm>4(1-2) (m2)®
-27 M dz P -
L'(3) ‘/(; ‘/0- X/_z‘/. [X7712+2y—q2Z(1—Z)]3_J(Z)j

1

o 2? DONTE-F) 1 o dg ¢
2r M ) 2-4 'O‘/(; i Z)-/0‘ [§+Zy—q2z(1—z)] 3—‘Z(z)(g

(1. 50)
For the moment we will concentrate on the contribution of this term to the
J=0 fixed pole. The required pole at /=2 arises from the z1~g terms in

the z-integration; specifically for J~ 2 we have

22 TAIE-F) 1 1 (7. o| -4 14°3-7)
- M -
Zm @) 2-J-a 2-4 /(; et [5+2 ]3-(2 * [g+z ]4—,7
y y
2.2 co 2
_ ooMT 1 @ | -4 4q
= — d .
o 2—;.{ I P )’ (. 51)

As before, the qz—independent term is cancelled by similar contributions from
the vertex and self-energy amplitudes. The linear q2 term gives the fixed pole

contribution,

2 R
- PMP T 2q2 fm p 2dX — (1. 52)
1 [an +Ey:|

14

which combined with (III. 48) is precisely Eq. (IIL. 35).

Clearly T2 also has Regge-behaved terms va—z arising from the explicit
poles at #=2-c« in Eq. (II1.50), as well as in the contributions of the vertex
and self-energy amplitudes. We will verify that the Regge contribution of

a-1

Eq. (II.50) are in fact "scaling Regge" contributions (v T2 ~ W ). The

vertex and self-energy contributions vanish in the scaling limit.
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For q2 large one may take z = -z /q2 and drop the 22 term in the denomin-

ator of (II1.50). One then obtains

00 o] — "1 o
2.2 I(F)TITB-%) 1 dz (~q2)”q £
“2mat rey  2-g-a -/o. dé/o- [g+z +z]3'»72g
y

= -2 7T2M2 I r(/ll(]-;;)(g_fg) 2—(7%_01 (_qz)(g_l

Ta+) T2-F-o) 1 r1-4) r(l-a)
I-4) [2 ]l—oz r'2-7-a) (1. 53a)
y

l1-x
(F~2-a)

_ 2..2 T aT 1 -q

= Ml 5) 5in wa -7~ \Z, (III. 53b)

which has exactly the q2 dependence appropriate to scaling Regge behavior.
Including the cross graph, the signature factor is [(_1)2—04 + 1] .

For o — 1, i.e., Pomeranchuk behavior, one obtains a finite contribution
VT2 ~ wo, since the numerator zeroes from (a) the signature factor and (b) the
spectral contribution:

. 1 _
lim I — i " (¢-1) I log Z’y (L. 54)

a—1" (Z)
are compensated by the denominator zeroes: (a) sin n(2-«) from the z ~ 0
integration and (b) sin 7.
This agrees with the proof of Landshoff and Polkinghorne 12 showing the

survival of the Pomeranchuk contribution due to its coincidence with the fixed

pole at J=1.

- 40 -



IV. CONCLUSION

In this paper we have presented a general nonperturbative model for the
Compton amplitude which incorporates Bjorken scaling, gauge-invariance and
Regge behavior. In the case of the deep inelastic electron scattering, the
results agree with the Landshoff, Polkinghorne, Short™ model and exhibit scaling
Regge behavior. We have also given a particularly simple derivation of the LPS
results for VW2 using a covariantly-regularized infinite momentum frame
analysis.

As we have shown, a general consequence of composite theories of the
hadrons, with field-theoretic constituents, which incorporate (a) Bjorken scaling
(and thus ''softened" off-shell behavior), and (b) gauge-invariance, is the
existence of a constant energy-independent qz-independent term in Tl(v, q2)

(2 "Kronecker delta" § Jo term) and a J=0 fixed pole term in Tz(v, q2). Conftri-

butions can be expressed in terms of sz(x) as follows:

16} 2 1
Jo, 2 . v J=0,62 . _ dx 1
T, (@ ="5T, @,»=2 [f ALY ava} av.y
-q 0 X «
where
1-a
YW, (X) —> D, 7, % av.?)
x—0 o
and
o~ _ 1-«

YW, (x) = pW,o(x) -§ 7, X (@IV.3)

The sum rule for ngo was first derived by Coranwall, Corrigan and Norton.
)

The sum rule for TlJO was derived for arbitrary parton spin in Ref. 4.

)
More recently, the T 1J0 result has been derived from the light-cone approach
by Bamder13 and Frishman. 14 In addition, other authors15 have confirmed our

parton model results. The extension to the nonforward Compton amplitude is
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given in Ref. 4. Applications to neutrino scattering and polarization measure—
ments are discussed in Ref. 15 and Appendix A.

Notice that if the leading term in VWZ(X) at x — 0 has a < 0, then, by inte-

gration, the right-hand side of the sum rule (IV. 1) reduces correctly to
2 ' dx

~/0~ X—z- VW2(X) (o <0) (Iv.4)
which is the result obtained directly in the parton model if there is no leading
Regge behavior. Since (IV.1) and (IV.4) coincide for all Re(a) < 0, the result
(IV. 1) must be the unique analytic continuation of (IV.4) to positive «. The
derivation given in Section II shows that this continuation in « is justified: the
result (IV. 1) is obtained automatically for a < 1 when subtraction terms in the
underlying parton-proton u-channel dispersion relation are taken into account.
In general, all sum rules which are formally divergent at x ~ 0 due to leading
Regge behavior may be rendered finite by analytic continuation in this manner.
Further examples are given in Appendices A and C and Ref. 15.

All of the derivations of the specific forms of the sum rule (Eq. (II. 28))
assume normal Regge behavior of the underlying hadronic parton-proton forward
scattering amplitude. In principle, it is possible that this amplitude could have
a J=0 Regge contribution at t—0. In this case, the portion of the Compton
amplitude with J~0 Regge behavior would be more complicated than that given
in Eq. (II.28). Nevertheless, the existence of an energy-independent photon
mass-~independent (at fixed t) contribution to the full Compton amplitude which
derives from the elementary electromagnetic interactions is not affected. Since
the J plane position of the accidentally-coincident Regge contribution is expected
to depend on t, the fundamental terms, with energy dependence independent of t,
can be isolated by direct measurements of the real part of the nonforward

4
Compton amplitude.
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Physically, the q2 independence of the § 7 term in Tl(qz, v) is a direct

0
consequence of the local space-time coincidence of the two current interactions.
This is immediately apparent from the "seagull" contribution of the spin 0
currents, and is made explicit by the z-graph contribution in the case of spin 1/2
currents. Such terms have dramatic and testable experimental consequences

in Bethe-Heitler interference experiments and the 2y annihilation processes
measurable in e*e” collisions. *

Finally, there is the important question of how these parton field-theoretic
calculations can be of physical interest despite the fact that the elementary
constituents are not seen in the final state. From one point of view, this model
for the electromagnetic interactions of composite hadrons can be viewed as a
theoretical laboratory which allows one to abstract the most fundamental features
of local current interactions (including light-cone properties) without regard to
the exact composition of the final state. Alternatively, if the physical deep-
binding picture of Johnson and Drell17 isrelevant, thenthe calculations presented
here could be valid when the free particle states of the model are a good match
to the near continuum closely-spaced levels of a bound-state model.

Note that in the case of the real part of the Compton amplitude, constituent
production is not involved. In fact, if one believes in the existence of an ele-
mentary fundamental current within the hadron that is relevant to the calculation
of elastic and inelastic form factors, then it is difficult to avoid the possibility
of having two photons interact on the same current line. Thus inevitably one
has contributions to virtual amplitudes, e.g., the real parts of T, and T_, from

1 2’

local two photon interactions, and the conclusions stated above must apply.
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APPENDIX A
FIXED POLES IN WEAK AND SPIN-DEPENDENT

ELECTROMAGNETIC AMPLITUDES

In general, one expects all parton model amplitudes with two or more
currents to have fixed pole behavior. Physically, the large four-momentum
q“ of the current is routed through the parton propagator in Fig., 3, rather than
the supporting strongly-convergent parton-hadron scattering amplitude. The
physical current scattering amplitude THY thus reflects the elementary fixed-
pole dependence of the parton Born amplitudes. In this appendix we will give
the parton theory fixed-poles for both neutrino inelastic scat’cering:{18 and spin-
dependent electroproduction, 15

The spin-averaged virtual weak current scattering amplitude (with

absorptive parts corresponding to the inelastic neutrino structure functions) has

the form
/ q 4 p-qq pgq\ T
T =(-g +-LL)T +(p —L _ vy 2
py U 2 1 2 v 2 M2
q q
+
.EEVQO' p O [qu (puqv pvqg)
=5 P g Tg+ =5~ T, + 5 5
2M M 2M
~ PP .
= -g s T

€ ~ 99 . (PP *P d) .
GRS P FT y BV g HY VW T @A. 1)
2M M 2M

The 'i‘i(qz, prq) are the kinematic-singularity-free amplitudes related to Ti by

2A
MT 2
:A i= :A MA :A - 1_(p'q)
Ti Ti (i=1,2,3) , T5 T5+ q2 T2’ T4 T4 q2 q4 T2
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The numerator of the contributing spin-averaged parton amplitude is

ty =% T, [(k+m) v, (175) K +ef+m) VV(1—75)]

— . P O':,

= -+ + +q) - s (ktq) - i€ +

z[ku(k D, Tk &), g, kg -ic ) k (A.3)
The parton momentum K can be computed using the infinite momentum method

of Section II or the explicitly covariant method of Appendix B. The identification

of terms of the same order in P then yields

T1=2xp-q
T, = 4x* M
o a2 1 £(x) 1
T,=-4xM" | dx (A.4)
3 X 2, .
0 2xpq+q +ie€
T4=0
s 2
T5—4XM )

plus an equal contribution with p.q — -p-q, p — v obtained from the crossed
amplitude.

Note that we have approximated the parton propagator

1 _ 1
(k+q)2—m2+ie 9 (1_{1 +q. )2+m2 '1212+>\2
x |M“+2p-q - i - = | e
— L (A.5)

2X p°q + q2+ ie
The leading fixed pole behavior of the five invariant amplitudes is thus

. ]
&FP _

T = - 1 ~
A RS DY
4 [0

+FP _ 1 FP_ 4M2

5 73 p-
~FP _

T, =0 )
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In the case of Tz, the direct and crossed amplitudes cancel in leading order;
thus terms of order a/v 2, where a is a model-dependent constant, can arise
from corrections to the approximation (A.5) as well as nonleading "T ©)y,

diagrams. In some cases one can show that a, and hence

»~ 2
TFP JFP  Zpg q¥P_ gad’ @

q (- q2

as well as Tip vanishes, if, for example, a Ward identity for the weak current
is satisfied, or if z-graph contributions can be neglected at P — o, as in com-
posite models, This is discussed further.in Ref. 19. As in the derivation of
T§P for the electromagnetic currents given in Section II, such a result depends
on the cancellation,of contributions from T(4) and T(6) diagrams.

As usual, the fixed pole sum rules (A.6) and (A.7) must be summed over
the types of parton-constituents. The subtraction terms required for convergence
in the case by Regge behavior can be obtained explicitly using the method of
Section III or the analytic continuation method of Section IV. From Eq. (A.4),

we also obtain the scaling results (v = p-q/M, x= —qz/sz)

v = 1) Yow = Yo o=
(A.8)
v A _ —1{- ~ .
-M-W4—O, MW5—f(x)

and thus VW5 = vW4 =0,
Let us return to the electromagnetic case and examine the spin-dependent

structure functions. Assuming the initial and final proton spin states are the
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same, we define

q 9 b-qq p-qq
T =/{(-g +EP) 7 4 p - & p. - Yyt
J15% 3% q2 1 U q2 v q2 2

|8 G1 P-q sG—s-q pO)G2
Hy M M

with s2=—1, s.p=0.
Let us assume the proton has positive helicity. Choosing the reference

frame as in Section II, we can take the helicity vector s as

2
(+)“__1_< e M- —o
sy =51 \P- 0, Prsp ), P (A. 10)

then s-p=0, sz= -1, s-gq=p.q/M. The positive or negative spin vector for

the on-mass-shell parton can be written as

2, —2
N _ mw; 1
W“ =+ \xP, W_L, Xp + <) ™ (A.11)
then w2=—1, and w-k=0if w -k =0, w2=%2,
1 1 L 1

In general the parton-proton scattering amplitude has helicity conserving
and helicity nonconserving contributions. Let us define h + (h ) to be the ampli-
tude for the emission of a positive (negative) helicity parton from the positive

helicity proton. The numerator of the contribution (uncrossed) parton amplitude

is then
Ly, ¥ Ly, f
o[, g, o (22222) o (52
= (b, -h ) im €MVqup WZ + ... (A.12)

_ 48 -



Matching this to T;,w we obtain

c-gP =0 (A.13)
and (taking p=0, v=1)
il 1 ; ;
= lim f dx(f ()~ (x)> — - 5
M prq—e 4 \2xp-gtq +i€  ~2xXp-qtq +i€

(A. 14)

or

1 T (x) -1 _x) +
4p-q FP _ ( ) oz
- G_l f dx z ' E (A. 15)

0

where f (x) is obtained from integrating h over d ki and {(x) = [ )+ f (x)].
Since the amplitude Gl(v, q ) has leading behavior va_ , the fixed pole contri-
bution is a Kronecker-delta singularity at J=0. The corresponding scaling
structure function is

£, (%) -f_(x)

2
—— P (A. 16)

4p-q _
wlm Gl(x) Zp-q

M2

The results (A.15) and (A. 16) are to be summed over parton types weighted by

square of the charge,
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APPENDIX B
In this appendix we give a direct, general connection between the explicitly
covariant and infinite momentum (or light cone variable) ’cechniquesa20

For illustration consider the covariant expression for the full vertex

function shown in the first diagram of Fig. 10. For the spin zero case we have

4 . Bon 2 2
- epraf Fid) = f dw/1_Qogh At ®.1)
@) [k _“0+1<-:] [(k+q) _I,L0+ie]

where .# is the full off-shell parton-proton amplitude with u = (p—k)2 and t=q2.

As usual we write a u-channel dispersion relation

2
/ Im (2, (k+q) L. t) do ®.2)

- +1€

modulo possible subtraction terms. We can parametrize the four-momenta as

follows

- (B4 T _P_-_q) 2. _32

q <2P - 4> ~5p ) o q q, (B.3)
"Ef+k2 . E'12+k2

k= XP+————4XP s k_]_’XP__——4XP

Notice that all invariants are independent of the parameter P = 21- (p0+p3).
Unlike the infinite momentum calculation, P need not be large, For example
in the target rest frame, P = M/2; in general log 2P/M is the rapidity of P,

The four degrees of freedom in k" are thus replaced by
. 00 © 2
d4k{1 - 1 %k dx dk ®.4)
4 3 L 21x| 27i
@M~ (2m ) )
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The great merit of this parametrization (B.3) is the simple factorization of the
k2 integration, For the calculation of l‘”, all the singularities in the k2 plane

necessarily lie in the lower half plane, except for the pole arising from

u- 7nz+i€ = (1-x) [Mz -

(B.5)

Thus if (1-x)/x is negative, the K2 integration gives zero. On the other hand,

for 0 < x < 1, we can close the contour in the upper half plane and obtain:

1,2 2 2
. 2 FO+P3 1 1 2 1 Im-#EK"™, k+q)”, # ’t)|u=rn2
q7) = == 3 dare dx
(27) 0

2P 2x(1-x) [M2-8] [M2-5]
(B.6)
where
o T{f+ uﬁ T{f+m2
S=S(k_L ,X) = - 1=
B.7)
S= S(T{l + (1-X) EL’L, X)
and at the pole u=02
K2 - ug = x [M?-s]
(B.8)

(erq)? - pl = x [M%-5]
This result reproduces the infinite momentum TOPT results of Sections I and II.
The resulting expression for f(x) is the LPS formula (I.11). Equation (B.6) is
a further generalization of the model covariant calculations for F(qz) given in
Eq. (IO.13).
This method for relating covariant and infinite momentum frame calculations
has general applicability; inclusion of spin factors is trivial. Notice that since

=1 (p0+p3) is an arbitrary parameter, we can, as usual, interpret the

2
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"light-cone! variable x = (k0+k3) /2P as the fractional longitudinal momentum
of the charged constituent in the frame in which O becomes infinite. As we
have stressed, any integrated result which diverges formally at x~ 0 due to
Regge behavior Im .#- -(mz)OZ will be rendered finite when the subtraction
terms in Eq. (B.2) are considered; the final result can equivalently be obtained

from analytic continuation in «.
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APPENDIX C
MASS SHIFTS IN THE PARTON MODEL
The lowest order shift in energy due to a change in the parton masses Ma

can be obtained immediately in the parton model:

S5E = MsM _ <Ma6Ma>
- P 7 xaP

1 f (x)
Za:f j (C.1)

which is the result obtained by Weisberger.21 In fact, Eq. (C.1) is undefined
if VW2(X) has Regge behavior, and a more careful derivation must be given.
For the case of scalar fields, the interaction energy density due to the mass
shift

. + 2

S, = ; ¢, OM-¢_ (C.2)
is similar in operator structure to the electromagnetic seagull term

==Y 267w ¢ (0 Bl (C.3)

1 = 2’2 a )

Thus we can use the analysis of Section III to show that the Regge subiraction

terms necessary for the parton-proton amplitude representation lead to a

subtracted form for the mass shift

6M (C.4)

where

f(X)—f(x)G(l—x)—Zx 7, — 0 for x —0 (C.5)
>0
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as in Eq. ({I.28) . The proof for spin 1/2 fields is similar: in this case we

note the similarity of the z-graph (effectively local) contributions of the P—

analysis
i AA
2 Yo ¥4
S, = > el L (C.6)
a a
to the mass shift interaction
S =), ToMY (C.7)
a

and we again obtain (C.1). Note that if <3Maz1 = ei/ 62 5M§, as is the case for

the electromagnetic mass shifts of the partons, then we obtain

FP
2 0 2
oM, = —gomm 6M0 (C.8)
Tl

for the shift of the bound state mass M due to electromagnetic mass shifts of

the constituents and TfP in the J=0 fixed pole (Kronecker delta 5 JO) which can

be obtained from Eq. (III.28). More generally we can obtain the mass shift due

to other interactions (e.g., from the A-p quark mass differences) and obtain

the tadpole model results for masses squared. These results also agree with

the results obtained by Jaffe and Llewellyn Smi’th.22 If the partons are

isosinglets and isodoublets only, as in the quark model,effects of the parton

mass shift cancel in the 7r:b -1 mass difference but not in the n-p mass difference.
In general, the Cottingham formula for the electromagnetic mass shift

includes the shift due to the electromagnetic self-energy 6Ma of the field-

theoretic constituents. This contribution is formally logarithmically (quadratically)

divergent for spin 1/2 (0) constituents, and thus the Cottingham formula will be

divergent for Al < 2 mass differences such as n-p as long as scaling holds.

_54 -



As in the case of the leptons, higher order electromagnetic or weak corrections
presumably render the n-p quark mass difference finite. Thus if the divergent
piece of the Cottingham formula can be exactly identified with the self mass
divergences we obtain a finite result for the fotal mass shift

6M‘?ot = (6M2)R + (5M2)parton
where ((SMZ)R is the finite mass shift obtained from renormalizing the Cottingham
formula via a subtraction term of the form (C.4) with (5M2)a given by the
standard QED spin 1/2 or spin 0 result (covariant regularization in the photon

mass is assumed), and (éMz) is the shift in mass due to the physical finite

parton
mass shifts of the constituents, and may be computed from Eq. (C.8). Thus,
from this point of view, the n-p nucleon mass differences can never be computed
from integrals over scaling contributions in the Cottingham formula without
knowing the mass difference of the n quark and p quark constituent, This pro-

gram for renormalization and further consequences of this point of view are

discussed in Ref, 19.
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FIGURE CAPTIONS
Time~ordered perturbation theory contribution to the parton-proton
scattering amplitude. The parton line has mass o
Time-ordered perturbation theory contribution to the proton elastic
form factor. This is the only time-ordering surviving at P —< in the
reference frame defined in Egs. (II.2) and (II. 5).
The 'handbag' or ”T(4)” contribution to the forward Compton amplitude.
Time-ordered perturbation theory contribution to wave function
renormalization.
Time-ordered perturbation theory contributions to the elastic form factor
corresponding to Eq. (I1.9).
Time-ordered perturbation theory contribution to the forward virtual
Compton amplitude for spin-zero constituents. See Eq. (IL. 16) through
(IL. 25).
Renormalization of vertex operators in the parton model. The occurrence
of wave function renormalization factors Z 9 and J_ZT; are represented by
full and half circles respectively.
Time-ordered perturbation theory contribution to the forward Compton
amplitudes in the case of spin 1/2 constituents. The first column shows
the total covariant Feynman amplitude. The corresponding time-orderings
for Tl(v, 0) and Tz(v, q2) surviving at P —« are shown in the second and
third columns, respectively. (See Egs. (IL. 39) and (II.43).) The z-graph
contribution H3, the origin of the J=0 fixed singularity, reduces to a
seagull-like contribution (see Fig. 6b) at P -,
(@) The forward parton-proton amplitude.

(b) The corresponding contribution to the proton self-energy.
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10. Gauge-invariant nonperturbative model for the vertex and Compton
amplitudes.

11. Contour for the Mellin inversion formula, Eq. ({II.44).
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