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ABSTRACT
The techniques of Mueller analysis are applied to deep inelastic processes
such as e"p-e~hX and vp-u hX where h is a specified hadron and X is unob-
served. In the combined Bjorken-Regge limit (v = (2Mv/ Qz) fixed and large)
there are three domains: the target fragmentation region, the central plateau,
and the current fragmentation region. Only the current fragmentation region
provides information not accessible in hadronic collisions. For this region we
find an essentially unique Mueller description consistent with assumed Bjorken
scaling for inclusive processes. A conclusion of the analyses is that the current
fragmentation region should contain three segments including a plateau of
length ~ log (Qz/ Mz)u The Mueller description is compared with parton, multi-

peripheral and other models.
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1. INTRODtJCTION

Soon after the proposal of Bjorken1 that deep inelastic electro-(or neutrino-)
production should scale as a function of w = 2Mv/ QZ, Regge concepts were
applied to the domain of large w by assuming that the Regge and scaling limits
could be interchanged. 2 In thié paper we propose a unified treatment of single
particle inclusive lepto-production in the Bjorken limit at large w using Regge
concepts as applied by Mueller3 to inclusive hadronic reactions.

For the total cross—section of virtual transverse photons on nucleons, 4
the Regge expansion for large w in the deep inelastic scaling region has been

shown to be:2
A g
= 2B w sy (1. 1)
j T

where 'B'%/ is the virtual transverse photon-Regge vertex (with the Q2 dependence
removed)? [3]& is the Regge coupling to the target, and ozj is the Regge intercept.
(A similar expansion holds for V(GT + O‘L)u) Similarly for the single particle
inclusive cross-section describing target fragmentation, the Regge expansion

has been given as:5

—h
v E 2B o F (®,, pP) (1. 2)
azglr.luthal i 7

where p | 1s the transverse component of the four-momentum p of the outgoing
hadron, h, and P is the four-momentum of the target. The inclusive Regge
vertex, F;\I_’h, is the same as that appearing in purely hadronic inclusive re-

actions. (Again, a similar expression holds for vE <d (oT + crL) /d3p> o)



For the fragmentation of the current, we find that a generalization of

Bjorken scaling and the Mueller picture lead to the prediction that, for large w,

T . [64 —h
do _ j i’
V€d3 >1zimuthal > Ay @7 F, (@P)) (1.3
P average j
where wl = p-q/(-q-q) and q is the four-momentum of the current. Equation (1. 3)

is our fundamental result. It yields a description of final state hadrons similar
to that proposed by Bjorken6 on the basis of a parton model, but from a completely
different point of view. In particular, we find that the current fragmentation
region contains three distinct subregions: two fragmentation regions (i.e. regions
of finite length in rapidity) and one plateau of 1ength~1n(Q2/ Mz). Together with
the earlier results (Eqs. (1. 1) and (1. 2)), this affords a complete Mueller
picture of inclusive lepto-production in the combined Bjorken-Regge domain.

The outline of the paper is as follows: In Section 2 we establish the kine-
matics. In Section 3 we review the application of the Mueller-Regge picture to
the kinematical regions of target fragmentation and the central plateau. In
Section 4 we combine the Mueller-Regge expansions with a generalized Bjorken
scaling to derive our primary result for the current fragmentation region. The
consequences of these expressions are explored in Section 5 and comparison is

made with other models for inclusive lepto-production in Section 6.

2. KINEMATICS
Let the momenta of the virtual photon, the target, and the observed hadron
be q, P, and p respectively. = We then define
My = P.q, By, = Pq Mk = P-p

(2. 1)

Q* = -¢%, 0 = 2My/Q%,  w = 2w /Q°
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where M is the target mass and y is the mass of the observed hadron. In any
frame moving parallel to the virtual photon we can parameterize the momenta as:
q = Q (sinh ¥y 0, 0, - cosh yl)
P = M (cosh Yos 0, 0, sinh yz) (2. 2)

P = (u coshy, p Py ~Hy sinh y)

where uf =,u2+p_‘2_ =[J,2+ pi+p32’ . Then we have

Mv = MQ sinh (y1 + yz)
py,= p Qsinh (y, - y) (2. 3)

Mk = ”_LM cosh (y2 +y)

In the laboratory frame, Yo = 0 and @ sinh vy =V or y1~1n 2v/Q. The outgoing

hadron is confined to a region of phase space given (in the high energy limit) by:
In—= <y <S5 + == (2. 4)

where s = (W - 1)Q2 + Mz. Anticipating our results with the Mueller-Regge
analysis, we shall divide this rapidity interval into five regions when both w and

Q2 are large. The regions are defined as:
[
= = _:L_ 3 ini 3
8] Y = Ymin g, where Y min 1n<M> and ¢ is finite [target fragmentatlon]

(ID ¥~y = Blnw, 0<g<1 [target plateau]

(M) y -y, "~ 0w+, £ finite

_ 2 2 2. 5
IV) ¥ =¥ 5, = 0@ T 8In(Q /“J_ ), 0<B<1 (2. 9)
V) Y~ Vpax~ ~6 where Ymax = ln(s/uLM)and ¢ is finite.

Using equation (2. 3) we find for the values of the invariants Zuvl and 2M« the

following:

® v, ~wle

2t

2M«k ~le e £

+ M%e”



m 2w ~ QZwl™P
2 B
2Mk ~
p Cw

(III) z;wl~Q‘2e“g

2MK ~ M.L zwe+§

12 Q2] (2. 6)

W) 2uv~p Q [(Q/ul)
2
2MK~p, CL’(Q/ul_ 2P

V) v~

2MK ~ sze—é‘
These five domains cover the entire final particle phase space.
The experimentally measured cross-section, integrated over the azimuthal
angle (associated with the outgoing hadron), is related to the inclusive structure

functions of Drell and Yan7 by

4 2
d
5 o . = i%— %’ 2 s'm2<—g>971(V,Q2, 4 sK)
dQdvdrkdy Q !
+ cos2 <—g—>0)§(v,Q2, < ")] (2. 7)

where E and E' are the initial and final electron momenta and 6 is the scattering
angle in the laboratory. The integration over the azimuthal angle reduces the
number of invariant amplitudes to two. The cross section integrated over the

hadronic variables is given in terms of the standard structure functions W

1
and W2 by the familiar expression:
d2cr 41ra2 E! 2/ 0 2 2/6 2
4o . 4m B [2 sin <——2—>W1(V,Q ) + cos (——2—>W2(V,Q )
dQ dv Q .
(2. 8)



In terms of virtual photon-hadron scattering, the inclusive and total cross-

sections for longitudinal and transverse photons are as follows:

27T 2
d% 37T Ma 2
= —F W (v, Q, v, K)
dVldK 2MV—Q2 1 ’ 1
dOLUdK - S8x Maz[_@/i(v,QZ’vl’ K) + _V_+_2_@___ @//Z(V,Q ,vl,K):‘
1 2Mv-Q Q

2
O_T _ 8x Mozz Wl(V,Qz)
2Mv-Q

2 2 2

87~ M 2 + 2
2Mv-Q Q

The inclusive cross sections may be cast in a more convenient form using

the relation:

4p . -—“—-—1— dv drdg (2. 11)
E (v2+ Q%2

Together with Eqs. (2. 9) and (2. 10) this gives

T 1 L, 2
<_E_ dO'T _ 1 Edo _ 1 LVZ + Q2L2 ’J)/l(V:Q ’ leK)
T or T T oon m 2
d p/az. av. o p_LdpLde WI(V’Q )
1
<E do™ 1 Edo” 1 _(v2+Q%F
L 3 - 2T L - o U
- dp/ az.av, o “pdpdp,
[Wl(VQ,V )"‘“—‘—Q—' u7//(VQ )]
Q° (2. 12)

X

2
[-Wl(v,Q) ML W(v,Qz)]
QZ 2
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The notation "az. av.' means an average over the azimuthal angle associated

with the outgoing hadron.

3. MUELLER-REGGE ANALYSIS FOR TARGET FRAGMENTATION
AND THE CENTRAL PLATEAU
The application of Muellerism to the regions of target fragmentation and
the central plateau in virtual photon-hadron scattering is quite direct. We re-
capitulate the arguments here for the sake of completeness.
For fixed Q2 and v—«, we can write a Regge expansion for the transverse

and longitudinal total cross-sections (see Fig. 1):

T,L 2 i 2 %4
vo TPy, Q) = B (QHv B (3. 1)

where ,Bi (Qz) and ,8;\1 are the couplings of the virtual photon and the nucleon,
T,L .

respectively, to the ith Regge pole with intercept o Bjorken scaling requires

W1 and VW2 to become functions of w only as Qz, v —eo with w fixed. If the scaling

and the Regge regions overlap for w and Q2 large, then in this region the Regge

T L
expansions for v¢~ and V(O'T + 0) must become functions of w only. Consequently,

. -0, .
g @- @7z F 3. 2)
T YT

and Equation (3. 1) becomes2

To o - S i 3. 3
o (1,Q% o 2B, @ Ty (3. 3

A similar expression holds for v(O’T + GL).



For the single particle inclusive cross-section, the standard Mueller tech~
nique can easily be applied to kinematical region (I), which is known as target

fragmentation (see Fig. 2). The Regge expansion for fixed Q2 is:

T : o
d ? - . N__4
véﬁ g > =26 @)y F kL6 @09
p /az. av. T, L

—h
where F. “(pL ,K) is the same inclusive Regge vertex describing fragmentation

L

of N into h in purely hadronic reactions. In the scaling region at large w, we
can remove the Q2 dependence from the virtual photon coupling via Eq. (3. 2)

which yields5:

T . o
do ~i i N—h
v (B =§:B w TF (P, k) (3. 5)
< d3p>az. av Y ! L

Thus, the factorization of Regge singularities implies a generalized Bjorken
scaling for target fragmentation. Both the scaling functions and the scaling

variables are specified. Moreover, Eq. (3. 5) implies that:

T Bj
1 do ) _
E F(w,6,p) = F (K, D)
o <d3p>aza av, De8E° Loe= T L

N—h
Fp (p_L, K)

o

(3. 6)

Again, similar expressions hold for the sum of the longitudinal and transverse

cross-sections. In terms of the structure functions 0)//1 and 0)//2 defined by



Drell and Yan, Eq. (3. 5) may be re-written as:

Bj 7
— &
Regge ~1(“%» P)

2

(3. 7)

2 2 Bi
1974 _J_.
v (v, Q, ,pl) Regge CACH pl)

These relations for the target fragmentation region have also been derived from
8
the parton model7 and a light cone analysis .
The Mueller-Regge analysis can also be applied to kinematic region (II),

which is known as the central hadronic plateau (see Fig. 3). The Regge expansion

o i 2, %i 4
£ 3.8
< >az av. T B'VT, L S

for fixed Qz with »y and Kk large compared to the masses. In the scaling region,

is:

we can again use Eq. (3. 2) which yields5:

T o . a o
do i ij i j ;
v (E —o— E, w ) kg o/t 3.9
< d3p az. av 1i,j 1 h L N ( )

From Eq. (3. 9) we see that for large Q2 the Regge expansion is valid only if

w, = 2uv 1/Q2 is large (i.e. Zuvl/Qz»l). As a result, the kinematical region
satisfying this restriction, which we have called region (II), extends a distance
in rapidity of order Inw from the target fragmentation boundary. Keeping only

the Pomeranchuk contributions and using (2uv 1)(2MK)/ 2Mv~ui (valid in this

region), we may re-write Eq. (3. 8) as:

—= Z(p) (3. 10)
< >az. av. W= T 1



which implies a flat plateau of length log w in rapidity and height equal to that

of the plateau in hadronic reactions.

4. MUELLER-REGGE ANALYSIS OF CURRENT FRAGMENTATION

Using the framework of thé Mueller-Regge analysis, we seek to extend the
generalized Bjorken scaling found in regions (I) and (II) to regions (III) - (V),
which are known as current fragmentation. The aim is to describe the inclusive
cross-section in terms of w and finite variables associated with the outgoing
particle and the virtual photon.

We first turn to the problem of determining which structure functions (i.e.
what power of v times U?/l and 0)//2) should exhibit scaling. As reviewed in
Section 3, the Mueller-Regge picture with the assumption of scaling for the
total cross-section implies that v?//l and Vz@lfz, or equivalently
(/o) <E ao'/ d3p>az. ay, 2nd @/ ol OL) <E do” + UL)/ dg@az. ay, Scale in
regions (I) and (II} as functions of w and finite hadron variables. Moreover,
(1/GT)<E dOT/d3p>az° av. is finite as w —«, We shall use the energy-momentum
sum rule to make plausible the same scaling behavior, i.e. v@lfl and vzo}//z,

in region (V). Consider the inclusive energy sum ru1e9:

3
E. d p.
i do i -
Z fEi<cr 3 > E, = Biot (4. 1)
i d P; i

where the sum is over the types of outgoing particles. The energy of a particle
in Region (V) is 0(») while in region (IV) it is 0(»/Q> 2P) with 0<g<1. Since

the length of region (IV) in rapidity is ~1nQ2, there is no asymptotic contribution

to the sum rule from this region unless Ei/cr (dcr/dspi) grows as a power of Q

- 10 -



at fixed w (of course no faster than Q). If Ei/O' (dG'/dSpi) is bounded in region (IV)
as Qz—» « for fixed large w, then the sum rule is dominated by region (V) and
becomes:

| 3
E, '/E, dp.
Z./ 1 ( 1 d"> e B (4. 2)

i *region (V) Y o d3pi E,

Since EiN 0(v) and the integration is over a finite length in rapidity, the sum
rule is satisfied most simply if Ei/o (dO'/dspi) is independent of Qz, i.e., the in-
variant cross-section scales as a function of w. This scaling behavior in
region (V), V%l and Vz@‘l/z functions of w rather than v and Qz, is motivated

by the energy sum rule and also implied by the parton model. We shall hence-

forth assume that le and vz@/fz become independent of Q2 in regions (III),

(IV), and (V) as well as in regions (I) and (JI), Our assumption is inconsistent

with any model in which the multiplicity grows faster than log Q2 at fixed w,
We now write a Mueller-Regge expansion for the current fragmentation
region. For fixed Q2 and v —«, the following expansion holds in regions (IO) - (V)

(see Fig. 4).

< doT’L> 3 @ Ypp—h 2
= i iL'T,L
v \E = B v F.7? (Q@sv,yp ) (4. 3)
d3p az. av. N 1 1l

For generalized Bjorken scaling to hold (what we assumed above)
V<E daT/d3p>

and finite variables describing the outgoing hadron. We conclude that:

2
9z, av must become in the Bjorken limit a function of w = 2Mv/Q

. ’YT 2 _ 2 -0, ~’)/
im F 0 Q% vp.p) = (Q2my ! ET (@pp) &9
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where w1= (Zuvl/Qz) =(p -q/-q-q). All Qz dependence in the invariant cross-
section is removed through Eq. (4. 4) for the residue. The choice of wl as
the scaling variable is dictated by the considerations shown below. -

The variable w 1 appears naturally in the adjacent region (II) where it
furnishes one of the large quantities for the double Regge expansion. At the
boundary between the current fragmentation and the double Regge regions, w 1
becomes finite and is, as we shall see, the appropriate variable for connecting
the two regions. The requirement that the double Regge expansion of Eq. (3. 9)

merge continuously with Eq. (4. 3) in the transition zone implies the following

for fixed and reasonably large w,:

Y h

lim F.T
. i

2 9 -, o, . o, o,
@vep) = @720 13 @) T gle) wiam ) gup !
Bj i

J

(4. 5)
~0 .
The factor (QZ) ! serves, as before, to guarantee Bjorken scaling. The re-

maining function depends on w_ and pl only which forces Eq. (4. 4) at one end

1
of current fragmentation (regionIll). In the rest of the current fragmentation

region, w_. remains a finite variable -- non-zero in the finite rapidity regions

1
(I) and (V) and zero in the log (Qz/ M2) rapidity region (IV). At the phase space
boundary, i.e. the edge of region (V), a longitudinal scaling variable (necessarily
w 1) is certainly required, which again implies Eq. (4. 4). Thus, if regions (IiI),
(IV), and (V) are to be described simultaneously as a single current fragmentation
region in a Mueller description, it must be in the form of Eq. (4. 4). The re-
lation of the variables @, and k in the various regions is as follows: in the

proton fragmentation region, w 1 is large and « finite; in the central plateau w 1

and k are both large; and in the current fragmentation region wl is finite and

-12 -



and x large. Also, the variable w,= p-d/-q-q, like w= P-q/~q.q, is dimensionless
and contains no arbitrary mass factors. Of course, one could suppose that in
addition to p gnd @5 the residue is a function of some other variable liké

v 1/ Qor yp 1/ Q 3/ 20 Such variables would be non-trivial only over a finite

rapidity interval in region (IV) where @, vanishes. The arbitrariness of such
dimensionless variables (e.g. defined with arbitrary mass factors, etc.), which
are not required elsewhere and which would destroy the unique Mueller description
of the current fragmentation region in terms of two finite variables, induces us

not to provide for such dependence in the residue. Consequently, our expression

for the Mueller-Regge expansion in the current fragmentation region (regions (III) -

(V)) becomes:

-—*h
< > = Z ’BN i (@sP ) (4. 6)
p az. av.

and similarly for G + cr . The implications of Eq. (4.6) are examined in the

next section.

5. CONSEQUENCES
Since regions (I) and (II) have already been treated in the literature, we
focus on regions (I), (IV), and (V) -- the current fragmentation region -- for

which we have a single expression given by Eq. (4. 6) or equivalently:

lim =Fw, w,p) = Flw,p)
md G o enn) o e,

(5. 1)
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From Eq. (2. 6) we see that in the current fragmentation region W, takes on
the values:

Region (): @, = et

where y - Y min ~ Inw + g, ¢ finite

Region (IV): @, = (Q/u) 2% -~ @/ P where y -y, = Inw + pn(@®/uf),

0<B<1

Region (V): w, = ~e % where Y = Va6 ¢ finite
Note that @y changes sign in region (IV) and is asymptotically zero. Thus in
the Bjorken limit the longitudinal dependence of the structure functions vanishes
in region (IV). Consequently, a flat plateau of unknown height (possibly zero)
and length log (Qz/ M2) develops between the two finite fragmentation regions
(II) and (V). This prediction for current fragmentation was first arrived at by
Bjorken6 using the parton model. We have arrived at the same result using
generalized Bjorken scaling and Mueller analysis without the introduction of
partons. The resulting distribution of final state hadrons is represented in
Fig. o.

We can exploit our Regge expansion to draw some phenomenological con-
clusions. Consider the junction of Regions (II) and (I1) (w1 large and fixed) for
the production of T Region () is dominated by diagrams with Pomerons in
in the yy and NN channels. As we move into into Region (III) non-leading terms
in the yy channel become important. If there is a P in the NN channel, only
P' =f is permitted in the yy channel., The residue B{T appears to be positive
in that sz seems to be IPialling at large w. 10 Furthermore ISR data on
pp—nrﬂc X indicate that f 4 is negative. 11 If these surmises are correct, then

m

the plateaus for 7% should turn downward as one moves from region (II) to

region (). Of course this may not persist throughout region (IIT) and we

- 14 -



cannot draw any conclusions about the relative heights of the plateaus in
regions (I) and (IV).
The energy conservation sum rule places a constraint on inclusive Regge

residues.,9 In particular, working in the laboratory frame, we have

Ymax T
do 2 _ T (5. 3)
};/ By cosh vy Ei__d?’p d p_Lidyi Eo

or
zi: B cosh y; TZ BN w *F ) (wl’ p) dy d P
i

i o i
= B . 4
?BNw o (5. 4

Using Eq. (2. 6),

_ 9 . Ol,~'y — i _ 2 . Ol.N.
5[ et fet T T oy - - Tl
i i T

(5. 5)
or
0 y i
2 T 2 ~j
dw d F. w_, = 5. 6
2 Jooy Jotu T wpnd = B 5. ©

and similarly for GT + O'L. Of course only Region (V) contributes to the energy

o' + 0~ sum rule in our framework as mentioned above. Eq. (5. 6) is analogous

to the sum rules for purely hadronic residues which are of the form

1
2. f dx f o F 70 (5,00 = B (5. 7)
T/, j j
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The usual arguments for internal symmetries12 can be applied to the inclusive

Y b Yo =R
photon fragmentation vertices. Thus F T, L = F T, L

Yo —h Y —h
anti-particle of h. Similarly l’L = F L

where h is the

—vh y —h
YT,L T, L
0o while F‘f {, f \ .

Thus in the large w limit T and 7 should occur equally in regmns (Iiy, (Iv)
1
and (V), with corrections of order w 2,
Our development applies analogously to neutrino production, where we

consider cross-sections for "W bosons" with helicity +1 or 0. CP relates

W}\ to W =1 etc. In this way we obtain
_W—h w —h
¥ P,f,A, Fp, f A,
(5. 8)
Wi —h W -k
F oA = -F
p,w P,W
where h = CPh. From isospin invariance
W —h W o b
FA L = Tl
P,f,w P,f,w
(5. 9)
W' —h W.—h'
F 7:& = -F A
p’ 2 p’ 2
—i7r12
where h' =e h. As a consequence
W ot W oot
¥ A = -A
]Psfsp [P! f:P
(5. 10)
W+—*7r+ W+ - 7r+
Fw AA = -'Nw ? ’ etC.
2 2 ’ 2
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—h Wion

(or Fj ) at w1~0 controls the distribution

over a rapidity interval of 1ength ~log Qz, the contribution to the additive

Y
Since the value of Fj T, L

quantum numbers from region (IV) must total zero. This is most easily im-

plemented by having

=0,
(w1 D)

implying a zero in the residue for the p and w trajectories.

6. COMPARISON WITH OTHER MODELS

A similar prediction for the current fragmentation region occurs in the
parton modelﬁ,’ 1%vhich is of course much more specific than the general
Mueller-Regge analysis. (Since the parton model obeys generalized Bjorken
scaling, the results of our analysis apply.) The current fragmentation region
in the parton framework consists of two finite fragmentation regions and a
plateau of length log (Q2 / Mz) . The height of the current plateau is equal to
that of the proposed plateau in e+e*—>hX and the fragmentation regions corre-
spond to the parton (region (V)) and the "hole" (region (III)) where the parton
was knocked out by the current. This description of the current fragmentation
region (which is valid at large Qz) is independent of the size of w unlike the
Mueller-Regge analysis where w must be large.

The multipheripheral14 and "cut-off" field theory15 models also yield results
which are a special case of the general Mueller-Regge analysis. The multiplicity
in these models goes as log w at all Q2 which implies a current plateau height of
zero. The current fragmentation region congists only of the particle or parton
knocked out by the current and its ”hole”16 ~-- scaling cannot be obtained other-

wise in these models.,17
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Also, of course, models exist which are incompatible with the assumption
of generalized Bjorken scaling or short range order and, hence, exhibit a
different structure for the current fragmentation region. These models include

those in which the multiplicity from the current fragmentation region increases
18

as a power of Q.

We wish to thank our colleagues at SLAC for many useful discussions.
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FIGURE CAPTIONS

Regge diagram for virtual photon-nucleon total cross section.

Mueller diagram for virtual photon + nucleon —hadron (h) + anything in the
target fragmentation regioﬁ 1.

Mueller diagram for virtual photon + nucleon—hadron (h) + anything in the
central plateau region (II).

Mueller diagram for virtual photon + nucleon—hadron (h) + anything in the
current fragmentation region (IIl, IV, V).

Schematic representation of the invariant cross-section -i_— E G

dSp
versus rapidity y for single particle inclusive electro- or neutrino-

production at large w and Qz,
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