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ABSTRACT
It is shown that the magnetic dipole and the electric quadrupole
moments éf W™ meson must be equal to e/m and —e/m2 respectively
if we demand either that the Drell-Hearn sum rule is satisfied up to
a2 or that the helicity of W" is conserved in the scattering from an
arbitrary electromagnetic field at high energies and at smail but

finite scattering angles.
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I. INTRODUCTION
W vector bosons, which are supposed to mediate the weak interactions, 1
have (in addition to the charge) a magnetic dipole moment and an electric quad-

3 We assume that the electromagnetic interaction of the w*

rupole moment. 25
bosons is invariant under the‘ time reversal and the parity operation, hence the
electric dipole moment4 is zero. The values of these moments greatly affect
the total production cross sections, the energy-angle distributions and the decay

5 vZ — wtw™ + anything, 6

correlations in the processes such as e+e_ — W+W_,
VuZ — uW + anything, 7 etc. Therefore if w bosons are discovered it is rela-
tively easy to find these moments. It is interesting to speculate what these
moments should be. w bosons are assumed to have no strong interactions,8
hence the observable moments are expected to be not greatly affected by the
radiative corrections, in analogy to the magnetic moment of an electron which9
is given by

e [¢%

2
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“e"zme<l+2w 3 0.328479+...>_ — & -

As is well known, this is the consequence of the quantum electrodynamics of a
spin 1/2 particle assuming no anomalous magnetic moment (Pauli term) in the
Lagrangian. The absence of the Pauli term in the Lagrangian is comrhonly
believed to be due to the fact that its pres?mce would render the theory unrenor-
malizable. Also the conceptlo of "principle of minimum interaction' was
invented to describe the absence of the Pauli term in the leptons and the concept
was widely applied to the electromagnetic interaction of spin 0 and spin 1/2
hadrons. For charged spin 1 particles, 1 the principle of minimum interaction
does not yield a unique magnetic moment,but once the magnetic moment is given

the electric quadrupole is determined, i.e., if p = e(l+« )/(2m) then Q = —eK/mz.



Weinberg, 12 and many others after him, proposed a theory to unify the electro-
magnetic and weak interactions using the Higg's phenomena. In this theory,
the photon—Wi boson coupling is of the Yang-Mill type, which implies that to
the lowest order in @, the magnetic moment and the electric quadrupole mo-
ment of W bosons are given .respectively by
p=e/m and Q= —e/m2 , (1.1)

where e and m are the charge and the mass respectively of Wi

In this paper we show two additional arguments which can be regarded as
supporting the values of u and Q given by Eq. (1.1). The first is to consider

the Drell-Hearn sum rule, 13, 14

s (£ f_n)z z-/0~ ["P(“’) - oA(w)] %)ﬂ : (1.2)
where s is the spin of the particle (s=1 for Wi), GP(w) (or O'A(w)) is the total
cross section for v +W" with the spins of y and w* parallel (or antiparallel) to
each other in the laboratory system, and w is the incident photon energy. Now
if the sum rule is true, it must also be true for each order in . The right
hand side starts with terms of order ozz because the W is assumed to have no
strong interaction. Thus as pointed out by Weinberg, 14 the term linear in «
in the left hand side must vanish. This implies that to the lowest order in «,
all non-strongly interacting particles have magnetic moments given by

Bo = se/m . (1. 3)
Since the magnetic moments of a particle and an antiparticle must have the

same magnitude and be opposite in sign, we must have

_se 2
p=22 (1420 + a0 o) (1.4)



Substituting (1.4) into the left hand side of (1.2), we obtain

2 3
47 a’s 2
—5 (al+aa2+...) ,
m

which does not have terms proportional to ozz. Hence terms proportional to
ozz in the right hand side muét vanish. 15 042 terms in the rhs of (1.2) are just
the spin dependent part of the lowest order +W Compton scattering cross sec-
tion, which in general depends upon p and Q. In Section II, we show that the
integration in the rhs of (1.2) diverges if either p#e/m or Q7 -e/mz, but when
p=e/m and Q= —e/mz, the integration in the right hand side of (1.2) yields
zero.

Another argument, which we shall present in Section III, is the helicity
conservation. 16 The argument is not very convincing but interesting. Nature
seems to like helicity conservation at high energies. We show that the helicity
of W* is conserved in the scattering of W™ from an arbitrary electromagnetic
field at high energies and at small but finite angles, if and only if p= e/m and
Q= —e/mz. This argument gives also pu=e/2m for an electron (or muon).
However for a spin 1/2 particle, the helicity is conserved at high energies and
at all angles if and only if u=e/2m, whereas for a spin 1 particle even if

2

p=e/m and Q = -e/m”, the helicity will not be conserved unless 6 « 1. This

fact is due to the conservation of angular momentum. Therefore we can not
demand the helicity conservation in the electromagnetic scattering of a spin 1
particle unless 6 « 1.

In Appendix A, we discuss how to identify various form factors in the
manifestly covariant vertex functions with the charge radius, magnetic dipole

and electric quadrupole moments commonly used in the nonrelativistic nuclear

physies.



II. DRELL-HEARN SUM RULE
In this section, we study the Drell-Hearn sum rule (1.2) for W™ bosons
with arbitrary magnetic dipole and electric quadrupole moments. We consider
2; in which case the total cross sections ¢ and

P

N in (1.2) come from the lowest order Compton scattering. We shall show

the sum rule in the order «

that the integral (1.2) convergés if and only if ¢ and Q are given by (1. 1) and
when it converges the integral vanishes.

The Feynman rules for the quantum electrodynamics of W bosons with
arbitrary p and Q have been given by H. Aronson, 7 and are shown in Fig, 1
and Table I. There also exists a four-W direct coupling term but this is not
relevant in our calculation. When the W bosons represented by p and p' in
Fig. 1 are on the mass shell the vertex function V can be written in a simpler

form as follows:

. o -2
VuaB 2 3 le'(p+p')”~lgaﬁ '1+%Kq2/m2)—?\m qaqﬁl'
p~ =m - )
2 2
P =m
+ (14K +)) (gau qB-gﬁuqa\] . 2.1)
J

The matrix element of a current operator JIJ (0) can be written as

\ =r# (2.2)

— _— . *
<p'h! lJ“(O) [ph> = 1( /3~€hoz Vuaﬁ h'h

6}‘1,
where eﬂ, (or eh) is the polarization vector of p' (or F) with a helicity h' (or h).
In the appendix, we show that the parameters x and A are related to the mag-
netic dipole moment by

p=e (L+x +1)/(2m) (2.3)

and the electric quadrupole moment by

= -e (k -A)/m? . (2.4)



We note that the expression for Q given by Aronson18 contains an error. In
the appendix we also show that the mean square charge radius of a charged

vector particle having a vertex function (2. 1) is given by

R2 = (k +7\)/m2 . (2.5)
It can be shown from qul‘ﬁ,h = 0, invariance under parity and time reversal
ce. =pleg!. = M
and p €, =P EL' 0 that I‘h,h has a tensor structure

¥ =—eG(q2)(p+') €*-€+G(2)€'q5* —e'*-qs )
hth 1 Py enrép™ Mold ) Epd€pny, m€hr 9y,

2 ' i . _2]
+ Gg(@) 40", (faftepram™] (2.6)
2, - 2 2 . 2
where Gl(q ), Gz(q ) and G3(q ) are real functions of q°. Thus Eq. (2.1) can
be regarded a particular form of (2.6) due to a specific assumption about the
form of the Lagrangian. Since W's are assumed to have no strong interaction,
the only quantity which can have the dimension of q2 is mz, hence G's
2

are in general functions of q2/m and the dimensionless quantities such as A

and k. For example (2. 1) gives

Gl(q2)=1+%>\q2/m2, G,=1+k +2, and Gg=-1 . (2.7

If one assumes other forms of Lagrangian, G2 and G3 may also be functions of
q2/m2 instead of being constants. These considerations are important when
we discuss the helicity conservation in the next section.

The terms proportional to A in Table I can be regarded as anomalous be-
cause they can not be derived from the principle of the minimal interaction.
As emphasized by T. D. Lee, 1 the terms proportional to ¥ should not be

regarded as anomalous because the free Lagrangian, L free’ is not uniquely

ree

defined for a spin 1 particle and one gets different values of ¥ from different

expressions by Lfree by replacing in Lfree’ a/axu — a/axu -ie A“. Since the

-8 -



purpose of this paper is to show that k=1 is more normal than other values, it

is convenient to define a new parameter
n=«x-1 . (2.8)

In terms of n and A, the magnetic moment u and the quadrupole moment Q can

be written respectively as

p=(2+n +Ne/(2m) ,
and
_ 2
=-(l+1n -ANe/m
The Feynman diagrams for the Compton scattering are shown in Fig. 2, and
the matrix elements can be written as eae'*'ge“e'*v Muowﬁ’ where

a b c

M s Mooy st Many s Magyp - (2.9)

Ma, Mb, and M° correspond to the diagrams a, b, and ¢ respectively of Fig. 2

and they can be written as follows:

a 1 ) A : 2 1]
M = — + nk —-— x(p-k) - k
pav B 2x [(k p)p gl-‘a ] pglla m2 gua { (p )P m 0
(pt+k) (p'+k')cr
- B - (!'-Lk! — 9kt
8o Lz [2p; 8o~ 'K 85 - KB 8,

L e

2
+ mg Ky - PRk +p;)k(‘jkb}] . 2. 10)



= 1 - (NE _ 1
Mo y[zpvgap+2ka k4p) g, * n(gpvka g, k)

__7\; - 2 ! 2 t _ ! 1 1
5 { m gpvka 8, (m kp y{pt+k )p>+ pvka(p+k )p}

(P-k')D(P'-k) ' - .
oo™ T2 [ZpugOﬁ T OHRG Bpt 2K Byt Mg N~ 8 g )

- “7“2' {gﬁu (mzkg- y(pv+k)g> - mZngB + plztkﬁ(p'+k)01] . (2.11)
m

M is the seagull term U divided by ie2 in Table I. In the above equations, we
have introduced the notations
x=kp=k'-p' and y=k'p=k.p' . (2.12)

We have ignored the terms proportional to kli’ Py k;j and p'B because they yield
zero after contractions with the polarization vectors. We have also ignored the
terms proportional to koz and pu because in the Drell-Hearn sum rule we are
interested only in the polarization vectors of the initial photon and the target
W boson which are orthogonal to k and p. We choose the coordinate system in
which the incoming photon direction is the z axis and the scattering takes place
vin the xz plane:

k=(w, 0, 0, w) ,

k'=(w', w'sin 4, 0, w'cos §) ,

p={m, 0, 0, 0) ,

X = my
and y=mey' = mw/[l + wm_l (1 - cos 6)]

The helicity of the incident photon is chosen to be +1,

1 .
e:—_—(o’ 1, i, O) ’

J2



and the spin of the target W boson is either parallel or antiparallel to the inci-
dent photon direction

+ -
=1 L, 1, +i, 0)

J2
‘ The relative phases between e, e+ and ei_ do not enter into our problem,
hence we may let ¢t =eand € = e*. The difference of the two differential
cross sections is then (we have ignored the difference between upper and lower

indices for simplicity)

d_ap_ do-A a2 /X\z / PEPpr

N Y * X _o¥ & * -

de daQ eyeu' (eaea' eozeoz') 4m2\x) MuavBMu'a'v.B' \gBB' 2 )
(2.13)

We have done this calculation using the algebraic computer program written
by A. C. Hearn. 18 The results are too long to be reproduced here. However
for the case n = A = 0, both the calculations and the resylts'are fairly simple
and we shali treat this case separately. When either A#0 or A=0 and n # 0, we
need only to pick up the terms which ére the most divergent and this can be done

without using a computer. For this purpose, let us define

2 pl 1 \
X = <X> M M* g e (2. 14)
pulaa! p:4 pavB T uta'yg! BB m2
and
X = e“ezz, (eae’&, -ere ) X uptaa! (2.15)
x 1is dimensionless and can be written as
> e
X = C , (2.16)
[Tors= Lcs mZn
£>-4
c>0
s=0,1



where

2

7 = le-k‘l2= Ie*-k'l2= Ie-p‘l2= [e*.p'] =-21-w'2sin20

C!Z og 18 @ constant. The condition n={~+c+s is obvious from the dimensional

consideration. The conditions £>-4 and ¢>0 can be seen easily from the
matrix elements. s=0,1 can be understood in the following way: The fourth

rank tensor y can be constructed from the metric tensor g and available

pulaa!

vectors p, p', k and k' of which only three are independent. Since p and k are
orthogonal to e and e*, we need to consider only the matric tensor g and the
vector k'. The tensor kﬁk;z'k&kéz' yields zero after contraction with the polari-

zation vectors in (2.15). Hence only s=0 and s=1 contribute to ¥ in (2. 16).

In order to see energy dependence of ap -C I integrate xﬁ yczs/mZn

with respect to the solid angle. The results are:

50
xiyc/m21r1 d cos § —
W~
/M (e-1) = (w/m)™ Y/(e-1) if ¢> 1,
(/my’ 0 @w/m) = (/m)™ L @w/m) i c=1
and
2(w/m) = 2(w/m)™ ifc=0 . (2.17)
s=1
f xﬂycz/mZn d cos § —
w—'»w
(w/m) ¢/ (cPre) = (w/m) L () if ¢>0 ,
and

(/m)* i (20/m) = (@/Mm)" L i (2w/m) i c=0

-10 -



In general the most divergent terms are those with the maximum n and the
minimum c. However in the following we shall show that when s=0 and c=0, n
is necessarily small, n<0, whereas the most divergent terms are n>2 unless
A=0andn =0. Therefore the case represented by (2.17) can be dropped from
the consideration. Now in all other cases the energy dependence is either
wn—l or wn—l %‘J , and these two energy dependences can not have mutual
cancellations. Therefore we need only to consider the terms with the maximum
n without having to worry about the possible cancellations by terms which have
a smaller n but with a different c.

We first establish the above mentioned fact that only terms with n<0 can
have s=0 and c¢=0. Only the matrix element Mb can give c=0. Since we are
interested only in the terms with the largest n and the smallest s we can ignore
all terms containing m2, v, k['J, p;‘, k& and pZy in the numerators of M‘b With

this simplification, the paﬁt af Mb which we are interested in is

b

1
M) e~ 3y @Y [Zp k + xg

R @247 +x)] . (2. 18)

va®pu
Substituting this expression into Eq. (2.14), we note that terms contracted with
g g has n< 0. In order to consider the terms contracted with pbp'ﬁ,/mz, we
note that

b

1
pruavB—»—Ey— 2+n+A) [2pvyg + xg  p'(2+n +)\)] (2.19)

ap va U

which does not contribute to the s=0, ¢=0 terms in x. This proves that only
terms with n<0 can have s=0 and ¢=0. This fact assures us that the most diver-
gent terms in x are those with the maximum n if Dax 2

Our next task is then to pick up terms with the largest n. Before doing this,

we note the following properties of the vertex function V given in Table 1.

- 11 -



Let

-2
v =A + 1B +Am ~ C ,
wag~ “pep” "pag e
where Ap.a 8 is independent of  andA. The following can be easily verified:
a C =0 and p'.C =0.
@ »p, Lap PsCap

These relations are true even when p' and p are off the mass shell.
Hence the tensor pb,pl'e/m2 in the spin sum in (2. 14) as well as the similar
terms in the W boson propagators, (p+k)p (p'+k')o_/m2 in (2.10) and
(p~k')p (p'—k)G /m2 in (2.11), do not contribute to the 7\4 termsdn y.

®) PoBuag 705 PpBuag Bucp

that in considering the most divergent 774 terms in y we may ignore pbp'ﬁ, /m2

# 0 but PP = Q if q2=0. This means
in (2. 14) but have to retain (p+k)p (p'+k')o/m2 in (2. 10) and (p—k')p ('K, /m?

in (2.11).
e 2
(c) pozAuozﬁ #_OilpkAuaB7€0butp&pﬁAuaB—0 ifq®=0.

Case A# 0

Using (a), we see immediately tﬁat the most divergent terms, when A#0,
are proportional to 7\4/m8 and the seagull diagram does not confribute terms
of this order'to X. After some simple calculation we find terms which are

proportional to ?\4/m8 in X and the result can be written as

do.  do 2.4 2/ 4 3 2.2 3\
P _A_-a'\ y x -6xy+9x7y" - 2xy + 2. 20)
de dQ 2 2 8 tot :
2m X \ m
After integrating with respect to the solid angle, we obtain
azﬂ' 4 w\3 w2
o (w) -0, () — = AT (L) + 0 2 (2.21)
p A W —>® 2m2 <m) \mz

which shows that the integration (1.2) diverges when A#0.

- 12 -



Case A=0, n # 0

Using (b), we see immediately that the most divergent terms, when A=0

and n # 0, are proportional to i 4/m4 and the seagull diagram does not contribute

terms of this order to y. After some simple calculation we find the most

divergent part of y and the result can be written as

do do 24 2 2
_p__A_zon y &X-xy) ., (2.22)
dQ d 2 2 2 4 : ’

8m~ X m
After integrating with respect to the solid angle, we obtain
2
-o 4
7@ -y g g () (2.23)

which shows that the integration (1.2) diverges whenn # 0 .

Case A=0, n=0

In this case, the matrix elements are very simple and the cross section can

be expressed as follows

do asz 02 m2‘ <\ 2
i T9) = P) 5 5 -Z —2+4.‘—§ +——2- (2.24)
m” x° |y y y y
do & 2 2 / 2
_A_ " pLo y |, (4 4.8 _a(E LY Y
== 2+ 2[\_ +2>+6 4<+ )+ 25 (2. 25)
m X y X

From these two equations one can show easily by an explicit calculation that
do '
f ( \ aQ = 0 . . 26)
0

We conclude that both  and A have to be zero in order that the Drell-Hearn

sum rule is satisfied.

- 13 -



III. HELICITY CONSERVATION AT HIGH ENERGIES
In this section we show that in the electromagnetic scattering of a charged
spin 1 particle the necessary and sufficient conditions for the helicity conser-
vation at high energies and at small but finite scattering angles are 1 =0 and
A=0. This can be demonstrated by an explicit calculation for each helicity
amplitude. In this section we shall use the coordinate system shown in Fig. 3,
where p, p' and g have the following components:

q= (0, 0, 0, 2p sing)
- 4 A
p—(E, pcosg, 0, -p s1n—z—>

p! =<E, P cosﬁ, 0, p sin%)

The helicity states of the incident and outgoing W's can be represented by the

vectors:
[B4> = €, = (0, sin 30 b eosg)
T->= ¢ =j}‘2'1‘ (0, sing, 1, w0s7) »
50> = ¢ = (&, m 08 g, O o sing)
B> = e"i-z:\/:;— (0, sing. 1, -cos )
2

- 14 -



Let us define the helicity amplitudes by

(I“L) - _.1 —_ — . .
I =e <p'h'lJu| ph> = efigey, vuaﬁ/(le)

-2
= - @tpY), [Gleﬂ;" Nt C A T eh)] 8 (6, 4 €57 - €y, 9 € )
(3.1)

where

g=1+x +2A, G1=1—2)\p2m_2sinzg

and Vuaz 8 is the vertex function defined by Eq. (2.1). In our frame q0=0, hence

from the current conservation, qOJ J 30 We have J_,=0. Thus we need to con-

0 43 3
sider only the matrix elements of J 0 and Ji =F (JX + in) / (2)1/ 2. Because of
the symmetries, not all 27 helicity amplitudes are independent. From the

invariance under the reflection, y <= -y, we have

o) h-h' 0

0, =y e, ' (3.2)
and
+ h-h'+1 _F
rh'h = (-1) r—h'—h (3.3)

This can be shown in the following way: Let us use |h> and |h'> to represent

the spin states of the particles at rest. Then the helicity states can be written

as:
fm, 0 .
—1<—-+—- J, -itK
Iph>=e 2 2) 2 e 3Ih> (3.4)
.m0 .
o -1(2-2/ J, -itK, |
Iph'>=e e [ht> (3.5)
1 —i‘ng3
where £ =sinh “(p/m), e is the boost operator in the z direction which
-i(n/2 + 6/2)J2
is the axis of quantization of the state and e is the operator to



rotate the z axis to the direction of P for the initial state and exp [—i(g—g) dJ 3] is the

similar rotation operator for the final state. Under the operation Y = Qe_sz,
where & is parity operator, we have
vaylegs (3.6)
0 0 :
ya vi=_g 3.7
4+ - = 4 i ( . )
— S-h —
Y|ph> = M-~ ip-h> -, (3.8)
and
— s-h' —
Yiph'>= np(—l) [ p-h'> , (3.9)

where 7 p= -1 is the parity and s=1 is the spin of the particle. The last two

equations come from the facts that Y commutes with ex*p[—i(%+-gi /Jz], e 1Ky
im0 !
and exp[l‘z—a J ], and
s-h
Yih>=n (1% 1-h> (3. 10)

- We note that (3.8) and (3. 9) are satisfied by our polarization vectors €h and 61'1,.

For example changing the sign of the y component of ¢ + yields -e . The desired
relations (3.2) and (3. 3) follow immediately from (3.6) through (3.9).

From the hermiticity of the current operators J 0’ JX and Jy and the invari-

ance under time reversal we have

o h-h' 0
rh’h = (-1) th' (3.11)

and

+
hh!

Let us derive these two relations in the following. Under the time reversal

+ h-h!
rh'h = (-1) r (3.12)

operation, we have

-1
T(Tgs T I T = G0 -T2 -3) (3. 13)

- 16 -



and

— — — — — *
T PITI,T Lnp Sp = <h‘p'lJ“lhp>* zr‘ﬁ,h : (3. 14)
where
- - —i7rJ2 -
lhp>T'=-T|hp>=e lhp> . (3.15)

Substituting (3.15) and (3. 13) into the left hand side of (3. 14) and using

itdo, - o+ 1. -indy _ '
e (JO, JX, Jy) e = (JO,JX, —Jy) , (3. 16)
we obtain
o*¥ _o x* X v* _ Ly*
I‘h,h = rh‘h s Fh'h = rh'h and rh'h = _Fh'h . (3.17)

On the other hand the hermiticity, J;= J“ gives the following results: If

. /T 8 L .
ig Hz -5 “-i5+5)d, -iEK
i =<dle E e (z-2) 2Jue 2*2) Ze " 3ms ., (3.18)
then
. T, 0 A .
% ifK ig+ts d -i5-5,9, -iEK
rh =<le % e %2 Ie 2722 Slws . (3.19)

In (3.19) the particle with the helicity h (or h') is moving in the direction of p
(or P'). In the right hand sides of the desired relations (3.11) and (3.12), the
particle with the helicity h (or h') is moving in the direction of p' (or p). If

we rotate the coordinate system around the z axis by 1800, D' becomes p and

vice versa. Inserting e1J37T e_1J37r between all adjacent factors in (3.19) and
using
/ 6 T 0
3w K i(ﬂ+— J 1———>J i
e3 3’ 22)2’ <222,J,J,Je3
0 "Xy
[ i _i(LﬁfJ 1(12 J
_( ¥8s Ugto)ds 272)%2
=\€ » € y € ’ J ’ -d ’ -d ’
0 X
—iszr 4 1J27r
e (JO, Jx’ -J)e = (J0 J Jy)

- 17 -



and

-id,7 '
e 3 Jht> = (—1)h [ht>
we obtain
h—«h y*
h'h = (-1) hh' and rh'h

= (-1)

~ht
h h+1I,y

T (3. 20)

Combining (3. 17) with (3. 20) we obtain the desired relations (3.11) and (3. 12).

The consequence of the four symmetry relations given by (3.2), (3.3), (3.11)

and (3. 12) is that we need to consider only 10 amplitudes instead of 27; the

relations between various amplitudes and the expression for all amplitudes are

given below:

Helicity conserving amplitudes (h=h?)

o _ 0 _ 26 A 2 .2
I‘_H_—I‘__— 2E [Gl cos” 5 +~———2m2 P sin 9]

r° —3E|c. (1-22m 2 sin? & - anEZp2m 4 sin ol

00 1, 27 2]

+ -1 6l 20 x> 2| 3 (im0

I =-T =-22pcos2!@. cos®“ 2+~ sin” 9| -272 gp sin 8 [sin =+ 1)

++ - 2( 1 27 om? \ 2

+ - % o 28, Ap> 5 | -1 9
I'' =-T,  =-22pcos = |G, cos” =+ sin“ 6| -2"%2 gp sinf sin 5 - 1)

- ++ 2 L 1 2 gm? v 2

1 i 2 \ 12,2 3 2
It =_r° =-2%p cos 2la, 1-2E gin? LEME sin* 2[-Z2BE PR oin O ging
00 00 2T\ 2 2/ z 2 2
L m m
Helicity nonconserving amplitudes (h-h'#0)
Double helicity flip [h-h'|=2

o _ .0 _ 20 -2 .2 ]

]?+_—I‘_+—2E [Gl sin” 5 2 xp m ~ sin” 0

bt o e 28 1% m 2 e g Jas b gp sin  sin
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Single helicity flip [h-h'| =1
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From these amplitudes we observe the following:

1. When 0 « m/E, all the helicity nonconserving amplitudes become
negligible compared with the helicity conserving ones independent of values of
g and A. Hence no conditions on g and A can be obtained under this condition.

2. If we demand that the helicity is conserved even when 6 ~ m/E « 1,
then we obtain g=2 and A=0. We note that the amplitudes with double helicity
flip yield only the condition A=0, because the terms proportional to G‘r1 and g
are small as long as 0 « 1.

3. When g=2 and A=0, the helicity is conserved as long as § « 1and
m/E « 1.

This concludes the demonstration of the fact mentioned at the beginning of

this section. We have considered the scattering of W by an electromagnetic

field in the lowest order in «. In the actual scattering, an infinite number of
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photons are exchanged. However in the electromagnetic scattering of a charged
particle at a finite angle, it is most probable (because of l/qﬁ for each photon
propagator and q,+ q2+ e +qn+ ... = q) that practically all the momentum
transfer is carried by a single photon and the rest of the photons (an infinite
number of them) are soft (i.e., small angle scattering). Now the small angle
scattering does not flip helicity as observed in 1 above. Thus we expect our
result to be true even if an infinite number of photons are exchanged. The
restriction § « 1 comes from the angular momentum conservation. In order
to see this, let us consider the extreme case 6= m, which corresponds to the
brick wall system discussed in the appendix. In the brick wall system the con-
servation of angular momentum in the helicity amplitude I‘;,h (i=0, +1) gives
i+h+h!' = 0. Hence in order for the helicity to be conserved in the 180° scat-
tering we must have i= ~-2h, which is impossible if h=x1. In the electromag-
netic scattering of a charged spin 1/2 particle, the helicity is conserved at

high energies even at 9= 180° if p=e/2m,
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IV. CONCLUDING REMARKS

We have shown that the special values of the magnetic dipole moment and
the electric quadrupole moment given by (1. 1) for the charged W boson have
two desirable features: (1) satisfaction of the Drell-Hearn sum rule in the
orders o and az and (2) the helicity conservation at high energies in the electro-
magnetic scattering. These two features are also shared by the only known
charged nonstrongly-interacting particles: the electron and the muon. How-
ever it is quite possible that nature is more complicated than what we think it
might be. For example a bosons may have an electric dipole moment which
violates both P and T invariances, or they may interact strongly among them-
selves. Indeed Salzman and Salzmann4 suggested that the small CP violation
in the decay of Kz may be due to the existence of the electric dipole moment
of W' and many people8 have considered the possibility of strong interactions
among W's in order to overcome the divergence difficulties of the weak inter-
action. If P and T invariances are violated, the Drell-Hearn sum rule has to
be rederived. If W has strong interactions among themselves, then the right
hand side of Eq. (1.1) will be dominated by the terms of order «, and in this
case the magnetic dipole moment is no longer y=e/m. A large deviation from
this value will indicate the existence of the strong interaction of W. The values
of 4 and Q given by (1.1) are of course what the unified theory of weak and elec-
tromagnetic interaction of Weinberg et al. 12 gives. The arguments given in
this paper can therefore be regarded as rendering some extra supports for

such a theory.
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APPENDIX A
MAGNETIC DIPOLE AND ELECTRIC QUADRUPOLE MOMENTS

AND MEAN SQUARE CHARGE RADIUS

In this appendix we discuss the problem of identifying various form factors
in a relativistically covariant vertex function with the electric and magnetic
multipole moments defined in the nonrelativistic nuclear physics. Fully rela-
tivistic multipole expansion of an electromagnetic vertex function has been
treated by Durand, DeCelles and Marr3 (hereafter referred to as DDM) in the
helicity formalism. However it is not immediately obvious how the multipole
moments definéd by DDM are related to the multipole moments commonly used
in the nonrelativistic nuclear physics. Of course there is a one to one corre-
spondence between the two, because in both cases the multipole moments are
defined by the, rotational properties of various irreducible tensor operators.
Therefore in principle we need to know only the proportionality constants be-
tween the two conventions. In the nonrelativistic nuclear physics the electric
quadrupole moment Q is defined as

Q =f<ssl(3z2—r2) P(X)1ss> d3x = 2f <SS lrzp(?) pz(cos 0)lss> d3x

(A. 1)
where |ss> represents the state with spin s and 5,=8, and p(X)=J 0 (0, X) is

the charge density operators normalized such that
— 3
f<ssz Ip(x)lssz> dx=e . (A. 2)
The mean square charge radius is given by

2_ 2 - 3
R =f<sszlr p(x)lss >d xfe . (A.3)
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The magnetic dipole moment ¢ is defined classically by its energy in the mag-
netic field B,
Energy = -5+ B . (A.4)

In quantum mechanics, the interaction energy between a current JH(O’ X) and

an electromagnetic field AM(O’ X) is given by

- - .3
fJ“(O,x)Au(O,x)dx . (A.5)

Let the electromagnetic potential AM (0, X) in (A.5) be

S 1
= e = A P i A _lq ' E
A0 0 and A (eX 1ey) e /2 (A.6)
where = ézq . Then the magnetic field is
B= VxA =-igxA . (A.7)

Substituting (A.7) into (A.4) and (A.6) into (A.5) and equating the two expressions,

we obtain

p_ = lim éj J (0, %) el T g3y

q—0
Applying the Wigner-Eckart theorem, we have

<85110 s8> <ss!1J_(0,%)Iss > et T g3y

tj1-1
<sszl ss_>

lim

1
p=<ssl|p |ss>= =
Z q

q—0

o
(A.8)
Equations (A.I 1, A.2, A.3, ‘A. 8) define the quantities e, QK2 and u in terms
of matrix elements of nonrelativistic quantum mechanics in which the particle
is assumed to be infinitely heavy.
Our next task is to find out the relationship between these nonrelativistic
Iﬁatrix elements and the relativistic vertex functions. Let us choose the helicity

amplitudes in the brick wall system for this comparison. The desired relation
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is then

er® (2E) = <-ph' IJ”(O)I P h>/(2E)

h'h
s+s; — -ig-X 3
— (-1) f<ss; 1J (0, x) Issz> e 14 d'x (A.9)
q/m—0 . H
where
s=spin, s, =1, s)=-h', q=27,
and
1
E= (p2+m2)2 .
st+s!

The factor (-1) Z comes from the fact that in the nonrelativistic quantum
mechanics, we have quantized the spin states of both the initial and final states
along the direction of q, whereas in the helicity representation the final state
is quantized along the direction opposite to "cf, thus

-id s+s!
o

_ht
e 2= (0¥ Fsls (A. 10)

In this appendix we have chosen q“=(p —p')u which is opposite to the convention
used in Fig. 1, because we want to use the convention of DDM in the definitions
of the helicity amplitudes. Throughout this appendix we shall use q to represent
I'ql. The over all normalization and the sign of the left hand side of Eq. (A.9)
can be checked by using (A.2). The factor 2E is put there so that when the

form factor for a spin 0 particle is unity we obtain R2=O. The brick wall system
was chosen because (1) in this frame q0=0 for the elastic scattering, hence from
the gauge invariance (qOJ O=qu) we have Jz=0, (2) the selection rule due to the
conservation of the angular momentum is very simple, namely, if we write

T where A=+1,0, we have A+h'+h=0.

A
h'h
The magnetic moment p can be calculated readily from (A.9) and (A.8).

In order to calculate Q and R2 we perform a multipole analysis of the left hand
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side a la DDM, and compare the results with the multipole analysis of the right
hand side using the nonrelativistic quantum mechanics. The helicity amplitude
I‘g% can be obtained from the vertex function given by Eq. (3. 1) except that
the sign of q is changed and the helicity states now have the following repre-
sentations:

€, = -2'% (0, 1, i, 0)

1
e =2"2(0, 1, -, 0)

60‘: (p/m’ O, 0: E/m)

(A.11)
€L = €_
€= €,
eb = (p/m, 0, 0, -E/m)
After straight forward calculations we obtain
I‘0+ = -2pEg/m , (A.12)
r = _2E [G +2p2m”2 (G _g+ ZAEZ/m?')] , (A.13)
00 1 1
and
O ——
I_, =2EG, . (A.14)
From (A.8), (A.9) and (A. 12), we obtain
_ <11]1011> 1 e -
= doji-1is q P 2E To+
=eg/(2m) = e(l+x +A)/(2m) . (A.15)

o
h'h

o 1 0 1\ 1 2 1
rh,h=< QO+ Q2 , (A.16)

To obtain R2 and Q we first decompose T into multipole moments using

Eq. (109) of DDM:

h* 0 h



Using (A.13), (A.14) and (A. 16), we may write QO and Q2 in terms of I‘go

(o]
and I" 1-1°

- Qy = (-Tgy+2re, /@2

=232 E [Gl - 2p%/(3m%) (G, - g + 2 Ez/m2>] : (A.17)
Q= (Tgp+ T2, @/10)71/2

= 4Ep®m~2 (G, -5+ szz/mz) /1072 (A.18) .

The right hand side of Eq. (A.9) can also be expanded in terms of multipole

moments in the following way: We first expand the exponential factor

exp (-iq- T) by

“iqrr _ e—iqr cos 6 _ y‘ (—i)J (2J+1) jJ(qr) PJ(COS 9) (A.19)

J=0

e

From (A. 19) we may write the right hand side of (A.9) as

1+s) . - -iq-X 3
(-1) f<1leJO(0, X)I1s > e a°x

1 0 1\ 1 2 1 '
_( QR + > Qr (4.20)
\h 0 h/ \h 0 h
where
. J
QRS = LENED [ 61 5(F) Po(cos 0)[ss>  jlqr) dx . (A.21)
J s Jd s J J
8 0 s

Expanding the spherical Bessel functions up to q2, we obtain

. -2 2
jplar) =1-q"r"/6 (A.22)
and

: —2 2
32(qr) =qr /15 . . (A.23)
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From (A.9, A.16, A.20, A.21 and A. 22), we obtain

eQ)/(2F) = Q) = 3% (1 - T°R%/6) e

From (A.9, A.16, A.20, A.21 and A. 23), we obtain

NR

o =-6/6"2 Q7"

eQ,/(2E) = Q

From (A.24 and A. 17), we obtain
RZ = (x +3)/m? .

From (A.25 and A. 18), we obtain

Q = ~e(k-2)/m>
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TABLE I

The Values of V and U (N=7\/m2, k=n+1)

Vg = i€ [gaﬁ(pﬂ)' +ATp'-qp-A' prapY),
= 8gy, P-1 AP qp-ATp!pA)
- 84, '+ -A'p-qP"AP!-pQ)
- Np,pl,ag + APl P, ]
= e [g, D), - B, - - £, (O,
+n ©plp - gﬁuqa)]

+am™> [gaﬁ(p’-qp Prap') - 8, B 4P4 P Py

i

. -pt. - 1 +1n!
85,0+ aP, P PA,) - PPy puqapﬁ]

Uwaﬁ = —iez(zgw Sap " Baplpy ~ gavgﬁu)
-ie” K'{gw 804" ©'-P) - 8, 85, (A'P'+G" D)
* 84, 8g, @ PTADY) -8y [qv ®'-p), —qh@'—p),,]

tg,, [pB(q-q')a - B}, (a-0) 5| + 85, @GPL+ A, + ALPL - AP

- 84, (AP, ~P+AD T AR - 8 500, -p;yqvv +p,d,+P,q;)

* 8,0, 957 Pgd, TP} +qbpv)}
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LIST OF FIGURES
1. Feynman rules for the quantum electrodynamics of W bosons.
2. Lowest order Feynman diagrams for the Compton scattering.

3. The coordinate system used in the discussion of helicity conservation.
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