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.1)

— INTRODUCTTON -

The basic equations of quantum electrodynamics are extracrdina-
rily elegant and simple. As far as we know,a complete description of the
motion and mutual interactions of electrons, muons, and photons is provided
by Maxwell's equations and the Dirac theory of the leptons. In a more
complete theory we also include their électrodynamic couplings with the
hadrons. In fact, quantum electrodynamics %s the basic microscopic theory
of the hydrogen atom, atomic physics, chemistry, classical electrodynamics,
etc. In all of its critical tests - both in the high energy, short distance
domain and low energy precision measurementsr— the complete - success of the
theory makes one believe that, in fact, mathematical physics does say

something about the physical world (171.

Despite the simplicity of the underlvingformulac. of. guaptum elec-
trodynamics, caicuracions of higher order perturbation effects are suffi-
ciently complex, that organization via computer technique is essential.

Still, subtle mathematical analysis is required to

1) carry out the covariant renormalization procedure to remove the ultra-

violet divergencies

2) carefully handle infrared divergencies{as regulated by a photon mass

parameter A ) which occur in individual Feynman diagram contributions

3) handle the algebraic manipulations in s compact a fashion as possible

to avoid incredibly large numbersof terms, and

4) Carry out the analytic or, if necessary, numerical integration.
These are the main questions which I wish to discuss here. In

the next sections I will outline the basic approach to renormalization
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theory used in several recent calculations including a discussion of the
intermediate renormalization method which has been found useful for iso-
lating the infrared dependence. A general systematic algebraic approach to
the automatic reduction of multiloop Feynman diagrams to parametric form is
then discussed. This approach is readily utilized, for example, by the al-
gebraic simplification program REDUCE written by A.C. Hearn [2] . some

brief remarks about numerical integrations are alsc made. Application of
“these techniques to fourth and sixth order calculations of the lepton vertex
are described, and a brief comparison with experiment is given in Section III,
In Section IV, some new computation techniq&es which are applicable to

quantumn electrodynamics are presented.

IT - ANALYSIS AND EVALUATION OF FEYNMAN DIAGRAMS

There are three central problems in the computation of higher

order diagrams in the perturbation theory of gquantum electrodynamics [3] .

(i) the application of the covariant renormalization procedure,
(ii) the reduction of multiloop integrals to Feynman parametric form, and

(iii) the calculation of the parametric integrals.

In this section, I wish to review and discuss some of the techniques in
these areas which have been found useful in various calculations of the
lepton vertex. This includes calculations of (a) the slope F;(O) of

the Dirac form factor of the electron ~ for the fourth order electrodyna-
mic contribution to the Lamb shift (4] , (b) the light-by-light scattering
contribution to the anomalous moment of the electron and muon L5 , and

{(c) the vacuum polarization contribution to the anomalous moments Lel .

The relevant diagrams are shown in figure 1 .
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A) The renormalization procedure of quantum electrodynamics as
derived by Feynman, Schwinger, Tomonaga, and Dyson L3] 1leads unambiguously
to finite radiative corrections.,

To a given order in perturbation theory, the bare charge e, and mass m
parameters are chosen to guarantee that the e-e scattering amplitude
yvields the Coulomb amplitude ee/ q2 in the forward limit, and insure that

the pole in the electron's propagator is located at s = p2 = m2

, Where
e and m are The measured charge and mass.

Alternatively, this last condition involving m may be replaced by the
physical requirement that the Compton amplitude must approach the Thomson
value ez/h in the threshold {(m = 0) 1limit.

In practice, the charge and mass renormalization are accomplished
by performing subtractions at q2= 0 and p2= m2 in the photon and lep-

ton propagators, respectively. For the photon, the remormalized propagator

takes the Kallen-Lehmann form L8]

(-]
. guv quqv 1 = dt Imﬂft}
1 D,‘.,b\):: > - (91 - )... \[)_.._.
. AV 2 ™ t 2 .
q +1e q t—-q 418
g
v
-2 (q-0)
q +ie

and for the electron, proper and improper self-energy bubbles can be summed

into the form for the propagator

S

. 1
- is_(p) = = - -
F 'a ™ z(p)+ie £ 1-B n

with
£(p) = momg + (Fm)B + (B-m)® 2.6) .

The Ward Identity Z1= 22 = T%ﬁ guarantees that the wave function
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renormalization contributions from B exactly cancel against vertex renor-
malization contributions Z1 obtained at q2 = 0 from the on-shell
vertex graphs and subgraphs.

Thus because of the Ward Identity, the wave-function renormaliza-

tion contributions B may be implicitly neglected if vertex subgwaph con-

tributions are explicitly subtracted on the mass-shell :
£ 2 2 2 2
A‘J' = A“‘(p y pzr q ) - A,J‘(m ) mv 3 0)

In the ladder and corner graph contributions to the fourth order
vertex (see figure 1al the subtraction nece;sary to remove the internal
logarithmic divergence of the vertex subgraph is easily accomplished by
subtracting (even at the stage of parametric integrals) the parallel form
obtained with the vertex subgraph taken with its legs constrained to the
mass-shell. The alternate, more standard procedure, which utilizes an inte-
gral representation in p2, p'2, and q2 for the renormalized vertex sub-
graph is in fact much more complicated -especially for algebraic computer -
oriented calculations.

The above procedure also allows an immediate application of the

very useful intermediate renormalization technique L10] . In the usual

method, as described above, the ultraviolet divergencies are cancelled at

the expense of introducing in individual diagrams infrared logarithmic diver-
gencies in the photon mass A . (In the case of the anomalous moment (to all
orders ) and the slope of the Dirac form factor F;(O) (at fourth or

higher order) the infrared divergences cancel in complete results £11] Yo
The vertex subgraph renormalizations, however, can be grouped as

2 2
[4,('%, %, %) - 4,(0,0,0)]

+ [Au(o, 0, 0) - Au(mz, m2, 0)]
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The first finite contribution in‘fact has no infrared divergence,
and the second, which can be computed simply from the next lower order
calculation, isolates the infrared dependence in a simple analytic fashion.
In fact, there is considerable flexibility in the choice of the subtraction
amplitude which allows the cancellation of the ultraviolet divergence and
is infrared-free, and a choice other than Q$(0,0,0) may be made for

]
convenience of analytic calculation. Moreover, this extended method L6]
has been applied to the self-energy reﬁormalizations as well, allowing
a straightforward isolation of the infrared pieces {127 .

There is also one other special case of renormalization in
quantum electrodynamics which occurs when photon-photon ;ubgraph contribu-~
tions need to be considered. The polarization tensor of fourth rank repre-

senting photon-photon scattering is (using the notation of ref..S(b)) .

HKPCH(_PT'PZ,P3’ —A)
| —:-i-?—f}-—fd‘*'r[ Gen )y (Gm )T
- (2ﬂ)4 PTLY, WP, Yp 7 e

X Yo(ﬁS“ me)-1 Yu(ﬁg— me)"1
+ five other terms - regularization constant term].
Although individual terms of HKPOU are logarithmically divergent for
large Pg » the sum is convergent and well-defined and Qauge~invariant if
properly renormalized. In fact by differentiating the condition of gauge-

invariance :

Y -
A prc.\g‘Pw P2, P31 _A) =0

.

. u .
with respect to A (regarding, e.q. as A4, Pys and p3 as the independent

variables), we obtain

0, (P

an}.L H p2’ P31 —A)

1
v

3B,

== 8 1 - -
- ”(,P" Pyr Py = 8)




in which the cancellation of the ultravioclet divergencies is manifestly
evident from the beginning. This form is eminently suitable for the calcu-
lation of the photon-photon-subgraph contribution to the anomalous moment [5],
since the required linear dependence on the external momentum is explicit
from the start and A may be set to zero elsewhere. We note that the dif-
ferentiation effectively adds one further electron propagator to the cal-
culation, As we shall see, this means this is the only sixth order calcu-
lation which ultimately involves six powers of loop momenta in the nume-

rator structure.

B) Several very elegant techniques have been developed for redu-

cing multiloop integrations of Feynman graphs to parametric form :

R F(p,eosD ) 1n n (
r 4 1 n Niz
1= [0 d R = [ L@ 301 ) D—S—l(z)

)

there we have considered a graph with R loops and n propagators ; the
pj of course satisfy four momentum conservation at each vertex and the
external mass-shell conditions. Among these methods are the graphical
techniques of Chisholm [13] , Nakanishi L14] and Xinoshita [15] , and
the more standard algebraic techniques of Landau outlined in Bjorken and
Drell's book L7] .

The latter method is very straightforward and is quite easy to
implement on REDUCE, Hearn's LISP-based automatic computation program [2] ,
although in all the applications discussed here we have used both techniques
to provide an independent check,

We first note that in any order the contributions to the F1(q2)

2 .
and Fz(q ) form factors of the lepton may be automatically computed from
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1
the vertex matrix element (J*: Yu gives the Born normalization)

MY = -ic t({p+q/2) 7 u(p-q/2)

using L16]

Fj(qz) = % TH(F+d/2 + m) TP(F-4/2 + m) A&j)]

where A£1) = (3m Pu - P2 YM) / 4 P4
, .
with p2= m2 - % q2 , P.q =0, i

Thus, for example, in the sixth order calculations of the ano-
malous moment a = F2(0) , [17) , we are required to evaluate a scalar
expression
F oo

(P .--Pg)

2 2
j§1 (py-my7)

4, 4, .4
1= f ', dd &3

where for a given loop momenta labeling we may write

p.=k.+ 4, =k, + T n.4%
J J J J

where B is the projection ( #1,0) of P along &r . The kj can be
any choice of fixed momenta (independent of 4r) such that four momentum
js conserved at all the vertices. We may then combine denominators

a d4L2d4&3 F(p)

oy : s 1
I _7.sz1°.od28 8(1 ZZk) J g

8
2 2
.z z.(p."-m.)]
[J=1 ZJ(pJ "3 )

I1f we now choose the kj such that
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Then the denominator in (5.3) has no k.4 cross terms :

8 5 > 3
L oz (p,-m)=-D+ & U _,%t.,
j=1 J e J rr'=1
where
8
2 2
D=_.Z z.(m5 -x°
sE 75ty - x5)
and
8
z
Urr! =1 njf njr'

It is easy to see that the kj are completely and uniquely determined in

terms of the external momenta -
fb 1 b B
XK. = [A. A + B.(z ]
5 =Ty A2 e 5(2) a

by 5 conditions of 4-momentum conservation and the three conditions for
diagonalization. Here the {cubic) polynomial U(z) = det(Urr') plays

a fundamental role in the evaluation of the diagram. [as a convenient check
the denominator term D (positive definite for q2 < 0) can also be written

in the form

™
W o

z . m? U4+ w me - W qzj
J J P q

where WP and Wq are simple forms [13], [15] which can be read simply
from the graph structure]. At this point odd powers of loop momenta may
be dropped in the numerator £181 and the integrand F(p1,..p8) becomes

an even polynomial in &r o

We are now ready to integrate over the loop momenta, The basic

integration over loop momenta is

3.6 1
= k1l
* > 2

[-D+ T Urr,Lr—&r,]S U° D

s by [ahy (a8
y [a™x, Ja"e, fa"e,
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1S
(e.g. , from the Q/BAV differentiation in the light-by~light scattering

Note that integrands containing an extra denominator factor pi— m

calculation), may be obtained by parametric differentiation with respect

to m2 . Similarly, integrands containing numerator factors of &j—& can

4

be integrated using succesive parametric differentiation with respect to

Xk

the Urr' . Note that forms like &r,p {é.p , with explicit dependence on
the direction of the external four-vectors can always be removed using

- tensor methods. The anomalous moment is associated with -a linear depen-
dence on q2 in the numerator trace reduction.

The replacements for numerator polynomials &j°Lk can be put
into a very simple form using the following technique [4] ; the form &.oék
can be written as a linear combination

3

£j°?k =s,§° T}js ﬂks' &s°£s'

=1

where s = 1,2,3 are the indices of the three independent loop momenta.

&s°&3‘ ig equivalent to

el (_1_) = - 2 - ou
SN v el
83 88

where to avoid double counting for s # s* { U is symmetric) we define

Uggr = Uss' for s = g
= 2 Uss' for s #s' .,
Note that
U . . .
B , = is the signed cofactor of U . in U , Conse-
ss 30 ss
¥
quently Bss,/U 1s°® the inverse of the matrix Uss' . The polynomials
agt Ar R Br , and U determine the complete parametric structure of

the graph.

71/P. 385



fiwqo)

In addition to quadratic terms, numerators with up to six powers
of loop momenta Lr appear in the computation of the photon-photon-scatter-
ing anomalous moment contribution. An important identity for reducing the

required higher order derivatives is

2%y

1 1
=2 B _ - —- B L
Uaﬁ 37 Bab ed T 2 ac Bbd 2 Bad Bbc
‘ab cd
which holds for symmetric matrices Urr' = Ur'r o

To prove this it is simplest to consider the more general case where the

elements of Urr' are independent, and show for n xn square matrices

(n®2)

2%y

UBU U . ~< BabBcd - Badec
ab cd
- oU
B D aemae———
1
ab ° ab

We start from the statement that Bss'/h is the inverse

U..B.=6. U
1 1J C3J ic

MW

J

Differentiating w.r.t. Uab gives

3%y |
$§ .B. +2 U,, =——=— =298, B
ai ¢b . ij aUabach ‘ ic Tab

Multiplication by Bid and summation over 1 then gives

U,

T = B
aUab aUcd cd "ab

BadBcb+ U
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as required. The prove for the symmetric case is the same except

BUi. 1
= . 6. +"'6_ 6,
aUab 2 ia jb 2 ib Ja

—

As a conséquence of this identity we carry out successive differentiations

of U in a uniform manner in termsof B _— Thus a numerator term linear or
powers of ab

in higher“&a.éb is replaced in the integrand according to L4]

B
- _ab
&a‘%b T
Ao E i
Loty ooty = 5B B, +B B+ BacBbd]
YR AT A N A S QE [8B.8 .B OB B B 4eset = BB, B ]
a* Vet tat et e 3 ab“cdes * abcfed °t 3 Pae®beds

[8)

(15 distinct terms)

aside from a simple numeratorfactor which depends on the number of denomina-
tors.,

Thus, in this manner, all Feynman graphs are reduced systematically
to parametric integrals. The renormalized photon and lepton propagator insertions

,of reducible graphs,
Vare no more complicated since they can be written as a spectral sum of free

propagators. Alternately, subtraction counter terms can be constructed in
paraliel and subtracted in momentum or parametric space [5],[6] o

In the vertex calculations discussed here [4],[6] , ail of the
above substitutions and traces could be accomplished automatically by’straight—
forward REDUCE [2] substitutions. The programs (1) project the desired form
factor by a trace calculation , {(2) replace the internal 4-vectors pj in
terms of the expansion :
Let PI = AT x P + BI xQ + LI x S ; enforcing the mass shell condition and
retaining only even powers in the scale variable $ 0(3) Angular averaging

is introduced to eliminate explicit dependence on the directionsof P and
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Q : e.g.

MATCH S ¥%2 ¥ P.X *¥Q,Y =20
(X and Y are free variables)

(4) the substitutions for powers of loop momenta are then made ; e.g.

VMATCH & #% 4 % X.Y % U.V=C¥(4*X.Y * U.V + X.U*Y.V + X.V * Y, U) ;
(5) and finally the replacements for the pairs X.Y are made (e.q. {ﬁ,Lz'*B
Additionally, the integrands may be simplified even further Dby Kirchoff laws ;
(see App.A, ref.l5] .

After the final stages of algebraic simplification REDUCE produces
the integrand in FORTRAN form suitable for numerical integration. Although,
we did not do this, the program could have also been used to automatically

generate the function form of %{z), Bj(z) , B. {(z) and U from the 3x3

Jk

inhomogeneous system derived from the diagonalization conditions.

C) The integrals over the Feynman parameters (up to 5 dimensions for
the slope of the fourth order vertex and 7 for the anomalous moment in sixth
order) have been performed numerically using the multi-dimensional FORTRAN
program originally developed by G. Sheppey [19] and modified by A.Dufner [51.
In this method one calculates the usual Riemann sum, taking the central value
of the integrand from an average of two random points within each hypercube.
The difference of the function values is used to compute a variance and error
for the integration, on successive iterations the computer readjusts the grid
to minimize the variance,

Although the Sheppey program is well-suited to the integrals involved

in this calculation, it is still very advantageous to cut down the number

71/P. 385
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integration variables by mapping onto appropriate variables according to
the structure of D and U , or in the case of log mu?/hez or log lz
(or then residual terms) make appropriate chzrges of variables to eliminate
or restrictthe near singular behaviour to as few —variables as possible.
Dramatic charges of variables also allow obvious checks on the convergence

and validity of the integrations.

ITT - BRIEF DISCUSSION QF RESULTS

Recent reviews of the precision tests of quantum electrodynamics
have been presented by Drell and myself (1] and de Rafael, Lautrup, and
Peterman L1 , and I will only briefly discuss tests of the higher order
corrections to the lepton vertex relevant to this talk.

The fgndamentaland historic test ofelectrodynamics is the Lamb
separation in hydrogen and hydrogen-like atoms.

2ng,

The bulk of the Lamb Shift is computed from the'order self-energy of the

Shift, the 28, /, ~ 2P,

electron as modified to all orders by the Coulomb field of the proton[20],[21],
In fourth order, (i.e. : 2 photon corrections to the lepton line) it is
sufficient [22] to consider only first order effects in the Coulomb field ;
and thus knowledge of the electron vertex form factors in fourth order is
sufficient to determine the short-distance modifications of the electron-

proton interaction. Since the effect of the electron anomalous moment is

well-known, the important question is the value for L4]

4(2304mc2 2 aF1 i 5

AEn(n,j,L) =6
2 . . .
due to the order o effective rm s radius of the Dirac form factor :
2 L

<I‘ > =6
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Higher order terms in q2 produce corrections of order 1 :Z«& smaller,

In 1970, Appelquid and I [4] reported a calculation of the:

q2= 0 slope of the Dirac form factor in fourth order and found the result
!
dF1(4) ! o
m = = [0.48 x 0.07] =
dq 1.2 i

'q°=0

using the analytic and numerical techniques discussed in Section II ,

qu result differed from the previcus analytic calculation {23] due to

an overall sign discrepancy and individual differences in the non-infrared
remainder of the cross and corner graphs. More recently therz have been
additional numerical and analytic calculations which have confirmed, graph
by graph, the new results and removed the numerical integration uncertainty.

The final result is Lsee figure (1))

n’F, (0) = ( 2 )2[-» 22 -2 g2) + 3209 2 % 7(2) - 2 &(3)]
= ( %)2 0.470]

as obtained analytically by R. Barbieri, J. Mignacc and E. Remiddi Loal
[graphs (a) - (e)] and A. Peterman L25] [graph (a)] i Graphs (b) and (Q)
were also calculated and checked numerically by de Rafael, Lautrup and

Peterman [263 » This result leads to anincrease[see Table I] of
0.34 M 2%(2/n)3 516

from the previous compilations of the Lamb Shift given by Erickson and Yen-
nie [20] , and is in fact in good agreement with regent experimental results,
Table II is the result of a recent summary of the Lamb Shift given
by Erickson [21] « It also includes an improved estimate of the higher order
binding corrections to the second ' order self-energy, and an improved value
for the deuteron charge radius for the deuteron time structure. Experimental

references are given in ref. L4] .
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Table I ., Revised tabulation of the theoretical contributions to the Lamb

interval £ = A E(zsl - 2P1) in H . References to the various entries may be
z 2

found in Erickson and Yemnie (Ref. [20]) and Taylor et al. (Ref. [29]) . The

major revision from the compilation of Ref, [20]

is the new result for the

order az(Za)4m contribution to the energy shift from the slope of the Dirac

form factor in fourth order as given in refs. [4, 24, 25, 26) . The result of

Ref. [23]

is 0.102 MHz . Note that fourth-order contributions also arise from

the anomalous magnetic moment and vacuum polarization corrections. An improved

estimate of errors will be given in ref. [1p] .

DESCRIPTION

ORDER

MAGNITUDE (MHz)

2nd Order-Self-Energy
nd Order - Vac.Pol,

2nd Order - Remainder

4th Order - Self-Energy

4th Order - Vac.Pol.

Reduced Mass Corrections

Recoil

Proton Size

& 1= 137.03608(26)

a(Za)4m{log 70,1}

QZ(Z(M)Arn

a(ZQOSm

o(zo) m{log“Za,log Za,1}
?

F1(0)

s
FZ\O)

o2 (z0) *m

ae(Za)sm
ag(ZaO4m

a(Za)4ﬁ—m{log zo,1}

za)’ ﬁm{log Za,1}

(Za)4(mRN)2m

£ = ME(2S,- 2P,)
El z

N

AE (2P

el fo%

M(ﬁg—%;)

- 2P;)
2

1079.32 &= 0,02
- 27,13

7n14
- 0.38

+ 0,02

0.36 £ 0.01

=  1057.90 + 0.05 (L.E{

i

9911.13 £ 0.11 (L.E)

[}}

10969.03 + 0,04 (L.E)

71/P. 385



[2.16)

*
Table II . Precision tests of Lamb Shift calculations

| g | theory - exp
Interval | Theory (£10) i experiment (* ©) : o
| |
; i
H 25,- 2P, |  1057.899 * 0.017 | 1057.90 + 0.06 | - 0.0
2 2 | 1057.77 * 0.06 ; + 2.1
; i |
28, /5™ 25 | 9911.136 * 0,033 | 9911,17 % 0,04 * - 0.7
| | 9911.25 % 0.06 - 1.7
5 ! 9911.38 £ 0.03 + 5.5
D 28,- 2Py 1059.259 + 0.028 | 1059,28 * 0.06 - 0.3
2z 1059.00 % 0.06 + 3.9
He* 25,-2P, | 14,044.56 + 0.64 14,045.4 + 1,2 - 0.6
z 7z 14,040.2 * 1.8 2.3
385-3Py 4184,36 * 0.19 4183.17 + 0.54 + 2.1
E
38, ,,-38; | 47,843.46 * 0.24 47,844.05 + 0.48 - 1.1
32 7% )

71/P. 385

Values are in MMHz . Experiments are

listed in Ref. L4]) .

*—
Compiled by G.W. Erickson (to be published).
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An even more cgevere test of quantum electrodynanics is provided by
the anomalous magnetic moments of the electron and muon ., There are basically

three separate components to the gixth order calculation of the electron

(1) The insertion of second and fourth order vacuum polarization loops into
the second and fourth order verte:. Focurth order vacuum polarization gives
3
o . . .
[27,6] L 0554 - 1 and sccond order vacuum polarization [6, 28]
)

s
C.a54 =, 009)”*’_2.
i

(2) The 1ight-by-light scattering contribution : 5]

3
0.36 + .04 95
T

obtained via the analysis and 7-dimensional numerical integration, discussed

in Section II, and

(3) The non-loop contributiors from 28 distinct graphs recently computed by

. 3
M. Levine and J. Wright L[12] : 1.2 = .2 %=,

3 m

The theoretical result through order ¢~ f{using the Schwinger and Peterman -
Sommerfield result [1] is
2

¢ N3
- 0.328479 = « 1.46 =
k1 T7

,‘)
|

=2
(&2)

3R

D
o[-

which can be compared with the very precise Wesley-Rich [30] measurement

(using [29] @ -1 = 137.03608 (26) )

aifp = 0011596577 (35)
2 3
1 & ¢ n Ay &
=5 0.328479 5ot (1.68 % .33) !

=
=

that is, agreement in the seventh significant figure. In a sense, we can say

that the QED predicticn for the gyromegnetic ratio g = 2{1 + a) is con-

firmed in the tenth significeat figure, considering the fact that there is no

{unperturbed
general reason why the J theory should have the Dirac form begimning

with g =2,
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The largest sixth order contribution to the difference of electron

and anomalous moments comes from the electron-loop photon-photon scattering

. . -1
contribution [,J

3
A au(photon—photon) = (18.4 £ 1.1) .

Tr3
M,
vhich is very large due to a logarithmic dependence [(6,4i 0.1) log o
e

2 . 2,2 _
+ const] 23 in the electron mass m for mu/me >> 1 . The coefficient
T

6.4 was obtained by doing two integraticns analytically and the remaining

5 dimensional integral to high accuracy numerically. The contributions of
second and fourth order electron loops in the muon vertex has recently

been completed independently by Lautrup, de Rafael, and Peterman [31] , and
Kinoshita and myself [s] .

The total theory result is [1,63

atheory_ a@heory - [616 (1) +L§izf(5)] X 10“8

Ly
o € QED hadronic v.p.
The experimental [37] result is

8

exp exp .
3, T3 = 652 (32) x 10

Although there is good agreement, improved numerical accuracy for the expe-

rimental muon anomalous moment is clearly needed.
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IV - Computational Techniques in High Energy Physics,

Another area of quantum electrodynamics which can greatly benefit
Prom systematic algebraic computer techniques is the area of higher order high
energy processes such as trident and multi-pair production calculations, the
now important colliding bean processes of the type ee —* eeX via 2y anni-
hilation L33] , and hard photon radiatiwe corrections. There is one general |
comment which is applicable here - one should not start by computing the

t

traces ! The following are examples whéﬁeféandard approach is awkward and

usually impractical :

(1) For the trident process
+ -
e+p-e+p+e +e

there are 8 Bethe-Heitlermatrix elements in fourth order, including the ex-
change diagrams. The individual amplitudes are of course gauge-dependent, and
in fact suffer severe cancellations at usual laboratory conditiors in the total
result. The trace can involve a string of 12 Y-matrices ; moreover the sum of the
horrendous results for the traces then involves numerical cancellations often
not practical in a Fortran calculation even in double Precision because of
round-off accuracy. The simplest approach, utilized by Ting and myself [34] ,
Bjorken and Chen [35] , and Henry and Ehn [36] is to directly evaluate each
matrix element for each helicity possibility, sum the 8 amplitudes, square
and sum over Spins . This can be done in a compact, convenient numerical form.

It also should be noted that the corresponding differential cross-

_same

section for spin O leptons is much more easier to compute, but has the'basic
magnitude, structure and canadlations as the spin % case.

We have found it extremely useful to have both calculations for
comparison. The spin O result which is more compact can, moreover, be-used to

setyup an initial optimum grid for a first stage numerical integration,
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In other higher order calculations, the work of Cheng and Wu [38],
JP-momentum |

N7

and others, and more recently, the v frame calculations of Bjorken,
Soper, and Xogut [3&] has made it clear that the high energy behaviour of
the Feynman amplitude obeys a simple eikonal form ; e.g. for e-e scattering

in ladder and crossed ladder approximation
sl
T - [d% [eIX(P)_ 43

where X 1s the phase obtained by integrating an effective potential from
fhe one photon exchange, Further, Brezin; Itzikson, and Zinn-Justin [103
have shown that the longest range Coulomb pg;t of the 1Y exchange potential
can be obtained from an eikonal answer at all energies, {and thus in fact
provides a useful starting point for the positronium spectrum), These cal-
culations further emphasize the importance of adding sets of amplitudes
before computing cross-sections. Further, the eikonal results demonstrate
the importance.of‘including all orders of particle emission and exchange
in the scattering amplitude in contrast to "ladder" approximation which
usually has mideading analytic behavior. It now seems very desirable to
develop a perturbation theory which starts with the eikonal answer, and
incorporates shorter range interactions in a perturbative form. Possible
applications include the positronium spectrum, and approximations to the
Coulomb-Dirac propagator for the Lamb Shift calculations,

Another very exciting area for the study of perturbation theory
results ig the "o-momentum frame" technique. In this method one returns to
"old-fashioned" time-ordered perturbation theory, choosing, however, a refer-
ence frame in which particle energies and longitudinal momenta become large.
Thus in the analysis of forward virtual Compton scattering or the elastic
form factor, one takes,the target 4-momenta as

2

p = (E_,0,P) = (P + =

U p —2‘§,O,P)
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and the photon momentum as

Jwo7 o _my
e = V Zp 0t 2P
q.P - nm
2 =2
q =-9
2 2 A
where we choose the parameter P such that P~ > M , mv o,

-As P becomes large, the time-ordered diagram with particlpélmoving with
141
- S

longitudinal momentum XP , X <0 {opposite to p) vanishVin order P

or have a simple limiting {seagull-like) form (the latter case occurs in
fermion theories) L42] . uUnlike ordinary time-ordered theory, each surviving
diagram is only a function of covariant quantities. Unlike dispersion theory
the intermediate phase space is trivial with no square roots. In this manner
one obtains Feynman-like results but with loop integrations only involving
3 integrations. [Thus, in the sixth order electron moment there are 9 inte-
grations, of which at least two are simple] o

The calculation of the anomalous moment in second order is extre-
mely simple in this framework. In higher orders, various subtleties invol-
ving renormalization and the P — © limit need to be handled carefully. Ve
also mention here that the distribution functions in the fractional longi-
tudinal momentum X , and transverse momenta X are of great physical uti-
lity in the discussion of the impulse approximation in field theory.
For example, the high energy limit of forward Compton scattering in QED

contains a constant term of the form [43]
1
o ]
lim T,0,0 ) = T(v=0) * | £(x) 4,
V = 1 0 X

where f(x) is the probability of measuring VvI3a the charge operator,
an intermediate charged particle with fractional longitudinal momentum X

as viewed from the infinite momentum frame., The function X£(X) 1is also
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connected with the large q2 , Vv limit of the inelastic form factors of
the target electron [42] . Hopefully, the «-momentum frame and eikonal

techniques will lead not only to efficient calculation, but also will

finally lead to interpretative insight into our calculations.
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