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I. Introduction

During the past decade, all the experimental evidence accumulated about
hadrons has indicated that they are composite. The theoretical pictures which
have been successful in accounting in some way for a range of phenomena have
also incorporated a description of the particles which could be called a compos -
ite one. We list, very briefly, the outstanding ones which include this feature.
We have first the S-matrix bootstrap mechanism.1 In this context, it became
clear that the particle states should be on Regge frajectories, just as bound
states in the nonrelativistic Schrodinger equation. Next, the SU(6) ideas2 were
most consistently developed in terms of a nonrelativistic bound quark model. 3
The formulation of current algebra4 is also most easily seen to be consistent if
the currents are formed from quark field operators, with commutation relations
which are like those of free fields. If this is so, then the hadron matrix elements
should acquire their structure through that in the "states,' that is, one should
have composite hadrons. The asymptotic behavior of the elastic® and inelas’cic6
hadron form factors has been qualitatively accounted for in a simple way in a
model in which the photon interacts with a structureless virtual current inside
the hadron. The asymptotic form is obtained by requiring the appropriate be-
havior of the bound-state wave function at short distances.

Finally, if the hadrons lie on infinitely rising Regge trajectories,7' 8 there is
suggested a composite model of hadrons made from quarks moving in an infi-
nitely deep potential well. The latter feature could also account for the absence
of free quarks in the World.9

We therefore ask whether it is possible to construct a consistent relativistic
model of a deep potential well. In this paper, we should like to suggest ore pos-

sible mechanism which could accomplish this. Our aim is the development of a
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composite model of hadrons composed of quarks which cannot escape (be created)
in the collisions of physical hadrons. This process will not be forbidden by in~
ternal symmetry properties or any kinematic restriction on the quark mass. In-
deed, the model mechanism will be consistent with very light quarks such as

those favored by quark modelists. The paper will be organized as follows: In
Section II, we review well-known facts about infinitely deep wells in the Schrodinger
equation. In SectionIII, we suggest how these fgat ures can be generalized to rela-
tivistic field theory. In Section IV, we apply the idea to a simple model, and in
Section V, we complete the asymptotic spectrum in the model. In Section VI, we
discuss the self-consistency of our mechanism. In Section VII, we discuss the
SU(3) structure and indicate how the dynamics is stable if the ordinary hadrons

have triality zero.

II. Nonrelativistic Wells with Oscillator Walls

In order to motivate the development of the relativistic picture of a deep well,
we should like to review trivial and well-known facts about the nonrelativistic
Schrodinger equation. The purpose will be solely to help to orient the reader
when we discuss the real problem. The transition from the nonrelativistic con-
text to the relativistic is often easiest if one works in momentum space nonrela-
tivistically. Therefore, we write the Schriodinger equation for a particle inter-

acting with a potential V,

2 3
(E"zpﬁ>"/’E(p) :/Edn—)%V(p—q) Y@ - (2.1)

In the case of finite range forces, the potential V(k) is regular at zero momentum
transfer, i.e., V(0) is finite. Consequently, no care is required in the integra-
tion of the right-hand side at p = q. However, since when E > 0, the right-hand
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side of (2.1), in general, has no desire to vanish when p2 = 2mE, a pole is

produced in l//E(p) at p2 = 2mE. The residue at the pole, that is, the right-hand

2
side of (2.1), evaluated at p = 2mE, is the scattering amplitude. This is

the asymptotic amplitude of the coordinate space wave function at large distances

from the potential. Since we must integrate over the pole to solve (2.1),

boundary conditions are required to specify the integration path and to charac-

terize the degeneracy of the eigenstate. These determine whether we have an in-

coming or outgoing particle amplitude associated with a given final or incident
direction (or angular momentum).

However, when the potential at long distances is singular, V(k) diverges at

k = 0. 1Inthis case, the arguments in the preceding paragraph must be modified.

For simplicity, let us suppose that in coordinate space, V diverges like r2 as

r2 —» 00. We may then separate V info two parts:

V(r) =V )+ozr2 s

sr'T

where we assume that VSR(r) falls exponentially as r —» o0. At short distances,

V and VSR are identical. In this case, in momentum space,

V() = Vgplk) - o (21r)3V12{ 6 )

where VSR(O) is finite. Equation (2.1) becomes

2 3
(E —g—r—n)l/’E(p) = —avi V(o) + '(‘Z;';lg" Vspr(P-DYg@ -

We now see that there is no reason for a singularity to develop in ‘//E(p) when
p2 = 2mE, since the right-hand side of (2.4) can adjust to the vanishing of

the left-hand side. We find, instead, that since (2.4) is a differential

4~

(2.2)

(2.3)

(2. 4)



equation in p, boundary conditions at p= 0 and p= oc , the singular points of
the operator vi,are required for a solution. Near p = 0, the VSR contribution
in (2.4) is negligible but the momentum space centrifugal barrier contained in
\Y i dominates. When we impose the boundary condition that ¥ remains finite at
p= 6, ‘we eliminate one of the two solutions of (2.4). If we then trace this
solution to p= o0, we find in general an exploding (Gaussian) exponential solu-
tion, dominated by the singular part of vi and the kinetic energy. If we impose
the finite boundary condition at p =c0, it cannot be satisfied except for special
values of E. This leads to the discrete spectrum of eigenvalues in the well.
However, when E is so chosen, the actual form of the wave function as p — o0
is governed by the second term in ( 2.4), the short range potential, because
in this case the oscillator potential gives an exponentially small contribution.
That is, the spectrum of states is fixed predominantly by the long range part of
V while the actual form of the wave function as p— o0 is governed by the short
range part of V.

We note, of course, that when p2 =2mE,
2 -
(E-p /2m) Yp(p) =0 .

Hence, there is no agsymptotic free wave function in coordinate space; the transi-
tion matrix vanishes identically.
In the next section, we shall study how all of these ideas can be taken over

directly in a relativistic context.

III. The Relativistic Well with Oscillator Walls

Let us consider a relativistic field theory model with q(x) standing for the
quark field operator. Since our mechanism will be dynamical, let us suppress
spin and internal quantum numbers for the moment. We shall discuss these in

Section VII.



We shall suppose the dynamics is characterized by

- 02 +mP)q@) = 1®aE) . (3.1)

In (3.1), m stands for the physical mass of the quark. I(x) is an operator
formed as a function of q(x), and the other fields to which the system is coupled.
It will be taken as a local, relativistic operator, as is d(x). The ideas in this
paper are meant to be completely conventional. Let us suppose that the eigen-
states of the Hamiltonian of the system fall into two categories, "good' states |G>
and "bad" states |B> . (These will later be distinguished by internal quantum
numbers.) The good states are the sorts of ordinary hadron states which are
present in the world. The bad states, on the other hand, will contain ordinary
hadrons and other things which do not exist in the world. In our model, it should
be impossible to produce bad states through collisions of good states which are
initially asymptotically separated. Thus, we shall try to insure that amplitudes
like <B(,)ut B'|G) vanish. Here, B,B'are an asymptotically separated pair of
bad states with a total "good" quantum number. The bad and good states will

only be connected by .the quark field operator q(x). We shall assume that

CBlajay # 0

but

{Glaja'>

(The assumption that <B|q|B‘> = 0 will be modified in the more realistic model

0 and <B|q[BD> = o.

when we incorporate the internal symmetry explicitly.)

If we apply (3.1) to the calculation of

<Blale)

we find the equation

(-u+m?) (Blalc> = <Bl|c) = ;<BIIIB'> {B'la|G) (3.2)
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where only |B> states occur as a consequence of the assumption that <G‘|q|G> =0.
In 3.2), u=-(B —G)2 is the virtual mass of the quark. In analogy with the
situation in the nonrelativistic Schrodinger equation (2.1), we ask whether it is
possible to have the vanishing of the left-hand side of (3.2) at the position of

the physical quark mass compatible with the right-hand side. We conjecture that

ficiently singular so that the right-hand side involves differential operators in the
variable u. This circumstance will be exactly analogous to the same situation in
the nonrelativistic Schrodinger equation described in Section II. If we can accom-
plish this, then the matrix elements <B(,mt q|G> and <B|Gr,in q> will vanish iden-
tically. (They would be proportional to (—u+m2) {Blq|G> lyem2 =0-) Thus it
will be impossible to generate free quarks or the bad eigenstates of the Hamilton-
ian by a process which involves an incoming good state. Naturally, the same con-
siderations must also apply to the antiquark operator. For simplicity, in the naive
model we assume total neutrality. We shall discuss the more realistic case which
includes SU(3) in Section VII.

We now ask whether or not it is contradictory to assume that the operator I is
singular enough between bad states so that the right-hand side of (3.2) contains
a differential operator in u.

Clearly, the simplest possibility will result if the same channel is involved on
the right-hand side of (3.2) as occurs on the left-hand side. Thus, we assume
that the place where it is most reasonable to have a singularity is in the elastic
matrix elements of I between bad states. Therefore, we suppose that <BII\B'> )
when m‘;z3 = m]23, is so singular att = - (B —B’)2 = 0 that the effect of the integra-
tion over B' in (3. 2) produces a differential operator in u. Since, when mp

= mB,,t is always negative in the integration over B', it becomes zero only when



u' = -(B' —G)2 —» u, that is, where the virtual quark scatters elastically from
the "potential' I. Naturally, the singularity in the matrix element of Iatt =0
cannot be associated with a real threshold at t = 0, since zero mass particles
can play no role in hadronic processes. Consequently, the singularity in1I at

= 0 must be a consequence of compositeness, that is, it must be analogous to

(but will not be) a so~called anomalous threshold. In our simple model, this
compositeness will be associated with the fact that the bad states are composed
of a virtual quark and good particles. Asa conseciuence of the good particles
being on infinitely rising Regge trajectories, the bad states will have singular
form factors at t = 0 (see Section VI).

In summary, we conjecture that the role of the oscillator well in a relativ-
istic theory is played by a set of states B, with singular (at t = 0) elastic matrix
elements of the interaction I. We know of no work in relativistic quantum theory
which says that such a singularity violates a sacred principle. That is, such a
singularity is compatible with totally conventional ideas. The states with such
singular form factors will then not appear in the real world, since a quark will be
glued on them. This bound system will be a resulting physical state. It will be
on an infinitely rising trajectory corresponding to the excitations of the quark in
the well. In the next section, we shall study what some of the consequénces of

such an agssumption will be, in the context of our simple model.

IV. A Simple Relativistic Model with Oscillator Walls

To illustrate the idea, we shall make a simple model calculation. We as-
sume q(x) is a spinless field and that we wish to solve (3.2) for those states

G which are massive. We assume that these occur as a consequence ofat =0



10
singularity in the elastic matrix element,
<BlilB (4.1)

where My =My, -

particle state |B) .

We shall assume initially that there is only one spinless

We suppose that as t —> 0, the matrix element (4.1) has the form,

a3
<Bl1IBD ~ 21y m) Lim (—3—> L (4.2)
! au 2
u—0 puo -t
2 5 9
=4r"ymy =+ 8" (N=t) (4.3)
where t = —(B—B')z. This form is motivated by the potential
3 -ur
2 BT, (_a_) e
re " /4n ou 47nr
where
e 1
4nr 3

po-t

as a function of t.

In order to compute the resulting asymptotic spectrum, we omit all other
matrix elements, since the mass of the asymptotic states should be dominated
by the t = 0 singularity in I. We shall assume that the state |G> has spin J.
Then the wave function < B| ala,s > will have the form

I PR a :
<BlalG, 3> TOT, L B (4.9



where Ti oo g (ﬁG) is a totally symmetric traceless tensor of rank J formed
1

using the unit vector

A [op . B-Gd 1
B‘é_(B B ) T (4.5)
G -m2 + (B-G)
B m2
G
J . N
Further, G T = (0. We normalize T  so that
“i ulo-.o“i---o”J
J AN J A N
T) ., BT, ., B =P;B, B (4.6)
Py Hy G 2 IJJ G JG G
where P J(z) is the ordinary Legendre polynomial. We insert (4.4) into
(3.2), written in the form:
d4B' 2
(-u+m2){Blq|GD = 5 9(3'0)5(3'2 +mB)<B|1|B'> {B'lq|G> (4.7)
(2m)

+ channels with m o, # my,

and then drop other channels and the matrix elements of I for t # 0. Thus we ob-

tain with (4.3) for I,

(—u+m2)qJ(u) =m]23’y [(mG+mB)2—u][(mG —mB)Z. —u](a—ad)z

(4.8)
4mzm2 J(J+1)
af2. 2 ) 5 .3 _ B G .J
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Since the right-hand side of (3.2) now contains a differential operator in u,
(-u+m2)<B|q|G) vanishes identically at u=m?. We might say that the differ-
ential operator has made the free quark pole ineffectual. Therefore, <B?utq|G>
and <B|q,in G vanish identically. The quarks cannot get out.

The range of u relevant to the calculation of the matrix element <B|q|G> is
2 4.9
—oo<u5(mB—mG) . (4.9)

Another range of u is physical, namely,

(mg +mB)2 <u<o . (4.10)

We shall postpone for the moment the discussion of the second "crossed" range.
The differential equation (4.8) has two regular singular points, u= (mGi mB)z,
and an irregular singular point at u = o, Nothing special occurs at the position

of the quark mass u = mz. Asu —» -00, the solutions of (4.8) become

If we integrate this form back to the singular point, u = (mp -mG)z, we will find,
in general, an unbounded function. We quantize the mass spectrum of the states

G, so that qJ

is finite at u = (mG - mB)2 . This is exactly analogous to the situa-
tion in the nonrelativistic Schrddinger equation. Naturally, we may also study
(4.8) in the range (4.10). These solutions may be interpreted as the "crossed"

matrix elements, <0]q|§, G>, for example. In this domain, both asymptotic

-11-



solutions,
‘o5 7y
e Y

are allowed. We must choose the linear combination which remains finite at the

b

other regular singular point, u = (mGr + mB)z. No quantization is required since
both solutions at the irregular singular point u = o are allowed. However, the
solution that we obtain in this fashion will not, in general, be the "crossed" version
of the solution obtained in the other range (4.9). 'Crossing symmetry will, there-

fore, in general, be violated when the crossing involves the B and G channels.

V. Asymptotic Spectrum

To calculate the mass spectrum which results from the boundary conditions

on qJ described above, it is convenient to use the dimensionless variable z,

_ 2 2
ZmBmGz—mG+mB—u R (5.1)

which runs over a range independent of me, namely, for the bound-state channel,
u —»-00, 1 < z < o and for the crossed channel, ~c0c < z < -1. The differ-

ential equation (4. 8) becomes

2 m m 2
(an—l—) -1 '(E(—}) +2 I—n—gz) i —1)(8—82—) +3z 5% +-2— - J2J+1 ¢ . (5.2)
B B B s z -1
If we let
J 1 J
Qd =—5—7 Q
(z2 - 1)3/4
we eliminate the 582 term in (5.2) to obtain the equation,
m2 <mG) m 3 2 82 J(J+1)—% J
—) ~1l-|=—)+2 ==z, Q' =y{z -V|57) ~—5———(Q - (5.3)
(mB) mB mB (Bz) zz 1
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This differential equation has resisted being related to one of the standard ones
in mathematical physics. However, since (5.3) can be reasonably expected
to describe correctly only the massive states which are most sensitive to the
t = 0 singularity inI, a W.K.B. quantization should give all the accuracy one
could reasonably expect to make any sense.

The solution in the domain 1 € z < o0 is governed by an exponentially
falling wave function at z = c0 and a solution finite at z = 1. If we appiy the
standard W.K.B. method to join these, we find as a consequence the eigenvalue

condition on mGr s

1/2
Z
+ 2 m m
3 Y 14 —E) 2 G,
1 J(J+1)—j4- 1) \mp mp mp
n+=|r=f dz|- + = (5.4)
9 2 2
( ) Y z -1
z -1

z, labels the turning points. This rule should give reliable results for the
limiting cases, J large, n arbitrary, or n large, J arbitrary where arbitrary
means large or small. In Regge terminology, n = 0 labels the leading trajectory,
n > 1 labels the daughters. The case where both n and J are large, which will
be important to obtain quantitative results in the next section, has not been dealt
with so far. However, when n is fixed and J is asymptotic or when J is fixed and
n is asymptotic, approximations may be made to the integrand of (5.4) which

allow a simple analytic evaluation. The results11 are

2 1 1
e z %3
— = ~/273/ J 1 + (3y) d>n (5.5a)
mp NI
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and

2 2
YT n

8 :/E 'n'2 n2
log + 2 + 0(loglogn)

J

mg
5 = > . n>dJ >1 (5.5b)
g
It is encouraging to note that the leading Regge trajectory, as well as that of all
the daughters, becomes linear as J— 0c0. However, the linearity occurs in
the asymptotic region when all the daughters mer‘ge with the mother.

If we study the other region, z < -1, which corresponds to the crossed
channels {0|q|B,G) (or {B,Glal0 > ), we see that the solution obtained for
the region z > 1 is not relevant, since it is not finite at the singular point z = -1
in general. Invt;l‘lis chéhnei, We solve the differential equation with the finite solu-
tion at z = ~1. The asymptotic form for large z is then of the form, asin (\/'-_z) +
bcos -z . Therefore, no quantization condition is required. The amplitude
corresponds to an asymi)totic state consisting of a bad particle and an incoming
(or outgoing) physical hadron. There will be an infinite set of such bad states
corresponding to all possible physical hadrons which result from the qué.ntization
in the negative z channel. Approximate wave functions may again be obtained
with the W.K.B. method. This channel is relevant for the calculation of contri-

butions to the absorptive part of the quark field propagator,

<o T(atx)a(0)) [o>

The asymptotic form of the absorptive part of this for large mass can be com-
puted using the W.K.B. wave functions. It is, of course, natural to assume

that the lowest mass bad particle has the quantum numbers of the quark, i.e.,
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is the "physical" quark. This work has not yet been carried out. It is not yet

clear of what utility the quark propagator would be.

V1. Self-Consistency

We shall now try to determine to what extent the ansatz (4.2) concern~
ing the t = 0 singularity in the elastic matrix elem\ents of I is self-consistent.
Thus, we now will calculate the matrix elements of I. To begin, for simplicity,
we suppose the interaction I is a contact interaction of the form

I= A(q (x))2 + counter terms.

Let us first calculate the matrix elements of q2 between the '"good" hadron

states,

Gla@?IeD = 37<Gla(0)/B) Bla0)|6 (6.1)
B

We consider in particular the elastic matrix elements between states of the

same spin. We use the wave functions (4.4) to find

4
2 d B 2, 2 o, J J
CENTRER T ON G ATRED I o 6 (B°+my )6 (B% ¢" (B G)*q" (B-G) -
(6.2)
J a J a
Tul- . (BG)Tu'l- .. (BG')
where it will be helpful to denote the argument of the wave function as B:- G
rather than u = - (B —G)z. It will be useful to define a single invariant form
factor by multiplying the above by a tensor12
[T 1 R TAR T
M1 9T 6lan (6.3)
S|
and contracting on PREE /x:I. Ast —0, (6.3) will reduce to -g cees
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so the corresponding form factor is equivalent to an average over the spin states.

We then obtain

2
4 ) G- G'm2+B.G'B- G
=148 6(13 +m2)9(B0)qJ (B-G)q’ (B-G")P B
G 3 J 1 T
(2m) 52 2)2
2) 2,386 2,(B:G)"
G )T 2 Mgt

G Mg ]

. (6.4)

-

Since the matrix elements <B|qu> were obtained from a linear differential
equation in u, they are defined up to an overall normalization factor. Conse-
quently, F‘(T}(O) > 0 but is otherwise arbitrary at this point. We also note that
Fé is smooth near t = 0, so the virtual quark in one hadron will feel no singular

potential with respect to another.

We can now calculate the corresponding matrix element of I between the

states |B) .

Fplt) = <qu2|B'> = Z {Bla|G,3) <G, J|q|BY =
G,J

G,dJ

where

= G : (6.6)
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m

If, in the integrations in (6.5), we let G—.-Tng B, we see that each term
B
in (6.5) becomes identical to (6.4). Therefore, we find
2 2
m m
_ G J[_G
Fy(t) = z ——mz Fol— t] - (6.7)

G,J B My

Consequently, we see that as t—0

2
m
G .J :
FB(t)_.z —I;-Z—FG(O) (6.8)
G,J B

where I = XFB.

B

We note that, as a consequence of our initial ansatz, we have obtained
a mass spectrum which extends over an infinite range. Therefore, the sum over
this spectrum in (6. 8) extends to infinity. Further, the constants Fé(O) are,
at this point, arbitrary positive numbers. Therefore, we should choose them to
behave for large mq and J so that the sum in (6. 8) diverges as t —0 in the
way to represent the singularity in our initial ansatz, (4.2). To compute the
necessary constants, we require a calculation of the spectrum, mé, as a function
of (n,J) when they are both large. This requires an evaluation of (5.4) for
general, large values of n and J. To study the form of the singularity near t = 0,
we also require the W.K.B. wave functions. Neither of these calculations has
been made so far. However, to the extent that the diverging mass spectrum with
positive F%(O) makes an arbitrary singularity at t = 0 possible, consistency may
be achieved.

The physical picture is, however, clear. The heavy hadrons are larger and
larger, since they correspond to a virtual quark rattling in the oscillator we11.
provided by the bad particle. This allows self-consistency, the generation of

the walls of the well by the interaction of the quark with a virtual quark present
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in the bad particle regarded as formed from a hadron and the quark. Since there

are an infinite number of ways that this can occur, we get the infinitely high walls.

The quark force need not be large. Its strength only mainly affects the hadron

level spacing.

VII. Internal Symmetry

The picture we have developed now allows us to discuss the consistency of

our dynamical mechanism with the internal quantum numbers of quarks. We
shall begin by assuming that the quarks are coupled through a neutral vector

meson glue, that is, we assume that we have a field equation of the form

(v"‘(%a”) +m)q(x) =gy AX) 4R

and

2

(- 0?+2%) 4 ) = gl v*, q(x)]

Then (7.1), taken between B and G states, becomes
(v-@-B)+m)<BlaiG) =g D <Bla*[BD v, <B'jajc> -
BI .
Further,

((B _B')2+7\2)<B|A“|B‘> =g Z<B|§|s> # (slalBD

-g; Blaje) GlaBd v,

We imagine inserting the solution of  (7.3) into  (7.2). We then will

draw pictures to represent the terms in this formula. The picture of (7.2)

-18-
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and (7.3) is given in Fig. 1. The analogous equations for the antiquark operator
g are represented in Fig. 2. These figures are not Feynman diagrams but merely
a representation of the above formulas. The qualitative feature provided by the
vector meson glue is of an attraction in the q@ interaction, repulsion in the qq or
qq interaction.

We denote with s a state which, at this point, may be good or bad. If our
mechanism is to be self-consistent, we should have a deep well in the channel
with attraction, and, as a consequence, a linearly rising Regge spectrum of
states for the hadrons described as an excited quark moving in the well. It is
clear that this is self-consistent with the first terms in Fig. 1 and 2, that is, if
we input a singular well, we will obtain a spectrum which leads to a singular well
as discussed in Sections IV, V, and VI. If, however, the mechanism is fo be
stable, we should not have to worry about cancellations which could come from
the repulsive second term in Fig. 1 and 2. Hence the states S1 and Sq must not
lie on infinitely rising Regge trajectories, that is, they must be bad. We shall
discuss in a moment the dynamical consistency of this assumption. Let us sup-
pose that the quark carries a baryon number bq. The baryon numbers of
the states G, Bl’ etec., we call bG’ bBl, ... . We then have the relations which

follow from conservation of baryon numbers in Fig. 1 and 2,

bGr = bq+bB1
bg = ~by *bp,
bg, = bg *b
bg, = b~ by

If we express the baryon numbers of the bad states coupled to G in terms of bG

-19-



and b q’ we have

bBl = bG—bq

bSl = bG—qu

br =b. + 2b
By~ Pg T “q

bp =b_.+b
By "G q

Therefore, a good channel with baryon number bGr must be coupled to four

neighboring bad channels with baryon numbers bG —qu, bG -bq, bG+bq, bG+2bq.

We see that this pattern will be consistent with no good particles in bad channels and

with TCP only if bG

=0, £1, £2, etc. Further, if the quarks are SU(3) triplets with

=0, i3bq, iqu, etc. It is natural to put the arbitrary unit
b q = % , 80O bG
triality t = +1, the above rule is equivalent to the statement that all good hadrons
must have zero triality. Further, tBl = tsl = -1 and tBZ = tsl = +1 will be the
trialities of the four neighboring bad channels, which are coupled by the quark
field operator to the good channel. Naturally, the B2 with bq = 1/3 is the physical
quark.

We must finally check whether or not the hypothesis that the states S1 and 8o

are bad is dynamically self-consistent. Therefore, we must study the equations

for the matrix elements,

{s1191B1 > (and {s,|q By )

We study the first of these. The calculation for the other is the same. The
equation for <sllq B1> is pictorially represented in Fig. 3, where B, couples
to the good hadrons, G', with baryon number bGr -1. We see, however, that the
effect is one of a repulsion in the channel with the singular potential. We might
worry that the coupling to a singular repulsion would lead to a catastrophe of the

sort which occurs in the nonrelativistic Schrodinger equation with a potential —rz.
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If we return to (5.2), we find that this is not so. If we reverse the sign of
v in (5.2), we find that it has perfectly acceptable solutions corresponding
to an open channel, i.e., particles which can separate. (G is replaced by

Bl’ B by sl.) The wave function has an asymptotic form for large z, eiz(i/ Wtz .

There is, therefore, no discrete quantization in the channel Bl' However, in the

crossed channel,

§1, B> , there can be quantization, but only with a finite num-
ber of states produced. We see this if we look at (5.2), with m— mBl,
mp—= ms, and with y-— —y, corresponding to the singular repulsion in the
second term in Fig. 2, and with z < -1, corresponding to the crossed channel.

We have in this case the equation (we take the form (5. 3)):

V2
m m
2 B B 2 2 -J(J+1)
2\ _1- LY 1z Q.=-vy '(zz-l) _@_> +4 QJ
m m m J 9z z2—1
S1 51 1
or
2
3 2 m
2 VJ(I+1)-2 B B
(2 + IR, (S [P 0 S [ S S I (7.4)
9z 9 2 YR m mS m
(z -1) 1 1 51

L (-2

which leads to the possibility of bound states. However, we see that whenJ > 1,
the "potential" is always of one sign. Therefore, there is no value of mBl which

leads to an eigenvalue of (7.4). IfJ =0, there is at most a finite number.

Therefore, at best, we could find a few discrete channels. These would depend

on the details of the other effects not contained in (7.4). The asymptotically
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high spectrum would be continuous. Therefore, again our mechanism is con-

sistent with the absence of a linearly rising trajectory for the bad particles.

VIII. Discussion and Conclusions

We have illustrated how it is possible to keep quarks inside of hadrons, if
we allow an interaction operator (that is, a relativistic potential) to have matrix
elements between certain states which are sufficiently singular at zero momentum
transfer so that it becomes equivalent to a differential operator in the virtual
quark mass. We have seen that if this singularity is in elastic matrix elements,
it need not violate any sacred relativistic law. On the other hand, since the ordi-
nary hadrons have matrix elements of this operator with smooth behavior, there
will be no unusual long range effects expected to act between them. We have seen
that the singularity at t = 0 could be expected to be self -consistent, that is, a con-
sequence of itself. Further, the states with the peculiar form factors could not be
produced in any process involving incoming ordinary hadrons.

The mechanism we have provided is analogous to that which produces the dis-
torted potential which acts between an electron and its image charge in a highly
charged atom. Indeed the analogy might be even closer if we did not take the
limit p —=—0 in (4. 2), that is, if we let the well for the quark be deep but finite.
In this case, the uniform spacing of hadron levels would be a low mass approxima-
tion. As the mass increases, the levels would begin to converge to an "ionization"
limit. In this case, one would forecast the appearance of real quarks on the "out-
gside." The problem would be one analogous to barrier penetration with the rise
of the cross section for quark production related to the curvature of the Regge

trajectory.
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We remark in conclusion that the idea presented here is most attractive
because it is fairly simple. A few moments reflection will convince one that
if it turns out to be correct, it might allow one to reconcile many of the seem-

ingly contradictory approaches to problems in strong interactions.
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Appendix A

We first wish to evaluate (5.4), when J is large. In this case mG/mB

becomes large so we drop the terms 1-(m/ mB)2 inside the root in (5.4). Let

2 _
(mB/mG) =x .
We then have for (5.4),
1/2
2 2
(pod) e=fon | B igrm | I
Y z%-1 (z° -1

The real positive roots of the cubic equation in z
(xz-z X2) (zz—l) - sz =0

define the range in (A.1). Let us put
z=x¢
Then with x large we find
1 1/2
J?(“z)“ _ (4t { 1 432 }

1
-2 4+ = —
X \/—é_ g x4 §3

(A.2)

As x increases for fixed n, the integral should vanish. As yJ 2/ x4-» 1/27, the
range of { becomes a vanishing interval around ¢ = 1/3. That is, x and J are
both consistently large. If we evaluate (A.2) in this liﬁit, taking the leading
and, next to leading terms in (A.2) we obtain the first result in (5.5). Similar

analysis yields the second form in (5.5).
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AEBendix B

It will be convenient to define unit time-like vectors,
-t H— b — nM
g"‘ G /mG , g G /mGr , =B /mB

so that

Likewise

is a unit space-like vector.

BpeeBpVieeeVy
Then we want to find a tensor M (g,g") so that
|1 T S /B 4
T, u P Ti y P M o J(g ")
Hyoeebg 1"°°V3 ' g
J Y :
=P (g, 8 (B.1)
where
1
g, g, ~ (g +g-bgh 5173 5173 - (B. 2)
(02172 (g-n>-1)
Let us suppose L‘: has the properties,
_tH Y
g =1"¢
* 1B =5P (B. 3)
o u o
114 = oot
L bubv gg
then
v v
1 Jd J J
L coo L T b,)=T Lb
Ky By Vl...VJ( g') ul...uj <( )g>
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where

(Lb)g=<(Lb)+g(b.g')) ((b ,); 1)1/2
g -

Then if we use (A. 6) and (B.3) we find

pov [T
J 11 JJ dJ J

L = . g!
Tul...p.J(bg) < L > Tul...vJ(bg') P (gb gb)

We note that

= - o' r - 1 . 'a
Ly, =B, B'E T8, “BE, ti€, 08 g

(B. 4

(B.5)

satisfies (B.3). Further in (B.4), we can drop all terms in L... L of the form

TR v,

g Lor g' 1, since they give no contribution. In this way we obtain M. We see
Pgooabhgy VooV v [TIRY

thatasg—-g',M1 o1 Jbecomesg1 1...gJ J.
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