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ABSTRACT

A recently developed approach to scattering by regular
structures is applied to an investigation of diffracted evan-
escent waves. The scattered field is expressed exactly, in
the near or far field, by a sum of “plane lattice wave'modes.
Attention is directed at the diffraction conditions obeyed by
these modes when the scatterer is a finitely thick three
dimensional non-orthogonal (triclinic) lattice of individual

scattering centers.
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I. Introduction

Recent work has shown clearly that the angular spectrum of
plane waves and especially the evanescent modes of the angular
spectrum can play a helpful role in the study of a wide range of
electrodynamic phenomenal. Within the past several years, the angu-
lar speetrum has been brought to play in new approaches to
Cerenkovian effects2 and inverse scatterings, for example. 1In
addition, it has figured in a study of source-free fieldsh, a
formulation of a diffraction theory of holbgraphys, and the quanti-
zation of an electromagnetic wavefield in an infinite space half-
filled with dielectricG.

It is important to realize that there are really two aspects
to the use of the evanescent modes of a radiation field. 1In the
first place, theggy/Peno uﬁique set of evanescent modes associated
with a given field. This is due simply to the fact that evanescent
modes are characterized by exponential decay in one direction and
plane-wave propagation in the transverse directions, and the direc-
tion in which the exponential decay occurs may be undetermined.
Thus one must approach with great caution the task of assigning
physical significance to an evaﬁescent wave. This lack of unique
or clear physical meaning need not detract, of course, from the
power of mathematical mode expansions which include evanescent modes.

On the other hand, there are physical problems for which a

given direction is already singled out. It may happen that this
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quasi-one-dimensionality suggests the introduction of a mode expan-
sion involving evanescent modes in a particular way. Individual
evanescent modes, in such situations, may have a very direct
physical interpretation. For example, the wave field outside of

a totally internally reflecting dielectric decays away from the
dielectric surface. Lalor and Wolf7 have treated the problem of
reflection and refraction at such an interface by the use of the
physically suggested mode decomposition of the transmitted field;
and Carniglia and Mandel6 have found triads éf evanescent and non-
evanescent modes at a dielectric interface to be essential for their
treatment of a field quantization problem.

In much of the previous work mentioned above, the principal
interest has been in the'collective'" interaction of a material,
usually amorphous (isotropic and spatially homogeneous), with an
electromagnetic wave. There are, however, large classes of prob-
lems in which the microscopic view is more natural. Among such
problems we can include electromagnetic scattering at such short
wave lengths (X-rays and gamma rays) that the individual particles
in the scatterer act independently, or scattering by media with
some regularity or structure such as crystals. In addition, the
microscopic viewpoint seems more natural for problems in which
particles (electrons or neutrons, for example) comprise the incident
wave and in which a particle-particle interaction potential causes

the scattering.



OQur interest is in this second group of problems. In this
paper we extend some earlier work8 by one of us (JHE) on the
quantum mechanical scattering by perfect lattices. In particular,
we study the waves scattered by a general triclinic (three-dimen-
sional non-orthogonal) arrangement of identical individual
scatterers. We give up the notions of cross section and asymptotic
scattering amplitude in order to focus on the distinctions between
evanescent and non-evanescent (homogeneous) waves transmitted
by the scatterer.

The remainder of the paper is organized as follows. The
next section restates the mathematical formalism, especially the
Weyl angular spectral decomposition9 for spherical waves, that
will be used throughout the paper, Scattering by a plane ortho-
gonal lattice in two dimensions is treated briefly in order to
introduce our notation and summation method. A principal result
is the derivation of what we have called a '"plane lattice wéve"
decomposition of the scattered field into discrete modes.

Section III then applies the results of Section II to show that a
certain familiar critical angle arises naturally in our treatment
of scattering.

In Section IV we apply the concepts illustrated in Section II
for single-layer rectangular lattices to an arbitrary triclinic
multi-layer lattice. In particular, the notion of "plane lattice

waves" is valid in this larger context. Section V is concerned
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with evanescent plane lattice waves, of which there are infinitely
many, for arbitrary lattice angles and direction of incident
radiation. We find that all integer points outside a certain
ellipse define evanescent plane lattice modes. We discuss briefly
in Section VI scattering from a three-dimensional lattice each
unit cell of which contains two scattering centers of different
type. Finally, after a short concluding section which summarizes
our results, in two Appendices we comment on the validity of the
Born approximation as used throughout the péper, and on the form
of the second order terms in the Born scattering series. One

sees easily, for example, how first order evanescent waves can

be scattered into second order non-evanescent waves.



II. Weyl Expansion and Evanescent Waves in Two Dimensions

In order to introduce our treatment of scattering by three-
dimensional, finitely thick, lattices of exten&ed scatterers,
we review here our earlier treatment8 of two-dimensional
lattices.

As the simplest case we consider a two-dimensional
(2N + 1) x (2N + 1) orthogonal 1attice‘of identical scattering
units - atoms, molecules or other microscopic scatterers -
lying in the x-y plane of our coordinate systeﬁ. The scattering
units interact with the incident wave or particle - neutron,
electron, etc. - through the single particle potential
(M2/2m) UO(Ej, which for convenience we may imagine to have a
finite range.

We assume a scalar incident wave field, with the incident
wave vector k lying in the positive z-direction, as shown in
Figure 1. 1In the first Born approximationV(applicable, roughly
speaking, when multiple scattering is negligible (see App.A)),

the amplitude of the scattered wave is

1hkir —271 ' k.y

(2-].) L}g C_y:) - _Zr%:_cf e /,4 U(_‘{_‘/) e’...'_f ds”'/
Y -

x - x

We have suppressed the time dependence exp{—i(ﬁﬁ;ﬁw)f};

and have written (K2/2m)U(£') for the total scattering



potential at point r' due to all the scattering centers in

the lattice. That is,

*N

(2.2) Ucey = > U (er - e v)),
§n=-N

where £¢gn)=5a+7¢. As in Figure 1, a and b are the primitive
vectors of the lattice, parallel to the x and y axes. The
symmetry of the sum over integers § and -7 in (2.2) indicates
that the origin of coordinates has been put at the central
lattice site.

It should be noted that, except for the special form of
our potential given in (2.2), our discussion so far does not
depart at all from the usual Born Approgimation approach to
scattering. In optical problemslO one simply has, in place
of U(x'), some constant times the dielectric susceptibility
X (r'). However, the special form of our potential is important
and may be exploited significantly in the limit of a lattice
with very large N.

We méy mention in advance one point of view of our
problem, adopted from optics, that might be helpful. Since
our potential, in the limit of large N, will be periodic

with double period a and b it will have a double Fourier



series representation. Each term in the series for the
potential will be a sinusoidal function of x' and y' and
will thus affect the scattering as a two-dimensional sinus-
oidal diffraction grating would. The final scattered wave
could therefore be viewed as the superposition with complex
coefficients of waves scattered by a discrete collection

of sine gratings.

We must keep in mind, however, that .there is no limit
to the fineness of detail (no smallest structure) in the
individual single-particle potential UO(E'). Thus the dis-
crete collection of imagined sine gratings would, in general,
be infinite in numbef. We will not pursue this point of
view further.

After introducing s =1r' - (5 vy) 1into Egs. (2.1) and
(2.2), and using the temporarily assumed orthogonality of k

and $£(s,v), one gets

Ry - £oE )£ ks
(2.3) P, = -l e U.(s) € oA's .
T lx - pCev) - 51



The presencé of the spherical wave factor in the integrand
indicates, of course, that each scattering center acts as a

point source for scattered radiation. We will find it convenient
throughout our investigation to use Weyl's angular spectral
decomposition of such a factor. Usually one now writes the Weyl

decomposition as a double integral:

(2.4) e "B = 1 f( a(E;/g eiE3
ik IR| 27 ) ) ™

where the vector P is defined by its Cartesian components

(2.5) P = (kp, kg, km),

with the restriction
(2.6) PL + ?” + m =1,

Both p and q are real and run through all possible real values,

and m is defined as m = (i)'N/I;pz - q2, with the sign chosen
SO that,rfor z >»O, m is either positive real (when p2+ qzé;l)
or positive imaginary (when p2 + q2:> 1). Here, by z, of course,
we are denoting the corresponding component of R. For =z <:O
the opposite sign convention is to be chosen in each case.

After applying Weyl's formula to each spherical wave in the

integrand of (2.3) and carrying out the sums one finds

@D g ) = -k H dpodg F, (pa) Fy (4]
kg {Polx-5)

« j‘oﬁs U(sle * ¢
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where

(2.8) Fo(s) = sin(N=*3)kg
Si‘)’zé—kg‘

It is clear that, for large N, the diffraction functions FN
become very sharply peaked and behave as delta functions. In

fact one has the useful identity:

o0
Lim siv (N +4 ) - 2 2 ;(x-JRO()
N =0 sin e T d4=-=

where convergence is in the sense of distributions. Thus the p
and q integrations in (2.7) may be exactly performed, and only
these values of p and q contribute to the integration which
satisfy

k}aa = QXN X

k.% 6 7 AR
where o and B are arbitrary integers. Obviously, since a and b
are in the x and y directions, respectively, and since k is in

the z-direction, these equations can be rewritten as:

(2.9a) Pa = 2R« + k-2

(2.9b) P-6

il
o
9
“t
+
v
N
2
“»
Y
O
I+
-
IS

We will use this more elaborate form since we shall show in Sec.IV
that this generalization is, in fact, the only change in the
restrictions on the vector P which will be required in the larger

context of non-orthogonal lattices and non-normally oriented

- 11 -



incident waves. The vector P which satisfies these equations
for specific integers a and B will be denoted by gﬁﬁ' In the

present context of an orthogonal lattice and normally incident

radiation we may write EQB= k(paB’an’maB) where

(2.10) bo = () g = p(R) e oy AR

A being the wavelength of the incident radiation. Using this
notation, we may finally write the scattered wave function of

Eq. (2.1) very compactly:

o8 Cp
(2.11a) W, (r) = dZ Iep gl et
T ERE
where
. ' 1(k - Px )'.S_
2.11b o= -i (3 k- Bag
( ) xP ika_é ma(p o{,S‘ Ua Ci) e

This form makes evident the principal utility we find in
the Weyl decomposition. It allows us to express the scattered
radiation as a sum of elementary scattered waves, which we will
call plane lattice waves, with amplitudes I«aB and propagatibn

vectors ga One important property which these plane lattice

5

waves possess is already evident and may be mentioned. Since
2 2 2 . . .

paB + an + Mg = 1, it follows immediately that each plane

lattice wave separately satisfies the homogeneous free space

wave equation (§72 + kz) elBaB'E = 0 for )z]j> 0. 1In

other words, the scattered radiation has been decomposed into
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certain special free wave modes, modes which we will see are
particularly suited to the geometry of the scatterer.

It is interesting that the mode expansion given in (2.11la)
depends on just two discrete parameters a and B. (This remains
true for three dimensional scatterers). One may say that the
two-discrete-parameter lattice-mode series in (2.1la) stands in
the same relation to a three-discfete-parameter Fourier series
as the two-continuous-parameter angular spectral integral (2.7)
stands to the corresponding conventional three-continuous-parameter
Fourier integral.

Note also that if the scattered field itself is known on some
plane z > 0, then the coefficients IﬁaB may be determined by a
Fourier inversion, complicafed slightly by the non-orthogonality

of the a and b vectors:
, | @ ¢ —iE_«p'I.
(2.12) I“‘,(P = Z{Z‘j; o Ya Qaz v, € Y. (rx)

Here r_ and r, ~are components of r along the a and b directions,

and the consequent non-orthogonal area element obeys dra drb=

kg X pﬂ-ldxdy. Knowing the coefficients | . then allows, of

ap
course, the construction of the solution 2}%(;) on any plane
z > 0, and the whole scattering problem is solved. Such an

approach to a solution is more or less in the spirit of classical

Kirchhoff diffraction theory, which attemps to construct the
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entire diffracted field from a knowledge of the field itself

either in apertures or on edges, and is, of course, distinct
approach inwhich we '

from our presensﬂettempt to describe the field from a knowledge

of a scattering potential. The inverse or reconstruction problem,

in which the potential is sought in terms of the scattered waves,

has been discussed recently by Wolflo, using the angular spectrum

of plane waves,

It is important to emphasize that the sum of plane lattice
waves in (2.11) expresses the scattered field exactly for all
points r in the half-space z‘>‘0. The conventional scattering
amplitude (i.e. the coefficient of eikr/r in q% ) is now rather
awkward to isolate. 1In othér words, 1%; as expressed by (2.11)
correctly describes the "induction' field near the lattice, as
well as the asymptotic ''radiation' field.

The double sum solution in (2.11) is not in closed form,
but it is very useful nevertheless. The scattered wave is a
sum of plane lattice waves of two types corresponding to the
two types contained in the Weyl decomposition (2.4): evanescent
plane lattice waves (for which o and 8 are such that
pzaﬁ + q2a6t> 1 and Mg is imaginary) which are exponentially
damped, rather than oscillatory, with increasing Jz{ ; and

homogeneous plane lattice waves (for which m is real), and

whose dependence on all three coordinates is oscillatory.
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For evanescent plane lattice waves the direction of travel
(the direction perpendicular to the surfaces of constant phase)
lies in the z = 0 lattice plane. There is no component of the
propagation vector in the z-direction. One may verify that there
is an evanescent wave propagating perpendicular to each lattice
diagonal. The homogeneous waves travel into the z > 0 half-space.
We may observe that since a real ﬁ

ap

int egers a and B, there are only a finite number of such homo-

requires sufficiently small

geneous plane lattice waves. By the same token there are always

infinitely many evanescent plane lattice waves in the scattered

field.
A further general remark can be made concerning the

scattered wavefield. As (2.10) shows, if we have
2.13
@ (ay)

then m is certainly imaginary, so we may call (2.12) the

ap

evanescence condition for orthogonal lattices and normally

incident radiation. It is interesting to note that if either
A > aor A)>b, then all the waves, except the a = 0 and p = 0
waves, are necessarily evanescent. As soon as the radiation
wavelength exceeds both lattice spacings, only one homogeneous
wave (the forward-travelling 00 wave) is allowed, and all the

non-forward scattered waves are evanescent plane lattice waves,
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which travel in the x-y plane. This is the same as saying that
0° and 90° are the only allowed scattering angles; or, in other
terms, that very small details of the scatterer give rise only

to evanescent transmitted waves3’lo.

In concluding this section we must point out that we recognize
that some of the results presented in it are not new. In partic-
ular, up to Egqs. (2.9), which embody much of the traditional
Bragg-Laue picture of scattering, our results are standard oneslO
However, following Eqs. (2.9), we have concentrated on explaining
a picture of the scattering in which some of the familiar features,
such as the asymptotic amplitude and the scattering cross section,
do not appear naturally, in o;der to focus our attention on
aspects of the near field, such as evanescent waves, which are

traditionally overlooked altogether.
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III. The Critical Angle of Evanescence

We now apply the results of Section II to show how a critical
angle may come to exist. By critical angle we refer to an angle
between the incident wave vector k and the lattice normal glx b
beyond which the non-forward scattered wave is almost entirely
evanescent.

For our purpose here it is sﬁfficiently general to let k.b =0
and take the lattice to be one dimensional (a.b = 0,ja] = a,|b]> ).
Then k.a = k a sin® cos ¢k’ where 6 is the—angle between incident

where
wave vector and lattice normal, aniAﬁk, the azimuthal angle of
the vector k, is either 0 or m. We are thus considering a slight
simplification of the general case sketched in Figure 2.

Now the allowed plane lattice modes are defined by the values
of P, which are determined by Eqs. (2.9) through the integers

p
a and B. We may solve Egqs. (2.9) for BGB to find:

prg s (s ot )+ (3]

Here, as in Section II, we have used k = 27/X  and have defined

p and q by

(._P."(P)x = kp, ' (3.12)

(E«@)y = kg, (3.1b)

and we recall that all modes for which p2 + q2 > 1 are purely
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evanescent.
Now we take account of the one-dimensionality we have

assumed in this section by setting b = e , thereby obtaining

P+ %‘" = (q%. + sivz@)L, (3.2)

where the sign ambiguity carried by the factor cos¢k is given
explicitly. The resulting expression (3.2) can be cast into

familiar form by recognizing that

t

where Ot is the angle of the outgoing wave transmitted through

the lattice. This relation follows from the fact that P is the
outgoing wave vector, from _1_3__2 = kz, and from Eqs. (3.1).

At this point we see it is most natural to rewrite (3.2) in

the form:
sing tsing = « (%) (3.3)

which is the familiar expressionll for the transmission maxima of
a one-dimensional diffraction grating. The occurrence of a
critical angle is now obvious, since for a given diffractive
order a and ratio X/a there may well be angles of incidence 8
for which (3.3) requires an unphysical transmission angle such
that (sinet) > 1. 'Thét is, that value of 6 for which the con-
dition
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lsing £ a2 | > | (3.4)

is first satisfied may be called the critical angle for order «a.
Since (3.4) corresponds exactly to the condition p2 + q2 > 1, it
signals the appearance of evanescent waves.

It is more interesting, in the context of Section II, to
take a less conventional converse view of (3.4). That is, we
already recognize (3.3) as a well-known statement defining the

possible transmission angles Qt in the ®th order of diffraction.

On the other hand, we can turn (3.3) or (3.4) around and deter-

mine which orders of diffraction are evanescent for given angle

of incidence 6. Then Eq. (2.11b) gives correctly the complex
amplitudes of the corresponding transmitted waves, even if they
are evanescent.

Perhaps it is unnecessary to point out features of the
critical angle (3.4) not shared by, for example, the familiar
critical angle for total internal reflectionll. For 9\<< a,
Eq. (3.4) allows at least one non-evanescent wave (in addition

to the never-evanescent a = 0, B = 0 wave) for every value of 6.

The internal reflection critical angle depends only on the index

of refraction of the dielectric:

sin®,

1
int.refl. 1’ (3.5)

- 19 -



and so provides an absolute cut-off of the homogeneous waves.

For all 6 > Gi all transmitted waves are evanescent.

nt. refl.

We should, however, make it clear that there is no conflict
between (3.4) and (3.5). Eq. (3.5) is derived for radiation
impinging on a uniform homogeneous dielectric, an object whose
basic periodicity or structure parameter can be regarded as
very much smaller than the radiation wavelength. For such an
object one cannot hold to our particle-by-particle Born-approxi-
mate view of the radiation-scatterer intefaction. One has re-
fractive, but not diffractive, effects.

Finally, we might imagine scattering by an object so weakly
refractive that the Born approximation may be applied, but with
séme large scale periodicities in its index of refraction. Our
result (3.4) will again apply to the effects of these periodicities,
and will make the known prediction that periods smaller than a
wave-length will give rise only to evanescent transmitted waves.
(See references 5 and 10 for example, for discussions of problems

in which these effects are important.)



IV. Plane Lattice Waves and a Three Dimensional Scatterer.

We now generalize our scatterer, and thereby take a
step in the direction of physical realism. 1In this section we
treat the case of a non-orthogonal, i.e., simple triclinic,
three dimensional lattice. In addition we lift the restriction
that the wave vector k of the incident radiation lie in the z
direction. We require only that kz be positive, so that the wave
is travelling toward the z » 0 half space.

The lattice is assumed to be very large iﬁ‘the x and y
directions, and N layers deep, so that tﬁe total.scattering
potential is (with the origin of coordinates in the center of the
first layer)

o0 T N-1
(4-1) UCr) =3 % U.(t - frur)
¥,z =% Yo -
where the vector _f;nf is composed of the primitive lattice

vectors a, b, and ¢ and integers § , ", and Y :

(4-2) feqy = 52 + ML + Ve

We orient the coordinate system so that the plane defined by the
non-orthogonal vectors a and b is the x-y plane. We choose
a x b to define the positive z direction. One lattice layer is shown
in Fig. 2. ' .

The method of reduction of the scattered wave into a sum of

plane lattice waves which was explained in Sec. II may be followed

here, practically without alteration. The introduction of the
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more general‘lattice scattering potential given by (4.1) leads

to no very severe problems. The only important changes are these
two: the lattice is now assumed finitely thick in the z-direction,
giving rise to another lattice sum; and the non-orthogonality of

a and b leads to diffraction functions F of the form

- N
(“3) [ (g-.L_) - seen (N d)ar-L
k M:}’—_@;-L_ ’

where a. = a or b and L = k - P, instead of the somewhat simpler

ones given in Sec. II. This straightforward change in the

argument of the diffraction functions (which arise from the sums
. i the s

over § and Y ) gives rise toAmore general restrictions on

the scattered wave vector P given in Eqns. (2.9)

which we reproduce here for convenience:

(4 .4a) P

N
{1l
X
=
2
4
[~
[N

(4.4b) rT.£ =

S

%
5)
&
4
\z
[~
R
&
1]
o
I+
I+
%
I+

The scattered wave is, therefore, expressible just as

in (2.11a):

e i Py X
4 .5) W or) = > T, € “*

q’,p: - o0

where the plane lattice wave amplitude in this more general case,
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(a three-dimensional non-orthogonal lattice) has the form:

(4.6) I, = —1 L= emp §iNe Ly
L

il
%i _{433 U, (s)e ™
P oL kD My [ — exp {_ iE_'_~q@§

Here we have introduced the abbreviations

It is now possible to make an observation about evanescent
waves in this general situation in which k.a, k.b, and a.b may all
be non-zero. Note that Eqs. (4.4) are linear inhomogeneous (but
coupled, if a.b # 0) algebraic equations with real coefficients
which determine Px and Py, and that PX and P are themselves
therefore necessarily real. waever, because a, B, k.a and k.b
are unrestricted in magnitudé, either or both of P_ and P_ may

than k. x Y
be 1arge£/\3hen sznugtbe imaginary (recall the plane lattice wave
restrictions in Eqs. (2.5) and (2.6) ).

Just as in Eq.(2.1la) for the two-diﬁensional
monolayer lattice of Sec. II, now Eq. (4.5) makes it clear that

exponentially damped lattice waves are the consequence. These

are of course the evanescent waves of our general triclinic lattice.
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V. Diffracted Evanescent Waves

12
In the classical Laue theory of diffraction of X-rays by

simple space-lattices, one finds the condition for a diffraction

maximum to be most concisely expressed by the following equation

(5.1) no-pn = alaa*r + g 4" + Yer].

Here ﬁo and 1 are the unit vectors in the directions of the
incident and scattered waves respectively, o, B, vy are any three
integers, and a*, b*, ¢* the primitive translations of the

reciprocal lattice defined by

(5.2) a* = £ x¢ 4¥ 2 exa ¥ = ax b
v DA A
where V is the volume of the unit cell: V=axb . c .

We also note that Eq. (5.1) is valid under conditions that
are, in fact, equivalent to the use of the first Born approximation.

Multiplying (5.1) with g;g and ¢ one gets

(5.3a) IRx = k(N - ) a
(5-3b) 2RB = k(A - N4
(5.3¢) 2ARY = k(N - )
where a.a* = 1, a.b%¥ = a.c* =0, etc. have been used. The

Laue equations ( 5.3) must be satisfied simultaneously if diffraction
is to occur.

We see immediately that Eqs. (2.9) and &.4) are exactly
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equivalent to the conditions (5.3a) and (5.3b), while (5.3c)

corresponds to the condition that the factor

= expl-ine Lol
| - exp{-ic L«p}

in Eq. (4.6) have a maximum.

This agreement between Eq. (5.1), or its component
equations, (5.3a) - (5.3c), and our relations (4.4) and (4.6)
is to be expected, of course. All of these equivalent ex-
pressions merely state momentum conservation for each bom-
barding particle in its interaction with the regular scatterer.
To be explicit, when (5.1) is multiplied by 2mh/ A it may
be rewritten as the momentum'equation:

h(k- = aA¥ + BRK+ yC¥,

k
ko)
where A%, B%*, and C* are the basic units of crystal momentum
transferrable by the scatterer in the directions of the

reciprocal lattice:

é?‘C = 2 'T['M_ -a_ *
B* = 2 Trbib_*
C_ % = 2 WM c *
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However this conventional view of (5.1) (or of (4.4) and
(4.6)) tends to obscure the possibility that there may be meaning-
ful situations in which the transmitted momentum is required to
be coanka . The wave associated with an imaginary kzis not
unphysical, merely evanescent, and its complex amplitude is given
by (4.6)

We now look in detail at the conditions imposed by the
scatterer on these COrnPlex-momentum particles. Accordingly,
we look for the condition under which Pz is imaginary, or
Pi + Pi > kz; that is, we look for the generalization of
relation (2.12). Since (P x %)2 = Pi + Pi, and since z = (a x b)/n,

the condition is easily found with the aid of Egs. (2.9) to be

kid) - € (amma + R 2 5]L YA

(5.4) [2 (amp +
The limiting cases which refer to the simple situation

of Sec. II are easily recovered. 1If k.a = k.b = a.b =0 we

find relation (2.12) again, multiplied by (27 ab/)\ )2.

Note also that the o = P = 0 wave is never evanescent

since then (5.4) reduces (for arbitrary
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a,b,k) to ki > kz, which is never true.
To get a better understanding of condition (5.4) let us

first reduce it to

T
)

9 [eoa - 5] > (&)

where we have set

(5.6) . = B+ k4/ix
§, = x t+ k-a/s50

If we consider £, and f} as the components of a two-dimensional

vector, we may rotate the corresponding coordinate system through
I

an angle ¢ to diagonalize the quadratic form [Ea a - %, é] .

Doing this,we have for (5.5)

(5.7) Se v 50 >0,
A™ B
where
(5.8a) v, cod P ~ aum P 3
&) \amnd 4 P 5,
(5.8b) ¢ = + tan” (ig'ﬁ)
avx - 4"
and

>
I

. £
(5.9) 2 (—%)\, [a "+ 67 + (at+ 4* +024L44LCM2€22 J

{

B- = 2(%)L [ &+ 4 — (a*+ £% + ja”@bcmp?@a;)l/”}~

3
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where 0 . is the angle between a and b.
The general relationship, derived here and expressed by
Egs. (5.6) -(5.9), between the lattice spacings aﬁd angles and
the direction and wavelength of the incident wave is an excep-
tionally complicated one. It is not possible in any simple way
to determine explicitly which af modes are evanescent. Although
the 00 mode is always a homogeneous (non-evanescent) wave, the
rest of the homogeneous modes are not éven symmetrically grouped
about 00 in the aoBf plane.
We may clarify some aspects of the situation by a graphical
analysis. Clearly Eq. (5.7) states that for values of ga_ and
ﬁb outside a certain ellipse all modes are evanescent. Consider
first normal incidence (i.e., k.a = k.b = 0) and an orthogonal

-

lattice, which implies @ = 0. The relation (5.7) then collapses

into )
B e
. A T A \2 ‘> i
(5.10) (3(;)2 <H_§)

and all integer pairs of outside the "ellipse' in Fig. 3 define
purely evanescent modes of radiation.l3

Next, keeping the incidence normal but allowing the axes
to be non-orthogonal, we see that the homogeneous region becomes

the rotated ellipse of Fig. 4. Of course the axes A and B

Jal
of the new ellipse are no longer £ or - b either. Finally,

the effect of non-normal incidence is to shift the origin of the
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ellipse of Fig. 4 to thé point (k.b/2w, k.a/2m) as in Fig. 5.
The lengths of the axes of this new ellipse are the same as those
of the ellipse in Fig. 4.

Any experimental study of evanescent lattices waves will be
made less difficult, of course, if one or more such waves are
present which decay very slowly with increasing z. Thus it will
be helpful to know which af pair leads to the smallest negative
value for Pzz. If the lattice spacing is not too much larger
than the wavelength of the incident beam, then thé evanescence
ellipse is quite small and contains only a few homogeneous mode
points within it. The nearest ap points outside the ellipse (which
define the most slowly decaying evanescent modes) are easily found
graphically. For example, in Figs. 4 and 5, we see several points

which lie much closer than one unit to the ellipse.
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VI Lattice‘of Two Types of Scatterers.

A practical situation will most probably involve a three-
dimensional lattice composed of more than one Eype of scattering
centre. We now consider a more general case of a lattice
infinite in two directions, finite in the third, and having a
unit cell consisting of two different scattering sites charac-
terized by scattering potentials_Uo and Ul’ as shown in Fig. 6.

If d is the lattice diagonal

(6.1) d = a +4£ +¢&

and _f<‘€y is defined as in Eq.(3.2) then the total potential

for our present case is

3

oo N-
(6'2) U(_Y_.B = Z XZ—: [Uo (I - f«@y) + U,(:/'_ - fqpr] - —%’5:}

°(,p=-°° o

where again the lattice is taken to be N layers deep. The
origin of coordinates is taken in the first layer of scatterers
and centered on a Uo' Once again the forward z-direction is
given by a x b.

Let us rewrite the potential mre compactly as:

(6.3) U(I):Z Z UJ' (I“‘_fxpy "‘;%é)

J=o,1 ’("P'z)

It is now clear that one can proceed exactly as in Sections II
wave
and IV, obtaining the scattered/\amplitude lp%(r) in a form

analogous to that in Egs. {4.5) and (4.6)
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64 N i L 0 Lkd@'%é t—- #{_Z‘NC'L %
(6-4) W (x) = =L 5 3 e AT e RS
ARD jro dpr - | ~ exp {—I'Q'L_"(P}
t Bepr X i Lus
« e 7 (s Uses) et
’Y)’L,(P

where the notation is unchanged.

Equation (6.4) points up an experimentally interesting
situation where it is possible that there be no first order
scattering at all. Here by scattered waves we mean those that
are capable of reaching a measuring instrument far from the z = 0
plane, namely, homogeneous waves. To envisage such a situation,
consider the case where U1 = - Uo' For tﬁe particular outgoing
homogeneous wave which satisfies ‘L'GB = 0, i.e., EGB = k, g&(r)
has zero partial amplitude. Hence there is no scattering in this
direction, and since we noted before in Sec. II that for A > a
or b, there is only one homogeneous wave, — viz the one going out in
the same direction as the incident wave =~ there is no scattering
at all in the usual sense, in this particular case. A second possi-
bility for a partial amplitude to vanish is that the corresponding
LGB be perpendicular to the lattice diagonal d and, of course
Uo = - Ul' In the first case it would be possible to measure
experimentally the evanescent components of the field without
interference from scattered homogeneous waves. The possibility
of actually measuring an evanescent component is dependent upon
how far that particular component can be propagated without

too severe attentuation. This question has been discussed in Sec. 5.
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VII. Summary . .
potential

We have attempted to outline an unusual approach taAigattering

by regular but non-orthogonal lattices. Our center of attention
has been on the near field of the scatterer, and we have shown
how the Weyl angular spectral decomposition of a spherical wave
can be used to sum all of the contributions to the scattered
field. Asymptotic expansions have been avoided deliberately,

and the usual scattering amplitude plays no role in our analysis.

We have derived a two-parameter discrete set of waves, our
so-called plane lattice waves, in terms of which the scattered
waves are expressed exactly. The discrete parameterization
afforded by the plane lattice waves has been used particularly
to identify the most important evanescent components of the
scattered near field.

The general criterion, for arbitrary lattice spacings and
incidence angle, governing the appearance of transmitted
evanescent waves has been derived in Egs. (5.5) to (5.9). The
complexity of these relations makes it practically necessary to
proceed graphically; and several simplified examples are given.

Questions having to do with more general scatterers such
as slightly irregular lattices or assemblies of random scattering
sites have not been investigated here. The appearance of

evanescent waves due to the collective behavior of scatterers in
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regular, finitely thick crystals can be inferred but not
derived from our work. Some of these, and other related

topics, are under investigation. We hope to report the results

at a later time.
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APPENDIX A

We discuss in the present section the validity of the first
order Born approximation, in which we have worked so far. This
approximation is meaningful only if lp;(;) in Egqs. (2.1) is

k.x

small compared to the incident wave ei ='= in the region of
the potential, i.e., if
(A1) /H);(r)} (<!
Because our scattered wave is a coherent sum of waves
scattered from the whole lattice, we may expéct a validity crit-
erion somewhat different from the usual one.

For simplicity, let us again assume a two-dimensional ortho-
gonal lattice with a =~ b. We will consider normal incidence,
and, to facilitate calculations, take for the potential Uo (r) a

"rectangular well" of the form

(A2) U, (x) = - U, (= const), for ——}Z‘T— < x,j'zé

X,

= © , otherwise

Here w of course is the width of the potential well and UO its
depth. We assume that the individual potentials overlap extensively,

so that w = a. With these assumptions we find

= i Loyt X ~ilup ' S
(A3) &, (r) = _l Z Q__ff_._j;g‘s U, (s)¢€
eig.r Zeo azk 0.6 a’,,P:—” m,(‘e Zz0
, (25 (a % +py) 5’" ARy ¢
= Uw 4 2 Ueze — | ds, € ° 7

v p AJ«“+@”~¢WT‘_
w W .
z -idngs, (4 ~1 2Ry 2R Jo P a8
x| ds € “‘G’J.aés;e Xt en
]
o

niE
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The first term within the braces is the contribution from the
single homogeneous wave a = B = 0 (we are assuming A > a) and
the prime over the summation indicates that this term has been

removed. A straightforward calculation leads to

00 l-_z_;:\_ x
() = A )Uo\,ﬁ v aliwat S o=
Tkt 47&“\ = n L
e Z:o . 4 :(!;o
- : -7;'——-2—" v - AV
(AL) x pin (B2 «) [4 bin (Z_Xu) e = |
— - R '».. A\
—co/\)(/‘;\w) e ¢ * + i]
/AR (ke +BY) AW : Rl
+ U, a” e - e 289 i (& "‘) 01m C%‘?’J
TR « P 0<P<0<L+@L_>
Wi - AW L at_av/q
[ e (5] T F A

St pr -

—
.

— ens (Z%) . W ooy g - /A N l]}

Since for any complex numbers & , Y we have | £ —'QI EZ’?['*’WJ,
we may rewrite (A.4), replacing all sines and cosines by their

maximum values, as

(A5) M < A i}U,wl +2_Q9_‘ii3i ’.l_;

TR T 4R TN ae P
e Z =0 _ oL go
-EM T g AW (7T
-i— JO(L.____ ‘\—)::—
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+ U, a” ZI! | H[-‘L- -BY o g s
I el p I LA Ty g -

+ e"j’la“:)'jc(”-rﬂk— /3 4 ’:H }

R 7 IR ropeproe
In the first summation both & . € , and €
are < 1 fora=+2,+3, .... . When o=+ 1 the first

exponential term might exceed unity. In the second sum, for all
allowed values of a,B, the first two quantities within the square

brackets are less than unity. Further we have that

(A6) / L — for all of # 0 -
o(@(o(‘”+p“’) < x {5 or all of

Hence we are able to obtain the estimate,

(A7) g, (x) < AUw? [l + 62 + a1 \4d
t k.Y C

[
Sk 24 A A ST anr >7“~;\TF
Z=z0

& a® 4 at >}
+ (2 + k) st Ay )l

The quantities within the square bracket are all ~ 1
(except when X 1is very close to a) since A~wand A > a.
Thus a sufficient condition for the validity of the first Born
approximation reads

(A8) U,owt L 47a
N W
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The criterion given in (A8) may be contrasted with the familiar
criterion (for low energies and weak potentials) for the validity

of the Born approximation

(A9) Uow> <<

Thus we see that for those evanescent waves for which ).:>a,
and for lattices comprised of relatively long range potential
centers such that w ~ A , the criterion (A8) is somewhat
less lenient than the usual one.

It is amusing to notice that, under the conditions stated,
the validity criterion (A8) may be phrased as follows:
"The number of bound states of the potential UO must be much
smaller than the Fresnel number of the aperture’formed by a
unit cell of the lattice, viewed from a distance w (i.e., from

the "edge" of the potential)'.
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APPENDIX B
As a last remark we indicate the form of the second order
. ) ’
correction 4%,(1) to the scattered wave function 2}2 (Y)
We again consider the infinite, plane, orthogonal lattice of

Section 2. We easily find

o0

Py $ iP Y
(xp) vV Lop "B L« =
Z’ ]—:(16 ].—:(’ /{5 (9 {3 e P

:-“d;{i:—w . P

Ms

B P (x) =

o

’

g v

where IA;P is as defined in (2.11), f’w is the same as in

2 X

Section 2 and

(x4)

. ’ i (Pxp - P ’)'é
(BZ) r ot = —.2 ' ) (iss - fa - p o (S .

This result is interesting because it gives us information
on the physical behavior of evanescent waves. Interpreting (B1l)
with the aid of the usual multiple scattering theoryls, we see
that the incident homogeneous wave transformed into evanescent
waves (a,B # 0) can be again scattered into, say, a homogeneous
wave (a', B' = 0) travelling in the positive z-direction. The
first half of this transformation -~ from homogeneous to evanescent

via diffraction - has been shown to play a role in image elimination

in holographys. We see here that if multiple scattering were
important, the second half of the transformation would lead to

image formation.
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Fig. 1

Fig. 2

Fig. 3

Fig. 4

Figure Captions

A rectangular two-dimensional lattice of scatterers.

a and b are the primitive lattice veétors, and the
incident wave vector k is shown perpendicular to the
lattice plane.

One layer of a non~rectangular three-dimensional

lattice. The z-axis has been chosen perpendicular to

the plane defined by the primitive lattice vectors a

and b which make angle 0, With each other. The incident
wave vector k is directed at an angle 8 from the z-axis.
The evanescence ellipse in the a-f8 plane which separates
the regions of evanescent and homogeneous mode index
pairs af. In this example we have chosen the physical
scattering lattice to be square with [a| = |[bl = zji'x,
and the incident wave to be directed normal to the
lattice. The consequence is that the evanescence

ellipse is a circle. Only a small number of homogeneous
modes, corresponding to the index pairs within or on

the circle, will propagate beyond the scatterer into

the z > 0 half-space.

The evanescence ellipse for the same conditions as in

Fig. 3, except that 6_, = 45° instead of 90°.

b
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Fig. 5 The evanescence ellipse for the same conditions as in
Fig. 4, except that the incident wave is not directed
normal to the lattice,but such that k is still normal
to the lattice vector a and makes an angle 60° with b.
The angle 6 (see Fig. 2) is then 45°.

Fig. 6 Schematic diagram of a two-dimensional lattice with two

different types of scattering sites.
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