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ABSTRACT

The three-body formalism for singular cores previously introduced by the
author is considered in some detail. A new derivation is presented which clearly
demonstrates the uniqﬁeness of this formalism, and a detailed proof of three-
particle unitarity is given for the amplitudes so defined. The kernel for the
special case of BCM alone is explicitly evaluated, and the result is used to
analyze some problems of solution common to these models. Applications of
the formalism and its relation to other approaches are discussed, and a generali-
zation of the BCM is introduced which leads to a potentially interesting and

readily calculable three-body model.
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I. INTRODUCTION

In a recent Letter} the present author introduced a generalization of the
Faddeev formalism to include two-body interactions whose extremely short-range
behavior is characterized by a hard core, or by a boundary-condition on the wave-
function (BCM). Using the special properties of the BCM t-matrix developed
ea.rlier,2 it was shown that the usual Faddeev equations do not yield a unique
solution for such interactions, but that a particular solution can be defined which
yields the desired physical properties. In particular, the resultant three-body
wave-function vanishes whenever any pair of particles are within their respective
core radius, while its asymptotic behavior correéponds to a unitary three -particle
t-matrix. In this paper we give detailed proofs of these assertions, present a
new derivation of our equation which clearly demonstrates its uniqueness, and
explicitly evaluate the kernel for 'ghe special case of BCM alone (no external
potential). This provides the theoretical groundwork for subsequent articles in
this series dealing with the actual solution of our equations for specific models.

The principal motivation for this development is the versatility afforded by
being able to utilize this additional class of interactions in the three-body problem.
For example, calculations to-date in the three-nucleon system with realistic
interactions have been restricted to soft core models and have generated some
doubt as to the ability of such models to fit the experimental data.3 It is not
unreasonable to expect the singular core models to produce qualitatively different
behavior; functionélly, the corresponding off-shell t-matrices are quite different
from those of soft cores, exhibiting the typical oscillatory properties of entire
functions. Whether or not singular cores can reduce the discrepancy with
experimen.t is of course speculation, but it seems important to explore this

possibility.



Nuclear physics aside, the formalism also leads to a number of applications
of interest to statistical and chemical physics. An example is the third virial
coefficient for a (quantum-mechanical) system of hard spheres. This can be
obtained knowing the wave-function for three particles interacting via hard cores‘,4
a special case of our formalism. In fact, with no increase in difficulty, one
could also perform such a calculation with hard cores plus weak attractive forces
characterized by the BCM. Such computations unld be facilitated by a fact
pointed out in B1; namely, that for the BCM (or hard core) alone, our equation
can be reduced to integral equations in only one variable. Finally, one can take
advantage of this property in introducing a generalization of the BCM which is
readily amenable to three-body calculations; we shall return to this point in the
final section.

We begin in section I with a brief review of the development given in B1.
By observing a special property o% the BCM t-matrix unnoticed in our earlier
work, we are able to present a new derivation for our equation which emphasizes
the fact that it is unique. Section III is devoted to explicit pfoofs of the three-
particle unitarity relations for our amplitudes. At the same time, the algebraic
notation introduced in Bl (and recapitulated in section II) is employed to construct
particularly transparent derivations of unitarity for the usual Faddeev amplitudes.

In section IV we introduce a "supér—vector" notation in order to simplify
evaluation of the operator product IQ appearing in our kernel; this result is then
employed in section V, where we explicitly evaluate the kernel for the special
case of BCM alone. Here the separability of the kernel in one of its (vector)
variables leads to a coupled set of integral equations in one vector variable;
projection onto states of definite total angular momentum results in coupled one-

dimensional equations. At the end of this section we take advantage of the relative



simplicity of this case to consider in some detail the relationship between our
amplitudes and the three-body wave-function.

Finally, section VI is devoted to a discussion of various aspects of the forma-
lism, its relation to the work of other authors, and to problems involved in
obtaining actual solutions. Here we also consider a potentially interesting
generalization of the BCM and outline the calculational program now underway.

In the Appendix we give a derivation of the operator @ which plays a crucial role

in our development.



I. THREE-BODY FORMALISM FOR SINGULAR CORES

In this section we briefly review the theoretical development given in B1,
recapitulating some useful notational conventions. We also present a new
derivation of the integral equation introduced in B1. This derivation supplements
the previous (more physical) argument by clearly demonstrating the fact that our
new equation is unique. As in B1, we make the nonessential but simplifying as-
sumption that our three particles are spinless.

We denote the mass of particle @ by m_, and the total three-body c. m. energy

o'
by W. Three-particle states are described by the usual Jacobi variables _p’a, ?fa ,

with the corresponding reduced masses oo Ma ;

7 = m +my ; (1)

_t Tt _t
M = m, + (m_ +m

gty

and (afy) are cyclic permutations of (123). In the usual channel decomposition,

the three-body state vector is lw> =Z |¢a>, where the I \ba> satisfy
o
lu,> = -Gty Lo - Gota 2 |‘l’,3> - @
B=a

Here t represents the two-body t-matrix as an operator in the three-body
Hilbert space, l qb> is a plane-wave state, and GO = GO(W) is the free
Green function. Equation (2) is one expression of the Faddeev equations.5

It is convenient to introduce the states | ap q > , where

GP A 8BTS = 8, s@-F) 8@ -T) . O

> J

[oN

744 |a730<eTd|=1.
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We can then define the operators t, I such that
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Here toz ('15' , p;: 8 ) is the off-shell two-body t-matrix for particles g and v,

energy s; the diagonal elements of I vanish. With the identification

— -

T = T e 210 o
and letting | vy =M |¢> , we can rewrite Eq. (2) in the form

M=1-Gyt+GytIM. (6)

It is important to keep in mind that the operators in Eq. (6) act on the states

of Eq. (3); in particular

e e 8,80 -B) 8(d'-T) ,
<ap q |G0|qu - 2 2 R * ()
p /:ZuoZ +q /ZMoz -W - ie

One can easily verify that I and GO commute.

The development up to this point is completely general, with the object of
obtaining the operator equation for M, Eq. (6). Since Eq. (6) is exactly

equivalent to the equations of Faddeev, one can immediately infer that it serves



to uniquely define M for a large class of two-body potentials. However, it was
shown in B1 that this is not the case in the presence of singular cores. The proof
is based on the fact that for such interactions, the two-body t-matrix has the

special property that

VGat=tGg V=V |, )

where V= V V corresponds to a square-well potential of unit strength and a

range aafor the matrix element

i gl BV =T = § pog B~ =
{ap'q IVIqu ap 8@ - ) Va(p p). (9)
That is, \7a (P) is the Fourier transform of the unit step-function 6 (aa~r).

Moreover, one can construct an operator Q of the form Q =1+ VB (I-1) with

the following properties:

/ QRQ =Q,
V(1-1)Q=01-1)QV =0, (10)
(1-V1) Q=1-V ,
QV =vVQV.
(An explicit derivation of Q is given in the Appendix. )Using Egs. (8) and (10),

one observes that

(1-GgtI) GOQX'? =0, (11)

and hence that (1 - GytI) ! does not exist. Therefore, one cannot use the
ordinary Faddeev equations (Eq. (6)) to uniquely determine M in the presence
of singular cores.
To overcome this difficulty, a generalization of the Faddeev formalism was
presented in B1. We consider a new operator T chosen such that
1-Gyt = (1-V) (1-G,t) . (12)
-7 -



A particular solution M to Eq. (6) can then be defined as M =Q Me , Where Me

satisfies the new equation

M, =1-G

. o+ Gfram, . (13)

This new equation was motivated in Bl by imposing reasonable physical require-
ments on the resultant three-body wave-function; namely, that it should vanish
whenever any two particles are within their respective core radius, and must
correspond to a unitary three-body t-matrix.

We now consider a somewhat different derivation which employs another
special relation concerning the two-body t-matrix: the fact that T can be chosen
such that

TV =0. (14)

Postponing a proof of this assertion until the end of this section, we proceed by

assuming that M is any solution of Eq. (6). Employing Eq. (8), it follows that

VM =V(1-Gt+GtIMm),
(15)

1l

ViMm.

The form of Q then implies that Q M = M. Noting that with our choice of
states (Eq. (3)) the relationship between M and the three-body state vector is

given by |llf> = (1-1) M| ¢>, we have that

D> =(1-T) QM | ¢ >. (16)
We next observe that, as a consequence of Eq. (14) and the properties of Q,
Ti1QV = tQV
- T7Q¥ (17)
= 0.



Hence, substituting Eq. (12) into Eq. (6), we deduce that

t1@M =T1Q(1-Gt+G,TIM) . (18)
Defining
X =tIQM=tIM, (19)

we obtain an integral equation for X;
X=E’IQ(1-GO?)+?IQGOX ) (20)

Comparing this equation to Eq. (13), we infer that X = T1 Q Me’ i.e., the
two equations are totally equivalent.

Moreover, we observe that X is all that is required to form | III> , since

Eqgs. (6) and (12) imply that

~

M = V(1-Ggl).(-1+IM)+1-Gyi + Gy X . 1)
Hence, due to Eq. (16), we have _
W>=(1-1) Q (1-Gpt+GyX) | ¢D (22)

=(1-1) QM, |¢>.

Finally, we note that although t is not uniquely defined by Eqgs. (12) and (14),
any change in T must be of the form Af = Go_l\N/' A. If we suppose that Mé
is the solution of Eq. (13) under the replacement T—1t' = T+At, it follows
from Eq. (17) that
M, = Mg+ VA(-1+IQM). 23)

However, | w> is invariant under such a change. We thus conclude that our
equation is to all intents unique.

We conclude this section by considering the nature of t and the proof of

Eg. (14). To do so it is clearly adequate to drop subscripts and work in a

two-body space. Denoting the core radius by a, we shall first deal with the



case of the BCM alone (f = ?BC) ; the subsequent generalization to BCM plus
external potential is trivial, We look for ch , the projection of ?BC on partial-

wave £, in the form

+BC BC :
tp (Phpis) = Gy(p's s)ty (k. p;s). (24)
1 /0 ™M
Here # =(2 M8 ) /% is the on-shell momentum value; tfb is thus
proportional to the half-on-shell BCM amplitude. We assert that Gﬂ may be
constructed in the form
2
2 2 2 .
G @8) =1+ (P -k")Y, a (£ j,, (@p),
n=0,2,...
(£ even) , (25)

0
- L)y +(p2-K2)§; B (k*) i () |,
n=1,3,...

3

(£ odd) ,

with a, = 'Bl = 0, and the remaining o Bn chosen such that GQ (p,8) « pjZ
as p— 0. To prove the latter statement we note that the o (Bn) can be determined
inductively, i.e., suppose that the statement is true for a given { (say { is even

for definiteness), then

a® 0.5y g

G p.8) —— P (26)

with G!(f) (0,s) completely determined by the o n<{. Noting that

Gy (0:5) - G (9,5) =@ - k) @), (k%) j(ap), @7)
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we can clearly satisfy the condition for £+2 by taking

(1)
2, (1)t G~ 0.5
KZQ.' a,!Z

ay ok (28)

Since the condition holds for £ =0 we are done (the proof for odd £ follows

similarly). Given Gg , we can now apply equation [39 3 of B2 to evaluate the

BC

operator product VG, t ; together with the explicit form for tBC given in

0

equation [48] of B2, this immediately verifies Eq. (12) for the BCM alone.
In order to generalize this result to the case-of BCM plus external
potential, we remind the reader of equation [71_ of B2, which states that
_BC, (1- B

¢ CGO)Ve (1-G b, 29)

in which Ve is the external potential. In view of the pure BCM result, we simply
observe that the choice

T=15C . (1-"EBCGO) v, (1-Gyt) (30)

satisfies Eq. (12). Given Eqs. (24) and (30) it is straight forward to verify that
T satisfies the unitarity relation
?ﬂ@',p;s+ie) —-Ntﬂ(p',p;s-—i€) =-im2M Ntﬂ(p',ic ;S+Hie )Afﬂ(fc ,p;s-ie) . (31)

In the subsequent sections we shall denote this symbolically by

At=T7-T =-T7aG,T (32)
- ~4
- - t AGO t P

AGO being the discontinuity of the free Green function.
Finally, having established the form of T, we turn to the consideration

of Eq. (14). It is clear from Eq. (30) thatt is of the form T = A B¢ B A

BC

However, since V, = (1-V) Ve = Ve (1-V), we infer that £V «tT°% V; hence it

- 11 -



is only necessary to treat the case of BCM alone. From the formulas developed

in B2 one can easily show that

g )
C(.pis) = PAGEE (33)

with
g,(p) =(ar -4)j,(ap) +ap j,,, (ap),

D,k ) = imM, « _[(am!Z - Dby (@) +ak by (@K )] . (34)

(With our convention lllé /Y g = KQ at the core radius). Note that the verification

of the above is greatly aided by the alternative formula

£,(0,2,1) = fax [afchﬂﬂ(ax) i) ~ by (ax) ap Jj,, (ap)], (35)

for the quantity fg defined in B2.

Consequently, the proof that TV =0 restson showing that
0
E[ ppgﬂ(p)V(pp)—O (36)
0

This, however, is somewhat delicate since I!Z is ill-defined. To see this it is

convenient to employ the representation

g (0) = [ drr®jyor) &, (1) (37)
0
(akﬂ+1)
/g\ﬂ(r) = 8(1‘ -a) + _S_QE:EL
a
Thus
1, = f drrZ/g\Q(r)e (a-r) j, (rp") (38)

G(O)gﬂ(p') -a 8(0)].2(3.131) ’

and hence is dependent on the ambiguous quantities 6 (0), §(0).

- 12 -



Tn this circumstance we argue that I!2 must be evaluated as a limit in
which the radial parameter related to g is taken to be b> a, the integral is
perfofmed, and the limit b—a is taken at the end; this prescription clearly
gives zero as a result. In order to justify this with respect to the alternative
choice of limit (a >b), we first observe that the pure BCM is a model in which
the wave-function vanishes in the core region and its asymptotic behavior sets in
immediately exterior to the core. However, the latter behavior is defined by
the t-matrix, and it is thus reasonable to associate the parameters of the t-matrix
with the external region (b>a). Moreover, if one re-examines relations such as
Egs. (11) and (15) in terms of such a limit, one finds that only the choice b>a
is compatible. Finally, a more detailed analysis shows that the choice a>b

leads to an exponentially divergent kernel in Eq. (13);

-18 -



HI. THREE-BODY UNITARITY

In this section we give an explicit proof of the three-particle unitarity relations
for our new formalism, Eq. (13). In doing so, it will be convenient to adopt a
notation of the type illustrated in Eq. (32) in order to express the discontinuities
of an amplitude across its cut. As is well known, the discontinuities of the off-
shell three-body t-matrix T as a function of the total energy W arise from two
sources:' (1) scattering to states consisting of three free particles, with a threshold
W=0, (2) elastic scattering of a single particle from a bound state of two others.

In the latter case thresholds are found at W = Vozj , Where -y @j is the binding

energy for the j-th bound state of particles g and y. The cuts from both sources
are taken to lie to the right of the corresponding threshold along the real W-axis.
As an illustration, we first consider the relation for cut (1) in the ordinary

Faddeev formalism. We note that-the relationship between M and T is given by

1-G,T = (1-I) M. (39)

By assumption, we have that in this case the operator

Z = (1-Ggt I)‘1 (40)
exists. The unitarity condition for t is that At = —t—AGO t+; thus
AZ =27 (1-GytT) AGgt 12" . 1)
From Eq. (6) we have M =Z (1-Ggt); it follows that
AM = AZ (1-G,t") - Z27(1-G,t7) AGt ",
0 0 0
R + ot + 4
= M AGyt™ (IZ (-G, t ] -1) , (42)

MAGt (IM-1).

- 14 -



However, Eq. (6) implies that
t(IM-1) = GO"1 (M-1) (43)

while AGO GO_l A = 0 unless a corresponding factor of GO occurs in A (AGO puts

operator to the right on-shell). Thus

AM = MAG, G, M' . (44)
On the other hand, Eq. (39) says that
-1
T = -G, [ (-1 1\/{-1] , (45)
and hence
AT = -G, (-1 aM. (46)

At this point we observe that the definition of I, Eq. (4), implies that

I =

DI

(1+I) ,

(1-1°

n

3(1-1), (47)

(1-I) @+I) = 0.

Since
M=Z (1-GtI+I-1) I'", (48)
-rlizanrt
we find that
(1-) M =5 (1-I) M (1-I). (49)
Thus
AT = -2 Go™' (1-1) M™ aGy Gt (1-)) M, (50)
= -3 TTAGyT'

-15 =~



where we have used the fact that I and GO commute. Note that the factor of 1/3
appearing in Eq. (50) arises from triple counting due to our choice of intermediate
states; Eq. (50) is exactly equivalent to the usual statement of three-particle
unitarity.

We now turn to an analogous derivation based on Eq. (13). Defining

Y = (1-GI1 Q" (51)
. M_ = Y(1-Ggt)
we have
AY =Y (1-G, 1) G, T 1Y, (52)

where we have used Eq. (32). Thus

- ~ +
AM, = M, AGjt M, -1) , (53)
= Me_AGO Go_l Me+
Furthermore, Eq. (51) implies that
Me =1+ Y Gyt (IQ-1) , (54)
and the form of Q implies that IQ-1« 1-I;
thus
1
(1-D QM, =3 (1-) @ M, (1-]) . (55)
Egs. (45) and (46), plus the relation M = QMe ,
then give us the result
1 ~-1 - -1 +
AT = -3 Gy " (I-I)Q My AG, G,y "(1-I) M, (56)
_ 1 .- +
=-3 T AGOT ,

lq = AG, G’O_l . Equation (56) thus establishes that Eq. (13)

having used AGO Gy
leads to the proper statement of three-particle unitarity with regard to the cut

of type (1).

- 16 -



We next consider cuts of type (2), recalling that

1
— 2041 A oA Baj®)8y; @)
t,(p's p; 8) > 47 F'-p) —
S_’Vozj o)

(67)

{ being the partial-wave in which the bound state occurs. It is helpful to define

the operators raj , Saj such that

o e = (20+1) A A
EP'd |y |VBT) = 8,8, 8(q" -Q) " PyR"-P) £,50")8,;(P);
- — - 8(P'-D) 5 (4" - Q) : (58)
B | S .| YyPd)y =8, 8
< @) poa oy qZ/ZM& - vggtie

The cut of t arising from the bound state pole Vaj then has the discontinuity

At =T858, . (59)

Clearly, .ASozj « 6(q—qaj) , where

Qo = 2M, W-vy0) . (60)

For the usual Faddeev theory it follows that

AM = AZ(1-Gyt') - 27 Gyat , (61)
- +
= Z GAtIM -1);
thus
-1 - +
AT = -Gy ~(1-) Z Gy At (IM -1). (62)
On the other hand, we note that the effect of the operator ASa j Saj_l is

to pick out the residue at the Vozj pole of the operator it acts on; hence

AS . S .‘1t=As
o

oi Saj , (63)

. ro.
] oaj

-17 -



for example. Therefore
As . s .l T=_as .S 64
i o] oj aj 0 (64)

aj
= -as . s "ra -Gt + G tIM
= -A88,:8,; G (-Gt + GtIM)

= ~AS, T, (IM-1),

= - At (IM-1).

Similarly, A
N (65)

_ -1
TS, A8y == Gy~ (1-1) Z (1-Gyt) S ,; o,

-1
G,” (1-I) Z Gy At .

I

r Where6

We also note that r .= = p . -
) o) aj
(66)

Thus r
AT = —GO'1 (1-I) Z°G, ;qal At (IM+—1) ; (67)
aj

r .
e, ta-nza & as . s .7F T,
0 0 pyi aj “aj

Defining AS
g 7t _ei g 1 (68)

we finally obtain
(69)

o +
AT =TT A, T .

When Eq. (69) is inserted between the proper initial and final states one obtains the

usual unitarity relations connecting the break-up, elastic scattering, and re-

arrangement amplitudes.

- 18 -



Finally, considering the same cut for our singular core formalism, we have

that i
AM, = Y Gyatam -1, (70)
thus
AT = -G, H(1-1) QY G AT (1QM," -1). (71)
Applying Eq. (12), we deduce that
G, At = (1-\7)‘(}0&’. (72)
Consequently, using the properties of Q given in Eq. (10) and Eq. (17), we find

that
1-)QYV = 1-) QV =.0. (73)

Thus
(1-I) QY~ GOA'E = (1-I) QY (1-V) ch?, (74)

= (1-I) QY"GO At.

Similarly, we note that

(1-DQM, = (1-)  (1-V) M, (75)
= (1-1)Q [1_GOt+(GrOt—\Nf)IQMé1 ;
this implies that
as . s .t r=_as . s e taonem (76)
aj “aj aj aj 0 e
=-AS . S 't aMm -1
Qj o ( € )
= - At (1QM,, -1).
Hence r
AT = —Go—l(l—I) QY G, ;ﬂl— At (IQM e+ -1), (77)
oj
A - At -1, +
= Gg (-DQY Gy —=— 8 T,
aj
=T A . T,
aj

the last relation following similarly to the above.

- 19 -



In concluding this section, it must be pointed out that the above proofs rest
on the existence of the operator Y defined in Eq. (51). At present the author
has not been able to prove this rigorously; however, the existence of Y has been
confirmed by the direct calculations to be described in the next paper of this
series. We also note the ease of the above proofs for the usual Faddeev formalism

as a result of the algebraic formulation introduced in Bl and summarized in

Section II.

- 20 -



IV. EVALUATION OF IQ

In order to apply our new formalism, Eq. (13), one must first evaluate the
operator product IQ which appears in the kernel. This being a somewhat tedious
process, we shall devote this section to an abbreviated derivation of the result.

The procedure followed is greatly facilitated by introducing a ''super-vector"

notation to describe our operators. We shall thus find it convenient to represent
. - = N
the pair of three-vectors P , @ by the ''super-vector" 7,

-3 .
)

represented as a two-component spinor, each component being a three-vector.

We also note that Eq. (1) can be shown to imply the following relations

_between the reduced masses:

i
B - ___Ma , (79)
M M
a B
K B
6 n o 1
MB m2 ’
Y
1 _ 1 “oz
M " m " mm
o o B vy

o 1
m
¢ 80
Rﬁa = , (80)
“Hg hg
M m
o o
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Eq. (79) implies that det RBOZ: 1,

[ -w -1

m

-1
Rgq = Y : (81)

ba  THe

M
B Py

It is also easy to verify that
R R R = 1. 82
yo aB By (82)

In what follows we shall mean by R 7 the ''super-vector" 7', where
B n n

T
7= Y : (83)
eI
m p
¢ Y

A,[) = A0 D =<AlaBT >, (84)
A,@) =B, @ = <TTIB).
From the matrix elements of I given in Eq. (4) one can then show that

AlLeTT) = - (R ) - A, (R&%'ﬁ) , (85)

{aDql1|B). =-e%’B(R&%—n’) - %y(R ")‘,

where o By are cyclic. Thus the operator I which connects the channels has the

effect of a rotation on7.

-929 -



As shown in the Appendix,Q is of the form Q =1 + VB (I-1), where

@FT [BIFFT = 8y, {8(A5>5(A’&) -3 8@V, @y)- 38 @)V @)

3 V@V, @ ) ee

A_§ :-.5"—15'9
A—q :E_E’ ’
K
— _ — _@ —
4 = Ap+ = Ad,
€ .
[
— —_— (874 - % K
g, =-Ap+— AQ, ace cyclic.
2 mcr

We thus observe that the above matrix element of B can be represented in the form

@a(Z{; ?;’1 , _’72) , with A, '7'7'1 , 5’2 the 'super-vectors'

801,8
& = _77 '_TT' ’ (87)
—— —1 >
T = Rge 8o

Note that .%’a & —771, —17’2) only depends on A and the upper components of
. 1 77’2 d,, 6’2). We take advantage of the fact that B and V commute to write

Q=1 + BV (I-1); Eq. (85) and the above representation then imply that

< p'q | IBIBDG Y = (88)
> -1 1 — - - -
-&. R - LIS - t _!
Bo U(n ROZO' ns Rore K Rean ’ Rozon n )
-85, BT ~R T R % -7, R _F-R\ )
Be e € Q ¢ Beg M 05 o€ Qo ’

with co ¢ cyelic.
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Comparing Egs. (86) and (88), we can now make a key observation which
greatly simplifies the subsequent analysis. That is, it is possible to represent

IB in the form

IB =1+C+VD. (89)
Hence, since £V = 0, and we shall only need the productTI Q =7 [I + IBV (I—l)]
for our integral equation, e.g., Eq. (20), we do not have to evaluate D. In fact,
one never needs D at all since neither the three-body wave—function7nor the on~
shell t-matrix require it (D does appear, however, in the off-shell three-body
t-matrix). As an example of terms contributing to D, we note that :%27 of Eq. (88)

contains the terms

where
~ »IJ' - - I"L ’
T = _ ¢ _ @ g
9 == 4-p + — 4 ; - (90)
o o]
")
— - _ _0'_ - —r— _->'
qz m_ q +p -9q

The important point here is that 'qu is independent of p'. Recalling Eq. (9) then
leads to the above conclusion. We observe in particular that all the double
products of V inB go into D, greatly simplifying our subsequent expressions.

Collecting the terms which contribute to C, it is straight forward to show

that
GFTICISTT = 3, § AT G2 T T T UT T
o o €
(91)
+ 8 ) - + ! 1 N 1 L
R A

age cyclic.
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The delta- functions in C make the product CV trivial to evaluate, and if we
adopt the further notation ”Va (;)—) = \704 (Ef) , the result is conveniently expressed

as

Ty =@ | CV | BFT) (92)

i

_ s Loyl r Tarls)y (3orlw
SBUZ Wo( ReozT7 +Raen) ye(n_Romn')

1 "1 _’1 — Y — ——
+5,8€§ %(Rao K _Raen> Vg(ﬂ~R€a7)'>-
If we now write )
IQ =I+Q,+0, +VD' ,
where (93)
& = CcV (I1-1),
Q =1V (a1-
l 9 Iv(I-1,
Egs. (85) and (92) imply that
— — — — --1->
<,8pqu,Ql|apq> = _ _Q,‘Ba(nt,n)_ %E(n!’Reanj_.%o(n',RaO_n)>

Bpt cyclic.
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In order to evaluate () 5 We proceed similarly, letting

BT IVIERTD= 8,5 %, (7). (%)

Equation (85) implies that

— - e —1 - —— -
i [ —_ _ 1 - !
@D T I1V|BPT) SBOWG<RM 7 ,n) 82 R MM,
aoce cyclic. Again applying Eq. (85), we obtain
BTl TT) = (96)

- - 1—" 1y
saﬁ[%(RTﬁ M Reg) +%< Rgp ' RBp.”)]

-
17 4 o9 7 —1—~>
* 8,7 (Rﬁpnm) + N (RTB" R "7 }

-

i - — ...1 — —
+ : LN+ !, ) :
80”_ _0)//7_ (,R"'ﬁn ,77> /p (Rﬁp Rprn :l
Bp+ cyclic. Finally, using the definition of % given in’ Eq. (95), we arrive at

the result

I

EP TN (97)

(0%

v"uﬂ"v"N—“v“ ";"ﬁ_@_""v v—’v"
o 8 (5-p+n—1~7(q —q)) Vp(q -q) + 8<p -pt - @-¢q )) r@'-q)

— “’B-»—»MT—'— ~ he —»“7'-» —>MB->->~->->IJ'T—>
" Oqr 8( '+a“‘q'+P"rrq) Vp(q"“P*a* )*5(13‘-5;‘1'- )VT(Q'+P+'HT ) -
g

With Eq. (93) and the above explicit formulas we can now proceed with the evaluation

of our kernel.
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V. KERNEL EVALUATION FOR THE PURE BCM

The simplest example of our formalism is realized when the pair interactions
are specified by the BCM alone (pure BCM).' In this section we shall consider the
explicit evaluation of our kernel for this special case. Aside from not having to
specify a particular external potential, this choice is motivated by several con-
siderations. In the first place, this model in itself is not totally uninteresting.
For example, it contains as a special case the proper quantum - mechanical
formulation for a system of three hard spheres. Moreover, as a consequence of
Eq. (24), the kernel is separable in each partial-wave, and hence the problem is
particularly easy to solve. It is thus quite practical to explore the consequences
of this model ( and a generalization to be discussed in the next section) as a first
approximation to the interactions in three-body systems of more direct physical
interest, such as the triton system.

Aside from these areas of in;mediate application, however, the expressions
which we shall obtain for the pure BCM play a special role in the more general
problem of BCM plus external potential. This is due to the fact that if we write

BC +AT as suggested by Eq. (30), the most singular part of

the kernel arises from ?BC. In fact, as we shall see, the pure BCM contribution

our general tT=1

to the kernel is sufficiently singular as to require special treatment.

In what follows we will use the separability of T BC to obtain a coupled set
of integral equations in one vector variable, the kernel of which we shall determine
in some detail. Coupled one-dimensional equations can be derived from this set
by projecting onto states of total angular momentum; since this is totally analogous
to the reduction of t‘he usual Faddeev equations with separable t—matricesswe
shall only sketch this step. In concluding this section we shall take advantage of

the simplicity of the pure BCM to investigate the relationship between our cal-

culated amplitudes and the corresponding three-body wave-function.
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It will be advantageous to define the states | afmg > and <azﬂm"ci | such that

A (67
Yﬂm(p') Gﬂ (P',Sa)

BPT | amT) = 9,5 3F-T T )
DQ (Ka)
(98)
latmi | FF'T) = 8,5 8(3-T) Y, (B) &70) .
Here
s, = W-d'/2M, |
/2 (99)

_ 1
Ka = Zp ozsoz)
while G?, gg, Dgl are the quantities defined in Eqs. (24) and (33) with a particle

index o added. It then follows that t BC may be represented in the form

BC
= 2; fda | 0§ > {otmd | . (100)
aim
Defining the amplitudes i
o - _ -
X (@) = LatmT | 1QM_ | ¢ >, (101)
o - - ~
Zp (4) = <am | IQ(L- Gyf) | ¢,

in which we suppress the parameters characterizing the plane-wave state | ¢ >

?

Eq. (13) and the above imply that ngm(éf ) satisfies the coupled equations

X% (q) = zg‘m(ﬁ’ﬁ Z fd'i' k%P @ xP_ @,

fm Ilm;ﬁ'm' f'm'
Bl'm'
with
K @) = {omd |16, | pm'T ). (102)

Employing the results of the preceding section as to the form of IQ, we now
proceed to evaluate explicitly the matrix elements of this kernel. troducing

the cyclic set ao €, we begin with the diagonal element (B=a). Recalling
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Ed. (93), we observe that there are contributions to this element from Ql

and 92, so that

dpY,, (D)
ot Bt R 1
@0~ i [0, 0
’ ﬂi(K ) p-k o
x Lap'q |2+ 9, | aBT ). (103)

Equation (94) implies that the contribution of er to the above double integral is

m
P -k . o

dp Y,, ~ -\~ - -
fdP'Y (p')g;z(P)f:;Y"—n%(g) 1 (p,s W( ,e A)Y (P"“a x),

(104)
where we have made the change of variable D' =P +P and introduced A =4'-4q.
We now substitute for \76 and \N{T their Fourier transforms, e.g.,

V@ - fdszei X-Q, @ x), (105)
(2m)
while \Nfa (@) involves the coordinate y and range a,-

Making the subsequent change of variables

V=y-x, (106)

Eq. (104) becomes

L
- ucalﬂ . vlv AL* A
—— [ a7 T2 [ain ) ) ¥ vy, (8 X

=

i
— o — — [0 -
X - - — - —_
e(a€ v ~ u|)9 <a0 | v+ - ul) . (107)

8
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Here we have made use of the representation

Y 0 x
Xy &g )Y, ® Y, @ (108)
fm

and the properties of Ga, (p,sa) which follow from Eq. (25) to deduce that

2

dp AL O it. D 2.0+ 1 A
J‘__zp—__ Yﬁcmr(p) Gﬂl (p’SOl> € = 271 KOZ hﬂt(u'{a) Yﬂlm!(u) H (109)
p -k,

while Eq. (37) and the relation

[- -]
2 . . : u -
fdpp jp)j, (rp) = T AEZEL (110)
0 r
imply that
- ¥ AL iU P 2 .- Aw * A
[as v @y ey e = ot oy ). (111)

We now introduce a partial-wave expansion for the product of two theta-

functions,
[ e
— QU - — O - _
ofag~1T- 52Tl ) 0 (a,- 1T+ 22T = D 0f (i@,
g € LM
(112)
hence
1 u v
o _ _ -o-__-gg_-» = o -
6 (u,v) = 27rf dz P (z) 6 (ae Iv = ul) 9(3‘0 |V + ——u I) ,
-1 (02 €
z=10.% (113)
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Defining

2
az 2 “a 2
s~V - 3 u
Z = ’
M “oz
2 uv
m
€
“2
az _ VZ _ o uZ
€ 2
ZL = m .2
~2 & uv
m
o

it is easy to see that 7

M
(0%
6 1 (uyv) = 27r/ dz P (Z) ,
Az

Zy = min(1l, Zy), Z; = max (4, Zi),

where the integral is taken to vanish if ZM < -1, ZL> 1, or ZL > ZM

Adopting the notation

1.0
ij'm

Jab v, Yy @)

_ [(2!2'+1)(2L+1)] 1/2 & (L2'%; Mm'm) C (1.£'2;000),

4m(20+1)
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for the integral of three spherical harmonies,9 and employing the expression for

&% u given in Eq. (37), Eq. (107) becomes
g, (1) )

- 1K
N LH'-0 T4 %
Ir ZLMl IMm'm LM @) f dvv’] V&) T1elVo4 )

where (117)

ol _ a o
JL!Z‘!Z(V’Ka) [(aa hﬁ ! ) hﬂ'(aaKa)+aoaKoz Q'+1(aaKa)] eL(aoz’V)

a'
aahﬂ‘(aafca) GL (aa,v).

We next note that the contribution of Qz to the double integral in Eq. (103)

is given by

(118)
Making use of the relation
"_,Q o -
*A,,_1f/\ * A QTP
Y, @) ip') = o —Jdry, (r)e ; (119)
we observe that
A Ay B AT L+£‘—ﬁ Lo
[a ¥y B) ¥, Be] 01 =47 el v @)
LM
(120)

x fo arr®§ (r)j; (rQ)iy(xp)

for ' =p + @ , where we have used Egs. (37) and (116). Employing this
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relation in Eq. (118), and performing the dp-integration as in Eq. (109), we

find that the Qz contribution becomes

L-i-ﬁ'-ﬂ Lo * o :
47r Z “Mm'm LM (A) {[(aahﬂ - Q') hﬁ‘(aozxoz)+aoz Q'+1(a‘ K )]

% N%, (A.a,) - a b @yr,) Ni'(A’aoz) } ’

(121)
where
MOM ok
———— = VA1) Jp, VAV (A)i, Vi A) -
(27) € [o)
In adding the two contributions exhibited in Eqs. (117) and (121), it is helpful

to represent them in somewhat similar form. It is clear that if we write

N% (A,u) = fodvvz ip (vA) p?i W, v), (122)

we can express Eq. (121) in the form of Eq. (117) with an mtegral ﬂ,ﬁ(v K )
defined as in the second part of Eq. (117), but with 93 replaced by pL . To

determine the latter we apply Eq. (110) to obtain

o0
o 2 2. o
py(u,v) = 7;}0 dqq”j; (vq) Ny (q,u). (123)

Given the explicit form of N(IIJ , the integral can be evaluated with the aid of the

expression

Do a) =5 fdzPQ(zn (xa), (124)

r = (v2+ 0'2 -2vg z) 1/2,
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invoking a standard property of the spherical Bessel functions, as well as the

formula
1

27r2

V@ = fodmczjo(xq) 0 (a,x), (125)

which follows from Eq. (105). We thus obtain

=

1

@
@ = 27 T. 25
pL(u,v) =27 Jl(iz PL(z) {e(aa— | v+ m_ u|>+ 6(a€—|v m u |>}

(126)
If we now compare this expression to the definition of 90£ given in
Eq. (113) it is clear that
Z
o M
P V) f d v [ a 127
—r—— =) 42 P ) f z P (2) , (127)
%1,
with Zy defined as in Eq. (115). Defining
& o o
> (@) = pp (v) - 6 (u,v), (128)
L
it follows that
. o
Z, (u,v) =4W6L09(ZM'ZL) + Q(ZL'ZM) Py, (u,v),
L,

= 4mdy 0(ay %) F2T O 0 (Bp -2y [9 (1+2,) + 6 (1-zL)]

2T 8 (zL— ZM

Zyp)
b e [PL+1 @) - P, (2) ] ) : (129)
L
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Here one takes P_; = land, as above, P (z) is taken to vanish if |z| > 1.

Recalling Eq. (114), it is straightforward to show that

0 (zy=Zy) = H(V-vgZ (u)) ;
with 1/2

m aZ+m az -l u2
V(C)M @) ={ € C g_€ o } . (130)

Similarly, the conditions |z | < 1 restricts v to being less than a finite upper

bound depending on the mass ratios and core radii, i.e., v < VMAX |

To complete our evaluation of the diagonal element we introduce the definite

integral

1 YMAX o
Rfﬁ (A,u) = -4:—7%—/ dvv?j (vA) ZL u,v). (131)

Recalling Egs. (34) and (103) we obtain

KO - - (L0 L0

imy'm' @09 =7 L Mm'm LM (A)R A,2,)
h
Q'(a K ) — 1
. a o L+!Z A a o, _a
+2“alaozxoz Doz (k) L ijm LM (A) {O\Q —)\Q') RL(A’aa)
1"V o LM

ol
- RL (A.a,) } . (132)
Here we note that R%' means the derivative with respect to u; Eq. (131) is to be
evaluated with u regarded as infinitesimally close to a, (these integrals are in
fact elementary). For a given £ and {', due to the Clebsch-Gordan coefficients
L'

contained in JMm‘ , the diagonal element of the kernel is a finite sum of

functions which can be expressed in closed form.
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Turning now to the off-diagonal elements, we first note that

lop'd' [T loBTy = - & R I AP R 133
p'd" | I [oBT) P 4-9') (P +q+ =~ T |, (133)
€ €
P o - M -
<afﬁ'ayl1| E'f)('l“>_—, -8 (p+n—1€_ q+qv)8(p|_q_ nix q' ) ,
ag g

age cyclic, where we have used Eqs. (4) and (79). We will also need the integral

d*E A ag e = "’
p o N
Y, Q) -
- dm I _
e 2 2 [Ck (Q,SO) fQ(Q’ao" KO')} 3
Q -k
where we have used the partial-wave expansion
T e A * .
VO' (.p - Q) ""_ Vﬂ (p’ Q) Yﬂm (Q) Yﬂm (p)a (135)

Iim

and Eq. [39] of B2. Given the above, it is straightforward to show that

KOZcr (-—, -~ Y* 1/;' a p! v 1/5 ¢ (P

fm;l ' ey = 7 m ¢ o)y | e Il'm'(ae)ﬂ'( oe,2a,"s)
o -1 5 5

Z’“Lcr [DQ' (Kcr) :I %€ - KO_
—_ A

dp Y, (@) ek

o xm " : y Y

+ p2 _ '{2 fﬂ' (psao_ y KO) ‘/€ (p %e) Y,Qm (p ) gﬂ (p ) R (136)

g
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with ' = Kozg -D . Here we have introduced the quantities

by — -
Pap = Hilmp— 2 *+e /> (137)
“Ol - Mﬁ —
ap (i)<mﬁ Q- m a7/

where the upper (lower) sign pertains if af is cyclic (anticyclic). By employing
methods similar to those discussed above in the evaluation of the diagonal element,

the integral term in Eq. (136) can be expressed as

I-L-f 'L LL" * oT
4772 ja ’MM'%MM" YL"M" (A L'M‘ (PO'G) FM' LL'L”( ozo’Ko)‘
LL!LH
MMM (138)
Here we have defined
2
o d ~e€ o
FM?;LL'L" (P,A,x) =f ;%p—x—z“ fg,(p,ao,x) VL' (p,P) MQLL" p,4),
0 -

(139)

where

_ _ T .

We note that the summation over L in Eq. (138) is over all integers, while for
fixed L the other indices have a finite range. In practice, the F . LL L integral
falls off rapidly as L increases and the sum may be safely truncated; this integral
is complicated but can be performed analytically. The K€ element can be

obtained from the above expressions for Kowby simply exchanging ¢ and €.
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We have thus obtained explicit expressions for the kernel of Eq. (102),
involving at most one infinite (and rapidly converging) sum of elementary functions.
We note that, as anticipated in section II., our kernel does not contain any ref-
erence to the ambiguous quantity Gﬂa (p,s), i.e., the kernel is invariant with
respect to allowed changes in ? It is also worth noting that although £ QB (p',p;s [3)
blows up exponentially like e—IaB K‘B as q— o , the effect of integrating T with
Q GO is to explicitly cancel this divergence. Thus, the divergent quantity
[Di,(« B) ] o only occurs in the above expressions multiplied by either
fg' (p,aﬁ,fcﬁ) or hﬂ,(aﬁfc B), which contain the explicit factor ela'B “B .

In order to reduce Eq. (102) to a set of coupled one-dimensional equations

one proceeds in the usual way, defining the functions

o;dM ALE oA -
XM () =Y cuw;muM)f ad vy, @ X2 @ (140)
o _
which satisfy ©
a;JM a;dM 2 af;dM ;dM
X @=172 @ +Z /dq‘q‘ )\iw (@.4" Xﬁw @"- (141)
paAr Jo

Here the driving term is given by Eq. (140) with X replaced by Z; the kernel is

afl;dM Ao, X A -
Kmi,,\, (q,q')=§ C(m;mum)C(Q'A'J;m'u'MquYM @) fdﬁ'Yx,“'(q')Kfn[i;ﬂ,qu,Q')-
mp
mip' (142)

By employing standard tricks with rotation functions, the double integral in Eq.

(142) can be reduced to a single integration over a . (’i'.
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In concluding this section, we consider the relation of our amplitudes

X;_Mm _(BI) to the three-body wave-function. Recalling that

[w>=(1-)QM, |¢ >, (143)

it is straightforward to show that

eEFIe) = (FF | aM, | ¢

v (B -2 T+7, -3 £ Flameled
Y B Y
- K .
R e T (LR

o B v cyclic.
As we have discussed previously, the effect of Q is to guarantee that the wave-
function vanishes when any pair of particles are within their respective core

radius, i.e., {¢X7]| &> is zero except in the exterior region defined ble

X > aa,
Yo = =], ,
m_ *"Y|> %, (145)
Y
K ,
-If——'f-? > a, .
B

Given the form of @ =1 + V B (I-1), Eq. (144) then implies that the wave-function

in this exterior region is given by

e @ T = {eEFF I a-npm | ¢ (146)

- 39 -



Defining the exterior channel wave-functions

ext , - - .
VET) = aXT M0, (147)
and substituting Eq. (13) for Me’ it is easy to show that

wZXt & 5= {af7 | 1-Gyt ¢
(148)

We note that the first term in this equation is simply the product of a plane-wave
for particle @ and the usual BCM wave-function for particles 8 and v.

Finally, using the relations

vy eVl o T (149)
2 A B 2 A
Vx { Y (%) hQ(KX)} = ~«"Y, (X)hxx),
Eq. (148) implies that
2 2
v v
—_ X Y ext - = ext - -
2“'0[ + 2Ma lﬂa x,y) = Wl/la x,y), (150)

or
ext -
(H0 -W) t//a x,y) = 0.

Since I and HO commute this explicitly verifies that

—

H,-W) ™ &) =0, (151)

Thus, as the nature of the model requires, llfeXt is a superposition of eigen-
functions of the kinetic energy operator, the superposition being taken to impose
the boundary conditions at the core radii and the unitarity relation asymptotically.

- 40 -



VI. DISCUSSION

In the preceding sections we have considered in some detail a specific pre-
scription for introducing singular cores into the three-body problem. It is
important to note that we have made the explicit assumption that our three-body
wave-function must vanish whenever any pair of particles are within their core
radius. This is equivalent to assuming that the BCM is present in each two-body
partial-wave, i.e., that there is some minimum radius ry within which all two-
body partial-waves vanish. However, it is quite possible to introduce models in
which the hard core or BCM appears in only a finite number of partial-waves.
Our proof that the usual Faddeev formalism does not yield a unique solution does
not apply to this case; on the other hand, the Faddeev kernel is not square-inte-
grable, and hence one cannot prove the existence of solutions. Of course, this
does not mean that such solutions 'do not exist, and numerical solutions have in
fact been obtained for the case of hard core plus square-well (two-body s-waves
only) by Kim and Tubis.11 Due to the centrifugal barrier, it does not appear likely
that one will be able to distinguish between these two possibilities from the ex-
perimental information contained in higher partial-waves; their relative useful-
ness will hinge on the nature of the three-body predictions generated and the ease
of calculation they afford. From the latter point of view, our approach has the
advantage that the pure BCM part of the interaction reduces to an equation in only
a single vector variable, a simplification analogous to that occuring in the usual
Faddeev formalism for separable interactions.

As we have stated previously, our formalism shares the lack of square-inte-
grability noted above. To see this one need only observe that the first term of
Eq. (132) involves only the difference q -q'. Thus, if we were to Fourier-

transform the equation the kernel would contain a piece proportional to § (X - X'),
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proving the assertion. This property is reflected in our integral equation by a

slow rate of convergence at infinity, a consequence of which is that Gaussian

guadrature is ruled out as a method of solution. It was thus necessary to develop

special numerical techniques which we shall describe in subsequent papers. It

should be emphasized that this is true only for the pure BCM part of the kernel

for '"mormal" external potentials.lzTo solve Eq. (13) for the general case, one
BC

would substitute t = T + A,

-1
M, = (1-G0t~BCIQ) R , (152)

and solve the equation -

' 1 |
R =1-Gyi + G AIR(1-Gi ") R (153)

for R. Here one could solve Eq. (153) by standard Gaussian methods, computing
1- GO?B CIQ)-.1 by the special technique as in the case of BCM alone.

In order to solve our equations, e.g., Eq. (102), in practice, it is necessary
to truncate the sum over { by restricting the number of partial-waves in the two-
body channels. It is important to keep in mind the difference between this procedure
and the alternate approach discussed above. In our case this is merely a numerical
approximation, good to some degree of accuracy. At each stage of approximation
(number of partial-waves kept) the basic conditions on the wave-function (vanishing
in the interior, unitarity) are satisfied, and the limit as we take more partial-
waves should exist. If, on the other hand, one assumes from the start that only
a finite number of partial-waves contribute and employs the usual Faddeev
formalism, one is committed to this viewpoint. Our proof indicates that the solu-
tions obtained in this fashion should diverge as more and more partial-waves are
retained,

Calculations are now underway which exploit the relative simplicity of the

equations for BCM alone. Aside from direct applications such as the third virial
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computation described above, these calculations should provide some insight into
the type of solutions one can obtain from this new class of possibilities. Further-
more, it is this part of the more general interaction that presents the major dif-
ficulties in computation and which will be input into the general problem as out-
lined above. Once having established the required techniques for this special
case the full range of models will be calculable.

Finally, one additional possibility is being explored which is of potential
interest. The key observation is that by putting a particular type of energy-
dependence into the logarithmic parameters 7\2, one can maintain two- and three-
particle unitarity while putting in "exact" two-body phase-shifts. That is, by
taking ?\ﬂ (Kz) to be a meromorphic function of « 2, chosen to fit the experimental
phase-shift in partial-wave £, all of the above formalism goes through. This may
be regarded as a kind of "asymptotic model'" in the sense that the two-body

asymptotic behavior sets in immediately exterior to the core. The effect of this

model would be to generate a three-body wave-~function based on interactions
which are physically correct at both very short and long range. In turn, this
would be a useful tool with which to probe the sensitivity of various characteristics
of the ""physical" wave-function to the dynamical region in which the particles are
fairly close together. This program is quite practical in two important aspects:
(1) it is not difficult to convince oneself that rather excellent fits to the nucleon-
nucleon phase shifts can be obtained in this way; (2) this model possesses the same

computational advantages as the ordinary pure BCM.
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APPENDIX: CONSTRUCTION OF Q

In this appendix we derive an explicit form for the operator Q employed in

the text. We want Q to be of the form

Q=1+VB(-1), (A1)
where V and B commute, and Q satisfies the properties summarized in Eq. (10).

We first observe that it is sufficient that B satisfies

Va-n¥Ba-1) = ¥a-n , (A2)
and is diagonal in the coordinate representation. Since V is also diagonal the

commutivity follows trivially, while

Va-nQ=vVa-n [1-VBa-n] =0; (A3)
hence
(1-VDQ = (1-V)Q = 1-V.
Also, it is easy to verify that IT =I; thus, taking the transpose of Eq. (A2),

(1-nV = (1-) VB (1-D) V. (A4)

This implies that

(1-I) QV = @1-1)V [1-B@-V] =o, (A5)

while the remaining properties of Eq. (10) follow trivially.

Therefore, it is only necessary to find a diagonal operator B such that
Eq. (A2) is satisfied. To do so it is convenient to make the double Fourier
transformation p — X, ¢ — y and to consider Eq. (A2) in coordinate space. It
is also convenient to utilize the "supervector' notation introduced in section IV,

such that ( - )
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One can then easily verify that

(eXy | 1] BT = 0, a=8; (AT)

It

-F (Rﬁa 0, ), «f cyclic;

"1 - «
~-F (Raﬁp, M), Ba cyclic.
Similarly, representing
T | BIBX'TD= 8,,8FX) 8GTF) B,  (A8)

it follows that -

QXY | VA-1)VB | BX'7 | (A9)

=0, x) {aX7| -] KT Do (@g=') By®")

Using Eqs. (AT7)and (A9), one can easily show that

(oFy | V (1-I) VB(1-I) , 15D (A10)

=

= [e(aa—x) Ba(]o’) + 0 (ac— | —n-(? X-y |)BU(RUaﬁ)

€
+ 6 —|”—O—l§+"'|B Rz ><<””ﬁ']11 39
IR s y1)B, (R, P axy |V(1-D) |y pa),

a

with o e cyeclic.

Comparing this result to Eq. (A2), it is clear that our purpose can be achieved
if we choose Ba(_ﬁ) such that the bracket in Eq. (A11l) is unity for x < a,. To do so,
we consider in turn four separate domains,

Suppose first that

X <a, ,
Yo = = . A1l
m y > o’ ( )




let us call this region Ioz . In this region the last two theta-functions in the bracket

vanish and we may obviously choose

B,/ =1, 7 e 1. (A12)

We next consider region IIa , defined by

X <a_ ,
[0
ﬁg_i-" < a
m_* 7Y o (A13)
“Ol" -
}?{'X*Y’> 2e
a

For this case the first two terms in the bracket contribute, but we must be careful
in handling B OgRUa"p’) since its argument lies in a different domain. Letting

o= Rga'ﬁ , we have that

ot x'-y'| = Lo X+y | > a (A14
— y - y c )
07 o
v
O'*‘+->! - ——
~—m€X y X|< a,,

for pe Hoz' Hence, defining region IIIa to be the domain

X <a,,

“a{ —- —

ﬁ—-x—y > aa, (A15)
€

W
o —- —

ﬁ_l— x+y| < 3.6 .
o

it is straightforward to verify that for ge Ha , Roa'p’ € 1110. Similarly, one
1 -

finds that for p ¢ IIIa, R;ze D € II€. Therefore, we can satisfy our requirement
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in the regions Ha and I]Ia by taking

e 1 -
Ba(p)———:z-, p € Hoz’ (A16)

or p € oI,

Finally, we consider region IVa , defined by

X < a_,
(07
IJ’a-—» ——
A X-Y (< a_ . (A17)
€
o
o — —
—I—n—X+y < ae.
g

Here all three terms in the bracket contribute, but one can show that for 5 ¢ Noz R

R 7 e€lIV_and rR7! p € IV_. Thus all of the B-functions are in the same
oo o o€ €

relative domain and we may simply take

>, 1 —
B,p) =5, BelV,. (A18)

The above requirements on Ba may be summarized in the explicit formula

I u
=1 -1 2 x_ %) -1 M2
Ba (p)—l—2 6)(::1(r o X y{) 5 ] <a€- - x+y> (A19)
€ I
[ M
1 & - - X = -
+ 3 6(0— m_ x—y’)e (ae— —m;x+y )

(Since B only occurs multiplied by V one need not put in the explicit factor
6 (aa— X)).
We have thus demonstrated the existence of our @ operator by actual con-

struction. Given Eq. (A19), it is straightforward to perform the Fourier transform

to derive Eq. (86) of the text.
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