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ABSTRACT

On the basis of current algebra and PCAC a sum rule is derived
which relates the electromagnetic pion mass difference to the differ-
ential cross section for a charged pion pair production near the

threshold through virtual photon-photon annihilation in electron-

electron (positron) collision.
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in electron-electron and electron-positron scatterings (Fig. 1a) at high energies is that
the fundamental process of photon-photon interactions can be studied through these
colliding beam facilities. This appears to offer a practical means for investigating
this theoretically fundamental yet experimentally very difficult process. Most of the
theoretical s’cudies2 so far made the so-called "equivalent photon' approximation
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tering angles. Recently, Brodsky, Kinoshita and Terazawa, 3 and Walsh ™ have con-
sidered the interesting possibility of studying the deep inelastic electron-photon scat-
tering by allowing one of the electrons to suffer a wide angle scattering. Even though
the cross section is expected to decrease rather rapidly with increasing momentum
transfers, it is clearly of great theoretical interest to explore what one can learn
from the additional information gained by allowing both electrons to have finite mo-
mentum transfers. In this letter such an example is considered. It is the production
process of a T pair near the threshold5 in the colliding beam experiments via the
annihilation of two virtual photons of equal but arbitrary space-like masses. Using
algebra of currents, hypothesis of partially conserved axial current (PCAC), and

soft pion technique, we derive a sum rule analogous to the Cottingham formula6
which relates the electromagnetic pion mass difference to the amplitude for a rtr

pair production near the threshold.

The process of interest is7
e(py) + e(pg) — e(p}) + e(Py) + ¥(q;) + 1(a,) (1a)
Y(dy) + Ady) —m(ky) + m(ky) (1b)
and described in Fig. 1la. We will always work in the colliding beam cm system.

Momenta of various particles are designated in parentheses following the particle



symbols in (1). By momentum conservation, we have
= -— ! = —- T
4; =Py - P}> 4y =Py - P, (2)
Algebra of currents and hypothesis of PCAC determine the amplitude for (1b) at the
unphysical point

4+ =0, k. =k, =0 (3)

From this unphysical point one must extrapolate to the nearest physical point, namely,
the production threshold klO = k20 =m_, ~k«~1 = 52 = 0. In addition to q? and qg, there
are two invariant variables available in the process (1b), namely, s = (q1 + q2)2, and
dq° kl. These two quantities vary from zero to 4m72r, and mi, respectively, in the
minimum extrapolation. Asaconsequence of the space-like nature of the two virtual
photons, the range of extrapolation for s and qq kl from the unphysical point (3) to
the threshold is only of order m7zr and it is independent of the virtual photon squared
masses qi = qg. Thus, the usual smoothness assumption of PCAC suggests that the
amplitude at the unphysical point (3) should be a good approximation to the amplitude
at the physical threshold. The correction introduced by the extrapolation will be dis-

cussed in more detail at the end of this paper.

The hadron dynamics for (1) is contained in the tensor

) f *iql-x
M, =i (dx) e <k1k2|(Ju(x) J,(0),.10> (4)
where J“(x) is the hadronic electromagnetic current. In the soft pion limit,

kl’ k2—~0, application of PCAC and algebra of currents reduces Muv to the following

form 8

1

M
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where F. is the usual pion decay constant and Vu(x), AM(X) are the third component
of the strangeness conserving vector and axial vector current, respectively. In
terms of the spectral functions pV(mz) and p A(mz) for the vector and axial vector
current as introduced by Weinberg, 9 and assuming the validity of Weinberg's first

spectral sum ruleg:

oym? - p m%

dm2 2 = F7r (6)
m
we obtain
2 99,91 2
M, > — e —E=21 1Q)) (0
kl,kz——o (2m 2w12 wz q;
where 2)
2 9 P (m P (m)
Q) = = fam® ¥ A ®)
1 2 2
F7r Q] +m

with Qi=—qi > 0. The validity of Weinberg's first sum rule (6) is crucial for gauge
invariance and absence of additional seagull terms. Thomson limit is ensured by
£(0) =1, which again is a consequence of (6).

When extrapolated to the physical threshold M;w (ql,qz) must satisfy the crossing

symmetry

M, (d1:99) =M, (d5> ) (9)
and the gauge invariance

q’iMW =M, 4y =0 (10)

A gauge invariant generalization of (7) to q, +q,#0 is unique if terms quadratic in
1 72

the pion momenta are neglected. Finally

q, 4
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where Qz =—q§=—q§ . The differential cross section for (1) with the special kine-
matics
+p,=q,+q, =p.+p. =0 22 12
D1 "4 L T TR =Y, 4179 (12)
can now be given in terms of f(Qz):

do 1 (2_2—>2 iz X 2 | 4m
1 1 - -
dEldQ.ldEde2 8 \ T Qz Q2+ % S s

X [}i (1+x2)2 + X2 cos™ —g] [f(Qz):l2 (13)

where so=(p1+p2)2, and E'1= E'2 are the energies of the two final electrons, respec-

tively; Ql and QZ are the solid angles of the two final electrons (p'1+g'2=0), 0 is
the angle between Py and B'l; and x = E'/E (E is the energy of the initial electrons).

In (13) we have neglected the electron mass in the numerator and allowed the invari-

ant mass squared of the two final pions to be slightly above the threshold,

. 2 2 2
ie., s=(q+q) = (k1+k2) 2 4m_ .

Now, Das et al. 10 have derived an expression for the electromagnetic mass
difference of the pions based on the same assumptions that lead to (11). It is given

by

2 * 2
M =7 [ 9@ Q% (19

m

Combining (13) and (14) together, we arrive at a sum rule:

do
9 dE]dQ,dE;dQ, (ee—»eeﬁ m )|p1+p2 =p|+pL=0
m s -m o fdQ L1m 5
s—4m_ 1 (@®Z (S0 x 2\/ dmp My 22 2 48
a\a )\ 3 51 1- S Z(1+X) +X cos 5
Q Q+ S

(15)
This sum rule is the central result of this Letter. It is reminiscent of Cottingham's
formula except that the pion mass difference is expressed in terms of the virtual
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reliability of PCAC and Weinberg's first spectral sum rule. It should be noted that
the algebraic sign of the pion mass difference is not determined theoretically by the
sum rule. The choice in (15) corresponds to the empirical situation.

We make several comments on the sum rule (15).

1. In the original calculation of Das et al., 10 it was assumed that Py and p A

9 and tha
A

sum rule” and the
KSRF11 relation were further assumed. A value of 5 MeV is then obtained which is
in reasonable agreement with experiment. Sum rule (15) does not require the exist-
ence of A1 whose experimental status is still not totally settled, nor the validity of
KSRF relation. However, Weinberg's second sum rule must be assumed in order
that the pion mass difference be finite.

2. It is known that in a nonlinear chiral Lagrangian approach, pion mass dif-
ference is logarithmically divergent if terms proportional to m12T /miz) are kept. 12
To eliminate this divergence Schwinger13 and Lee14 proposed to introduce a form
factor in the p- photon vertex. In such a model the pion mass difference is finite,
but its value can no longer be predicted. Once rendered finite, terms proportional
to mi/mi are small (~10%) for a wide range of choices of the form factor15 and
therefore can again be neglected. Under this approximation sum rule (15) still holds
since (13) and (14) involve the same unknown form factor.

3. In view of the above remarks our sum rule offers a somewhat better test of
PCAC. So long as the neglect of pion mass is a reasonable approximation, any addi-
tional assumption made will affect both (13) and (14) in such a way that the sum rule
remains valid.

4. Although the reaction rate for (1) decreases as Q2 increases at fixed inci-

dent beam energy, it should also be noted that the differential cross section (13),



increases with beam energy at fixed value of Qz. At sufficiently high energy and
high luminosity, in principle, it should be possible to determine the function f(Qz)
from (13). To give a rough idea about the order of magnitude involved here, we

22 0.5 (GeV)z, and

present the following numbers. If s = (2.5 mﬂ,)z, Q
s, = 36 (GeV)”, then (13) gives do/dE}dQ, dELAQ, = 0.7x 10‘34[f(Q2)]2 em?/Gev?,
f(Qz) = 0.4 assuming p and A1 dominance, Weinberg's second spectral sum rule, and
KSFR relation. Suppose dE'1 =dE'2=50 MeV, dQl =d92 =0.1, then do=0.3% 10—38
cmz. This is too small to be measurable at presently available colliding beam
facilities.

5. To same order in the fine structure constant, there are other mechanisms
which could produce a charged pion pair in the final state. A charged pion pair can
be produced by the decay of a virtual photon which is radiated by one of the electron
lines (Fig. 1b). For electron-electron colliding beam these are the only additional
diagrams. It is, however, not the case for electron-positron colliding beam. For
the latter, there are also the diagrams as shown in Fig. 2. In the soft pion limit
the amplitude associated with Fig. 2b can be again described by the same structure
function (8) with time-like q2, and with obviously much less reliable extrapolation to
the threshold. Estimates based on pole dominance and Weinberg's spectral sum rules
give a negligible contribution to (13) since both photon propagators are of order L

50

and the structure function provides further damping when s, is beyond the resonance

0
region ("/S_O 21.5 GeV). We note that all the other diagrams (Fig. 1b and Fig. 2a)
are described by the pion electromagnetic form factor and produce a charged pion
pair with opposite charge conjugation from that produced in Fig. la. Thus, if the

charge of the individual pions is not observed, there is no interference in the cross

section between the two types of amplitudes. Furthermore, since the pion pair
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produced by Bremsstrahlung is in p-wave state, these diagrams give no comribution16
to (15) in the limit s—>4m72T .
The author would like to thank his colleagues at Cornell for discussions, and

Prof. S. D. Drell for useful comments and his hospitality at SLAC in the summer

of 1971.
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FIGURE CAPTIONS

1. a. A charged pion pair production by two-photon annihilation in ee ore e+
colliding beam experiments.

b. A charged pion pair production by Bremsstrahlung in ¢ e or e e scat-
tering diagrams. The radiated virtual photon can be from any of the
four charged lines.

2. a. A charged pion pair production by Bremsstrahlung in e'e” annihilation
diagrams. The radiated virtual photon can be from any of the four
charged lines.

b. A charged pion pair production involving Compton amplitude with time-

like photons in e"e” annihilation channel.
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