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ABSTR4CT 

We consider the production of pion pairs in the Coulomb field by 

photons and pions, a method which can be used to study the 7r - r inter- 

action. Simple general formulas are given for the angular correlations 

of the 71 pairs, the behavior of the cross section with angle and energy, 

and the effects of the p” coherent production background. 
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The question of the nature value of the T -T interaction, particularly in the 

s-wave, continues to be of the greatest interest in elementary particle physics. 

It is relevant to such diverse questions as the final state interaction in K” decays, 

chiral symmetry, and nuclear force calculations. A considerable effort has been 

expended in studying “p reactions’ in situations where r exchange is dominant, 

allowing for a separation of the process 7~ + 7r-- r -t r. This method, particularly 

for s-wave TVJ interactions is troubled by the facts that the p resonance in the p- 

wave is the very dominant feature of the 7~7r system, and the existence of possible 

background processes other than 7r exchange, some of which can behave like r 

exchange, makes things somewhat “dirty. 4 Pais and Treiman3 have proposed 

a method, using K---?Wv decay, which is “clean, ” involving only relatively well 

founded theoretical assumptions and which essentially can yield information on the 

rr phase shifts in the region rnz, to 12 rni for s and p waves, isospin T = 0 and 1, 

respectively. Creutz and Emhorn have also discussed the colliding beam experi- 

ment e+ + e- - r + 7~ + y which can be used to study C = 1-1 states (even partial 

waves and T = 0,2) of the 7r~ system. 

Here we would like to discuss another method involving Coulomb production 

of T pairs with incident photons or pions via photon exchange (“Primakoff EffecV’) 

(see Fig. 1). This method, already used for determining no and 77 lifetimes, 5 if 

experimentally feasible: would have several good features. 
, 

It is %lean” from the theoretical point of view. The production takes place 

at large impact parameters, far from the nucleus, yhich is reflected in the pro- 

duction angular distribution of the 27r system by a sharp peak very near the forward 

direction. If this peak is clearly seen, the events in it can only come from the 

photon exchange process and we know the process took place outside the nuclear 

matter. Furthermore the Watson theorem, i. e., unitarity together with time 
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reversal invariance, tells us that the phase of y + y-x + r or 7r + y- 7~ + X- has 

the phase of T - x scattering. These phases may be examined by looking at inter- 

ference effects between partial waves of the n - r distributions in their center-of- 

mass, just as for the 7r exchange mechanism. 

Since the most interesting problem is the prodnction of the 7r - 7r s-wave, which 

cannot be reached with an incident 7r (see below) we first discuss photon induced 

reactions. Since two photons give a state of even C, C invariance says that the 

27r system can only be in states of even angular momentum, s = 0,2,4, . . . In 

particular the mechanism does not give the p” state. The isospin states reached 

are then T = 0 and T = 2 and in particular the method could be used to look for a 

T = 0, s = 0, “or* resonance. The method is applicable when the minimum momen- 

2 tum transfer to,produce the TUT system, Aoz rnx* /2k, is on the order of or less than 

(R nucleus) 
-11 , when the peak rises very sharply due to’Ao approaching the Coulomb 

\ 
pole at t = 0. Higher ?r - r masses such as in the f” region are thus accessible 

since for an incident photon energy k, of 15 GeV for example, we have m2 /2k = 
f0 

50 MeV. It must be kept in mind, however, that the peak narrows with diminishing 

A, so that very good momentary transfer resolution is necessary to take advantage 

of the rise of the Coulomb peak. 

Whether there is any practical point to these considerations depends entirely 

on whether there will be a distinguishable Primakoff effect peak which rises above 

the background due to nuclear production. For rnTn in the p region, it is necessary 

to overcome the strong coherent p production at small angles; we discuss this below. 
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To get an idea of the possible rates of s-wave production we assume that u 

exists; the unknown part of Fig. 1 is then the matrix element corresponding to 

the decay u-y + y. On general grounds the form of this matrix element is 

M = f &k) ‘k*q gpv 
L (1) 

where q, k and are the momenta and polarizations of the respective photons. 

This corresponds to a decay width I’(c-yy) = - 
6:~ tf) 

2 m:and gives a pro- 

duction differential cross section for o, in terms of q2, the momentum transfer 

squared,q2r -a2 3 - 
J 

, 

du - E 8~ r(~~--ay) & 

dq2 

(k0)2 2 2 F2(A2) 

mu “0 + tke) J 
(2) 

where we have used high energy kinematic approximations. The cross section goes 

to zero at 8= 0 because there is no helicity 1 state for a cr. It turns out, as we 

shall see, that this behavior holds regardless of the spin of the final state. The 

form factor F gives the effects of the nuclear shielding and charge distribution. 

Its effects are not significant. 7 This cross section, of course, is integrated over 

the mass spread of the o. These calculations show that the Primakoff effect rate 

for the (+ meson bears the same relation to u-y + y as in the 7r” or 7’ case. 

Hence it is perhaps feasible as far as rates are concerned to look for the elusive 

(T in this way. Similar ideas have been mentioned by Rosen. 8 Let us now go on 

to consider the production of the general 7r - r system. 

KINEMATICS 

Certain kinematic simplifications in the high energy, highly relativistic limit 

are very useful. First of all, the energy of the incident particle o is taken to be 

much greater than the mass of the 7~- 7~ system and we always use small angle 
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approximations. Inthis case the energy in the lab system of the 2n’s is almost 

exactly that of the incident particle o =~(y) z w(2n). Near the forward direction 

the three momentum transfer in the lab has a longitudinal part A, and a trans- 
2 

verse part AT. %7r These have values A0 z 2~ and AT r kezo0, t9 being the angle 

of the 27r system’s line-of-flight with respect to the incident beam direction. The 

invariant four-momentum transfer is then -a2 = +;+A;]. The characteristic 

peak for this process, as given by Eq. (2) occurs around AT c A, so we are 

always concerned with small values of q2. 

Since the analysis of the YUT system will be done in its rest frame, the 7r7r c. m., 

it is convenient to know certain quantities there. We refer to these quantities 

with an asterisk (*). The energy of the incoming beam, w* may be estimated as 

follows: we see from Fig. 1 that the upper vertex may be thought of as a “decay*’ 

(7rr) -y + y, where both photons have approximately zero mass; this gives im- 
m 7riT mediately 01* “N - 2 - Another useful quantity is the angle X between the beam 

and the target nucleus as seen in the r - T c. m. In Fig. 2 we sketch the configura- 

tion of vectors in that system. For comparison we also show the lab. configuration. 

That the angle X is small can be seen by choosing an axis in the lab along the 7r - 7~ 

system’s line-of-flight. The beam’s momentum transverse to this axis is N WB =AT. 

Now performing a Lorentz transformation along this axis to the 7r- r c. m. this 

transverse component is unchanged. On the other hand, we know that the total 
m 

length of the beam momentum vector is w* = F . Then the angle with this axis, 

which is the same as the vector labeled “target nucleus, If is 

AT X=0* 2AT x- 
m 7r7f 

. (3) 

n 

m” 
Since AT in the peak region will be on the order of A0 = s typical values of 

m 
this angle will be X- 5 . Finally, increasing energy for the beam is reflected 
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in the 7~ - 7r c. m. by increasing values of the nucleus’ momentum N, Mw/mnr . 

This means that the value of the nuclear current vector (sum of initial and final 

nuclear momenta) transverse to the beam direction in this frame is 

N;=ZM-$- 
mr x= 4zAT 

(4) 

We will need this result in the next section. In the region of the peak then N+ 

will always be on the order N; - 2M. 

GENERAL SHAPE OF THE DIFFERENTIAL CROSS SECTION 

The general matrix element corresponding to Fig. 1 is essentially-3 ’ JPN 
4 P 

where JP is the electromagnetic current operator connecting the beam particle 

to the 7~- 7r state, and Ncl = (Nl -I- N ) 
2i-4 

is the current of the nucleus. It has been 

shown in general work 9 on this subject that in a frame where fi is large, such 

as the one we will use (viz. the 27r rest frame) that only virtual photons which 

are transverse to 3 contribute significantly, while longitudinal virtual photons 

can be neglected. This classical result means that matrix element is proportional 

to the transverse momentum transfer and gives the characteristic peak at AT= A, 

and zero at 6 = 0’. 

Since the natural “Z axisl’ for the problem at hand is the beam particle di- 

rection in the 2n rest frame (Fig. 2b), let us show directly that this kind of result 

is also true with respect to this axis; this is possible because of the smallness 

The essential point is current conservation $JPe= 0, and g”NP = 0. This 

allows us to write 

- NTJT (5) 

of x. 
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where “Zft and lrT” (for transverse) are referred to the beam (or exchange) 
2 

direction in Fig. 2b. Now we show that g 
*2 z 

N* is negligible compared to N$. 

Since Nj$ NN N&X the point is to show 90 2 that q /q,,2<< 1 . From the estimates 

in the previous section this means 2 A, + A [ 2 t]/m,7i<<AT. -This inequality is 

clearly good, due to Ao/mrr << 1, except in the insignificantly small region in 

AT’ 0 < AT < A:/mr71. Since A, NN m2 T,/2w these approximations improve with 

energy. Finally we note that since J$ and J+ are in the r- 7r rest frame and 

refer only to the beam particle and the m - 7r system they are essentially inde- 

pendent of the energy o, and therefore a large value of Jg cannot in some way 

compensate for the smallness of(q2/qE2)Ng. Thus we can write in the 71~ rest 

frame 

#J 
P 

= - N$J$ . (6) 

Since N$ ‘is proportional to AT by Eq. (4), the cross section will always have the 

characteristic form 

tN*,12 Ac 
dp-q4 - p$cg 

(7) 

This is a general result and applies to any inelastic photon exchange process with 

J$# 0. 

COULOMB PRODUCTION BY PHOTONS 

With the general result (6) in hand, we now have only to construct the matrix 

element J connecting the beam particle by photon exchange to the final 2n state of 

definite spin s. 

For an incoming photon k and an exchange photon q this amplitude will have 

two indices p, v for coupling initial and exchange photon respectively. Current 

conservation dictates 

li” A@) = 0 = At’) qv 
PV PV (8) 
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The state of spin s may be represented 10 by a tensor Q . ..p.. .v of rank s which 

reduces to a traceless, symmetric tensor with no “time” components in the 7r - 7r 

c.m. That is, 8 obeys 

PP O.../l...v = 0 (9) 

g %3...p...v = 0 (10) 

@...p...v = 0 . ..v...p... (11) 

where P is the total momentum for the ~1r system, P = pl + p2. The actual 

construction of 0 from the vectors internal to the 7r - 7r system does not concern 

us for the moment. 

For a virtual photon (3 helicities) and a real photon (2 helicities) combining 
c 

to form the final state we must have, with parity conservation, l/2 x (2 x 3) = 3 

independent amplitudes. Thus we must construct 3 independent amplitudes, with 

two indices, containing 8 once, and obeying Eq. (8). We have at our disposal in 

additionto 0 thevectors kand q, (P being eliminated by k + q = P) and the tensor 

gpv * We can form lower rank tensors from @ by contracting with k. There is 

no need to contract @ with q since by Eq. (9) and k + q = P we have 

kb.. .p. . . = -q%. . .#u.. . (12) 

For a contraction of 0 with say two k’s leaving indices 1-1, h free we adopt the 

notation 

(13) 

Note by Eq. (11) that the order in saturating the indices does not matter. The 

reader may now verify that the following amplitudes satisfy all the necessary 
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conditions for AK, where @(‘) is of rank s. 

A(,s)[k.qg -q k](kk...k@) 
PV I-tv (14) 

q(kk... k@(s))Pv -q&kk... k@ (s) ts) ‘A kk )v +(kk... k@ &kv - k. q( . ..k@ (‘1 ) 
J 

(15) 
Af’ k. q(kk.. . k@@$ - (kk.. . k@ 

i 
(s) )qP IC k- qgv -q2kv 1 (16) 

That the three amplitudes are independent is established by looking at the number 

of free 0 indices present in the final result; (15) starts with two, (16) with one 

and (14) has none. For the special case of s = 0 only (14) is needed and we recover 

Eq. (1). The coefficients A(S) i are functions of the rnrr and q2, although q2 will 

always be so small that we can ignore its variation in the A's. 

Now note that (16) corresponds to the exchange of a longitudinal photon in the 

m c.m., thus it is negligible by Eq. (6) since it gives no contribution to J$. .. 

Similarly note that only the first term in each tensor contributes to the transverse 

current in the 7r - 7~ c. m. 

Thus for an incoming photon of polarization i the Coulomb production vertex 

has, in the r - 7~ c. m., the form 

A@) i 1 _E +(kk... (kk... k@) 
jk (17) 

Now the tensors @ (s) are easily constructed for low partial waves s. Since we 

are to evaluate Eq. (17) in the 7r- v rest frame, we only need the rest frame 

reduction of 0. 

-9- 



The only vector internal to the S- - 7~ system from which to construct 8 is the 

relative ?T - 7r momentum p*= -pl - _p2. Thus @ has the form 

Q(O) zz 1 

(1) 

Q(1) = p* 
1 i 

'jkfPT 'ik'Pk6ij) 1 (1') 

The fully saturated @ is just the Legrendre polynomial, (MC. . . k @ (s) ) = 

_p*S&*” Ps(;* * k*,. For the Coulomb photoproduction problem we need only s 

even, and M becomes 

M = Ei. N$) + Ay’ Jam _k*2 p,(f;* . &*) - ; Af’ _p* 21 

+ % (ci * E*) @; . p*) Af) + (spin 4 and higher) (19) * 

At relatively low values of the 7~ - 7~ mass where the A t2) (d wave amplitudes) 

and also p wave interference from the p are unimportant, the interesting thing to 

study will presumably be simply the magnitude of A (0) to see if there is a bump 

corresponding to a “u” resonance. Note there should be no production with polarized 

photons if 2’ 1 2%. At high energy, in the T - r mass region beyond the p, approaching 

the f”, Eq. (19) may be applicable without interference from the nuclear production 

amplitude. In this case note that the various amplitudes may be partially separated 

by studying the correlations in /Ml2 between the photon polarization 8, the momentum 

transfer direction y; and the 7~ - 7r relative momentum p*. If we take 5i 1 N$ then 

only / Af’i 2 enters in the cross section and its magnitude may be found. 

Interference terms between different amplitudes will generally be of the type 

Re Ato) At2)* > involving the cosine of phase differences. If we consider using 
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circularly polarized photons it is amusing that the sine 

like duR - duL - Im A(‘) A(2)*. The unpolarized cross 

Eq. (19) is given by 

enters from relations 

section corresponding to 

c )Mj2 = l$IA”’ + A~)_P*~ &*2 P,(fi* . i*) - $ A~)x*~/~ 
i 

+ p (p*.pJg2 [z Re {(A(‘) + Ai”) lp*2 &*2 P2($* . k*) - i Ai2)) Ai2)*} 

(21) 

If we bring out the nuclear charge Z and form factor F(q2) explicitly, the cross 

section corresponding to M is 

du 1 
-=2 ds2 C 

ZF(q2)Y2 $ /M,‘2 dl2p,dm 
q IrT (22) 

4 

which has the form as claimed in Eq. (7). - w ‘i 

While we expect (judging by the known 7r - ?T resonances) the T = 0 forces 

(s) to be more important than T = 2 forces, each amplitude Al and Ag’ contains 

contributions from both isospins. Although the amplitude to a state of definite 

isospin must have the phase of n - 7r scattering, they can have different 

(s) magnitudes for Al and A(zs) and so when combined to give a definite charge 

state A?’ and Af’ need not have the same phase. If one or another of the 

isospins is dominant Al and A2 have the same phase. The general analysis, 

however, involves study of the experimentally difficult r”7ro state. The isospin 

relations for the amplitude are 
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If only T = 0 is present the production of 7i+r- is equal to 7r07ro for a given orientation 

of p*; the total number of charged pairs is twice that for mO?‘rO. Interference between 

the different isospins may be eliminated by using the combination of cross sections 

2 do(r+T-, p*) + du(n”ro, p*) since 

21A(w+7F)j2 + I~(7r’~r’)/~ = ]A(T = 011 2 + (A(T = 2)j 2 

Note that the kinematic analysis of this section applies equally well to IS?? pairs 

(with C even). It is no longer true, however, that the phase of production of a state 

of definite isospin has the phase of K?? elastic scattering, since the channels nr 

are open to K pairs. 

In the region near the p” meson the interference with the p” diffractively 

produced on the nucleus will be important and in fact may be useful through inter- 

ference with the Coulomb produced s-wave 7~ - z state. We may take the amplitude 

in the r - 7r c. m. for this p” production to be e i1 l p* since the polarization of the 

p” is that of the incident photon. This means that to Eq. (19) we must add, nor- 

malizing to Eq. (22) 
2 . . 

Mp=he 
la C &p*= I&* (23) 

where a! is the phase of p production on the nucleus, presumably near n/2, and C 

is the production magnitude times the Breit-Wigner form for the p. 

On lead at 15 GeV the nuclear coherent p” production 11 at t = 0 is - 586mb /(GeV)2. 

This quantity is approximately energy independent. If we assume that u exists and 

the respective ?f” and u coupling constants are the same SO that (u- - yy)/m3,= 

rp” -m)/rnz then Eq. (2) gives on lead for a u mass of 750 MeV ,I 

.-k 1.3 x 10 -2 k2 (k~~Ao12 mb 

ds2 E + (kd/Aoj2j2 GeV2 
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with the lab. momentum k in GeV. Thus it would seem that even with a k = 20 GeV 

photon the Coulomb production of a u which lies under the P will be one or two 

orders of magnitude below the nuclear coherent production. Note, however, that 

Eq. (23) indicates that the p contribution may be strongly suppressed by taking 

E*L 5, either with polarized or unpolarized photons. Furthermore for lower masses 

the p contribution drops substantially while the Coulomb production rises as 
-2 

AO 
-4 

N(m,lrJ l 

The presence of a small s-wave term may be magnified through its inter- 

ference with the p-wave; it is noteworthy that the interference exists even with 

unpolarized photons. 

Restricting ourselves to s-wave Coulomb production and the nuclear p pro- 

duction we have in the 7r - r c. m. 

M = f l @+A(‘) -i- p*D) (24) 

Now - N$ or 5 -E* eliminates s-wave or p-wave respectively. With unpolarized 

photons 

‘c lM12 = a$2 1 A( +&$ 1Dl2 + 2 Re(A(‘)D*) E* l z$ 
i (25) 

This is then to be inserted in Eq. (22) with D given by Eq. (23). 

The interesting s-p wave interference may be examined by studying the 

asymmetry in the E* l z% distribution, i.e., by comparing rates with say the 

rt- on the ?nsidefl or “outsidel’ of the momentum transfer direction. An inter- 

ference effect of this type, peaked near Ao, would be evidence for the Coulomb 

production of the s-wave state, and may be the most promising method for a u 

near the p. 
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cou~oiu~ PRODUCTION BY ~10~s AND -0~s 

A complementary process to the one we have been discussing is Coulomb 

production by a pion (or kaon) beam, so that the upper vertex in Fig. 1 now cor- 

responds to r + y-r f Tr. This has been discussed by several authors in the 

past 9,12 we include it for completeness and to emphasize its possible use for 

studying 7r - 7r interactions. Here again the process takes place predominantly 

outside the nuclear matter, so the situation is “clean” and the amplitudes have 

the phase of r - 7r scattering. Particularly interesting may be the possibility of 

eventually doing 7r + e--e + ?r + r tfelectroproduction” on the pion.’ In this case 

there is no nuclear production and very good resolution is not necessary. A 

300 GeV 7r beam as at Batavia could reach 500 MeV in the r-e c. m. so that pions 

can be produced. Unfortunately production of s even 7f - 7~ states are forbidden 

so that the first state to be formed will be the well-known p-wave, and the f- 

waves probably do not enter until substantially heavier masses. That only s odd 

can be produced may be seen from the following simple argument: the exchanged 

photon may be thought of as a combination of p and L) mesons, but by G parity 

only the T = O,O component enters. But then the isospin of the final pair is one 

and only s odd is allowed. Note that this reasoning does not apply to incident 

kaons, so that a d-wave K-n pair, for example, can be Coulomb produced. The 

s-wave, however, is always forbidden by parity conservation. 

In any case for each spin s there is just one amplitude for the current J 
I-1 

connecting the incident particle to the final pair of spin s 

Jcc = x A(‘) el.lvhp(k + q)’ kh (kk. . . Q(‘))p 
S 

where k is now the momentum of the incident 7r, In the r -T c. m. this becomes 

C A(@ m TiT @* X N*). (kk@(@) 
- J j (27) 
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Thus for incident pions we have 

M = rn*&@* X N*) . E* 
f 
A(l) -f- 5 *2&*21 (3) 2\@*.p*)2-E 5 jA +... ) 

(27) 

In this case the amplitudes have directly the phase of T = 1 ?T -7r scattering 

in the appropriate partial wave. Pion Coulomb production is thus complementary 

to that by photons in that odd partial waves are accessible. Estimates have been 

made for the rate for p Coulomb production, 12 giving, for example, 8pb on Al at 

10 GeV. 

For incident kaons even partial waves are to be included so that 

M = rnKfl xE*) . E* { A(l) + ;Q* . &* At2) -t .-. . ) (28) 

and the Ai for K”?‘r or Kn” contains contributions from T = l/2 and T =‘-372 states. 

Note that Eq. (28) coming from Eq. (20), leads to the general form, Eq. (7), even 

though the earlier assumption that the mass of the beam particle is negligible may 

not be true when kaons produce low mass states. 
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FIGURE CAPTIONS 

1. Photon exchange graph. 

2. Kinematic configurations in lab and m - x c. m. systems. 
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