SLAC-PUB-782

(TH)
August 1970

FIELD THEORY REALIZATION OF THE DROPLET MODEL*

Shau-Jin Chang

Physics Department
University of Illinois, ¥ Urbana, Illinois 61801

and

Stanford Linear Accelerator Center
Stanford University, Stanford, California 94305

(Submitted to The Physical Review)

3
Work supported in part by the U. S. Atomic Energy Commission and the National

Science Foundation under Contract No. NSF GP 19433,

TPerma.nent address.



ABSTRACT

We demonstrate with two field-theoretic models that the operator droplet
model proposed by Chou and Yang can be understood as due to the contribution
from a class of leading Feynman diagrams at s = «, In the first model, we
consider a theory which consists of both a strong and an EM interaction. The
purpose of introducing two types of interactions is to supply a natural division
between the production of particles and the interaction between the jets. In
this model, the sum of pure photon exchange diagrams leads automatically to
an expression identical to that of the operator droplet model. Limitations and
generalizations of the model are investigated. The second model is derived
from pure quantum electrodynamics. We find that an operator droplet model
formulation can reproduce leading amplitudes in quantum electrodynamics,
including those. which give rise to (!Zns)N behavior. This confirms and generalizes
an earlier result of Lee. We demonstrate explicitly how the N~bubble diagrams
should be treated in this calculation. By including diagrams related to one
another by covariance, a reference-frame-independent result always emerges.
These frame-independent results coincide with earlier calculations based on the

usual Feynman rules,



1, INTRODUCTION

Chou, Yang1 and their coworkers have proposed that the high energy scat-
tering can be understood qualitatively by a droplet model. In particular, they
conjectured that hadron production processes can be understood through an
operator version of the droplet model. In a recent article, 2 the operator droplet
model was put into an elegant and useful form by Lee. Lee then applied the
operator droplet model to quantum electrodynamics (QED), with the identifi-
cation of the matter density p and the charge density. He demonstrated that
this model can reproduce the field-theoretic results of Cheng and Wu3 as to
impact factors. It is interesting to know whether or how more complicated
(ﬂns)N—dependent terms can be obtained in Lee's formulation. It is also im-
portant to find out if his conclusion can be generalized to high order processes.

The purpose of this paper is to show that the operator droplet model results
can indeed be optained by summing proper set of diagrams. By establishing
the connection between a physical model and a category of Feynman diagrams,
one can hope to gain some insights and understanding of the mbdel, such as its
possible limitations and generalizations. This is one of the important reasons
for carrying out a systematical analysis of Feynman diagrams.

The first model that we shall study is a combination of a pseudoscalar meson
theory and the electromagnetic (EM) interaction. We first analyze a diagram by
decomposing it into units which are joined together by pure photon excha_n,cgeo4
Each of these units defines a primitive piece, as introduced in paper IOI. For
simplicity, we shall ignore further EM interactions within these primitive units
(hereafter referred as hadronic blobs). In this way, we make a division be-
tween the hadronic interactions within the blobs and the EM interactions between
the blobs. The dynamical distinction of these two interactions is important in
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the first model to achieve our conclusion. An especially simple set of diagrams
according to this classification is shown in Fig. 1, in which there is no further
hadronic bubbles lying between the blobs associated with the incident particles.
By summing over diagrams of this category, we obtain a result which can be
identified with that of an operator droplet model with an s~independent potential.
This potential is the two-dimensional Fourier transform of the one-photon
propagator, Contributions due to further photon-photon interactions can be
partially handled if one modifies the potential to include all connected diagrams.
The modified potential acquires an s-dependence.

In pure QED calculations, the sum of diagrams in Fig. 1 no longer expo-
nentiates to a droplet model form. However, the operator droplet model can
be recovered formally if one includes all leading graphs and if proper care is
taken in defining the infinite momentum matrix element of the product of currents.
Formal perturbative calculation reveals that for a certain important class of
f.inal. and intermediate states, the matrix element of the currents diverges
logarithmically at large s. This indicates that there is some implicit s-dependences
in the QED expression described by the operator droplet model. This implicit
s~-dependence is associated with the increase of the available fn p . phase space
at s — o, Z Once we realize the origin of this hidden fn s~-dependence, we can
reproduce all the leading amplitudes in QED from an operator droplet model

1 and by Lee.2

expression suggested by Chou and Yang,
The paper is organized as follows. In Section 2, we consider a model in

which a strong interaction and the EM interaction a;‘e treated separately. We

analyze a particular category of diagrams due to multiphoton exchange and show

that it leads naturally to an expression identical to the operator droplet model.

A simpler and more straightforward derivation is obtained in Section 3, based
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on essentially the same assumptions. In Section 4, a generalization of this
model to include a larger set of diagrams is outlined. In Section 5, we
demonstrate how the operator droplet model can be used to compute leading
QED diagrams, including those which give rise to ({n s)N behavior at large s.
The conclusion and a comparison of our model to Feynman's parton mode16’ 7
comprise the contents of the last section. We also include a short appendix to

demonstrate how one can obtain commutator relations on the light cone from

the conventional equal-time commutator relations.

2. MULTIPHOTON EXCHANGE DIAGRAMS

We consider a simple field theory model with both a strong and an EM
interaction, th =& st & EM" We may take the strong interaction, for

example, as pseudoscalar mesons ¢ coupled to nucleons ¢ through the coupling

F

ZS = ig Iﬁiys -27—' v ¢, or as quark-quark interactions. The conclusions of this
o

paper do not depend on the detailed structure of the strong interaction as long

as there is no fundamental strongly interacting vector field. The EM interaction,
on the other hand, is mediated by a vector field (the Maxwell field) SZ’EM=ejMA“
with

i, =¥y ¥ . (2.1)

To avoid infrared divergences, we give our photon a fictitious mass u. Note
that our results are readily applicable fo pure hadronic processes if one re- |
places the photon by a vector meson, or a flat Pomeron. We call our vector
meson a "photon' solely for simplicity.

In paper II, we demonstrated that those diagrams whose contribution re-
mains large at large s but fixed t are the diagrams which can be separated

into two fast moving parts joining together by vector mesons (here photons) only.
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Some typical diagrams of this category are shown in Fig. 1. Figure 1 describes
the amplitude due to pure photon exchange without further interactions among the
exchanged photons. The blobs appearing here are primitive pieces, i.e., they
can not be separated into two or more parts by cutting photon lines only, as
demonstrated in Fig. 1. We now consider a subclass of diagrams in Fig. 1 in
which we also ignore the EM interactions (radiative correction, etc.) within the
hadronic blobs. As we shall see, summing over diagrams of this latter type
leads to expressions identical to the operator droplet model conjectured by Chou
and Yang, 1

The purpose of introducing two types of interaction here is to provide a
clear cut separation between the mechanism for production of final particles
and the interaction between the jets. As we shall see in more detail in Section 4,
this kind of distinction is not possible for pure QED calculations.

In III, we showed that the amplitude for diagram 1 can be written, in the

limit of large s, as

~ q
_5 - v -
M = 2./17 Am A-H-a oot (pa,q') 4w S(qu k')

dqn
T Comuron B0 47 S(Z kY @-2)

2

d-q. i 2

17( T 2) CLREROXTES T
@m- g, +n

where k is the momentum transfer. Auv O_(p',q') is the partial amplitude for

the LHS of graph 1, evaluated in the standard frame (essentially the lab frame)



of particle a, defined by

0 3
1 — ! 2
1 - \
Pait™ pai+/pa+ ! 0< Pai+ <1,
, (2.3)
Bai =Pai
0 3
t —ptV _ P =
Pai-= p ai pai (P a+) p ai- °

The plus and minus appearing in (2.2) represent the four-vector indices 0+3
and 0-3. The variables p_:r, R" the fractional longitudinal momentum and the
transverse momentum, form a very convenient parameterization for describing
high energy scattering. Readers are invited to consult II and III for more de-
tailed kinematics of this infinite momentum frame.,

Similarly, C . °0_(p",q") is the partial amplitude f)f the RHS of graph 1,

[1328
evaluated in the standard frame of particle c:

0 3
[T 1, |
P,. =P, ~P, 1,
noo. "o <
Pei-= pci—/pc— ? 0 <pg<? (2.4)
L J— "=
Bei & Bci i Poi+ (pc-) Poi+

1

The momentum variables for the exchange photon can be chosen as q_‘F' » 9™=q",

and q'. The other combinations q_::q_;_'/ s, q''=q'/s vanish at s=,
The amplitude Auv O_(pa.q) is a generalized vertex function. First, we

wish to point out that the above amplitude is related to the matrix element of the



Heisenberg operators j for the strong interaction alone through

-id) q.°x,
/ m R Y A RIRE NC) [E
(2.5)

A

BV oo ah(pa’q)

_ 4 4 _
=(2m 8 (p+a- Tp,) X
all possible
N-photon subgraph

where g=2_q., a, A are shorthand notations for initial particle a and its products

A. We shall sometimes refer to A as jet A‘,8 After including all N-photon ex-

change diagrams, we also find that Eq. (2.2) reduces to

dq'
fnzﬂ- "A,,  ,l,q) 4m (X q!-k!)

W2

all possible
N-photon diagram

day
4:7‘- T soe™ (p(';’q') 4:7r 8( q"“'—k'

2
d7q, . 2
i -ie 2 2
XI5 =3 3 @M Xy
i

dq'
=-Z- —~f s Z A, a) | 4rs(Xalk)

all sub-
graph

dq" .
ol C_mhan| e STk

47 -
all sub-
graph
2
d q. 2
i -ie 2.2
X[I—=5 —5— (2m~ 9 (Zgi—g) . (2.6)
2m- q; +u



By including all possible subgraphs in both A and C, we actually count diagrams
with exchange photons labelled differently as different diagrams. The factor
1/N! is included to compensate the overcounting.,

Now, the contribution for the subgraph A can be reduced to

d ]
4 4

@m- 8% (pltk'-Zpl) [T 43 Ay, 4®pa)  4mH(Zalk)
all sub- l
graph q_:_=0

d i —1Zq;xl'
— 1 . .
/Hd XJ loop—_— e <A'|T<]+(Xi) oo e ]+(Xi\],)) Ia'> (297)

where A' and a' label jet A and particle a in the standard frame. By the use of
%! - l Tyt _ qvoxt
4 |q-'+=0 g 4%, -

it is easy to carry out the q' (loop) integralsy, giving

: !

dq' -12._, q.X x il 'X'
I7 - il - 1w} 2 -+
loop ”4—? e /dX' 1-7 8(X{+_X_:_) ° (208)

i

The §-functions in (2.8) insure that the j +(xi') appearing in (2.7) are at equal x L
It is shown in the Appendix that the plus components of the EM current commute
among themselves on the light cone x_ = constant. Hence the T-product in (2.7)

is the same as an ordinary product. This is important because we can now

carry out the remaining integrals without worrying about the T~ordering:

LHS of (2.7) =47 8(p] _+k! - Zpal__

x (Ao (@) «+e o (g |a™> (2.9)



where

O—+(§) = -;—fdx__ j+(x+=0, X X)) (2.10)

o-+(9 =fd2x eif_l,'?i <T+(§) o (2.11)

The operator a'+(§) is essentially the o(x) introduced by Lee. 2 It obeys the

simple relations
[ o) =0

/ dzx o-+(§) = Q (the charge operator) ,

and the T.C.P. transformation properties as demonstrated by Lee.

An analogous result holds for the partial amplitude C__ _(pg,q") ,

4 4 "_1-1 " dq""‘ "ot e ]
(2m° 8 (p-k"-2pl) [T 5= C__ (0} ')lq"=0 4r (L qj-k))

=47 8(pl, k- Zp!' ) x <c"|o_(—gl), o (-gole">,  (2.12)
with
1 .
o_(y) = gfdy+ S ¥ ¥_=0) (2.13)
2 ige
o (9 = f d%y e'4°Y oy - (2.14)

¢ and C represent particle ¢ and its produets (jet C). The double prime on a

symbol indicates that the quantity is measured in the standard frame of particle



c. Putting Eqs. (2.9) - (2.14) together and performing k integrals, we find

»~Cl

ut 2n* 8(pl,- Tol.) s@)_- Tol) 870D, Tp,im TP,

x (Ao (@y) «ee o g ]2t
x Mo _(~qy) v o_(-g0]e™>

N

=5 L lar on ..d_zﬂ_o-(q)_:_i‘f.o-(q)
2 M\ W on? +,..%2+”2 kt

a',c">., (2.15)

In the last expression, it is understood that the operator o + (o) has only matrix
element between the states associated with particle a (or particle ¢). The state

' xie"> is a shorthand notation for a state with particle a, ¢ in

al,e" = a
their respective standard frames.
The total amplitude of Fig. 1, can be obtained from M(N) by summing over

all N, giving

4: | B t " _ t 2 - -
M (2m) 8(pa+ Zpai-i-) 8(pc_ Zpéi—) 5 (Ea+£c Z.Bai chi)

=—S—<A' C"|exp [f——‘idz o (q) S (-9 | -1|a’ c'> (2. 16)
2 em? *e q;f‘wz !

it

§<L\',c" exp [—iez f a2k d%y o, (%) Vix-y) o-_(z{l -1

a',c>

with
' 4° ig-x 1
V(y = —3 ed'w == (2.17)
< (2m q *tu
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The exponentiation of a convolution of two operator densities is precisely the
structure of the operator droplet model.
To obtain the original form of the model, ! we follow the procedure developed

by Lee. Introducing

21 8(pp,~P;,) o (x B0y N+z)>fl

2
_ [ d% -k
=,[(27r)2 e =% (pp K/2] 0, (x) oo om0 Py Ko 27,

(pp 5210,z oo o xy ey, k2D

= 27 5(pf+p+)fdze~w< (5,42 o0 0 KT D gy (2, 18)

and analogous equations for o _'s, we have

M (2m" 8(p], - £pL;,) 8Y_~ T0Y) 6-(0,+D,~ Wpar- T By
= 5 2m” 5(l,- Tpl.) BE!_- ol )
(2. 19)

x [ dz dz' °E ~tk'z'

. 2 2 .2
X <exp [—1e fd xdy o-+(§_+E) V(,}S.‘.Y) o-_(z+“z_"):] -1 AT, C™at, 0!

After making the translations x+z — X, Y4z ' y, and carrying out one i—mtegral

for fixed .]9.:5 '—E, we have

I 2. -ik<b
MAY’CVI;aI’CI(k) = 'é’fd be =~ <S(E) - 1>Al’0n;a!’cl (2.20)
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with
S(b) = exp [—iez f o, (®) V(z-yD) o _(3) d%x dzy] (2.21)

Equation (2.20) is exactly the operator droplet model as conjectured by Chou and

Yang.

3. AN ALTERNATIVE DERIVATION

We have found that the asymptotic amplitude due to set of diagrams 1 can
be cast into a form suggested by the operator droplet model. Since the final
answer is very simple, one expects that this result might be obtained more
directly. Let us summarize the ingredients which enter into the derivation:

1. The scattering amplitude factors into two parts, one associated with
the target and one associated with the projectile. The large component of the
momentum in each part (p A for particle a and its products and p_ for particle c
and its products) is preserved during the scattering. These two parts are
joined together by vector mesons only,

2. The leading contribution of these diagrams comes from the plus compo-
nents of the left-hand graph coupled with the minus components of the right-hand
graph.

3. The proper variables to use in describing the amplitudes are those
measured in the frames moving with the particles. These are standard frame
variables for particle a and for particle c.

'y

0 1

where H(') consists of all kinematical terms as well as the strong interactions,

and H'1 =~ Qé =e J“ A“ contains only the EM interaction. The s-matrix, in an

To give a simple derivation, we decompose the Hamiltonian into H

interaction representation, is given by Dyson's equation,
_ . 4 U
S =T exp (~ie dX]AH (3.1)
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The effective s-matrix corresponding to Fig. 1 can be obtained from Eq. (3.1)

by contracting out the Maxwell fields in the exponent, giving

Fi o 1 : 2 3 2 i
gtFig. D) _ 1 exp [1e dedY ]I(i )(X) Dn(x-y) J,SC) (Y)} (3.2)
Here jl(la) represents the EM current interacting with particle a and jet A, jﬁc)

represents the EM current interacting with particle ¢ and jet C. Remember that

we have included strong interactions exactly within the hadronic blobs for jet A

and jet C. For the particular set of diagrams studied here, the strong inter-

actions among jet A and jet C do not mix. Hence, we can treat them separately.
In the Heisenberg representation for the strong interaction alone, the

matrix element for the diagrams of Fig. 1 is
{A,C.T exp -ie J a*x ¥y j;a)(x) Dy (x-3) j‘(f)(y)1 la,e> . (3.3)

Final states A, C describe the jets produced from the incident particles a and ¢
respective\lye Even though Eq. (3.3) is very similar in appearance to (2.16),
these equations are in fact quite different. First, Eq. (3.3) contains a T-product.
Second, the s-dependence of the amplitude is still implicit in (3.3).

To manifest the explicit behavior of the amplitude at s — «, we make a
Lorentz transformation for particle a and jet A from the c.m. frame to the

standard frame of particle a:
-1
1ay = Ua ra' ,

<Al =<aly,

(3.4

Ui m ult = Ve By, p=+

;fa) (x") L (3.5)

— J(a) (X') ’ -



with
pl = —=p. =1, p'=p, p_ =+Vsp
at /g a+ ’ &4 ea’ a- a- °
(3.6)
x-:- =—1—-X . ‘}5" =§, Xi =Js—x_ o

The momentum p and coordinate x are ¢c.m. variables, as before. For simplic-
ity, we assume that the states are normalized covariantly so that no additional
kinematical terms arise during the Lorentz transformation. Similarly, we
make a Lorentz transformation on particle ¢ and jet C' from the c.m. frame to

standard frame c:
-1
le> =u_ie™, Lcl=<{c"lu, ,

U j(c)u‘ U;l = _._1_. j_(‘_c)(y")

¢ Vs
AC
.J_'()(Y") (3.7
Vs {9
with
1
1" = | | - " = . =
Py \/S-pc+’ Bc Bc’ Pe- \/S'pc— L,
(3.8)
1
yr=Vsy, » y'=y . " VAR

After these transformations, the exponent appearing in Eq. (3.3) reduces asymp-
totically to

E=-1 & [d*aly Py poen @y . (3.9)

Quantities x_:_ and y", which are of order 0(1/\/;), are Lorentz contracted. So

are quantities x_,y + in the c.m. frame. 9 At the infinite s limit, these quantities

- 14 -



are contracted to zero, and may be ignored. Hence

i o2a

E =-

ra% P =0, 5,

2\/—

Y dy_ a? y J( )(y;', Y, yI'=0) (3.10)

2 \f
XDp(x,, X27¥, V) -

Carrying out the x + and y_ integrals, we have

E = - iezf% dzx dx' j_(i_a) (x_:_ =0, x, x_’_)

1 2 (c
5 dy d'y i )(yjr', Y yi=0) VEy . (3.11)

(

+)(x =0, X, x')'s (and j(_c)(y_’*_', pE y''=0)) commute among themselves, the

Since j
T-product is the same as an ordinary product. Therefore, we can do the dx' and

dy_'!_' integrals without worrying about the T-product, leading to

£ =-ie® [a*x % o (9 Vixp) o) (3.12)
with o, o_ defined in (2.10) and (2.13). Hence, the matrix element (3.3) re-
duces to

1 1A : 2 2 2 1 1"
<A ,C Iexp - ie dxdy cr+(§) V(E-_Y) o_(N EAN (3.13)

In terms of the invariant matrix, this is precisely Eq. (2.16).

4. POSSIBLE GENERALIZATION OF THE MODEL

We have shown in previous sections that the operator droplet model may be
viewed as the contribution due to a set of Feynman diagrams in Fig. 1. It is
natural to ask about possible generalizations of the model if additional sets of

diagrams are included.
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It is known that diagrams 1 are not the only set of leading diagrams at
s = «», Diagrams with exchange photons interacting among themselves lead to
a larger set of diagrams which are also large at s = ©, Some typical diagrams
of this larger category are shown in Fig. 2. These diagrams together with
possible evaporation diagrams 3 are, we believe, the only diagrams which are
large at s = =, 10 They behave like S(!Zns)N at large s where N is the number of
primitive bubbles introduced in III. Readers are referred to this reference for
details.

Diagrams in Figs. 2 and 3 will no longer give the simple fixed slbehavioro
Actually, this is important as the fixed slbehavior violates unitarity. 11 If we
take this larger set of diagrams seriously, we find that the droplet model must
be modified. Among other possible modifications (see Section 5), the s-
independent potential appearing in the original operator droplet model might be
replaced by an s~dependent potential V(s, X To see how this fits in naturally,
we consider diagram (2a). It is shown in III that the over-all amplitude for this

type of diagram is

8 ! 8 1 O s
s a'a Ycle 2, ~ik-b| iX(s,b
7 m m fdbe“"[e’( *)—1} (4.1
with
%k ikeb
iX(s’b) =/ P e~ '”'F(S9,.1§) ’ (4"2)
(2m

F(s,k) = :(all connected diagrams with
momentum-transfer k) . (4. 3)
A direct calculation from the operator droplet model, in analogy with Lee, gives
V(s,8) = - X(s,%)

= Fourier transform of iF(s,k) . (4.4)
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An s-dependent potential obtained by including all connected diagrams should be
an important generalization of the original droplet model.

The geometrical meaning of this modification is that the "opaqueness' of
the droplet is energy-dependent. Hence, it leads to a slow s-dependence in the
forward differential cross section. 12 This is also the physical picture suggested
by the Regge model.

Another important class of diagrams that we would like to discuss is that
associated with the evaporation of particles from the bubbles. These evapora-
tion particles have a dp+/ P, distribution in momentum space, and are qualita-
tively different from particles emitted from blobs A and C. It is physically
sound to identify jet A and jet C emitting from blobs A and C as fragments of the
target and the projectile. For evaporation particles, however, there is a
uniform distribution in fnp , Shace. The momentum spectrum of these particles
spans the entire available range, starting all the way from p a to P.e As s
increases, the available range of the momentum spectrum increases. Never-
theless, its distribution remains the same (uniform distribution) in fmp , Space.
For this reason, they should not be classified as fragments. 13 The partial
amplitude for the evaporation of particles B in Fig. 3b can be computed in an

analogous way as

(4m? 5(Zp,) 8(Lq)
x / 3 &% ax )} ay, a%y)e> T E T ipy
x <B|T[j+(x1+=0,§1, X)) e g Tpo Y170 m]|o> (4.5)

This result does not reduce simply to products of o, and o_ because

. . 14
J+(X+=0, X, X ) and J_(y+, Az, y_=0) do not commute.
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5, QUANTUM ELECTRODYNAMICS

The separation of interactions into an interaction without fundamental vector
particles and an EM interaction mediated by photon (a vector particle) exchange
no longer makes sense in pure quantum electrodynamics (QED). Even though it
is still possible to classify a diagram according to its primitive components, as
we did in III, summation over diagrams analogous to Fig. 1 does not lead to an
expression suggested by the original operator droplet model. This can be under-

stood from the observation that the generalized vertex function
f = qioxi N
Mix e <AIT(3“(X1). BRCILY

= (271‘)4 54(pa+q-2pai) A(E"n]_g:)?\(pa,q) (5.1)

will give rise to an amplitude which contains all possible N-photon diagrams,
including both the primitive and the nonprimitive graphs. This amplitude is
denoted by a black box in Fig. 4. Therefore, a partial sum of the graphs, such
as Fig. 1, is not sufficient in the present case to generate an expression con-
sistent with an operator droplet model.

The above considerations indicate that a sum over all possible photon ex-
change diagrams between two black boxes in Fig. 5 should lead to an operator
droplet model analogous to the result developed in Sections 2 and 3. Since the
black box contains all kinds of nonprimitive graphs, the union of two such black
boxes should generate all possible leading graphs, and hence the leading ampli-
tude at s =®., The amplitude for process at+c — A+C (i.e., jet A and jet C) obeys
relations (2.6) and (2.16) provided that we replace the expressions 2 A

oot

and 2C__  _ in (2.6) by the corresponding expressions A_(FE"B‘_)F and
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CSE"B Z for the black boxes. Hence, for N-photon exchange, we have

oo0o

dq'
Ny _ S _1. —— (B°B°) t t 1t
M= =3 NI fH 4w A-H-ou+(pa’q') 4m 5(2ql-k])
dq"
7 __+ ~(B.B.) _
H = C12° 7l py»q") 4m (X a)ky)
2
dq. . 2
- 2 2
X 1 —5 %55 (2n° 8" (Ta k) . (5.2)
@m - q;+p

For the over-all amplitude, we have

MM B(0h,~Tpy;) 900~ TRY) 8 (R*Re™ Ty T2oy
= -;-(A',C"lexp [—iezfdzx dzy o, (® V(x-y) o-_(X):] ~1]a',c"
(5-3)
To make these expressions more precise and hence more useful, we would
like to study the black box contribution carefully. Strictly speaking, the pertur-
bation expansion of (5.1), or equivalently the black box expression A(B"B') .
does not approach a finite limit at s = . (Of course, this does not exclude the
possibility that the over-all sum of the perturbation series may converge to a
finite limit. However, we shall not investigate this possibility here.) The
lowest order (eG) diagrams which lead to this divergence difficulty are due to
the photon-photon interaction, as shown in Fig. 4b. These diagrams are, in
fact, the lowest order nonprimitive diagrams. Following the argument given in
III, it can be shown that the contribution to Fig. 4b —goes like ﬁns1 at large Sy
where 81 is the energy-squared for the incident electron (of momentum pa)
measured in the reference frame. In our language (see paper II, Section 2),

n 84 is a measure of the available Ilnp_l_ phase space in which the electron loop
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can slide freely. If we cut diagram 4b horizontally, we find that the intermediate
state consists of an e e pair. This e'e” pair is the simplest evaporation process
which we discussed in Section 3. The divergence in (5.1) may be viewed as due

to the presence of these virtual evaporation particles in the intermediate state,
and reflects the increase of the available phase space as s, increases,

1

Since the subenergy s, depends on the particular reference frame, the same

1
arbitrariness will appear in the evaluation of the black box in graph 4. This
sounds unpleasant because the physical amplitude should not depend on the par-
ticular reference frame being used. However, as we shall see, the dependence
on the reference frame is only superficial. This dependence will disappear if
graphs related to one another by different partitions are all added together. This
is very similar in spirit to the verification of gauge invariance in the usual QED
calculations. In general, individual diagrams are not gauge invariant., However,
when diagrams with photon vertices permuted in all possible ways on a charged
line are included, a gauge invariant result is always obtained.

In the following, we wish to work out a few examples by means of expression
(5.2) (or equivalently (5.3)) to reproduce QED perturbation results obtained so
far. In particular, we would like to demonstrate how a reference frame inde-

pendent result emerges and how the correct ({n s)N behavior is recovered.

A. Repetition of Bubbles in t-Channel

The first example that we wish to work out is the repetition of bubbles in
t-channel, shown in Fig. 6a. The relevant part of the left-hand black box with
two external photons are given in Fig. 6b. The partial amplitude for these

processes in the black box can be computed by means of the method developed
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where L and Ic are impact factors for a — A, and ¢ — C, J(p,q) is the loop con-
- gt
tribution introduced in II. Similarly, we can compute the right-hand black box
dg

"
4+ (B:Bs), 4y At
, I © (pg>q")

fog —ie2 —ie2
=1(Q + —=— , —3 Jq,x) I (r)
C 47 J (zmz o TC 3';?"'“2 32"’“2

s, \2 2 2 .2 2 2 2
1/ 2 dr dt -ie -ie” -ie ~-ie
*ar 477) 53 ILD IEY IO T3 T 35 T 3

zm- (2m Lyt IotH Latp L tH
+°.° 9 (505)

where s, is the subenergy for particle ¢ in the same reference frame. Simple

2
kinematics tells us that, as s, o = ®, 15
?

ﬂnsl+ﬂns2%£ns o (5.6)

In our language, this is simply the additivity of the fnp A phase space introduced

in OI.
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The full amplitude is obtained by gluing together the right- and left-hand
black boxes through (5.2). The simplest two-photon exchange part without any

bubbles gives

5 1 dzg —ie2 —ie2
3 5T L I(q (5.7
2 21 2 awe ¢y 2 2 2 92

(2m R P

which is trivially correct. Each of the factors in (5.7) is reference frame in-
dependent, as is their product.

The first interesting case comes from the single bubble amplitude. It
corresponds to the coupling of a one-bubble contribution from one black box to
the no-bubble contribution of the other. Diagramatically, it is shown in Fig. 7
The contribution from Fig. 7a,b can be obtained by multiplying the corresponding

terms in (5.4) and (5.5), giving

s 1 f_nsl d p d q ie2 -ie2 -iez -iez

5 BT L,®) J(p,Q) I.(@ ,

2 21 4r 2 2 2 2.2 2, 2 2 2
(2n” (2m T P{tHE PotHT qptHT gty

(5.8a)
and

s 1 fn 59 dzq d2r ie2 —ie2 —ie2 -iez
3 21 47 s 3 L@ILDIM 353 35 377 3
(2m -~ (2m) Q. Hu gy tpT roAps Tty
1 -2 .l -2
(5.8b)

respectively. By adding together these two pieces and making use of (5.6), we

obtain

s fns p d g ie2 - ie2 —ie2 —ie2 o
1 an 5 L IRALQ 535 3 72,2
en” (@n” Pi¥ET PothT Qi tH gota

(5.9)
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Even though each of the individual terms is frame dependent, their sum is not.
The final result agrees also with earlier calculations.

To demonstrate that the result holds for multibubble amplitudes, let us
work out diagram 8 which involves the repetition of two bubbles. The contri-

bution due to diagrams a, b, and ¢ are

2 2 2
<7%T>\21‘(£2:1)J 1 dp dq L@ JEp Ip.9) I ()

(271) (27f) (2 7f)
-ie2 —-ie --ie2 —1e2 -162 -182
X % 33 33 5—% 5 . (5.10a)
Lith e gl+u Dotu q1+u q2+u
!lns1 !lns2 dzp dzq dzr

; I (p) J(p,q) J(Q,x) I (r)
\22!> 4 47 (2702 (21‘_)2 (2702 a - o ww o'  Cle

—iez -ie —ie2 —ie2 -162 —ie2
X 3. % 3 2 3 3 2, 3 5,2 2, 3 ° (5.10b)
PyTHE DBoTH LyTR QpTE LyTR IoTH

and

s, \2 2 2 2
s 1 2 /'dq a“r  d%t
52o1/) oF 1.(q) J(q,ﬂ) J(L,H 1 (t)
2 2!>2!\47r) (2702(2%)2(2#)2 a'd

-ie --ie2 —ie2 —ie2 —162 —ie2

5.10c)
5 3 9 8 3.3 3 2 35 3 3 3 (
Guth Gtk Lt Lite bites bt

respectively. Each of the above expressions contains a frame-dependent factor
multiplied by a common frame-independent basic term. Adding all three expres-

sions together, we are led to a frame-independent factor:

1 (!&nsl)2+(ms1)(ﬂns2> +_}_ /!lns2>2
21 4T 47 4T 21 ( 4T

:-}_ £0\51+ﬂ.nsz\2 B —1— (M)Z
21 47 21 T ’

(5.11)



and hence to a final expression

2 2 2 2
s 1 (ms dg dp da 5 4 up 39 IQ

- ie2 - ie2 - ie2 - ie2 - iez - iez
Pl Pl Bapf Z.o2 2 2 B3 (5.12)
Lith Lotih PytH Potd QTH QoTH

X

Equation (5.12) coincides with our previous calculation. The generalization of
the present result to iteration of N-bubbles is straightforward.

B. Iteration of Bubbles in the s~Channel

As a final example, we work out the iteration of two bubbles in s-channel.
We shall omit most of the algebra because it is similar to what was used in
example A. The diagram that we are dealing with is the e e scattering ampli-
tude in Fig. 9. The relevant parts in the black box are shown in Fig. 10, This

contribution can be worked out as

2 2
dq' S St s\ r d"p.d™p
- (B.B.) a'a a'a 1 1 ~2
m— al (0!,qY) = + \ % J(Dy, D0 )
f 4 a m m ~ 4}7/ (21',)4: .-1’_.2’,..1“2
. 2 . 2
- 1€ - 1e

2 2 . .
@am”~ o (gl+-132_%12) 5—5 ~5 g +Pperm. of (1.2, 3.4) in pairs
BiFH Roth

2 .2

8.1 (Qns 2 dp,d7p . 2 . 2

a'a 1) f 1% Pg - ie -ie 2 2

+ ————— J(P{1P539,9,) 2m & (Py+P,~q,5)

m 4T 4 S1'L2°2122 2 2, 2 nl o2 w12
(2m - (o +1) (py+h’)

2
dq 2
34 -ie -ie 2 2
XJ—-——-J(p Pyi%q:9,) 2m° §%(ptp,~
7 “Psrbaldsdy T35 T3 D3tP 34
(2m (Pg+H) (g4+u2)- =3 =4 =3

+ perm. of (1,2,3,4) in two pairs|+ ... (5.13)
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with
Q2 =% *de "R1T P2 r 3479373, TRsTRy o
where a',a are helicities of the electron before and after the scattering. When

one puts the two black boxes together, the various parts which correspond to the

processes shown in Fig. 9 give

s 1 Sata Ogle 3(£n81)2+6<ﬂnsl)(ms )+3 msz)z
2 41 m m N 47 4w 4T \ 4T

(2) (b) (c)

5 972990 1:P9) T 3 3 33 3

2 o 2 .2
xqul d"q, d'py d'p, - g2 -162 —iez - jo2
5 T3 3
(zm= (2m- (2m (2m qytH q2+u p1+u Doth

2 .2 2 2
XM ETeydy) (M 8 (R*Ry o)

x dqs dq4 dp3 dp4 J —ie2 -ie2 ~ie=2 —ie2
J G303 R) 5 2 T 3 2. 2 2 2
em” (2m” (2m° (2m” Ggth QutH Dgtp DytH
a* et a’ d34
X (@m s (q3+q ~Ggy) (2m* 5 (p3+p4 Aoy 5 3 (2m? 5 (q12+q34 k) .
2m - (2m
(5.14)

The factors 3 and 6 come from simple counting. It is easy to see that the !Znsl
and !Zns2 factors combine into 8 (ins/ 41r)2, which is frame independent. The two
remaining complicated factors are functions of 945 and a4 only, and they are

in a convolution form. Hence, the result becomes rather simple in the Fourier
space, giving

Sa'a 1)
m

R [xen)”

Expression (5.14) = -;’—
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where X(s-b) is the Fourier transform of

2 2 2 2
ms/dpl d'p, dq; dg, —ie®  -je?

1
) J(P, q)
24T en? 2n? @n® en’ py+u’ preu’

L ]

~ie

—ie” 2 .2 2 2
7 7.7 M & (Pl (M & (dytdy k)

)
QG tH YotH

This result agrees with the general eikonization obtained in III.

6. COMPARISON AND DISCUSSION

In this paper, we have demonstrated that the asymptotic behavior of QED
can be reproduced from an operator droplet model. In particular, we showed
that tﬁe final expression does not depend on the reference frame. If the asymp-
totic perturbation of QED indeed leads to a correct description for a general
scattering amplitude, one might expect that the operator droplet model could
supply a useful framework for the description of hadron physics.

We would like to point out the analogy between our model and the parton
picture proposed by Feynman, 6 In a parton model, a fast moving hadron, such
as a proton, is described by a group of partons all moving along the direction
of the hadron. In general, each of the parton carries a positive fraction x of
the total longitudinal momentum. Hadron-hadron scattering can be viewed as the
scattering between two groups of partons. Feynman called those partons moving
with the first hadron the right movers, and those moving with the second hadron
the left movers. For final particles, the left and right movers constitute the
"fragments' of target and projectile respectively, as suggested by Benecke,

Chou, Yang and Yen‘,1
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The physical interesting part of the scattering amplitude is associated with
the interactions between partons of 'wee' momentum. A "wee' momentum Py,
should satisfy the inequalities Py > P, »P.s P <P, <P, _e i.e., a "wee"
parton carries a momentum whose plus and minus components are much smaller
than the large momentum of the incident hadrons. In our language, a "wee"
parton lies somewhere in the middle of the available ¢np . phase space. (In a
sense, these "wee" partons are analogous to the particles which are associated
with bubbles in the middle, such as evaporation particles.) A "wee' parton can
not be classified unambiguously into one of the incident hadrons. It is confused
as to which particle it belongs to. Its sense of motion, i.e., whether it is a
left or right mover, depends critically on the reference frame that we are
choosing. A reference frame independent result can only be obtained after "wee"
partons moving in both directions are included. This is precisely what we
demonstrated in Section 5.

The conclusion obtained in Section 5 is also applicable to a theory with both
the strong and EM interactions, as the one studied in Section 3, or to a pure
strong interaction theory with the presence of a neutral vector meson, The
blackbox defined in Section 3 should now include all kinds of strong and EM
processes. One can convince oneself from our lower order calculations that
the order by order perturbation result from the operator droplet model reproduces
the leading contribution of the amplitude obtained from conventional Feynman
diagrams,

One warning should always be kept in mind in sﬁmming over these leading
diagrams, Although one may show to each finite order of perturbation series
that the set of diagrams studied here is leading at s = », it is not clear that

the sum of all these diagrams should lead to the correct asymptotic amplitude.
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It is known that the sum of leading terms sometimes may lead to a completely
different result from the exact solution, especially when there is a total can-
cellation in the leading terms. The golden rule that dominant contributions in
any field theory calculations at s = « are given by diagrams with pure vector
exchange is deduced precisely from a study of the leading diagrams. The rule
may fail in an exact theory, especially if the coupling of nonvector interactions
are strong.

Finally, we wish to emphasize that the main objective of the present in-
vestigation is not to provide a quantitative calculation of the leading s =
behavior; but rather, is to extract certain physical pictures from various class
of diagrams. The class of diagrams which are responsible for an operator
droplet model is pointed out in Sections 3 and 5. The relation between these
leading diagrams and the operator droplet model may be more fundamental than

the present model calculations imply.
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APPENDIX: COMMUTATOR RELATIONS ON THE LIGHT CONE

It was conjectured by Gell-Mann that the equal-time commutator relations
between the time components of a vector and another vector (or axial vector)

current satisfy an SU3 X SU3 current algebra of the form

(7209, 7o) = it #0982y e (A1)

where fabc is the structure constant of the SU3 algebra. We would like to show
that, under proper limiting process, Eq. (A.1) implies a similar commutator

relations for currents on the light cone x Y

et

'3 00§ T 0] = iy T T, W x Py sey) (A

On integration over x_ and y_, we obtain the operator version of Gell-Mann-

Dashen~Fubini sum rule, 16,17
e x) &2 A
L X, o b+(Y)_] abc c+(-) xyn . (A.3)
To obtain (A.2) from (A.1), we make a Lorentz transformation along the
third axis,
.0 -1 0, . . .3
Uj(®) U " =cosh A j (x+ sinh A j (x"
1 A, 1 -a.
=5e"jx)+5 e " j_(x)
with
x!'=e 3, = = 0)
X =% x!=-etx®
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For fixed x' and ex —+ o, we have

1 A. 1 .
['2" € J_l_(x_:_: 0, §: Xi) ’ 5 e?& ]+(Y+= 0, Z’ Yl)]

= %‘- el i, 0, x,x") 82(§~:.y) é‘[eh?‘(x_'_ —y:)]
Cancelling out factors eA, we get (A.2),

As a justification of the limiting procedure, the validity of Eq. (A.2) can be
checked independently from various free particle models. With the help of the
equations of motion, Eq. (A.2) is found to be satisfied for both scalar and Dirac
fields.

In the simple case of QED, we know that charge density operators, jo(x) 's,
commute among themselves at equal time. Hence, j +(x) 's commute among
themselves on the light cone x, =constant. The last relation is precisely what

we need to prove Eq. (2.9).
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FIGURE CAPTIONS
A pure multiphoton-exchange diagram without further photon-photon inter-
actions. In Sections 2 and 3, the blobs contain only the strong interactions.

Multiphoton-exchange diagrams with further photon-photon interactions.

(a) A typical diagram without any vertex corrections on the incident fermion

lines, (b) A general diagram with two bubbles.

(a) A diagram analogous to 2a but with evaporation particles from one
bubble. (b) The evaporation bubble in more detail.

(a) The diagramatic expansion of a typical black box. (b) The lowest
order processes which contribute to the logarithmic divergence of the
black box.

The union of two black box diagrams. This symbolic diagram contains all
leading Feynman diagrams in QED.

(a) A diagram with repetition of bubbles in t-channel, (b) The relevant
partial amplitudes in a black-box expansion.

Diagrams (a) and (b) are special cases of Fig. 5. The subgraphs on one
side of the dotted line belong to a black box. Similarly, the subgraphs on
the other side of the line belong to a different black box. The sum of (a),
(b) gives rise to a reference-frame-independent result.

Same as Fig. 7 with two linked bubbles.

Same as Fig. 7 with two bubbles iterated in s-channel.

Relevant partial amplitudes in a black-box expansion for the processes

given in Fig. 9.
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