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Introduction 

A small coupling pcrlurbation in a synchrotron can 
cause instability of the particle motions as a beam is 
being accelerated through a resonance. ’ Such a reso- 
nance may occur whenever nlv I+ n2u 2 = “3, where “1, 
n2 and n3 are integers and v1 and v2 are the ratios of 
the frequencies of horizontal and vertical betatron oscil- 
lations to the frequency of revolution. Recently, large 
growth of beam dimensions in the horizontal direction 
relative to the vertical direction has been observed2 in 
the ZGS for some acceleration routes in which several 
resonances were crossed. The experimental observa- 
tion suggests that the damper used for the vertical beam 
instability may be responsible for this effect. 

A study has been conducted to investigate theoreti- 
cally the effects of vertical damping on the betatron 
oscillations for particles passing through a resonance. 
This report describes a calculation for a single-particle 
model and for the case of the v1 + v2 = 1 resonance. 

Theory 

The coordinates of the system are taken to be: 

X(Z) = horizontal (vertical) displacement from 
the equilibrium orbit; 

Px(Pz) = canonically conjugate momentum of x(z), 

The equilibrium orbit is assumed to be in a horizontal 
plaue and the independent variable is chosen to be 

e=;, 
where R is the aver‘age radius of the equilibrium orbit 
and s is the particle position measured along the equi- 
librium orbit. 

In general, the Hamiltonian is of the form’ 

+A 
i 
v2z2+P2 + 2 2 z E 

EnJen , (1) 
n=2 
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where en is a coupling constant and ,7fn is a polynomial 
of nth degree in the variables (x, Px, z, Pz) with cocffi- 
cients which arc functions of 0. 

In this analysis, we t.reat the case of quadrupole 
coupling so that 

xn .= 0, n# 2; 
(2) 

x2(x, z, 0) = v1v2 xz cos 8. 

The value of v1 is taken to be a constant, v2 is assumed 
to be a function of 8. As 0 increases from zero to its 
maximum value emax, the resonance condition is satis- 
fiedfor 0=80, i.e., 

v1 + v2( 0,) = 1 . (3) 

Consider a generating function 

S1(x, $l,z, Cp,, 0) = : v1x2 tan 
[ 
G1 + X,(e) 1 

+ ; v2z2 tan [$I2 + X,(0;] (4) 

which effects the transformation between the sets of 
variables (x,Px,z,Pz) and (Jl, $1, J2, $2). If we 
choose X,(O) = - VI and X2(8) = - v2 then the trans- 
formed Hamiltonian is of the form: 

G1(J1, $,, J2, $2,e) = 

= 2~ *2~1J2 cos (+I+ xl) COS(+~+~~) cos 0 

-t “2 J2 cos (q2+ X2) sin(+2+ X2) 
v2 

. (5) 

A second generating function 

S2(Jl, I/+ J21 +,I 0) = Jl(‘+“l-X1) + J2(‘42-X2) (6) 

transforms G1 into the form 

G2(J1, $,,J,, I//,, 0) = 2~ ds COS tblCOS ti2COS 0 

v2 + - J2cos G2 sin l/J,+- vlJ1+ v2J2 
v2 

(7) 
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with the new variables defined by 

J2 =& (+“+P;), l/J2 = tan -‘$ . 

(8) 

The equations of motion, as in all Hamiltonian systems, 
are: 

dJ1 aG, d’!$ aG, 
-..wd.-= 
de -q’ de=-aJ,s 

dJ2 aG, 

-zT’~~ 
d+, aG, 

--. dB = aJ, 

(9) 

We now suggest that the effect of the damper used 
for the vertical beam instability may be described by 
adding a term proportional to i in the equation of motion 
for the vertical direction, i.e., we consider a model in 
which: 

( 10) 
=- ,;z -E V~~~XCOS e-pi, 

where p is a damping constant. Bince 

dJ2 aJ, aJ, . 

XT=Xi+apZPZ 

and a similar relation holds for lb,, we deduce that to 
first order in p the corresponding changes in the equa- 
tions of motion are given by: 

and 

-=-- (11) 

(12) 

Combining Eqs. (7), (9)) (11) and (12)) the equations of 
motion for particles crossing a sum resonance in the 
presence of vertical damping are found to be: 

dJ1 
a-=- 2~ J-ii2 cos 0 sin $ cos *2 

dJ2 -=- 
d0 2~ J;l”zJ1Jz cos 0 cos $ sin q2 

V’ 
+ -? J2 ! 

2 2 
COS l/J - sin 

v2 2 Q 2 > - 28 J2 sin’ +2 

d’k, 
d------ v1v2J2 ---Z-E ___ 

de J1 
cos 0 cos ‘I$ cos 9, - v1 

cos 0 cos $I1 cos {J2 - v2 

Numerical Calculation and Results 

(13) 

The effect of vertical damping upon the bet,atron 
oscillations for particles passing through a VI + v2 = 1 
coupling reson‘ance has been studied by integrating, 
stepwise, 3 Eqs. (13). In the calculation, we assume 
v1 = 0.3, v varies linearly from 0.6 to 0.8 in one hun- 
dred revolu ions, o.nd E = 0.04. The growths of J1 and ?. 
J2 are calculated as functions of 0 for various values of 
/3. Figure 1 shows the values of J1 after 25, 50, 68 and 
100 revolutions for particles having initial values of J1, 
J2, ti1 and $2 as represented in Fig. 2. It has been 
found that, in general, for particles having J (0) < 
Jima 

I: 
(0), then J1(8)< J (0) so that the l!orizontal 

growt of the beam may e c aracterized by the values Px 
of Jlmax. Similar results are obtained for J2, as in- 
dicated in Figs. 3 ‘and 4. 

To illustrate the growth of the beam, the values of 
Jlmax and J2max as functions of v2(@) are plotted in 
Fig. 5 for the case of p=O.O04. At resonance, ‘j2 = 0.7. 
It may be seen that except in the neighborhood of reso- 
nance, J2m,ur decreases with increasing v2(0) or 0 as 
a consequence of having vertical damping. The values 
of J1 max, however, are relatively unaffected by damp- 
ing. In the vicinity of resonance, both Jlmax and 
J2 m3X grow larger and reach their maximum values 
after crossing the resonance. 

Figure 6 shows the final values and maximum 
values of J1 and J2 as functions of the damping constant, 
p. The growth of J2max is affected more by the values 
of /3 than that of J1 max. In particular, for p = 0.005, 
after 100 revolutions, Jlmax increases by a factor of 2, 
but J2max returns to its initial value, 

Summary 

We have shown that in a one-particle n;odel, and 
for a linear sum rcsonancc it is possible to obtain a 
small growth of vertical bcam dimensions relative to 
that of the horizontal dimensions by having sufficient 
vertical damping. Whether the one-particle model of 
this paper is an adcyuatc approximation to the n-body 
problem of a bean% subject to a clearing electrode, has 
not been studied. IIowevcr, the intcrcsting results 
obtained hcrc, strongly motivntc further study of this 
point, cspccially as the calculation suggests the possi- 
bility of gcncrally controlling resonant bcam growth by 
me‘a.ns of dnnlping clcctrotlcs. 
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FIG. 3--Particle coordinates (J2,$2) after 25, 50, 68 
and 100 revolutions for initial coordinate values 
represented in Fig. 4; u = 0.3 and v2 varies 
linearly from 0.6 to 0.8 in 100 turns. 

FIG. l--Particle coordinates (Jl, I/Q) after 25, 50, 68 
and 100 revolutions for mitral coordinate values 
represented in Fig. 2; VI = 0.3 and v 2 varies 
linearly from 0.6 to 0.8 in 100 turns. 

FIG. 4--Initial values of pnrticlc coordinntos 
(J1, $1, J2, @a,. 

FIG. 2--1llili:tl values of pnrliclc coortlinntcs 
(Jl, d’p J2, ti2,. 

-3- 



3 
E =0.04 

J I max (max) 

/G- JI max (find) 

3 

2 

0 

l-.l J2 mox (max) 

/ J2 max (final) 

2 

I 

0.25 

0.6 0.7 0.8 0.25 

--v,(e)-- iz%z 

FIG. 5--Growth of beam dimensions in crossing a linear 
sum resonance at v2 = 0.7 as charnctcri.zed by 
the values of Jl mu and J2 max for the case of 
p = 0.004. 
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FIG. 6--EUects of damping upon the beam dimensions. 
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