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I. INTRODUCTION

Recently Joos, 1 Weinberg, 2 and Weaver, Hammer and Good3 have developed
new descriptions of a free particle with spins =0, 1/2, 1, ... . These de-
scriptions are of interest because they are closely analogous to the Dirac theory
for a spin-1/2 particle and they permit many of the well-known discussions for
the spin-1/2 theory to be extended to apply uniformly to particles of arbitrary
spin. Joos1 and Weinberg2 gave their description in a manifestly covariant form.
Covariantly defined matrices as developed by Barut, Muzinich, and Williams4
appear as the generalization of the Dirac yu matrices. Weaver, Hammer, and
G00d3 gave their description in Hamiltonian form and found an algorithm for
generalizing the Dirac Hamiltonian a-p+ Bm to any spin. The wave functions
in these two approaches are identical for odd-half-integral spin and are equivalent,
in the sense of being related by an operator that has an inverse, for integral spin.
In any case the wave function forms the basis for the (s, o) D (o, s) representation
of the Lorentz group. Also the wave function corresponds to the momentum-~space
wave function used by Pursey5 in his treatment of free particles with spin.

In later works most of the properties of the free-particle theory have been
worked out. Sankaranarayanan and Good6 studied the spin-1 case in detail and
Shay, Song, and Good7 the spin-3/2 case. Sankaranarayanan and Good gave gen-
eral discussions of the polarization opera’v:ors6 and the position operators. 8 The
density matrices for describing orientational properties were set up by
Sankaranarayanan9 and by Shay, Song, and Good. 7 Mathews 10 and Williams,
Draayer, and Weber11 obtained definite formulas for the Hamiltonian for any
spin.

The descriptions have been applied so far only to free particles and a question

is how to include effects of an external electromagnetic field. In view of the
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success in treating all these properties of the free particle uniformly for all
spins, one might hope that electromagnetic interactions could also be introduced
for any spin. The problem becomes more and more complicated as the spin
increases, since a particle of spin s can have anomalous electric and magnetic
multipole moments up to the 22S order.

The purpose of this paper is to give the theory of a spin-1 particle, described
by a (1, 0) ® (0, 1) wave function, interacting with an external electromagnetic
field, and having arbitrary magnetic dipole and electric quadrupole moments.
This new formulation turns out to be worthwhile because it permits a complete
treatment of the system (some aspects involving the anomalous quadrupole mo-
ment were not covered before). The results apply exclusively to spin one and
have not so far suggested a generalization to higher spins.

The spin-1 particle in an external field was originally studied by P]L'ocal12
and Kemmer13 using a 10-component wave function. Corben and Schwinger14
showed how to include an anomalous magnetic dipole term in Proca's theory and
Young and Bludman15 took account of an anomalous electric quadrupole. Spe-
cializing to time-independent electric fields and space-time independent magnetic
fields in the anomalous quadrupole terms, they obtained a Hamiltonian of the
Sakata—Taketan116 type which included the effects of the anomalous moments.
This Hamiltonian formulation involves a 6-component wave function which has
complicated Lorentz transformation properties.

The wave equation given hefe is manifestly covariant and requires no auxil-
iary conditions on the wave function. The equation has the usual symmetries with
respect to space reflection, time reflection, and charge conjugation. It leads to
the definition of a Lorentz~invariant inner product that includes a contribution

from the anomalous quadrupole term. It was found that there are two possible
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choices for the anomalous quadrupole term in this wave equation, each having the
correct transformation properties and giving the same type of contribution in the
nonrelativistic limit to order m—z.

For any spin of particle, the values of the normal electric and magnetic
moments depend on the wave equation used to describe the particle. Here the
normal magnetic moment g-factor is 1/2 and the normal electric quadrupole
moment is ~h2/ 2mzcz. The values of the moments were found by making a

Foldy-Wouthuysen type of transformation, leading to a nonrelativistic Hamil~

. -2
tonian correct to order m “.

II. THE WAVE EQUATION

The equation is
[ﬂa’ll‘B Yup t Ty Ty 2m2+(e)\/12) Y5, 0B FozB
+ (eq/6m2) yG,ozB,IJV (BFaB/BXM) 'n'V] Y =0, (1)

where 7 is -i(3/ 9% ) - eA, and F_ , is the field tensor,

B

F = (BAB/Bxa) - (aAa/axB),

ap

Fij = €y Ber Fig =~ Fyy =-1Ep Fyy =0

The Latin indices run from 1 to 3, Greek from 1 to 4 with x 4= it. Factors of
c and h are omitted. The constants A and q are real and adjust the sizes of the
intrinsic moments, as discussed below. The Yo p 2TC six~by-six matrices

defined in terms of three-by-three Hermitian spin-1 matrices s by

0 0..-8.8.~8,8, 0 is, 0 1
1) ji i

ij
% T YT YT » Vg "

1 8..-8.8.~8.8, ) 0 1 ~is. 0 1 0
iy i i
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The other matrices are defined in terms of the Yo by

P o
Yo, 08,y " [vw, YBV]+ +28,, 8,
- [’yow, VBM]J, -28,, 8, - (4)

The operators T are understood to act on everything to their right, including the
wave function. The gradient operators inside brackets, such as in the factor

F dx ), act on the fields F__ only and not on the wave function. The
(OF g/ 9%) ag ™Y CT:
satisfy Yo 8 = V,Ba and Yoo - 0 so there are 9 of them independent; the 7/5’& 8

satisfy y5’ B =- ‘)'5, B and there are 6 of them independent; the symmetry

properties of yﬁ,aﬁ,uv are
Yo,aB,ur '6,Ba,ur (5a)
Y%6,0B8,uv y6,;w,oz[3 , (5h)
Y6, B, uv + YG,au,VB-i- 76,051/,3“ =0, (5¢)

and there are therefore 10 of them independent. One defines s by

and then there are 36 independent Hermitian matrices 1, 7’5, Yy g’ 177, g’ 75,0: B’

Y6, B, uv which form a complete set of 6 X 6 matrices. Some other properties are
9 H

given in Ref. 6.



III. LORENTZ TRANSFORMATIONS AND CHARGE CONJUGATION

The Lorentz transformation properties of the wave function are assigned to
be the same as that of the free particle wave function. However this assignment
does not settle the question because in the free-particle discussion a different
wave function is used in the Hamiltonian formulation than in the manifestly co-
variant formulation. The relation between the two functions was given in Eq. (62)
of Ref. 6. For the transformations continuous with the identity the two functions
behave the same and the notation of Refs. 3 and 6 is used. For the reflections
and charge conjugation there is a difference. As shown later, for zero fields
Eq. (1) specializes to Weinberg's formulation and so his assignments for the dis-
continuous transformation properties are the appropriate ones to use.

For Lorentz transformations continuous with the identity

x' =a .x

a aB "B

the wave function transformation rule is
Y' (x") =AY(x) (6)

where x' denotes x', t' and the matrix A satisfies

-1
A =
A yaﬁ aozu aBu VMV , (7a)
+ ~ -1
CA = A*C , (7c)
Ay A=y (8)
5 5 °



Here C is the charge-conjugation matrix defined by

C= (9)

where CS is a unitary matrix such that
C,s = -8*C, . (10)
The C matrix has the property
Cy..c‘1=y.*., Cy.c“1=-y*., Cy c'1=y* . (1)
ij ij 4i 4i 44 44

In consequence of Eqs. (6) and (7a) every Greek subscript is a vector index in the
same sense as in Dirac's theory and Eq. (1) is evidently covariant.

For the space reflection

Equations (6) and (7) apply again with A chosen to be Va4 Since L and Foz are

B

regular under space reflection the covariance is again evident. For this trans-

formation, instead of Eq. (8), the equation

-1
A= -
A Ys Ys (12)

applies. By including factors of Y5 the parity noninvariant interactions can be
formed. For example (eA'/12) Ys Y5, 08 Foz 8 is an electric dipole interaction term.
] -

For the time reflection
xX'=x, th=-t
i i
the wave function transformation rule is

P = AlCY®]T (13)
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where again A is Va4 and satisfies Egs. (7). By explicit calculation, using Aoz
and Fa 8 to be pseudo, one verifies that Eq. (1) is covariant.
The charge conjugate wave function is defined by
c *
g =Y - (14)
It satisfies an equation the same as Eq. (1) but with all terms proportional to e
changed in sign. It follows from the fact that Eq. (7c) applies to all transformation

matrices A that wc has the same Lorentz transformation properties as . The

charge conjugation has period two,
c.C
Wy =¥

as follows from the fact that C;CS is unity. 18

IV. INVARIANT INTEGRAL

Let the adjoint wave function be defined by

=uly, . (15)

The equation it satisfies is

7f?oﬁﬁiz’—yozﬁ * 1T % + 2m’ Y+ (eM12) Fotﬁ’_"ﬁ ’5,08
- (eq/6m?) (3F, 5/3%) T, v Ye,ap,uy ~ 0 (16)

where 'ﬁ’a is —i(a/axa) +eA . It follows from Eq. (7b) that the adjoint function

transforms according to

- — -1
YN =g A (17
for isochronous Lorentz transformations and according to

) = [P ot A (18

for time reflections.
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If w(ﬂ) is a solution of Eq. (16) and (//(n) of Eq. (1), then the current
@n) _ f~ 0 (n) [)) (1)
I = F0) v v -0 v gmp
( w‘(ﬂ)) @ _ 7® T @

- ea/om? PO @F foxg v, g 00 19)

is conserved,

3% 3 =0
(0} o

Here the brackets in a factor like @Bﬁ(ﬂ)) indicate that the %’B acts only on the

w(ﬂ) . Evidently J((f’n) is a Lorentz four-vector so the integral of ng’ ) over
space is a time-independent Lorentz scalar. The invariant integral is therefore

defined by
(69, u™) - samy ™ f & [( TO) 0™
-7 YagTs g (%ﬂw)w(n) _ W(Q)M e

- (eq/6m?%) 7O QF,, /3%0) % 1) g w(n)jl . (20)

An alternative form is
(09, ¥®) = 1am) " f o [_2 0Ty, g
; :
# (myO) (1 vy 0 -y OT @4y p

- (ea/6m? T (F,, /%9 % 1, 4 w(n’] : (21)



The factor is chosen to give the right nonrelativistic limit, as discussed below.
As in the Dirac theory, the anomalous magnetic moment term does not influence
the invariant integral formula. The integral is not positive definite.
For the time-rate-of-change of matrix elements of any operator T, one finds
that
d (w(ﬂ), T l//(n)>/dt = i(4m) ! f Sxp® [w, T)_w(n) (22)

where W is the operator inside the square brackets on the left in Eq. (1). This
applies in general, even when the fields and T are time dependent. Equation (22)

can be easily derived by operating on the equation
w (T ™) = (w,1)_ p™

from the left with w(ﬁ), on Eq. (16) from the right with (-Ty) and adding; the terms
on the left can be rearranged into i times the divergence of a current Ja built from
J(ﬂ) and T l//(n). From Eq. (22) it is seen that matrix elements of a symmetry
operation of the system are time independent. The point is that if T is a symmetry
operation and d}(n) satisfies the equations of motion then T w(n) also is a solution.

Then W w(n) and WT l//(n) are both zero and the right-hand-side of Eq. (22) is zero.

V. NONRELATIVISTIC LIMIT

As was first emphasized by Foldy and Wouthuysen in the spin one-half case,
the nonrelativistic approximation corresponds to an expansion on m—lq For a
Dirac particle they developed the series by making unitary transformations of the
Hamiltonian which removed odd parts of the Hamiltonian to higher and higher
orders of m-l. Their process cannot be applied directly here because there
isn't a Hamiltonian to begin with. In the Dirac case it is appropriate to consider
unitary transformations because the invariant integral is f d3x 'J/(Q)T l/’(n) and the
unitary transformations preserve this form into the nonrelativistic limit. With
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the different invariant integral that applies here, Eq. (21), it is not appropriate
to keep wave function transformations unitary. The basic idea used in finding
the limit here is to take out the rest-energy part of the wave function, make a
non-unitary transformation that removes odd parts of the wave equation in a
certain order, and then expand in powers of m_l.

The first step is to convert the wave equation, Eq. (1), into a nonrelativistic

type of notation. The appropriate matrices are

<0 1>
Yoa = s
44 1 0

O = Y Yie T Y55 7

o)
Il

In terms of them the y matrices are
5,ap

Y515~ Ok Sk

V5,14 = 62y -

The Ye. o 8, uv type of matrix is easily converted into terms of ¢ and s by using
H 1

the result

=-(1/1 ~- -
%6, aB,uv (1/12) {y5,oeﬁ’ y5,w]+ 400 98, 7 00y Og)) T Heapuy Vs ¢

(23)
It is assumed that the external fields Foz 8 satisfy the homogeneous Maxwell

equations

€0 Buv oF B/ax“ =0

so the third term in Eq. (23) doesn't contribute in the wave equation. The second
term in Eq. (23) leads to terms proportional to (8F0w / axv) in the wave equation;
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this type of term is retained so that all the results below apply even in the case
when the wave function overlaps the sources of the external fields. With this

notation change and after multiplication by m"2 the wave equation reads

(m,/m) (7 /m) (1+5) - 28 (g-z/m)z - 2if(q - 1/m) (T,/m)

- (e/m®) (B+1) g+ (B+iyB) + 2

+ (eq/m4) (spsk + 555 -4/3 Spk) {eikﬂ {8(Bp+ iy5Ep)/8xi} m

+ Y [B(Bp+iy5Ep)/axk] Ty~ Vs [a(Bp+iy5Ep)/8x4:| 7rk§1// =0 . (24)
The second step is to make the substitution

¥ =exp[(q - 7/m) - imt] l/Il ,

multiply through by

exp [- (- m/m) + imt] ,
and expand for small m_l. The effect of the time-factors is just that = 4 becomes

im + 7. The expansion needs to be carried out to order m_3 to get the quadrupole

contribution. The calculation leads to
[(1-y+2i(m,/m) (14 -2i(g-1/m) (7, /m) + 2i(m/m) (- 1/ m) (1) + (7, /m)” (146
+ (7r2/ mz)(1+3) -(e/ mz)(l%)\) S (BHiyE) +i(g -7/ m)2(7r4/m)(1-ﬁ) - éi(g . T/m)(m 4/@ (- 1/m)
+1(my /) (@ T/ ) (1) - (@ 1/ m) (m, /m)(1+6) + (7 /) (@ /) (1-B) + (4/3) (g 3/ ) B
- (@ z/m)(r ) (148 + (1 /m®) (g 1/m) (1-6) + (e/m®) (@ - 1/m) (B+N) g+ (Briy, )
~(e/mB(BN 8 +(BriyB) (g 1/m) +i(eq/m3)(spsk+sksp—4/38pk) 5 3B HixE)) /aka P =0.

The odd terms only begin in the m~2 order. (25)
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As a third step one makes a similarity transformation so that the same

equation holds but with j, Ves &> (//1 replaced by 8', y%, a', ;Z/'l where

Y <—1 1>
=92 ,
Y1 L1 ¥y

-1 0
0 1
o)
1 O ’
o)
al = .
Q 5 o0

The point of this is that, if (//'1 is considered as two three-component functions,

~
(9]
Il

8 ]
vy = o J

then the upper part of Eq. (25) is

2¢S + O(m‘z) sz + O(m'z) ‘/’L =0 ,

where O(m—?‘) denotes terms of order m-z. The small components are thus of
order m_2 compared to the large. There is considerable simplification in the

lower half of Eq. (25), leading to the result
[41(71' 4/m) +2(7 4/m)2 + 2(7r2/m2) - (e/mz)(1+)\) s'B
- 2i(ge1/m) (7, /m) (g /1) + 2i(, /m) (5 7/m)
+i(e/mP) (8- 1/m)(1-N - E+i(e/mA) (1) 5+ E(s:1/m)
- (eq/m3)(spsk+sksp-4/38pk)(aEp/axk)] po= 0 . (26)
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This can be rearranged into the form
(-imy - (2m)t 7 P = (Hee) @
where H is given by
H = e + (17/2m) - (e/4m)(1+A) s+ B
+ (e/8m2)(1—)\—2q)(sisj +5,5, -4/35,) (OE,/3x)

- (e/8m*)(1-N 5+ (T XE-EX ) + (1/6)(e/mIA-NV-B , (28)
and where ¢ is -iA‘L .
As a fourth and final step in finding the nonrelativistic limit, the equation is

reorganized into Hamiltonian form. If the function ¥ is defined by

w= [1 + (2m)‘1 (H- eqb)] UL, (29)
then, to order m—z, the wi term cancels out, Eq. (27) becomes
ioy/ot = HY , (30)

and ¢ is identified as the nonrelativistic wave function.

It is clear that, from what has been said so far, this identification is not
unique. For example, (,!/L might be taken as the nonrelativistic wave function and
the wi term manipulated into a contribution to the Hamiltonian in the m—2 order.
However the identification above is supported by the limiting value of the invariant

integral. Starting from Eq. (21) and disregarding terms of order m—3, one finds
(H90) = samy ! [P [zw(mg g™ fr, 0 )T 1™ - yOF (g, zp(m)]
= f a3x w(Lﬂ)T i i(2m)~ ! f a3x (w M@)Txp(ﬁl) - i(2m)t ﬁSX z//(If)T T WL

- [Ty (31)
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Therefore, except perhaps for further unitary transformations, ¥ is the correct

nonrelativistic wave function.

Vi DISCUSSION
The magnetic dipole term in H can be written as -g(e/2m) s. B where the
g-factor is (1+A)/2. Thus for a particle described by Eq. (1) the normal g-factor
is 1/2, the same as for a Dirac particle. The conventional form for a spin s
electric quadrupole interaction term is
e JE,

=___Q¢ - 2y i
Hog =~ Tss—h (557545~ ¥/38;) 3%

where Q is the quadrupole moment. By comparison with Eq. (28) one sees that

the quadrupole moment of this particle is

Q=(-1+A+ 2q)/(2m2) R

the normal moment being then -1/ (2m2) .
An alternative way to include the anomalous quadrupole contribution is to use

the term (qe/mz)(BFa B/axy) T in place of the y, term in Eq. (1). The in-

B 8ow
variant integral can still be defined all right and the same nonrelativistic limit applies
except for a different factor in the V-E term. However the type of quadrupole
term_used in Egq. (1) has a universal application because the y6,oz B, uv matrices,
Lorentz type (2,0) & (0, 2), exist for all spins greater than one-half whereas
matrices like Yy Lorentz type (1, 1), exist only for spin one.

The connection between this formulation and other spin-one free-particle

formulations is found by specializing Eq. (1) to the case e = 0 and rewriting it as

P, Py v, W= (PP, + 2m %)y (32)
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where P, is —15/8xa. Here one can operate with —PozP,B Y and use the matrix
property
PPy Y= P} 33
(P, 8Yup = (P, P, . (33)
This leads to
2, 2
(PP Yy =P P_+ am? 2y

and so gives the Klein-Gordon equation
PPy-= —mzdj 34
a o ) (34)
Furthermore this combines with Eq. (32) to yield Weinberg's equation2

PaP‘ByaBl//= —mzz/z . (35)
Thus Egs. (34) and (35) together are equivalent to Eq. (32). In Ref. 6, Section 6,
the relations between Eqgs. (34) and (35) and the other free-particle spin-one
formulations were given.
Just as in the spin-1/2 case, the polarization of the spin-1 particle can in

principle be followed throughout the interaction. One defines the four-vector

polarization operator by

Tu = (i/12m) épwpo- }/5, vy T

= (~i/6m) ¥, : (36)

y5,ucr T

This is a gauge-independent notion and it fits in with the scheme of free-particle

polarization operators. 6 The fourth component is

T,=({i/m)s-x ;
4 ~ ~
for a particle in an electrostatic field, this is (ip/m) times the helicity operator
(s - p/p) which is central to the discussion in the next section.
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VII. APPLICATION: SEMICLASSICAL SOLUTION OF THE GENERAL ELECTRO-

STATIC PROBLEM

As an example of the usefulness of this theory the semiclassical approxima-
tion for the solutions of Eq. (1) will be set up in the case of a spin-1 particle in
an electrostatic field. This applies for example to a deuteron moving relativis-
tically through laboratory fields. The approximation is the generalization of the
WKB method to the relativistic spin-1 case. Some of the ideas are the same as
those developed by Pauli21 in the relativistic spin-1/2 problem. The approximate
solutions are expressed as linear combinations of functions that have, in first
approximation, definite helicities and a set of differential equations is given for
the expansion coefficients. The anomalous quadrupole moment term does not
contribute to the wave function in first approximation.

The equation to be solved is

[—h2V2(1+B) +omigQf g (-2 -10) 0 s+l Eap
+ (-%-aa—t-%e ¢>2(ﬁ+1) +om%?+ LAig-E
¥ féi% 9 Y5 €icq (559 + 559 a?cziaxj 6‘?2;
-imezizg q <Sisj 58 - % Eij) ?%g% <—%-—§—t - i_cg ¢>]l//= 0. (37)

This is just Eq. (1) specialized to the case A =0, A4 = i¢ time-independent. The
factors of ©i and ¢ have been reinserted and it has been written in terms of the
a- and B- rather than the y-matrices. '

The results are conveniently expressed in terms of the solutions of the free-

particle problem. In this case one considers solutions of the form
-1
w=wexp[rﬁ (p.;S-Et)JQ (38)
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The equation determining w is then
2 2 2 2 2
P (1+h) - 2(s°p) B -2 (E/c) g-pB - (E/c)” (1+B) + 2m"c"|{w=0 (39)

By looking at the problem in the rest frame, p= 0, one sees clearly that there
are six solutions for each fixed p. It is easy to find them by supposing they are

eigenstates of the six-by-six helicity operator, say

(s:p/p)w=0W ; (40)
where 0=0,%1. Then Eq. (39) reduces to a two-by-two problem. There are
solutions only if

E= €W (41)

where €=+1 and W is an abbreviation for c(p2 + mzcz) 1/2

, the positive root. The
particle/antiparticle solutions are identified as € =x1. The final formulas for

the solutions w € 0_(p) of the free-particle problem are

1 u, _ 1 (VViecp)uil \
Ve o = T , Ve .1 = T3 ’ (42)
g Uy 2°me (WEeecpju 41

where u_(p) are the solutions of the three-by-three helicity eigenvalue problem

(s'p/P)u = ou ,
normalized so that

T

uu=1

In the representation (Si)jk =i ejik explicit formulas for these functions are

Py 1/2 [*1PPy = P1Pg

1 1 .
up® = ol B ) a® = (T o FIPPy ~PoPg f - (43)
| 2p (P -Py) o 2
Py p“ - pg
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The factors in Eqs. (42) are chosen so as to give a normalization appropriate to
Eq. (21). If the g-term can be disregarded and if y has time-dependence

exp (-ih‘l Et) then

(W5 ) =fd3x I ’

where
I=(2mc2)‘1 [EwT(Hﬁ)w—chg-Rl[/] . (44)
The normalization is such that I = E/mc2 for the free-particle solutions.

The semiclassical approximation is obtained by substituting

Y= [ao + (h/i) a, + .. ] exp (iS/T)
into Eq. (37 and formally obtaining a solution to first order for small . Appli-

cability of this approximation is discussed below. In terms of the abbreviations

p=78, E = -38/dt
(this is a different use of the symbol p than before) the terms in 1 give

l:pz(1+B) - 2(,§'B)2:3 - Zc_l(E—e¢)g-Eﬁ - c_z(E—eqb)2(1+,8)+ 2m202] a, = 0. (45)

Solutions of this equation are known by comparison with the free-particle problem,

Egq. (39). According to Eq. (41) it is necessary that
E-e¢p = €c (p2 + mzcz)l/2 . (46)

In the following only the particle solutions, € =+ 1, are considered; then this is the
equation for the classical Hamilton~Jacobi function S. Also only the solutions with

definite energy E are found so that

S=S-Et , (47)
where S is time-independent. This means that p is Yg and is also time-independent.

Suppose the classical problem is solved so that S as a function of x and three constants,
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values of integrals of the motion, is known. The only problem then . is to deter-

mine ag Equation (45) implies that

a9= 2 Arw (D (48)

where A, are three functions of position still to be determined. The limitation

on AU is that the approximation should be solvable to next order to get a

1" Thus
Eq. (37) for the terms in ‘ﬁl gives
P78 - 2e 0% 8-2¢7" (E-e) g-pi - o2 (B-e9)’ (1+0) + 2m%?] o,
= [(g'y+2'g)(1+ﬁ) -2B(s'Vsptsp 5V - Zc_l(E—e(p)g.zg
-1 -1
-ec " E.aB-ec )\E-g] 2, (49

(Even in this order, the q term does not contribute.) The matrix of coefficients
of a, is the same as in Eq. (45) and has zero determinant. Equations (49) have
a solution for ay only if the vector on the right is orthogonal to the solutions of
the homogeneous equations formed with the Hermitian conjugate of the matrix
on the left. Taking that Hermitian conjugate is the same as replacing (E-e¢) by

-(E-e¢) so those solutions are just W1 T(R) and the condition for solvability is

wh, [(p V+ VD) (1+6) -28(s°V 5-p+5-p 5-V) - 2¢  (E-e) @V B

-1
-ec

zm
m

)\E a]z A +1’U =0
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Here ¥ acts on everything to the right, including the x dependence in p. Expressed

as differential equations for A this reads

2 Wil,r [ZR(HB) -2Bp (T+o)s+2¢ Wﬁa] ‘YA,
o

-1 -1
+2c¢c "WBa-V+ ec BE o -ec )\Eeg] W+1’0_ . (50)
2 2 2 1/ . .
Here W still denotes c(p +m c . By using the explicit formulas for w

€,0

Eqs. (42), one can verify that the left-hand side simplifies to 4p.V A_. Let

Eq. (50) be written as

R'ZAT = ; C'ro-(§) A, R (51)

where the coefficients CT(T can be found given the potential ¢(x) and choice of
principal function S. Since at every point P is normal to the surface S = constant,
Egs, (51) determine A_r everywhere if the AT are given on one particular surface.
i In this respect the semiclassical approximation is like the classical problem in
which one can have various numbers of particles streaming on the various allowed
1 trajectories. For any particular orbit x(t), since 9 is 0—2 (E -e¢)dx/dt, Eq. (51)

1s a set of total differential equatlons

(E-eg) dA_/dt = c2 2.C__A (52)

T TO T
which determine the amplitudes A - if they are known at the start.
In the one-dimensional problem, when ¢ and S depend on a single coordinate,

say z, one can solve for the AT explicitly. The principal function is

s = fpdz - Et (53)

where

= [(E eqb) - m2 04]1/2

- 21 -
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for particles moving in the positive z~direction. Only the z~components of the
spin matrices occur in Eq. (50) so it is appropriate to use the representation in
which s, is diagonal. In place of Eqs. (43) one has

0

+1

1
=10}, u_1=0
0

0
u.=t1]}, u
0
and their derivatives are zero.

Equation (51) uncouple and simplify to

: 1
p(dA_/dz)= - S A _(dp/dz)

1/2

the A-term dropping out. The amplitudes are then just p_ and the semi-

classical solutions are

Vo = (%)1/2 CO

> exp it L (fpdz —Et) , (552)

0
(Wxcp) u 1 -1
v, = _1T7§ *lexpitn (fpdz-Et) . (55b)
(2p mc3) (WFcp) Ui

These are eigenstates of the helicity s,, as are the exact solutions of the electro-
static one-dimensional problem.

Equation (44) is still appropriate for discussing the normalization, although .
there, P denotes -i T V whereas in Eqs. (55) p is given by Eq. (54). To first
order in fi they amount to the same thing and I is E/cp. This is a sensible result
since it is inversely proportional to the classical velocity.

The semiclassical approximation is expected to apply when terms marked by
higher powers of T are smaller than those marked by lower powers. Typically

the TVp terms are considered one higher order than p2 in deriving Eqs. (45) and

- 292 -



(49). Using Eq. (46) and considering E -e¢ of order mcz, one finds that the

relative size 1iVp/ p2 is of order (‘heEf / m2c3), where E, is the size of the elec-

tric field. This parameter also measures the size of the ¢ - E terms relative

to p2, as long as A is of order unity. Another parameter enters in when the q
terms are considered. Their size relative to the ¢ . E terms is about

(ﬁqZEf /mc Ef ). The approximation is expected to apply, then, when the above
two parameters are small, For example, a deuteron has A=.7, q = 25 and if

4 esu, VE, /Ee =1 cm—l, the first param-

and the’second about 10-13. The approximation would surely

it moves in laboratory fields, Ef =10
eter is about 10717

apply in that case.
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