e

SLAC-PUB-512
QOctober 1968
(TH)

*
THE ELECTROMAGNETIC INTERACTIONS OF COMPOSITE SYSTEMS

Stanley J. Brodsky
and

Joel R. Primack

Stanford Linear Accelerator Center, Stanford University, Stanford, California

(Submitted to Annals of Physics)

. .
Work supported by the U. S. Atomic Energy Commission.



ABSTRACT

Starting from Lagrangian field theory, we derive the interaction
Hamiltonian of a composite system with an external electromagnetic field.
Upon this basis, we develop the theoretical foundations of the atomic Zeeman
effect, with specific reference to the fine structure and Lamb shift measure-
ments. We also explicitly verify the Drell-Hearn-Gerasimov sum rule and
the low energy theorem for Compton scattering for composite systems. An
essential result of our investigation is that the interaction of a loosely bound
composite system with an external electromagnetic field can be well approxi-
mated by the sum of the relativistic interaction Hamiltonians appropriate to
the free constituents, but that in general. the non-relativistic reduction of this
Hamiltonian does not yield the sum of the corresponding free reduced (e. g.
Foldy-Wouthuysen) Hamiltonians. New features of this work include an ex-
tended Salpeter equation which includes interactions with an external electro-

magnetic field, explicit wave packet solutions to a two-body relativistic equa-

tion, and a calculational approach to perturbation theory with composite systems

in which sums over intermediate or final states preceed non-relativistic approxi-

mations. Our explicit calculation of the DHG sum rule illustrates its super-

convergent nature.
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Section 1

Introduction

The most familiar objects of physics ~ atoms, nuclei, and perhaps
even elementary particles - are composite systems. Yet one searches the
literature in vain for an adequate practical treatment of the electromagnetié
interactions of such systems, taking into account the essential complications
of relativity and spin. In this Work1 we derive from Lagrangian field theory an
expression for the interaction Hamiltonian of a composite system with an ex~
ternal electromagnetic field. For simplicity, we consider two-body systems,
and, in particular, systems in which the particles can be regarded as inter-
acting throughan instantaneous Bethe-Salpeter kernel - which is to say, inter-
acting thi'ough a potential - and we investigate the corrections to this approxi-
mation. We find that for such systems the external electromagnetic interaction
Hamiltonian can be well approximated by the sum of the relativistic interaction
Hamiltonians appropriate to the free constituents, but that the non-relativistic
reduction of this Hamiltonian does not yield the sum of the corresponding re-
duced (e.g. Foldy-Wouthyusen (F-W)) Hamiltonians if the constituents have
spin. The crucial error in deriving F-W additivity is in neglecting the spin
transformation of the composite state wavefunction associated with the center
of mass (CM) motion.

The correct non~relativistic reduction of the interaction Hamiltonian

for a composite system of two spin 3 particles in an external electromagnetic

field takes the following form?



(1.1)
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The terms proportional to (MTma)"1

or (MTmb)'1 are correction terms to
F-W additivity.

We were motivated to undertake this investigation in attempting to
understand certain difficulties in connection with the Drell-Hearn (1) -
Gerasimov (2) (DHG) sum rule and the low energy theorem for Compton scat-
tering (3). The low energy theorem for Compton scattering is a fundamental
statement for electrodynamics: givgn the total mass, spin, charge, and mag-
netic moment of any discrete system, the photon scattering amplitude is
determined to first order in frequency. As a consequence of the low energy
theorem, the DHG sum rule for the photoabsorption cross section is obtained
by assuming an unsubtracted dispersion relation for the spin-flip forward
amplitude. Again, the result depends only on the spin and static properties
of the target system - no distinction is made between elementary and com-
posite systems.

The calculation of Barton and Dombey (4), which purported to show
that if the DHG sum rule holds for nucleons, it must fail for bound states
containing a nucleon, thus seemed very suspicious. If this calculation had
been correct, the only way to reconcile the DHG sum rule with the low
energy theorem would have been to assume that there is an additive con-

stant, sometimes called a ''subtraction at «'', present in the dispersion



relation for the spin flip forward Compton amplitude f2 for a composite system,
even if it is not present for the constituents. Such a state of affairs would be
physically most unreasonable, since a "subtraction at =" ig associated with
the asymptotic behavior of f2 (w) for |w| — o, and the asymptotic behavior of
the Compton amplitude for the composite system should be no worse than that
of the sum of the amplitudes of the constituents ( ¢f. Section 7D).

In this paper we show that the calculations in ref. (4) are incorrect
because of the unjustified assumption, which pervades the literature (5), that
the electromagnetic interaction of the cbomposite system can be calculated
from the sum of the Foldy-Wouthuysen Hamiltonians of the constituents. In
fact, such a Hamiltonian does not yield the correct low energy limit of the
Compton scattering amplitude3 for the bound system, nor does it have the
correct Thomas term appropriate to the system's momentum and spin4. We
shall show that when the spin transformations are properly included the new
non-relativistic interaction Hamiltonian (l.1) emerges, the low energy theorem
is not violated, and the DHG sum rule for composite systems is verified.
After this work was completed, we learned that some of these results have
also been obtained using quite different methods by H. Osborn (6 ).

The outline of the paper is as follows. We begin in Section 2 with a
derivation of the relativistic electromagnetic interactions of a two-particle
composite system. In order to do this, we return to the definition of the
electromagnetic current as given in Lagrangian field theory. The matrix
elements of the current are then readily expressible in terms of Bethe-
Salpeter (1) (BS) amplitudes. In the approximation in which the BS inter-
action kernel is replaced by a neutral instantaneous kernel (i.e. potential)

in ladder approximation a relativistic interaction Hamiltonian emerges. For



Salpeter?’s (ﬂ) equation which includes interactions with a static external
field, Infact, it turns out that a "Breit" Hamiltonian extended to include
external electromagnetic interactions leads to the same results as the BS
approach up to terms of relative order < Uz/ m, m, >, where U is the
interaction potential.

Using these procedures, the corrections to the impulse approxi-
mation can then be readily traced. In Section 3 we apply these results to the
analysis of the Zeeman spectrum in hydrogen-like atoms, in order to obtain
estimates of radiative and reduced mass corrections not already included in
standard calculations. We emphasize that the comparison of theory with ex-
perimental measurements of the Lamb shift and fine structure intervals in
H and Drequires a precise theoretical extrapolation of the experimental re-
sults to zero magnetic field. Thus care in the calculation of the Zeeman
effect is as essential as it is in the calculation of the zero field energy levels
themselves.

In general, we require matrix elements of the current connecting
composite states of different total momentum. The Lorentz transformation
properties of the Bethe-Salpeter and time-independent Salpeter wavefunctions
are derived in Section 4. In addition, a very convenient relativistic two-body
bound state wavefunction, correct to first order in the binding potential, is
given. The effect of the spin transformations, resulting from boosting the
CM wavefunctions to other Lorentz frames, is shown explicitly.

The foundations are thus prepared for the calculation in Section 5
of the photo-absorption matrix elements required for the DHG sum rule.

Two complimentary derivations of the sum rule for composite systems are



given. The first derivation is in the spirit of numerous atomic and nuclear
physics calculations and shows how such treatments - including that of ref. 4) -
must be modified when relativistic effects are included properly. The second
method of derivation is based on closure of relativistic states and is more
elegant and instructive. As is discussed in Section 7C, this technique ex-
presses the DHG sum rule in the form of a superconvergence relation. Our
calculations are given for realistic models of bound states of two spin$ par-
ticles or of a spin 1, spin 0 combination. The second method of derivation,
however, shows that the sum rule only requires the correct external electro-
magnetic interactionof the CM motion and total spin; hence this method of proof
may be readily generalized to other bouhd systems.

- In Section 6, we explicitly prove the low energy theorem for a com-
posite system. The correct spin terms in the non-relativistic reduction are
again essential to the calculations. We also obtain the effective Hamiltonian (1.1)
(which includes the negative energy state contributions which enter through
second order perturbation theory), to be used as the non-relativistic '"large
component' reduction of the electromagnetic interaction of the composite
system instead of the usually assumed, but incorrect, F-W form. We dis-
cuss in Section 7TA how the correct interaction can be
derived in an alternative way through a modification of
the F-W procedure.

We recommend that the reader interested chiefly in calculational
details, as presented in the derivation of the DHG sum rule or the calculation
of the low energy limit of the Compton amplitude for composite systems,

should proceed directly to Sections 5 through 8.



Section 2

The Electromagnetic Interactions of a Composite System

One of our purposes in this work is to derive the electromagnetic
interaction Hamiltonian for the two-body system as it is prescribed by the
axioms of Lagrangian field theory. For example, starting from the definition

of the electromagnetic current for two fermion fields5

(a

A ) 5 |
J”(X) ea‘p(a)')’# z/)(a)-*-ebzp(b)’yﬂ Zp(b)’ (2‘1)

we shall show that in an approximation which is often physically reasonable,
the interaction Hamiltonian is the sum of interaction Hamiltonians appropriate

for free particles:

anomalous
em ) (2.2)
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where AF (x) is the external electromagnetic field and H°™ is an operator in
the two-fermion Hilbert space which can be time dependent (XZ = xg = 1),

Eq. (2.2) is usually assumed without proof in quantum-mechanical treatments
of a two-fermion system. In general, however, expression (2.2) is not exact,
and we shall discuss the source of the additional terms for H*™ below (after

Eq. (2.33)).

A. The Bethe-8alpeter Equation

Before we proceed to a derivation of the interaction Hamiltonian we
shall review the application of the Bethe-Salpeter (BS) equation (9) and S-matrix

perturbation methods to the two-fermion system. The wavefunction of each



two-fermion state |n > (corresponding to a bound or scattering system) satis-

fies the BS equation6:

(198 - o) aaP) vh - my)x e, m) = (@) (5, %) 2.3)
where

X, . x)= < 01 TP, 4® ) in> . @.4)

The center of mass coordinate dependence in the eigensolutions can be ex—

hibited since the states | n > are eigenstates of total four-momentum:

_ - iPn- X
XXy %) = € X (X) (2.5)
with
X = Taxa + 'rbxb
X=X -X
(2.6)
Ta = ma/(ma+mb)’ ™~ b/(ma +mb)

In "ladder'" approximation one takes.

Gx,, = Gx, - %)X (%, - %) 2.7



although in general the BS equation (2.3) includes (and we will consider) self-
energy corrections and irreducible kernels in addition to the kernel G(Xa - xb)
from single boson exchange.

The most practical application of the BS equation has been the cal-
culation of the energy levels of the hydrogen atom. In lowest, non-relativistic
approximation - the exchange of Coulomb photons in ladder approximation
with me/ Mp — 0 - the Schrédinger equation for an electron in a Coulomb
potential emerges. TFigure (1) illustrates the contribution of other irreducible
kernels. Using the techniques of Feynman, Salpeter (8), Erickson and Yennie
(10), and others, the energy levels can, in principle, be calculated to any
degree of precision. In practice, one use‘s as expansion parameters
me/ Mp, Rp/ao (ratio of proton rms radius to Bohr radius), a (from vacuum
_ polarization and self-energy kernel.s), as well as Zd and Za log Za (from the

binding interaction).

B. The Composite System in an External Field

The effect of an electromagnetic field A“ (x) on the two-fermion system
may be calculated in the usual way from the reduction of the S-matrix in field

theory, using as a perturbation the Heisenberg interaction density

1) = 1§, (A" ) | 2.8)

with j“(x) defined by (2.1). Examples are

(1) Scattering of a composite system in a static external field in



lowest order: The linear term in the S-matrix is

sO = _azis (E, - Em)-/‘< nls#(0,%) | m > &’x. 2.9)

(2) Compton scattering on a two fermion composite system, to lowest

order in «.

2
5@ = %?——fdzlxl d4x2 < f, ke T(5#(%) H5(X,)) | ik € >

1 4 4 ik' x, - kex))
4ww'/d xlfd x, e 2 1 2.10)

<EIT(ET (), TN li>.

The radiation gauge is used for the photons. We have dropped an equal time
term in reducing out the photons from the states since this gives no contribu-
tion when the exchanged boson is chargeless., Inserting a complete set of

states and integrating over X) 02 X9 OnE obtains a Lippman-Schwinger form

— — — =

ik- - . X
S®) = 211 6(E. + 0 - E - @) —) &, fd3X2 JEM 2
1 f Ydww!

@.11)

<EIEVTEY) 1§ ><j1€TE) 11> <f|?-7(£1)|j>< JlejE)li >
( E.+w- E. +ie€ * E.-w'- E, +ie )
i i i i j .
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Here j#(}—ﬁ =j“(0,>_5, |i> and | f > represent the initial and final bound
system in different four-momentum states, and | j > represents all possible
states connected to | i > or | f > through one photon emission or absorption
(conserving three-momentum) and includes disintegration channels. The
method of Low (3) can be applied at this point to establish the low energy
theorem for Compton scattering. The direct derivation we give in Section 6
is based on an explicit form for the currents for the two-body system.

As is apparent from our examples, explicit calculations in pertur-
bation theory will require matrix elements of the electromagnetic current
between composite states. The general method of calculating such matrix
elements has been discussed by Mandelstam (11). A simple result can be
obtained for the two-fermion problem in ladder approximation [ Egs. (2.3),

2.71:

< nl ju(x) | m > =—ie%/;14xb ')Zn(x,xb) ylfa)(ia(b)- y(b) —mb)xm(x,xb)

@2.12)
- ie, f atx, Xy, 270 @y -mox 63
where the conjugate wavefunction is
in(xa,xb) = < nl T(J (x,) TNlo>. _ 2.13)

In terms of Mandelstam's graphical analysis, this result for j“(x) in ladder
approximation corresponds to Figure 2. In general, j “(x) is modified by addi-

tional terms when other irreducible kernels or self-energy corrections are
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included in the BS equation. (See Figure 2b) Such terms correspond to ano-
malous moment contributions, form factor corrections, exchange currents,
etc. The amplitudes y L are assumed to be normalized (8, 11) to give the

correct total charge:

f< n| jo) | m > d3x =(e,t e - (2.14)

C. The Instantaneous Ladder Approximation

We will now discuss a further simplification of the electromagnetic

current of the two-fermion system made possible if the BS (ladder approxi-
ma:cion) kernel is instantaneous: G(xa— xb) =ig§ - 3{1})6 (x:— xg). This is, of
course, a good approximation in the low energy of weak binding region and
corresponds to a description of the two-body interaction in terms of poten-
tials7. For the instantaneous kernel the x° integration in (2.12) can be per-
formed and, as we shall see, yields an effective interaction Hamiltonian.
We must first recover some results of Salpeter (8) for the case of
the instantaneous kernel, but without specializing to the CM frame. Intro-

ducing total and relative momentum variables,

P = P, + Py,
(2.15)

P = TPy = TaPy
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the BS equation in momentum space is8

ty®- (7 P+p) - m )y ® 7, P-p) - myl¥ 0, 0p) = a7 f d*p'e®-5)¥ (p},p})  (2.16)
with

4 4 ip)- xa+1p{)- X
Yoy Py) = /d xd'x e X(x,, %) =¥ (T, P+p', T, P-D")

@m

We define free particle projection operators

a ~—» — — —
AL ®,) = 1B, By + HyB))/2E,®,)

@.17)
E.§.) =D +m>, H,§,)=0,D, +f m
ava pa a’ ava a“‘a a a
and obtain the four equations
[7,Po ~ S, B, a) t Pl Po- SbEb(pb) =Py Y sasb(pa’pb) =
(2.18)

1 e, B, S By ‘?&Bi[d p'g-B1% (0}, Pp) =T o
a

27r1
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for
—~ A8 ,b -
d)sasb - AsaAsazp ’ SarSp =11
One is then able to integrate over Py 9
P, . 7
S 4 ® P) = fdpw (®,,P,)
S Jo 0 8,8, 2 b
(2.19)
T

8 8
ab

[+ o]
fdpo (TP -SE@)+ +i6s_ {1 P, - _*)- + 168, ]
~ o0 a 0 a ava Py at'b 0 SbE'b(pb Py b

27i T

0 o -9 6 i .
_ _[ S_,+1 S.,+] S _, -1 Sy, ] _ el g S_8
a b a b’ -1 Po-s,E (0,) - s E, () ah

Adding these equations together gives Salpeter's equation 8)

P
— — 0~
[Po-H,6,) - B,G)1P  ©.P) =

(2.20)

P
(aZab - A%A?)véa)vf)b)f Cpee-m? °F. ).

aconsequence of the instantaneous kernel. Combining (2.18) and (2.19), the
Py dependence of zp(pa,pb) is completely determined. We define an auxiliary

wavefunction 7@, P) where

E T - o
(P~ H, @) - o)l °e,P) = vc(,a)vf)b)fd%' g(p-p')fpo(p',p) : (2.21a)
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Then

» P,,py) =
"% 20 @.21b)

P.- s E (@) - s.E ©®) P,
L — 0 aa~a bbb" nq0e ©. D).
[TaPO- s,E (b)) +py + 10 sa][TbPO- SpE,®)) - Py + 16 sb] a"b

i
&l

D. The Interaction Hamiltonian

- Assuming ladder approximation and an instantaneous kernel for the
BS equation we will now be able to eliminate the relative time dependence in
the matrix element of the current (2.12). We shall express the result in terms

of the matrix element of the interaction Hamiltonian between two composite-

state wavefunctions.

fd3x <n IJKI(—i,O)lm>

- ieafd3xfd4xb ')'Zn(x, Xb) 'y(a)- A(;c’)(ia(b)- 'y(b)- mb)xm(x.xb)
x,=0 (2,22

- 2rie, f a°p! f a’p, f d*o, 3000 ¥ AT -5 p, - mp)v 0,5y

where, for simplicity, we only display the e, contribution.



Concentrating on the pg integration, 10

0
_ o WwlT o @), b),  _ '
2mi / dpy, 9, 0 Pp) ¥, Py ) B 0 Py)
- 00
- nf = 3 @) (@) m
= U] ®' P") v n ®,P) (2.23)
sasbs;l Sél’ b o 5a%p
% n m .
. f ® (P'- sLE! - 8, E )P - 5,E, - sy Fp)(- 1/2mi)
o n . n . m .
7 (TaPO— s;lEé+p:)+16sa'l)(TbPO - stb— p(;ﬂésb)(TaPo - saEa+p0+16 Sa)

where

| - — T _ — n_ m
po Py Tb(pao pao) Tb(Po Po ) -

The integral in (2.23) equals s, if 8, = s; =8, equals 0 if s, = s;l == Sy, and leads to terms proportional

to the binding potential g(x) for S, # s;. The complete result for the B S equation in ladder approximation

with an instantaneous potential is

M

| 3 — 3 3 —- —, em —
f d"x < nl¥Ex,0lm> f d°x d qu!’;(xa, xp) Hpg ch(xa, X,) (2.24a)

_9‘[.—
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where

@), @ @) 252 ® 1 (a), (b) —
#[aPe A A o Y gE + (. con—emy | (2.24b)
0 a
_ [A£a>eay(§a)y(a>. AR AP 1 )y f)b>g('x)+(h.c.,n._.m)]

P - P +E_+E!
o] 0 a a
+ (a — b).

The terms including the binding potential in H%Iél insure that the correct
external electromagnetic interaction is obtained in the static limit, where the
11
results of the Dirac equation must apply. Note that for m, — «, the ladder

approximation Salpeter equation with no external field reduces to

[E - &;-;a+ Bammy)] CPS - Ai V(Xa)‘FS (2.25a)
where (a) ( )g(X) — V(X)

instead of the Dirac equation
[E- @, 5, +8 m)NF, = Ve (2.25b)

It is easy to check that the terms in the second line of (2.24b) insure that to
first order in the external field the Salpeter formalism in the static limit gives

the same result as the Dirac theory
Py Hps ) = e, Ay (2.26)

through contributions linear in g(_i). The addition of the cross-graph kernels in
the Bethe-Salpeter equation are required to establish (2.26) to all‘ orders in the
binding potential. The relationship of (2.24b) to results obtained from a Breit

equation approach is discussed in the next subsection.
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E. The Extended Bethe-Salpeter Equation

An alternative way of introducing electromagnetic interactions in the

treatment of composite systems is to use the minimal substitution

(a) (a)
i3, —13, -e A (x)

7 a‘pa

(2.27)
(B (b)
1au —i9 T ebA“(xb)

in the BS equation. The resulting ""extended" BS equation has in fact been derived
by Schwinger (9) from Lagrangian field theory for the case of a time-independent
(or adiabatic) external field AN(;)' Although this approach is not directly appli-
cable to Compton scattering, it does have a natural application to the study of the
Zeeman effect in Section 3, and it allows us to make compéﬁsons with the simpler

Breit equation approach.

The extended BS equation in ladder approximation is

(Fa - eay = m,) (B - ey~ )00, )= GYfo,pp)  (2:28)

where
wlouny) = orf o o2 -32) (7, - o)
‘ (2.29)
Wogny)- firatestlo-p) ofo-o(ry )

One can verify that perturbation theory (8) for (2.28) and the result (2.12) both

give the same current and interaction energy to first order in e, and €y If
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self-energy corrections and other irreducible kernels are included in the BS
equation, then the extended equation (2.28) will be correspondingly modified
by additional terms as a consequence of the substitution (2.27) and gauge invar—
iance. In particular, anomalous moment and form factor contributions arise
when self-energy corrections to the fermion lines are included in the BS equation,
in analogy to our discussion after (2. 13).

In the presence of an external field At (X), we can derive, for an instan-
taneous kernel, an extended Salpeter equation. We proceed exactly as in Egs.

(2.16) through (2.21), except that we use the following "Furry' projection operators

A: ()= 1 Ha(ﬂa)

5 + TZEa ’”a) ' (2.30a)

where

H (na); G:7 +e A°+p m (2. 30b)

a
00
f dx
2 -
% X+ Ha<7ra)Z

The last identity is quite useful; it enables one to expand the ""Furry’ projection
operator to arbitrary order in the external potential.

The resulting "extended Salpeter equation’’ has a form analogous to

(2.20):

o sl [ ) e

(2.31)
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where § E'y(z') ’)’(2) g . If we expand the "Furry' projection operators through

ordere , e,, and e e,, we obtain
a’ b’ ab’

o~ a5 P - [P ok A3 e

(a) .[(a)
p° LA YW A -
R e A L
a a
(a) , (a)
adff)ele e w)epPol foos| o

E_+E!
a a

where Eas\/pi + mi acts to the right and E acts to the left of A . Equation (2. 32)
can also be obtained without operator manipulation from (2.28) by separating
tex?ms containing A at the start and using the ordinary projection operators
Ai(ﬁs) in the Salpeter reduction. In this method; we just repeat Eq. (2.19),

except that T' now contains the AY terms:

1"—>I"E [g + ea‘“a(#b - mb> + ebA(b(gfa - ma> - eaAaebAb] p . (2.83)

It is interesting to compare these two methods of derivation of Eq.

(2.32) when contributions of order e, are considered. In the method based on
(2.33), e ey terms arise from the eaAa(szb - mb>zp contribution with y expanded
to first order in ey and vice-versa, (a-—b),as well as from the explicit

eaebAaAbzp term. If ¢ is expanded using the free two body propagator

Y - m \(B, - m -1 , then the e_e, contributions cancel. Thus, as in the method

a a/\"b b ab
based on (2.31), there is no explicit e

the e.e, contribution which is zeroth order in g must vanish because there is no

contribution required in (2.32). Indeed,
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€2y contribution to the total energy shift of two free particles in an external

field. This rule emerges directlgr from (2.32) as a consequence of omitting the

initial state from the sum over intermediate states in second order perturbation theory.
The energy shift due to the external field may be calculated from (2. 32)

by means of perturbation theory and compared with the Mandlestam result

(2.24). We mention two unconventional aspects of the perturbation calculation:

(1) The normalization condition of the unperturbed wavefunctions is
2 2 3 3
J N

(2) The binding potential in (2. 32) is non-hermitian. Condition (1) guarantees
agreement with the change in sign of the f__ contribution in (2.24b)11; condition
(2) gives rise to extra contributions to the perturbation theory energy shift, which
. corresponds to the (h.c.) terms in (2.24b).

Thus the two derivations of the energy shift do agree, but both calcu-
lations become awkward and difficult to extend to higher order in e, and ey and—f
because of the omission of crossed-graph kernels in the ladder approximation
treatment--also difficult to extend to higher order in the binding potential. This

should be contrasted with the Breit equation (7) extended via (2.25):

[E - Ha<?a> - Hb<—7r’b>:|1)13 = 2% (2. 34)

which has none of the above difficulties. Although the Breit equation is an

approximate formalism we note the followihg result: The Bethe-Salpeter energy

shift (2.24) is the same as that obtained from the Breit equation (2.34) to first

order in the binding. This is readily verified by expanding the equation for ?i_

to first order in Au(x) and §. The result is the same equation which follows for
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9 — from (2.32). In fact, since Eq. (2.34) is exact in the static limit, the energy
shift due to an external field Apc as calculated from the Breit equation is correct

~2
except for terms of order {e¥- A —r—ng?n—).
ab

We should, however, remind the reader that the Breit equation does
not have correct charge conjugation properties. The sign of the charges must
be changed by hand to describe the bound states of antifermions (f~ 50_ ). Of
course, in the case of weak binding of fermions the ?_ _ amplitudes (Breit or
Salpeter) are of little consequence. These components correspond to the ampli-
tude for finding both fermions in free negative energy states and are suppressed
by two powers of the binding energy divided by the total mass%1

Thus we finally obtain the "impulse'" approximation result (2.2), but
only after
(1) adopting the Breit equation description --with errors in.the interaction energy
of relative order(gz/ mamb>;

(2) neglecting non-instantaneous terms in the kernel, in particular the self- energy
graphs; and

(3) neglecting charged boson "exchange'’ currents.

All of these approximations can be reasonable in practice. Corrections can

be made for the neglect of contributions from (1), (2), or (3). In particular,
inclusion of self-energy graphs in the BS kernel can be partially taken into

account by the usual form factor modifications of (2.24). The practical effect of
contributions from (1) and (2) in the theory of the atomic Zeeman effect is dis-
cussed in Section 5. Corrections analogous to (2) and (3) in the relativistic
treatment of the electromagnetic interaction of the deuteron have been discussed

by Gross (12).
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Section 3

The Exact Zeeman Effect in Hydrogen-Like Atoms

In this section we discuss the sources and importance of radiative
and higher order reduced mass corrections to the atomic Zeeman spectrum.
We concern ourselves here with determining the magnitude of the contributions
not included in standard treatments (13-15) of the Zeeman effect in hydrogen,
which are based on an additive Dirac Hamiltonian, Eq. (2.2). Our aim is to
understand the Zeeman spectrum to an intrinsic accuracy of 1 ppm.

This study is of more than historical or academic interest. For ex-
ample, recent level crossing measurements (16) of the hydrogen fine structure
have determined the fine structure constant to a few ppm. The analysis de-
pends on the extrapolation of the experimental results from rather large mag-
netic fields to zero magnetic field. Similarly, the results quoted for the Lamb
shift (17) require precise understanding of the Zeeman effect. It is especially
worthwhile to be critical of the usual analyses in view of the serious disagree-
ment of the Lamb shift measurements and the theoretical predictions.

Let us now analyze what would constitute an exact treatment of the
Zeeman spectrum of hydrogen. As stated in Section 2, the energy levels of
the unperturbed H atom are determined to arbitrary accuracy by the BS equa-
tion if one includes the prescribed irreducible kernels Gi (see Fig. 1). The
energy levels of the H atom in a given static (or adiabatic) external field are
in turn defined by the extended BS equation (2.26). In general, with the appli-

cation of the field AH (%), the kernels are modified

G —gh?
1 1
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through (2.27), corresponding to insertion of photons on each internal charged
line. Thus, extra contributions to the Zeeman interaction are obtained from
all kernels Gi except the one-photon-exchange kernel.

Our reduction sequence is as follows: We shall first itemize the con-
tribution of the higher order kernels and demonstrate explicitly the origin of
anomalous moment interactions. We next check the corrections due to the re-
duction of (2.28) to the extended Salpeter equation (2.31) and then to the two
component Hamiltonian (1.1). Finally, we compare our results with the work
of ref. (13) and (15). Throughout we make use of the available small expansion
parameters, especially o and me/ Mp. Our purpose is to determine the res-
ponse of the atomic system to an external magnetic field. We do not discuss

the line shape.

A. The Contribution of Higher Order Kernels to the Zeeman Spectrum

It is convenient to examine the contribution of currents induced from
the non-ladder kernels by first taking the limit me/ Mp — 0. In this limit (8)
the ladder and crossed photon graphs give the Dirac equation for an electron
in the static field of the nucleus plus the external field. The self-energy and
vacuum polarization kernels then correspond to the electrodynamic corrections
to the bound state equation in this limit. The formalism in ref. (10) is parti-
cularly useful here in determining the dependence on the external field of the
radiative corrections to the energy levels of the electron, since the level
shifts are calculated in (10) as an expansion in the total field FHV = a,uAv - BV AN'

The result may be written in the form
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AEn = AEn(L) + AEn(M) + AEn(R)
where

-2a —- m 11 ~
AE (L) = < nlp N s——5— + 55) Y.p,e4] In>
n 37rm2 2(HN_R- En) 24770

=2 (=& 1 v
AE (M) = 2= G2 <nl} yyo,, P 1n>

and AEn(R) contains terms explicitly quadratic in F“v as well as terms which
modify the operators in M and L at small distances. Here HNR is the non-
relativistic Hamiltonian for the electron in the total field. For corrections
to the Zeeman spectrum, we are interested in the dependence of AEn on the
external magnetic field. When the part of joad corresponding to H is inserted
in AEn(M), we obtain the contribution of the anamolous moment of the electron
to order . The remainder of the dependence of AEn (as reflected in changes
in the binding energy and wavefunction of | n >) for a static field H is readily
found (15) to be of order a(Zoz)zueH. The vacuum polarizationloop level shiftis
unchanged to first order in u eH’ because of Furry's theorem.

We can now relax the requirement m e/ Mp = 0 and thus obtain reduced
mass corrections to the radiative level shifts. If we use the reduced mass
dependence of the Schrddinger equation for | n > in AEn, the resulting cor-

rections to the Zeeman spectrum are of order

@(Ze)?(my/MJu H ,
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the o . H operator in AEn(M) having no direct reduced mass correction.

We also note that the extra contribution of the crossed graph kernel

since its effects of order (Z a)4ueH have already been included in the Dirac
equation when me/ Mp —- 0. (8)

We next consider the correction to the Zeeman spectrum accompanying
the replacement of the one photon kernel by an instantaneous potential. It is
readily seen to be of order (ch)4 (me/ Mp)ueH, since this correction does not
appear in first Born approximation or for infinite proton mass. Also, if the
atom is moving with velocity V with respeét to the external magnetic field, we

can have a binding correction of order ueH(Za)z\_fz. 8

B. Other Corrections

We now have examined all the corrections to the Zeeman spectrum due
to the assumption of an instantaneous potential in ladder approximation. The
extended Salpeter equation is now applicable and the resulting interaction form
expressed in (2.24), augmented by anamolous moment terms, is justified.

Finally we replace the extended Salpeter equation by the extended Breit
equation. As shown in Section 2, the error made in using the Breit formalism

for the electromagnetic interactions of hydrogenic atoms is only of order

——-—Iig-}—l— ~ (Zcu)4 (m /M )u H. The ¢ amplitudes may be discarded since
m m, e "ple -

they are suppresszd by a factor (Z2 ozzme)z/ Mpz.. The Hamiltonian (2. 2), which
is in fact the interaction Hamiltonian of the Breit equation, may thus be used for

ananalysis of the Zeeman spectrum which is tobe accurate tol ppm. The approximations
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are summarized in Table I. We also note that in accordance with the rule ex-
pressed in the last part of Section 2, cross terms in the electron and proton
interaction with the external field are to be neglected in the zero binding limit.
In fact the Hamiltonian (2.2) and the Breitformalism were used inthe
analyses (13-15) of the Zeeman spectrum necessary for the critical n =2
measurements, In particular, Dirac wavefunctions with reduced mass cor-
rections are suificiently accurate; and quadratic terms in the Pauli reduction,
as well as An# 0 contribution, can be ignored. The magnetic field dependence
of the energy levels (line centers) of a stationary hydrogen atom in a uniform
magnetic field may thus be determined to an intrinsic accuracy of 1 ppm.
Finally, we must consider the experimental effects in atomic beam
measurements due to the revised spin orbit terms in the reduction of the inter-
) actién of external fields to Pauli form as obtained in the next sections. [See

especially Eq. (1.1).] The spin-independent terms are unchanged, hence the

external field interactions (13) of the orbital motion and the non-spin effects
of the motional electric field (motional Stark effect) will not be modified. On
the other hand, measurements correlating the atomic spin with an external
field (static, oscillatory, or motional), such as spin-dependent Stark effects,
electric perturbdtion of hyperfine levels, polarized target measurements of
electron scattering, or polarized atoms in a strong electric field, will be
sensitive to the corrected spin-orbit terms. These electric field effects are
negligible in the experiments of ref. (13) and (14), since they are reduced by a

factor of me/ Mp compared to the usual non-spin Stark contribution.
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Section 4

An Approximate Wavefunction and its Relativistic Transformation

In order to calculate matrix elements needed in Sections 5 and 6, we
require a wavefunction which is valid in the ""loose binding" approximation -
i.e., accurate to first order in the binding potential U and in the squared rela-
tive momentum 32 << mi, mi We will construct such a wavefunction by
solving a relativistic equation (2.20) to the required accuracy in the CM frame,
and then transforming the resulting wavefunction to any desired frame13. As
in Section 2, we will discuss explicitly only the case of two spin 4 particles.

It will be adequateM for our purposes to drop the projection operators

in (2.20). The resulting "Breit" equation takes the following form in the CM

frame
(@*p + Fm_ - PP+ m, +U -MmHP -0 4.1)
a b m
where, in momentum space, U is the integral operator
) = S B drnaline) 99 ! 4.2
UG )P)=1dp g@-p) P ®" (4.2)
. . . ~ - . . 15 -
and we assume for simplicity that g contains no Dirac matrices . Since

‘P,m will reduce to a product of free positive-energy Dirac spinors in the limit

of zero binding, we will attempt to find a solution which is of the form

%@:(Ja)@ (Jb) 6 Figy (4.3)
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where wa,b is a 2 x 2 matrix and a function of p and Ua,b’ ¢>M(p) is a one-
component function, and y SM (S=1, 0) is a constant spinorm. It is useful to

define
U-MM=1U- (mg+my - W) =- (m, +k) - (m +k),
ka,b = - Tb,a(U W), 7-a,lo = ma,b/(ma * mb)'
W is the binding energy and ka b is a kinetic energy operator (for example,

. C . P e —4, 3
in the limit of zero binding, ka,b = p /Zma,b +0(p /m")),

In terms of these quantities, Eg. (4.1) hecomes

O'a-pwa-ka 1 1 -GP wb_kb
== ¥ Y - - ¢, 0 =0
9P - (2ma+ka)wa Wy w, =GP - (Zmb+kb)wb
(4.5)
This equation is satisfied if we take
“a T Zm 1+k B;'E ’ “b T - 2m1 +k ?‘L'?’ : (4.6)
a a b b

— 1 - 1 —
0P =—ee— O+pP+0, P g———0 -p+U+W =0, 4.7
{ p p p :‘qu (4.7)
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If we drop spin-orbit and other relativistic terms, Eq. (4.7) reduces to the

two-body Schrédinger equation in the CM frame:

—2
(/2m, + U+ W, =0, (4.7Y)

where m, = mamb/ (m, +m,).
The CM solution for total spin S and projection M takes the following

form in position space:

—_— 0 _
(Pm(xa’x b) X )SM -

! 1 (4.8)
0 oom \F[ 5.7 3. .
j‘ d3p pa + ma pb +mb O‘a- p o |- ab P ) _3 eip' X—i7”[XO
(27r)3/2 ZPZ 2pg 2m, +ka 2mb +kb 2"~ SM

= fct o = _’2 2 3
where x = X, = X X= TaXa + Tbxb, and pa,b —Vp +m Eq. (4.8) is

a,b’

written so that the normalization condition17 compatible with Eq. (2.24), namely

3 3 — = F —~ =
Jd Xad X 47% (xa,xb) (A++— A__)qe’n(xa,xb) =1, 4.9)
is satisfied if
jd3p I ¢ (3)12 =1.
m

In the matrix element of the interaction with an external field, the
initial and final states will in general have different total momenta; it will con-

sequently be necessary to know how to transform the CM wavefunction to an
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arbitrary reference frame. In order to learn the transformation properties

of the BS wavefunction, we return to the definition

ap _ @ B
Xy Far¥plgn = < 01 TO, ()07 (x)) | OMSM >
Since a Lorentz transformation leaves the vacuum invariant, UA)| 0> = | 0 >,

oz,B(

X (500 %) =< 01 UMTES(x,), ¥y (5, ) UATHU(A) | THISM >

(4.10)

s o1 T @), v ) | FESM 5D (Rey)

- Z S—I(A)aa'

M'oz',B' a

-where x' = Ax, (E, P) = A ,0), S(A) is the usual spinor transformation
matrix, and D M'M(R ) is the Wigner rotation matrix, which equals 6M'M
here since the initial state is at rest. Inverting (4.10) gives the required trans-

formation law

ozB'

X s S psm " STV N xf,f (x (4.11)

2> Xp)smr
An explicit form for S(A) is
——— . —P"P'
— = -1 E+Mm %
Sa(A) = exp (%aa V tanh [V I) = ——WL—- <1 + W—E_ > . (4.].2)

— — 2 '-—1" s 3
where V =P /E. With 4y = (1-V") 3 the Lorentz transformation on x, is



-30-

o} O oy
- 'yVXa, X, = vi{x_ -V Xé). (4.13)

Now Eq. (2.19), which we apply in the transformed reference frame as well

as the CM frane, implies the following transformation law for ¥ :

(4.14)

—_=

_ ——— _: 0' —> : — O'
=S, M8, x, (Y VELRS X - Ve X1, K- VXY .

1
As might be expected, the equal-time (xo = () wavefunction in the new reference
frame corresponds to an unequal-time wavefunction in the CM frame. However,
the dependence of Xan on the CM relative time X9= -ﬁ.?& is completely
) 18

determined by Eq. (2.21); for small V we are justified in neglecting x°.

Then (omitting primes)

0 ) 3

CP 6{» ;{* XO) _ E +Mm dSp pa+ma pb+mb

£ 2 b SM 2m (277)3/2 2p0 2po

a b
(4.15)

s oa-P O'a-p . crb-P pr

m +E 2ma+ka M+ E 2mb+kb

@

. P_,_0P g 3 P

a\m+E 2ma+ka b \mM+E 2m +kb
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X

=X+ (y- 1)VV-X includes the Lorentz-Fitzgerald contraction of the

wave function. Again, pz b /32 + mi b

We will have occasion in Sections 5 and 6 to evaluate matrix elements

Here

of commutators like [ X'l, P]] = id ij" In order to avoid confusion, we can
imagine the physical state to be a wave packet, constructed by superposition

of an arbitrarily small range of momentum eigenstates:

3
P X, %, X)) = J' —;—d;g%g %@@){Eﬁ_(xa,x , X9). (4.16)
2

This is done in Eqs. (5.8), (5.29). This wavefunction will be properly nor-

malizec} if

J’d?’PI@(F)lz:l-



-32 ~

Section 5

The Drell-Hearn-Gerasimov Integral

In this section we will show in some detail how the formalism of
Section 2 provides a framework for a correct calculation of the electromagnetic
interactions of composite particles. In Section 5A, we present an explicit
derivation of the DHG sum rule for a spin 3 bound state composed of a spin 4
and a spin 0 particle; in Section 5B, the same system is treated more elegantly.
The former derivation is in the spirit of numerous atomic and nuclear physics
calculations, and it shows how such treatments must be modified when rela-
tivistic effects are included properly. The second derivation is simpler and
explicitly relativistic, and in addition it exhibits especially clearly the super-
convergent nature of the DHG sum rule. In Section 5C, the same techniques

are applied to a spin 1 model consisting of two fermions.

A. A Spin 3 Composite System

Consider any system of total angular momentum % , charge ZTe, mass

M., and magnetic moment u. The DHG sum rule (,2) reads

*Q 2
UP(w) - O'A(w) 2 ZTe
[ ) dw = 87 - -2—5,—[ (5.1)
th ’

Here o(w) is the total cross section for photoabsorption of circularly polarized
light on a polarized target. The subscript P refers to the configuration where

the photon helicity p and target spin are parallel, (p, SZ) =(+,+3) or (-1,-%),
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and A refers to the anti-parallel configuration (o, S,) =(-1, +1)or (+1,-1),
where z is the incident photon direction. The integral begins at the laboratory
photon energy threshold Wy for first-order electromagnetic processes. For
an elementary particle, this is the threshold energy for photoproduction wpp;
but for bound systems, w th is ordinarily the photoeffect threshold, equal to
the energy difference AElz between the ground and the first excited state plus

the recoil energy:

2
(AE,,)

wth =AE12 + —m——- << wpp.

The object of this subsection will be to show by explicit calculation that the
DHG sum rule is satisfied for a loosely bound composite system consisting of
a spin 0 particle and a spin 1 Dirac particle in an S state.

We propose to calculate the DHG integral

o (w)
= P A
IP,A = ——te e dw (5_2)

2 w
th

by first order perturbation theory. Suppressing the polarization index, we

must evaluate

em;. ., 2
I =872 Z [<fIH 1i>] , (5.3)
£>1 ©

where | i > represents the spin 1 ground state and the sum ranges over all

discrete and continuum excited states Ef - Ei = wth > 0. For the first order
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electromagnetic interaction Hamiltonian we use

em_ —_— — e
-H = Ze o+ A( p) + ze vﬂ-A(rw), (5.4)
g 37r - ¢ kT
with VW=—————,A(1')=—-—-—e ,lé‘lzl,w:Ef—Ei. The rest of

the notation is defined in Table II. Note that we have included no '"exchange
current" interaction in (5.4); throughout this paper we assume that the com-
posite systems considered are bound by the exchange of neutral particles.

The unperturbed Hamiltonian for the two-body system is taken to be

H

_ \/—'2 2 e
0—a pp+ SM + pﬂ_ +m +U(rp—r7r)- (5.5)

and we note the identity

i{H.,Tr.] . (5.6)

I

(¢

e Prri>  (5.7)
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where we made essential use of energy conservation, w = IEI = Ef - E.,
in the last step. This identity would be convenient for making a multipole
expansion of the radiation interaction with the proton.

In order to parallel the usual atomic physics calculations4, we will
at this point reduce the matrix element to an approximate non-relativistic
form. In do.ing this, we use the analogues of the equal-time BS wavefunctions
derived in Section 4. We introduce the following notations for the relativistic
(four-component) and '"non-relativistic' (two-component) wav.efunctions in

position representation:

PEH) =< T.RIL>

- (5.8a)
3 43 l+0-Po-p R ——
= IM N < - = > ¢ 6)¢.(I)—)e1‘(p.r+P.R)x‘
p,P\ — = = i i i
2m) o (p+P)
— —_— — '::-_>+ ﬁu—b
<T,Rli) = j-d——l%-g 6. P, )T T E (5.8b)
@m)
— 1 — = 1 T\'P—__, A A __>~_. F F —_—
where p = 2M+ki p, P= 2E +K P, and p=p+(y-1)VV.p=p +3 m_m—fp

appears because of the Lorentz-Fitzgerald contraction of the wavefunction.

(For our purposes we can approximategbyﬁ) The normalization factor is



-—>2 —P>~2 '

4
N =1- £ + + 0 (momentum’).
p, P sM 8M,7

See Section 4 for further detailslg.

The reduction of the matrix element of a- K(?;) proceeds as follows:

ik.r . ikr el =2, =2 p2, 5

< fla.-€e p|1>—1w(flr-€e p 1+ @+p")@+P") +p-p' +P-P' - b P_ 4
p = £ == 2 2
8M 8MT

i) (5.9)

= — ~2 - 2
ik-r o P P P ] — - "
=iw ( fle Pl 1- k-2 + B - 2Y + 5= 0. KX €
p M oy M 2M
2 2
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In the second-to-last step we have dropped the higher-order c.ko (momenta3)

terms and in the last step we have integrated (3 '—F) and (f’"-f) by parts.

Note that ?p =R+ a- MM—)? and that higher order terms in w are omitted in

T
the last step. These approximations are justified in the discussion following

Eqg. (5.13). For the average of the initial and final momenta we use the nota-

. — — l —>' +-—> — _1-
tion pav 5 )s Pav 2

—

' . — = . —
(P' + P), and we define pp/M Pav/MT + pav/M'
Let us identify the physical content of the terms in (5.9). The first

term is obviously the electric dipole term iwi';-g = &;p' €)/M. Before we

discuss the second term, - i?p- € 5;) .K/M, we should add to it the contribution
—wr 7 - K~i{p -ér K+ €D -K)/M, coming from the exponential
" Py € 1p p EPp R/ & P

factor. The sum is if);)- é ?;)-T{, the second term in the power-series expansion
L kT
ofp -€e .
Pp

‘electric quadrupole and orbital magnetic dipole terms:

Calculating non-relativistically, we identify this as a sum of

ST F=1 0.7 B+ fp BN +L pfrK-T .€p K
p " 'p 2 Py er kdrep, k)ts prexy p P
(5.10)
_Mi—» A -1_--> A — —_
- N S E T B Ex OF, %)

The spin part of the magnetic dipole interaction is represented by the term
-giﬁ oK x €. TFinally, the last "spin-orbit" terms contain the interaction
with the motional magnetic field — 5; x E and the effects of the Thomas pre-
cession. These are the terms which would generate the spin-orbit interaction
if the spin 1 particle were bound about a center of force, instead of inter-

acting with a radiation field. In fact, precisely the same spin-orbit terms
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appear if we consider the matrix element of an electric potential Zer(?p),
as they must by gauge invariance.

Turning our attention to the matrix element of?/;T-X(?ﬂ), we calculate

<f|vﬂ-€e Ii>=<f!i[H0,r7roe]e [i>
—_— Ailz:;‘;' — ~
=jw < flr €e Q-v -kli>
T T
(5.11)
ik-r p p
=iw (fle 7Tf;r€1—v7rk+—-£—— av2
2M2 2M
i _4M§W G ExP - —5TEx B _1i)
T av 4MT av

This matrix element also makes a contribution to the " spin-orbit" terms.
The total spin-dependent interaction coming from the matrix element

< f}| Ze &'-K(_r’p) + ze_\;ﬂ-K(_r;r) | i > is thus, to first order in the momenta,

Z Z e

e 7, P,
em _ - 5 Ze TP\ lav B il B SV
_Hspin—ucr B+<2u— 5N " 2MT>G E x SN + <2y. 2MT> c-FE x ZMT (5.12)

where u = Ze/2M is the magnetic moment of the Dirac particle, which is also
equal to that of the system as a wholezo. For completeness, we will also

write down the leading spin-independent terms:
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em _
spin-independent

+'HT(P.€+1Y)'-§1'7T- ) (5.13)

It is appropriate here to discuss the relative sizes of the various
terms we have considered. Our remarks will be valid for any sufficiently
loosely bound system. The only requirement is that in the bound state, the
velocity v of the particles is small comparea to ¢. (In hydrogenic systems
such as the ""pionic atom" considered here, v = «.) For matrix elements
involving bound or low-lying continuum states f and i, w = Ef— Ei >~ mrozz,

r = l/mra, and p ~ m_«, where m = Mm/(M+m) is the reduced mass. It
follows that for these matrix elements successive multipoles are smaller by

a factor of k-T =~ «. Relative to the electric dipole (El) term iwf;- €, the
magnetic dipole (Ml) and electric quadrupole (E2) terms are smaller by a
factor of &, and the '"spin-orbit' (S0) terms are smaller by a factor of a2,

as are such spin-independent (SI2) terms as iwr-€ @’/M)z. For these remarks
to be valid estimates of the contribution of these terms to the sum I in Eq.

(5.3), we must argue that, for i = ground state, the higher continuum states

f are unimportant in the sum. This is generally true for loosely bound systems
because of the small overlap integral between the rapidly oscillating exponen-

tial of a high energy wavefunction and the smoothly spread wavefunction of a
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low energy bound state. For example, for hydrogen the matrix element
| (f] Tli )| is maximum for Ef =~ (0 and decreases for large Ef faster than

/2

(E; - Ei)3 if non-relativistic wavefunctions are used21.

Now let us consider which of the various terms of H°™ can contri-
bute to the integral in the DHG sum rules (5.1) to produce a result of first
order in a. Using the estimates discussed above and recalling that A < 1/:2w,
we have listed in Table III the contribution to I of each possible product of
matrix elements through order «. Of the two terms which are not eliminated
by general considerations, the (1\/11)2 term vanishes because it can comnect

the ground state only with itself and not with any excited states. Thus for the

model considered in this section, our non-relativistic calculation gives

7 —
4 22 z: 1 .(Z z>—»A* Z. T\, =~ p .
I1=47"e ——2[(1I—M—-E p-€l £)(fl 5N~ TN 1w<r-e><——2Ml1)+h.c.

f>iw T
(5.14)
22(7Z z\mM/{ Z ZT | S S T
_4”e<iff'ﬁ>'1\7lfr_ 2M " ZM,; spf (ilr-€oexproc xproeli)

In obtaining this result we have dropped the P terms (which cannot contribute
to matrix elements between i and an excited state f), used the non-relativistic
identityf; =i ;—H/IM [ HO,-I:], and used closure (we do not need to subtract the
unexcited ground state contribution from the closure sum since the matrix
element (ilr]i) vanishes by parity). In order to evaluate the remaining
matrix element, we introduce the circular polarization basis Ep , p =11,

with the properties (recall that k= E)
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E =8 ZXE =-ipe , e X e =ipaz, (5.15)

and designate the spin orientation of the ground state iby u =+ 1:

ozli,u)=uli,u). Then
(L,plT€ G- & x p+0-¢€ xBETEpH,u)
=-lpe (Lul g (%] +5 [y,p] +ipL, L ipu) =pp.

In the last step LZI i) =0 since | i) is an S state. Finally,

] 2 h
O (W)~ 0, (w) Z
P A _ _o.22( Z T
/ — dw =1, -1, =8n"e <———2M - S T> (5.16)

which agreeszz with (1) for the model considered thus far, consisting of a
Dirac particle (u = Ze/2M) and a zero spin particle.

If we wish to allow the spin 1 constituent of our system to possess
an anomalous magnetic moment A so that u = Ze/2M + A , we must introduce
into Eq. (5.4) the Pauli term

——

) - i E(rp)] .

—

1 V& = B
ZABUWF“ (r,) = AB[G-B(r

It is straightforward to verify that Eq. (5.12) remains correct, if we just
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reinterpret p in it as being the entire magnetic moment; the Thomas terms
are unchanged. One migh’t think, therefore, that the entire calculation pre-
sented above is unaffected. This is not correct, however; our non-relativistic
treatment gives correctly only the low energy part of the DHG integral L
Suppose, for instance, that the anomalous magnetic moment of our spin ¢
particle arises from its coupling to a field of mass m' (where m' is much
larger than the binding energy of the spin 3 plus spin 0 system), just as the
anomalous moment of the physical proton is assbciated with the existence of

its meson cloud. Then one must separate I into two parts (4),

ml - o0
1= 1oV 4 high @) g+ J 9 o, (5.17)
_ | o, w -, w
One calculates I10W as before and finds
Z e Z,..e v
ow ow _ 2( Ze T Ze _ T 18
11P - Iix = 8w <2M - 2MT> <2“ " IM 2MT> : (5.18)

In order to evaluate Ihlgh, assume that at the high proton energies w > m',
the forward scattering amplitude is just the sum of the forward scattering
1

amplitudes for each particle, and apply the DHG sum rule to the spin 3

particle:

. 1
2 —
[figh_ jhigh _ (phigh | [/high / % & - % Q dw
P A spin 3/ p spm2 A e

= ,sz KI - _Z.e\g

(5.19)
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Combining this with (5.18) we find

oQ
o, W) - o, (W) Ze
P A _ .2 T
[ — dw =Ty - L, =87% { - , (5.20)
th

again in accord with the Drell-Hearn-Gerasimov sum rule.

B. Alternative Derivation of the DHG Sum Rule

for Spin ¢ Composite System

It is advantageous in calculations such as that of the DHG integral
and the Compton scattering amplitude to postpone the reduction to non-rela-
tivistic forms until after the sum over final states has been performed. The

evaluation of the DHG integral by this method proceeds as follows:

‘ . FT o wT
I:47r2 Z —l—él<fIZeoz-€e p+i)\6(o-k><€—iwa-€)e P
f>i w :
+zev_-+€e li>]
T
(6.21)
kT kKT
= 47° Zl< £l ZeT. .é(l-a-Kje P+ap{d-kxé-ia-é)e P
f>i p .
i-r7r

- 4 — . 2
+zer .€(1-V -ke Fi>1]".
T T
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Again we will neglect the retardation factors. The error made in doing this
corresponds to binding corrections to the magnetic moment on the rhs of

Eg. (5.1 )23. Since the matrix elements are now independent of w = Ef - Ei’
we are able to use closure on the states f. We must insert the (hermitian)

positive energy projection operator

P = Z [j>< it

E.>0
J

since physical photoabsorption transitions require E. > E,. Defining the
f i

(hermitian) operator

= Ze"r'p(l- a-k)+ap(c x k- ia) +ze§~;r t-v. K, (5.22)
we find
I=4n® <iIBéPREII>=ar?Y |<iTélisl?
il
(5.23)

_ Iclosure + Iground

Iground

where the i' sum in the term runs over both polarizations of the

ground state,

The Iclosure term makes no contribution when we take the difference

_ . . . . 1. =
IP I "~ Using the notation IHP corresponding to (5.15), we note that IP A

3 I,-I )- 1 (L, -1 _) We easily verify,using the reality of the ground
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state, that the Iclosure contribution to each of these parentheses is zero:

closure .closure . - A
I -1 =< i

¥ g TR A 1. . o A% L T A .
m m P h-€+|1,u> - < 1,u|h'e_P+h-€_|1,u>

_ s Eigiial 3 Englia s s 3 2 ™ AX
=< 1,plh-€+P+h-e+|1,u>— <1,u|h-e+P+h-e+|1,u> (5.24)

Now we must evaluate IgT ound‘ The relevant matrix element is

—_— A — —_— ZTe F
sy A N — 5t .A ) A . _ “’.A = .
< itheli> (1IZTeRe+,wk><e+2u 2m“€xm'l)' (5.25)

Terms linear inT andg vanish because i and i'are both of the same parity

in the relative coordinate T ; various higher order terms which do not contri-
bute to IP -1 A have also been omitted in writing (5.25). Now note that none

of the terms in the matrix element of Eq. (5.25) can comnect | i) to any ex-
cited state | n) because of the orthogonality of the T wavefunctions. Thus we
can do closure24 in the | ) states (at this point, we can regard the states | )
as being the eigenstates of a Pauli Hamiltonian), and after a little calculation

again obtain the DHG sum rule:
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1 -1, = Brownd_ground ., 2% FHérisg?
P ATP A = PA

7 e
:-47r22|( | Z, eR-€ +uo-kx e+ 2u-—-1:— -l—?.éx?’(i)lz
T T 2m/2m P-A

(5.26)

Z.e Z.e
=—47r2(ilu2[1-io-e*>< €] +—E—<2,u-—’£—”>(ﬁ-€>‘87€XT3’+F-€><_P—R'-€)H)

2m 2
2
2 Ze
=8k o) -

This method of calculating the DHG integral has several advantages

P-A

over the traditional methods used in atdmic and nuclear physics25. In the

usual treatments, which the derivation of Section 5A is supposed to parallel,
one must use non-relativistic reductions ~ in which the Dirac operator?& gets
replaced by E's and o's - at an early point in the calculation. That is because
all dynamical operators must in these treatments be split into CM and rela-
tive coordinate parts, and the CM parts dropped. This is trivial forg =
3(M/MT) +3, but impossible for @ . In the derivation presented in this section
we were able to avoid such calculational gymnastics. In particular, we utili-
zed the completeness of the relativistic states; and we used our approximate
wavefunctions, derived in Section 4 under the assumption that Ve _13/ MT is
small, only in evaluating the matrix element (5.25), where such an approxi-
mation is entirely justified. A further advantage of the calculation of this sub-
section, which we sometimes refer to as "relativistic closure' in the following,
is that it emphasizes the fact that the DHG integral equals the "Born term"
which depends only on the static properties of the system: the total

1
ground’

mass, charge, and magnetic moment.



-47 -

C. Spinl Composite System

The analogue of the DHG sum rule for a spin-S system of charge ZTe,

mass?M , and magnetic moment u reads (18)

2
o4L(w) - 0, (W) 2 Z.eS
P A qu=1.-1, =471 <- T > (5.27)

A’ w P A S

th
Here the P and A configurations correspond to (photon helicity, target SZ) =
(4, p) equal respectively to (+1,+ S) and (= 1, +8). In this section we are con-

sidering the case S =1, the model consisting of two spin % particles in an

S-state. The electromagnetic interaction is

g = Z [zsea's.?{(?s) +ir po . FH (?S-)} . (5.28)

S suv
s=a,b H

The notation is defined in Table II.

Introducing a notation for states analogous to that of Eq. (5.8), and

utilizing the results of Section 4, we write

CPi(?,_Ii%:<?,§| i,p >
P -~ - P—-
1+0, 55 % 7m 1-0p: 55 % om
3 3 @) i a i b
=1dpd"PN P . _ X - _ (5.29a)

’ el P = (2 _ _P_

a \2E 2m b \2E 2m

i a i b



<TElie) = [ad’pe@e@ e P TRy
(5.29b)
2 2
N(z) =1- 2 _ B _ 0(momenta4).
p,P 8m2 8m2
a b
These expressions for the spinors are correct through second order in
momenta, and are adequate for our purposes. With
HO =P, + Bama + 0 Py + 'Bbmb + U(ra - rb) (5.30)
we again have the identity
aa,b =i HO’ra,b] (56.31)
and we evaluate the matrix elements of HC as before:
<flzea AT)+ir pfo  FETHl1i> =
a’ a a’ 2 TaTaauv a
(56.32)
— — -~ — ~ ~ — -~ ﬁ-{.?a
iw < fl [zaera- ’é(l—oza~k) +Aaﬁa(0a-k x € -ia - €)l e [i>.

The spin-independent part of the corresponding non-relativistic Hamiltonian
is the same as for the previous model (see Eq. (5.13)), and the spin-dependent

part is the obvious generalization of Eq. (5.12):
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ze Z.e P,
em _ = = - = __a T |— av -
Hspin HaOq B Fiyoy B +[( 2 Zma_ 2MT> %2 Ex 2m - (@—h)
_ (5.33)
ZTe —_ = Pav
+1{ 20, - g-E X +@—h)|.
( a 2MT> a ZMT ]

We will now exhibit the generalization of the relativistic closure
derivation of the sum rule. We begin with Eq. (5.32). Again we must drop

the exponential factors in order to sum over the final states by closure. Thus

we define
P, = Z [j><jl
* E. >0
J
and
h= z : [zer (-a k) +A B (0 xk- ia)]. (5.34)
s=a,b
As before,
1=87r2§: L™ is>2, (5.35)
)
f>1i
so that

2 . o= A% - A R 2 . - A . 2
:4 < ’ * Ph'€ s >"4 < > ! h'€ s >
I”p T 1u|h§p + pllu WEM':l iu'l plllJ. [
(5.36)

Iclosure + Iground .
up 1P

ill
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As before, Iclosure does not contribute to IP— I ~ In calculating Iground,

only one slight subtlety changes the calculation from that of the spin model

considered previously. The ground state here is the spin triplet; the spin

singlet is regarded as having higher energy and hence is not contained in the

—

p! sum in B ound. Consequently the total spin § = 3 ( o, +?b) can contribute

—

to the matrix elements in Iground, but the operator T = 1 (O‘a - ?b) cannot.

Then, with p = “a+ Hys

_ ground round
Ip -1, =13 -

]

47T2§ ;I (i,p' | ZTeﬁ-E +uS-kxe+ m _Mb)f.}'xg
m

Z e —— ) —
T — — P _— A P .“2
+ 2[1— m)SEX-m'I’ (ﬂa—ub)T'EX,"—nll)l (5.37)
P-A
— A — A - ZTe _— A P 2
=47 E I(nIZTeR€+uSk><€+ 2#——?—;1—— SEXmll)l
n P-A
2
:471-2 H.._Z_;r_e_
m

It is clear from these calculations that proofs of the DHG sum rule
could be constructed for any loosely bound composite system. ‘Multiparticle
systems could be treated by pairwise induction26. In particular, the sum
rules are valid for H3 and He3 by treating them as composite states of spin 1+

spin 0 constituents.
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Section 6

Low Energy Forward Compton Scattering

A. Spin 3 Composite System

It is possible to prove from field theory (3), or directly from S-matrix
theory (20), that the amplitude for Compton scattering is completely deter-
mined to first order in the photon frequency by the static properties of the dis-
crete system. In particular, for a spin 4 system characterized by mass M,
charge ZTe, and magnetic moment u, the S-matrix for low-energy forward

Compton scattering must take the form

S

. e = - 271 O(E; - E)M,, 6.1)

- where

M

2 2 2
3.3 Zpe o TP 2
2m)"o (P~ Pi) 7 e'-e éfi+21w Y- crﬁ-e' xe+0w7)|. (6.2)

=L
fi 2w
This result depends essentially only on relativistic invariance, and is valid
for atoms and nuclei as well as elementary particles27. As a check on the
consistency of our formalism, we. rederive it in this section for the spin 3
system of a "proton" (mass M, charge Z, magnetic moment y = _ZZ_I\% + A)
loosely bound in an S-state to a "pion" (mass m, charge z) so that ZT =7+ 1z,
and M =M+m - W. 28 (The notation is summarized in Table II.) We use
techniques very similar to those employed in deriving the DHG sum rule for
this system.

The first and second order perturbation theory29 contributions to the

S-matrix elements for forward Compton scattering give
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B em . crgeM T
_ Tag g weM . T §:<f,ke'lH [j><jlH T 1i,ké>
Mfi < f,ke'| H Il,ke>+‘j Ei+w—Ej+i€

(6.3)

. Z< f,Rer | HO™M g, Ko ke > < j, ke kel H"™ | i,k >

: E. - w- E.
3 1 J
The electromagnetic interaction Hamiltonian
-H®™ = Zew.A(T.) + AB[ G- B({T.)-ia E(r.)] + zev. -A(T_) - 2e” AT 6.4
P P p T 7!‘) 2m id ’

is the same as that employed in the last section — with the addition of the
qualiratic term, which was irrelevant there. It is convenient here to treat A
as an operator and use linear, rather than circulaf, polarization vectors

'él =X, é2 =¥; viz.,

A = Z L (a_. éaelk'r+ai éae-ik.I‘). (6.5)
k

We use i,j,f to designate states of the spin 3 system and Ei’ Ej’ Ef to
designate the energies of these states, including recoil energy. For forward
scattering, Ef = Ei’ so f =i except possibly for spin orientation.

Our technique for calculating the sums in (6.3) will be to remove
factors of energy from the matrix elements in order to perform closure. For

example,



ik-r ik.r

2w < ijemli,T{é> =<jl[Zea-&+iAB(0-Kx & - iwa-8)] e P izev -2e Tlis
J m
®T . E®T ~ T
:i<j|[H0,Zerp'é]e p+[H0,ZerW-é]e li>+iw< jlABO-kx8-ia-8)e Pli>
LW, _ %
- L . . LA A . 6.6
i(E, El)<JIZerpee +zer -ée [i> (6.6)
. EE, _ _FF,
- iw< jl Zer -&a-ke PyzeT -8V -ke fi>
p T om
k-1

+iw<jlagokxe-ia-e)e Pri>.

The unperturbed Hamiltonian H0 is defined in Eq. (5.5). It is convenient to introduce the following notation30

HE[Zea/-»iAﬁ(oxk—iwa)]e‘ p+ze\;re

ik-r - ik-rﬂ
Pizer e
p T

ol
il
N
o)
n
)

6.7)

— s
k-

1K1
h= [Ze?p(l- k) +asoxk- ia)e p+ze1‘~7’r(1-?z;r-k)e

_89_



Then we can express the results of (6.5) and similar calculations for the other matrix elements as follows:
— m — — ! — —
V2w < jIHe |i,ke > =< jlH-&li> =i(Ej- Ei- wy<jlg-éli>+iw<jlheli>
V2w < tke | B Ke K > =< fI H-2alj> =i(E - E, - w)< flgelj>+iw< flRalj>
(6.8)

Vew < £ R T HOT g > =< £1H -8 1> = i(E; - E; +©) < £1gh. e 19> - dw< £1R-20 1§ >

V2w < j,Ker Ko | B ,Ke > =< j-|ﬁT-e' 11> =i(E; - E;+ o)< jIET-é'Ii> - iw<j FUTEE

Substituting the first two lines of (6.8) into the sums over intermediate states j in (6.3) and using closure ,

we obtain

Larljo<ciifelis, <fihelj><jIA-arli>
E, -w- Ej

22 fA L el . — = A . .E<f|ﬁ
a<fli>+i< fif[g.-&,H'-8'] [i>+iw A
i i )

2wai "~ m
6.9)

o>
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At this point we have assumed that there is a finite energy gap AE between
the ground state and the continuum; and, since we are interested in the limit
w — 0, we consider 0 < w < E2 - Ei’ where E2 is the energy of the first
excited state. Thus we have dropped the i€ in the denominator, since there
are no poles in this region of w,

Referring to the definitions (6.7), we observe that the "seagull”
term in (6.9) is exactly cancelled by the commutator. Lest the wary reader
notice that only the sum proportional to w survives, and worry that we have
lost the Thomson limit, we will point out that the recoiling ground state term
j =1' in the sum has a denominator propor'tional to w and contains the Thomson
term.  We now substitute the third and fourth lines of (6.8) and (6.9) and again

‘use the completeness of the states j to perform closure:

ZwMﬁ =w < f| [K-é,ET'é'] li>

(6.10)

R (R eg><jiFeli>, <fihelj><jlBlheli>
3 Ei+cu—Ej Ei—w—EJ.

The first term in (6.10) is of order w2. Moreover, for w << E, - E,, all the

terms in the sum except j = i' are also of order wz. Thus



. ot
|i'>< i'lh e'|1>) +0(w2)

2 <fIR-ait> < it Reli> < fIH@
2wM,, =W Z -
fi i ( W+ (E; - Eyy) w - (B - B
=w Yy, <<f|T1’T.’é'|i'><i'le-éli>-<fle-éIi'><i'I—}fT-é'li>)
il
(6.11)
_’TA . . I A . > A . . _’TA . 2
+ Z (Ei,-Ei) <flh'.&'i'>< i'th-eli>+< flh.-églit>< i'lh-e'ti> + 0(w™)
il
However

- 2
= T1+T0+0(w ).

The second term, TO’ in (6.11) may appear to be of order w™, since Ei— Ei o w2/2
the recoil transition matrix element < i'] R] i > is of order 1/w, so in fact a portion of this term is of
using the wave function

order 1. Bringing the spinor factors into the matrix elements < i ITf- ¢li>, etc.,

of Eq. (5.8), we find (with sufficient accuracy)
- =) kT
Ze Ze.,— p _Ze >+ P
Booi - o) O 8 X oM T OH - a3 X g ( ©
6.12)

(i'l{Ze?pvé{l-R-(%+ '11\)?:] +po-kxé+ @2

<itfheli> =
ze — P kT, =
o & X i) =(i*lh-&8l1i).
€Xgor it © i) = (i*lh-&l1i)

T kT - 2EFax B 2
+{zer7ré(l va) 2'm,0éX2M 5o

The only difference between h (or 1~1) and _HT (or TlT) is that, in the exponentials, K is replaced by -K.



Using the leading terms in the center of mass energy, we find that

TN b =N
(EY - E) < ilh@li>=(i"l[g=r 2 11) . (6.13)
Thus
2 B2 o~ =
E [(fl 'li')(ifl[%,h-é]li)- (fl[gpﬁ,h-é]li')(i'IW-é'li)}
Z?rez
=-1i 2 [(fIR g'lit) (i'1P-8li)- (f1P-2li") (i'lR-@ 'Il)] + 0(w?) (6.14)
m 5
2 2
Z.e
= (27r)353(T>'f - B) ‘;rn an2 oy + 0(w2).
‘ i . (6.26). The

In obtaining from T1 the term of order w we can drop the exponentials and proceed as in Eq. (5.26)

result is

Z,.e Z,.e
2»\'4\ ._’- t T T
G e+1aéxé)+2, (2;1—2,”t

JE-2'T.oxBAT-8' xBR.8)] - [8'—8]| i)+ 0(w?)
(6.15)

Ty = w(fl lu

3:33 =g ZpeV 2
= (27)° 0 (Pf— Pi)21w<u 7 f.-e'><e + 0(w™).

Thus we have verified the low energy theorem (6.2)



B. Spin 3 Model, Alternative Treatment

It is of some interest to check how (6.2) is derived if the two component reduced matrix elements

: 1
are employed from the start in (6.3). Inanalogy with expression 6.8),
V2w < jl Heml i,keé > = 1(Ej - E; - w)({ | gNR-éI i) +iw (jl hNR-éI i), ete. (6.16)

where, to the required accuracy for this calculation

Z e — Z e -
—- T A — Ze _ T = .., D Ze T V= 4 P
gyg' & = Zery @ +zer -8+ ('2M 2M‘T) o-8x oyt (M - 2MT) 7.8 x M,

6.17)

— A —— —_— A ~ —_ . I)-:&
hNR-e— gNR-é+ucr-k><e+27w-e>< 5 °

Proceeding as in (6.9) and (6.10) we obtain

—_—

}

2 2
Z €

— ~ A~ 3 L3 —— -~ ._I).A
ZwMfi TNE+ = ar.& (fli) +1(fl[gNR-e, ZeM é' + ze

o

P
v g Tk x at T.artx P ;
iw@po-kx@é'+2Ax0-8 XZM)]Il)

+ w (fl [T{NR-é,ENR-‘e'] i) +Ty+T _ (6.18)

22 e2 Ze

: Ze .7 Ay a 3,35 &

Il

e-e o

TNE + {_



' 32
where T is the contribution of the intermediate states in which the spin 4 particle has negative energy.

NE
It will be recalled that the sum of T0 and Tl’ defined in Eq. (6.12), equals the full low energy amplitude (6.2).
We must thus show that the sum of the terms in the brace in (6.19) is zero. We can calculate the leading terms in TNE

by inserting the free Dirac negative energy projection operator and using closure to sum over all intermediate states:

< fl"r’IT-é'a-ﬁ-E-“ﬁp/M) 13> < jIEeli> < fIH8--aD/MI]> < e s

-1
TNE = 2% M) - (m-M) ¥ o * MMy = @m-M) - @
(6.19)
7262 Ze Ze .— 3.3
— A’.A 3 ov a0 .A A o} - b
M ¢ e 6ﬁ iw 7 2x +2M)0fi e'xel| 2m) o (Pf Pi) .

Thus the quantity inside the curly brackets in Eq. (6.18) is indeed zero.
We are now in a position to write down an effective interaction Hamiltonian for the two particle
system, which is correct to order v/c, and which takes into account the negative energy state contribution

through second order perturbation theory. The result33 is

2 2
em _ o, Ze - Z e 32 — 1 Ze — — e
—HNR = [_ZeAp+—1\7I_Kp pp— WAp+[.tO'§p+m(2ﬂ— -Z_—M_)G.Ei)x(pp_ ZeAp)]
(6.20)
+]-zeA? +28 1 .5 Zzez?i + lﬁ-—?-ff x (p_-zeA_) LS _G-E x (p.-ZeA )
m 7 m AP Em A || T O B P L3 s I (b, - ZeAy

It A% = 0 and if we neglect retardation — thus setting _A:p = Xﬂ =K, which is sufficiently accurate for the cal-

culation of the DHG integral and the low energy limit of Compton scattering — we can combine terms and obtain

_6g_
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2 2 2 2
em _ 7Z e —2  Ze Ze — =& z e —
-H\r "[2M A Yoy G- g3p)e EXA} - Gm & fwo-B

Z,..e 7€

T AP ey @k - gy O EX P A (- ) eArp 6.21)
T T T

Z.e
1 Ze T — o —
YoM B4 e o) 0 PP

Let us discuss the significance of the various terms of this effective
Hamiltonian. The terms in the first bracket of (6.20) are identical with the
usual terms arising from the Foldy-Wouthuysen reduction of the Dirac equa-
t;on, including an anomalous moment (21). The last bracket of (6.20) contains
terms that can only be obtained from a proper rélativistié treatment of the
two-particle system, and are traceable from the effects of the boost in the
two-particle wavefunctions34. We discuss the physical origin of these ' spin-
orbit'" terms in Section VII. In (6.21) we have separated the terms into those
proportional to the total momentum P =_ﬁp +~f);r and those proportional to the
relative momentum 32 (mf;p - MEF )/ MT' The terms quadratic in Kp or fp
in (6.20), which are collected in the bracket in (6.21), reproduce in non-
relativistic perturbation theory the effects of negative energy states in second
order relativistic perturbation theory. For example, these quadratic terms

give a contribution to Compton scattering exactly equal to TNE’ which was

calculated in (6.19).32
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C. Spinl Composite System

For a spin-S target of charge ZTe, mass M | and magnetic moment

K, the low energy limit of the forward Compton scattering amplitude is (3, 22)

Z2e2 " ZTe 2__ 5
A'.A . 2 'A' A
e e6ﬁ+1w 5™ m Sﬁexe+0(w . (6.22)

M

_ 1 3.3
ﬁ—m(Zw) 0 (Pf—Pi)

We can derive this result explicitly for the spin 1 composite system considered
in Section III, consisting of two spin 1 particles in a spatial S state and spin
triplet state, by the same method used for the spin 3 model above. The ana-

logue of (6.7) for this case is30

ik T
= _ - - = s
H= Z {Zseas+1}‘sﬁs(as><k-was)}e
s=a,b
. . ET, _ EF,
g=z.er e +zberbe 6.23)
kT
- — — - = s
h= Z {Zsersa—as’k)+}‘s'8s(0s><k—ms):le .
s=a,b

The remaining calculations are exactly analogous to those following (6.7), so

they will not be reproduced here.

On the same basis33 as Eq. (6.20), we can obtain the effective inter-

action for the spin £ - spin 3 system; it appearsas Eq. (L.1).
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Section 7 - Comments

A. Revision of the Foldy-Wouthuysen Method

It is worth noting that there is nothing wrong in principle with using
a F-W transformation to eliminate '"odd" operators in the relativistic
Hamiltonian (to a given order in m—l). What is incorrect is to assume that
this F-W unitary operator reduces the bound state wavefunction to a simple
Pauli form. Unless the wavefunction is written in the CM frame, the trans-
formed wavefunction contains extra kinematical terms, as is apparent from
Eq. (4.13). From a physical point of view, what appears as a triplet wave-
function of two spin % particles in the CM, contains singlet contributions in
7the boosted wavefunctions required for the matrix e1ement13. The usual
treatment employing the sum of F-W Hamiltonians with the incorrect Pauli
wavefunctions misses this singlet contribution.

On the other hand, we can recover the correct interaction (1.1) by
extending the F-W technique, as we have shown ‘elsewhere} The usual F-W

result is obtained, plus a contribution due to the presence of the boost operator

in the bound state wavefunction.

B. Semiclassical Derivation of Hf]g

A somewhat curious feature of the interaction Hamiltonians H%nﬁ for
composite systems developed in the proceeding sections — see Egs. (l1.1),
(5.12), (5.33), (6.20) and (6.21) — is the appearance of additional "spin-orbit"
m

terms beyond those which would appear if H%R

Wouthuysen or Pauli Hamiltonians for the constituent particles. For example,

were simply the sum of Foldy-
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for the spin 0 - spin 3 system, one might have thought that the ' spin-orbit"

term would be just that of the free spin 3 particle

Zelo g (B, P
- <2[J—2M>2 EX<M+%> .

In fact, the correct term is

Ze\ = - Z.e\ = o8
Ze T g.=. D T o2 P
- (2“' BM " '2'_rm> g B M'<2“' é‘—m> 5 EXom

In this sub-section we will give, for a system of arbitrary composition and

arbitrary spin, a heuristic derivation of the part of H?\Irﬁ

on the internal structure of the system. (We will refer to this part of the

which does not depend

interaction as HE)I:}E. ) Thus we will explain the appearance of the coefficient

Z. e
@2u - 2_m') in the second term of the above equation, instead of the coefficient

u - 221\(73[—) which one might naively expect. We will also show, in the next sub-
section, that knowledge of Hi;nt is adequate to derive the DHG sum rule for any
spin.

Our analysis rests on the following simple observation: A system's
interaction with radiation is known in any reference frame once it is known in
the system's rest frame, the CM frame of its constituents. In this frame the
interaction is simply

H® =7 eA

m 0 puIxw . _ . . 71
ext)CM TACM ™ S S BCM + (higher-moment interactions), (7.1)



-64 -

where ZT is the total charge, p is the total magnetic moment, and S is the

spin of the system; and — A0 ,A . )and B are the electromagnetic
M CM " CM CM .

vector potential and magnetic field in the CM frame. We will neglect the
electric quadrupole interaction and all other higher-moment interactions; it
will be obvious that they can be discussed in the same manner. We will also
neglect terms »quadra’pic in A. The interaction with a field Aﬁ specified in any
other reference frame L ("laboratory'") is determined by transforming A to

L
the CM frame and using (He (ng;c) cM is not by itself a suitable inter-

)
ext’'CM’

action Hamiltonian, however, since the CM frame is in general accelerated.
We recall the well-known result of relativity that an accelerated frame rotates
with respect to any inertial frame, with instananeous angular velocity Wrps the

""Thomas precession" frequency (23). Since we are writing the Hamiltonian
in a rotating frame we must add the usual UT- Tterm35, where J is the total

angular momentum; of course, J =S in the CM frame. Thus

BT g eal L EE, 4@

ext +S

CM S CM T ™ (7.2)

Let us suppose that the system moves with velocity V= 'EE =

P - ZTeA
ym
city - V in order to go to the CM frame. Hence if A“L = (0, A), then A“CM =

- 'y—\-/:- A A+ (y-1) vv. A), and if the electromagnetic fields in the L frame are

in the L frame. We must do a Lorentz transformation with velo-

—

denoted by E and B, then BCM = 'y§ - (y —1)\7’{7- B - ny E. As usual,

—o _1 .
vy ={1- V2) 2, The Thomas precession frequency is

— = _ — —
wT —l—1+'y VXa
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where the acceleration of the CM frame with respect to the L frame is

—

E +Vx

=

a = _Z.er_ (
M
Thus,

_ em _ = “—» — o~ A — — —
Hogt = Zpe vV A+5S[yB-(y-)IV-B- 4V xE

+ -—LHV V x (E +V x B)-S (7.3)
Z,.e Z, e -
) PA+SSB+<S—2m>SEx——+O(V ).
M ZTe . L Ze
The reason that the coefficient (§ - m) appears instead of (—S— - m)

is that Eq. (7.1) was necessarily written in the frame in which the total spin of
the system is well-defined — namely the rest, or CM, frame — not in the
spin 4 particle's rest frame. Thus the Thomas precession must be that of

the CM frame.
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C. The DHG Sum Rule

The derivations of the DHG sum rules presented in Sections 3B and

36
3C show very clearly that these sum rules have the superconvergent form
[+
Imfz(w) oP(w) - UA(w)
0 =87 ———— dw= B+ dw, (7.4)
w A w
th
where the Born term B is determined entirely by Hzxmt:
. sy 2
LETESS )
B = lim 872 D _ext (7.5)
w—0 i’ P-A .

The sum in (7.5) is over states i' degenerate with the ground state, i.e., over
the 28 +1 spin orientations of the ground state. Such expressions have been
worked out above. There are two terms which contribute to B, one coming

from the magnetic dipole term ES B of Hexm specifically from the transitions

S ext’
from SZ =8 (or -8) to SZ =8 -1 (or - S+1) upon absorption of a zero-energy
photon, and one coming from the cross term between AP and S ExP. The
former contributes only for the A ("antiparallel') case, not for the P case,

so that its contribution to B is negative. The latter contributes for both A

and P. The final result is
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Thus

~ 2
op(w) - GA(w) 4 2 ZTeS
/ " do = g~ \p- - . (7.6)

Let us assume the usual unsubtracted dispersion relation for f2 (wz);

0
o (W) - g, (W
fz(wz) =1 / P A w'dw! . (7.7)
2 2 2
47 ©in w'-w

Evaluating (7.7) at w = 0, using (5.27), we proize that

7. e \2 .
_ M T -
f,(0) = - (g - ) . (7.8)

This low energy limit is also obtained directly in Section 6 for the models
considered (which have spin S = { and 1). 37

We emphasize that we have proved the DHG sum rule for the models
we have considered, without requiring any assumptions on the high energy be-
havior of Im'f2 (w2) = —{GP(w) - crA(w)] /87 . Thus it will apply to systems,
like positronium and muonjum, for which our model Hamiltonjan (5.28) ade-
quately describes the electromagnetic interactions. There is no reason to expect
that the sum rule will fail for systems like the hydrogen atom in which one or more
of the constituents have strong interactions, but the questions of convergence
and subtractions in connection with the DHG integral for such systems require

more information on the high energy behavior of the hadronic Compton scat-

tering amplitudes.
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D. Subtractions

In connection with their calculation of the DHG sum rule for loosely
bound composite systems, which was based on the assumption — here shown

tO f 41 F U Wawnmildaniang o a

-W Hamiltonians of the
constituent particles, Barton and Dombey (4) raised the question of the necessity
of subtraction constants in such sum rules. There are really two separate
questions to be considered: (1) whether there is an additional constant, or even

a polynomial, on the rhs of the dispersion relation (7.7) for f2 (such terms

could come from the integral over the circle at «© which closes the contour in

the Cauchy integral), and (2) whether the DHG integral on the lhs of (5.27)
actually converges. 40

We will discuss the convergence question first. For high energy
photons, the scattering amplitude fz' should be well appf;)ximated by the sum
of the amplitudes for the constituent particles ('additivity" or "impulse
approximation'). Thus the asymptotic behavior of f2 for a composite system
can be no worse than that of the constitutents. For example, if the DHG inte-
gral converges for the proton — which is not inconsistent with experiment (1) —
then it will converge for the hydrogen atom.

Now it could conceivably happen that the DHG integral converges, and
yet the dispersion relation (7.7) nevertheless requires the addition of a con-
stant, sometimes called a " subtractionat . Abarbanei and Goldberger (20)
have shown that such a "subtraction at ©'" in the DHG sum rule would cor-
respond to a fixed pole at J=l in the complex angular momentum plane. It is
a very interesting experimental question whether such a singularity exists in
the complex momentum plane for Compton scattering on elementary particles

such as the proton.
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The calculations of Barton and Dombey 4), if correct, would have
proved that a "subtraction at @ ' is necessary in the DHG sum rule for a
composite system, even if it is not for the constituents. Such a state of
affairs would be physically most unreasonable, since a " sgbtraction at o«o"
is associated with the asymptotic behavior of Re f2 (w) for {w! — =; as we
have argued above, the asymptotic behavior of the Compton amplitude for the
composite system should be no worse than that of the sum of the amplitudes
for the constituents. In fact, by deriving explicitly both the DHG integral
and the low energy limit of the Compton amplitude, and demonstrating that
they are equa141, we have shown that there is nothing in the treatment of such
composite systems as we have considered here which introduces into the dis-

persion relation a real constant.
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Section 8

Conclusions

The central conclusions of this paper are the following:

(1) The external electromagnetic interactions of a loosely bound
composite system are well described by the sum of the relativistic inter-
actions of the constituents (for spin 3 particles, for instance, these are the
Dirac plus anomalous moment interactions). The basis for this result is a
systematic reduction of the Bethe~Salpeter and Salpeter equations extended
to include the effect of an external field.

(2) In particular, the Zeeman spectrum of atomic hydrogen is
acg:urately described to 1 ppm if this interaction Hamiltonian is used.

(3) The non-relativistic reduction of this Hamiltonian is not given
by the sum of the F-W Hamiltonians of the constitutents if';clhe constitutents
have spin. Additional terms arise from the spin transformation of the com=-
posite state wavefunction. Obviously, calculations based on the assumption
of simple F-W additivity should be re-examined.

(4) In particular, previous incorrect non-relativistic calculations of
the DHG sum rule (4) and the low energy theorem for Compton scattering3

are corrected when the proper interaction Hamiltonian is used.
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FOOTNOTES

A derivation of Eq. (1.1) and a brief pedagogical presentation of some of our
other results is given in S. J. Brodsky and J. R. Primack, Phys. Rev. 16,
Section 5.

Here e M 5Ky, and %?a are the charge, mass, total magnetic moment,
and spin of fermion a. Note that we take S= 3 (T;a +?b) to be the total spin
in the c. m. frame. The relative and total four-momentum are given by

M m

P =My P, - M Dy, P = pa+ Py with MT =m, + m,. As indicated below,
the wavefunction r.P (3(;'1, _)Z]'O) to be used for evaluating matrix elements of
(1.1) must include the Lorentz contracﬁon?' = AX. This is important for
evaluating the DHG sum rule and low energy theorem for bound states with
¢ = 1. Equation (1) includes only terms involving the external field

As = (As(,)’As) = A“(xs); there are consequently no Darwin terms. The
Hamiltonian for the atom in zero external field is assumed to be known.

Binding correction factors of order (1 + W/m) are neglected here as well as

cross terms in the binding potential U and the external field such as - VUxA.

We wish to thank Dr. H. R. Pagels for suggesting that the low energy theorem
might be violated if the sum of Foldy-Wouthuysen Hamiltonians is used. This
was also independently discovered by G. Barton, '"Apparent Clash Between

the Foldy-Wouthuysen Transformation and the Threshold Theorem for Compton
Scattering', September 1967 (unpublished).

See Section 7B.

For simplicity, we assume the two fermions are distinct and have non-
derivative coupling via neutral spin 0 or spin 1l fields. Normal ordering is

understood in the definition of the current.
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Throughout this discussion we suppress renormalization constants, for
simplicity. All masses and charges have their physical values. In this
equation, and throughout this paper, we use the notation and metric of J. D.

Bjorken and S. D. Drell, Relativistic Quantum Mechanics (McGraw-Hill,

New York, 1965),

Effective potentials can often be designed to simulate even higher-order
irreducible BS kernels, as in the Breit equation: G. Breit, Phys. Rev. al,
248 (1937). See also H. Grotch and D. R. Yennie, Z. Phys. 202, 425 (1967).
The interaction kernel is actually assumed fco be instantaneous in the CM
frame, and it is not instantaneous in any other frame. Eg. (2.16) conse-

quently involves a further approximation: neglect of the induced non-

instantaneous Coulomb interaction (6M06VO/ 1?2 in the CM framé becomes
VMVV /1 (k-V)Z—kz] in a frame where V is the total four-velocity). The
usually negligible effect of the induced non-instantaneous term can be

treated with the other neglected kernels in perturbation theory.

The contour prescription comes from the negative imaginary parts of m,
and m, 6 being infinitesimal, real, and positive.

We use Eqgs. (2.19) and (2.21), which give the connection between ¥ and ?
In the first line of (2.23) we have used the orthogonality of AE and

Ab . The contour prescription in the second line of (2.23) corresponds

to the fact that § is obtained from ¢ by complex conjugation and
antichronological ordering.
Conversely, the BS equation also describes the interaction of antifermions;

then <P ~ cf_ _, and charge conjugation is reflected in the change of sign

in Eq. (2.24).
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In particular, in the experiments of Robiscoe et al. (14), a magnetic field
was applied to a beam of metastable atoms in a definite hyperfine component
of the 28 1 state and adjusted until the energy of this level became degenerate
with one of the 2P 1 components. By knowing the magnetic field at which the
crossing occurs, one can extrapolate back to zero magnetic field and deter-
mine the ZS_%_ - 2P_21_ separation at H = 0.

Ian J. McGee, ref (18), have an illuminating discussion of the relativistic
transformation of a zero-binding wavefunction. We wish to thank Professor
L. Durand for calling this work to our attention.

In fact, we have shown in Section 2 that to first order in the binding the
Breit equation correctly yields the eléctromag*netic interactions of the com-
pasite system. The wavefunction (4.8) which we obtain solves the Salpeter
equation through first order in the binding. We also note that the Breit
equation reduces to the Dirac equation for ma/ m, —~ 0 whereas the Salpeter
equation must be augmented by crossed graph contributions to obtain the
correct limit. This has been shown to all orders in perturbation theory by
D. R. Yennie (private communication). Also see ref. (7).

For example, g in Eq. (2.16) can be the zeroth component of a four-vector
interaction, such as the instantaneous Coulomb interaction 8, (1?) = yg‘yg)/E’z.

+ + + . - - +
For example, Xll :Xa X“‘Xb’ XlO :__zl (Xa X Xb +y a(’% xb), etc., where

E + +. 7
T X g = Xy (Xg)

i —
(xy) =1
The normalization condition (4.9) for ladder approximation was first stated
by Salpeter (8). For comparison with (4.8), note that a single-particle

wave-packet is written
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Bx) = f _Td3p o) o) e P
@r 3/2 \/’ po

—

where

"o - .
_ p +m g.p
up) =\ 2m 0 X -

This is similar to the approximation made in deriving Eq. (2.16). See

Footnote (8).

If, in the calculation (5.9), we do not use the identity o= i HO,?p] , then

the proper inclusion of the kinetic energy terms ki (see Section 4) and

—

Ki = F2/2Ei is essential in obtaining the correct coefficients for the o. fxg

and 0- E X P terms. In the calculations presented in the text, however, ki

.and Ki can be dropped.

As stated in Section 2, we consider only binding arising from exchange of
neutral particles with non-derivative coupling, so that ""exchange currents'
cannot contribute to y. Furthermore, we ignore "Breit" binding cor-
rections to the magnetic moments of the constituent particles. These are of
order 4 W/ 2 , and we have assumed W/ << 1 ("loose binding").

H. A. Bethe and E. E. Salpeter, ref. (5), p. 300. Ci. also H. A. Bethe,

Intermediate Quantum Mechanics (Benjamin, N.Y., 1964), p. 152,

We do not distinguish M and My =M + W in this section. First order
binding corrections are correctly taken into account in the alternative

treatment given in Section 5B.

Cf. discussion following Eq. (5.13).
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An alternative way of presenting the argument is to factor the wavefunctions
of states i and i' into relative and CM coordinate dependence. Since the
states i' and i have identical dependence on?, the relative coordinate, and
since there is no relevant r dependence in the operators whose matrix
element (eq.(5.25)) is being calculated, the integral on?n gives 1. The re-
maining integral on R effectively just sets f‘}, = Fi’ and Eq. (5.26) obtains.

See, for example, J. S. Levinger, Nuclear Photodisintegration (Oxford

University Press, London, 1960), for a general exposition of non-relativistic
sum rule techniques. Barton and Dombey, ref. 4, give in their Section 6 a
partial catalog of the delicacies and perversities of the usual treatments;
these include, for instance, the question whether closure (over positive
energy states) and the Foldy-Wouthuysen transformation commute.

Three particle composite systems are discusséd in a reéent preprint by

V. P. Shelest, ITP, Kiev (1967).

It is necessary, however, that the system to which we apply Eq. (6.2) satisfy
the following requirements: (1) There is no state "accidentally' degenerate

in energy with the ground state. (2) There is a finite gap in energy between

the ground state and the continuum.

We remind the reader that W is the binding energy and that we assume

W << M, m. |

See Eq. (2.11).

Note that the definition of h in Eq. (6.7)[or (6.23)] differs from that in Eq.
(5.22) [or (5.35)] by retardation factors.

Low (3) has shown that the photoproduction channels in the sum over inter-

mediate states do not contribute through order w, so we ignore them here.
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The "negative energy" expression (6.19) corresponds to the " Z!" diagram
contribution to (2.11) in which the intermediate states contain three free
spin 3 particles (two fermions and one antifermion).

The E x A terms in the last bracket of (6.20) are given here for complete-
ness although they give no contribution to low energy Coinpton scattering.
They are derived by replacing the canonical momenta by the mechanical
momenta in the CM equation of motion (4.1) and in the boost operatbr 4.12).
(See also S. J. Brodsky and J. R. Primack, footnote 1.) Darwin terms
vanish for external fields. Terms proportional to the binding potential

are omitted.

Cf. Section 4, and Appendix III of 1. J. McGee, ref. (18).
One can show that this term must be added to the Hamiltonian by doing a

canonical transformation. Alternatively, we recall that (d@/dt)

inertial
(dG/dt)rotating +w x G for any vector G. (H. Goldstein, Classical Mechanics
(Addison-Wesley, Reading, Mass., 1950), p. 133). Thus Hinertial =
+~*, — 3 " — -
Hrotating w-d, so that (dﬁ/dt)inertml i Hinertial’ Gl =1l Hrotating’ Gl
i[w-J,G] = (dG/d’c)rotating +wXx G,

We write the forward Compton amplitude in the traditional form

tw) = f?) 88 + i, @) Fer x 2,

where £)(0) = - Z?rez/’m. .
The quantity u - ZTeS/ M = ), the square of which is proportional to the

low energy limit of the ASZ =1 Compton amplitude, coincides with the usual

definition of the anomalous magnetic moment for S = § and is a reasonable

38 A simple semiclassical dynamical interpretation can

definition for all S.
be given for this choice of My = ZTeS/’)% as the ""normal" part of the

magnetic moment. 39 The covariant equation for the motion of a particle
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in an electromagnetic field is

" Z. e
%u_:___T F“uy
T m v

and the BMT (23) equation for the spin four-vector is

4s _ U pk
dr SF s

For the case A =0, i.e. u= ENT both equations assume the same form. In

this special case, u and s can be regarded as simultaneously undergoing

Z. e
an infinitesimal Lorentz transformation with A“V = g"‘v + L F“v daT.
If we attach a '"natural' instantaneous coordinate frame to each point of
the world line — this frame being defined so that the time axis is along u
and the space axes rotate in an interval d7 according to A" , —then in this
natural coordinate system the spin is a constant vector for p = e
One usually introduces an electromagnetic interaction into the wave equation
of a spin S particle by making the minimal substitution p# —Dp w " eA and
adding terms proportional to Fuv or its derivatives. Those parts of the
interaction coming from the minimal substitution we call "normal", the
others, '"anomalous'". In general, however, there are numerous wave
equations for given spins, and consequently this approach will not lead to a
unique definition of the '"anomalous magnetic moment".
A. S. Wightman, summer 1ec£ures at Stanford, 1967; cf. Bargmann, Michel,
Telegdi (23). Note that the gyromagnetic ratio g=(u /S)(e/Zm)—l. Thus
g = 2 is the "normal" value for particles with spin.
The convergence of the DHG sum rule is discussed by A. ’H. Mueller and
T. L. Trueman, Phys. Rev. 160, 1306 (1967).
Even for the incorrect Hamiltonian used by Barton and Dombey (4) — (a

sum of two F-W Hamiltonians)— the (wrong) DHG integral equals the (wrong)

low energy limit3 of f2'
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Figure 1 -

Figure 2 -

Figure 3 -

Figure Captions

Exact calculation of the hydrogen spectrum. The typical kernels
required for calculation of the energy levels of the H-atom to the
present precision are shown. The one photon exchange contribution
can be separated into Coulomb and transverse parts in the CM frame.
The effects of strong interactions are summarized by form factors
in G 1y plus nuclear polarization contributions as indicated in

G The main effects of adding the higher order kernels

NUC-POL’
are listed below the diagrams. The available small expansion

parameters are also given. -

(a) Diagrammatic representation of the BS equation in ladder approxi-
mation, (b) Lowest order electromagnetic interaction in ladder
approximation. After isolating the contribution of the bound state to
the two-particle BS propagator and absorbing the Feynman propa-
gators S%, and S];,, we are left with the matrix element ,y‘(ta) (Sl;,) _1,
Eq. (2.12). This is represented in (¢). For simplicity, we consider
only particle a to be charged.

(@) The full BS equation, showing examples of graphs omitted in

ladder approximation. (b) The lowest order electromagnetic inter-

action for the full BS equation.



Bethe-Salpeter Equation
(pfe -m) (szp - mp) X=GX

*  Ccrossep  * Cvac.ror. *  CsgLrENEreY * CNUC-POL

F(g®) N
Gyy GoourLomB * CTRANSVERSE
1 7 1 1 -
- € — € = €, ——— € + €, — €,
1] qz 0 a.z 0 TRAN i q2 i
=1, 2
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TABLE I

Corrections to the Zeeman Interaction of Hydrogen-Like Atoms

from a Bethe-Salpeter Analysis

Reduction Step

1. Neglect self-energy and
vacuum polarization kernels

2. Neglect crossed graph kernel

3. Retain instantaneous
kernel only

4. Adopt Breit formalism

Contribution to Zeeman Interaction

anomalous moment terms + error

of 0] oz(Zoz)2ueH]

Corrections 0f (Zoz)4ueH] +

error of 0f (Zoz)4 (me/Mp)ueH]

error of 0[ (Zoz)4 (me/Mp)ueH]

+ 0f (Zoz)2 VzueH]

error of 0f (Zoz)4(me/Mp) ueH]

The expansion parameters are the fine structure constant o, (Za) = the coupling

strength of the binding interaction, and (me/ Mp) = the electron to nucleus mass

ratio. After these four reduction steps are made, the resulting interaction is

given by Eq. (2.2) augmented by anomalous moment terms.



Individual Masses
Total Mass
Binding Energy

Individual Charges
(in units of e)

Total Charge

Individual Magnetic
Moments

Total Magnetic
Moment

Coordinates

TABLE II

Notation Used for Bound Systems

Spin 0 -
Hpionﬂ

s 1
Spin 3
"proton"

W=M+m-M

S

Z

Ze

5
T

Spin & - Spin 3
m, my

Z_a “p
ZT=z +Zb
Z e
_ "a,b
Pa,b ™ 2m +>‘a,b
,b
v = “a+”b
Ta Y



TABLE III

Contribution of Various Produ(;ts of Termsto 1l

Term

Contribution

Remarks

(El)2 (E1)(M1) (E1)(E2) (E1)(SO) (E1)(SI2) (E2)2

SI P P v SI 3

M1

)2

(M1)(E2) (E2)>

Explanation of Remarks: 8SI

P - vanishes by parity considerations,
S - vanishes because of its spin structure,

v - could contribute.

spin independent, hence vanishes when we calculate

IP-—I

A’




