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Plasma Density Analysis for E-162 March 2001 Run (Run 6) 
 

This note is a summary of the analysis of plasma density measurements associated with the first 
E-162 run (March, 2001).  It is a substantial update of ARDB-252 which was based on some of 
the data and the collisional-recombination coefficients of D. R. Bates et  al.1 
 
The data are 

1. Density measurements made on the 25 cm oven at UCLA by P. Muggli et al2 
2. Combined information from scans of a) trigger time at a fixed incident intensity and b) 

incident intensity with the laser triggered at the beam arrival time. 
3. Laser intensity scans at different laser trigger times. 
4. Measurements of the incident UV fluence from UV calibration data recorded during the 

run. 
They are interpreted in the following frameworks 

1. A collisional-recombination analysis based on the work of D. R. Bates et al.1 
2. A betatron focusing analysis similar to that used for electrons. 

 
Collisional-Recombination Analysis 

D. R. Bates et al1 have performed recombination calculations for hydrogen plasmas.  
Plasma recombination, which ignores density reduction due to diffusion, is given by 

 2dn n
dt

α= −  (1.1) 

The most important conclusion from their analysis is that the recombination coefficient, α, is not 
independent of plasma density for the densities of interest to E-162.  Their results are shown in 
figure 1.  At n = 1013 cm-3, α is roughly proportional to n rather than independent of it.  They 
also conclude that the analysis and recombination coefficients should be valid for singly ionized 
alkali atoms.  P. Muggli et al2 make reference to a calculation for radiative recombination in Li 
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Figure 1: Recombination coefficient from D. R. Bates et al1 at T = 1000 K.  The line is a fit that 

is used when the evolution equation is integrated. 
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that has a ~30% lower radiative recombination rate.3  This is small compared to the 3 orders of 
magnitude contributed by the collisional effects taken into account by Bates et al. 
The fit shown in Figure 1 is used when integrating the evolution equation.  It is 

 

( )( )2
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exp ln ln
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=  (1.2) 

Measurements with the 25 cm oven:2  Interferometry at 674 nm was used to measure the time 
evolution of the plasma density.  This wavelength is near a transition in Li, and that allows time 
evolution measurements although there is an overall scale factor that is uncertain.  The data were 
fit with 

 2dn nn
dt

α
τ

= − −  (1.3) 

where τ is a diffusion time scale.  The two free parameters are τ and the initial plasma density 
that sets the overall scale.  The evolution equation is integrated using the MATLAB differential 
equation integrator �ode45� in the MATLAB program �density_674�.  The results are shown in 
Figure 2 for τ = ∞ and in Figure 3 for τ = 20 µs and τ = 100 µs.  The conclusion from Figure 2 is 
that the data are well described by an initial density in the n = 3×1013 cm-3 to 4×1013 cm-3 and no 
diffusion (τ = ∞).  The initial plasma density is 30 to 40 times lower than the value from the raw 
interferometry data.  From Figure 3 we see that the diffusion time could be as short as τ ~ 100 µs 
but is inconsistent with τ ~ 20 µs. 
Measurements with combined scans:  Information from scans of the trigger time at a fixed 
incident intensity and the incident intensity with the laser triggered at the beam arrival time can 
be combined by looking at common focusing features to give an �effective� incident UV energy 
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Figure 2: Density evolution data from P. Muggli et al2 fit with eq. (1.3) with τ = ∞ and the 

parametrization for α given by eq. (1.2). 



ARDB-276 R. H. Siemann February 10, 2002 
  Page 3 
 

0 10 20 30 40 50 60 70 80 90 100
10

−2

10
−1

10
0

D
en

si
ty

/D
en

si
ty

 a
t t

 =
 0

Time (µsec)

Plasma Density From Bates et al, τ = 100 µsec

n
0
 = 1.00e+014

n
0
 = 5.00e+013

n
0
 = 4.00e+013

n
0
 = 3.00e+013

n
0
 = 2.00e+013

n
0
 = 1.00e+013

Data Set 1     
Data Set 2     
Data Set 3     

     
Figure 3: Density evolution data from P. Muggli et al2 fit with eq. (1.3) with τ = 100 µs (LHS) 

and τ = 20 µs (RHS). 
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for different delay times.  This incident energy is measured with the �Incident UV GADC�.  
These data can be fit with eq. (1.3) using the parametrization in eq. (1.2).  The results are shown 
in Figure 4.  The free parameters in this fit are the initial plasma density, the proportionality 
constant between the Incident UV GADC and the plasma density, and the diffusion time.  The 
MATLAB program used is �Bates_density�. 

Fits that constrain the diffusion time to τ = 30 µsec, which is the asymptotic value for the 
data, and τ = 100 µsec for comparison with the left-hand-side of Figure 3 are shown in Figure 5.  
It is clear that the shorter diffusion time is favored by the data.  This seems to be in contradiction 
to the result presented above in Figures 2 and 3 where a large diffusion time is favored.  A 
possible explanation (courtesy of Patrick Muggli) is 
• In the case of the measurements with the 25 cm oven - the plasma was relatively uniform and 

the 674 nm interferometry performed in the center of the plasma.  Diffusion would affect the 
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Figure 4:  Fit of eq. (1.3) to the combined scans using the parametrization in eq. (1.2).  The result 
of the fit is n(t = 0) = 1.39×1013cm-3, τ = 13.2 µsec, and the proportionality constant between the 

Incident GADC and plasma density = 4.43×1010 cm-3/GADC.  These results have some 
sensitivity to the errors.  These have been taken to be max(0.05*GADC, 2). 
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edges of the plasma, but not the central density 
• In the case of the combined scans � the plasma was not uniform and diffusion is more 

important. 
A conclusion from this interpretation is that effective τ depends on the plasma uniformity.  Since 
that can change day-to-day as optics damage and are replaced, it cannot be treated as a constant. 

Measurements with different delay times:  Laser intensity scans were taken on March 24 
with different trigger delays.  The runs with the associated trigger times and time stamp (Days 
Since 1/1/99) are in Table 1.  The beam sizes on the downstream OTR and the Integrated 
Cherenkov have been fit with Gaussian distributions using Spring2. 

The evolution of the plasma density is given by eq. (1.3) with two free parameters: (1) Cp 
≡ the proportionality constant between the Incident UV GADC and the plasma density at t = 0 
and (2) the diffusion time τ.  The analysis (MATLAB program �decay_table�) proceeds as 
follows. 
1. Two sets of data are identified near the focusing minimum.  They are shown in Figure 6.  

One is σx(CV) at two trigger times, t1 = 15.98 µs and t2 = 22.98 µs.  The one is σy(DN) for , t1 
= 6.98 µs and t2 = 10.48 µs.  1 2( , ) ( ,x xCV t CV t )σ σ=  for 

 0 11
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µ

=
= ≈ =

=
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2. Eq. (1.3) is integrated out to times t1 and t2 for different values of the initial density, n0, and 

      
Figure 5:  Fits of the combined scans with τ = 30 µsec (LHS) and with τ = 100 µsec (RHS). 
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Table 1:  Data runs on March 24, 2001 with the laser trigger timing*1 
Run Trigger Time 

(µs) 
Days Since 

1/1/99 
Run Trigger Time 

(µs) 
Days Since 

1/1/99 
03241cp 97.975 813.6302 03241cq 47.975 813.6345 
03241cr 22.975 813.6381 03241cs 10.475 813.6416 
03241ct 15.975 813.6459 03241cu 3.975 813.6497 
03241cv 0.475 813.6542 03241cw*2 6.975 813.6578 
03241cx 2.475 813.6616    

*1  These are the differences between the trigger time and the beam arrival time. 
*2  No streak camera data taken for this run.

0 5 10 15

x 10
4

10
−2

10
−1

10
0

10
1

10
2

10
3

time (nsec)

G
A

D
C

ode45 Integration: n
0
 = 7.15e+013, τ = 100.00 µsec, Prop Const = 1.79e+011



ARDB-276 R. H. Siemann February 10, 2002 
  Page 5 
 

the diffusion time.  The results are in Figure 7a.  As an example, for a final density of n(t1) = 
1×1012 cm-3 and τ = 9 µs, the initial density must be of n0 ~ 0.6×1013 cm-3 n(t2) = 1×1012 cm-3 
and τ = 9 µs, the initial density must be of n0 ~ 1.6×1013 cm-3.  The initial density ratio is 

 
12

0 1 1

0 2 1 2

( 1 10 , , ) 0.6 0.37
( , , ) 1.6

n n t
n n n t

τ
τ

= ×
≈ =

=
 (1.5) 

The ratio can be calculated for a range of values of n1 and τ and then plotted vs n0(t2).  
Figure 7b shows the result. 

3. Finally, one can use the results in Figure 7b to develop a constraint between τ and the initial 
density for time t2.  The point of doing all this is that there is now a constraint from the 
between the initial density and the diffusion time that comes form the beam size data. 

4. This analysis can be repeated for the σy(DN) shown in Figure 6.  The differences are the time 
t1 and t2 and the different ratio where 1 2( , ) ( ,y yDN t DN t )σ σ=  
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5. The constraints from these two sets of data can be combined to give the result shown in Figure 
8.  The solid red curve is for the ration in eq. (1.4) and the ration for eq. (1.6) is between the 
dashed cyan and violet lines.  The constraints are consistent with each other, but unfortunately 
do not provide really orthogonal information.  The betatron focusing analysis that is presented 
below favors n0 = 3.3×1013cm-3 for Incident UV GADC = 330, which is the value at t2 for both 
sets of data, and τ = 12 µs (this diffusion time is consistent with the value from Figure 4).  
This point is plotted in Figure 8 and is seen to be consistent with the constraints.  The 
parameter that enters much of the discussion below is the proportionality constant between the 
initial plasma density and the Incident UV GADC.  This point is 

 10 30 10 10 /p
nC

Incident UV GADC
−= = × cm GADC  (1.7) 

Earlier work (based on the MATLAB program �density_analysis�) attempted to vary Cp 
and τ independently where a qualitative criteria of a smooth connection of the various data set 
was used.  However, the two-dimensional parameter space and not having a quantitative measure 
of smoothness led to a wide range of results that were difficult to interpret.  The analysis 
presented above was developed as an alternative.  A final check is to put the parameters in eq. 
(1.7) in the density analysis and look at the connections between the data.  The result is in Figure 
9, and the conclusion is that the procedure connects the data for all but when the trigger delay is 
0.48 µs.  At this short delay time the Gaussian fits are not meaningful. 
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Figure 6:  σx(CV) at two trigger times, t1 = 15.98 µs and t2 = 22.98 µs and σy(DN) for t1 = 6.98 µs 
and t2 = 10.48 µs. 
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Figure 7:  (a, top) Densities at time t1 and t2 for different initial densities and τ = 9 µs. 
(b, bottom) Ratio of initial densities to produce the same final densities at t1 and t2 plotted vs the 

initial density at t2 and for a range τ = 5:2:50 µs. 
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Figure 8:  The constraints between the initial density at t2 vs diffusion time for the σx(CV) at two 
trigger times, t1 = 15.98 µs and t2 = 22.98 µs (SOLID) and σy(DN) for t1 = 6.98 µs and t2 = 10.48 
µs (DASHED).  The color codes for the lines are the same.  The black circle indicates the value 

n0 = 3.3×1013 cm-3, τ = 12 µs favored by the betatron analysis. 
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Figure 9:  Plots of σx(CV), σx(DN), and σy(DN) for the runs in Table 1 with 
Cp = 1011cm-3/GADC and τ = 12 µs. 
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Betatron Focusing Analysis 

This analysis follows the thick-lens analysis that has become common for electron 
focusing, but for positrons there is only a single minimum as to the multiple minima for 
electrons.  Streak camera data taken on 3/24/01 have shown that it is a good approximation that 
the beam is focused alone its entire length at the minimum σx(CV) in the top panel of Figure 9.  
Therefore, the plasma can be treated as a thick lens near the first minimum, and the problem 
becomes one of determining the density that produces a thick �plasma lens�. 

The cosine- and sine-like trajectories starting at the plasma entrance to a distance s = L 
downstream of the plasma exit are 

 

sincos

sin cos

oven

oven

LC
L

S L L

φ φφ

φ φ
φ

= −

= −
 (2.1) 

where the phase advance in the plasma is 

 2 e
oven

r n Lπφ
γ

=  (2.2) 

The incoming optics bring the beam to a focus a distance sw from the plasma entrance (in the 
absence of the plasma and negative sw corresponds to a focus in front of the plasma entrance).  
The Twiss parameters at the plasma entrance are 

 
2

0 0 0
1* ; ;

* *
w ws sβ β α γ

*β β β
= + = =  (2.3) 

 
The β function at s = L is 

 
2

2 21* 1 2
* * *

ws sC Sβ β
β β β

 
= + + − × 

 
w CS  (2.4) 

This is minimized at L = -.9 m for the DN OTR and L = 12 m for the Cherenkov using the 
MATLAB program �betamin_010909�.  The nominal horizontal focusing parameters are used: 

* 0.3 ; 0.83 ; * 2.76w wm s m sβ β= = − = − .  The analysis is shown in Figure 10.  The results are 

 
12 3

12 3

� : 0.34 1.8 10
: 0.52 4.3 10
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cm−

−
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 (2.5) 

where eq. (2.2) has been used.  The point indicated by the circle in Figure 8 and the spot sizes in 
Figure 9 are consistent with these values. 
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Figure 10:  Values of the phase advance in the plasma to produce spot size minima at the 
Integrated Cherenkov and DN OTR.  (Note � There are dashed lines appearing in the legend key.  

These are for the next focus and were eliminated when the plot was manually scaled.) 
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UV Measurements 

The UV energy meter configuration is shown in Figure 11.  The Incident UV meter 
measures the UV energy before the input window and pellicle.  Its purpose is to measure the 
shot-by-shot variation in the incident UV, but it must be calibrated against the Upstream UV 
meter that takes account of damage of the window and pellicle.  The beam is turned off for these 
calibration runs.  The ratio of the Downstream to Upstream energy meters gives the transmission 
through the Lithium oven and the vapor density. 
 The UV calibration runs are documented in the EXCEL file that is at the end of this note.  
There were a number of changes and uncertainties during Run 6.  The changes were due to 
optical attenuators being placed at various locations in the UV transport, changes in the gains of 
the amplifiers that amplify signals from the energy meters, and changes in attenuators at the 
outputs of the buffer amplifiers that drive the digitizers (GADC�s).  The summary file came from 
reading the log book and analyzing data to get a self consistent picture.  The comments in the 
EXCEL file should be complete and are not repeated here.  For Run 6: 
• The March 24 data were taken with an optical attenuator in the UV path after the Incident 

UV meter. 
• The optical attenuator was moved to before the Incident UV meter on March 29.  The 

attenuator was a multi-layer mirror that was rotated to change the attenuation.  Due to an 
aperture and/or reflections the ratio of the Upstream to Incident UV meters depended on the 
attenuator angle.  Data taken on April 3 & 4 is key to determining the angle dependence of 
this ratio.  Results are shown in Figure 12a for the 

 (
( )

d Upstream EnergyUpstream Energy Meter Slope
d Incident GADC

=
)

3

 (3.1) 

For angle A (in degrees) the correction factor to get the UV incident on the plasma is given by 
the fit in Figure 12b 

 21.020511- 0.112177 - 0.0005698 0.0014548f A A= A+  (3.2) 
This correction should be applied for non-zero attenuator angles. 
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Figure 12:  The upstream energy meter slope vs optical attenuator angle.  (a, LHS) The blue 
squares are data taken on April 3 & 4 under known conditions and with roughly constant UV 

damage to the window and pellicle.  The red circles are data taken at different times under 
known conditions, but with the possibility of different amounts of damage.  The black diamonds 

are data taken under uncertain conditions.  However, these conditions can be determined by 
analyzing the entire set of UV calibration runs and are documented in the EXCEL file. (b, RHS) 

The correction factor to be applied to runs with the attenuator rotated. 
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1. Data were taken with and without a 12.17 mm2 aperture in front of the input window.  
They showed that 

 25.23 10Iris IN
Iris OUT

−= ×  (3.3) 

independent of the attenuator angle. 

• There was important data taken on March 29 with the delay fixed with the laser triggered 
10.48 µs before the electron beam and the attenuator rotated to vary the UV intensity. 

• Data were taken subsequent to the run, on April 18, with a 5.94 mm2 aperture in the 
beam.  The result for that run was that the fluence and incident UV photon flux measured 
at the Upstream energy meter are 
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(There is some uncertainty about the gain that is documented in the attached EXCEL file, but an 
amplifier gain of 10× is a good explanation of the data.)  With a neutral density of 5.3×1015cm-3 

and an absorption cross section of 1.8×10-18cm2 the initial plasma density is 
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Figure 14:  Comparison of the horizontal beam size on the Integrated Cherenkov for the data of 

March 24 (LHS) and March 29 (RHS). 

These values can be used for the runs on March 29 taking into account the differences 
between the apparatus on March 29 and April 18.  One difference is that the amplifier gain was 
100×�s and there was 6 db of attenuation ⇒ effective gain = 50× on March 29.  Another 
difference is that there appears to have been a factor of two change in the UV transmission 
between those two dates.  A �standard slope� for the Upstream energy meter (eq. (3.1)) can be 
determined taking account of amplifier gains and attenuators.  On April 18 that slope was 
2.7×10-5 J/channel and on March 29 it was 5.3×10-5 J/channel.  With these factors the constant 
Cp in eq. (1.7) is 

 
5
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×
cm GADC  (3.6) 

 
Remarkably, this is the same value as determined by the recombination analysis. 

This value can be used together with a diffusion time τ  = 12 µs to determine the plasma 
density for the runs on March 29.  The results for the Cherenkov are shown in Figure 14 above.  
The conclusion is that there is a factor of 2 � 3 difference in the density based on this comparison 
of the horizontal beam size on the Cherenkov.  Figure 15 shows the comparison of the horizontal 
sizes on the Downstream OTR.  They agree on the location of the minimum in the range of 
5×1012 cm-3 but the shapes do not agree well.  The underlying reason is that with a diffusion 
time, τ  = 12 µs and a delay time of 10.5 µs, the initial density must be high reach 6�7×1012 cm-3, 
and for these high initial densities, the recombination rate is so high that the initial plasma 
density does little to determine the final density. 

Overall Conclusion 
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The density has been determined by several different methods.  There is not very good 
agreement on the details, but remarkably the plasma density is determined reasonably well. 
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Figure 15:  Comparison of the horizontal beam size on the Downstream OTR for the data of 

March 24 (top) and March 29 (bottom). 
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