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Elastic Kinematics
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(head-on collision)
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FIG. 2. The kinematic bound on the dark matter mass, as-
suming elastic scattering off xenon. Different curves are plot-
ted for different assumptions about what events are assumed
to be the highest energy nuclear recoils from dark matter.
The yellow band corresponds to the typically largest relative
velocity arising from summing vesc + vearth � 800 km/s.

tering off xenon, assuming the standard Maxwellian dis-
tribution for the dark matter velocity in galactic frame.
Specifically, our input contains a distribution with char-
acteristic speed, v0 = 220 km/s (in galactic frame), with
an escape speed of vesc = 500 km/s (in galactic frame).
Since we do not consider time-dependent signals, we take
the Earth’s velocity to be a constant, vearth = 230 km/s
(in galactic frame). We consider the lower threshold of
our pseudo-experiment to be recoil energies of 5 keV and
the upper threshold we take to be 80 keV (the latter
happens to be below the first zero of the nuclear form
factor of xenon). These specifications are a reasonable
approximation of the capabilities of the Xenon100 ex-
periment [55]. We ignore detector effects such as energy
resolution and efficiency and assume that these are suffi-
ciently well known that the recoil energy distribution of
Eq. (7) can be determined from the data.

Next, we invert this “data” using Eq. (20) and assume
the dark matter is scattering elastically. For simplicity,
we use the same scattering cross section used to generate
the data. This only affects the normalization of f1(v)
and does not alter any of our arguments. In Fig. 3 we
show the derived velocity distributions f1(v) for various
choices of dark matter mass. As expected, for the correct
choice of dark matter mass the derived velocity distribu-
tion agrees with that used to generate the data. However,
since data is only taken over a finite range of recoil ener-
gies the velocity distribution is only known over a finite
range of velocities, corresponding to the vmin associated
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FIG. 3. Velocity distributions derived from pseudo-data, with
5 keV ≤ ER ≤ 80 keV, generated for a 100 GeV WIMP elas-
tically scattering of xenon. The data is generated assuming a
Maxwellian distribution for the dark matter, dashed red line.
For mχ = 40, 100, 500 GeV (thick line segments, from bottom
to top) the derived velocity distributions, f1(v), are shown.

with the ER, Eq. (4).
As was discussed in Sec. II it is possible to place a lower

bound on the dark matter mass by assuming a maximum
speed for dark matter in our halo, the highest energy re-
coil events, taken to be 80 keV in the above, then de-
termine a minimum mass through Eq. (4). However, as
can be seen from Fig. 3 no such upper bound can be
made. For all assumed masses used in Fig. 3 the result-
ing velocity distributions appear a priori to be perfectly
reasonable: f1(v) is positive and finite. Without further
model-dependent assumptions, or additional experimen-
tal results (either from another experiment or from rais-
ing the upper threshold at the first experiment), all dark
matter masses, mχ ≥ mmin

χ , give a reasonable fit to data.
Using Eqs. (4) and (20) in the limit of very heavy dark
matter, the derived velocity distribution becomes inde-
pendent of the dark matter mass and only depends on
the target.

B. Elastic Dark Matter: CoGeNT

A further interesting example of elastic dark matter
is the recent observation of an excess of low energy re-
coil events by CoGeNT [56]. The CoGeNT collaboration
demonstrated that this is consistent with light dark mat-
ter, 7-10 GeV, where the mass was determined by taking
the standard Maxwellian velocity distribution.
Following our procedure above, we have taken a fit to

the low recoil energy excess at CoGeNT [57] and reverse-
engineered the distribution to determine the needed ve-
locity distribution for (much) larger dark matter masses
in Fig. 4. It is easy to understand the shift in the veloc-
ity distributions. For light dark matter, mχ < mGe, the
maximum recoil energy is Emax

R � m2
χv

2
max/mGe. Once
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Inelastic Kinematics

ER

| v cos θlab |

inelastic δ ≠ 0

elastic δ = 0

Here we use the reduced mass defined with respect to the
incoming particles,

µ ≡ mχmN

mχ +mN
. (1)

The recoil energy of the collision is ER = q2/2m�
N with

q2 = p2 + p�2 − 2p p� cos θcom . (2)

The recoil of energy ER, velocity v and cos θlab are related
by,

v2

2
δχ

mχ

mχ�
− v

mχ

mχ�

�
2mN �ER cos θlab

−
�
ER

�
1 +

mN �

mχ�

�
+ δχ + δN

�
= 0 . (3)

Define δ ≡ δχ + δN . If δ > 0, we can safely perform an
expansion in δ/m � 1 to obtain

vmin =
1√

2mNER

�
mNER

µ
+ δ

�
. (4)

which taking δN → 0 is the well-known result for in-
elastic dark matter (iDM) [40–42]. By “safe” we mean
that our upper bound on vmin, which is in the far non-
relativistic regime, automatically implies |δ| � mχ,mN

to allow scattering to be kinematically possible.
Up to higher order terms in δ/m, we obtain an expres-

sion for the recoil energy

E2
R + 2ER

µ

mN
(δ − µv2 cos2 θlab) +

µ2

m2
N

δ2 = 0 (5)

The recoil energy is unique for a given fixed scattering
relative velocity v and nucleus recoil angle θlab and can
be solved by the usual quadratic formula,

ER =
µ

mN

��
µv2 cos2 θlab − δ

�
(6)

±(µv2 cos2 θlab)
1/2

�
µv2 cos2 θlab − 2δ

�1/2�
.

This result has the well known feature that the smallest
recoil energies come from maximizing v2 cos2 θlab, corre-
sponding physically to head-on collisions at the highest
velocities available.

III. EVENT DISTRIBUTIONS

Our basic assumptions consist of assuming the scat-
tering process is off only one type of nuclei. We will,
however, remain general with respect to the possibility of
multiple WIMPs with different masses, abundances, and
cross sections. One might think it requires a large coin-
cidence to have several dark matter particles with cross
sections large enough to produce events in an experiment.
However, there are well known counterexamples where it
can be natural to have the abundance of particles to be

independent of their mass (and thus, have several candi-
dates of different masses with similar abundances, using
for example the WIMPless miracle [43]).
The event rate of dark matter scattering [44], differen-

tial in ER, is determined by

dR

dER
=

�

i

NT ρχi

mχi

� vmax

vi,min

d3�vi fi(�vi(t))
dσi|�vi|
dER

, (7)

where the sum is over different species of WIMPs, mN �
Amp is the nucleus mass with mp the proton mass and
A the atomic number. The recoil energy depends on the
kinematics of the collision, as described above. Given
our assumption of no significant time variation in the
rate, f(�vi(t)) → f(�vi), and thus we are effectively ne-
glecting the Earth’s motion around the Sun. This is a
reasonable approximation so long we are probing veloci-
ties larger than Earth’s velocity in the Sun’s frame, i.e.,
vmax � 30 km/s. Typically the maximum speed is taken
to be vmax = vearth + vesc, the galactic escape velocity
boosted into the Earth frame. However, vmax is ulti-
mately determined by the (unknown) details of the dark
matter velocity distribution in Earth frame.
Given our assumption of no direction dependent signal,

we can carry out the angular integral in Eq. (7), reduc-
ing it to a one dimensional integral where we introduce
the quantity1 f1(v) =

�
dΩf(�v). The differential rate

becomes

dR

dER
=

�

i

NT ρχimN

µ2
imχi

F 2
N (ER)

×
� vmax

vi,min

dvi vifi1(vi)σ̄i(vi, ER) , (8)

where we have written

dσi

dER
= F 2

N (ER)
mN

µiv2i
σ̄i(vi, ER) (9)

in terms of the nuclear form factor F 2
N (ER). There are

several possible forms for the scattering cross section
σ̄i(v,ER), depending on the interaction,

σ̄i(v,ER) =






σi0

σi0F 2
χi
(ER)

σi0(v)F 2
χi
(ER)

σi0(v,ER)

. (10)

The different forms for σ̄ correspond to functional forms
of known dark matter scattering that contain velocity
and/or recoil energy dependence. The first possibility,
a constant independent of v and ER is the well-known
isotropic (s-wave) cross section that results at lowest
order in the non-relativistic expansion from many dark
matter models.

1 The velocity distribution is normalized such that
�
d3vf(v) = 1.
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Here we use the reduced mass defined with respect to the
incoming particles,

µ ≡ mχmN

mχ +mN
. (1)

The recoil energy of the collision is ER = q2/2m�
N with

q2 = p2 + p�2 − 2p p� cos θcom . (2)

The recoil of energy ER, velocity v and cos θlab are related
by,

v2

2
δχ

mχ

mχ�
− v

mχ

mχ�

�
2mN �ER cos θlab

−
�
ER

�
1 +

mN �

mχ�

�
+ δχ + δN

�
= 0 . (3)

Define δ ≡ δχ + δN . If δ > 0, we can safely perform an
expansion in δ/m � 1 to obtain

vmin =
1√

2mNER

�
mNER

µ
+ δ

�
. (4)

which taking δN → 0 is the well-known result for in-
elastic dark matter (iDM) [40–42]. By “safe” we mean
that our upper bound on vmin, which is in the far non-
relativistic regime, automatically implies |δ| � mχ,mN

to allow scattering to be kinematically possible.
Up to higher order terms in δ/m, we obtain an expres-

sion for the recoil energy

E2
R + 2ER

µ

mN
(δ − µv2 cos2 θlab) +

µ2

m2
N

δ2 = 0 (5)

The recoil energy is unique for a given fixed scattering
relative velocity v and nucleus recoil angle θlab and can
be solved by the usual quadratic formula,

ER =
µ

mN

��
µv2 cos2 θlab − δ

�
(6)

±(µv2 cos2 θlab)
1/2

�
µv2 cos2 θlab − 2δ

�1/2�
.

This result has the well known feature that the smallest
recoil energies come from maximizing v2 cos2 θlab, corre-
sponding physically to head-on collisions at the highest
velocities available.

III. EVENT DISTRIBUTIONS

Our basic assumptions consist of assuming the scat-
tering process is off only one type of nuclei. We will,
however, remain general with respect to the possibility of
multiple WIMPs with different masses, abundances, and
cross sections. One might think it requires a large coin-
cidence to have several dark matter particles with cross
sections large enough to produce events in an experiment.
However, there are well known counterexamples where it
can be natural to have the abundance of particles to be

independent of their mass (and thus, have several candi-
dates of different masses with similar abundances, using
for example the WIMPless miracle [43]).
The event rate of dark matter scattering [44], differen-

tial in ER, is determined by

dR

dER
=
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NT ρχi

mχi

� vmax

vi,min

d3�vi fi(�vi(t))
dσi|�vi|
dER

, (7)

where the sum is over different species of WIMPs, mN �
Amp is the nucleus mass with mp the proton mass and
A the atomic number. The recoil energy depends on the
kinematics of the collision, as described above. Given
our assumption of no significant time variation in the
rate, f(�vi(t)) → f(�vi), and thus we are effectively ne-
glecting the Earth’s motion around the Sun. This is a
reasonable approximation so long we are probing veloci-
ties larger than Earth’s velocity in the Sun’s frame, i.e.,
vmax � 30 km/s. Typically the maximum speed is taken
to be vmax = vearth + vesc, the galactic escape velocity
boosted into the Earth frame. However, vmax is ulti-
mately determined by the (unknown) details of the dark
matter velocity distribution in Earth frame.
Given our assumption of no direction dependent signal,

we can carry out the angular integral in Eq. (7), reduc-
ing it to a one dimensional integral where we introduce
the quantity1 f1(v) =

�
dΩf(�v). The differential rate

becomes

dR

dER
=

�

i

NT ρχimN

µ2
imχi

F 2
N (ER)

×
� vmax

vi,min

dvi vifi1(vi)σ̄i(vi, ER) , (8)

where we have written

dσi

dER
= F 2

N (ER)
mN

µiv2i
σ̄i(vi, ER) (9)

in terms of the nuclear form factor F 2
N (ER). There are

several possible forms for the scattering cross section
σ̄i(v,ER), depending on the interaction,

σ̄i(v,ER) =






σi0

σi0F 2
χi
(ER)

σi0(v)F 2
χi
(ER)

σi0(v,ER)

. (10)

The different forms for σ̄ correspond to functional forms
of known dark matter scattering that contain velocity
and/or recoil energy dependence. The first possibility,
a constant independent of v and ER is the well-known
isotropic (s-wave) cross section that results at lowest
order in the non-relativistic expansion from many dark
matter models.

1 The velocity distribution is normalized such that
�
d3vf(v) = 1.
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FIG. 6. The astrophysics independent allowed region of iDM parameter space (unshaded region) for a recoil spectrum with

events, in a xenon detector assuming a maximal speed for dark matter of 500 km/s (LH plot) and 800 km/s (RH plot) in the

Earth’s frame. In both plots the two curves assume events observed with 5 and 80 keV. The lower (red shaded) region is

model independent and is the region in which the peak, Eq. (21), in the deconvoluted recoil spectrum lies below 5 keV and

iDM cannot be distinguished from eDM. With reliable knowledge of f1(v) this region extends further upwards.

a dark matter form factor, no matter what (physically

allowed) form the velocity distribution takes. Further-

more, at Epeak
R the denominator in (14) has a zero but

since f1(v) must be finite the recoil spectrum must have

a maximum at this same energy so the numerator goes

to zero as well. Thus the observation of a maximum in

the recoil spectrum determines Epeak
R and reduces the 3

dimensional iDM parameter space by one dimension, re-

lating mχ and δ, independent of knowledge of the dark

matter velocity distribution.

D. Form Factor versus Inelastic

Although the spectrum of iDM cannot be faked by sim-

ple elastically scattering DM, regardless of what physical

velocity distribution is used, it may be faked by elasti-

cally scattering dark matter that has a non-trivial form

factor. Due to the unique kinematics of iDM, induced

by the splitting of the states, a deconvoluted iDM spec-

trum has a gap in the low energy spectrum with no recoil

events. The size of this gap, and thus the position of the

first events is

Egap
R =

µ2

mN



v2max −
δ

µ
−

��
v2max −

δ

µ

�2

− δ2

µ2



 .

(22)

This can be obtained directly from Eq. (7) by calcu-

lating the lowest recoil energy for the highest velocity

(v = vmax) for a head-on collision (cos θlab = 1). The

spectrum then increases to Epeak
R , Eq. (21), before again

decreasing. Near the peak, the spectrum is well fit by a

power law but away from the peak the spectrum becomes

more exponential in nature. This increase in R between

Egap
R and Epeak

R would require an unphysical f1(v) < 0 if

the dark matter has no form factor. However, it is pos-

sible that a non-trivial Fχ(ER) could “overpower” this

increase and allow iDM spectra to be fit by eDM with a

form factor, albeit for a non-Maxwellian velocity distribu-

tion. We demonstrate this below for the simple example

of a form factor that is a single power in ER, Fχ ∼ En
R,

for a sufficiently high n the resulting f1(v) will be sensi-

ble.

Although the increase in the recoil spectrum can be ac-

commodated by elastically scattering dark matter with a

non-trivial form factor, the existence of a gap with iDM

cannot be faked with a simple power-law form factor.

This is because the threshold to up-scatter results in

a step function turn on in the spectrum, and no such

step function results from a simple polynomial form for

F 2
χ(ER).

To illustrate the ability of iDM to be faked by form

factor dark matter. We consider the simple case of Fχ =�
q
q0

�2n
with the normalization q0 = 10

−3µ and we take

n ∈ [−1, 10] and investigate whether there is a physically

sensible velocity distribution that allows form factor dark

matter (with the same WIMP mass) to fake iDM with

mχ = 100 GeV, with a Maxwellian velocity distribution,

for various splittings δ. This region in which iDM can

indeed be faked is shown as the shaded region in Figure 7

and an example velocity distribution that achieves this

is shown in Fig. 8.

VII. DISCUSSION

We have shown that certain particle physics proper-

ties can be determined from the nuclear recoil spectrum
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Differential Rate for Scattering Experiment
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dER

= ∫ dσXi

dER
nXi∑

i

f(vi(t))
vi,min

vmax

d3viNT |vi|

Sum over multiple DM particles

dR
dER

= dσ
dER



∫ f(vi) = 1d3vi

Normalization of Rate
Given

Total degeneracy between
nXi  and normalization
of f(v).

Hence, no information from 
total rate R.
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FIG. 4. Velocity distributions derived from the CoGeNT
data. The dashed red line is the ordinary Maxwellian ve-
locity distribution for an elastically scattering dark matter
particle that fits the CoGeNT excess with a mass of 8 GeV.
The derived velocity distributions, f1(v), are shown for mχ =
8, 20, 100, 500 GeV (thick line segments, from bottom to top).

the dark matter mass is larger than aboutmGe, the maxi-

mum recoil energy asymptotes to Emax
R � mGev2max. The

shift in vmax from mχ � 7 GeV to mχ � mGe is thus

a factor of � 10. Indeed, from Fig. 4 we see that the

largest minimum velocity shifts from about 500 km/s to

about 60 km/s as the mass is increased from 8 GeV to

500 GeV.

By itself, the CoGeNT data can thus be fit by any dark

matter candidate above the kinematic minimum, which

for vmax ∼ 800 km/s is about 6 GeV. The conclusion

that CoGeNT implies “light dark matter” is thus not

warranted if the local dark matter density and velocity

distributions can be freely adjusted.

The obvious objection to the large dark matter, small

velocity distribution dark matter interpretation of the

CoGeNT data is that other direct detection experiments

should be sensitive to larger masses, and potentially rule

it out. We can test this assertion by translating the Co-

GeNT observed energies into nuclear recoil energies (fol-

lowing [58]), and then compute the predicted spectrum

at an experiment using xenon. This assumes, of course,

that whatever scattering process is occurring in germa-

nium also occurs in xenon.

In Fig. 5 we show the predicted recoil spectrum at

a xenon experiment, for each of the velocity distribu-

tions show in Fig. 4. In each case, the prediction is large

numbers of recoil events below 6 keVnr. This may or

may not be allowed by existing data from Xenon10 [59]

and Xenon100 [55]. The principle difficulty is determin-

ing the sensitivity of these experiments to very low re-

coil energies, specifically the conversion factor Leff(ER).

There has been a spirited discussion on this point [60–

66]. Clearly, masses much heavier than considered by

CoGeNT are allowed, while arbitrarily large masses (rep-

resented by 500 GeV) may be constrained by this existing

0 2 4 6 8 10
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ER �keV�

dR dE
R
�coun

ts
�day�k
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FIG. 5. Predicted recoil spectra at a Xenon experiment for
the velocity distributions that fit the CoGeNT excess shown
in Fig. 4. The lines correspond to mχ = 8, 20, 100, 500 from
left to right. Notice that the normalization corresponds to
thousands of events at Xenon10 or Xenon100.

or future xenon data. In any case, our central conclusion

is that qualitatively larger dark matter masses can fit the

CoGeNT data if the velocity distribution is adjusted as

we illustrated above.

C. Inelastic Dark Matter

Due to the splitting of inelastic dark matter, vmin is

not monotonic in ER, which means that the highest en-

ergy recoil events may not give the strongest bound on

the dark matter parameters. The expression for vmin,

Eq. (4), has a minimum, and correspondingly the decon-

voluted recoil spectrum, R, has a peak at

Epeak
R =

mχ

mχ +mN
δ , (21)

the observed spectrum, dR/dER, typically has a peak at

a lower energy due to the nuclear form factor. Whether

the highest or lowest energy bins of an experiment place

the strongest constraints on mχ and δ depends on where

this peak falls.

If Epeak
R is large enough there may even be an observ-

able gap between an experiment’s lower threshold and the

first recoil events – this bump-like spectrum aids in fit-

ting the energy spectrum of the DAMA modulation data.

On the other hand, if Epeak
R is below the lower threshold

it is not possible to distinguish iDM from conventional

elastic dark matter. In Fig. 6 we illustrate these points

for the case of a xenon experiment which records data

over the range 5 keV ≤ ER ≤ 80 keV.

Unlike eDM, where the recoil spectrum must be mono-

tonically decreasing, the mass splitting of iDM allows for

the spectrum to be a rising function for ER < Epeak
R .

This cannot be mimicked by elastic scattering without
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So, at best, f(v)-independent
information is to be found in the shape.

Claim #1:  Shapes are much easier
to “read off” when recoil spectrum is

“deconvoluted” of the nuclear form factor.

FN2(ER)
dR
dER

1 dR
dER

deconvoluted convoluted

The second possibility contains a dark matter form fac-

tor Fχi (following the standard normalization convention

Fχi(ER = 0) = 1) and commonly occurs in models of

composite dark matter [45–47]. Our formalism will han-

dle the factorizable forms, i.e., the first three of Eq. (10),

which incorporates the vast bulk of what has been consid-

ered in the literature. We will not, however, consider the

cross sections that contain completely arbitrary nonfac-

torizable velocity and recoil energy dependence [c.f., the

most general form written on the fourth line of Eq. (10)].

We now turn to the question of what can be inferred

from a signal in direct detection experiments using (8)

without making any assumptions about f1 or the dark

matter scattering cross section σ0. We will however,

make an assumption about the maximum dark matter

speed, vmax, and we will demonstrate how the derived

dark matter properties depend on this assumption.

IV. DECONVOLUTED SCATTERING RATE

Since the scattering rate (8) in any given direct de-

tection experiment is proportional to the nuclear form

factor, we first factor it out. This leads to a definition of

a new quantity, R, that we call the “deconvoluted scat-

tering rate” – deconvoluted of the nuclear form factor,

R ≡ 1

F 2
N (ER)

dR

dER

=

�

i

NimN

� vmax

vi,min

dvi vifi1(vi)σ̄i(vi, ER). (11)

Some overall factors have been buried into a normaliza-

tion factor, Ni = NT ρχi/(µ
2
imχi). While there are im-

portant uncertainties in the determination of dark mat-

ter nuclear form factors from nuclear data [48], this is

not our concern. Errors on the deconvoluted scattering

rate ought to take into account nuclear form factor un-

certainties.

Next, taking a derivative with respect to ER we find

dR
dER

=

�

i

NimN

�� vmax

vi,min

dvivifi1(vi)
dσ̄i(vi, ER)

dER

−vi,min
dvi,min

dER
fi1(vi,min)σ̄(vi,min, ER)

�
. (12)

For arbitrary 2 → 2 kinematics (elastic or inelastic), we

can replace

vi,min
dvi,min

dER
=
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R − µ2
i δ

2
i

4mNµ2
iE

2
R

. (13)

This is as far as we can go with a general signal from an

ensemble of WIMPs with arbitrary cross sections.

For a single WIMP with a factorizable cross section,

Eq. (11) can be used to solve for f1(v) (see also [49–52]):

f1(vmin(ER)) = − 4µ2E2
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dER
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χ(ER)
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χ(ER)

dER

�
. (14)

This result allows us to gain information on the velocity

distribution of dark matter evaluated at the minimum
velocity to scatter for a given recoil energy ER. With

scattering data over the range Emin
R < ER < Emax

R , we

obtain information on the velocity distribution f(v) over
a range of v: vmin(Emin

R ) < v < vmin(Emax
R ).

For an ensemble of WIMPs, χi, without dark matter

form factors, the inversion result can be written as

dR
dER

=
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wi(v,ER)fi1(v) , (15)

where the velocity distributions of the WIMPs are

“weighted” by the factors

wi(v,ER) = −1
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N

µ2
i

− δ2i
E2

R

�
Niσi0(v) (16)

For an ensemble of WIMPs with form factors, no simple

closed form can be written.

V. f-CONDITION

There is valuable information that can be extracted

from Eqs. (14) and (15). We know the velocity distribu-

tion of dark matter must be positive for all v,

f(v) ≥ 0 , (17)

which we call the “f -condition”. Using this condition,

the right-hand side of Eq. (14) must be positive. Simi-

larly the f -condition also places constraints on the terms

appearing in Eq. (15).

Consider the case of single WIMP with standard elas-

tic scattering without a dark matter form factor, δ = 0

and F 2
χ(ER) = 1. From Eq. (14) we conclude that the de-

convoluted scattering rate is always a decreasing function

of ER.

A more striking consequence is reached if a rising de-

convoluted scattering rate is ever observed. Should there

be a range of data where the deconvoluted scattering rate
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FIG. 1. Some examples of the relationship between velocity distribution (LH plots) and observed recoil spectrum, dR/dER,

(red dashed in RH plots) and deconvoluted spectrum, R, (blue solid in RH plots). The dark matter mass is taken to be 100

GeV with elastic scattering off xenon.

elastic scattering, the result is particularly simple,

µmin =

�
mNER

2v2max

, (19)

demonstrating that the strongest lower bound on the
dark matter mass comes from the highest recoil energy
events at the maximum dark matter velocity (in Earth
frame). We illustrate this bound in Fig. 2, by showing
the bound on mmin

χ as a function of vmax for four possible
values of the maximum recoil energy from a distribution
of events where dark matter scatters off xenon. In the
next section, we will see that the analogous constraints
on mmin

χ for inelastic dark matter depends on the inelas-
tic threshold.

The deconvoluted scattering rate, Eq. (14), takes on
the simple form in eDM,

f1(v) = − 4ER

m2
NN σ̃0(v)

dR
dER

. (20)

The positivity of f(v) (and σ̃0(v)) means that for elastic
scattering the spectrum of recoil events must be a mono-
tonically decreasing function of energy. If this is not ob-
served, we can immediately rule out elastic scattering,
completely independently of any assumptions about how
it couples to nuclei or how it is distributed in our galaxy.
We now discuss what can be determined if indeed a

falling spectrum is observed. As a surrogate for experi-
mental data, and to demonstrate our technique, we gen-
erate pseudo-data for a 100 GeV WIMP elastically scat-

6
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What shapes/features are f(v)-independent?



Formally Solve for f(v)

Concrete statements can be made about general case.

Here, consider one DM particle scattering elastic *or* 
inelastic with a “factorizable” σ(v,ER) = σ(v)Fχ2(ER).

We obtain:

The second possibility contains a dark matter form fac-

tor Fχi (following the standard normalization convention

Fχi(ER = 0) = 1) and commonly occurs in models of

composite dark matter [45–47]. Our formalism will han-

dle the factorizable forms, i.e., the first three of Eq. (10),

which incorporates the vast bulk of what has been consid-

ered in the literature. We will not, however, consider the

cross sections that contain completely arbitrary nonfac-

torizable velocity and recoil energy dependence [c.f., the

most general form written on the fourth line of Eq. (10)].

We now turn to the question of what can be inferred

from a signal in direct detection experiments using (8)

without making any assumptions about f1 or the dark

matter scattering cross section σ0. We will however,

make an assumption about the maximum dark matter

speed, vmax, and we will demonstrate how the derived

dark matter properties depend on this assumption.

IV. DECONVOLUTED SCATTERING RATE

Since the scattering rate (8) in any given direct de-

tection experiment is proportional to the nuclear form

factor, we first factor it out. This leads to a definition of

a new quantity, R, that we call the “deconvoluted scat-

tering rate” – deconvoluted of the nuclear form factor,

R ≡ 1

F 2
N (ER)

dR

dER

=

�

i

NimN

� vmax

vi,min

dvi vifi1(vi)σ̄i(vi, ER). (11)

Some overall factors have been buried into a normaliza-

tion factor, Ni = NT ρχi/(µ
2
imχi). While there are im-

portant uncertainties in the determination of dark mat-

ter nuclear form factors from nuclear data [48], this is

not our concern. Errors on the deconvoluted scattering

rate ought to take into account nuclear form factor un-

certainties.

Next, taking a derivative with respect to ER we find

dR
dER

=

�

i

NimN

�� vmax

vi,min

dvivifi1(vi)
dσ̄i(vi, ER)

dER

−vi,min
dvi,min

dER
fi1(vi,min)σ̄(vi,min, ER)

�
. (12)

For arbitrary 2 → 2 kinematics (elastic or inelastic), we

can replace

vi,min
dvi,min

dER
=

m2
NE2

R − µ2
i δ

2
i

4mNµ2
iE

2
R

. (13)

This is as far as we can go with a general signal from an

ensemble of WIMPs with arbitrary cross sections.

For a single WIMP with a factorizable cross section,

Eq. (11) can be used to solve for f1(v) (see also [49–52]):

f1(vmin(ER)) = − 4µ2E2
R

m2
NE2

R − µ2δ2
1

Nσ0(vmin(ER))F 2
χ(ER)

�
dR
dER

−R 1

F 2
χ(ER)

dF 2
χ(ER)

dER

�
. (14)

This result allows us to gain information on the velocity

distribution of dark matter evaluated at the minimum
velocity to scatter for a given recoil energy ER. With

scattering data over the range Emin
R < ER < Emax

R , we

obtain information on the velocity distribution f(v) over
a range of v: vmin(Emin

R ) < v < vmin(Emax
R ).

For an ensemble of WIMPs, χi, without dark matter

form factors, the inversion result can be written as

dR
dER

=

�

i

wi(v,ER)fi1(v) , (15)

where the velocity distributions of the WIMPs are

“weighted” by the factors

wi(v,ER) = −1

4

�
m2

N

µ2
i

− δ2i
E2

R

�
Niσi0(v) (16)

For an ensemble of WIMPs with form factors, no simple

closed form can be written.

V. f-CONDITION

There is valuable information that can be extracted

from Eqs. (14) and (15). We know the velocity distribu-

tion of dark matter must be positive for all v,

f(v) ≥ 0 , (17)

which we call the “f -condition”. Using this condition,

the right-hand side of Eq. (14) must be positive. Simi-

larly the f -condition also places constraints on the terms

appearing in Eq. (15).

Consider the case of single WIMP with standard elas-

tic scattering without a dark matter form factor, δ = 0

and F 2
χ(ER) = 1. From Eq. (14) we conclude that the de-

convoluted scattering rate is always a decreasing function

of ER.

A more striking consequence is reached if a rising de-

convoluted scattering rate is ever observed. Should there

be a range of data where the deconvoluted scattering rate

4



 f-condition

The second possibility contains a dark matter form fac-

tor Fχi (following the standard normalization convention

Fχi(ER = 0) = 1) and commonly occurs in models of

composite dark matter [45–47]. Our formalism will han-

dle the factorizable forms, i.e., the first three of Eq. (10),

which incorporates the vast bulk of what has been consid-

ered in the literature. We will not, however, consider the

cross sections that contain completely arbitrary nonfac-

torizable velocity and recoil energy dependence [c.f., the

most general form written on the fourth line of Eq. (10)].

We now turn to the question of what can be inferred

from a signal in direct detection experiments using (8)

without making any assumptions about f1 or the dark

matter scattering cross section σ0. We will however,

make an assumption about the maximum dark matter

speed, vmax, and we will demonstrate how the derived

dark matter properties depend on this assumption.

IV. DECONVOLUTED SCATTERING RATE

Since the scattering rate (8) in any given direct de-

tection experiment is proportional to the nuclear form

factor, we first factor it out. This leads to a definition of

a new quantity, R, that we call the “deconvoluted scat-

tering rate” – deconvoluted of the nuclear form factor,

R ≡ 1

F 2
N (ER)

dR

dER

=

�

i

NimN

� vmax

vi,min

dvi vifi1(vi)σ̄i(vi, ER). (11)

Some overall factors have been buried into a normaliza-

tion factor, Ni = NT ρχi/(µ
2
imχi). While there are im-

portant uncertainties in the determination of dark mat-

ter nuclear form factors from nuclear data [48], this is

not our concern. Errors on the deconvoluted scattering

rate ought to take into account nuclear form factor un-

certainties.

Next, taking a derivative with respect to ER we find

dR
dER

=
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NimN
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dvivifi1(vi)
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. (12)

For arbitrary 2 → 2 kinematics (elastic or inelastic), we

can replace

vi,min
dvi,min

dER
=

m2
NE2

R − µ2
i δ

2
i

4mNµ2
iE

2
R

. (13)

This is as far as we can go with a general signal from an

ensemble of WIMPs with arbitrary cross sections.

For a single WIMP with a factorizable cross section,

Eq. (11) can be used to solve for f1(v) (see also [49–52]):

f1(vmin(ER)) = − 4µ2E2
R

m2
NE2

R − µ2δ2
1

Nσ0(vmin(ER))F 2
χ(ER)

�
dR
dER

−R 1

F 2
χ(ER)

dF 2
χ(ER)

dER

�
. (14)

This result allows us to gain information on the velocity

distribution of dark matter evaluated at the minimum
velocity to scatter for a given recoil energy ER. With

scattering data over the range Emin
R < ER < Emax

R , we

obtain information on the velocity distribution f(v) over
a range of v: vmin(Emin

R ) < v < vmin(Emax
R ).

For an ensemble of WIMPs, χi, without dark matter

form factors, the inversion result can be written as

dR
dER

=

�

i

wi(v,ER)fi1(v) , (15)

where the velocity distributions of the WIMPs are

“weighted” by the factors

wi(v,ER) = −1

4

�
m2

N

µ2
i

− δ2i
E2

R

�
Niσi0(v) (16)

For an ensemble of WIMPs with form factors, no simple

closed form can be written.

V. f-CONDITION

There is valuable information that can be extracted

from Eqs. (14) and (15). We know the velocity distribu-

tion of dark matter must be positive for all v,

f(v) ≥ 0 , (17)

which we call the “f -condition”. Using this condition,

the right-hand side of Eq. (14) must be positive. Simi-

larly the f -condition also places constraints on the terms

appearing in Eq. (15).

Consider the case of single WIMP with standard elas-

tic scattering without a dark matter form factor, δ = 0

and F 2
χ(ER) = 1. From Eq. (14) we conclude that the de-

convoluted scattering rate is always a decreasing function

of ER.

A more striking consequence is reached if a rising de-

convoluted scattering rate is ever observed. Should there

be a range of data where the deconvoluted scattering rate

4

Central result:  f(v) > 0  must be satisfied!  

Implies rise must be particle physics.

Cannot be “faked” by unusual f(v).
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The second possibility contains a dark matter form fac-

tor Fχi (following the standard normalization convention

Fχi(ER = 0) = 1) and commonly occurs in models of

composite dark matter [45–47]. Our formalism will han-

dle the factorizable forms, i.e., the first three of Eq. (10),

which incorporates the vast bulk of what has been consid-

ered in the literature. We will not, however, consider the

cross sections that contain completely arbitrary nonfac-

torizable velocity and recoil energy dependence [c.f., the

most general form written on the fourth line of Eq. (10)].

We now turn to the question of what can be inferred

from a signal in direct detection experiments using (8)

without making any assumptions about f1 or the dark

matter scattering cross section σ0. We will however,

make an assumption about the maximum dark matter

speed, vmax, and we will demonstrate how the derived

dark matter properties depend on this assumption.

IV. DECONVOLUTED SCATTERING RATE

Since the scattering rate (8) in any given direct de-

tection experiment is proportional to the nuclear form

factor, we first factor it out. This leads to a definition of

a new quantity, R, that we call the “deconvoluted scat-

tering rate” – deconvoluted of the nuclear form factor,

R ≡ 1

F 2
N (ER)
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=
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NimN
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dvi vifi1(vi)σ̄i(vi, ER). (11)

Some overall factors have been buried into a normaliza-

tion factor, Ni = NT ρχi/(µ
2
imχi). While there are im-

portant uncertainties in the determination of dark mat-

ter nuclear form factors from nuclear data [48], this is

not our concern. Errors on the deconvoluted scattering

rate ought to take into account nuclear form factor un-

certainties.

Next, taking a derivative with respect to ER we find
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For arbitrary 2 → 2 kinematics (elastic or inelastic), we

can replace

vi,min
dvi,min
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=
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NE2
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i δ

2
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4mNµ2
iE

2
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. (13)

This is as far as we can go with a general signal from an

ensemble of WIMPs with arbitrary cross sections.

For a single WIMP with a factorizable cross section,

Eq. (11) can be used to solve for f1(v) (see also [49–52]):

f1(vmin(ER)) = − 4µ2E2
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This result allows us to gain information on the velocity

distribution of dark matter evaluated at the minimum
velocity to scatter for a given recoil energy ER. With

scattering data over the range Emin
R < ER < Emax

R , we

obtain information on the velocity distribution f(v) over
a range of v: vmin(Emin

R ) < v < vmin(Emax
R ).

For an ensemble of WIMPs, χi, without dark matter

form factors, the inversion result can be written as

dR
dER

=
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wi(v,ER)fi1(v) , (15)

where the velocity distributions of the WIMPs are

“weighted” by the factors

wi(v,ER) = −1

4
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N
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− δ2i
E2

R
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Niσi0(v) (16)

For an ensemble of WIMPs with form factors, no simple

closed form can be written.

V. f-CONDITION

There is valuable information that can be extracted

from Eqs. (14) and (15). We know the velocity distribu-

tion of dark matter must be positive for all v,

f(v) ≥ 0 , (17)

which we call the “f -condition”. Using this condition,

the right-hand side of Eq. (14) must be positive. Simi-

larly the f -condition also places constraints on the terms

appearing in Eq. (15).

Consider the case of single WIMP with standard elas-

tic scattering without a dark matter form factor, δ = 0

and F 2
χ(ER) = 1. From Eq. (14) we conclude that the de-

convoluted scattering rate is always a decreasing function

of ER.

A more striking consequence is reached if a rising de-

convoluted scattering rate is ever observed. Should there

be a range of data where the deconvoluted scattering rate
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Inelastic; no form factor
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The second possibility contains a dark matter form fac-

tor Fχi (following the standard normalization convention

Fχi(ER = 0) = 1) and commonly occurs in models of

composite dark matter [45–47]. Our formalism will han-

dle the factorizable forms, i.e., the first three of Eq. (10),

which incorporates the vast bulk of what has been consid-

ered in the literature. We will not, however, consider the

cross sections that contain completely arbitrary nonfac-

torizable velocity and recoil energy dependence [c.f., the

most general form written on the fourth line of Eq. (10)].

We now turn to the question of what can be inferred

from a signal in direct detection experiments using (8)

without making any assumptions about f1 or the dark

matter scattering cross section σ0. We will however,

make an assumption about the maximum dark matter

speed, vmax, and we will demonstrate how the derived

dark matter properties depend on this assumption.

IV. DECONVOLUTED SCATTERING RATE

Since the scattering rate (8) in any given direct de-

tection experiment is proportional to the nuclear form

factor, we first factor it out. This leads to a definition of
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R ≡ 1
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not our concern. Errors on the deconvoluted scattering

rate ought to take into account nuclear form factor un-

certainties.

Next, taking a derivative with respect to ER we find

dR
dER

=

�

i

NimN

�� vmax

vi,min

dvivifi1(vi)
dσ̄i(vi, ER)

dER

−vi,min
dvi,min

dER
fi1(vi,min)σ̄(vi,min, ER)

�
. (12)

For arbitrary 2 → 2 kinematics (elastic or inelastic), we

can replace

vi,min
dvi,min

dER
=

m2
NE2

R − µ2
i δ

2
i

4mNµ2
iE

2
R

. (13)

This is as far as we can go with a general signal from an
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Eq. (11) can be used to solve for f1(v) (see also [49–52]):
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distribution of dark matter evaluated at the minimum
velocity to scatter for a given recoil energy ER. With

scattering data over the range Emin
R < ER < Emax

R , we
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For an ensemble of WIMPs with form factors, no simple

closed form can be written.
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There is valuable information that can be extracted

from Eqs. (14) and (15). We know the velocity distribu-

tion of dark matter must be positive for all v,

f(v) ≥ 0 , (17)

which we call the “f -condition”. Using this condition,

the right-hand side of Eq. (14) must be positive. Simi-

larly the f -condition also places constraints on the terms

appearing in Eq. (15).

Consider the case of single WIMP with standard elas-

tic scattering without a dark matter form factor, δ = 0

and F 2
χ(ER) = 1. From Eq. (14) we conclude that the de-

convoluted scattering rate is always a decreasing function

of ER.

A more striking consequence is reached if a rising de-

convoluted scattering rate is ever observed. Should there

be a range of data where the deconvoluted scattering rate
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Dark Matter Form Factor

The second possibility contains a dark matter form fac-

tor Fχi (following the standard normalization convention

Fχi(ER = 0) = 1) and commonly occurs in models of

composite dark matter [45–47]. Our formalism will han-

dle the factorizable forms, i.e., the first three of Eq. (10),

which incorporates the vast bulk of what has been consid-

ered in the literature. We will not, however, consider the

cross sections that contain completely arbitrary nonfac-

torizable velocity and recoil energy dependence [c.f., the

most general form written on the fourth line of Eq. (10)].

We now turn to the question of what can be inferred

from a signal in direct detection experiments using (8)

without making any assumptions about f1 or the dark

matter scattering cross section σ0. We will however,

make an assumption about the maximum dark matter

speed, vmax, and we will demonstrate how the derived

dark matter properties depend on this assumption.

IV. DECONVOLUTED SCATTERING RATE

Since the scattering rate (8) in any given direct de-

tection experiment is proportional to the nuclear form

factor, we first factor it out. This leads to a definition of

a new quantity, R, that we call the “deconvoluted scat-

tering rate” – deconvoluted of the nuclear form factor,

R ≡ 1

F 2
N (ER)

dR

dER

=

�

i

NimN

� vmax

vi,min

dvi vifi1(vi)σ̄i(vi, ER). (11)

Some overall factors have been buried into a normaliza-

tion factor, Ni = NT ρχi/(µ
2
imχi). While there are im-

portant uncertainties in the determination of dark mat-

ter nuclear form factors from nuclear data [48], this is

not our concern. Errors on the deconvoluted scattering

rate ought to take into account nuclear form factor un-

certainties.

Next, taking a derivative with respect to ER we find

dR
dER

=

�

i

NimN

�� vmax

vi,min

dvivifi1(vi)
dσ̄i(vi, ER)

dER

−vi,min
dvi,min

dER
fi1(vi,min)σ̄(vi,min, ER)

�
. (12)

For arbitrary 2 → 2 kinematics (elastic or inelastic), we

can replace

vi,min
dvi,min

dER
=

m2
NE2

R − µ2
i δ

2
i

4mNµ2
iE

2
R

. (13)

This is as far as we can go with a general signal from an

ensemble of WIMPs with arbitrary cross sections.

For a single WIMP with a factorizable cross section,

Eq. (11) can be used to solve for f1(v) (see also [49–52]):

f1(vmin(ER)) = − 4µ2E2
R

m2
NE2

R − µ2δ2
1

Nσ0(vmin(ER))F 2
χ(ER)

�
dR
dER

−R 1

F 2
χ(ER)

dF 2
χ(ER)

dER

�
. (14)

This result allows us to gain information on the velocity

distribution of dark matter evaluated at the minimum
velocity to scatter for a given recoil energy ER. With

scattering data over the range Emin
R < ER < Emax

R , we

obtain information on the velocity distribution f(v) over
a range of v: vmin(Emin

R ) < v < vmin(Emax
R ).

For an ensemble of WIMPs, χi, without dark matter

form factors, the inversion result can be written as

dR
dER

=

�

i

wi(v,ER)fi1(v) , (15)

where the velocity distributions of the WIMPs are

“weighted” by the factors

wi(v,ER) = −1

4

�
m2

N

µ2
i

− δ2i
E2

R

�
Niσi0(v) (16)

For an ensemble of WIMPs with form factors, no simple

closed form can be written.

V. f-CONDITION

There is valuable information that can be extracted

from Eqs. (14) and (15). We know the velocity distribu-

tion of dark matter must be positive for all v,

f(v) ≥ 0 , (17)

which we call the “f -condition”. Using this condition,

the right-hand side of Eq. (14) must be positive. Simi-

larly the f -condition also places constraints on the terms

appearing in Eq. (15).

Consider the case of single WIMP with standard elas-

tic scattering without a dark matter form factor, δ = 0

and F 2
χ(ER) = 1. From Eq. (14) we conclude that the de-

convoluted scattering rate is always a decreasing function

of ER.

A more striking consequence is reached if a rising de-

convoluted scattering rate is ever observed. Should there

be a range of data where the deconvoluted scattering rate
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mN ERvmin = 2 µ2( )1/2
If no priors on f(v), then using

can increase mX 
while 

decreasing velocity range 

vmin(mXlow)
vmin(mXhigh)

=
µlow

µhigh asymptotes to
(mXhigh » mGe) mXlow

mGe
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FIG. 4. Velocity distributions derived from the CoGeNT
data. The dashed red line is the ordinary Maxwellian ve-
locity distribution for an elastically scattering dark matter
particle that fits the CoGeNT excess with a mass of 8 GeV.
The derived velocity distributions, f1(v), are shown for mχ =
8, 20, 100, 500 GeV (thick line segments, from bottom to top).

the dark matter mass is larger than aboutmGe, the maxi-

mum recoil energy asymptotes to Emax
R � mGev2max. The

shift in vmax from mχ � 7 GeV to mχ � mGe is thus

a factor of � 10. Indeed, from Fig. 4 we see that the

largest minimum velocity shifts from about 500 km/s to

about 60 km/s as the mass is increased from 8 GeV to

500 GeV.

By itself, the CoGeNT data can thus be fit by any dark

matter candidate above the kinematic minimum, which

for vmax ∼ 800 km/s is about 6 GeV. The conclusion

that CoGeNT implies “light dark matter” is thus not

warranted if the local dark matter density and velocity

distributions can be freely adjusted.

The obvious objection to the large dark matter, small

velocity distribution dark matter interpretation of the

CoGeNT data is that other direct detection experiments

should be sensitive to larger masses, and potentially rule

it out. We can test this assertion by translating the Co-

GeNT observed energies into nuclear recoil energies (fol-

lowing [58]), and then compute the predicted spectrum

at an experiment using xenon. This assumes, of course,

that whatever scattering process is occurring in germa-

nium also occurs in xenon.

In Fig. 5 we show the predicted recoil spectrum at

a xenon experiment, for each of the velocity distribu-

tions show in Fig. 4. In each case, the prediction is large

numbers of recoil events below 6 keVnr. This may or

may not be allowed by existing data from Xenon10 [59]

and Xenon100 [55]. The principle difficulty is determin-

ing the sensitivity of these experiments to very low re-

coil energies, specifically the conversion factor Leff(ER).

There has been a spirited discussion on this point [60–

66]. Clearly, masses much heavier than considered by

CoGeNT are allowed, while arbitrarily large masses (rep-

resented by 500 GeV) may be constrained by this existing
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0

5

10

15

ER �keV�
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R
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FIG. 5. Predicted recoil spectra at a Xenon experiment for
the velocity distributions that fit the CoGeNT excess shown
in Fig. 4. The lines correspond to mχ = 8, 20, 100, 500 from
left to right. Notice that the normalization corresponds to
thousands of events at Xenon10 or Xenon100.

or future xenon data. In any case, our central conclusion

is that qualitatively larger dark matter masses can fit the

CoGeNT data if the velocity distribution is adjusted as

we illustrated above.

C. Inelastic Dark Matter

Due to the splitting of inelastic dark matter, vmin is

not monotonic in ER, which means that the highest en-

ergy recoil events may not give the strongest bound on

the dark matter parameters. The expression for vmin,

Eq. (4), has a minimum, and correspondingly the decon-

voluted recoil spectrum, R, has a peak at

Epeak
R =

mχ

mχ +mN
δ , (21)

the observed spectrum, dR/dER, typically has a peak at

a lower energy due to the nuclear form factor. Whether

the highest or lowest energy bins of an experiment place

the strongest constraints on mχ and δ depends on where

this peak falls.

If Epeak
R is large enough there may even be an observ-

able gap between an experiment’s lower threshold and the

first recoil events – this bump-like spectrum aids in fit-

ting the energy spectrum of the DAMA modulation data.

On the other hand, if Epeak
R is below the lower threshold

it is not possible to distinguish iDM from conventional

elastic dark matter. In Fig. 6 we illustrate these points

for the case of a xenon experiment which records data

over the range 5 keV ≤ ER ≤ 80 keV.

Unlike eDM, where the recoil spectrum must be mono-

tonically decreasing, the mass splitting of iDM allows for

the spectrum to be a rising function for ER < Epeak
R .

This cannot be mimicked by elastic scattering without

8

8 GeV
20 GeV

100 GeV
500 GeV

Earth frame!

Example:  Range of f(v) that fit CoGeNT excess
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FIG. 3: Best-fit Maxwellian (dot-dashed), King (dashed), and Tsallis (dotted) models to the Via Lactea, Aquarius, GHALO,
and Ling et al. [8] simulations (solid black). The first three are simulated with dark matter only; [8] simulates a galaxy with
baryons. The green band shows the velocity distribution obtained by fitting (1) to the data for 1.5 < k < 3.5. The purple
shaded regions enclose 68% of all measured distributions in each of the Aquarius, Via Lactea, and GHALO panels.

seen whether this result is robust to changes in uncer-
tain baryonic physics and scatter in formation histories
between galaxies.

The features of these velocity distributions clearly re-
flect the formation process of each individual halo, and
deviate from sphericity and isotropy in both the den-
sity distributions and velocity ellipsoids. Of course, they
also reflect the distribution of the individual dark matter
halo that was simulated, and it is not yet known how this
quantity in individual halos relates to the distribution of
the velocity distribution for a larger sample of similar
mass halos. Further, it is also assumed that the veloc-
ity distributions from numerical simulations provide an
unbiased tracer of the velocity distribution of the actual
Milky Way dark halo. This latter point can be addressed
by choosing simulated halos to have a mass and isola-
tion criteria that resemble the Milky Way regime. These
selection criteria could be further refined by demanding
additional constraints, e.g., requiring a similar number
of massive, Magellanic cloud-like satellites to the Milky
Way [37]. In spite of these caveats, comparisons to N-
body simulations are still critical for determining how
well analytic arguments based upon the assumption of

equilibrium match typical galaxies.
Fig. 3 shows the best fits of the velocity distribution

function from (1) to the results of the Aquarius, Via
Lactea II, and GHALO dark matter only simulations,
and the simulation with baryons of Ling et al. [8]. The
high energy tails are shown in the main figures in each of
the four panels while the insets show the fits to the full
velocity distribution function. The shaded bands in this
figure represent slopes in the range k = [1.5, 3.5], corre-
sponding to outer slopes between γ = [3.0, 5.0]. For each
value of k within this band, the parameter v0 has been
fit to the distribution, and vesc is set to the value de-
termined by each of the respective simulations. Implicit
in this assumption is that the highest velocity particle
is a faithful tracer of vesc, rather than a contaminating
particle that is not bound to the halo.
The best-fit SHM, King, and Tsallis distributions are

shown for comparison in all panels of Fig. 3. In all pan-
els, the SHM does not go to zero smoothly at the escape
velocity, indicating that this distribution function is un-
physical in the tail. By construction, the velocity distri-
bution in (1) smoothly joins to a Maxwellian distribution
for any value of k, with the differences manifest only near

Figure 2: Velocity distribution functions: the left panels are in the host halo’s restframe, the
right panels in the restframe of the Earth on June 2nd, the peak of the Earth’s velocity relative
to Galactic DM halo. The solid red line is the distribution for all particles in a 1 kpc wide shell
centered at 8.5 kpc, the light and dark green shaded regions denote the 68% scatter around the
median and the minimum and maximum values over the 100 sample spheres, and the dotted line
represents the best-fitting Maxwell-Boltzmann distribution.

are independent of location and persistent in time and hence reflect the detailed assembly
history of the host halo, rather than individual streams or subhalos. The extrema of the
sub-sample distributions, however, exhibit numerous distinctive narrow spikes at certain
velocities, and these are due to just such discrete structures. Note that although only
a small fraction of sample spheres exhibits such spikes, they are clearly present in some
spheres in all three simulations. The Galilean transform into the Earth’s rest frame washes
out most of the broad bumps, but the spikes remain visible, especially in the high veloc-
ity tails, where they can profoundly affect the scattering rates for inelastic and light DM
models (see Section 4).

– 6 –
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Local Distribution?

N body simulations such as Via Lactea, GHALO, etc
give excellent average properties for a galaxy
like the Milky Way.

2 Joachim Stadel et al.

Figure 1. The density of dark matter within the inner 200 kpc of
GHALO2. There are about 100,000 subhaloes that orbit within
the virial radius. Each bright spot in this image is an individ-
ual, bound, dark matter subhalo made up of many thousands of
particles (there are far more particles than pixels here).

tection, either directly on Earth or indirectly via detection
of annihilation relics, is the ultimate way to determine its
nature. These experiments rely on accurate predictions for
the phase-space structure of dark matter at the position of
the Earth’s orbit and the abundance and inner properties
of substructure throughout the Galactic halo. (iv) Under-
standing the equilibrium structure resulting from violent re-
laxation is the ultimate challenge for galactic dynamicists.
There is no compelling theory that can explain universal
density and phase-space density profiles (Taylor & Navarro
2001), or correlations such as between the local density pro-
file and the anisotropy parameter (Hansen & Stadel 2006).

Given this motivation, we have carried out a sequence
of simulations of a single Galactic mass dark matter halo,
which at our highest resolution contains over a billion par-
ticles within its virial radius. In this letter we report on its
inner structure and convergence properties.

2 THE SIMULATIONS

Our initial conditions are based upon the WMAP3+SDSS
(Spergel et al. 2007; Yao et al. 2006) cosmological model
with !8 = 0.742, !M = 0.237, !! = 0.763, h = 0.735, n =
0.951. The galaxy sized, 1012M!, Rvir = 240 kpc, halo was
selected from a cosmological cube of 40 Mpc on a side.
This simulation had 4883 particles (simulation GHALO5)
in which three further nested spatial refinements by a factor
of 3 (GHALO4,3,2) were placed such that the Lagrangian
region of about 3Rvir of the halo at z = 0 was covered by
2.1 ! 109 high resolution particles in the initial condition.
The final e"ective resolution of GHALO2 is 131763 result-
ing in a particle mass of 1000 M! and a total of 3.1 ! 109

particles and 1.3!109 particles within R200 = 347 kpc. This
allows us to capture all substructures out to more than 2R200

at the highest resolution. A further refinement GHALO1 (in
progress) will resolve the phase-space structure at the posi-
tion of the sun more sharply for future recoil dark matter
detection experiments.

Creating these initial conditions was a significant chal-
lenge and we had to parallelize the GRAFIC1 and GRAFIC2
codes of Bertschinger (2001) whereby the GRAFIC2 code
was completely rewritten in C and MPI, and checked
for near machine precision agreement with the original
GRAFIC2. The new parallel GRAFIC1&2 codes can be ob-
tained from the authors. Generation of the initial condition
took 10 hours on 500 CPUs. We found that the original
GRAFIC2 code had a bug in which the power spectrum
used for the refinements was e"ectively that of the bary-
onic component. Although this has a"ected many previous
simulations (not GHALO, nor VL2), tests show that the
conclusions of these studies are not compromised.

The GHALO2 simulation was run at the Barcelona Su-
percomputer Center on 1000 CPUs of Marenostrum using
a total of 2 million CPU hours. Several significant improve-
ments to the gravity code PKDGRAV2 made this calcula-
tion possible including much better parallel computing e#-
ciency and SIMD vector processing. PKDGRAV2 uses a fast
multipole method (FMM) similar to Dehnen (2000, 2002)
but using a 5th-order reduced expansion for faster and more
accurate force calculation in parallel, and a multipole based
Ewald summation technique for periodic boundary condi-
tions (Stadel 2001). It uses adaptive individual time-steps
for particles based on a new estimator of the local dynami-
cal time (Zemp et al. 2007). The opening angle in the grav-
ity tree and the accuracy parameter in the dynamical time-
stepping is $ = 0.55 and " = 0.03 before z = 2, and then
increased to 0.7 and 0.06 respectively. We make several com-
parisons to the VL2 simulation which was also run with the
FMM version of PKDGRAV2, but whose initial conditions
were selected and generated independently using somewhat
di"erent methods. The VL2 halo has a mass of 2! 1012M!

and used a particle mass of 4000 M!. The spline softening
lengths for GHALO2, VL2, GHALO3,4,5 are 61, 40, 182, 546,
and 1639 pc, respectively (for GHALO these are set to 1/50
of the mean inter-particle separation).

3 THE INNER HALO STRUCTURE

3.1 The dark matter density profile

We apply a logarithmic binning to determine the radial
density profile for the various simulations which are shown
in Figure 2. The convergence radius of the density profile
for the lower resolution realizations (GHALO3,4,5) can be
clearly seen and are shown by the tick marks. These scale
roughly as expected with rconv " N"1/3, and we extrapolate
this to conclude that the convergence radius of GHALO2 is
around 120 pc. The inner slope of GHALO2 is -0.8 at 120 pc
= 0.05% of Rvir and -1.4 at 2 kpc where the first subhalos
become visible. Also shown is the power-law slope as a func-
tion of log(r), which exhibits a similar linear functional form
for both haloes with no rescaling. Based on this observation
we propose a new functional form for the fitting function of
the density profile,

Figure 1: Projected dark matter density-square map of “Via Lactea II”. An 800 kpc
cube is shown. The insets focus on an inner 40 kpc cube, in local density (bottom), and in local phase
space density calculated with EnBiD[27] (top). The Via Lactea II simulation has a mass resolution
of 4,100 M! and a force resolution of 40 pc. It used over a million processor hours on the “Jaguar”
Cray XT3 supercomputer at the Oak Ridge National Laboratory. A new method was employed
to assign physical, adaptive time-steps19 equal to 1/16 of the local dynamical timescale (but not
shorter than 268,000 yr), which allows to resolve very high density regions. Initial conditions were
generated with a modified, parallel version of GRAFIC2[28]. The high resolution region is embedded
within a large periodic box (40 comoving Mpc) to account for the large scale tidal forces. The mass
within 402 kpc (the radius enclosing 200 times the mean matter density) is 1.9 ! 1012 M!.Resolution ≈ 1000 Msolar/pc3 ≈ 1 particle/(50 pc3); 

while 25 years of dark matter experiments have 
sampled L ≈ 230 km/s x 25 years ≈ 0.006 pc 

0808.2981 (GHALO) astro-ph/0611370 (Via Lactea)
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ABSTRACT

We use the recently completed one billion particle Via Lactea II ΛCDM simulation to
investigate local properties like density, mean velocity, velocity dispersion, anisotropy,
orientation and shape of the velocity dispersion ellipsoid, as well as structure in ve-
locity space of dark matter haloes. We show that at the same radial distance from the
halo centre, these properties can deviate by orders of magnitude from the canonical,
spherically averaged values, a variation that can only be partly explained by triaxiality
and the presence of subhaloes. The mass density appears smooth in the central relaxed
regions but spans four orders of magnitude in the outskirts, both because of the pres-
ence of subhaloes as well as of underdense regions and holes in the matter distribution.
In the inner regions the local velocity dispersion ellipsoid is aligned with the shape
ellipsoid of the halo. This is not true in the outer parts where the orientation becomes
more isotropic. The clumpy structure in local velocity space of the outer halo can not
be well described by a smooth multivariate normal distribution. Via Lactea II also
shows the presence of cold streams made visible by their high 6D phase space density.
Generally, the structure of dark matter haloes shows a high degree of graininess in
phase space that cannot be described by a smooth distribution function.

Key words: Galaxies: haloes — Galaxies: structure — Galaxies: kinematics and
dynamics — dark matter — methods: N -body simulations — methods: numerical

1 INTRODUCTION

Spherical averaging is a commonly used method to describe
the characteristics of dark matter haloes that form by grav-
itational collapse in a cosmological environment. For exam-
ple one of the basic characteristics of a dark matter halo
is its spherically-averaged density profile which can be well
described by a smooth function within resolved scales (e.g.
Navarro et al. 1996; Moore et al. 1998; Diemand et al. 2005,
2007, 2008; Stadel et al. 2008). Other examples include the
velocity dispersion and anisotropy profiles.

Consider a set of observers at a given distance from the
halo centre and capable of measuring local properties of the
halo (e.g., density, velocity dispersion, velocity anisotropy).
In a smooth, spherically symmetric halo, these measure-
ments would yield identical values, up to statistical fluc-
tuations. However, it is well known that dark matter haloes
that form in pure dark matter simulations, which neglect

� mzemp@umich.edu

possible baryonic effects in the centre, are in general triax-
ial: close to prolate in the central part and becoming rounder
in the outskirts of the halo (e.g. Katz 1991; Dubinski & Carl-
berg 1991; Allgood et al. 2006; Bett et al. 2007; Kuhlen et al.
2007). Such a shape variation obviously leads to a significant
variance in local properties compared to the spherically av-
eraged value at a given radius (Knebe & Wießner 2006). In
addition, haloes have a high level of subhaloes which also ef-
fect results of local measurements. But local deviations from
a smooth model go beyond these shape and subhalo driven
variations, as we demonstrate in this paper. For example,
overdensities are expected due to the presence of subhaloes,
but we also find underdense regions, which are unexpected
in a smooth triaxial background halo with subhaloes (see
section 3.2).

One aim of this paper is to quantify the degree of vari-
ation between local and spherically averaged values for key
quantities such as the density and velocity dispersion. A
better understanding of the local variations of these prop-
erties is essential in order to obtain a better description of

c� 2008 RAS
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normal distribution, at least not in the outer parts of the
halo. A qualitatively new feature in Via Lactea II is the de-
tection of streams that are made visible only through their
true 6D phase space density.

Such variations of local properties is due to both the tri-
axial shape of the dark matter halo and its generally clumpy
structure in phase space. We find that the phase space struc-
ture of a dark matter halo shows a significant departure from
the canonical picture of a smooth background density pro-
file with subhaloes in position space and multivariate normal
distributions in velocity space. Spherically averaged quanti-
ties do not adequately describe properties of the dark matter
halo at a given galactocentric distance - especially not the
wealth of structure we find locally - since a lot of information
gets smeared out by spherically averaging. In general, dark
matter haloes show a high degree of graininess - clumps in
phase space - which will probably show up at even smaller
scales that now seem to be smooth in future simulations
with higher resolution. Therefore, a smooth and featureless
distribution function does not accurately describe dark mat-
ter haloes that form in a cosmological structure formation
simulation.

We find several correlations between the shape ellipsoid
and the local velocity dispersion ellipsoid. It is unclear at
the moment to what degree our findings are universal or
how these correlations depend on the hierarchical build up
history.

Knebe & Wießner (2006) earlier estimated analytically
the effect of a triaxial halo shape on the variance of the lo-
cal density. Their values of the dispersion normalised to the
spherically averaged value for a halo with a similar triax-
iality correspond quite good with our values in the centre
of the halo but we get much higher dispersion values (larger
than the mean) in the outskirts of the halo. This difference is
due to their assumption of a smooth triaxial density profile
and we get a higher scatter due to the presence of subhaloes
and underdense regions.

For dark matter direct detection experiments it is essen-
tial to know the local dark matter properties at 8 kpc. The
spherically averaged value for the density in Via Lactea II is
ρ̃(8 kpc) = 1.056× 10−2 M⊙ pc−3 = 0.4008 GeV c−2 cm−3,
close to 0.3 GeV c−2 cm−3 which is often used as a canon-
ical value in the literature (Kamionkowski & Kinkhabwala
1998; Particle Data Group 2008). But as we have shown
here, this value can vary locally. One of the large uncer-
tainty factors is the missing information about the orienta-
tion of the disk with respect to the dark matter halo. There
are different claims from observations and theory about a
possible alignment of the angular momentum axis of the
disk with the shape axes of the halo (see e.g. Navarro et al.
2004; Bailin et al. 2005; Sharma & Steinmetz 2005, and ref-
erences therein) so that a clear answer is not possible at
the moment. But often it is claimed that the angular mo-
mentum axis of the disk and the short axis (z) tend to be
aligned (Bailin et al. 2005) which would mean that the disk
would lie preferentially in the xy-plane in our coordinate
system. An additional problem is that we measure these lo-
cal properties within a sphere of rsph(8 kpc) = 500 pc radius
but for dark matter detection experiments more a scale of
1 AU = 4.848 × 10−6 pc = 9.696 × 10−9 rsph(8 kpc) is rel-
evant and it is not clear what the local properties of the
dark matter distribution on a 1 AU scale are or how one

could reasonably extrapolate that over 8 orders of magni-
tude - especially considering the highly non-linear numeri-
cal effects mentioned above and in the appendix that affect
the local phase space structure. Also the missing baryonic
physics in Via Lactea II like adiabatic contraction, stellar
disk and bulge, inspiralling compact objects like black holes
etc. can modify the central dark matter structure in either
way. Therefore, it is still not clear what the detailed struc-
ture of the dark matter locally is.
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Cosmological simulations | A disc of dark matter!

•!The Milky Way stellar/gas disc at high redshift biases the accretion of 
massive satellites. They are dragged towards the disc plane where their 
accreted material forms a dark matter disc. For our standard cosmology, 
the Milky Way’s dark disc has density in the range: !dd ~ 0.25-1!shm.!

•!The fiducial dark disc:!

-!Boosts the direct detection signal at low recoil energy by a factor ~3 in 
the 5-20keV range.!

-!Shifts the phase of the annual modulation signal allowing the WIMP mass 
to be determined.!

-!Significantly boosts WIMP capture in the Sun and Earth by factors of ~10 
and ~1000, respectively.!

•!The precise dark disc properties are not known since these depend on 
the detailed merger history of the Milky Way. We can hope to detect and 
characterise the dark disc astrophysically by hunting for accreted stars in 
the solar neighbourhood. !

Conclusions!
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Summary

• There are astrophysics-independent signals of
  particle physics -- rise(s) in deconvoluted spectrum!

• Lower bounds on mX robust (kinematics), and get better
  with data at high ER (inelastic low and high ER)

• Upper bounds on mX nonexistent with arbitrary f(v)
  (CoGeNT not necessarily light DM) 

• Smaller range for f(v) in Earth frame physically 
  realizable (dark disk, etc.)

• Healthy degree of skepticism of local f(v) is essential
  to avoid “jumping to conclusions”


