ARDB Technical Note 153 - Draft 11/10/97E158Beam Excitation of a Non-Axisymmetric Structure: Output-Coupling, Higher-Moments, Resonant and Non-Resonant Operation, Common ModeDavid H. WhittumIn this note we continue the work of ARDB TN 152, and consider output couplingand convolution with real beam profiles, as well as other intrinsic features of a non-axisymmetric, high-Q pickup.This is the third note in a series on the E158 BPM system.Outline1.Introduction2.External CouplingMonopole ModeDipole ModeArbitrary Mode2. Excitation by a Tri-Gaussian BeamBeam Weighted Multipoles�Next-Order� Beam-Cavity Equation for Monopole & Dipole ModesExample: Linac-Style BPM Cavity3. Form FactorGeneralized Form Factor4. Single-Bunch Scalings for Monopole & Dipole ModesExample: Linac j-CavityExample: Linac x-Cavity5. Excitation by a Bunch TrainBaseband IntegralWaveform CalculationSmall DetuningLarge DetuningExample WaveformsMonopole ModeDipole ModeWKB Approach6. Common ModeSingle BunchMultibunchOther Modes7, Summary1

1. IntroductionIn a previous note,1 we set down a multipole description for modes of non-axisymmetricstructures, in analogy with that used for linac magnets. Here we apply these results to determinevoltage waveforms emitted by a beam-excited cavity, taking a Gaussian beam as our model. Themotivation for this work is the E158 experiment,2 as well as our general interest in the features ofplanar structures. The working example used for illustration is the �x-cavity� of the �linac-style�beam-position monitor cavity triplet.32. External CouplingMonopole ModeThis subject is developed at length in the notes on linacs;4 we give an abbreviateddescription here. The cavity excitation may be described by a single waveform,

Vc

, a coefficient ofthe cavity modal electric field, typically chosen to be the accelerating voltage waveform. Thewaveguide and the cavity are joined at some plane, where there is a continuity condition on theelectric field that may be expressed as

V V V c F R = +

, where

V V F R,

are forward and reverse voltagesin the waveguide, i.e., coefficients, in the waveguide mode expansion, of the transverse modalelectric field.5 The strength of the coupling of between the cavity and the waveguide is quantifiedby

1 / Qe

, the reciprocal external Q.Thisaddswith

1 / Qw

to determine the loaded Q

1 1 1

Q Q Q

L e w = +

.In this connection one often refers to the coupling parameter

b = Qwe

.In terms of these quantities, the usual monopole-mode, beam-cavity-waveguide system isdescribed by a driven simple-harmonic oscillator equation,

ddt Q ddt V Q dVdt RQ dIdt

L c e F b

2 2 0 02 0 0

2 12 + + � � = + ØºŒ øßœ

w w w w

.This equation comes with the picture of Fig. 1.

1�ModeClassificationinNon-AxisymmetricStructures�,ARDBTechnicalNote152 David H. Whittum, Roger A. Erickson, and Mike B. Woods, �Overview of Cavity BeamPosition Monitors for Precision M¿ller Scattering Measurements�, ARDB Technical Note 134.3 The Two-Mile Accelerator, R. B. Neal, ed., (W. A. Benjamin, New York, 1968) pp. 500-516.4 �Introduction to Electrodynamics for Microwave Linear Accelerators�, D. Whittum, Proceedingsof the Joint US-CERN-Japan School, RF Engineering for Particle Accelerators (World Scientific,to be published). This article can be found at the ARDB Tech. Note web site.5 In the case of a beam-excited cavity monitor,

VR

is the waveform being launched �upstairs�through the waveguide; in the case of an accelerator structure,

VF

is the signal arriving from theklystron.2

VFVRVcIbFIGURE 1. Sketch of the dynamic variables for a single cavity mode coupled to a waveguidefundamental mode, and a beam.It is natural in waveguide to refer voltages to the characteristic impedance of the guide,

Zc

.corresponding to forward and reverse voltages

V V+ -,

that differ from the foregoing by anormalization factor, n, (�turns ratio� or �transformer ratio�) such that

V nV

F = +

,

R = -

.While this might seem to be merely a matter of normalization convention, it is not; a cavity drivenon resonance can, in steady state, develop large fields, much larger than in the waveguide, i.e., ncan be large. Stored energy is determined from

U VR Q c c = [ ] 2 0 w /

,(the definition of [R/Q]), and energy conservation determines that

n QZ RZ

e RQc c

= [ ]

�Ł� �ł� = �Ł� �ł� 2 2 1 2 1 2/ b

.where the unloaded shunt impedance is

R Q RQ w = [ ]/

. Net power flowing down the guide into thecavity is

P V VZn V VR

w F Rc F R

= - = -

2 22 2 2 2 b

.Dipole ModeThe description of dipole mode excitation in a cavity is the same, in the abstract, as themonopole mode case; the choice of variable describing the cavity excitation must be different, sincethe cavity voltage on-axis is zero. Our beam-cavity system takes the form,3

d dt Q

d dt

V

Q

d V dt

R

Q

d dt

I x

L

c e

F b b

2

2

0

0

2 0

0 2 1

2 + +

�

�

�

�

�

�

¢ =

¢

+

Ø º

Œ

ø ß

œ

^ w w

w w,expressed in terms of the on-axis voltage gradient,

¢ =V V x

c c¶ ¶/

. We consider an x-dipole modefor definiteness. The continuity condition takes the form

¢ = ¢ + ¢

V V V

c F R

, and the conversion towaveguide impedance is

¢ = ¢ +

V n V F

,

¢ = ¢ - R

. Stored energy is

U VR Q c c = ¢ [ ] ^ 2 0w/

,(the definition of

R Q ^ [ ] /

), and energy conservation determines that

¢ = [ ]

�Ł� �ł� = �Ł� �ł� ^ ^ n Q Z RZ

e RQc c 2 2 1 2 1 2/ b

,where the unloaded transverse shunt impedance is

R Q R Q w ^ ^ = [ ]/

. Net power flowing down theguide into the cavity is

P V VZ n V VR

w F R c F R

= ¢ - ¢¢ = ¢ - ¢^

2 22 2 2 2 b

.Impedance TransformationWhere one cavity is coupling several modes, it is helpful to be be able to transform to acommon impedance. So for example, where one cavity (such as our linac x-cavity) is functioningwith both a dipole and a monopole mode, one would appreciate a prescription for adding inducedvoltages on the connecting waveguide. This is straightforward given the relation of the quantities

VR

and

¢V R

to the waveguide voltage coefficient

V1-

normalized with respect to the waveguidemode characteristic impedance

Zc

. Thus we expect the contribution due to a monopole mode totake the form

V V nR

1 - = /

and that due to a dipole mode

1- = ¢ ¢/

. In general it need not be thecase that the reference plane for both of these modes is the same (the plane of the detuned short),and thus there may be a relative phase between the two mode contributions. So if we refer bothvoltages to the normalization employed for dipole mode quantities, the monopole cavity voltagemust be multiplied by a factor

¢¢= ¢

n n n/

, or

¢¢= [ ][ ]

�Ł� �ł� ^ n Q R Q

Q R Q

ed d em m/ /12

.Thus for the case of the linac x-cavity analyzed in TN152, with

R Qd^ -

[ ] »

/ .1782Wcm

and

R Qm^[ ] »/ 196 W

,

¢¢»n 030. cm -1

, assuming comparable external Q�s.Arbitrary ModeAs we have seen, there is a good deal more variety to modes than simply the on-axisvoltage or voltage gradient. Asymmetric structures may have modes with higher multipole4

moments. The essential point to make is that where

I b

is the driving term for a pure monopolemode, and

I xb b

for a pure dipole mode, in the general case the driving term is proportional to

I w r

b br ^( )

. Let us first described the problem in a general, but somewhat abstract fashion, and thenconsider specifically the two examples of immediate interest: monopole mode with a quadrupolecomponent, and dipole mode with a sextupole component.In the formal treatment of cavity perturbation by beam, wall-losses and connecting guide,(as reviewed in Appendix A) we find that our cavity amplitude satisifies, in the frequency domain,

w w w w w e w e

l l l l l l

2 2 0 1 1 0 1 1 - ( ) » - -~~

e j Q e j V I j J w

.Here

V 1 l

is an overlap integral of the transverse modal electric field associated with # 1 mode ofthe waveguide (the fundamental mode) and the transverse modal field associated with the cavitymode of interest, mode l (solved for under conditions of an open-circuit at the chosen referenceplane). The quantity

I1

is the coefficient of the transverse modal magnetic field in the waveguide,and may be related to the forward and reverse modal voltage coefficients according to

Z I V V

c1 1 1 1

= -+ -

, with normalization referred to the chosen waveguide mode characteristicimpedance

Zc1

. Continuity of the transverse electric field at the reference plane requires that

V V V e

1 1 1

+ -+ » l l̃

. The quantity

~~ J I w r b b l lw

= ( ) ()

* ^r

is the overlap integral of the beam currentdensity and the mode electric field,

~ , /

w r dz E r z e

z j z V r r ^ ^ ( ) =( )� l w

.Our beam-cavity equation then takes the form

w ww w we we w

l l l l l

2 2 0 1 1 1 1 0 1 1 - - �Ł� �ł� » - -( ) - () ( ) + - * ^

j Q e j Z V V V j I w r

w c b b

~ ~ r

.Let us put in a still more transparent form. We decide to refer to the cavity excitation interms of �cavity voltage�, defined with respect to a choice of reference trajectory,

~ ~~ V e w r c = ( )^l r 0

.Our continuity condition then takes the form

V V w r VVc

1 1 0 1

+ - ^ + ( ) ( ) »

~l l r

, and for simplicity wechoose to write this as

V V V

c F R = +

, where

V nV

F = +1

,

R = -1

, and we introduce a transformerratio

n w r V

= ( )^

~ /lr 0 1

.6Withthesedefinitionsoursystemreducesto

w ww w we we w

l l l l l

2 2 1 20 1 0 0 1 - - �Ł� �ł� »- -( ) - ()

( ) ( )

*^ ^

j Q V j VZ V V j I w r w r

w c c F R b b

~ ~ ~ ~ r̃ r

,and we are lead to introduce a beam-coupling strength,

6 We are free, by choice of modal basis and coordinate origin to insure that n is real, although it isnot necessary. To be more precise, we could add that n is function of frequency, and we arereferring to n evaluated at the mode resonant frequency; this is consistent with the perturbativetreatment, where we have started from a lossless cavity with open-circuit boundary conditions at achoice of reference plane in the connecting guide, and added wall-losses, beam, and external driveas small perturbations.5

R Q w r Ø ºŒ ø ßœ =^{( )}^ l l le w

2 0 20~ r

.Note that this definition coincides with

R Q V U c / / [ ] =l lw2

, given our normalization of cavitymodal fields to unit integral. We are also lead to introduce a dimensionless waveguide-couplingstrength

1 12 0 1 / / Q V Z e c l l le w =

. In terms of these, we have

w w w w w w w w w

l l l l l l

2 2 0 12 - - �Ł� �ł� » - -( ) - ØºŒ øßœ () ( ) ( ) * ^ j Q V j Q V V j RQ I w rw r

w c e F R b b

~ ~ ~ ~ r

.Making use of the continuity condition,

V V V

c F R = +

, we may express this as

w w w w w w w w w

l l l l l l

2 2 0

2 12 - - �Ł� �ł� » - - ØºŒ øßœ ( ) ( )() * ^ j Q V j Q V j RQ I w rw r

L c e F b b

~ ~ ~ r

,where we introduce the loaded Q,

1 1 1

/ / /

Q Q Q

L w e = +

. The steady-state power flowing into thecavity may be computed, noticing that

2 2 2

2 0 21 2 12 0 0 1 n Z Z w rV Z R QZ Q Q R Q

c c c c e e

= ( ) = []

= [ ] ^ ~ / / /

l l l l

l l l l e w e w r

,so that

P V VZ V Vn Z V VQ R Q V VR

c F Rc F R e F R

= - = - = -[ ] = - + - 1

2

1

2 2 2

2

2 2 2 2

2 2 lb/

,where

b l l

= Q Qw e/

is the coupling parameter and

R Q R Q w l l l

= [ ]/

is the unloaded shuntimpedance.In the time-domain we have

ddt Q ddt V Q dVdt RQ ddtI t Xr

L c e F b b

2 2 2 2 12 + + �Ł� �ł� » + ØºŒ øßœ ( ) ( )^ w w w w

l l l l l r

,where

Xr w rw r b b r rr ^ ^ ( ) = () ( ) ll 0

.This affords a complete description of the excitation of an isolated resonant mode by beam andwaveguide, provided of course one has chosen the axis for the definition of cavity voltage suchthat

wrl r^( )0

is non-zero. Notice that the system variables are still those depicted in Fig. 1, with the6

exception that

I Xb

is the beam drive term, in the general case, rather than

I b

.In TN152 we showed that the synchronous integral

w

satisfies the Laplace equation

� = ^2 0 w

, for a highly relativistic beam, and thus is amenable to a moment expansion according to

w̃ a jb x y j nk n n n n k kn k k

= -` -

( )^�_Ł�^�_ł�

=¥ -=

� �00

,with �n-choose-k�, the binomial expansion coefficients,

nk n n k k

�Ł� �ł� = -

( )! ! !

.Explicitly, and with the standard nomenclature attached,

w b b x b x y b x xy b x x y y b x x y xy

a y a xy a x y y a xy x y monopole horizontal dipole normal quad normal sextupole normal octupole normal decapole

vertical dipole skewquad skewsextupole

= + + -( ) + -( ) +-+

( ) + - +

( ) +

- - - -( ) - -

0 1 2 2 2 3 3 2 4 4 2 2 4 5 5 3 2 4

1 2 3 2 3 4 2

3 6 10 5

2 3 4 K 2

5

5 4 2 3

5 10()

- + -

( ) +

skew octupole skew decapole

a y x y x y K .

Thus the pure monopole mode corresponds to

w b= 0

and

R Q b / / [ ] = 2 02 0ew l

and theserelations are indepedent of the choice of coordinate axis. A pure x-dipole mode corresponds to

w b x = 1

, and in this case refers to the particular choice of the x-coordinate origin, as a monopolecomponent is present for any other choice of origin. Applying our general formalism, with choiceof integration axis

x x= 0

, we see that

R Q b x / / [ ] = 2 12 02 0ew l

. We can make the connection withconventional notation by identifying,

¢= ” fi V Vx V x

c x c c

lim0 0 0 ¶ ¶

,

RQ x RQ x ^ fi ØºŒ øßœ= ØºŒ øßœ

lim0 0 021

.Thus

R Q b ^ [ ] =

/ /212 0ewl

. One can check the units for these quantities, noting that

1 0 0

/e = Z c

,and, with our modal normaliation, w has units of

m-12/

. (

Z0 376 7

» . W

and c is the speed oflight.)With the analysis of this section in-hand, we are in a position to determine the cavityemitted signal,

VF

due to interaction of any particular mode with a beam. We turn next to apply thismodel to a beam of finite-extent, a realistic beam.2. Excitation by a Tri-Gaussian BeamLet us apply these results to the case of a non-pencil beam, employing a tri-Gaussian as asimple stand-in for more realistic beam profiles. The beam current density takes the form

J xy I x x y y

b b x y bx by

, , exp

z zps s s s

( ) = ()

- -( ) - -( )

�Ł� �ł�

2 2 222 22

,with current waveform7

I t

Q t t

b b t

b t

( ) =

( )

-

-

( ) �

Ł

�

� ł

�

2 2 1 2

2

2 p s s

/ exp,and beam arrival time at t=0 is

t b

. This beam we view as a superposition of �pencil beams�, andthe induced cavity voltage is accordingly a superposition of the induced voltage from each. Ourbeam-cavity equation then takes the form

ddt Q ddt V Q dVdt RQ ddt I t X

L c e F b

22 2 2 12 + + �Ł� �ł� » + ØºŒ øßœ ( ) w w w w

l l l l l

,where

K

denotes an average over the beam cross-section. In this section, we will evaluate theaverage

X w w r

= ( )^

/ r 0

, for a general w, and integrate this equation for a Gaussian currentprofile. First, to compute

w

we need to compute the various beam moments.Beam Weighted MultipolesTo compute

x m

, we express it as

x dx x x x d x m x m bx x b m x

= ( ) - -( )

�Ł� �ł� = ( ) +( )_-�_{Ł�} �_{ł�}

-¥+¥ -¥+¥ � � 1 2 2 12 2

1 2 22 1 2 22

p s s p s x x x s / / exp exp

,changing integration variables according to

x xb= + x

. We then apply the binomial theorem toexpand the integral, for example,

a b a ab b + ( ) = + +

2 2 2 2

,

a b a a b ab b + ( ) = + + + 3 3 2 2 3 3 3

,

a b a ab a b a b b + ( ) = + + + + 4 4 3 2 2 3 4

4 6 4

,

a b a ab a b a b a b b + ( ) = + + + + + 5 5 4 2 3 3 2 4 5

5 10 10 5

.And we make use of the integrals,

12 2 1

1 2 22

p s x x s

( ) -�Ł� �ł� = -¥+¥�

/ expd

,

12 2

1 2 2 22 2

p s x x x s s

-¥+¥�

/ expd

,

12 2 3

1 2 4 22 4

p s x x x s s

-¥+¥�

.Thus

x x x b b = + =x

,

x x x x b b b x

2 2 2 2 2 2 = + + = +

x x s

,8

x x x x x x b b b b x b

3 3 2 2 3 3 2

3 3 3

= + + + = +

x x x s,

x x x x x x x

b b b b b x b x

4 4 3 2 2 3 4 4 2 2 4

4 6 4 6 3

= + + + + = + +

x x x x s s

,

x x x x x x x x x

b b b b b b b x b x

5 5 4 2 3 3 2 4 5 5 4 3 2

5 10 10 5 15 10

= + + + + + = + +

x x x x x s s

,and similarly for y. In this way we obtain the averaged integral

~ ~ ~ ~~ , , w w w w w

= + + + +

0 1 2 3 4 5 K

, where terms through 2nd order are

~ , ,

w b a y b x a x y b x y

monopole bvertical dipole b horizontal dipole b b skewquad b x b y normal quad

0 1 2 0 1 1 2 2 2 2 2 2 2 = - + - + + - - { } s s

,sextupole terms are

w̃ a x y y y b x x x y

a y x y b x x y

b x b b y b

skewsextupole b x b b b y normal sextupole

b b b x y b b b x

3 3 2 2 3 2 3 3 2 2 2

3 2 2 2 2 3 2 2

3 3 3 3

3 3 3 3

= - + ( ) - + ( ) { } + +( ) - +( )

{ }=--( ) + -( ){ } + -( ) +s s s ss s s 2 2-( ){ }s y

,octupole terms are

w̃ a x x y y y x

b x x x y y y

a y x xb x b b b y b b

skewoctupole b x b x b x b y b y b y normal octupole b b b

4 4 3 2 3 2

4 4 2 2 4 2 2 2 2 4 2 2 4

44 3 3

6 3 6 6 3 4 = - + ( ) - +( ) { } + + +

( ) - +( ) +()

+ + + ( ) { } = -^{s s}

s s s s s s

2 2 2 2

4 4 2 2 4 2 2 2 2 2 2 2 3 6 6 3

-()+ -( ){ }+ - +( ) + -( ) -( ) + -( ) { } y b x x y y x y b x y b b b b b b x y x y normal octupole

s s s s s s ,

and decapole terms are

w̃ a y y y x x y x y y

b x x x y x

b b y b y b x b x b b x b y b skewdecapole

b b x b x b y b

5 5 5 4 3 2 4 2 2 4 2 2 3 2

5 5 4 3 2 2 2 3

15 10 5 6 3 10 3 15 10 10 3

= - + + ( ) + + +

( ) - +( ) +( ) { } + + +()

- +( ) + s s s s s s s s s s x b b b yb y normaldecapole b b y b y b x b x b x b y b b x^{x x y y}

a y y y x x x y b x x^{2 4 2 2 4}

5 4 4 2 2 4 2 2 4 2 2 2 2

5 4 4 5 6 3

15 10 5 6 3 10 3 15 10^{( ) + + +( )} { } = - + +

( ) + + +

( ) - +( ) +( ) { } + + + s s

s s s s s s

s^, x y x y y

a y y x y x y x

b x x b x b y b x b y b y b b b b b x y b b x y

b^{2 2 2 2 2 2 4 2 2 4}

5 4 2 2 4 2 2 2 2 2 2 2

5 10 3 5 6 3 10 5 15 10 3

s s s s s

s s s s

( ) - +( ) +( ) + + + ( ) { } = - - +

( ) +-( ) - -( ) -( ){ }+ b b b b x y b b x yx y y x y4 2 2 4 2 2 2 2 2 2 210 5 15 10 3- +( ) + -( ) + -( ) -( ){ }s s s s .

�Next-Order� Beam-Cavity Equation for Monopole & Dipole Modes9

To summarize our results thus far, let us make explicit the beam-cavity equation,employing conventional notation where possible, for the usual monopole and dipole modes, butincluding the next-order corrections appropriate for a cavity with inversion symmetry in x & y. Themonopole mode excitation satisfies

ddt Q ddt V Q dVdt RQ ddt I t X

L c e F b

22 2 2 12 + + �Ł� �ł� » + ØºŒ øßœ ( ) w w w w

l l l l l

,where

V c

, the cavity voltage, and

R Q/ [ ]

are defined with respect to the axis distinguished byinversion symmetry. The form of the synchrous integral for this mode is constrained by symmetry,

w b b x y b x x y y O r

monopole normal quad normal octupole

= + -

( ) + - +

( ) +( )^0 2 2 2 4 4 2 2 4 66 K

,and thus

X b x y b x x y y O r

= + - + - + + ( )^ 1 6 20 2 2 40 4 2 2 4 6 K

.Including just the lowest order correction, this is

X b x yb b x y

» + - + - ( ) 1 20 2 2 2 2 s s

.Next, consider an x-dipole mode. The form of the synchronous integral is constrainted bysymmetry

w bx b x xy b x x y xy O r

horizontal

dipole normal sextupole normal decapole

= + -( ) + - +

( ) +( )^1 3 3 2 5 5 3 2 4 73 10 5

We select an integration path at

x x= 0

, for our definitions of cavity voltage and [R/Q],andtakethelimit

x0 0fi

, so that our description of the cavity is resolved in terms of the conventionalquantities

¢= ” fi V Vx V x

c x c c

lim0 0 0 ¶ ¶

,

RQ x RQ x ^ fi ØºŒ øßœ= ØºŒ øßœ

lim0 0 021

,i.e.,

RQ bx / / [ ] = 2 12 02 0ew l

. Cavity excitation is then described by

ddt Q ddt V QdVdt RQ ddtI tX

L c e F b b

2 2 2 2 12 + + �Ł� �ł� ¢» ¢+ ØºŒ øßœ ( )^w

l l l l l

,where the �inferred beam position� is

X x X x b x xy b x x y xy O r b x= = + - + - + + ( ) fi ^ lim0 0 0 31 3 2 51 5 3 2 4 7

3 10 5 K

.10

Explicitly, including only the lowest order correction,

X x bb x y

b b b b x y

» + - + - ( ) � � � � � � 1 3 3 3

31 2 2 2 2s s

.The results presented here, for the monopole and dipole mode formulations, with only lowest-order corrections should be adequate for most work. However, as a further illustration of thisformulation, let us consider a specific example, one of immediate relevance, through decapoleorder.Example: Linac-Style BPM CavityAs a practical example, we consider the x-dipole mode of the linac style x-cavity. Thismode has symmetry odd in x, even in y, so that

w̃ b x bb x y bb x x y y O r odd even normal sextupole normal decapole - ^ = + -( ) + - +()

+ ( ) � � 1 31 2 2 51 4 2 2 4 6

1 3 10 5 K

.As described in TN152, using the field-solving code, GdfidL, we evaluted the normal sextupolecoefficient

e NS b b

= 3 1/

, and the normal decapole coefficient,

eND b b

= 5 1/

with the results

e NS = - · - -

4 2 10 3 2

. cm

,

eD = - · - -

4 4 10 3 4

.With these coefficients, we are in a position to determine the sensitivity of the cavity excitation tothe beam first and second moments. We express the field integral as

w̃ b x x y x x x y y x b X

NS ND b

» + - + - +

{ } »

1 3 2 5 3 2 4 1

3 10 5 e e

,where

X x x y x x x y y x x b NS ND b NS ND

= + - + - + = + + ( ) e e d d3 2 5 3 2 4 1 ,

and the correction terms are

d e s s

NS NS b b x y x y = -( ) + -() { } 2 2 2 2 3 3

,

d e s s s s

ND ND b b b b x y b b x y

x x y y x y

= - +

( ) + -()

+ -( ) -( ) { } 4 22 4 2 22 2 2 2 2

10 5 15 10 3

.Let us consider first the case of beam-size small compared to beam-offset. In this case, wehave

d eNS NS b bx y

» -( )2 23

, and

d eND ND b b b b

x x y y

» - + ( ) 4 2 2 4

10 5

. The sextupole correction is amaximum at fixed-radius, when x=0, giving

d e NS b NSy»-3 2

and in the case of a beam misteered asfar as the beam pipe radius (1 cm), this amounts to only a 1% correction. Actually, in this case,since x=0, the effect is negligible. If one asks when the absolute sextupole correction is a11

maximum, the result is

x x b NS NS b

d e» 3

, and in this extreme case, the correction is still only 0.5% inamplitude. The conclusion is qualitatively the same for the decapole correction. The maximumfractional correction occurs for x=0, giving

d e ND b ND y » 5 4

, or a 2% correction, but to a negligiblesignal. A useful rule of thumb for this cavity is that for gross vertical misteering, the correctionamounts to at most 1%. In fact, however, our interest is in operating the cavity at beam-sizes andoffsets a small fraction of the pipe radius,

s s m x y » » 100 m

, and

x yb b m

» » 100 m

. We expect

x y b b mm

» » 1

in the worst operationally functional case. At the level of

100 mm

offsets, thedecapole terms are negligible, and the sextupole terms contribute a scale factor correction

d NS » · -

1 10 4 %

. Since corrections at this level are negligible, the main conclusion from such ananalysis is a caution concerning operation with large vertical misteering.3. Form FactorNext we would like to integrate our cavity equation,

ddt Q ddt V Q dVdt RQ ddt I t X

L c e F b

22 2 2 12 + + �Ł� �ł� » + ØºŒ øßœ ( ) w w w w

ll l ll l l

,for the particular case of a Gaussian current profile. We set

VF = 0

corresponding to no drive; it isstraightforward to add it back later, using superposition, as

VF

enters in the same form as

I t X

b ( ) .

One may check, by differentiation, that

V t RQ d t t t e dd t I X

c t t t b

( ) = ØºŒ øßœ ¢ - ¢( )

[ ] ¢ [ ] -¥ - - ¢( ) � 12 2

w l l l n W Wsin/

,is a solution, where we abbreviate

n w l ll

= QL

,

W l l l w n = -2 2

.Integrating by parts, we obtain

V t k d t g t t I X

c l t b t

( ) = ¢ - ¢

( ) [ ] -¥ ¢ � 2 l

,where the loss factor is

k RQ

ll l l

w= ØºŒ øßœ 14

,and the Green�s function is

gt t t e j e t t ( ) = -

� � =´ +�Ł� �ł� � - - cos sin / W

W

W W Glnln nl l2 1 22

,with12

G W

l l l n = -

1

2 j.Typically, our interest is not in the variation of the cavity voltage during the time the beam ispassing through the cavity. Rather our interest is to know, after a bunch has passed, at whatamplitude and phase a cavity mode is ringing. To determine this, we rewrite our expression forcavity voltage as

V t k j d t e I X k j e X d t e I t

c l t t t b t l t t t b

( ) = ´ +�Ł� �ł� ¢ [ ] = ´ +�Ł� �ł� ¢ ¢( )

-¥ - - ¢^{( )} ¢ - -¥ ¢ � � 2 1 2 2 1 2

l l l l l l n n l l l W W G G G

After the beam has passed, the integral

d t e I t d t e Q t t e Q t b t b t bt t b t b ¢ ¢( ) = ¢_{( )} -¢- ( ) � Ł� � ł� = ( )

-¥¥ ¢ -¥¥ ¢ � � G G G G

l l l

p s s sl 2 2 1 2 22 12 2 2

/ exp exp

,determines the excitation amplitude. Using

G W W W

l l l l l l l l

n n w n

2 12 2 2 2

= ( ) -=- j j

, we have

V t k j e Q X j

c l t t b t t b ( ) = ´ +�Ł� �ł� -( ) -( )

- -( )

2 1 2 12 2 2 12 2

l l l l l l

n w s n s l W W G exp exp

.To simplify the notation, let us denote

h n n s

l l l l = + �Ł� �ł� -( )

1 2 12 2

j j tW exp

,so that

V t k Q X e

c l b t t tb

( ) = -( ) ´ - -( )

2 12 2 2

l lw s h l

exp G

.(For work we will be doing

h » 1

is an excellent approximation, as it is whenever

QLl >>1

.) Thusone sees that after bunch passage, the cavity rings at the resonance frequency

Wl

(with dampingcorrection). It is helpful to represent this result in terms of a cavity phasor �in the rotating frame�,i.e., to express,

Vt e Vt

c j t t cb

( ) =´ ( )-() Wl~

,where the phasor

Ṽ tc( )

has a step-rise and exponential decay,

~ ^ exp

V t V H t t

c c b t tb

( ) = -( ) - ( ) 12 nl

,with amplitude

^ exp

V k Q X

c l b t

= -( )

2 12 2 2 l l h w s

.13

Actually, we already know that for a point bunch, without damping the induced voltage amplitudeis

2 k Ql b l

, and the character of step-rise and exponential fall is not surprising. The quantity

h » 1

.Thus all we have really calculated here is the �form factor�

exp -( )

12 2 2

w sl t

. It is often convenient toexpress this as

exp -( )

12 2 2

k zls

, with

s s z tc=

the rms bunch length, and

k c l lw= /

.Generalized Form Factor We may go one step farther with the form factor concept, and employ it to account forhigher multipole corrections as well. We introduce a quantity S, such that

exp ~ exp~ - ( ) » -( )

12 2 2 12 2 2 0

k w k w z l l s S

,where

w̃ 0

is the leading order part of the field integral, and multipole corrections are included in

S 2 2

- s z

.For illustration let us consider the case of the cavity with inversion symmetry in x & y. Fora predominantly monopole mode, and including only the next-order, right-quadrupole correction,

exp exp

-( ) » -( ) +-+- ( ) � � 12 2 2 12 2 2 20 2 2 2 2 1 k k b x y

z b b x y

l l s s s S

,or

S 2 2 2 20 2 2 2 2 2 » - - + - ( ) s s s

lzbxyk b x y

.(monopole mode with right-quad component)For the case of a predominantly x-dipole mode, and including only the next-order, right-sextupole correction,

exp exp

-( ) » -( ) +-+- � � 12 2 2 12 2 2 31 2 2 2 2

1 3 3 3 k k b x y

z b b x y

l ls s s S

,or

S2 2 2 31 2 2 2 2

2 3 3 3

» - - + - ( ) s s s

.(dipole mode with right-sextupole component)Expression of multipole contributions in this fashion is helpful, in that it permits direct quantitativecomparison (once the multipole coefficients biareknown)withamorefamiliardependence,thatoftheusualformfactordependenceonbunchlength.Fortheexampleofinteresthere,thelinacx-cavity,

w̃ b x b 0 1 =

,

122 2 2 2 2 2 2 3 3 k x y

z NS ND NS b b x y

l s d d e s s

S -()» + » -( ) + -( ){ }

.Employing the values computed with the help of GdfidL,

eNS b b= »- · - -

3 1 3 2

4 2 10

/ . cm

, and14

k l

» - 0 59858 1 . cm as for 2856 MHz, we have,

S^{2 2 2 2 2 2}

0 023 3 3

= + -

( )^{+ -}( ) { } s s s

z b b x y x y .

.In this form, the relative importance of nonlinearities is made quite explicit. The form factorcorrection amounts to 1%, for

S » 0 24. cm

, and in order to see such an effect from bunch length,one would have unacceptable energy-spread in the linac.7 For the sextupole correcion to be mostpronounced, at fixed beam-size, the beam would be misteered in the vertical on the order of 0.9cm. The beam pipe has a 1 cm radius, and thus for a 100 mm spot-size, the beam would still havea 10s clearance, even at this level of offset. Thus in principle it is strictly possible to obtain acorrection from the sextupole term at the level of 1%, without scraping. However, these conditionsdo not correspond to normal operation, and such a level of vertical misteering in an x-cavity wouldbe diagnosed with the help of the adjacent y-cavity, and could be corrected.4. Single-Bunch Scalings for Monopole & Dipole ModesIt is helpful to reduce our single bunch results from the last section to some simple rules ofthumb. Energy deposited in the cavity by a single bunch is

U VR Q k Q X k

c l b z

= [ ] = -( )

^ / exp

2 2 2 2 2 w s l l l

,and the power waveform radiating from the cavity rises as a step function, and decaysexponentially with e-folding time

T Q f L / / /

2 1= =n w l l

. In the absence of drive

V V V V

c F R R

= + = ,

, and the peak power radiated out of the cavity is

- = [ ] = P V Q R Q Q U w c e e 2lw/

.(Peak power dissipated in the cavity walls is

P U Q d w = wl l/

.) Using the relations

1Q Qe w l lb=

,

1 1 Q Q L w l lb = +

,

T Q Q Q

f L w e

= = + = +

2 2 11 21

ll ll ll

w w b w bb

,we may write this as

- = +

P UT

w f21 b b

.To make this more explicit, consider the usual monopole and dipole modes, but includingthe next-order corrections appropriate for a cavity with inversion symmetry in x & y.Example: Linac j - Cavity

7 For further discussion of the form factor see �Introduction to the Phase-Cavity for the LinacResonantCavityBeamPositionMonitorSystem�,ARDBTechnicalNote154.15

For the monopole mode

k R Q

ll lw

= [ ]

/ / 4

is just the usual loss factor evaluated on thecentered orbit,

X b x yb b x y

» + - + - ( ) 1 20 2 2 2 2 s s

,and abbreviating this as

exp exp - ( ) = -( )

12 2 2 12 2 2

k X k z l l s S

, we have

- = + -( )

P T k Q k

w f l b 2 1 1 2 2 2 b b l lexp S

.For the case of the linac j-cavity, we have cylindrical symmetry to an excellentapproximation, so that the quadrupole term

b 2 0»

. Using cylindrical pillbox scalings, as describedin TN154, one finds

Q w » ·

1 73 10 4 .

,

[ / ]

R Q » 220 W

and unloaded shunt impedance

Rs » 3 77. M W

. Altenmueller and Brunet quote

Q L » 1200

and

[ / ]

R Q » 248 W

,8 corresponding to

Q e » 1371

and

b = » Q Q w e / .7 0

. Field decrement time due to copper losses is then

T Q w 0 0 2 1 07 = » / . w m s

, and the loaded fill time is

T Q f L 2 133

/ w ns

. The loss-factor is

k R Q

l = [ ] »

w l /.4 1 11 V/pC

. With these parameters we have

U Qb

» ( )

1 11 2

. mJ nC

,

P UT Q W Q

w Cf b b

» » ( ) » ( )17517511133146 2 2 . . . .

m J nC

ns nC

,with a power e-folding time of

Tf / .

2 66 5

» ns

. It is conventional to refer to power in units ofdecibels relative to 1 mW, dBm, so that

10 416 10 log . P Q w b mW dBm 20 log nC10

( ) »+( )

.For an SLD high-charge bunch of 5 nC (

31 1010 . ·

electrons) this provides 56 dBm. For a singlebunch of 17.5 pC (

11 108 . ·

electrons) this provides 6.5 dBm. (As a point of reference, a train ofsuch bunches arriving at 2856MHz corresponds to 50 mA).Example: Linac x-CavityFor the case of a predominantly x-dipole mode we have, again defining quantities on areference orbit at

x x= 0

, and taking the limit

x0 0fi

, we have

X x X x b x y

b x b b b x y

= » + - + - ( ) � � filim0 0 0 31 2 2 2 2

1 3 3 3s s

,which we will express as

X k x k

b z b

exp exp

-( ) = -()

1222 1222 l l s S

.Making use of

8 O. Altenmueller and P. Brunet, �Some RF Characteristics of the Beam Phase Reference Cavity�SLAC TN-64-51, Sept. 1964 (available from the SLAC Library).16

k x

k

R

Q x l ^ fi

^ = = Ø º Œ ø ß œ l l l w lim 0 0 0 2 1 1 4,we find

U k Q x k b b = -( ) ^ l l

22 22

exp S

,and

- = + -( ) ^ P T k Q x k w f b b 2

1 1 2 2 2 2

bb_{l lexp S}

.For a numerical example, we consider the linac x-cavity, putting aside the generalized formfactor (S-term) for now. TN152 provides discussion of the cavity parameters. A closed pillboxestimate gives

Q w » ·

2 26 10 4 . R Q ^ - [ ] »

/ .1782W cm

,

R^ » ·4 0 10 5

. /W cm 2

,

k V ^ - » · 8 07 10 2

. / pC cm 2

. As for external coupling we make use of the value

Q L » 325

based onthe technical note of Brunet, et al.,9 recognizing that there is some question as to the actual value.10This corresponds to

Qe = 332

, and

b » 45 2.

. The natural field decrement time is

T Qw

0 2 1 67

= »/ .

w m s

, and the loaded fill-time is

T Q f L = » 2 36 2 / . w ns

.Energy deposited by a single bunch is then

U J Q xb b

» · ( ) ( )

[ ]-8 07 10 16 2. nC mm

,and this energy damps after bunch passage, with e-folding time of

Tf / .

2 181

» ns

. Peak powerradiated is

P UT Q x

w f b b

» » · ( ) ( )

[ ]-196 437 10 8 2. . W nC mm

,using

b » 452.

and

Tf » 362. ns

. This is in fair agreement with the Blue Book value forsensitivity 100 mW/mA2 m m 2 . ( F o r B l u e B o o k l o a d e d Q ,

Tf /2 34» ns

and the coefficient is

29 108

. · - W

, or 1.9 dB lower---lower since single-bunch peak power prefers lower loaded Q, notbeing helped by resonance.). In dB relative to milliwatt we have,

10 436 10 log .

P Q x

w b b

mW dBm 20log nC m 10 ( ) »-+( ) ( )[ ]m

.For an SLD high-charge bunch of 5 nC (

31 1010 . ·

electrons) offset by 1 m m, this provides -30dBm. For a single bunch of 17.5 pC (

11 108. ·

electrons) this provides -79 dBm. (As a point of

9 P. Brunet, J. Dobson, M. J. Lee, and C. B. Williams, �Microwave Beam Position Monitors�, SLAC TN 64-45, July, 1964 (available from the SLAC Library).10 The Two-Mile Accelerator, R. B. Neal, ed., (W. A. Benjamin, New York, 1968) pp. 500-516.We will refer to this reference as the �Blue Book�. For the Blue Book value of

Q_L »600

,

b»24

,and

Tf » 67ns

. The report by Brunet, et al., quotes

QL » 300

(p. 26) and lists

QL »325

in theirFig. 12 (p. 23), there labelled as a cold test result.17

reference, a train of such bunches arriving at 2856 MHz corresponds to 50 mA).5. Excitation by a Bunch TrainNext, we would like to proceed on to the case of a multi-bunch train. First though, there isone integral that is worth noting.Baseband IntegralIn thinking about the processing of cavity emitted waveforms, there is one particularlysimple and noteworthy result that follows immediately from our analysis. In processing awaveform such as

V t e V t

c j t c

( ) = ´ ( ) W l̃

,we prefer to abstract a linear analog of the signal at a frequency lower than the carrier frequency

W l

. In the simplest ideal case, we would mix the signal with a local oscillator output at the samefrequency, phased with the beam. In this case we access an output waveform that is just

Ṽ tc ( )

. Theintegral of this waveform is then

dt V t V T k T Q X k R Q X k

c c f l f b z L b z

-¥+¥� ( ) = = -( ) = -( )

~ ^ exp exp

2 12 2 2 12 2 2

l l l l s s

,with

R Q R Q L L l l l

= [ ]/

. For a monopole cavity, this is

dtV t R Q k

cm L b m

-¥+¥� ( ) = -^{( )}ẽxp

12 2 2l S

,and for a dipole cavity this is

dtV t R Qx k

cd L b b d

-¥+¥ ^

� ( ) = -( )ẽxp

.It is straightforward to extend these single bunch results to the case of a bunch train, whenthe beam-phase and (micro) bunch-length are not chirped along the macropulse (and where our LOphase is steady). Using superposition, we can see that the downmixed waveform for a bunch trainsatisfies the same relations, with

Qb

replaced with the total macropulse charge, and

Qxb b

replacedwith the charge-weighted beam-centroid. Thus the charge-weighted position can be obtained in astraightforward fashion. Appreciating that

Qx k Q k x b x y X

b b d

b m b b b x y b exp exp -( )

-()= + - + -( )� �=12 2 212 2 2 31 2 2 2 21 3 3 3ll s sSS

,we arrive at the simplest algorithm for monitoring of beam-position,18

X k

dt V t dt V t b x cd cm =

( )

( )

-¥

+¥

-¥ +¥� � ~ ~,where the calibration constant is, theoretically,

k R R

x L L

= ^/

.Practically speaking, however, one must carry the analysis of bunch trains farther, ascavity tuning and beam chirp are real issues to be dealt with. In practice, too, some resolutionwithin the macropulse may be desirable, i.e., it may not be the case that the downstreamapplication (the BPM analyzing software+target+detector in E158) requires only charge-weightedposition. Beam yaw may influence detector statistics and thus may require monitoring. Thus wewish to analyze the actual transient waveforms produced, including the possibility of cavitymistuning.Waveform CalculationTo determine the transient signal produced by a bunch train, we simply superimpose thetransient voltages induced by the individual bunches. Let us number our bunches n=0,1,..., N-1,and let us refer to time

tbn

the arrival time of the n-th bunch (just like the variable

tb

usedpreviously), so that

tb0

is the arrival time of the lead bunch. Let us express the timing of the n-thbunch with respect to bunch #0 as

t n bn b t t = - 0

. The bunch spacing is determined from the linacfront-end and cannot deviate too much from

fRF nt = 1

, without degrading the beam energyspectrum, with

fRF » 2856 MHz

the linac operating frequency.11 At the same time, we should takenote that

fRF

may differ from

Wl p/ 2

, the cavity resonance frequency, in the case of a cavitytemperature excursion. We also have the condition

fRF „ Wl p/ 2

when we consider parasitic, non-resonant modes.The voltage waveform induced by the n-th bunch is

V t e H t t V

cn t t bn cn bn ( ) =´ -( )

- -()Gl^

,where

^ exp

V k Q X k

cn l bn n zn

= -( )

2 12 2 2

l l s

.We may then express the total voltage at any time as

Vt V t e V e e V

c cn nN nt t t t cn t t nt t cn

bn bn b bn n

( ) = ( ) = ´ =´

=- =< - -()

- -( ) =< � � �

01 0 00

G G G

l l l t ^^

The sum in the second line is over those bunches that have already passed as of time t.This sum may be employed to study analytically and numerically the effects of systematicsdue to

t n

,

Sn

, and

Qbn

variations with n. In the meantime, however, let us consider an idealized

11 As a point of reference, in a 200 ns pulse, there are 571 bunches. If by some means the beam isbunched 100 kHz off in frequency (uniform 12 fs bunch spacing error) then the phase-error acrossthe train is 7�. This is a small phase drift, particularly given that such a frequency error on the partof the beam would result in a 3% loss of no-load voltage in the linac proper.19 case corresponding to a �top-hat� current profile, a uniformly bunched beam, steady or smallbeam-size along the bunch train, and steady or small centroid offset along the train. We permit forthe time-being a frequency deviation between the beam and cavity resonance. Summing ageometric series, we have

V t t t V n

c b c

( ) = ´ -( )

[ ] ()-( ) -exp ^ expexpG GG0 0 11t t

,where n indexes the last bunch that passed, i.e.,

t t t

bn bn

< < +1

. At early times this gives a voltagewaveform rising linearly in time and output power rising quadratically. As time goes on, thesystem reaches a steady-state between power deposited by the beam, and power absorbed by thewalls, and radiated down the waveguide. After the bunch train has gone by, the voltage decaysexponentially.In the case of a cavity perfectly tuned to resonance with the perfectly bunched beam, wehave

V t V V

c j t t c j t t eff b b ( ) » ´ =´

-( ) -()

exp ^ exp^ W W G0 0 0t

,where, using

Gt n t p

= =/ /

2 QL

, we may write

^ ^ exp

V Q V k Q X k

eff L c l beff z

= = -( ) p s l l 0 12 2 2 2

,and the effective charge is just the amount of charge passing through the cavity in one fill time,

Q Q Q

beff L b = p

.Appreciating that the effect of resonant enhancement can be large, let us consider the effect ofdetuning from resonance.Small DetuningWe consider a small detuning

dW DW W

= << / 1

, so that

G W W

t n t t p p d p

= - » - -

12 2 2 j

Q j j N L h

,where the cavity harmonic is

Nh = 1

. Our voltage in steady-state is

Vt j t t VQ j

c b cL

( ) »´ -( )

[ ] -( )exp ^/W W0 02p p d

,and this may be expressed in terms of the cavity tuning angle, y,

tany d= = 2 2 Q Q L LWDWW

20

according to

V t j t t

Q

V e c b L c j ( ) » ´ -_{( )} [ ] exp ^ cos W 0 0 p y y

,Evidently tuning error introduces both a phase and an amplitude error. The amplitude erroris second order in the tuning angle, and the phase-error is just the tuning angle.As an example, for the linac j-cavity, Altenmueller and Brunet report a tuning anglevariation with temperature is 1.2� / �F (cavity detuning of 25 kHz, corresponding to

d W» · -9 10 6

for a 1� F cavity temperature error.) Reduction of amplitude by 0.1% corresponds to 2.6� or 2.1�F.At first sight, one is inclined to conclude that if 1 mm resolution is desired with offsets as large as100 mm, and if the phase-reference signal is employed for amplitude normalization, then thisreference amplitude should be accurate to better than 1%. Good temperature regulation (1-2�F)would be required to accomplish this. On second thought, while good temperature regulation isindeed in order, actual errors would involve the convolution of two caviy signals, and if thecavities are similarly mistuned the effect of mistuning may cancel. We will return to this subject ina later note, under the heading of signal analysis with errors. For now we continue on to considerjust the basic features that are the ingredients for such an analysis.Large DetuningLet us consider the case of large mistuning,

sin / /

Wt nt 2 2 ( ) >

, corresponding to aparasitic mode, and no accidental harmonic. In this case,

exp exp sin / exp /

G W W W

t t t t

( ) - » -()

- » - ( ) -( )

1 1 2 2 2

j j j

,and the steady-state voltage takes the form

V t j t t V j

c bn c j

( ) » ´ -( )

[ ] ()( )exp ^ expsin / /W WW0 22 2tt

.Thus roughly speaking, one loses the factor of

QL / p

enhancement and this is replaced with afactor of order unity. If one wishes to be more precise, one can compute

h t t n t t

t n tnt nt nt

=_{( )} - = -_{( )} + = ( ) - ( )

» ( ) +

( ) -

1 1 12 1 2 12 12 12 4 2 41 2 2 2 exp cos cosh / cos sin / / ,/ //

G W W W e e e

as a figure of merit. This is to be compared to

with the design mode (both multiplied bytheir respective [R/Q] values). In fact, this would not be a bad thing to compute from a field-solvermode-listing. In that case, with

Qe

not available, one would have to make a judicious choice---whether based on symmetry the mode of interest would be out-coupled or not, that is to say,whether

n» W/ Q w

or is much lower. So, in principle, one could have a poorly coupled (high

)falling squarely on a beam-harmonic; however, in such a case, only a slight mistuning would takethe mode off resonance.21

Example WaveformsThe formulas provided make it quite simple to calculate waveforms, with almost nocomputational cost. Let us note a simple recursive algorithm, as it is the fastest. We evaluate oursum just after the passage of the m-th bunch, rearranging it a bit,

~ ^ ^^ ^^ V t e e V e e V e V

V e e V

c bm t t nm cn t t cm nm cn cm t t nm cn

bm b n bm b m n bm m b n

+ - -

( )_= - -() =-

- + -

( ) =-

( ) = = + � � = + + +

- +� � � G G G G G G G l l l l l l l t t t t t 0 0 1 0 0 01 01 = + ( )

- -+ ^~ V e Vt

cm c bm m G lt 1

This series starts after the 0-th bunch, with

~^ V t V

c b c + ( ) =

. We can illustrate this with a fewexamples as in Figs. 2 (a)-(d), Fig. 3 (a)-(b), and Fig. 4. These figures depict the modulus of thecomplex amplitude. [in revision, replace with linac x-cavity plots, for illustration, as theseparticular plots are already incorporated in TN154]

05010015020000.10.20.30.40.50.6t( s)VC mQL=600T=300nsPerfect TuneFIGURE 2. (a) Ideal waveform (in units where 2klQ n =1) for a 300 ns bunch train and a perfectly tunedcavity with QL=600. The vertical axis corresponds to

Ṽc

in the notation of the text.22

050100150200Perfect Tune100 kHz500 kHz00.10.20.30.40.50.6t( s)VC mComparison with Cavity DetuningQL=600T=300nsFIGURE 2. (b) Result of cavity detuning; as in (a): in units where 2klQn=1, for a 300 ns bunch train and aperfectly tuned cavity with QL=600.180182184186188190192Perfect Tune100 kHz500 kHz00.10.20.30.40.50.6t( s)VC mQL=600T=300nsFIGURE 2. (c) A closeup of (b).23

05010015020000.10.20.30.40.50.6t( s)VC m100 kHz500 kHzQIComparison of I & Q With Cavity DetuningQL=600T=300nsFIGURE 2. (d) A look at the I & Q waveforms corresponding to (b) and (c). The notation is

I V Q V c c = ´ =`

~ ,~

.0 1002 1024 1026 1028 1021 10300.10.20.30.40.50.6t( s)VCmPerfect Tune, High QQL=15000T=300nsFIGURE 3. (a) Response of a high Q, perfectly tuned cavity.24

0 1002 1024 1026 1028 1021 10300.10.20.30.40.50.6t( s)VCmEffect of Cavity Detuning, High QQL=15000T=300ns100 kHzPerfect TuneFIGURE 3. (b) Response of a high Q, cavity, for perfect tuning, and 100 kHz detuning.0.00.20.40.60.81.01.200.10.20.30.40.50.6t( s)VC mExcitation of a Mode Detuned by -1 GHzQL=600T=300nsFIGURE 4. Response of a mode detuned by -1 GHz.In the foregoing, we referred to effective charge,

Qbeff

; let us give the expression in termsof the pulse current

I Qfb b RF=

, and let us consider some examples. The effective charge for asingle bunch is the charge that has passed in one fill time25

Q

Q

Q I T

beff L b b f = = p,in terms of which the steady-state amplitude is

^ ^ exp exp V Q V Q k Q X k k Q X k

eff L c L l b z l beff z

= = -( ) = -( ) p p s s

l l l l 0 1 2 2 2 1 2 2 2 2 2

.Monopole ModeFor the case of a monopole mode, we have

Q k Q Q RQ I R I L l b L b L b p l2 =^ØºŒ^øßœ =

,and

^ exp

V R I k

eff L b

= -( ) 1

2 2 2lS

,with

R Q R Q L L = [ ] /

the loaded shunt impedance.So for example, for the j-cavity, we have

Q Q eff b

» 382

and thus may take over directly theexpression given in the previous section,

10 41 6 10 log . P Q w eff

mW dBm 20 log nC10

( ) »+( )

.It is also helpful to have the expression in terms of current. Since the fill time is 133 ns, 1 nC ofequivalent charge corresponds to 7.52 mA of real beam current. Thus

10 241 10 log . P I w b mW dBm 20 log mA10

.This provides a nominal 257 mW/mA2 of sensitivity. The Blue Book quotes a value a factor of250mW/mA2, as does the original technical note on the subject.12 In passing we could note that therequired sensitivity for the original application of the cavity BPM�s was 200 mW/mA2 . Nominalconditionswereintendedtobe300mAcorrespondingto17kW;50mAwouldhavecorrespondtoabout 500 W.Dipole ModeFor the case of a predominantly dipole mode we have

^ ^ exp exp

¢ = ¢ = -( ) = -( )^^

V QV k Q x k R Ix k

eff L c beff b L b b p l l l

0 1222 1222

2 S S

,with

R Q R Q L L ^ ^ = [ ]/

.For the linac x-cavity,

Q Q eff b

= 1035.

for

QL » 325

. (

=191

, for

QL »600

). Thisgives us

12 O. Altenmueller and P. Brunet, �Some RF Characteristic of the Beam Phase Reference Cavity�SLAC TN-64-51, Sept. 1964 (available from the SLAC Library).26

P I x

w b b

» ·^{( )} ( )

[ ]

-

5 73 10

11 2

. W mA mm, �

57 3. /

m W mA mm_{2 2} or

10 72 4

10

log .

P I x

w b b

mW dBm 20log mA m

10

( ) » - + ( )

( )

[ ] m

.This corresponds to 57% of the sensitivity quoted in the Blue Book, 100 mW/mA2mm2. Had weemployed

Q L » 600

, the result would agree to 5%. Brunet, et al.,listthe�experimentalsensitivity�85 mW/mA2mm2 (their Fig. 12, p. 23).WKB ApproachBefore leaving the matter of bunch train excitation, let us note an alternate method ofcomputing the transient cavity voltage in this case. Starting from our cavity excitation (we write itin generic form),

ddt Q ddt V RQ dIdt

L c b

2 2 0 02 012 + + � � = ØºŒ øßœ

w w w

,we approximate our expression for beam current using the first harmonic component,

I I e

b b j t 0 0 » ´ ~ w

, and similarly represent the cavity voltage as

V Ve

c c j t

» ´ ~ w

. We make the slowlyvaring envelope (WKB) approximation,

dIdt I b b ~~ 0 0 << w

,with the result

dVdt dVdt j V e

c c c j t

= ´ +

�Ł� �ł�

~ w̃ w

,

d Vdt j dVdt V e

c c c j t

2 2 2 2 »´ -

�Ł� �ł�

w w w ~

~

,so that

2 12

02 2 0 0 0

j d Vdt j Q V j RQ I

c L c b

w w w ww ww ~ ~~ + - +

�

Ł

�

�

ł

� »

Ø

º

Œ ø

ß œ

.In terms of tuning angle, filling time, and loss factor,

tany w w ww w ww

= -�Ł� �ł�» -�Ł� �ł� Q Q L L 0

0

0

0 2

,

T Q f L = 2 0w

,

k RQ

l = ØºŒ øßœ

14 0w

,this is27

d V dt T

j V k I c f c l b

~ tan ~~ + - ( ) »

1

1 0 y.Abbreviating

D = -( ) 1 1 T j f tany

,we integrate this equation to find

~ ~~ V t e V t e k d t I t e

c t c t l tt b t

( ) = ( ) +¢¢ ( ) � ¢ D D D 0 0 0 0

.For an initially unexcited cavity, and a beam current waveform arriving at t=0, we have

~~ V t k e d t I t e

c l t t b t

( ) = ¢ ¢( )-¢

�D D 0 0

.In making connection with the formulation in terms of a bunch train, the identity

Q t nT QT m tT b n b m d p -( ) = + �Ł �ł �

�

�

�

�

� =-¥+¥ =¥

� �120cos

,is helpful. This implies that a train of bunches each of charge

Qb

, spaced at an interval T, andtherefore of average current

I Q T b b = /

, corresponds to a Fourier component, or rf current,

Ĩ Ib b= 2

.With this result it is straightforward to make comparison with the results depicted in theforegoing figures. In fact let us consider a slightly more general current waveform,

~ ; I t I t e t T T t b b t p p 0 2 0 000

( ) =^< < <_< �

�

�

� � - a

one with a bit of current variation over the pulse. Integrating, we find

~ ; V t k I e e t T

e e e T t

c l b t t p T T t T p

p p p

( ) = -( ) -

( ) < < - ( ) <

� - -

- - - -( ) 2 0 D DD D

a aa

.For the sake of comparison, total pulse charge at time t is28

Q t I t I

e t T e

T t tot b

t b

t p

T p p ( ) =^{( )} =

- �

Ł

�

� ł

�

< <

-

�

Ł

�

� ł

�

<

�

�

�

�

�

�

� � -

- 1

2

1

0

1 0 0 ~

;

;

a a a aIn this connection, let us note that in general one has the relation

1 2 1 2 1 1 1 2 1 0 dt I k dt d V

dt T j V j

k T dt V j

R dt V b l c f c l f c L c -¥ +¥ -¥ +¥ -¥ +¥ -¥ +¥ � � � �

» + -( ) �

Ł

�

�

ł

�

» -( )_» -( ) ~ ~ tan~ tan ~ tan~

y y y

,so that the cavity phasor, integrated over the full pulse provides a measure of pulse charge. For atuned cavity this reduces to the result obtained by superimposing the single bunch waveformintegrals,6. Common ModeFor application of a cavity as a pickup, the concern is resolution. One�s first thought mightbe that thermal noise is a limit. This is far from the case, as a simple calculation will show. Forcomparison, at 112�F (44�C, 318�K)

k TB » » · -

27 4 4 10 21

meV J .

. In a 1 GHz bandwidth oneexpects

4 4 10 12

. · - W

or -114 dBm. The natural full bandwidth of the x -cavity is

Df f Q L = » 0 10

/ MHz

and in this bandwidth the noise power is

4 10 14

.0 W · -

or -134 dBm.With the latter number, a beam-induced signal will drop into the noise at

Q xeff b » -

30pC nm

forthe linac x-cavity.13 Practically speaking, signals induced in other cavity modes become an issuelongbeforethistheoreticalnoiselevelisreached.14 To reduce pickup from other modes, one can in principle employ symmetry, filtering, andgating. One concern with the asymmetric output coupling employed with the linac-type x-cavities isthe inability of the pickup to distinguish, by symmetry, excitation of modes not varying linearlywith position. The function of symmetric coupling is illustrated with the cartoon of Fig. 5.For the position cavity, the concern is the TM110 mode. Unlike the position mode(TM210) this mode has non-zero reading with beam centered. We may refer to it as a �commonmode�. The matter of otuput-coupling for this mode in the actual cavity is illustrated in Fig. 6. Onecan see that a coupler to the dipole mode will also couple to the monopole mode.

13 The figure is 2 pC for the j-cavityandits2MHzbandwidth.14 Environmental noise may be an issue depending on the environment, and the shielding andcabling employed for the pickups and electronics.29

QbXdipole modeEQbxmonopolemodeEFIGURE 5. To illustrate that with symmetric couplers, a hybrid (�magic�) tee, and carefully chosen guidelengths one can cancel modes of like symmetry. Isolation of 25 dB is not demanding.NTSXmonopoledipoleFIGURE 6.This cartoon illustrates loop coupling to the two modes. Electric field is indicated by the soliddots and the cross; magnetic field lines correspond to the circles; the beam aperture is indicated by thedotted circle. The coupling loop depicted by the solid bar, enclosed some flux from each mode. As aresult, the voltage waveform induced on the output waveguide includes contributions from both modes.30

The TM110 mode has a resonant frequency of

f M = 1 8875. GHz

, computed from thepillbox model. Skin-depth is d m » 1 6. m

, and theoretical wall Q is

Q w » ·

1 66 10 4 .

. Since theoutput coupling loop does not distinguish this mode from the dipole mode particularly, one maypresume that the loaded Q for this mode is also rather low. For the meantime, we suppose

Q L = 600

. We have

R Q/

[ ] » 215 W

, and loss factor is

k l » 0 64. V/pC

. Shunt impedance(unloaded) is

R s = 3 6. M W

. Because of the favorable transit angle, this mode would make a niceaccelerating mode, strongly coupling to the beam, except that, happily, it is way off resonance withthe beam. Even with the low

Q L = 600

, the full bandwidth of the mode is 3.2 MHz, and it lies farfrom 2856 MHz. For single-bunch operation or tests of the cavity, the presence of this mode couldgreatly interfere with position detection, unless a notch filter or a high-pass filter were employed. Let us indicate the limits on position resolution, due to this mode, in several differentoperating schemes.Single-Bunch ModeSingle-bunch mode operation is interesting because this mode is available during SLCrunning for pre-E158 tests. One would like to have a reasonable expectation, then, of what testsare useful to perform.Suppose in the simplest (and worst) case, that one performs power detection on theunfiltered output of the x-cavity signal. Assuming comparable guide-couplings for the modes, onemay estimate the position resolution by equating the energy deposited in the dipole mode with thatin the monopole mode

U k Q x U k Q

d b b m l b = ( ) = =

^ 2 2

. Using

kl » 0 64. V/pC

and

k V ^ - » · -

8 07 10 2

. / pC cm 2

, one can see that these are equal at the (unphysical) value

xb » 2 8. cm

!Next, let�s consider filtering followed by power detection. We suppose a very sharply cut-off high-pass filter (a piece of cut-off waveguide, for example). In this case, we are samping thehigh-frequency tail of a Lorentzian response function that we may compute by putting our beam-cavity equation back in the frequency domain,

~ /~

V j kj Q I

c l L b

w w w w w w w w l l l l

( ) =^{- +} () 2 2 2

.The power spectrum then takes the form

P Q VR Q Q kQQ e

e c L l be t

l l l l l l l l l w s

w w ww w w w w w w

( ) = ( )[]

= ( )

-( ) + ( ) ( ) -

~ / /

2 22 2 2 2 2

.Thus the response of a

1888MHz

with

QL » 600

, evaluated at 2856 MHz is on the order of

P kQ Q e kQ Q

l b e l b e t l l l l w s l

w w w w w

( ) » ( )-

( ) » ( ) - 2 2 2 2 2 / / / /

,whereas the dipole mode spectrum, on-resonance is

P Q kQx

Le b b

l ll

w( ) » ( )^

2 22

.31

In other words, the �tail� of the Lorentzian line profile, evaluated off-resonance but at a not-muchdifferent frequency, is down by a factor of

Q L2

. So, for our example, and assuming a sharp enoughrolloff on our filter (so that we suffer only the tail of the adjacent mode) we could contemplateresolving offsets on the order of

x O b » » ( ) 2 8 50

. cm/600 mm

.If in addition, by means of symmetric output coupling we were able to subtract out thesymmetric mode, so that the voltage picked up took the form

V V d m + e

, then our position resolutionwould be

x O b » ( )

50 m em

. With a hybrid (�magic�) tee, 25 dB of isolation would be considerednot hard, and this corresponds to

e » · -

6 10 2

, and

x O b » ( )

3 m m

. None of these considerationsconsulted the charge of the bunch; they do assume however that it is a single bunch, and not abunch train.15Multi-Bunch ModeLet us consider next the situation for a bunched beam driving such a mode off resonance.This is the case of operational interest. Excitation of a mode off-resonance has been calculated in aprevious section, and the relevant figure of merit is

h p p » ( ) + ( )

12 1 2

2 0 0 2

sin / /W Q L

,for a mode with (damping-corrected) resonant angular frequency

W0

, and loaded Q,

QL

, driven bya beam bunched at angular frequency

. This is to be compared to

QL0/p

for the designmode.The argument of the sine function is 119�, so that

h » 0 6.

. This is to say that destructiveinterference is such that the steady-state amplitude in the common mode is equivalent to theamplitude produced by one single bunch with

0 6. ·

the nominal single bunch charge. Meanwhile,for the design mode

QL0 100

/ p »

. In this case, to compare common-mode and dipole-modesignals, we should compare

k Q xbeff b

^ ( ) 2

and

kQl b2 2h

, and we obtain

x O b » ·( )

2 102 m m

.Now, however, filtering doesn�t help, since the signal we are considering is a drivenoscillation at the beam frequency. With symmetrized output coupling, and a tee with isolation of 25dB, we can bring this estimate to

x Ob » ( )10 m m

. If critical coupling had been employed(

Q Q Q

e w L

= = 2

) we would have

QL » ·75 103 .

, corresponding to

Q Q beff b

= ·24 103 .

, andresolution approaching

x Ob » ( )10 m m

, without symmetric coupling; in this case, with symmetriccoupling and 25 dB of isolation we would have

x Ob » ( )

0 5. m m

. Note that reducing the coupling,and raising the fill time, will reduce temporal resolution.Phase & AmplitudeThe foregoing discussion was based on comparison of signal power levels; this generallyleads to somewhat too pessimistic an answer. The mere presence of an offset in a signal does notimply that one cannot detect small changes in the total signal. In addition, however, more isavailable to us in the way of information than just the amplitude of the emitted signal. We canemploy phase-information. In fact, it is possible in principle to perform vector subtraction toremove the common mode. To illustrate this in the simplest way, let us compute the �basebandintegral� of the down-mixed waveform corresponding to the common mode. Returning to the case

15 We could add, in passing, that an alternative to filtering employed by Shintake [ r e f ] , consists ofdesigning a cavity a heavily de-Q�d common mode, and gating the output waveform well after theevanescence of the monopole mode.32 of a single bunch for which the induced voltage may be expressed as

V t j t T V t

c c c

( ) = ´ -( )

[ ] ()

exp~ W

,where

W c

is the angular frequency of the common mode. The phasor

~ exp^

V t H t T t T V c c ( ) = -

( ) --( ){ }12 n

,and

V̂ k Q

c l b » 2

. We neglect the form factor correction for this term, as the term itself representsalready a small effect. We suppose that this signal is mixed with an LO, phased with the beam, atfrequency

W

. In this case the integral of the downmixed waveform gives

dt V t e k Q d t e H t k Qj R Qj T c j t T l b j t l b L bf -¥ +¥ -( ) -¥ +¥ -

( ) ¢� �( ) = ¢ ¢( ) = - = -~ //DW DW DW DW2 22 12n n

,with

DW W W

= -c

. Taking

W c » ·2 1 89

p .GHz

and

W » ·2 2 856

p . GHz

, with

T f »100 ns

,one has

Tf DW » ·6 1 10 2 .

, in agreement with the foregoing estimates.The feature to note about this result is that the phase of this signal is fixed with respect tothe beam, and independent of offset. Thus if a reliable phase-reference is available upstairs (forexample the phase-cavity signal itself), the signal can be balanced out in a tee. The idea fails if forany reason the common mode phase or amplitude drift appreciably with respect to the referencesignal. A sketch of the idea is seen in Fig. 7. The idea relies on the assumption that the drivenoscillation in the common mode as seen upstairs has an amplitude and phase fixed in relation to themonopole mode of the phase cavity. Assuming the same cable runs, and equal cable lengths, thismay be achievable in a diurnally-reliable fashion. In the case that consistent monitoring is requiredonly over the scale only of minutes it seems even more promising. The phase-shifter and attenuatorwould require initial adjustment (frequent adjustment if diurnal issues appear). The shortestprocedure for adjustment would be to adjust the phase-shifter and attenuator to zero the output ofthe tee. Maximum sensitivity to position would then be available at whatever the current location ofthe beam. One could devise an iterative procedure to center the beam accurately (as opposed tomonitoring changes accurately) and we leave this to a later note. This idea requires further analysis;for example, of the character of cancellation achievable with transient waveforms from modes withdifferent time constants. It appears that a concept such as this could be tested using the LI30 BPM.

VjVx+Vc-VcVx/�2FIGURE 7. In principle one may subtract out a steady common mode signal, by making use of the phase-cavitysignalandamagictee.Other Modes33

In the BPM cavity there is also a y-sensitive mode, the TM120 mode, with fields given bywall Q is

Q w » ·

1 82 10 4 .

Loss factor is

k V ^ - » · -

1 17 10 1

. / pC cm 2

, about 40% larger than forthe TM210 mode, due to the fact that the y-dimension of the cavity is smaller. Given the expectedpoor external coupling of this mode, we may suppose that the loaded Q of the mode is just the wallQ. The natural field decrement time of the mode is then

T Q w

0 2 1 88

= »/ .

w m s

, and one mayexpect a voltage below that for resonant response by a factor of

DW T 0 3

2 232 1 88 2 7 10

» · · » ·

p mMHz s. .

. This together with the absence of good couplingsuggests that this mode is of no particular concern.7. SummaryIn this note we have formulated the problem of cavity excitation and output coupling for anarbitrary isolated mode (non-degenerate) of an asymmetric cavity. Corrections due to highermultipole content have been quantified. Single-bunch and multibunch (resonant & nonresonant)operation have been treated. Examples have been given relevant to the linac-cavity BPM system. Abroader view of this subject can be found in TN 13434

Appendix: Review of Beam Interaction with a CavityThis Appendix is excerpted from Appendix C of �Introduction to Electrodynamics forMicrowave Linear Accelerators�, D. Whittum, submitted to Proceedings of the Joint US-CERN-Japan School, RF Engineering for Particle Accelerators (World Scientific, to be published). It isintended as background. The complete article can be found at the ARDB Tech. Note web site.The development of the theory of the accelerator cavity in Sec. 3 proceeded from anisolated resonance of a closed, lossless cavity, and considered perturbations: a beam, Eq. (3.5),wall losses, Eq. (3.6), a waveguide, Eq. (3.12), and iris-coupling to another cavity, Eq. (3.26).Since these results are central to the development of linac theory it is useful to set down a moreformal treatment of these perturbations.We consider fields and sources of the form

r r r

E r t E r e j t

, ~ ,

( ) = ´ () ( ) w w

,

r r r

H r t H r e j t

( ) = ´ () ( )

,

r r r

J r t J r e j t

, ~ ,

( ) = ´ () ( ) w w

,

r r w w r r r t r e j t

, ~ ,

( ) =´( )( )

,and the charge density is subject to continuity,

~ , ~ ,

r w w w

r r r

r j J r

( ) =-�•( )1

.Maxwell’s equations reduce to the form

r� · = -~~

E j H w m

,

r� · = + ~ ~~ H j E J w e

.Gauss’s law is satisfied identically, as one can check by taking the divergence. We consider aclosed cavity with perfectly conducting walls in the absence of source terms. Boundary conditionsare

)n E· =~ 0

,

)n H• =~ 0

, and the fields each separately satisfy the Helmholtz equation,

� + ( ) = � +( ) =2 0 0 k E k H

~ ,~

,where

k2 2=w m e

. These amount to eigenvalue equations for the mode frequencies. Let usenumerate the modes and label them with index l. The eigenvalues we denote

kl

, and the modefrequencies,

wl

. We select basis functions

Ẽ l

to be real, and adopt the normalization

drE E 3� • =¢ ¢

r ~ ~ ,l d

.To demonstrate this for

l l„ ¢

, one employs, in the case of non-degenerate modes, the Helmholtzequation, and conducting boundary conditions:35

k k d r E E d r E E E E

d r E E E E

d S E E E l l l l l l l l

l l l l

l l l

2 2 3 3 2 2

3 - ( ) • = � - � ( ) = � • · � ·( ) - · � ·_{( )} { } = • · � ·( ) - · � ·

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ � � � r rr r r

r r r

~ ~ ~ ~ ~~ ~ ~ ~~ ~ ~ ~ Ẽ l() { } = 0.

.In the case of degenerate modes, we assume Gram-Schmidt orthogonalization has been employed.We define the basis functions for the magnetic field according to

r� · =~~

H k E

l l l

, r� · =~~

E k H

l l l

,and one can show that these too satisfy orthonormality. For this idealized system, a generalvacuum oscillation may be expressed as

v r r

E r t E r e t , ~~ ( ) = () ( ) � l l l

, r r r

H r t H r h t , ~~ ( ) = () ( ) �l l l

,where the time evolution is given by Faraday’s law in the time-domain,

Z ht e

0 ¶¶ w

l l l = -

,and Ampere’s law,

¶¶ w

l l l

e t Z h = 0

,corresponding to an undamped simple harmonic oscillation in each mode,

¶¶ wl l

2 2 2 0 t e + �Ł� �ł� =

.On average, equal amounts of energy are stored in the electric and magnetic fields.Next let us consider a weakly perturbed cavity, one for which the original basis functionsare no longer exact solutions. Let the fields in steady-state at angular frequency w take the form

~ , ,~ ,

E r H r r r w w ( ) ( )

. We define mode amplitudes for the perturbed problem according to

~ ~ ,~

e d r E r E r l l w w ( ) = ()

• ( ) � 3 r r r

,

~ ~ ,~

h d r H r H r l l w w ( ) = ()

� 3r r r

,with integrals over the unperturbed cavity volume. To obtain equations for these mode amplitudes,we take the dot product of Faraday’s law with

H̃ l

, and we take the dot product of Ampere’s lawwith

Ẽ l

, and we integrate each over the volume. Faraday’s law takes the form36

- = � ·_{( )} • = � • ·_{( )} + • � · { } = • · + •_{( )} = + • · � � � � �

j h d r E H d r E H E H

dS E H d r E k E k e dS E H

m w l l l l

l l l l l l

~

~ ~ ~ ~ ~~

~ ~ ~~

~

~

. 3 3 3 r r r r r r r r v

and Ampere’s law takes the form j e d r H E d r J E

d r H E H E d r J E

k h d S E H d r J E

w e l l l l l l l l l l

~ ~ ~ ~~ ~ ~ ~ ~ ~~ ~ ~ ~ .

= � ·

( ) •-• =•�·( ) - � • ·( ){ } - •

= + • ·

( ) - • � � � � � � 3 3

3 3 3r

Abbreviating,

~ ~~ J d r J E l l = •� 3 r

,these are just

- = + • ·�

j h k e d S E H

mw l l l l

~ ~ ~~ r

,(A.1)

j e k h dS E H J

e w l l l l l

~ ~ ~ ~~

= + • · -

�^r

.(A.2)The integrals are over the unperturbed cavity boundary. We consider next different kinds ofperturbations.A.1 Perturbation Due to Lossy WallsWith the addition of finite conductivity to the cavity surface, the boundary conditions on thephysical fields (as opposed to our modes l that were derived for different boundary conditions) areamended to read

~ ^~ E Z n H s =- ·

, where recall that

Z R j

s s= +( )

1 sgn w

, with Rs t h e s u r f a c e resistance.Thispermitsustocomputethesurfaceintegrals.Wehave

S S s S s sS w w w w dS E H dSn Z n H H dSZ n H H n n H H Z dSH H

� � � � • · = • - ·( ) · = • •( ) -• ( ) { } = • r ~ ~ ^ ^ ~ ~ ^ ~ ~ ^ ^ ~~

~ ~ ,

l l l l l

where use is made of conducting boundary conditions on the unperturbed modal pattern,

^ñ H• =l 0

; likewise,

^ñ E· =l 0

, so that

S S S

w w w

dS E H dSn E H dSH n E

� � � • · ( ) = • ·( ) =•·

( ) =

r ~ ~ ^ ~ ~ ~ ^~

l l l 0

.To simplify the wall loss term, we make the approximation37

S S w w

dSH H h dSH � � • » ~ ~~

l l l

2,thereby discarding any mode coupling through the lossy wall currents. This is appropriate, forexample, for an isolated resonance, one that does not overlap another mode in the frequencydomain. In terms of the wall quality factor, Qwl,

1 2 22 22

Q dS H dS HdV H

w S wallvolume w l l l l d d = = � � ~

~

~

.(A.3)we may write

S sS w w w dS E H Z dSH H Q j h � � • · = • = +( )

r_{~ ~ ~ ~ sgn}lll

m w w 1

.Putting the results together, we have

j e k h J

e w l l l l ~ ~~ = -

,

- = + +( ) j h k e Q j h w m w m w w

l l l l ~

~ sgn1

.(A.4)We consider a weak perturbation, Qw > > 1 , n e g l e c t i n g t e r m s w h i c h a r e s e c o n d - o r d e r i n perturbations. In addition, we approximate

w wl»

in the term of order 1/Qw. The effect of thisapproximation must be slight, since Qw>>1. Note that wall-losses have produced a shift in the realpartofthecavityfrequency,wesubsumethatintoaredefinitionof

wl

,

w w l l 2 2 1 1+ fi/ Q w

.(A.5)We arrive at

w ww w we

l l l l

2 2 1 - - � � =-

j Q e j J

w ~^~

,or, in the time-domain,

ddt Q ddt e ddtJ w 2 2 2 1 + + �Ł� �ł� =

w w e

l l l l

.(A.6)A.2 Perturbation Due to BeamNext we evalute the perturbation due to the current source in Eq. (3.6). For a ballistic"pencil" beam, the current density is38

r r J z r I t z

V b =_{( )} - �

Ł

�

ł ^d̂^2

,(A.7)where Ibisthebeamcurrentwaveform.Inthefrequencydomain,

~

,

^^ ~ / J r z r d

e I t z

V z r I e

j t b b j z V

r r r w d w

p d w w w ( ) =_{( )} -�Ł�ł=( ) ( ) ^ -¥ ¥ - ^ - � 2 2 2

.With this we may compute the source term

J̃ l

,

~ ~ ~ ^ ~~ ~ , ~ ,/ / J d r J E d r z r I e E

I dz E r z e I w

b j z V b cavity z j z V b l l w l

l wd w w w = • = ( ) ()

( ) •

= ( ) =

( ) = ( ) � � � ^ - ^ - *332 0 r r r r

and we abbreviate,

~ , /

w dz E r z e

cavity z j z v

= =( )

� ^lwr 0

.This coefficient we may relate to the more conventional quantity, [R/Q], as follows. The voltagedrop (or gain) experienced by a particle travelling at speed V in the z-direction, and passing z=0 attime t=t0is

V t dzE r z t zV

c cavity z

0 00

( ) = = +

�Ł �ł

� ^r ,

.(A.8)We may express this in terms of the modal decomposition,

E r zt zV E r ze t zV z z r r ^ ^ = + �Ł �ł = =( ) +�Ł �ł

�000 0, , ,ll l

,and in the frequency domain, as

~~

,

~ , ,/ V d

e V t dz d

e e t z

V

E r z

e dz E r z e

c j t c j t cavity z cavity z j z V w w

p w

p w w w l l l l w

( ) = ( ) = +�Ł �ł =( )

= ()=( )-¥¥ - -¥¥ - ^^� �2 2 000 00 0 rr

and we assume for simplicity that only a single mode, l, is excited. Evidently then

~ ~~ V e w

c = l

, andour cavity equation, Eq. (A.5), may be re-expressed in terms of the more meaningfulnormalizations,

Ṽ c

,

Ĩ b

, according to39

w w w w w

e l l l l 2 2 2 - - � � �

� � � = - j Q V j I w w c we b wJ ~~ ~~ { 1 2 3

,or

w w w w w w l l l 2 2 - - � � �

� � � = - Ø

º Œ ø

ß œ j

Q

V j r

Q

I w c b ~~

.(A.9)Here we introduce

rQ w Ø ºŒ ø ßœ = 20_{e w} l

.The [r/Q] for the coupling of the beam to this mode l may be expressed in a normalization-independent manner as

rQ dz E r z e d r E E V U

cavity z j z V cavity c

ØºŒ øßœ = =( ) • =

� �^l w

l l l l l e w wrr

0 22

0 3 2 ,~ /

,(A.10)where U is the stored energy in the cavity corresponding to cavity voltage

Ṽc

. To summarize, inthe time-domain,

ddt Q ddt V rQ dIdt

w c b

2 2 2 + + �Ł� �ł� = ØºŒ øßœ

w w w

l l l

. (A.11)Let us note explicitly the relation

RQ rQ

ØºŒ øßœ = ØºŒ øßœ2

,between circuit and accelerator notations. In these notes we have consistently distinguishedbetween these two using upper-case and lower-case notations. In reading the literature it pays tocheck the definition being employed.A.3 Cell-to-Cell CouplingSince we are working to first order in perturbations, there is no impediment to consideringeach perturbation in isolation, later to return and add them all together to describe the completesystem. Accordingly, let us return to the closed lossless cavity, and consider perturbation by iris-coupling to another cavity. The evolution of the mode amplitudes is governed by Faraday’s law,40

- = + ·_{( )} •� m ¶

¶ l l l l 0 h t ke n E H dA

iris ^ r r

,and Ampere’s law,

e ¶ ¶ l l l l l l l 0 e t k h J n E H dA k h

iris

= - + ·_{( )} •=

� ^^{r r}

.In the last line we have set the current term to zero and taken account of the conducting boundaryconditions satisifed by the unperturbed mode electric field. Combining these two results we obtaina single equation for the electric field amplitude,

¶¶ w w l l l l l

2 2 2

et e c n E H dA iris

+ = - ·( ) •

� ^ r r

.(A.12)Evidently the effect of the iris is known once the variation of the tangential electric field in thevicinity of the iris is known, and the integral computed. Note that if we take the variation in electricfield near the iris to be just the unperturbed variation, then the tangential field is zero, and so is theintegral. Evidently then the important feature of the iris is the redistribution of electric field lines,some passing into the next cavity, but some terminating on the iris edge.To compute this variation we should in principle solve Maxwell’s equations for the newgeometry. Happily however, for a small iris, the Helmholtz equation for the potentials reducessimply to Laplace’s equation

� + ( ) = » �

2 2 20 k j

. This approximation is adequate because, nearthe iris, spatial variations occur on the length-scale of the iris. The rf, meanwhile, is incapable ofresolving details much smaller than a wavelength. Thus our problem is considerably simplified.One has a circular aperture in a plane, and far from the aperture one has normal fields above andbelow, call them E1 and E2. One intuits that if E1„E2, some field lines will terminate on the plane,and some tangential field will result. Following Jackon’s derivation,17 we simply write down thesolutionforthistangentialfieldintheiris,

r r r E r z

E E r a r ^ = ( ) = -( ) -,

0 1 2 2 2 p

,where z=0 locates the plane of the iris,

rr

is the coordinate in the plane of the iris, a is the irisradius, E1 is the asymptotic field to the left of the iris (in cavity #1), and E2 is the asymptote to theright of the iris (in cavity #2). The basis functions and normalization for the unperturbed TM010mode are

rE J r E zc l lb= ( )0 ^

,

rH J r Ec l lb f

= - ¢ ( )0 ^

,

E LRJ j

0 2 12 01 1 2

l p= ( )() - /

.The asymptotic field components are then

E eE1 1 0» l

,

E eE

2 2 0» l

, and we amend our notation,denoting by

e1

the excitation of the fundamental mode in cavity #1, and

e2

that for cavity #2.(There is no ambiguity here, since we are not considering other modes l, to which previously thesubscripts on the e’s referred.). With this it remains only to compute the port integral appearing inEq. (A.12),41

^

.

n E H dA d rdr e e J r

a r rE

e e E a

port a c c · ( ) • » - ( )^¢ ( ) -

» - ( ) � � �

r r_l^p_l l f p b b 0

2

0

1 0 0

2 2

0

2

2 1

0

2 3 23

Our equation for the excitation of cavity #1 then takes the form,

¶ ¶ w k w 2 1 2 0 2 1 0 2 2 1 12 e t e e e

+ = - ( )

,(A.13)

¶ ¶ w k w 2 2 2 0 2 2 0 2 2 1 12 e t e e e

+ = - -_{( )}

,(A.14)and the second line follows from the first, by symmetry. The coupling constant is

k p = ( )^» 4

3

1

1 57

32 12 01 32aLRJjaLR .

.(A.15)In retrospect it should be clear that the simpler, and intuitive derivation in Sec. 3, did no greatinjustice to this calculation, merely failing to produce an explicit result for k.A.4 Perturbation by Connecting GuideTo compute the coupling of a cavity to a waveguide, one again has a port-integral tocompute. However, in this case it is convenient to let our unperturbed modal basis refer to thesolution of the Helmholtz equation, with open-circuit boundary conditions at the port, and todesignate the port surface, Sp , a s a p l a n e l o c a t e d i n t h e s m o o t h c o n n e c t i n g g u i d e . S i n c e t h e waveguidemodesformacompletesetwemayexpandtheelectricfieldonSp,

~~ E r E r Va a a ^ ^ ^ ^

( ) = () �

,

H r H r Z I

a ca a a ( ) = () �

. (at port Sp)where the subscript

^

denotes components lying in the transverse plane in the waveguide, i.e.,Sp. In a similar way we may expand the cavity modes,

~~ E r E r Va a a ^ ^ ^ ^

( ) = () � l l

,

H r H r Z I a ca a a ( ) = () �

,where the mode coefficients are just the overlap integral of the unperturbed cavity fields with thewaveguide mode,

I Z drH r H r

a ca S a p l l = ( ) • () ^ ^ ^ ^ � 2 r ~~

,

V drE r E r

a S a p l l ^ ^ ^ ^ � 2 r ~~

.Making use of the orthogonality of the waveguide modes we have then42

S a a

a b cb b

b a a

a p dS E H d r E V H Z I VI � � � � �

• · = � � � � � � · � � � � � � = ^ ^ ^ r r ~ ~ ~~

l l l 2

,and similarly,

S a a a b cb b b aa a p dS E H d r E V H Z I V I

� � � � �

• · = � �· � � =

^ ^ ^ r r ~ ~ ~~

l l l2

.Thus the mode equations take the form

j e k h V Iaa a dS E H Sp e w l l l l

~ ~ ~~

= + � • ·r1 24 34

,

- = + =� • ·� j h k e V I k e a a adS E H Sp m w l l l l l l l ~ ~~ ~~ r1 24 34

,and in the last equality we implemented the open-circuit boundary condition on the modal basis,

Ia l

=0. Combining these two results, we obtain a single equation for

ẽl

,

w w w e

l l l

2 2 1 - ( ) = - �~

e j V Iaa a

. (A.16)This should be augmented by one additional condition, continuity of transverse electricfield at the port. The electric field at the port may be expressed in either basis,

~ ~ ~~

E r E r V E r e a a a ^ ^ ^ ^ ^

( ) = ()

» ( ) � � ll l

,and, taking the dot-product with a guide-mode, we have

V V e a a = � ll l̃

.(A.17)This relation closes the system of equations and permits one to solve self-consistently for the cavityfields and the forward and reverse signals in the waveguide. For example, we may compute theimpedance looking into the cavity, from Sp , (i.e. in the direction in which we have taken positivecurrent to flow)

Z VI11 11=

.Insofar as other modes are below cut-off we may solve approximately for the mode excitation interms of the driving current in the fundamental mode,

~ / /

e I V j l l ll l

ew w w w w = - ( )11

,(A.18)so that43

V V e I

V j

1 1 1

1

2

1

= =

-

( )

� � l

l l l l

l l l ew w w w w

~ / /.Next we define the external Q, Qe l , f o r m o d e l c o u p l i n g t o t h e f u n d a m e n t a l m o d e o f t h e connectingguide,

1 1 12 1 1 2 1 2 Q V Z Z d r E E

e c c Sp

l ll l l

ew ew

= = • � Ł � � ł � ^ ^ �^r ~~

,(A.19)in terms of which

Z VI Z Q j c e 11 1 1 1 1 = = - ( ) � llw w w w// /

.(A.20)Notice that Z11 i s l a r g e o n - r e s o n a n c e , c o r r e s p o n d i n g t o a n o p e n c i r c u i t , j u s t a s w e e x p e c t . M e a n w h i l e , o f f - r e s o n a n c e , Z 11 is small, corresponding to a short-circuit. This motivates thestandardnomenclatureforourchoiceofreferenceplane:theplane of the detuned short.To make contact with Eq. (3.12), let us define

V nV

F = +

,

R = -

, where n may bethought of as a turns ratio, transforming to an impedance

¢= Z n Z c c2 1

. Continuity of transverseelectric field takes the form,

V V V e

1 1 1

+ -+ = l l̃

, and this suggests defining a cavity voltage,

V nV e c = 1l l̃

, in terms of which continuity reads,

V V V

c F R = +

.The port current driving term may be expressed as,

Z I V V

c1 1 1 1

= -+ -

, and in the time domain oursystem takes the form

ddt e ddt V Iaa a

2 2 2 1 + � � =- � w e l l l

,and in the transformed units,

ddt V Q ddtV V

c e F R

2 2 2+

� � = -( ) w w l l

.(A.21)These calculations and the results Eqs. (A.1)-(A.21) complete the formal analysisunderpinning the coupled cavity model introduced in the text, having developed with someadditional rigor the geometric origin of the coupled cavity circuit parameters: Qw, k,Qe , n, [R/Q ] . Historically, the formal treatment of a cavity in this way was first set down by Slater; however,t h e r e w e r e a n u m b e r o f a p p r o x i m a t i o n s i n h i s a p p r o a c h t h a t , f o r t h e p u r e m a t h e m a t i c i a n a r e somewhat unsatisfying. The first complete treatment of the problem is credited, by Collin, to44

Kurokawa.16 We have side-stepped the full mathematical complexity of the problem by electing toconsider a single isolated, narrow-band cavity resonance. This is in fact not the totality of theproblem as one can see by inspecting a measured cavity impedance. Such an impedance will indeedinclude narrow spikes corresponding to cavity resonances, but broadband portions as well. Thusthere is a complementary problem of interest, calculation of broadband impedance. Such terms areimportant for a complete treatment of beam dynamics. They are not essential, however, forunderstanding the coupling of the accelerating mode, and its observational features, seen by meansof couplers looking into the cavity.There is one additional perturbation calculation that is sufficiently fundamental that it shouldbe included, and that is Slater’s theorem.A.5 Perturbation to a Conducting Boundary (Slater’s Theorem)We consider the effect on a mode resonant frequency of indenting a cavity wall. Given thedevelopment of Sec. 1, it is most straightforward to proceed by employing two results: momentumconservation and adiabatic invariance.We consider a lossless cavity that is ringing in one mode. Momentum conservationstipulates that if we slowly indent a cavity wall we must do work on the mode such that

d d x d x

U F T dS

a a ab S b a

= = �

,where S is the region of wall being indented,

F a

is the average force on the wall,

T ab

is the time-averaged stress-tensor and

dxr

is the wall displacement. Tangential wall displacements have noeffect since they carry conductor into itself. Thus we may consider a displacement along theoutward normal

n̂

,

dx dx r = n̂

, i.e.,

dx dx a an=

. Noting that

dS n dS b b=

, we have simply

d d x

U T dSnn S = �

.(A.22)The diagonal element of the stress-tensor for the normal component at a conducting surface takesthe simple form

T E H

nn = -

12 12

0 2 0 2 e m r r

,and is just the electromagnetic pressure on the wall. Next we employ a mode expansion in the exactmodal basis for the conducting boundaries as they are at time t,

r r r

E e t E r

= ( ) ( )l

,

H h t H r

.Recognizing that the mode resonant frequency may be changing in time, we choose to express themode amplitude in terms of the cavity phase,

16 K. Kurokawa, "The expansions of electromagnetic fields in cavities", IRE Trans. MicrowaveT h e o r y T e c h . , vol. MTT-6, pp.178-187 (1958). See also, Kaneyuki Kurokawa, "My PersonalRecollections of Microwaves", IEEE MTT-S Newsletter 145 (IEEE, Piscataway, 1997) pp. 57-69.45

q w l t d t t

t

( ) = ¢ ¢^{( )}

�,according to

e t e t e j l l q ( ) = ´_{( )} { } ~

.Maxwell’s equations then take the form ddt t e t 2 2 2 0 + ( ) �

�

�

�

� � ()=w l l

,and after some algebra this may be reduced to

d

dt e t t

~ l lw

( ) ( )

{ }^{= 0}

,in the limit of an adiabatically varying resonant frequency. Taking account of similar results for themagnetic field amplitude, and noting the expression for stored energy,

U H E dV E dV e t V V = + { } = = ( ) � � 12 12

0 2 0 2 0 2 0 2

m e e e l

r r r_~

we find

d dww d w

ll l U U U = - � �Ł� �ł�= 0

.(A.23)The adiabatic invariance of

U/ wl

("photon number") together with momentum conservationpermit us to solve for the increment in resonant frequency due to an indentation

dx

. We expressthe time-averaged stress on the wall as

T e t E H U E H nn = ( ) -( ) = -( )

14 12

0 2 2 2 2 2

e l l l l l

~ r r r r

,to find

d ww d d x d x ll l l

= - = - = -( ) � � UU T dSU H E dS nn S S12 2 2 r r

.(A.24)We may integrate this formally to obtain Slater’s theorem,

w w d

l l l l

2 02 2 2 1 = + -( ) �

Ł

�

�

ł

� �H̃ E VV

,(A.25)46

for the perturbation to the resonant frequency of a mode due to an excluded volume V. In applyingthis result, it is good to keep in mind that the integration represented here employs mode profilesthat vary with the surface displacement,

" " d d x

V dS”

.47