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Abstract

Direct detection dark matter experiments are increasingly interested in the low-mass

dark matter parameter space, but zero-background low-mass searches require event

separation between the electron and nuclear recoil bands, which requires a proper

understanding of detector energy reconstruction.

Previous simulations have shown that we do not entirely understand the ionization

efficiency (yield) for electron and nuclear recoils, as the assumption that the distribution

for the yield is normally distributed for a true recoil energy is violated. Since the yield

distribution may directly affect dark matter low-mass limits, it is crucial we understand

how the yield is distributed.

A component to understanding the yield distribution is the variance in the number of

electron-hole pairs produced or ionization variance. This effect has been studied relatively

infrequently as experiments have been interested in large energy deposits (10 - 100 keV)

and could accurately separate electron and nuclear recoil events. For electron recoils, the

ionization variance is described by a “Fano” factor. For nuclear recoils the effect can be

parameterized by an “effective” Fano factor, which has similar definition but a different

physical origin. The nuclear recoil “effective” Fano factor is shown to be much larger than

the electron-recoil version above around 10 keV deposited energy.

Approved: Amy Roberts
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CHAPTER I

DARK MATTER

1.1 Introduction

Dark matter is one of the most mysterious problems cosmologists are faced with today.

If we could understand the origins and properties, we could clarify many observations, and

strengthen our admittedly limited understanding of the universe. This thesis will focus on

understanding how to simulate the electron and nuclear recoil bands accurately. As

motivation for content covered later in this document, Chapter I will briefly outline the

evidence for dark matter, and describe in detail how energy deposited inside a detector is

reconstructed. This chapter will also shed light on previous evidence for simulating the

nuclear recoil band incorrectly, and introduce how a rarely explored phenomenon, the

”Fano factor”, and how it might affect the projected dark matter limits in terms of a

minimum detectable dark matter mass.

1.2 Velocity Profile and Galactic Rotation Curves

A galaxy is a gravitationally bound system of stars, gas, dust, and as we now believe,

dark matter. By studying the velocities of stars distributed throughout galaxies, the

cosomological community now largely agrees that dark matter in an important component

[1].
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The circular velocity of stars can be measured as a function of distance from the

center of the galaxy and using the virial theorem, we can get a good approximation of what

this profile should look like. The virial theorem states that for a bound system a star

gravitationally bound to a galaxy, the average kinetic energy is:

〈KE〉 = −1

2
〈V 〉 (1.1)

For a spiral galaxy,

〈V 〉 = −GMtot

R
(1.2)

where Mtot is the total mass of the galaxy, Ms is the mass of a particular star, and R is the

distance that star is away from the center of the galaxy. Using the standard definition for

kinetic energy, the velocity of the star is:

v2
s =

GMtot

R
(1.3)

Where V is the gravitational potential energy of the star.

The first observational evidence against this formulation for the velocity of stars was

found by Fritz Zwicky while observing the coma cluster. He discovered that the virial

mass, Mtot, and the luminous mass (found by using the number of galaxies and a mass to

light ration conversion) differed by a factor of 500, implying that most of the mass was a

form of ”dark matter” [2].

For rotation curves, from equation 1.3, we expect V ∝ 1
r
, but looking at Figure 1.1, we

can see that this is not the case. The velocity profile flattens instead of dropping as

expected. This flattening of the rotation curve indicates that the mass within a radius R

from the center of the galaxy obeys a scaling law :

M(R) =
3v2

flatR

2G
(1.4)
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Figure 1.1: Rotation curves of spiral galaxies showing the rotational velocity of astrophysical
bodies as a function of their distance from the center of the galaxy. Solid line is the expected
velocity, dots are from observations [1]

.

Assuming the mass is spherically distributed

ρ(R) =
3v2

flat

8πGR2
(1.5)

This indicates that the mass seems to increase linearly as a function of distance beyond

what can be visibly seen, and has a density that goes as 1
R2 far from the edge [3]. This gave

rise to the view that a sphere of dark matter resides in a halo surrounding the disk of

visible stars and gas in a galaxy.

1.3 Gravitational Lensing

General Relativity predicts that light should deflect, or bend, around a gravitational

potential created by a large mass, thus creating a lens. The simplest example of a

gravitational lens is a Schwartzchild lens [4]. The angular deflection around a point like

mass is

Θ =
4GM

rc2
=

2Rs

r
(1.6)
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where M is the mass of the lens, Rs is the Schwarzschild radius, and r is the distance from

observer and the image of the source [5]. Assuming a simple treatment in which the object

of interest is directly behind the lens and the same distance away from that the lense that

the observer is, we can find the mass of the lens. Leaving the derivation to [3], the mass is

Mlens =
c2d tan(θobs)(π − 2θobs)

4G
(1.7)

Where d is the distance to the lens, c is the speed of light, G is the gravitational constant,

and θobs is the observed angle of deflection. Experiments have observed that the observed

angle of deflection is to great for the amount of luminous mass contained in a galaxy, once

again indicating the presence of dark matter. It is interesting to note that this simple

treatment of a point like mass breaks down when we consider a continuous mass

distribution, but this treatment was well suited for one of the more famous confirmations of

General Relativity when Arthur Eddington went on an expedition to measure the

deflection of light around the sun in 1919 [6].

Figure 1.2: Right, Optical images from the Magellan telescope with overplotted contours of
spatial distribution of mass, from gravitational lensing . Left, The same contours overplotted
over Chandra x-ray data that traces hot plasma in a galaxy. It can be seen that most of the
matter resides in a location different from the plasma (which underwent frictional interactions
during the merger and slowed down)[2].

An interesting property of dark matter is that it does not interact with itself.

Gravitational lensing presents strong evidence for this observation. A cluster named the

”Bullet Cluster” contains the remains of two sub clusters after they collided. Figure 1.2
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shows the cluster after the merger in the visible spectrum (left plot) and in xray (right

plot). Looking at the left plot, there is no evidence of dark matter (as expected), but

looking at right plot, we can see that the amount of lensing, shown as the green contours,

is displaced from where the heated gas is. This observation indicates that when the two

two sub clusters collided, most of the mass (dark matter) passed on by without interacting,

reinforcing the notion that darm matter does not interact with itself [2].

1.4 Dark Matter Candidates

The observations mentioned in the previous sections are just a small example of many

observations and theories that support the existence of dark matter, all of which rely on

gravitational interactions. Though there are several dark matter candidates, whether dark

matter interacts via the other fundamental forces is currently pure speculation as no

experimental evidence exists to support the claim that it does. Currently, dark matter is

thought to be composed of non-baryonic material that has mass and does not interact

significantly with radiation or ordinary matter. [5]. Modern dark matter searches are

focused on identifying a particle that is the lightest supersymmetric particle (LSP), such as

Axions, WIMPS, and sterile neutrinos. In this section, I will give a brief introduction into

theses candidates.

1.4.1 Axions

Axions, perhaps a less popular candidate for dark matter, is a spinless, electrically

neutral, very light particle which was initially introduced as a solution to the strong charge

conjugation parity symmetry problem (strong CP problem)[7]. The particle’s mass, MA is

dependent upon its decay constant fa.

MA = 6µeV
1012GeV

fa
(1.8)
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Since the energy density of cold axions is

Ωah
2 = (

fa
1012GeV

)2 (1.9)

if the mass is O(10µeV ) [8], the axion could be a candidate for cold dark matter as Ωah
2

could account for the theorized amount of dark matter in the universe.

The Axion Dark Matter experiment (ADMX) is working to detect axions that have

converted to photons in a microwave cavity permeated by a magnetic field [9]. With plans

to look into the 10µeV range, ADMX results have already excluded low mass axions within

the range 1.9µeV < MA < 3.69µeV [10][11].

1.4.2 Sterile Neutrinos

Sterile Neutrinos are hypothetical particles that interact only gravitationally and do

not interact via any of the fundamental interactions of the Standard Model. A sterile

neutrino N , is an example of decaying dark matter. Through its mixing with the ordinary

neutrinos, N can decay (via Z boson exchange) into three antineutrinos,

N → ν̃ + ν̃ + ν̃ (1.10)

and a more constraining decay channel where it decays into a neutrino and a photon.

N → ν + γ (1.11)

To be dark matter, there should be at least 3 sterile neutrinos to account for neutrino

mixing and the lifetime of N should be greater than the age of the Universe [12]. This

constarint on the life time of N mean that the mass of the particle(s) need to be

MDM ≤ 400eV .The possible decay channels means that it should be detectable. If the

mass of N is constrained to be 0.4keV ≤MDM ≤ 10keV the energy of the photon should

be in x-ray spectrum. Experiments such as XMM-Newton, Chandra, and INTEGRAL are



I DARK MATTER 7

looking for such decays [12][13][14]. Though N has not been found, and upper bound on

the mass has been made, MDM ≤ 4keV.

1.4.3 Weakly Interacting Massive Particles

The search for dark matter via direct detection techniques has been motivated by the

popularity of Supersymmetric models with a stable lightest Supersymmetric particle as

their dark matter candidate. For the last 20 years, the focus of these searches has been on

‘Weakly Interacting Massive Particles’ or WIMPS. WIMPS are expected to be electrically

neutral, have a mass somewhere between 10 GeV and 100 TeV and should interact with

ordinary matter via the weak nuclear force, giving a small but non negligible coupling to

standard model particles [15]. WIMPs are proposed to have decoupled from equilibrium

with Standard Model particles once the rate of conversion between WIMPs and other

particles became less than the expansion rate of the universe. Previously, neutrinos were

originally proposed as a WIMP candidate, but the three known neutrinos do not have

enough mass to account for the current estimated dark matter density [16].

The rate at which WIMPS are expected to interact with nuclei in a detector is given

by:

dR

dEr
=
NTMT

2Mwµ2

[
σSIF 2

SI(ER) + σSDF 2
SD(ER)

]
τhalo (1.12)

where Mw is the mass of the wimp, MT is the mass of the target nuclei,µ is the reduced

mass of the system, Nt is the number of nuclei in the target, and ER is the energy of the

nuclear recoil. σSD,σSI ,FSD,and FSI are the spin dependent and spin independent cross

section and nuclear form factors respectively [17]. τhalo is the halo-model form factor, and

depends on the the velocities of the WIMPS in the halo which are usually assumed to take

on a standard Maxwellian velocity distribution. Figure 1.3 shows the expected recoil

spectra for three WIMP masses.
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Figure 1.3: Expected WIMP spsctrum for 3 potential masses. X-axis represents energy
deposited in the detector with the x-intercept representing the maximum amount of energy
transfer possible for the given mass. The shaded region around each line represents the 90%
confidence regions.

1.5 Direct Detection of WIMP Dark Matter

As mention prior, the primary candidate for direct detection dark matter are WIMPS,

and they are expected to interact with the nuclei of the detector. Detecting WIMP dark

matter requires a highly sensitive particle detector. The Super CDMS collaboration uses

cryogenically cooled Z-sensitive ionization detectors (iZIPS)made of Germanium. These

detectors are capable of measuring charge liberated and phonons created through the use

of electrodes and superconducting tungsten-aluminum sensors.

When a particle interacts/deposits energy inside a detector, it has two modes of

interaction: interacting with the electrons bound the the target’s atoms (electron recoils)

or scattering off the target nuclei (nuclear recoils). In both cases, it liberates electron holes

pairs and produces primary phonons. The electron-hole pairs are drifted across the detector
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by a applied volatge. The electron-hole pairs collide with Germanium nuclei and produce

secondary or ”Luke Phonons [18].” A sketch of this process is visualized in Figure 1.4.

Figure 1.4: Sketch of a CDMS iZIP detector showing charge and phonon propagation. Here,
the liberated charge drifts across the detector due to an applied voltage. The liberated
charge excites ’Prompt’ phonons (also known as primary phonons) which get collected by
phonon sensors.

The primary and secondary phonons are detected by aluminum fins that are attached

to the transition edge sensors. Any electron hole pairs that are not trapped in a vacancy

within the lattice structure drift across the detector until collected by the charge

sensors.Determining the energy a particle deposited inside the detector requires

measurements of the charge and phonon energy:

EP = Er + Eluke

EQ = Ne/hεγ

(1.13)

where, EP is the phonon energy,ELuke is the contribution to the total phonon energy from

secondary phonons created from drifting electrons [18]:

ELuke = eV Ne/h (1.14)

EQ is the charge energy, Ne/h is the number of electron hole pairs created, and εγ is the

average energy required to liberate 1 electron-hole pair and V is the voltage applied to the
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Figure 1.5: Ionization Yield vs recoil energy from Californium calibration data. Top band
represents the electron recoil band, bottom band represents nuclear recoil band. Solid Black
bands represent 2.5σ fits to each band. [20]

detector. The number of electron-hole pairs created can be expressed in terms of recoil

energy:

Ne/h =
Y Er
εγ

(1.15)

where Y is the ionization yield. The ionization yield is the fraction of energy given to the

electron-hole pairs. For electron recoils Y = 1 and for nuclear recoils the yield is defined by

lindhard in [19] and will be discussed in greater detail in the next section. The

reconstructed recoil energy is then:

Er = EP −
V

εγ
EQ (1.16)

Figure 1.5 shows the ionization efficiency for both methods of interactions from a CDMS

iZIP detector showing the event separation abilities at energies greater than 10 keV.
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1.6 Lindhard Model

For CDMS and other charge-based detectors, the question we must answer to

reconstruct the energy is: For a nuclear recoil, how much energy is given up to the

electronic system? In other words given Er, what is the ionization yield? In the dark

matter community, the most widely used model to answer this question is the Lindhard

model. The Lindhard model predicts the fraction of energy given to the electronic system,

or ionization yield for nuclear recoils of a given initial kinetic energy. A dislodged nucleus

(nuclear recoil) will generally stop in a short distance within a solid. Along the stopping

path, the nucleus will interact with either the electronic system or other lattice atoms and

generally these energy loss mechanisms compete with one another. The average energy loss

due to atomic collisions, ν̄(ε) is described by the following: [21]

kε1/2ν̄ ′(ε) =

∫ ε2

0

dt

2t
3
2

f(t1/2)(ν̄(ε− t

ε
)− ν̄(ε) + ν̄(

t

ε
)) (1.17)

ε = E
a

2Z2e2
(1.18)

Where ε is dimensionless energy, a is the Bohr radius, Z is the atomic number, e is

elementary charge of an electron and t is a variable representing the energy transfer for a

scatter of a nuclear recoil with energy ε. Solving this equation using a f(t1/2) derived from

the Thomas-Fermi Potential [21] gives the energy loss due to atomic motion that can be

approximated by:

ν̄(ε) =
ε

1 + kg(ε)

g(ε) = 3ε0.15 + 0.7ε0.6 + ε

(1.19)

where k is a constant that is determined by the material of interest. For Germanium, the

generally accepted value for k is 0.157. As the quantity of interest is the fraction of energy
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given to the electrons, or the ionization yield Y , we can use ¯ν(ε) to parameterize this

quantity:

Y =
ε− ν̄(ε)

ε
=

kg(ε)

1 + kg(ε)
(1.20)

A plot of measured values of the ionization yield (ionization efficiency in the plot) for

nuclear recoils is shown in Figure 1.6.

Figure 1.6: Comparison of expected ionization yield to measurements made by several ex-
periments showning a deviation from theroy for most experiments.
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1.7 Simulated Recoil Bands and Limits

In direct detection dark matter experiments, simulating the electron and nuclear recoil

bands is an essential component in understanding detector response. The bands have been

previously simulated in [22]. Figure 1.7 shows a comparison of simulated bands to bands

created from Cf calibration data. Though not a perfect comparison, one can see that the

simulated bands (TOP) are much narrower than the bands from calibration.

Understanding why the bands are narrow is important as it can effect the projected dark

matter mass limits. Dark matter mass limits are used to determine what mass, and at

what probability, we are expecting to be able to detect dark matter. Figure 1.8 shows

current projected CDMS Snow lab limits [23]. The x-axis represent the dark matter, in this

case WIMP mass, and the y-axis represents the cross section, or probability of interaction.

The narrow simulation bands impacts this plot by shifting where the limits fall. For

example, if the simulated bands are really narrow, this could shift a limit down and to the

left indicating a stronger limit. This happens because narrow bands indicate that we have

the ability to better discriminate between electron and nuclear recoils, meaning that we are

more likely to see an interaction for a lower mass dark matter particle, as a low mass

particle has a lower maximum possible energy it can deposit. In other words, the better

event separation ability, the more confident we are in detecting low mass particle.

The bands simulated in [22] might be to narrow due to not including the ionization

variance
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Figure 1.7: TOP. Simulated electron and nuclear recoil bands and a function of recoil energy
(Pr) found in [22]. Bottom. Electron and nuclear recoil bands from Cf calibration data.
Blue and red bands are formed by fitting the ionization yield (y-axis) with a Gaussian and
calculating the 2.5σ point from the mean and plotting as a function of recoil energy.
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Figure 1.8: Projected exclusion sensitivity for the SuperCDMS SNOLAB direct detection
dark matter experiment. The vertical axis is the spin-independent WIMP-nucleon cross
section under standard halo assumptions, and the horizontal axis is the WIMP mass,where
WIMP is used to mean any low-mass particle dark matter candidate. The blue dashed
curves represent the expected sensitivities for the Si HV and iZIP detectors and the red
dashed curves the expected sensitivities of the Ge HV and iZIP detectors [23]
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1.8 Ionization Variance

The direct detection community has been concerned with the average ionization yield

produced by a recoiling nucleus within a detector. This has largely been accepted as

experiments such as CDMS, Edelweiss and CRESST were interested in large energy

deposits (10-100keV) which allowed the ability to distinguish between electron and nuclear

recoils accurately. With the parameter space for WIMP shifting to lower masses, and

therfor lower energy deposits, the ability to distinguish between electron and nuclear recoils

becomes dependent upon the ionization variance.

In this section, the concept of the Fano factor is introduced for electron recoils

followed by an introduction to previous predictions and measurements of the ionization

variance and then expressed in terms of an effective nuclear recoil Fano factor. For electron

recoils, the variance in the number of electron hole pairs produced for a single recoil is

σN =
√
F ¯Ne/h, where F is the Fano factor and ¯Ne/h is the average number of electron hole

pairs. The Fano factor is a constant of variation that accounts for the fact that energy loss

in particle collision is not purely statistical as an atom has many ways it can ionize. If the

variance in electron-hole pair production was purely statistical, the variance would follow

that of a Poisson distribution σN =
√
Ne/h. For electron recoils in germanium F = 0.13

[24]. For nuclear recoils, the concept of the Fano factor is that same for electron recoils as it

accounts for the various ways in which a recoiling nucleus can liberate electron-hole pairs.

The key difference is that there is evidence that the Fano factor for nuclear recoils is energy

dependent. As far as we know, Lindhard, Doughetry, and Edelweiss [25][21][26] are the only

ones to make a prediction/measurement for the variation in the number of electron-hole

pairs produced. Lindhard predicts a variation in electron-hole pair production Ω2, but uses

the variation in total energy ε so that Ω2 must also include the variation in phonon energy:

ε = ν(ε) + η(ε), (1.21)
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where ν and η are phonon and ionization energies, respectively. Using this definition, the

ionization yield becomes Y = η̄
ε
. Using the definition of the Fano factor used previously

σN =
√
FN̄ and the definition of fractional variance σN

N
, we can write an effective Fano

factor for the nuclear recoil band using Lindhard’s notation:

√
FN

N
=

Ω

ν
=

Ω

Y ε

NF

N2
=

Ω2

Y 2ε2

F = N̄
1

Y 2

(
Ω

ε

)2

(1.22)

This formulation of F only accounting for the variance in electron-hole pair production and

not the variation in phonon energy. Figure 4.6 shows effective Fano factors for

assumptions(approximations) made by Lindhard in [21] as well as the effective Fano factor

measured and predicted by Doughetry for Silicon. As shown, the effective Fano factor is

significantly greater than that for electron recoils ( F = 0.13 for Germanium and F = 0.115

for silicon) as there is significant variation in the amount of energy that can be deposited in

the phonon system.

Simillaly to CDMS, Edelweiss has the ability to directly measure the ionization yield,

expect the use an term called a Quenching factor represented by Q as [25]:

Q =
EI
ER

ER = (1 +
V

ε
)EH −

V

ε
EI

(1.23)

Here, EI is the ionization energy, which is calibrated diffrently than EQ, and EH is the

“Heat” Energy which is analogous to EP . Figure 1.10 shows the measured quenching factor

Q vs. ER for both the electron and nuclear recoil band. Q is parameterized as:
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Figure 1.9: Predicted effective Fano factor for 2 assumptions made by Lindhard. Also shown,
measurements made by Doughetry in slicon.[21][26] Figure curtosy of Anthony Villano.

where Q is parameterized as:

Q = aEb
r (1.24)

where Er is the recoil energy and a = 0.16, b = 0.18.
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Figure 1.10: Electron and nuclear recoil bands from data taken during a 252Cf calibration.
Red and blue lines represent 1.625σ (90%) containment lines formed using Gaussian fits to
the quencing factor [25].

Edelweiss made measurements for the variance in the quenching factor:

σ2
Q =

1

E2
R

(
(1 +

V

ε
Q)2σ2

I + (1 +
V

ε
)2Q2σ2

H

)
(1.25)

and V is the detector voltage, ε is the energy required to create 1 electron hole pair, σ2
I is

the variance in the charge measurement,σ2
H is the variance in the heat measurement [25],

σ2
I and σ2

H are parameterized as:

σI(E)2 = (σoI)
2 + (aIE)2

σH(E)2 = (σoH)2 + (aHE)2

(1.26)

where σoI and σoH are the baseline resolutions and aI and aH are deduced from the

resolution of the ionization and heat signals at 122 keV [25].
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Edelweiss found that distribution of data was to wide for what they expected. Atomic

scattering, variation in the number of charges created by a nuclear recoil [27] and multiple

scattering are expected to give an intrinsic width to the Q distribution for nuclear recoils

and thus explain this behavior [28]. To account for this, they added a constant in

quadrature to the resolution σ2
Q:

σY (ER) =
√
σoY (ER) + C2 (1.27)

By fitting data, they determined that a typical value of C is 0.04. In the next chapter, the

nuclear recoil Fano factor will be parameterized in terms of the Edelweiss resolutions.
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CHAPTER II

SIMULATION: RECOIL BAND

STRUCTURE

The goal of this thesis is to investigate the role the Fano factor has on setting dark

matter mass limits. To do so, we need first to be able to simulate the bands accurately. In

the sections that follow, the electron and nuclear recoil bands are simulated in two ways:

First, to confirm the narrowness found in the nuclear recoil band by [22], both bands are

simulated with no Fano factor. An in-depth analysis of the type of distribution the

ionization yield has is also investigated. Second, the bands are simulated by including the

Fano factor in the resolutions.

2.1 Charge and Phonon Resolution

An important concept to understand when attempting to simulate the electron and

nuclear recoil bands is detector resolution as the value of the resolutions can directly affect

the measured ionization yield, which is used to distinguish between the two recoil types

and impacts the ability to derive physically accurate detector models. In this section, I give

a brief description of how the charge and phonon resolutions for the CDMS iZIP detectors

are found and how they will be implemented in simulating the electron and nuclear recoil

band.
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The charge and phonon resolutions for the iZIP detectors where found by fitting

Gaussians to peaks located at 0, 10.36, 66.7, 356, and 511 keV. By comparing the 1σ width

of each peak to the associated mean peak location, a functional form was fit for both the

phonon and charge resolutions as a function of energy [29]:

σp =
√
αp + βpEP + γpE2

P

σq =
√
αq + βqEQ + γqE2

Q

(2.1)

where the values for α, β, and γ for σp and σq are parameters that were computationally

found for each CDMS detector. detector. The results for iZIP detector 1 are shown in

Table 2.1.

Table 2.1: Detector resolution coefficients.α, β, and γ are found from lines of best fit in [29]
for detector 1.

α β γ
σp 0.155 9.1 ∗ 10−11 0.00051
σq 0.166 0.0023 9.52 ∗ 10−5

2.1.1 Recoil Bands from data

For electron and nuclear recoils, the distribution for the ionization yield is usually

modeled to be normally distributed for a given recoil energy. To aid in the analysis of the

shape of the electron and nuclear recoils bands, fitted bands from CDMS are used. The

black 1σ bands pictured in Figure 2.1 are created by fitting the ionization yield from

CDMS data with a Gaussian and calculating the mean and standard deviation. The results

from the fit are used to find parameterization of the following form:

µY ± σY (2.2)

where:



II SIMULATION: RECOIL BAND STRUCTURE 23

µY = aEβ
r

σY =
a2Eb

r + c

Er

(2.3)

were, a, b, and c are calculated from the fits [30].

2.2 Simulated Recoil Bands

Nuclear recoils are the primary way dark matter is expected to interact with atoms

inside a detector. But before trying to simulate the nuclear recoil band, it is essential first

to understand how to simulate the electron recoil band, as the electron recoil band has the

convenient property that the expected ionization yield is independent of the electron recoil

energy, specifically Y = 1.

2.2.1 Electron Recoils: No Fano Factor

To simulated the electron recoil band, first a “true” electron recoil energy, Eer is

randomly drawn from a normal distribution of energies ranging from 10− 100 keV. This

energy is then used to calculate the“tru” phonon energy, charge energy, and average

number of electron hole pairs produced ¯Ne/h. The true phonon and charge energies are

calculated assuming a perfect resolution:

N̄e/h =
Eer
ε

EP = Eer + V N̄e/h

EQ = N̄e/hε

(2.4)

here N̄e/h is the average number of electron hole pairs produced, V is the applied detector

voltage, and εγ is the amount of energy needed to liberate 1 electron hole pair. For

germainium εγ = 3.32 eV [31]. To determine a measured yield value,the measured phonon
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energy ẼP , and the measured charge energy ẼQ, it is helpful to have a good understanding

of what the distributions for ẼP and ẼQ are expected to look like. Both ẼP and ẼQ are

expected to be normally distributed:

f(x|σQ, Y, ER) =
1√

2πσ2
Q

e
(x−Y ER)2

2σ2
Q

f(x|σP , Y, ER) =
1√

2πσ2
P

e
(x−[1+( eVε )Y ]ER)2

2σ2
P

(2.5)

To simulate these normal distributions the ”true” charge and phonon energies are

calculated randomly sampling from normal distributions with mean Ep and Eq and

standard deviations σp and σq respectively:

ẼP ≈ N
(
ĒP , σp(Er)

)
ẼQ ≈ N

(
ĒQ, σQ(Er)

) (2.6)

Using the measured values ẼP and ẼQ the measured recoil energy and the measured

ionization yield can be calculated

Ẽr = ẼP −
ẼQV

εγ

Y =
ẼQ

Ẽr

(2.7)

Here Ẽr is the measured electron recoil energy. The result of this simulation is shown

below in Figure 2.1

2.2.2 Containment fraction

As mentioned previously, for single recoil energy Er the yield is expected to be

normally distributed and therefore 68.27% of the data should be within 1σ of the mean

Y = 1. To investigate the amount of data contained within 1σ, the data is generated in

logarithmic spaced energy bins from 10keV -110keV and the containment fraction is
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Figure 2.1: Simulated electron recoil band with no Fano factor. Red dashed line represents
the mean yield Ymean = 1. Black bands represent 1σ containment for electron recoil bands
from CDMS [32].

calculated by comparing the amount of data within the 1σ.

%contained =
N − |U +D|

N
∗ 100 (2.8)

Here, N is the total number of data points in a specific energy bin, U is the amount of data

above the upper 1σ band, and D is the amount of data below the lower 1σ band. This

counting algorithm follows that of a binomial distribution, allowing for a simple derivation

of the uncertainty in the containment fraction:

σc =

√
Np(1− p)
N

(2.9)
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Figure 2.2: Simulated electron recoil band with logarithmically spaced bins from 10 keV −
110 keV with no Fano factor. Red dashed line represents the mean yield Ymean = 1. Black
bands represent 1σ containment for electron recoil bands from CDMS [32].

where N is the total number of data points within a bin, and p is the probability of success,

or number of data points that lay outside the upper and lower 1σ containment bands.

p =
N − U −D

N
(2.10)

To quantify the symmetry of the distribution of each bin, the contribution from the

upper and lower half of the distribution is calculated:

%up =
N − 2U

N
∗ 100

%down =
N − 2D

N
∗ 100

(2.11)

The containment fraction for each bin is listed in table 2.2 and visuallized in Figure 2.3. It
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can be seen that the amount of data present within 1σ is greater than 68% for all 8 energy

bins. On average, the containment fraction differs from the expected value of 68% by 5.8%.

This indicates that the distribution of data in each energy bin is distributed closer to the

mean than previously thought, confirming the observation found in [22]. The last two

columns in table 2.2 look at the symmetry of the data.

Table 2.2: Containment fraction for Electron recoil band. The expected 68% containment
fraction is under the assumption that the yield for electron recoils is normally distributed.

Energy Bin [KeV] % Containment Expected Percent From High Percent From Low
10-13.4 81.96 ±0.41 68 71.50 ±0.67 78.41 ±0.59
13.4-18.1 80.23 ±0.40 . 71.91 ±0.66 78.32 ±0.59
18.1-24.5 78.49 ±0.42 . 71.01 ±0.67 78.30 ±0.59
24.5-33.1 75.69 ±0.42 . 70.24 ±0.68 76.06 ±0.62
33.1-44.8 71.88 ±0.44 . 70.24 ±0.68 76.06 ±0.62
44.8-60.02 69.46 ±0.43 . 65.69 ±0.71 69.22 ±0.68
60.6-80.2 70.47 ±0.43 . 66.52 ±0.73 70.81 ±0.55
80.2-110.0 70.13 ±0.42 . 68.39 ±0.70 72.39 ±0.66

Percent from high quantifies the contribution the upper 50% of the data has on the

mean of the distribution. Percent from low quantifies the contribution from the lower half

of the data. As shown, the contribution from the lower half of the distribution is greater

than the upper half, which indicates that the distribution in each energy bin has a positive

skew.
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Figure 2.3: Containment fraction for electron recoil band with no Fano factor. As show, the
percent of data within 1σ varies wildly from the expected 68%.

2.2.3 Nuclear Recoil Band

As the primary candidate for experiments such as CDMS and Edelweiss are WIMPS,

which are expected to interact primarily with the nuclei in a detector, understanding the

structure of the nuclear recoil band is important. Simulating the nuclear recoil band is

similar to that of the electron recoil band, except the ionization yield in no longer unity

and therefore the average number of electron hole pairs created during a nuclear recoil

event is now dependent upon the ionization yield Y .

¯Ne/h =
Y Enr
ε

(2.12)
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here Y is defind as the fraction of energy given to the electrons in [19] and originally by

Lindhard in [21]:

Y =
kg(ε)

1 + kg(ε)

g = 3ε0.15 + 0.7ε0.6 + 0.6ε (2.13)

where k is

k = 0.133Z
2
3A−

1
2 (2.14)

and ε is the reduced energy defined by lindhard [21] as:

ε = Enr
a

2Ze2

a = 0.8853
ao

2Z
1
3

(2.15)

where a is a scaled distance, ao is the bohr radius, Z is the atomic number of both the

incoming particle and the target. ( Lindhard expresses ε in terms of Z1 and Z2, here we

look at the case where Z1 = Z2).

After accounting for the yield, the simulation for the nuclear recoil band is the same as

in the previous section (see equations 2.4-2.7). Figure 2.4 shows the results from simulating

nuclear recoils with no Fano factor with energies ranging from 0-160 keV. Unlike the

electron recoil band, it is visually obvious that the distribution of data is to narrow as

almost all of the data falls within the 1σ containment band. To further confirm this

observation, that data is split into logramithcally spaced bins as before (shown in figure

4.5) and the percent contained within 1σ is calculated. The results in table 4.4 confirm the

visual observation as the average containment fraction is 91.7%. In contrast to the electron

recoil band, an interesting observation is that the distribution of the yield appears to be

symmetric as the percent from high and percent from low are approximately equal to one
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another.

Figure 2.4: Simulated Nuclear recoil band with Fano factor = 0. Red dashed line represents
the mean yield Ymean = 1. Black bands represent 1σ containment for electron recoil bands
from CDMS [32].

Table 2.3: Containment fraction for Nuclear recoil band simulated with no Fano factor. The
expected 68% containment fraction is under the assumption that the yield for nuclear is
normally distributed.

Energy Bin [KeV] % Containment Expected Percent From High Percent From Low
10-13.4 87.09 ±1.23 68 74.33 ±2.00 79.86 ±2.01
13.4-18.1 90.10 ±1.61 . 76.89 ±1.93 86.34 ±2.24
18.1-24.5 94.80 ±1.58 . 81.80 ±1.80 91.47 ±2.10
24.5-33.1 96.91 ±1.36 . 90.84 ±1.25 97.13 ±2.06
33.1-44.8 98.03 ±1.23 . 95.62 ±0.90 98.78 ±1.84
44.8-60.02 99.40 ±1.22 . 98.87 ±0.42 99.83 ±1.86
60.6-80.2 99.50 ±1.27 . 99.45 ±0.32 99.45 ±1.81
80.2-110.0 99.60 ±1.15 . 99.07 ±0.41 99.81 ±1.55
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Figure 2.5: Simulated Nuclear recoil band with Fano factor = 0 binned into 8 logarithmi-
cally spaced bins. Red dashed line represents the mean yield. Black bands represent 1σ
containment for nuclear recoil bands from CDMS [32].
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Figure 2.6: Containment fraction as a functuon of energy for the simulated Nuclear recoil
band with Fano factor = 0. Red dashed line represents the mean yield Ymean = 1. Black
bands represent 1σ containment for electron recoil bands from CDMS [32].
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2.3 Fano Factor in Resolutions

As mentioned in Chapter I, the variation in the number of electron hole pairs

produced can be expressed as a product of a constant of variation (the Fano factor) and

the average number of electron hole pairs produced Ne/h. While simulating the electron

and nuclear recoil bands, we can account for this variation by adding a term to the phonon

and charge resolutions:

σp =
√
αp + βpEP + γpE2

P + V 2Ne/hF

σq =
√
αq + βqEQ + γqE2

Q + ε2γNe/hF

(2.16)

what this says is that the charge and phonon measurements should be sensitive to the Fano

factor.

Looking at Figure 2.8 and comparing with Figure 2.2, we can see no visual evidence

that the width of the yield has been increased for electron recoils. Aside from a variation in

the 60.6 keV point in Figure 2.8 bottom, there appeared to be no difference in the

containment fraction. This is not all that surprising. With a flat Fano factor of 0.13, the

contribution to the resolution is small.

For the nuclear recoil band, the story is a bit different. As mentioned in chapter 1, the

form of the Fano factor for the nuclear recoil band is thought not to be constant, but

energy dependent. As mentioned, Edelweiss added a constant C to account for the missing

variance when comparing their simulation and results from data. If we assume that the

extra variance in the variance of the quenching factor σ2
Q contributed by C is due to the

Fano factor, we can find the Fano factor F as a function of recoil energy and constants

a, b, C F (ER, C, a, b).
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Figure 2.7: Nuclear recoil Fano factor vs. Recoil energy.

σ2
Q = (σoQ)2 +

( ε

ER
Q+

2V

ER
Q2 +

2V 2

εER
Q3
)
F

F =
C2(

ε
ER
Q+ 2V

ER
Q2 + 2V 2

εER
Q3
)

(2.17)

where, σoQ
2 is the intrinsic detector resolutions as shown in equation 1.25. Substituting in

for Q:

F =
C2(

εa

E1−b
R

+ 2V a2

E1−2b
R

+ 2V 2a3

εE1−3b
R

) (2.18)

Here, a, b and C are constants found from [25]. It is important to note that this

formulation of the Fano factor from Edelweiss is an approximation and assumes that the

charge and phonon measurements are independent of one another and the yield is normally
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distributed, which is actually not the case.

Using this form of the Fano factor in equation 2.16 yields the results shown in Figure

2.9. When comparing the results with Figured 2.5 and 2.6 we can see a significant difference

in the width and the containment fraction. The reason for the significant difference, as seen

in Figure 2.7, is the fact that the magnitude of the Fano factor increases rapidly with recoil

energy and is on average 2 orders of magnitude larger than the electron recoil Fano factor.
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Figure 2.8: a: Top: Simulated electron recoil band with Fano factor = 0.13 included in the
resolutions. Black bands represent 1σ containment bands derived from fitting data. Red
dashed line represent mean of recoil band. Bottom: Containment fraction for simulated
electron recoil band with fan factor of 0.13.
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(a)

(b)

Figure 2.9: a: Simulated nuclear recoil band with Fano factor paramerterized from [25]
included in the resolutions. Black bands represent 1σ containment bands derived from
fitting data. Red dashed line represent mean of recoil band. b: Containment fraction for
simulated nuclear recoil band with fan factor parameterized from [25].
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2.4 Fano Factor: Varying Number of Electron Hole

Pairs

In the previous section, the extra variance due to the Fano factor was included in the

charge and phonon resolutions. Though it is true that the charge and phonon resolutions

are affected by this added variance, including the effective Fano factor in that manner is

not entirely a physically accurate model. A more physically accurate model would be to

vary the amount of electron hole pairs produced, as an electron or nuclear recoil with a

single energy will not produce the same amount of electron hole pairs each time. In other

words, an recoil of 60 keV will produce a different amount of electron-hole pairs as a

different electron recoil of the same energy. To account for this effect, the mean number of

electron hole pairs is varied by randomly sampling from a normal distribution with mean 0

and standard deviation σN and adding that number to the mean:

Ne/h = N
(
N̄e/h, σN

)
σN =

√
F ¯Ne/h

(2.19)

After accounting for the variation in Ne/h, the “true” values for EQ and EP are calculated

in the same manner as before:

EP = Eer + V Ne/h

EQ = Ne/hε

(2.20)

Using the new method of including the Fano factor and following the same method as

defined in eqations 2.4-2.7, the electron recoil band is simulated. Figure 2.10 and Table 2.4

show the results of the simulation. Comparing the results from the previous section (Figure

2.8), we can see that there is very little difference in amount of data contained in each bin.

For the nuclear recoil band, it is a different story. Figure 2.11 and Table 2.5 shows the

results for the nuclear recoil band. Unlike the electron recoil band, there is a significant

difference in the containment fraction when comparing to to Figure 2.9. This is due to the
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Fano factor increasing as a function of energy. In the first version of including the Fano

factor, the contribution was only included in the resolutions,which only effected the range

of Ẽp and Ẽq values in which we could draw from. By first varying the number of electron

holes created, we have a greater fluctuation in the ”true” values of Ep and Eq, as there is

now 2 sources of fluctuation. (Ne/h and sampling from Ẽp and Ẽq.) Though also true for

the electron recoil band, the contribution from the Fano factor in the nuclear recoil band is

2 orders of magnitude greater and therefore more impactful.

After simulating the electron and nuclear recoil bands with a more physically accurate

way of including the Fano factor, it is clear that we do not understand the correct form of

the ionization yield distribution. Both CDMS and Edelweiss assume that the yield is

normally distributed, however the containment fraction shows that that is not the case. In

the next section, the degree in which the distribiuton for the yield in the electron and

nuclear recoil bands deviates from a normal distribution will be inverstigated.
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Table 2.4: Containment fraction for Electron recoil band with a Fano factor of 0.2. The
expected 68% containment fraction is under the assumption that the yield for electron recoils
is normally distributed.

Energy Bin [KeV] % Containment Expected Percent From High Percent From Low
10-13.4 81.70 ±0.41 68 71.27 ±0.67 78.93 ±0.58
13.4-18.1 78.83 ±0.40 . 72.03 ±0.66 77.86 ±0.59
18.1-24.5 78.19 ±0.42 . 71.59 ±0.66 77.23 ±0.60
24.5-33.1 74.59 ±0.43 . 70.22 ±0.67 77.04 ±0.60
33.1-44.8 72.18 ±0.44 . 68.38 ±0.69 72.64 ±0.67
44.8-60.6 67.82 ±0.45 . 65.47 ±0.72 70.01 ±0.68
60.6-80.2 70.37 ±0.43 . 65.88 ±0.72 71.26 ±0.67
80.2-110.0 70.60 ±0.42 . 66.82 ±0.70 72.88 ±0.65

Table 2.5: 1σ Containment fraction for Nuclear recoil band simulation using Edelweiss pa-
rameterized Fano factor. The expected 68% containment fraction is under the assumption
that the yield for electron recoils is normally distributed.

Energy Bin [KeV] % Containment Expected Percent From High Percent From Low
10-13.4 74.21 ±1.33 68 61.78 ±2.23 73.30 ±2.01
13.4-18.1 72.59 ±1.41 . 67.32 ±2.21 66.25 ±2.24
18.1-24.5 72.73 ±1.38 . 66.79 ±2.22 70.87 ±2.10
24.5-33.1 75.87 ±1.36 . 69.35 ±2.16 72.58 ±2.06
33.1-44.8 78.16 ±1.23 . 78.12 ±1.88 79.20 ±1.84
44.8-60.02 79.70 ±1.22 . 81.96 ±1.77 80.04 ±1.86
60.6-80.2 80.67 ±1.23 . 76.54 ±1.91 79.19 ±1.81
80.2-110.0 81.60 ±1.15 . 81.32 ±1.76 83.88 ±1.65
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(a)

(b)

Figure 2.10: a: Simulated nuclear recoil band with Fano factor paramerterized from [25]
included in the resolutions. Black bands represent 1σ containment bands derived from
fitting data. Red dashed line represent mean of recoil band. b: Containment fraction for
simulated nuclear recoil band with fan factor parameterized from [25].
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(a)

(b)

Figure 2.11: a: Simulated nuclear recoil band with Fano factor paramerterized from [25]
included in the resolutions. Black bands represent 1σ containment bands derived from
fitting data. Red dashed line represent mean of recoil band. b: Containment fraction for
simulated nuclear recoil band with fan factor parameterized from [25].
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2.5 Test of Normality

In the previous section, the containment fraction shows that the distributions for the

various energy bins for the electron and nuclear recoil band do not contain the amount of

data expected from a normal distribution. The containment fraction does not however,

grant a sense to what degree these distributions differ from that of a normal distribution.

In this section, this deviation will be explored.

Figure 2.12 and Figure 2.13 shows a histogram and a Q-Q plot of the lowest energy

bin (bin center at 15.75 keV) for the electron and nuclear recoil band respectivley. As

shown, there is visual evidence for a asymmetry in both the histogram and the Q-Q plots.

To quantify the amount of asymmetry we can use the skew, also known as the 3rd

central moment of a normal distribution, using Pearson’s Skewness coefficient Gi [33].

Pearson’s coefficient compares the sample to that of a symmetric normal distribution. If

the coefficient Gi = 0, there is no skew to the distribution and if Gi deviates from zero, it

indicates that the distribution has skew. The amount and direction of skew is indicated by

the magnitude and sign of Gi. Larger the magnitude, larger the skew, a negative coefficient

indicates negative skew, positive coefficient - positive skew. Equation 2.16 describes how

the skewness is calculated. To summarize, the traditional way to represent Pearson’s

skewness coefficient is use the ratio of the 2nd and 3rd moments about the mean i.e

m2 = 1
n

∑n
n=1(x− x̄)3 and m3 = 1

n

∑n
n=1(x− x̄)2.

Gi =
m3

m
3
2
2

=
1
n

∑n
n=1(x− x̄)2

[ 1
n

∑n
n=1(x− x̄)3]

3
2

(2.21)

The 2nd moment of a normal distribution is also known as the variance. Programs and

packages such as Excel and numpy in python use a version that is adjusted for the sample

size of the distribution:
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Gi =
n

(n− 1)(n− 2)

1

n

n∑
n=1

(
x− x̄
σ

)3 (2.22)

Using numpy, the skewness in each bin is calculated, the results of which are shown in

tables 2.6 and 2.7. As we can see, the Pearson’s Skewness Coefficient confirms the

observations from Figure 2.12 and 2.13 that the distributions for the yield are positively

skewed. To further quantify the distribution of the yield for electron and nuclear recoils, it

is important to look at the Kurtosis. Kurtosis, also know as the central 4th moment of a

distribution, is a quantitative way to look at the ”tailedness” of the distribution.

K =
1

n

n∑
n=1

(
x− x̄
σ

)4 (2.23)

Values for K range from 1−∞. The larger the value for K, the less normal, or heavy

tailed, the distribution becomes. For example, a normal distribution has a value of K = 3

and a Cauchy distribution has a value of K = 66.9 [34]. The results for K shown in tables

2.6 and 2.7 indicated that the ”tailedness” does not deviate from that of a normal

distribution with an average percent difference of 9%. To complete the analysis of the

normality of the yield, one should test specifically if the data is from a normal distribution.

This can be done using a Shapiro-Wilk and Kolmogorov-Smirnov test for normality. The

Shapiro-Wilk test for normality calculates a W statistic and tests whether the sample

comes from (specifically) a normal distribution.

W =
(
∑n

i=1 aixi)
2∑n

i=1(x− x̄)2
(2.24)

The Kolmogorov-Smirnov test is a non-parametric alternative the the Shapiro-Wilk test as

it only assumes that the data is continuous. Shapiro-Wilk assumes that the data is

randomly sampled, continuous, and has homoscedasticity (constant variance). It is

important to note that both Shapiro-Wilk and Kolmogorov-Smirnov are sensitive to large

sample sizes. For a sample size greater than N 2000, both tests have a tendency to increase
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the type-1 error. In other words, both tests are extremely sensitive to small deviations

from a normal distribution. Therefore, both tests have a significant chance at rejecting the

null hypothesis ( that the distribution is normal) even when it is true. The sensitivity of

both tests means one must use both the tests and the visual representations of the data

(histogram and QQ plot) to truly determine whether or not the distributions are normal.

Table 2.6: Results of the distribution analysis for all 8 logarithmically spaced bins from 10
keV 110 keV for the electron recoils. P-value represents significance for both Shapiro-Wilk
and Kolmogorov-Smirnov tests for normality. P-Value < 0.01 indicates that the distribu-
tion(s) are not normally distributed.

Energy bin [keV] Gi K Shapiro-Wilk P-ValueSW Kolm-Smirnov P-ValueKS
10-13.4 0.41 3.5 0.92 < 0.01 0.031 < 0.01
13.4-18.1 0.39 3.2 0.98 < 0.01 0.028 < 0.01
18.1-24.5 0.34 3.3 0.99 < 0.01 0.032 < 0.01
24.5-33.1 0.33 3.7 0.98 < 0.01 0.029 < 0.01
33.1-44.8 0.38 3.0 0.99 < 0.01 0.031 < 0.01
44.8-60.6 0.31 2.9 0.97 < 0.01 0.031 < 0.01
30.6-80.2 0.29 2.9 0.96 < 0.01 0.028 < 0.01
80.2-110.0 0.29 2.8 0.95 < 0.01 0.032 < 0.01

Table 2.7: Results of the distribution analysis for all 8 logarithmically spaced bins from 10
keV 110 keV for nuclear recoils. P-value represents significance for Shapiro-Wilk test for
normality. any P-value < 0.05 indicates rejection of the null hypothesis that the distribution
is normal.

Energy bin [keV] Gi K Shapiro-Wilk P-ValueSW Kolm-Smirnov P-ValueKS
10-13.4 0.27 3.02 0.99 < 0.01 0.022 < 0.01
13.4-18.1 0.19 2.97 0.99 < 0.01 0.028 0.034
18.1-24.5 0.18 3.25 0.99 < 0.01 0.032 0.02
24.5-33.1 0.09 2.82 0.98 < 0.01 0.031 0.26
33.1-44.8 0.38 2.71 0.99 < 0.01 0.038 0.27
44.8-60.6 0.31 2.84 0.98 < 0.01 0.032 0.45
30.6-80.2 0.29 3.07 0.99 < 0.01 0.031 0.26
80.2-110.0 0.29 3.02 0.97 < 0.01 0.029 0.19

The results of the analysis are clear: The ionization yield for the electron and nuclear

recoil bands is not normally distributed. There is to much data within 1σ and the

distributions are positively skewed. The reason that the data is not normally distributed is

due to the functional form of the ionization yield. Equation 2.7 is a ratio of 2 normally
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distributed random variables. As it turns out, the distribution of the ratio of two normal

distributions is not a normal distribution, but a ratio distribution. The type of ratio

distribution depends on whether or not the numerator and denominator are independent or

dependent, both of which will be investigated in chapter 3
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(a)

(b)

Figure 2.12: a) Histogram of the electron recoil band yield for the energy bin centered at
15.74 keV. Overlaid is a Gaussian distribution. As shown, there is evidence for a positive
skew, as the distribution has a slight tail on the right side. b) QQ plot. The upward curve
in the data indicates a positive skew. To see the histograms and QQ plots for each of the 8
energy bins, please refer to the appendix.
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(a)

(b)

Figure 2.13: a) Histogram of the nuclear recoil band yield for the energy bin centered at
15.74 keV. Overlaid is a Gaussian distribution. As shown, there is evidence for a positive
skew, as the distribution has a slight tail on the right side. b) QQ plot. The upward curve
in the data indicates a positive skew. To see the histograms and QQ plots for each of the 8
energy bins, please refer to the appendix.
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CHAPTER III

SIMULATED YIELD DISTRIBUTION

ANALYSIS

For dark matter searches, confidently knowing the shape in which the probability

distribution for the ionization yield takes directly impacts what data in the electron and

nuclear recoil band can be accepted or rejected. As mentioned prior, the shape in which

the pdf takes has always been assumed to be normal and as shown from the analysis in the

previous chapter, this is not the case. The containment fraction for the electron and

nuclear recoil band differed significantly from that of a normal distribution for all energies.

In this chapter, an analytical form for the probability distribution of the ionization

yield is derived for the two ways in which the data is simulated in chapter II. The first is

assuming that the charge energy EQ and the phonon energy EP are independent of one

another. The second EQ and EP are assumed to be dependent.
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3.1 Two Independent Normal Distributions

In chapter 2, the yield is simulated by including the fano factor in the charge and

phonon resolutions. This way of simulation lets us treat the charge and phonon energy’s as

if they are independent, or not correlated.

Y =
EQ

Ep − V
ε
EQ

(3.1)

Here EP and EQ are normally distributed:

Ep ≈ N(µp, σ
2
p)

EQ ≈ N(µq, σ
2
q )

(3.2)

If we let

X ≈ N(µq, σ
2
q )

U ≈ N(µp − kµx, σ2
p + kσ2

q )

(3.3)

one can see that the yield Y takes the form of Z = X
U

, where X and U are independent

normally distributed random variables. If X and U uphold the assumption for

Independence and both of there means were zero, this would be a straightforward problem

and the distribution would simply be that of a Cauchy. Since X and U do not both have

mean zero, this problem is a bit more complicated. Leaving the derivation to the reader,

the probability distribution for Z takes the form:
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Pz(z, µp, µx, δp, δx) = Ae
1
2

((µx
δx

)2+(
µp
δp

)2)
+BeC + Erf(D)

A =
1

π(z2( δp
δx

) + (1 + kz)2( δp
δx

))

B =

δp
δx

(z µx
δx

δp
δx

+ (1 + kz)µp
δp

)
√

2π(z2( δp
δx

)2 + (1 + kz)2( δp
δx

))
3
2

C =
(z µp

δp

δp
δx
− (1 + kz)µx

δx
)2

z(z2( δp
δx

)2 + (1 + kz)2)

D =
z µx
δx

+ (1 + kz)µp
δp

δx
δp√

2(z2 + (1 + kz)2( δx
δp

)2)

(3.4)

The probability distribution function for Z represents the pdf for the ratio distribution.

3.1.1 Model Validation

Now that there is a analytical expression for ionization yield for the electron and

nuclear recoil band, we need to see if it matches with the simulated data. To do so, the

containment fraction is calculated continuously from 10 - 130 keV by integrating equation

3.4 between the upper and lower 1σ bounds that are generated in equation 2.3.

∫ σY

−σY
Pz(z, µp, µx, δp, δx)dz (3.5)

The total area calculated between −σY and σY determines how much data we should

expecte to see within 1σ of the mean. Looking at Figure 3.1, we can see that the expected

containment fraction matches what we see from the simulation for both.
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(a)

(b)

Figure 3.1: ab) Containment fraction for electron recoils/ nuclear recoils generated with
a fano factor included in the charge and phonon resolutions. Black dotted line represents
expected containment fraction predicted by the PDF in equation 3.4.
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3.2 Two Dependent Normal Distributions

In the previous section, a pdf for the ionization yield was derived. As shown, the

expected containment fraction agreed with what was seen in the simulated data. The

issues with the form of the pdf in the last section, is that the assumption that EQ and EP

are not correlated is incorrect. In this section, a pdf for the yield assuming that EQ and EP

are correlated will be derived. The containment fraction for the new pdf will then be

compared with the containment fraction calculated from the simulated data in which the

fano factor is included by varying the number of electron-hole pairs produced.

To make the derivation simpler, thinking about the yield as a function of 3

independent random variables makes for a slightly easier derivation for the probability

distribution function:

Y =
εNe/h +XQ

Er +XP + V
ε
XQ

(3.6)

where Er, V and ε are constants and N,XQ and XP are independent normally distributed

random variables distributed as Ne/h ≈ N(µN , σ
2
N), XQ ≈ N(0, σ2

Q), and XP ≈ N(0, σ2
P ).

Using a variable substitution, A = εN +XQ and B = Er +XP + V
ε
XQ, then Y = A

B
. We

can then represent the pdf for the yield as:

FAB(a, b) =

∫ ∞
−∞

fABXQ(a, b, q)dq (3.7)

where fABXQ(a, b, q) is the joint distribution function. For a relatively detailed solution to

deriving the pdf for dependent ratio distribution, please see appendix C.

The pdf for the yield is shown in equation 3.6. As with the independent version of the

yield, the new pdf is used to compare the containment fraction for both the electron and

nuclear recoil band. As shown in Figure 3.2, the expected containment fraction agrees with

the data simulated by including the fano factor in the Ne/h variation.
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P
(

Er, Ne/h, δQ, δP , δN ,
)

= e−C

2Aπ
√
k

+ BeD

2
√
A
Erf( B

2
√
A

)

A =
((xV

ε
+ 1)δQ)2 + (xδP )2 + (εδN)2

2k

B =
(V
ε
δ2
Q(ErxεN̄e/h) + xεN̄e/h((

V
ε
δQ)2) + δ2

P + Er(δ
2
Q + (εδN)2)

k

C =
(((N̄e/hV + Er)δQ)2 + ((N̄e/hδP )2 + (ErδN)2)ε2)

2k

D =
B2

4A
− C

k = δ2
P δ

2
Q + V 2δ2

Qδ
2
N + ε2δ2

Nδ
2
P

(3.8)
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(a)

(b)

Figure 3.2: ab) Containment fraction for electron recoils/ nuclear recoils generated with
a fano factor included in the charge and phonon resolutions. Black dotted line represents
expected containment fraction predicted by the PDF in equation 3.6.
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CHAPTER IV

IMPACT ON DARK MATTER SEARCHES

As mentioned in chapter 1, as technology improves, dark matter communities are

eliminating the parameter space in which dark matter is expected to be. With experiments

such as CDMS looking for low mass WIMP dark matter, the effect of the Fano factor

becomes increasingly important. As the Fano factor directly affects the width of the

electron and nuclear recoil band. The higher the Fano factor, the wider the bands. If the

Fano factor is moderately large, experiments lose the ability to discriminate between

electron and nuclear recoils at low energies. In this section, the effect of the Fano factor on

the lowest WIMP mass detectable will be investigated by looking at where 2σ containment

bands overlap for electron and nuclear recoils as the Fano factor increases. The intersection

of the two bands will dictate discrimination threshold, and thus, the lowest WIMP mass

that can be detected.

This chapter will take a slightly different approach than the previous chapters. The

last few chapters have been looking at the yield vs. recoil energy plane. Though the exact

analytical distribution for the yield has been derived, the distribution can be pathological

in some cases, and may not have a well defined standard deviation. For that reason, the

following analysis will be carried out in the EQ/EP plane.
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4.1 EQ EP Space

To look at the effect the Fano factor has on the minimum mass detectable, we need to

first look at the data in the EQ/EP plane. Figure 4.1 shows the total charge energy vs

phonon energy for electron recoils (pictured in black) and nuclear recoils (pictured in blue)

simulated for recoil energies between 0 and 20 keV. One can see that there is clear

separation between the bands until 10 keV in both EQ and EP . A property that makes

EQ/EP space easier to analyze is the fact that for a fixed true recoil energy, the two

dimensional distribution is a bicariate normal and therefore have a well defined standard

deviation.

Figure 4.1: Simulated Charge energy (EQ) - Phonon energy (EP ) plane for electron and
nuclear recoils. Simulated for recoil energies ranging from 0 to 20 keV.



IV IMPACT ON DARK MATTER SEARCHES 58

To begin the analysis, the EQ/EP bands are binned and simulated with a constant

Fano factor (F = 0.13) for the electron recoil band and vales from zero to one hundred in

integer multiplies of 10 for the nuclear recoil band. To see where the bands overlap, each

bin is histogrammed and fit with a Gaussian in EQ. The mean and standard deviation are

calculated. For the electron recoil band, the lower 2 bound is plotted for each bin and used

to form a lower 2σ band for the entire energy range by fitting the data points to a line.

The same procedure is used for the nuclear recoil band except an upper 2σ band is formed.

Figure 4.2 and Figure 4.3 show the results of this procedure for 2 values of the Fano factor

( F=0 and F = 100.) As expected, the location of the intersection point shifts to higher EQ

and EP values.
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Figure 4.2: EQ/EP plan simulated with a Fano factor of 0. Black band represents electron
recoils, blue band nuclear recoil bands. Orange and black points represent location of the 2σ
mark for each bin. Data points are for to a line to form lower bound for electron recoils and
upper bound for nuclear recoils. The red cross represents the intersection of the 2σ bands.
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Figure 4.3: EQ/EP plan simulated with a Fano factor of 100. Black band represents electron
recoils, blue band nuclear recoil bands. Red and black points represent location of the 2σ
mark for each bin. Data points are for to a line to form lower bound for electron recoils and
upper bound for nuclear recoils. The red cross represents the intersection of the 2σ bands
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4.2 WIMP Mass Accessible

Direct detection dark matter experiments such as CDMS and Edelweiss are looking to

move their parameter space to lower dark matter masses. If they are to be successful,

experiments need to know the lowest energy in which they can distinguish between the

electron and nuclear recoil band. In this section, the effect the Fano factor has on the

smallest detectable dark matter mass will be investigated by using the intersection of the

2σ bands for electron and nuclear recoil bands in EQ/EP space.

To calculate the minimum mass detectable, one first needs to calculate the nuclear

recoil energy of an event using the intersection point of the EQ/EP space plot:

Enr = EP −
V

εγ
EQ (4.1)

Since we are interested in the minimum WIMP mass detectable, we assume that the

nuclear recoil energy associated with the intersection point in Figure 4.3 represents the

maximum amount of energy a WIMP can transfer to a germanium nucleus. When a WIMP

deposits the maximum energy available, it scatters backward at 180◦, which allows the use

of 1D kinematics ( conservation of energy and momentum) in the lab frame (earth frame):

KEχi = KEχf +KEGf

Pχi = Pχf + PGf

(4.2)

where KEχi and Pχi is the inital kinetic energy and momentum of the WIMP, KEGf and

PGf is the kinetic energy and momentum of the Germanium nucleus after the collision. As

we are assuming the germanium nucleus deposits all of its energy, the final kinetic energy

of the germanium nucleus is equal to the nuclear recoil energy, KEGf = Enr. Using this

system of equations, we can solve for the WIMP mass as a function of nuclear recoil energy:
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Figure 4.4: Minimum mass acceptable vs nuclear recoil Fano factor. Mass calculated using
recoil energy corresponding to the intersection point in figures such as Figure 4.3.

Mχ =
MGEnr

Vmax
√

2MGEnr − Enr
(4.3)

where MG is the mass of a Germanium nucleus, and Vmax is approximately the maximum

velocity a WIMP can have in the lab frame: Vmax = Vescape + Vearth + Vsolar. Vmax is around

780km/s [35].

Figure 4.4 shows the minimum mass detectable as a function of Fano factor. As

expected, the minimum mass detectable increases with increasing Fano factor as we lose

the ability to differentiate between electron and nuclear recoils at low energies with

increasing Fano factor, motivating the need to measure this effect.
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4.2.1 Effect on Dark Matter Limit

The Fano factor has the potential to effect where we can confidently remove parameter

space for dark matter. For example, if we look at the silicon iZIP line in Figure 4.5, we can

see a kink in the line where the cross section beings to steeply dive. This kink represents

the transition between a background limited and a background free interval [23].

Figure 4.5: Projected exclusion sensitivity for the SuperCDMS SNOLAB direct detection
dark matter experiment. The vertical axis is the spin-independent WIMP-nucleon cross
section under standard halo assumptions, and the horizontal axis is the WIMP mass, where
WIMP is used to mean any low-mass particle dark matter candidate. The blue dashed
curves represent the expected sensitivities for the Si HV and iZIP detectors and the red
dashed curves the expected sensitivities of the Ge HV and iZIP detectors [23]

In the background free situation the scientific impact can be improved by increasing

the experiment’s run time. How ever, the background limited situation cannot be improved

without a detailed investigation into the background sources and engineering an overall

cleaner experiment [36]. The minimum mass detectable may directly effect the location of

this kink point. For example: if a measured value of a Fano factor was found to be 40, the

minimum mass detectable would be 4.5 GeV. This would shift the kink point on the limit
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curve to a higher WIMP mass, meaning the background limited situation would be

applicable to more parameter space and therefore we would not be able to improve the

limit simply by running longer for more of the WIMP mass parameter space.
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APPENDIX A

SIMULATION ALGORITHIM

1.1 Simulated Recoil Band Algorithm

The following algorithm is used to simulate the fraction of energy given to the

electronic system, or yield, as a function of energy for electron and nuclear recoils.

1. Find the true recoil energy.

• Create a uniform distribution of energy between 10 and 150 keV.

• The true recoil energy is then randomly drawn for this distribution.

2. Calculate the average number of electron hole pairs produced N̄ based on the yield Y .

• Y is the average yield calculated from Lindhard for a given recoil energy.

3. Randomly draw the number of electron hole pairs produced N

• N is randomly drawn from a normal distribution with a mean of N̄ and a

standard deviation
√
N̄F , where F is the fano factor.

4. Calculate EP and EQ based on N .

• EP and EQ are considered the ”true” values.

5. Calculate detector resolutions σp and σq
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• σp(EP ) and σq(EQ) are based on the quantities found in Dan Jardin’s note [ref].

6. Smear EP and EQ with σp and σq to find ẼP and ẼQ

• Create two normal distributions with means EP and EQ and standard

deviations σp and σq.

• Randomly draw from these distributions to find ẼP and ẼQ respectivly.

7. Calculate the ’measured’ recoil energy Ẽr using ẼP and ẼQ.

8. Calculate the ’measured’ yield Ỹ

1.2 Expected Yield Algorithm

The following algorithm is to calculate the expected amount of energy given to the

electronic system as a function of energy for electron and nuclear recoils.

1. Find the true recoil energy.

• Create a uniform distribution of energy between 10 and 150 keV.

• The true recoil energy is then randomly drawn for this distribution.

2. Calculate the average number of electron hole pairs produced N̄ based on the yield Y .

• Y is the average yield calculated from Lindhard for a given recoil energy ( for

electron recoils Y = 1.)

3. Calculate ĒP and ĒQ based on N̄

4. Calculate σP (ĒP ) and σQ(ĒQ) based on Dan Jardin’s note [ref]

5. Add ε2FN̄ to σ2
Q to get σ̃2

Q =
√
σQ(ĒQ)2 + ε2FN̄

• The fano factor F is added here, as we are not varying the number of electron

hole pairs created.
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6. Add (eV )2FN̄ to σ̃2
P

7. Find expected PDF for the yield using ĒP , ĒQ, σ̃2
P , σ̃2

Q.
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APPENDIX B

DISTRIBUTION PLOTS

Shown below are the histograms and QQ plots for ionization yield for the electron and

nuclear recoil bands. Data is generated using version 2 of the simulation ( Varying number

of electron-hole pairs.) Data was split into the following bins:

[10,13.4,18.1,24.5,33.1,44.8,60.4,80.2,110]. Each plot is made made the the bin center.

2.1 Electron Recoils: Fano = 0.13

Figure 2.1: Histogram (a) and Q-Q plot (b) for electron recoils simulated at bin center 11.7
keV



APPENDIX B DISTRIBUTION PLOTS 69

(a) (b)

Figure 2.2: Histogram (a) and Q-Q plot (b) for electron recoils simulated at bin center 15.7
keV

(a) (b)

Figure 2.3: Histogram (a) and Q-Q plot (b) for electron recoils simulated at bin center 21.3
keV
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(a) (b)

Figure 2.4: Histogram (a) and Q-Q plot (b) for electron recoils simulated at bin center 28.8
keV

(a) (b)

Figure 2.5: Histogram (a) and Q-Q plot (b) for electron recoils simulated at bin center 39.4
keV
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(a) (b)

Figure 2.6: Histogram (a) and Q-Q plot (b) for electron recoils simulated at bin center 53.1
keV

(a) (b)

Figure 2.7: Histogram (a) and Q-Q plot (b) for electron recoils simulated at bin center 70.4
keV
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(a) (b)

Figure 2.8: Histogram (a) and Q-Q plot (b) for electron recoils simulated at bin center 95.1
keV
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2.2 Nuclear Recoils: Er Dependent Fano Factor

(a) (b)

Figure 2.9: Histogram (a) and Q-Q plot (b) for nuclear recoils simulated at bin center 11.7
keV
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(a) (b)

Figure 2.10: Histogram (a) and Q-Q plot (b) for nuclear recoils simulated at bin center 15.7
keV

(a) (b)

Figure 2.11: Histogram (a) and Q-Q plot (b) for nuclear recoils simulated at bin center 21.3
keV
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(a) (b)

Figure 2.12: Histogram (a) and Q-Q plot (b) for nuclear recoils simulated at vbin center
28.8 keV

(a) (b)

Figure 2.13: Histogram (a) and Q-Q plot (b) for nuclear recoils simulated at bin center 39.4
keV
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(a) (b)

Figure 2.14: Histogram (a) and Q-Q plot (b) for nuclear recoils simulated at bin center 53.1
keV

(a) (b)

Figure 2.15: Histogram (a) and Q-Q plot (b) for nuclear recoils simulated at bin center 70.4
keV
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(a) (b)

Figure 2.16: Histogram (a) and Q-Q plot (b) for nuclear recoils simulated at bin center 95.1
keV
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APPENDIX C

YIELD DISTRIBUTION

Prerequisite Information

Properties of Random Variables

• If X and Y are two continuous random variables described by probability density

functions fX (x) and fY (y) respectively, then the joint distribution is defined as

follows.

fXY (x, y)P

(
X = x

⋂
Y = y

)
= fX (x|Y = y) fY (y) = fX (x) fY (y|X = x) (3.1)

• If X and Y are three continuous random variables described by probability density

functions fX (x) and fY (y) respectively, then the following property holds:

fX (x) =

∫
y∈ΩY

fXY (x, y) dy (3.2)

where ΩY is the set of all possible values of the variable Y . This leads to the next

property:
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• If X , Y , and Z are three continuous random variables described by probability

density functions fX (x) , fY (y) , and fZ (z) respectively, then the following property

holds

fXY (x, y) =

∫
z∈ΩZ

fXY Z (x, y, z) dz (3.3)

Ratio Distribution Density Function

• If X and Y are two continuous random variables described by probability density

functions fX (x) and fY (y) respectively, then the ratio distribution defined as Z = X
Y

has a density function that can be calculated through the following formula. (See

Proof)

fZ (z) =

∫
t∈ΩY

|t|fXY (zt, t) dt (3.4)

Proof of Denisty Function for Yield Variable

In the current model of the Yield, the random variable is given by the following

expression:

Y =
εN +XQ

Er +XP +
(
V
ε

)
XQ

(3.5)

where Er , V , and ε are constants and N , XQ , and XP are independent normally

distributed variables distributed as N ∼ N (µN , σ
2
N) , XQ ∼ N

(
0, σ2

Q

)
, and

XP ∼ N (0, σ2
P ) . Thus, the known density functions are fN (x) = 1

σN
√

2π
e
− (x−µN )2

2σ2
N ,

fXQ (x) = 1
σQ
√

2π
e
− x2

2σ2
Q , and fXP (x) = 1

σP
√

2π
e
− x2

2σ2
P .

A variable switch was introduced where A = εN +XQ and B = Er +XP +
(
V
ε

)
XQ .

Thus:
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Y =
εN +XQ

Er +XP +
(
V
ε

)
XQ

=
A

B
(3.6)

Using the Ratio distribution density function formula gives the distribution of the Yield as:

fY (y) =

∫ ∞
−∞
|t|fAB (yt, t) dt (3.7)

Now, the joint distribution fAB (a, b) must be calculated. Using the third listed property

of random variables, we have:

fAB (a, b) =

∫ ∞
−∞

fABXQ (a, b, q) dq (3.8)

In order to calculate the joint distribution fABXQ (a, b, q) , we use the first listed property

of random variables, where:

fABXQ (a, b, q) = fAB (a, b|XQ = q)XQ (q) (3.9)

Then, because A and B are independent without XQ , the conditional joint distribution

can be calculated as:

fAB (a, b|XQ = q) = fA (a|XQ = q)B (b|XQ = q) (3.10)

The remaining conditional variables are then:

A| (XQ = q) = εN + q ∼ N
(
εµN + q, ε2σ2

N

)
B | (XQ = q) = Er +XP +

(
V
ε

)
q ∼ N

(
Er +

(
V
ε

)
q, σ2

P

) (3.11)
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Then, the probability density functions to plug in are:

fXQ (x) =
1

σQ
√

2π
e
− x2

2σ2
Q

fA (x|XQ = q) = 1
εσN
√

2π
e
− (x−(εµN+q))2

2ε2σ2
N

fB (x|XQ = q) = 1
σP
√

2π
e
−

(x−(Er+(Vε )q))
2

2σ2
P

(3.12)

Thus, summarizing previous steps:

fY (y) =

∫ ∞
−∞
|t|fAB (yt, t) dt =

∫ ∞
−∞
|t|
∫ ∞
−∞

fABXQ (yt, t, q) dqdt

=

∫ ∞
−∞
|t|
∫ ∞
−∞

fAB (yt, t|XQ = q)XQ (q) dqdt

=

∫ ∞
−∞
|t|
∫ ∞
−∞

fA (yt|XQ = q)B (t|XQ = q)XQ (q)

fY (y) =
1

εσPσQσN (2π)
3
2

∫ ∞
−∞
|t|
∫ ∞
−∞

e
− 1

2

(
q2

σ2
Q

+
(yt−(εµN+q))2

ε2σ2
N

+
(εt−(εEr+V q))

2

ε2σ2
P

)
dqdt

(3.13)

Evaluating this expression gives the result of:
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P
(
Er, Ne/h, δQ, δP , δN ,

)
=

e−C

2Aπ
√
k

+
BeD

2
√
A
Erf(

B

2
√
A

)

A =
((xV

ε
+ 1)δQ)2 + (xδP )2 + (εδN)2

2k

B =
(V
ε
δ2
Q(ErxεN̄e/h) + xεN̄e/h((

V
ε
δQ)2) + δ2

P + Er(δ
2
Q + (εδN)2)

k

C =
(((N̄e/hV + Er)δQ)2 + ((N̄e/hδP )2 + (ErδN)2)ε2)

2k

D =
B2

4A
− C

k = δ2
P δ

2
Q + V 2δ2

Qδ
2
N + ε2δ2

Nδ
2
P

(3.14)
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