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Abstract

In this note, we generalize a result of [4] (see also [9]) and set the isomorphism between
the iterated cross product algebra HY#(H#A) and braided analog of an A-valued
matrix algebra HY®A®H for a Hopf algebra H in the braided category C and for
an H-module algebra A. As a preliminary step, we prove the equivalence between
categories of modules over both algebras and category whose objects are Hopf H-
modules and A-modules satisfying certain compatibility conditions.

Introduction and preliminaries

A purpose of this note is to generalize the result of [4] (see also [9]) about the isomorphism
between the iterated cross product algebra H*#(H#A) and A-valued matrix algebra
M(H)®A (for an H-module algebra A) to the fully braided case.

Throughout this paper, the symbol C = (C,®, I) denotes a strict monoidal category
with braiding ¥. For convenience of the reader, we recall the necessary facts about braided
monoidal categories and Hopf algebras in them.

For object X € C, we say that XV and VX € C are dual objects if evaluation and
coevaluation morphisms

ev: XXV 1= XUXV, ev :VX®X—>]IZVXUX,

coev: I - XY@ X = , coev: I - X @VX =
XVMX XmVX

can be chosen so that the compositions

X=Xl ¥ XoX'eX)=XoX)oX 2% 10 X = X,
X=TeX 2 Xeo'X)eX=Xo("X®X) 2% X=X,

XV=TeXx" 2L xVeX)oX'=X'g(XoX") 2% xVel=X",

VX =VX eIl 2% VYo (XeVX)=(YXeX)oVX 2 1eVx = VX

are all identity morphisms.



404 Yu. Bespalov

H H H H H
H H H H H
multiplication p comultiplication A unit n counit € antipode S
HM M H M M XY XY
/ \
M M oM M H Y X Y X
left action uy right action g, left coaction Ay right coaction A, braiding ¥ and ¥—1!

Figure 1: Graphical notations

Recall that a Hopf algebra H € C [7] is an object H € ObjC together with an associative
multiplication m : H ® H — H and an associative comultiplication A : H — H ® H,
obeying the bialgebra axiom

(HeH™ H 2 Ho H)

—(HoH 2*2 HoHo HoH 12020,

HeoHoHeH ™" HeH),

which possesses the unit n : T — H, the counit € : H — 1, the antipode S : H — H, and
the inverse antipode S~! : H — H (definitions are the same as in the classical case).

A left (resp., right) module over an algebra H is an object M € C equipped with an
associative action py : H@ M — M (resp., pu, : M @ H — M). The category of left (resp.,
right) H-modules will be denoted by g C (resp., Cgr). A left (resp., right) comodule over a
coalgebra H is an object M € C equipped with an associative coaction Ay : M — H® M
(resp., A, : M — M ® H). The category of left (resp., right) H-comodules will be denoted
by 7 C (resp., C11).

If (C,®, T, ¥) is a braided monoidal category, then C = (C,®, I, ¥') denotes the same
monoidal category with the mirror-reversed braiding b7 x,y = Uy, L. Fora Hopf algebra
H in C, we denote by HP (resp., Hop) the same coalgebra (resp., algebra) with opposite
multiplication p°P (resp., opposite comultiplication A°P) defined through

pP = oWyt (resp., AP =Ty to A) . (1)

It is easy to see that H°P and H,, are Hopf algebras in C with antipode S~!. We will always
consider H°P and H,p, as objects of the category C. In what follows, we often use a graphical
notation for morphisms in monoidal categories [1, 5, 6, 8]. The graphics and notation for
(co-)multiplication, (co-)unit, antipode, left and right (co-)action, and braiding are given
in Fig. 1, where H is a Hopf algebra and M is an H-module (H-comodule).
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Figure 2:

Duality results

Let H be a Hopf algebra with an invertible antipode in a braided monoidal category C,
A be an algebra in the monoidal category Cp of right H-modules. For these data, one
can equip the object H®A with a structure of algebra in C [8]. Multiplication pip44 in
this cross product algebra H#A is given by the diagram in Fig. 2a. The object H#A

equipped with the right H"-module structure uflﬁf given in Fig. 2b becomes an algebra in

the category 5( HY)op- Multiplication vy g4 4 in the cross product algebra H VH#(H#A)
is given by the diagram in Fig. 2c.

Let us consider the category Cﬁ 4 whose objects X are right Hopf H-modules (i.e.,
right H-modules and right H-comodules satisfying the compatibility condition presented
in Fig. 3a) and right A-modules in Cy (i.e., action pX, : X®A — X is an H-module
morphism as shown in Fig. 3b) with the additional connection between A-action and
H-coaction given in Fig. 3c.

Proposition 1. There exists an isomorphism between categories Cg’A and Cpvau(H#A)-
Functors that set this equivalence are identical on underlying objects and morphism from C.
For given (X, uijAfH,qu) € Obj (Cg,A)’ the structure of the (HY#(H#A))-module
on X s given by the composition

X .
Al ®idyvgrea

pp = {X®H ' ©H®A XQHOH'QH®A
idX®ev®idH®A X®H®A Mo, H® A X A NTA X} )

An 7 A-valued matrix algebra” is an object HV®A®H equipped with multiplication
given by the composition

idH\/ ®A ®eV®idA®H

HY@AHQH'®A®H

idHV ®H'A ®1dH
—_—t

HYQAQAQH HY®ARH .

For a Hopf module X, endomorphism

idx®S

N(X) = {X 20 Xou X5 xou 17, x)



406 Yu. Bespalov
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Figure 3:
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Figure 4:

is an idempotent. This idempotent plays a key role in the theory of Hopf modules [2] and
integration on braided Hopf algebras [3].

Proposition 2. There exists an isomorphism between categories CgA and CyveasH-
Functors that set this equivalence are identical on underlying objects and morphism from
C. For given (X, ,ufH, AfH,,qu) € Obj (cg,A), the structure of the (HY®A®H)-module
on X 1is given by the composition

X .
r,H®ldH\/ RAQH

XQHRH'®QAQH

A
lrpveaen = { XQOH ' @AQH

II(X)®ev@id ag 1 By

;U‘i(A@idH
X®A®H —“—— X®H —5 X}.

Conversely, for a given right (HYQAQH )-module (X, uva(@A@H), one can turn X into
an object of CgvA equipped with (co)actions

oh I
wy = {XeH 2 XoHVoAoH A, X
X ¢?IV®A®H /'Li(HV®A®H
pXy = {XeA 2 Xe Ve Ao SR XY
idx® I ®id
Ay = (X MxSOmvorsmi o pVe AnHH - eren ! X®H},

where morphisms ¢§IV®A®H7 OHYQARH,H s (ﬁgv@A@H are presented in Fig. 4.
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Figure 6:

Corollary 3. There exists an algebra isomorphism ¢ : HY#(H#A) — H'QAQH shown
in Fig. 5 such that the corresponding isomorphism of categories CyveagH g Crva(H#A)
is given by the compositions of functors from Propositions 1, 2.

Proof. We put

3 HY H A
¢ = HSLI)V@)A@H o (¢HV®A®H®¢HV®A®H®¢HV®A®H) )

where

¢EX®A®H — {HV drvgagH,HOdgy HY9AoHOHQH MI{V@A@H}

and u® = po (u®id). Consideration of the regular (HY®A®H )-module implies that ¢
is an algebra isomorphism.

In the special case A = 1, we obtain the braided Heisenberg double H(H) := HV#H,
which is isomorphic to the matrix algebra HY®H (with multiplication idgyv®evy®idy),
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and an isomorphism between the category Cg of right Hopf H-modules and the category
Cy(my of H(H)-modules. See [3] for this special case and connection with integration on
braided Hopf algebras.

Remark. In a similar way, one can obtain another variant of the above construction, which
does not involve a skew antipode S~!. Let A € Obj(Cy) be a right H-module algebra.
One can turn the corresponding cross product algebra H# A into a left ¥ H-module algebra
with action uff; = (ev®idpgga) o (idv g @A F®id4). Multiplication in the corresponding
cross product algebra (H#A)#" H is given in Fig. 6a. Isomorphism between this algebra

and the ” A-valued matrix algebra” H®A®"VH and its inverse is given in Fig. 6b,c.
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