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Abstract

Symmetry reduction of generalized Maxwell equations is carried out on the three-
dimensional subgroup of the extended Poincaré group. Some their exact solutions are
constructed.

1. Electromagnetic field is described by the familiar Maxwell equations that, with the
help of a real covariant vector of electromagnetic potential A = (Ag, A1, Aa, A3), can be
presented in the form (see, e.g., [1] )

DA, —0"(0,A,) =0, p,v=0,1,2,3. (1)
We use the notation:
Pu Pu Pu  DPu 0
Du=—S—5—55 %53 7.2 O =5,
Oxj Oxf Ozy Ox3 Oz,

and we sum over repeated indices (from 0 to 3). The raising and lowering of indices is
performed with the help of the metric tensor g = g3, where g,5 = diag [1, -1, —1, —1].
The equation

OA, — 0"(8,A,) = F(A,A")A, (2)

is a natural generalization of system (1) [2].
If F = A(A,AY), then equation (2) is invariant with respect to the algebra AC(1,3)
[2], [3] with generators

Pam 0 T =290, — a0+ M~ 430 D= 5,0, A

O 3)
K, = 22D — (z,2)0,, + 2A“xui — 2Ayx”i.
I ( )0y 94, oA,
If F =—m?+ A\(A,A") and m # 0, then the maximal invariance algebra of equation

(2) is the Poincaré algebra AP(1,3) = (P, Ju | 1, v =0,1,2,3). Note, that system (1) is
also invariant with respect to the algebra AC(1,3) with basis (3).

Yehorchenko [4] considered the problem of symmetry reduction of equations (1), (2) by
subalgebras of the Poincaré algebra AP(1,3). In this paper, we consider the problem of
symmetry reduction of the system

04, —0"(0,A)) = MALAM)A,,  (p,v=0,1,2,3) (4)
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on subalgebras of the algebra AP(I, 3) to a system of ordinary differential equations.

2. The symmetry reduction of equation (4) to ordinary differential equations is carried
out by subalgebras of the algebra AP(1,3) of rank 3. The list of such subalgebras is
known [7]:

Ly = <D,P(),P3 >, Lo = <J12 +aD,Py,P; >, L3= <J12,D,P0>,

L4 = <J12, D, P3>, L5 = <J03 + aD, Po,P3>, L6 = <J03 + OéD, Pl, P2>,

L7 = <<]03 + OZD,M,P1> (Oé ?é O), Lg = <J03 + D+ 2T,P1,P2>,

Ly = (Jos+ D +2T,M,Py), Lio= (Jos3,D,P1), L1 = (Jo3, D, M),
Lig = (J12 + ado3 + BD, Py, P3), L1z = (J12 + aJoz + BD, P, Py),

Ly = (Ji2 + a(Jos + D +2T), P, ), Lis = (Ji2 + aJos, D, M),

L16 = <J03 + OéD,le +BD,M>(O < ]04| < 1, ﬁ > 0, |Oé| + |ﬁ| ?é 0),

L7 = <J03 + D + 2T, Jio + T, M> (a > 0), Lig = <J03 + D, Jis + 2T, M>,
Lig = (Jos, J12, D), Loo = (G1,Jo3 +aD, ) (0 < |a] < 1),

Loy = <J03 +D,Gp+ P2,M>, Loy = <J03 —-D+ M, Gl,P2>,

L23 = <J03 + 2D,G1 + 2T, M>, Loy = <J03 + 2D,G1 + 2T, Pg),

1
where M = Py + P35, G1 = Jo1 — J13, T = §(P0 — P3), unless otherwise stated, «, 5 > 0.

The structure of generators of the algebra AP(1,3) (3) allows one to construct linear
invariant ansatzes that correspond to subalgebras of the algebra AP(1,3), ([5], [6])

A = A(z)B(w), (5)

where A(x) is a known nondegenerate square matrix of order 4, and B(w) is a new unknown
vector function for invariants of the subalgebra w = w(x), = = (zg, 1, 2, x3).

Using the approach suggested by Fushchych, Zhdanov, and Lahno [8], [9], ansatzes (5)
for subalgebras of the extended Poincaré algebra AP(1,3) can be represented in the form

Au(r) = 0(x)au, () B” (W), (6)
where BY = BY(w) are new unknown functions of w,

au = (aya, — dyd,) cosh Oy + (dya, — dyay,) sinh 6p+
2(ay, +dy,)[02 cosO1b, — O sinbic, + 03 exp(—0o)(a, + d,)]+ (7)
(bucy — bycy)sinby — (cucy + buby) cos 01 — 2 exp(—6o)02b,(a, + do).

Here ay, by, ¢y, d, are arbitrary constants satisfying the following equalities:
ay,at = =b b = —c, ' = —d,d' =1,  ay b =aud =aud' =0, =b,d" =c,d" =0,

w,v =0,1,2,3. The form of the (non-zero) functions 6, 6; (i = 0,1,2), w is determined by
subalgebras L;, (j = 1,24) of the algebra AP(1,3), and we given them below for each of
these subalgebras.

Ly:0=|bx|™!, w=cx(br)™

LQ:QI\IJ]__%, =P, w=InV; +29;

L3:0= ‘dw‘fl, 0=, w= \Pl(dx)fz;

Ly:0=lax|™!, 60 =@, w=V(ax)"?

Ls:0=|bx|™!, 6y = a tIn|bz|, w=cx(br)™!;
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L¢: 6= \\I/2|_%, Oy = %ln |(ax — dx)(kx)7Y, w = |ax — dz|'~|kz| T,
L7:0=|cx|™!, g =a tin|cz|, w= |kx|*|cx|™2;
Lg:0=ax — da:|7%, Oy = %ln|ax —dz|, w=kx—In|ax — dx|;
Lo :0=|cx|™!, 6p =Inlcx|, w=kx—2In|czl;
Lio: 0 =|cz|™, 6 = In|(az — dz)(cx)7 Y], w= Wy(cx) 2
Li1: 0 =|cz|™, 6p = —In|kx(cx) Y], w=ca(bx)™
_1
Lig:0= \Ifl 2, 0p=—a®, =0, w=InV; + 269,
Liz: 0 =|Wa| %, 6y = $In|(azx — dx)(kz) ],
6, = _QIE In|(azx — dz)(kx)™|, w=|ax — dz|*P|kz|*HP;
Liy: 0= |ax—da:\7%, 0y = %ln\am—dﬂ, 0, = —%ln\ax—dﬂ, w = kz —In|az — dz|;
_1
Lis:0=0,2% 0y=—ad, 0=, w=In[V¥(kz)?+2a9;
_1
Lig:0=0,2, b= 5W[¥i(kx)?, 61=0, w=In[V] *(kz)>]+209;
_1
Liz:0=0,2, 6= 5InWy, 6,=0, w=ks—InV;+2aP;
_1
Lis:0="0,7, =3y, 6 =0, w=ks+20;
_1
Lig:0=0,2, 6 = — S In|kz(az — dz) |, 61=®, w=[Ts|;
Loo:0=|Ws]"2, Oy = o In W3], 6y = Sba(ka) ", w = [ka[2[Ws]'~;
Lot : 0 =|cxkx —bx|™', 6 =1In|cxkx — bx|, 6y = %cx, w = kx;
Loy : 0= ka2, o= —3nlka|, 0= dba(ka),
w = ar — dz + In|kz| — (bx)?(kz)™!;
Loz : 0 =|cx|™!, 6y = %ln lex|, 0y = —leflm, w = [4bx + (kx)?](cx) ™
Loy : 0 = [4ba + (kz)?| 7%, 6p = 5 In [4ba + (k)?],
Oy = —lekzx, w = [ax — dx + brkx + %(km)3]2[4bx + (kx)?)—3.
Here, ax = a,x*, br = b,x¥, cv = ¢ 2, dv = d,a¥, kxr = ax + dv, ¢ = arctan %,
Uy = (bx)? + (cx)?, ¥y = (ax)? — (dx)?, VU3 = (az)? — (bx)? — (dx)%.
3. The covariant form of ansatz (6), (7) which we have obtained enables us to perform
the P(1,3)-invariant reduction of equation (4) in general form.

Theorem. Ansatz (6), (7) reduces equation (4) to the system of ODEs

ku737 + lH’YB.’Y + muyB” = A(B"By) By, (8)
where
kuy = gurF1 — GuGy, by = guyF2 +2Quy — GuHy — GuG%
9)
. dB'y . dQB'y . dG (
Myy = Ryy, BV:ma BV:Wa G'y:d—J'

In (9), Fi = Fi(w), F» = F(w), G, = Gu(w), Quy = Q/w(w)’ Hy, = Hy(w), R,y =
R, (w) are smooth functions of w and are determined from the relations
Oow Ow 00 Ow Ow

g 2. 90 00 dw 3. Ow .
Oy Ot Fi(w)s 6 w—l—anu Ozt Fa(w)o%; a”ﬂaxy Gu(w);
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Oay,, 00 2 0a, Ow 00 00
v~ = H N g i —_ v — v _— = v 2'
0 o, +3a Ty p(Ww)0; a), 020 O + Gu(w)as B G (w)a6“8x5 Quv(w)6*;
da~, 00 020 dags, 06 Oas, 00
L0 207 = " — qYag, _qY v —aY v~
Gy D0 + 20, 0x® Oxg @uds 0x0z g Oxs Ox7 ® oz Oxs
0%as
gl —a” vy — 3.
+0(a)Day, — a), 8x78x5) = R (w)0”;

where p,v,7v,0 =0,1,2,3; O is the d’Alembertian.

Using the results of the theorem for each subalgebra L; (j = 1,24), we obtain the
corresponding systems of ordinary differential equations which for the case of equation (4)
are, in general, nonlinear. Integration of the reduced equations we obtain and substitution
of their solutions into ansatz (6), (7) lead to solutions of the original system. We give
below some typical solutions of both the linear Maxwell system (1) and the nonlinear
equations (4).

Solutions of equations (1)

E

DA a7 + (e

5 {G1+W(AF1+BF2)}+%{G1— AF1+BF2)}+

(b:c)QC;-L(cyc)2 {2(1 foﬂ) [(€B +xA)F1 + (xB = CA) ] + x(G1 + Cron + C) + ch} +

(bm)Qlii/f(cx)Q {2(1 fag) [(CA—xB)F1 + ((B+ xA)F>] + ((G1 + Ciwy + Co) — XCg} )

Here
w1 . w1l awl
E= — ;o k= o By = — .
exp( 1+a2>’ it 81n(1+a2), ) cos<1+a2>
(k’f’f)Q -2 br o1 21 1—1 -1
2) Auzc(au_du)TJrku 2Ce(kx) +Clg|\ll| 2 4 C(bx)“|¥| +c,Co|¥| 2 —
bu {2C bx ka | W[~ 4 Cy[ 0] |,

3)

A# = G/#{é(GQ + Crwg + 02) —€

(bx)? bx
1+ (kx)Q (ClcUQ + Cy — Gg) — kx|% (C3Ld2 + C4) +

d, {é(Gz + Clwa + Co) + €

- éZ?;] (Crn + Co — Gi) — %(C3wz + 04)} +

3
b 1 1
bu {26%(01&)2 +Cy — GQ) + ‘erﬁ(ngg + 04)} + Cukarﬁ(cgwg + C@).

Solutions of equations (4)

() =26 Ay ()

2 2
(5:\/—3—)\ fore=1 and 5:\/; for e = —1,

where
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€ 1 1 1 ~ (bx)? 3 1
A= ——(ay—dy)———— + k= | kx| - — €|k —
K Q(GM M)w2+00 * N{Q wo + Cy <’ zl €(k$)2> elkz| " w2+C’1}+

) k|2 T k|2
" wy + Co "\ ka wy+Cy  we+ C

We use the following notation:

¢ = acx +bx; x = abr — cx; ¥ = (az)? — (bx)? — (dr)?; kx = ax +dzx; ¢ = 1 for U >
0 and ¢ = —1for ¥ < 0;e¢ =1 for kz > 0 and e = —1 for kx < 0;

wy = kx — In[(bz)? + (cx)?] + 2 arctan %, wo = ax — dx + In|kz| — (bx)*(kx)~t.

G1 = G1(w1); G2 = G2(w9) are arbitrary smooth functions of wy and ws, respectively.

A,B,C,C; (i =0,6) are constants of integration.
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