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Abstract

Symmetry reduction of generalized Maxwell equations is carried out on the three-
dimensional subgroup of the extended Poincaré group. Some their exact solutions are
constructed.

1. Electromagnetic field is described by the familiar Maxwell equations that, with the
help of a real covariant vector of electromagnetic potential A = (A0, A1, A2, A3), can be
presented in the form (see, e.g., [1] )

✷Aµ − ∂µ(∂νAν) = 0, µ, ν = 0, 1, 2, 3. (1)

We use the notation:

✷u =
∂2u

∂x2
0

− ∂2u

∂x2
1

− ∂2u

∂x2
2

− ∂2u

∂x2
3

, ∂µ =
∂

∂xµ
,

and we sum over repeated indices (from 0 to 3). The raising and lowering of indices is
performed with the help of the metric tensor g = gαβ , where gαβ = diag [1,−1,−1,−1].

The equation

✷Aµ − ∂µ(∂νAν) = F (AνA
ν)Aµ (2)

is a natural generalization of system (1) [2].
If F = λ(AνA

ν), then equation (2) is invariant with respect to the algebra AC(1, 3)
[2], [3] with generators

Pµ = ∂µ, Jµν = xµ∂ν − xν∂µ +Aµ ∂
∂Aν

−Aν ∂
∂Aµ

, D = xµ∂µ −Aµ
∂

∂Aµ
,

Kµ = 2xµD − (xνx
ν)∂µ + 2Aµxν

∂
∂Aν

− 2Aνx
ν ∂
∂Aµ

.
(3)

If F = −m2 + λ(AνA
ν) and m �= 0, then the maximal invariance algebra of equation

(2) is the Poincaré algebra AP (1, 3) = 〈Pµ, Jµν | µ, ν = 0, 1, 2, 3〉. Note, that system (1) is
also invariant with respect to the algebra AC(1, 3) with basis (3).

Yehorchenko [4] considered the problem of symmetry reduction of equations (1), (2) by
subalgebras of the Poincaré algebra AP (1, 3). In this paper, we consider the problem of
symmetry reduction of the system

✷Aµ − ∂µ(∂νAν) = λ(AνA
ν)Aµ, (µ, ν = 0, 1, 2, 3) (4)
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on subalgebras of the algebra AP̃ (1, 3) to a system of ordinary differential equations.

2. The symmetry reduction of equation (4) to ordinary differential equations is carried
out by subalgebras of the algebra AP̃ (1, 3) of rank 3. The list of such subalgebras is
known [7]:

L1 = 〈D,P0, P3 >, L2 = 〈J12 + αD,P0, P3 >, L3 = 〈J12, D, P0〉,
L4 = 〈J12, D, P3〉, L5 = 〈J03 + αD,P0, P3〉, L6 = 〈J03 + αD,P1, P2〉,
L7 = 〈J03 + αD,M,P1〉 (α �= 0), L8 = 〈J03 +D + 2T, P1, P2〉,
L9 = 〈J03 +D + 2T,M,P1〉, L10 = 〈J03, D, P1〉, L11 = 〈J03, D,M〉,
L12 = 〈J12 + αJ03 + βD,P0, P3〉, L13 = 〈J12 + αJ03 + βD,P1, P2〉,
L14 = 〈J12 + α(J03 +D + 2T ), P1, P2〉, L15 = 〈J12 + αJ03, D,M〉,
L16 = 〈J03 + αD, J12 + βD,M〉(0 ≤ |α| ≤ 1, β ≥ 0, |α|+ |β| �= 0),
L17 = 〈J03 +D + 2T, J12 + αT,M〉 (α ≥ 0), L18 = 〈J03 +D, J12 + 2T,M〉,
L19 = 〈J03, J12, D〉, L20 = 〈G1, J03 + αD,P2〉 (0 < |α| ≤ 1),
L21 = 〈J03 +D,G1 + P2,M〉, L22 = 〈J03 −D +M,G1, P2〉,
L23 = 〈J03 + 2D,G1 + 2T,M〉, L24 = 〈J03 + 2D,G1 + 2T, P2〉,

where M = P0 + P3, G1 = J01 − J13, T =
1
2
(P0 − P3), unless otherwise stated, α, β > 0.

The structure of generators of the algebra AP (1, 3) (3) allows one to construct linear
invariant ansatzes that correspond to subalgebras of the algebra AP (1, 3), ([5], [6])

A = Λ(x)B(ω), (5)

where Λ(x) is a known nondegenerate square matrix of order 4, and B(ω) is a new unknown
vector function for invariants of the subalgebra ω = ω(x), x = (x0, x1, x2, x3).

Using the approach suggested by Fushchych, Zhdanov, and Lahno [8], [9], ansatzes (5)
for subalgebras of the extended Poincaré algebra AP (1, 3) can be represented in the form

Aµ(x) = θ(x)aµν(x)Bν(ω), (6)

where Bν = Bν(ω) are new unknown functions of ω,

aµν = (aµaν − dµdν) cosh θ0 + (dµaν − dνaµ) sinh θ0+
2(aµ + dµ)[θ2 cos θ1bν − θ2 sin θ1cν + θ2

2 exp(−θ0)(aν + dν)]+
(bµcν − bνcµ) sin θ1 − (cµcν + bµbν) cos θ1 − 2 exp(−θ0)θ2bµ(aν + dν).

(7)

Here aµ, bµ, cµ, dµ are arbitrary constants satisfying the following equalities:

aµa
µ = −bµb

µ = −cµc
µ = −dµd

µ = 1, aµb
µ = aµc

µ = aµd
µ = bµc

µ = bµd
µ = cµd

µ = 0,

µ, ν = 0, 1, 2, 3. The form of the (non-zero) functions θ, θi (i = 0, 1, 2), ω is determined by
subalgebras Lj , (j = 1, 24) of the algebra AP̃ (1, 3), and we given them below for each of
these subalgebras.

L1 : θ = |bx|−1, ω = cx(bx)−1;

L2 : θ = Ψ
− 1

2
1 , θ1 = Φ, ω = lnΨ1 + 2Φ;

L3 : θ = |dx|−1, θ1 = Φ, ω = Ψ1(dx)−2;
L4 : θ = |ax|−1, θ1 = Φ, ω = Ψ1(ax)−2;
L5 : θ = |bx|−1, θ0 = α−1 ln |bx|, ω = cx(bx)−1;
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L6 : θ = |Ψ2|− 1
2 , θ0 = 1

2 ln |(ax− dx)(kx)−1|, ω = |ax− dx|1−α|kx|1+α;
L7 : θ = |cx|−1, θ0 = α−1 ln |cx|, ω = |kx|α|cx|1−α;
L8 : θ = |ax− dx|− 1

2 , θ0 = 1
2 ln |ax− dx|, ω = kx− ln |ax− dx|;

L9 : θ = |cx|−1, θ0 = ln |cx|, ω = kx− 2 ln |cx|;
L10 : θ = |cx|−1, θ0 = ln |(ax− dx)(cx)−1|, ω = Ψ2(cx)−2;
L11 : θ = |cx|−1, θ0 = − ln |kx(cx)−1|, ω = cx(bx)−1;

L12 : θ = Ψ
− 1

2
1 , θ0 = −αΦ, θ1 = Φ, ω = lnΨ1 + 2βΦ;

L13 : θ = |Ψ2|− 1
2 , θ0 = 1

2 ln |(ax− dx)(kx)−1|,
θ1 = − 1

2α ln |(ax− dx)(kx)−1|, ω = |ax− dx|α−β|kx|α+β;

L14 : θ = |ax− dx|− 1
2 , θ0 = 1

2 ln |ax− dx|, θ1 = −1
2 ln |ax− dx|, ω = kx− ln |ax− dx|;

L15 : θ = Ψ
− 1

2
1 , θ0 = −αΦ, θ1 = Φ, ω = ln[Ψ1(kx)−2] + 2αΦ;

L16 : θ = Ψ
− 1

2
1 , θ0 = 1

2 ln[Ψ1(kx)−2], θ1 = Φ, ω = ln[Ψ1−α
1 (kx)2α] + 2βΦ;

L17 : θ = Ψ
− 1

2
1 , θ0 = 1

2 lnΨ1, θ1 = Φ, ω = kx− lnΨ1 + 2αΦ;

L18 : θ = Ψ
− 1

2
1 , θ0 = 1

2 lnΨ1, θ1 = Φ, ω = kx+ 2Φ;

L19 : θ = Ψ
− 1

2
1 , θ0 = −1

2 ln |kx(ax− dx)−1|, θ1 = Φ, ω = Ψ1|Ψ2|−1;

L20 : θ = |Ψ3|− 1
2 , θ0 = 1

2α ln |Ψ3|, θ2 = 1
2bx(kx)

−1, ω = |kx|2α|Ψ3|1−α;

L21 : θ = |cx kx− bx|−1, θ0 = ln |cx kx− bx|, θ2 = 1
2cx, ω = kx;

L22 : θ = |kx|− 1
2 , θ0 = −1

2 ln |kx|, θ2 = 1
2bx(kx)

−1,

ω = ax− dx+ ln |kx| − (bx)2(kx)−1;
L23 : θ = |cx|−1, θ0 = 1

2 ln |cx|, θ2 = −1
4kx, ω = [4bx+ (kx)2](cx)−1;

L24 : θ = |4bx+ (kx)2|−1, θ0 = 1
2 ln |4bx+ (kx)2|,

θ2 = −1
4kx, ω = [ax− dx+ bxkx+ 1

6(kx)
3]2[4bx+ (kx)2]−3.

Here, ax = aµx
µ, bx = bµx

µ, cx = cµx
µ, dx = dµx

µ, kx = ax + dx, Φ = arctan
cx

bx
,

Ψ1 = (bx)2 + (cx)2, Ψ2 = (ax)2 − (dx)2, Ψ3 = (ax)2 − (bx)2 − (dx)2.

3. The covariant form of ansatz (6), (7) which we have obtained enables us to perform
the P̃ (1, 3)-invariant reduction of equation (4) in general form.

Theorem. Ansatz (6), (7) reduces equation (4) to the system of ODEs

kµγB̈γ + lµγḂγ +mµγB
γ = λ(BγBγ)Bµ, (8)

where

kµγ = gµγF1 −GµGγ , lµγ = gµγF2 + 2Qµγ −GµHγ −GµĠγ ,

mµγ = Rµγ , Ḃγ = dBγ

dω , B̈γ = d2Bγ

dω2 , Ġγ = dGγ

dω .
(9)

In (9), F1 = F1(ω), F2 = F2(ω), Gµ = Gµ(ω), Qµγ = Qµγ(ω), Hγ = Hγ(ω), Rµγ =
Rµγ(ω) are smooth functions of ω and are determined from the relations

∂ω

∂xµ
· ∂ω

∂xµ
= F1(ω)θ2; θ ✷ω + 2

∂θ

∂xµ

∂ω

∂xµ
= F2(ω)θ3; aνµ

∂ω

∂xν
= Gµ(ω)θ;
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θ
∂aνµ

∂xν
+ 3aνµ

∂θ

∂xν
= Hµ(ω)θ2; aγ

µ

∂aγν

∂xδ

∂ω

∂xδ
+Gµ(ω)aδν

∂θ

∂xδ
−Gν(ω)aδµ

∂θ

∂xδ
= Qµν(ω)θ2;

gµν✷θ + 2aγ
µ

∂aγν

∂xδ

∂θ

∂xδ
− aγ

µaδν
∂2θ

∂xγ∂xδ
− aγ

µ

∂aδν

∂xδ

∂θ

∂xγ
− aγ

µ

∂aδν

∂xγ

∂θ

∂xδ

+θ(aγ
µ✷aγν − aγ

µ

∂2aδν

∂xγ∂xδ
) = Rµν(ω)θ3;

where µ, ν, γ, δ = 0, 1, 2, 3; ✷ is the d’Alembertian.

Using the results of the theorem for each subalgebra Lj (j = 1, 24), we obtain the
corresponding systems of ordinary differential equations which for the case of equation (4)
are, in general, nonlinear. Integration of the reduced equations we obtain and substitution
of their solutions into ansatz (6), (7) lead to solutions of the original system. We give
below some typical solutions of both the linear Maxwell system (1) and the nonlinear
equations (4).

Solutions of equations (1)

1)Aµ =
aµ

2

{
G1 +

E

(bx)2 + (cx)2
(AF1 +BF2)

}
+

dµ

2

{
G1 − E

(bx)2 + (cx)2
(AF1 +BF2)

}
+

cµ

(bx)2 + (cx)2

{
E

2(1 + α2)
[(ζB + χA)F1 + (χB − ζA)F2] + χ(G1 + C1ω1 + C2) + ζC3

}
+

bµ

(bx)2 + (cx)2

{
E

2(1 + α2)
[(ζA− χB)F1 + (ζB + χA)F2] + ζ(G1 + C1ω1 + C2)− χC3

}
.

Here
E = exp

(
− ω1

1 + α2

)
; F1 = sin

(
αω1

1 + α2

)
; F2 = cos

(
αω1

1 + α2

)
.

2) Aµ = C(aµ−dµ)
(kx)2

Ψ
+kµ

{
2Cε(kx)−2 + C1

bx

kx
|Ψ|− 1

2 + C(bx)2|Ψ|−1
}
+cµC2|Ψ|− 1

2−

bµ

{
2C bx kx |Ψ|−1 + C1|Ψ|− 1

2

}
,

3)

Aµ = aµ

{
ε

kx
(G2 + C1ω2 + C2)− ε

[
1 +

(bx)2

(kx)2

]
(C1ω2 + C2 −G2)− bx

|kx| 32
(C3ω2 + C4)

}
+

dµ

{
ε

kx
(G2 + C1ω2 + C2) + ε

[
1− (bx)2

(kx)2

]
(C1ω2 + C2 −G2)− bx

|kx| 32
(C3ω2 + C4)

}
+

bµ

{
2ε

bx

kx
(C1ω2 + C2 −G2) + |kx|− 1

2 (C3ω2 + C4)
}
+ cµ|kx|− 1

2 (C5ω2 + C6).

Solutions of equations (4)

Aµ(x) = 2δ A∗
µ(x);

where

δ =
√
− 2
3λ

for ε = 1 and δ =
√

2
λ

for ε = −1,
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A∗
µ = − ε

2
(aµ − dµ)

1
ω2 + C0

+ kµ

{
1
2
· 1
ω2 + C0

(
|kx|−1 − ε

(bx)2

(kx)2

)
− ε|kx|− 3

2 · 1
ω2 + C1

}
+

cµ · |kx|− 1
2

ω2 + C2
+ bµ

{
bx

kx
· ε

ω2 + C0
+

|kx|− 1
2

ω2 + C1

}

We use the following notation:
ζ = αcx + bx; χ = αbx − cx; Ψ = (ax)2 − (bx)2 − (dx)2; kx = ax + dx; ε = 1 for Ψ >
0 and ε = − 1 for Ψ < 0; ε = 1 for kx > 0 and ε = −1 for kx < 0;
ω1 = kx− ln[(bx)2 + (cx)2] + 2α arctan

cx

bx
, ω2 = ax− dx+ ln |kx| − (bx)2(kx)−1.

G1 = G1(ω1); G2 = G2(ω2) are arbitrary smooth functions of ω1 and ω2, respectively.
A,B,C,Ci (i = 0, 6) are constants of integration.
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