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Abstract

We study the impact of the lattice data on the determination of the strangeness asymmetry

distribution s−(x) ≡ s(x)− s̄(x) in the general CTEQ-TEA global analysis of parton distribution

functions (PDFs) of the proton. Firstly, we find that allowing a non-vanishing s−(x), at the initial

Q0 = 1.3 GeV scale, in a global PDF analysis leads to the quality of the CT18As fit similar to

CT18A. Secondly, including the lattice data in the CT18As Lat fit greatly reduces the s−-PDF

error band size in the large x region. To further reduce its error would require more precise lattice

data, extended to smaller x values.
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I. INTRODUCTION

The Large Hadron Collider (LHC) has entered an era of precision physics. To match

the experimental precision, it is necessary to have precise predictions in QCD theory, which

require correspondingly precise parton distribution functions (PDFs), such as the recent

CT18 [1], MSHT20 [2] and NNPDF4.0 [3] PDFs obtained at the next-to-next-to-leading

order (NNLO) accuracy in QCD.

In the CT18 analysis, the strange quark and anti-quark PDFs of the proton are assumed

to be the same, i.e., s(x) = s(x), at Q0 = 1.3 GeV, where the nonperturbative PDFs are

specified, and a non-vanishing (s − s̄)(x) is generated at higher energy scales by DGLAP

evolution [4, 5]. In [1], noticeable tensions between the original NuTev [6] and CCFR [7]

DIS dimuon data and the precision ATLAS
√
s = 7 TeV W , Z data [8] were found. In

MSHT20 [2], it was concluded that allowing s(x) 6= s̄(x) at the Q0 scale can release some

of the above-mentioned tensions. In this work, we extend the CT18 analysis to allow a

non-vanishing strangeness asymmetry, defined as s−(x) ≡ s(x)− s̄(x), at the Q0 scale, and

the resulting PDF set is hereafter referred to as CT18As.

Besides the phenomenology approach of performing global PDF analysis, a nonperturba-

tive approach from first principles, such as lattice QCD (LQCD), provides hope to resolve

many of the outstanding theoretical disagreements and provides information in regions that

are unknown or difficult to observe in experiments. Recent breakthroughs, such as large-

momentum effective theory (LaMET) [9–11] (quasi-PDFs), has make it possible for lattice

calculation to provide information on the x-dependent PDFs. There has been many pio-

neering works showing great promise in obtaining quantitative results for the unpolarized,

helicity and transversity quark and antiquark distributions [12–17] using the quasi-PDFs

approach [9]. Increasingly many lattice works are being performed at physical pion mass

since the first study in Ref. [18]. (A recent review of the theory and lattice calculations can

be found in Refs. [11, 19, 20].) The first Bjorken-x–dependent of the strange PDF using

lattice-QCD calculations was first reported in Ref. [21]. The calculation is currently done

using a single lattice spacing 0.12 fm with extrapolation to physical pion masses. In this

work, we will use the extrapolated lattice matrix elements to calculate s−(x), which is then

taken as an input data to further constrain s(x) and s̄(x) at the Q0 scale in the CT18-like

global analysis, and the resulting PDF set is hereafter referred to as CT18As Lat. More
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details will be presented in the next section.

II. STRANGENESS FROM LATTICE AND GLOBAL FITTING

A. Lattice data of strangeness asymmetry s−(x)

In this work, we took the LaMET coordinate-space matrix elements (extrapolated to

physical pion mass) for strange PDF [21] calculated on a 0.12 fm lattice spacing and 2+1+1-

flavor 310-MeV HISQ sea generated by MILC collaboration [22, 23] at single lattice spacing.

The matrix elements are renormalized nonperturbative renormalization (NPR) in RI/MOM

scheme, the same strategy as in past works [24, 25]. Since s−(x) is flavor singlet, we can

confidently calculate it using the LaMET matrix elements calculated in coordinate space

on the lattice. We Fourier transform the renormalized matrix elements into quasi-PDFs by

using the extrapolation formulation suggested by Ref. [26] by fitting large-|z| data using

the formula c1(−izPz)−d1 + c2e
izPz(izPz)

−d2 , inspired by the Regge behavior, to extrapolate

the matrix elements into the region beyond the lattice calculation and suppress Fourier-

transformation artifacts. The quasi-PDF can be related to the Pz-independent lightcone

PDF through at scale µ in MS scheme through a factorization theorem [10]

q̃ψ(x,Pz, µ
MS, µRI, pRI

z ) =

∫ 1

0

dy

|y|
×

C

(
x

y
,

(
µRI

pRI
z

)2

,
yPz

µMS
,
yPz
pRI
z

)
qψ(y, µMS) + ... (1)

where pRI
z and µRI are the momentum of the off-shell strange quark and the renormalization

scale in the RI/MOM-scheme nonperturbative renormalization (NPR), C is a perturbative

matching kernel used in our previous works [27–30]. Note that the matching from quasi-PDF

to PDF has residual systematics at O
(

Λ2
QCD

(xPz)2

)
and O

(
Λ2
QCD

(1−x)2P 2
z

)
at very small x and x near

1. To take advantage of existing lattice data to reach a wider region of x, we choose to focus

on Pz ≈ 1.7 GeV. From the isovector nucleon PDF study, at this Pz boost momentum, we

can reasonably rely on lattice inputs for x ∈ [0.3, 0.8]. Beyond this region, the lattice errors

could increase significantly due to the systematics at finite momentum used here.
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B. Strangeness asymmetry s−(x) in CTEQ-TEA PDF analysis

In the nominal CTEQ-TEA PDF fitting [1, 31–34], the active parton flavours to be

parametrised at Q0 = 1.3 GeV are u, ū, d, d̄, s, s̄, g. In the parametrisation of sea quark

distributions, qs(x,Q0) = q̄s(x,Q0) is imposed in the nominal CT PDFs. The CTEQ6.5S0

PDF [34] is dedicated as with focus on the strangeness sector, where the strangeness asym-

metry s−(x,Q0) is explicitly parametrised at Q0.

In this work, we follow the strategy presented in [34], but with updated experimental

data and noperturbative parametrization forms of active partons at the Q0 scale, together

with NNLO theory predictions. More specifically, in the CT18As analysis, we start from the

alternative PDF set, CT18A NNLO [1], rather than the nominal CT18 NNLO fit. This is

because the ATLAS
√
s = 7 TeV W , Z combined cross section measurement [8] (ID=248)

data set is included in the CT18A fit, while it is absent the nominal CT18 fit. In CT18

analysis, this data is found to prefer larger total strangeness, s+ ≡ s(x) + s̄(x), and to have

tensions with other dimuon data [6], which is sensitive to strangeness distribution.

CT18As fit adopts the same nonperturbative PDF forms as CT18A fit at the Q0 scale,

except strange quark and antiquark PDFs which are determined by s+(x) and s−(x). The

parametrisation of the strange asymmetry distribution s−(x) should respect the number sum

rule of the strangeness, ∫ 1

0

dxs−(x) = 0. (2)

In principle, a parametrisation with any number of crossing, with s−(x) = 0, is possible, as

long as Eq. (2) is satisfied. Here, we focus on those parametrisation forms with only one

crossing for x between 10−6 and 1.

To obtain CT18As Lat PDFs, we take the lattice data of strangeness asymmetry pre-

sented in Sec. II A as a constraint to the global PDF fit, by using the Lagrange Multiplier

method, as we have regarded the lattice results of s−(x) as an additional data on top of the

data set of CT18A. Hence, CT18As Lat is the update of CT18As with the inclusion of the

lattice data of s−(x) evaluated at the Q0 scale.

III. RESULTS

In this section, we discuss the quality of various fits and compare the resulting PDFs.
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PDF s−(x,Q0) Lat. data χ2
tot

CT18A 0 No 4376

CT18As 6= 0 No 4344

CT18As Lat 6= 0 Yes 4363

TABLE I. The total chi-square, χ2
tot, of the CT18A, CT18As, and CT18As Lat fits, respectively.

The total number of data points (without including the lattice data) of each fit is 3674, and

Q0 = 1.3 GeV.

The quality of the CT18A, CT18As, and CT18As Lat fits is compared in Table I, which

shows that they all have the same value of χ2 per number of data point, around 1.19. The

difference of 10 units in χ2
tot is much smaller than the tolerance (with a difference of 100

units) used in the CT18 analysis to define the PDF uncertainty at the 90% confidence level

(CL).
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FIG. 1. The comparison of s+ ≡ s + s̄ and (s + s̄)/(ū + d̄) PDFs for CT18A and CT18As at

Q = 100 GeV. In CT18A, s(x) = s̄(x) is assumed in the parametrisation, while in CT18As the

strangeness asymmetry s−(x) ≡ s(x)− s̄(x) is parametrised, at the initial scale Q0 = 1.3 GeV.

In Fig. 1, we compare the CT18A and CT18As for s+ and (s + s̄)/(ū + d̄) at Q = 100

GeV. In CT18As, the central value of the total strangeness s+ is enhanced across a wide

range of x from the s+ distribution in CT18A. The uncertainty of s+ in CT18As is also

enlarged. The similar behaviour can also be observed in the ratio of total strangeness and

light quarks (s+ s̄)/(ū+ d̄).
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In Fig. 2, the s−(x) distributions at 2.0 GeV and 100 GeV of CT18As are compared to

PDF fitting results by other groups. The CT18As agrees with MSHT20 [2] in terms of s−

central values. For x ∼ 0.1, NNPDF4.0 [3] presents the largest s− central value. In the

range of 0.05 < x < 0.4, CT18As shows a wide error band, so that CT18As is consistent

with s− PDF obtained by other groups.

The impact of the lattice data on the determination of s−(x) at Q = 1.3 GeV is shown in

Fig. 3. The lattice data points distribute in the region of x > 0.3. Comparing to the error

band of CT18As, the uncertainty in lattice data points is quite small, so that including the

lattice data in the CT18As Lat fit greatly reduces the s−-PDF error band size in the large

x region. The amount of reduction of the CT18As Lat error band into the much smaller x

region is likely to depend on the chosen nonperturbative parametrization form of s−(x) at

Q0 = 1.3 GeV. Hence, it is important to have more precise lattice data, extended to smaller

x values.

Based on the CT18As Lat PDF, we further investigate how much a lattice data with

higher precision is able to constrain the s− distribution. We again fit the lattice data,

but reduce the uncertainty of lattice data points by half, resulting another PDF labelled

“CT18As HELat”. The half-error lattice data shows a strong power in further constraining

s− by reducing the error band of s− by nearly a factor of two in the large x region.
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FIG. 2. The s−(x) distributions at 2 GeV (left) and 100 GeV (right) of CT18As are compared to

those of MSHT20 [2] and NNPDF4.0 [3].
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FIG. 3. The result of xs−(x,Q = 1.3 GeV) from the original CT18As fit (blue band), with current

lattice constraints (red slashed area), and expected improvement if current lattice data errors are

reduced by a half (green backslashed area); the black bars are the current lattice data.

IV. CONCLUSION

In this work, we study the impact of the lattice data on the determination of the

strangeness asymmetry distribution s−(x) ≡ s(x) − s̄(x) in the general CTEQ-TEA global

analysis of parton distribution functions (PDFs) of the proton. We start with the CT18A

NNLO fit [1], rather than the nominal CT18 NNLO fit, since the tensions between the

precision ATLAS
√
s = 7 TeV W , Z data [8] and NuTev [6] and CCFR [7] DIS dimuon

data can be released by introducing s(x) 6= s̄(x), and that the mentioned ATLAS data is

included in the CT18A fit and absent in the CT18 fit. We extend the non-perturbative

parametrisation in the CT18A analysis by allowing a strangeness asymmetry distribution

s−(x) ≡ s(x)− s̄(x) at the initial Q0 scale. The resulting PDF set from the CT18A data set

is labelled as CT18As, whose quality of fit is similar to the CT18A fit. The constraint from

the lattice data into the PDF global fit is added by using the Lagrange Multiplier method.

We found that the resulting PDF, named as CT18As Lat, present a different strangeness

asymmetry distribution and a smaller uncertainty band than those of CT18As. We also

investigate the possible constraint of the lattice data with higher precision by performing a

PDF fit with errors in the original lattice data points reduced by half. Our results conclude

that the current lattice data is able to help constraining the strange asymmetry s−(x) in
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PDF global analysis. Further precision improvement in the lattice errors of this quantity

can further improve the s−(x) to x ∈ [10−2, 0.6]
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