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ABSTRACT

I present theoretical calculations of tt̄ production cross sections through aN3LO in
proton-proton collisions. I show that soft-gluon corrections dominate the perturbative
expansion not only for LHC energies but also for future collider energies through 100
TeV. Detailed results are presented for various collision energies. TheK-factors are large
and increase slowly with increasing energy. The scale uncertainties decrease greatly as
we move to higher perturbative orders.
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1 Introduction

Top-quark production is a process of great interest in particle physics (see Ref. [1] for a review). The
QCD corrections to tt̄ production cross sections are very significant at NLO [2, 3] and NNLO [4].
The theoretical framework of soft-gluon resummation [5] provides powerful techniques for making
theoretical predictions for QCD perturbative corrections at even higher orders. The resummation
formalism for tt̄ production developed in [5, 6] has produced very accurate predictions through
approximate N3LO (aN3LO) [7] which is the current state of the art. The soft-gluon corrections
are excellent approximations to the complete NLO and NNLO corrections at Tevatron and LHC
energies (see e.g. Ref. [1]), and the additional aN3LO corrections are significant and they provide an
improved theoretical prediction. In this contribution, I present results for the cross sections through
aN3LO for various collider energies, and I show that the soft-gluon corrections are dominant even
at very high energies through 100 TeV.
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2 Total cross sections for tt̄ production

In this section we present results for the cross section for tt̄ production at LO, NLO [2,3], NNLO [4],
and aN3LO [7]. Here we limit our study to total cross sections, but results for top-quark single-
differential and double-differential distributions through aN3LO can be found in Ref. [7].

At leading order in the strong coupling for tt̄ production, i.e. O(α2
s), the partonic channels are

quark-antiquark annihilation,
q(pa) + q̄(pb)→ t(p1) + t̄(p2) , (2.1)

and gluon-gluon fusion,
g(pa) + g(pb)→ t(p1) + t̄(p2) . (2.2)

We will use single-particle-inclusive kinematics in which the top quark with momentum p1 is ob-
served. If a soft-gluon with momentum pg is emitted, then the variable s4 = (p2+pg)2−m2

t vanishes
when pg goes to zero. Thus, this threshold variable describes the energy in the soft emission.

The resummation of soft gluons follows from the factorization properties of the cross section and
the renormalization-group evolution of functions that describe the emission of soft and collinear
gluons in the process [5, 6]. The nth order soft-gluon corrections to the (differential, in general)
partonic cross section, dσ̂, take the form

dσ̂(n) = αn+2
s

2n−1∑
k=0

C
(n)
k (s4)

[
lnk(s4/m

2
t )

s4

]
+

. (2.3)

The coefficients C
(n)
k are in general functions of s4 and other kinematical variables, the top-quark

mass, the renormalization scale µR, and the factorization scale µF [5–7].

In addition to the usual terminology of LO, NLO, and NNLO, in the discussion below we will
also employ the following terms: approximate NLO (aNLO), approximate NNLO (aNNLO), and
approximate N3LO (aN3LO). The definition of aNLO is the following: aNLO = LO + soft-gluon
NLO corrections; in other words, aNLO denotes the sum of the LO cross section and the NLO
soft-gluon corrections. Hence, a comparison of aNLO and NLO results shows how dominant the
soft-gluon corrections are.

Similarly, aNNLO = NLO + soft-gluon NNLO corrections; in other words, aNNLO denotes the
sum of the complete NLO cross section and the NNLO soft-gluon corrections, and a comparison of
aNNLO and NNLO results again indicates the relative dominance of soft-gluon corrections.

Finally, aN3LO = NNLO + soft-gluon N3LO corrections, i.e. aN3LO is the sum of the complete
NNLO corrections and the aN3LO soft-gluon corrections, and it is the most precise result available
for the tt̄ cross section.

We use MSHT20 NNLO pdf [8] for all our numerical results. Since we are interested in compar-
ing the relative sizes of the contributions from each perturbative order to the total cross section, we
use the same NNLO pdf for all results at all orders. We also set a common scale µ = µF = µR and
choose µ = mt = 172.5 GeV for our central results. The variation of µ from mt/2 to 2mt provides
our result for the scale dependence of the cross section.
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Figure 1: The total cross sections at LO (left) and NLO (right) for tt̄ production at pp collider
energies.

We begin with LO and NLO results. In the left plot of Fig. 1 we display the LO total cross
sections with µ = mt for pp collider energies ranging from 5 TeV to 100 TeV. The inset plot displays
the percentage contributions of the gg and qq̄ channels to the LO cross section. The plot on the right
in Fig. 1 displays the total NLO cross sections, and the inset shows the percentage contributions
of the gg, qq̄, and gq + gq̄ channels to the NLO cross section. While the cross section for each
channel rises with energy, the percentage contribution to the total cross section, at both LO and
NLO, rises in the gg channel but it diminishes in the qq̄ channel, reaching very low percentages at
high energies. At NLO, there are also small contributions from the gq and gq̄ channels. For most
of the energy range shown, the gg channel accounts for over 90% of the cross section at both LO
and NLO. In fact, the gg channel is overwhelmingly dominant in the entire range that is plotted.

tt̄ cross sections in pp collisions

σ in pb 5.02 TeV 7 TeV 8 TeV 13 TeV 13.6 TeV 14 TeV 27 TeV 50 TeV 100 TeV

LO 41.0 106 150 488 540 576 2.23×103 6.72×103 20.1×103

NLO 59.7 155 222 730 809 864 3.39×103 10.4×103 31.8×103

NNLO 67.1 174 249 814 902 963 3.77×103 11.5×103 35.1×103

aN3LO 70.2 181 258 839 928 990 3.86×103 11.7×103 35.8×103

Table 1: The tt̄ cross sections (in pb, with µ = mt) at different perturbative orders in pp collisions
with various values of

√
S, with mt = 172.5 GeV and MSHT20 NNLO pdf.

In Table 1 we show total cross sections for tt̄ production for a variety of pp-collider energies,
including LHC energies of 5.02, 7, 8, 13, 13.6, and 14 TeV as well as possible future-collider energies
of 27, 50, and 100 TeV. We display the LO, NLO, NNLO, and aN3LO cross sections at each energy.
The results are calculated with a central choice of scale, µ = mt. We observe that the cross sections
span three orders of magnitude as the energy ranges from 5 to 100 TeV.
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Figure 2: The total cross sections at LO, NLO, NNLO, and aN3LO for tt̄ production at pp collider
energies.

In Fig. 2 we show the LO, NLO, NNLO, and aN3LO cross sections for pp collider energies
ranging from 5 TeV to 100 TeV. The inset plot displays the K-factors, i.e. the ratios of the NLO,
NNLO, and aN3LO cross sections to the LO ones. All three K-factors increase slowly with collision
energy.

K-factors for tt̄ production in pp collisions

K-factor 5.02 TeV 7 TeV 8 TeV 13 TeV 13.6 TeV 14 TeV 27 TeV 50 TeV 100 TeV

NLO/LO 1.46 1.47 1.48 1.50 1.50 1.50 1.52 1.55 1.58

NNLO/LO 1.64 1.65 1.66 1.67 1.67 1.67 1.69 1.71 1.75

aN3LO/LO 1.71 1.72 1.72 1.72 1.72 1.72 1.73 1.75 1.78

aNLO/NLO 1.02 1.01 1.00 0.99 0.99 0.99 0.97 0.95 0.92

aNNLO/NNLO 1.01 1.01 1.01 1.00 1.00 1.00 1.00 0.99 0.98

Table 2: The K-factors in tt̄ production (with µ = mt) at different perturbative orders in pp
collisions with various values of

√
S, with mt = 172.5 GeV and MSHT20 NNLO pdf.

In Table 2 we show K-factors for tt̄ production for the same pp-collider energies as in Table 1.
The NLO/LO ratio is large for all energies, indicating large contributions from the NLO corrections.
The NNLO/LO ratio is significantly larger, showing further important contributions from NNLO
corrections. The aN3LO /LO ratio is larger still, indicating further significant contributions from
third-order soft-gluon corrections.

4



The dominance of the soft-gluon contributions for all energies is easily seen by the aNLO/NLO
and the aNNLO/NNLO ratios, which remain very close to 1. Although the dominance of these
corrections at LHC energies has been known for a long time (and reviewed in Ref. [1]), their
continuing importance at very high energies is noteworthy and was not necessarily expected. Similar
conclusions were drawn for the dominance of the soft-gluon corrections for tW production through
100 TeV energy in Ref. [9].

Next, we provide some cross sections with scale and pdf uncertainties at recent and future LHC
energies. Again, we use MSHT20 NNLO pdf in all cases. The first set of uncertainties in each cross
section given below is from scale variation while the second set shows the pdf uncertainties.

At 13 TeV, the LO cross section is 488+142
−103

+9
−6 pb, the NLO cross section is 730± 87+15

−10 pb, the
NNLO cross section is 814+28

−46
+16
−11 pb, and the aN3LO cross section is 839+23

−18
+17
−11 pb.

At 13.6 TeV, the cross section is 540+155
−113

+10
−7 pb at LO, 809+97

−95
+16
−11 pb at NLO, 902+31

−50
+18
−12 pb at

NNLO, and 928+25
−20

+18
−12 pb at aN3LO.

At 14 TeV, the cross section is 576+164
−120

+11
−7 pb at LO, 864+103

−101
+17
−11 pb at NLO, 963+33

−53
+18
−13 pb at

NNLO, and 990+27
−22

+19
−13 pb at aN3LO.

We observe the increasing value of the central cross section with a decreasing scale dependence
as we move up to higher orders, as expected, for all energies. The pdf uncertainties are consistently
smaller than the scale uncertainties, even at aN3LO.

3 Conclusions

I have presented results for tt̄ production cross sections through aN3LO at LHC energies as well
as future collider energies up to 100 TeV. I have shown that the soft-gluon corrections dominate
the cross section throughout the energy range studied from 5 TeV to 100 TeV. The cross section
varies by three orders of magnitude over this energy range. The theoretical uncertainty due to scale
dependence is very significantly reduced by the inclusion of higher-order corrections.

Acknowledgements

This material is based upon work supported by the National Science Foundation under Grant No.
PHY 2112025.

References

[1] N. Kidonakis, in “Physics of Heavy Quarks and Hadrons, HQ2013,” p. 139 [arXiv:1311.0283];
Int. J. Mod. Phys. A 33, 1830021 (2018) [arXiv:1806.03336].

[2] P. Nason, S. Dawson, and R.K. Ellis, Nucl. Phys. B 303, 607 (1988).

5



[3] W. Beenakker, H. Kuijf, W.L. van Neerven, and J. Smith, Phys. Rev. D 40, 54 (1989); W.
Beenakker, W.L. van Neerven, R. Meng, G.A. Schuler, and J. Smith, Nucl. Phys. B 351, 507
(1991).

[4] M. Czakon and A. Mitov, Comput. Phys. Commun. 185, 2930 (2014) [arXiv:1112.5675].

[5] N. Kidonakis and G. Sterman, Phys. Lett. B 387, 867 (1996); Nucl. Phys. B 505, 321 (1997)
[hep-ph/9705234].

[6] N. Kidonakis, Phys. Rev. Lett. 102, 232003 (2009) [arXiv:0903.2561]; Phys. Rev. D 82, 114030
(2010) [arXiv:1009.4935]; in Radcor-LoopFest 2021, arXiv:2109.14102.

[7] N. Kidonakis, Phys. Rev. D 90, 014006 (2014) [arXiv:1405.7046]; D 91, 031501 (2015)
[arXiv:1411.2633]; D 91, 071502 (2015) [arXiv:1501.01581]; D 101, 074006 (2020)
[arXiv:1912.10362].

[8] S. Bailey, T. Cridge, L.A. Harland-Lang, A.D. Martin, and R.S. Thorne, Eur. Phys. J. C 81,
341 (2021) [arXiv:2012.04684].

[9] N. Kidonakis and N. Yamanaka, JHEP 05, 278 (2021) [arXiv:2102.11300].

6


	1 Introduction
	2 Total cross sections for t"7016t production
	3 Conclusions

