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Abstract

Non-leptonic two-body weak decays of baryons are an important tool to probe the combined

charge-conjugation–parity symmetry (CP) violation. We explain why the decays of strange baryons

provide complementary information to the decays of kaons. A model-independent parameterization

of the non-leptonic decays of the Λ- and Ξ-baryons is reviewed, and the amplitudes are updated

according to the latest experimental input. We demonstrate the potential of performing precision

tests in strange baryon decays at the next generation electron–positron J/ψ factories with lumi-

nosity of 1035 cm−2s−1. The copious production of spin-entangled hyperon–antihyperon pairs via

the J/ψ resonance allows for a direct comparison of the baryon and antibaryon decay properties.

Using analytic approximations and numerical calculations, we study the quantitative impact of spin

correlations and polarization in such CP tests. We show that by using a longitudinally-polarized

electron beam, the statistical precision of the CP tests can be significantly improved compared to

the experiments without polarized beams. Furthermore, we map out further directions for possible

improvements, like analysis of incompletely reconstructed events or a combination of the isospin

related processes. Altogether, these methods are promising for the observation of a statistically

significant CP-violation signal with a strength corresponding to the standard model predictions.

Our conclusions should encourage more detailed feasibility studies, including optimisation of the

measurement methods and studies of systematic effects. Finally, our results call for an update of

the theory predictions with increased precision.
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I. INTRODUCTION AND SUMMARY

Although the standard model (SM) of elementary particle physics can describe the sub-

atomic world accurately, there are several theoretical and experimental indications that it

needs to be completed. In general, precision tests of symmetries and their violation patterns

provide guidelines towards a deeper understanding of elementary particles and their interac-

tions. Here we focus on charge-conjugation parity (CP) violation as a means of teasing out

new physics. It is well known that the CP-violating mechanism in the SM is not sufficient to

explain the observed imbalance between matter and antimatter in our Universe as a dynamic

effect [1]. On the other hand, the processes included in the SM are strong enough to wash

out any initial imbalance before the electroweak phase transition [2, 3]. Thus, a CP violation

beyond the SM is required. In the quark sector, the existence of CP violation in kaon and

beauty meson decays is well established [4–6] and so far most observations are consistent

with the SM expectations. There are tensions like the B → πK decay puzzle which require

further exploration [7]. The first CP-violating signal for charmed mesons, reported by the

LHCb experiment [8], is at the upper edge of the SM prediction. As CP-violating effects

are subtle, a detailed understanding requires a systematical mapping of various hadronic

systems studied with complementary approaches.

In the strange-quark sector, one of the most sensitive probes of non-SM contributions is

direct CP violation. The experimental result is given by the value Re(ε′/ε) = (16.6± 2.3)×
10−4 [9–11] determined from the decay amplitude ratios of KL and KS mesons into pion

pairs,
A(KL → π+π−)

A(KS → π+π−)
=: ε+ ε′ and

A(KL → π0π0)

A(KS → π0π0)
=: ε− 2ε′ . (1)

This direct CP-violating effect arises in the weak part of the transition amplitudes to pions

due to the interference between isospin I = 0 and I = 2 final states (|∆I| = 1/2 and

|∆I| = 3/2 transitions, respectively). The CP-violation mechanism in the SM requires

loop diagrams where all three quark families are involved, the so-called penguin diagrams,

like those shown in Fig. 1. Predictions for the kaon decays have been a challenge for many

years since there are partially cancelling contributions from sub-leading types of the penguin

diagrams, where the gluon line is replaced by γ, Z0, see e.g. Ref. [12] and references therein.

Recently, a satisfactory understanding was reached using Lattice [13, 14] and effective field

theory [15, 16] approaches to Quantum Chromodynamics (QCD). This progress ensures that
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Figure 1: figures taken from arXiv:1712.06147, created by tikz: current–current (a), QCD
penguin (b) and electroweak penguin (c) topologies.
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FIG. 1. Quark diagrams relevant for kaon and hyperon decays. Direct CP-violation effects in kaon

and hyperon decays in the SM are given by the (a) QCD-penguin operators and (b) electroweak

penguin operators. This figure was created using a modified script from Ref. [15].

the kaon decays continue to be an important precision test of the SM.

The subject of our paper is a complementary approach to study CP violation (CPV) in

two-body non-leptonic ∆S = 1 transitions of hyperons [17–19]. For such weak two-body

decays, one also needs an interference pattern: this time between parity-even and parity-odd

decay amplitudes. These emerge from the spin degrees of freedom of the initial and final

baryon. Since we will consider decays of a spin-1/2 baryon B to a spin-1/2 baryon b and a

pion, the parity-even amplitude leads to a p-wave final state while the parity-odd amplitude

to an s-wave final state. The two amplitudes are denoted P and S, respectively. In the

following, we will often write the decay generically as D(B→bπ). When we need to be more

specific, we use indices Λ and Ξ to denote Λ→ pπ− and Ξ−→ Λπ−, respectively. The decay

amplitude is

A ∼ Sσ0 + Pσ · n̂ , (2)

where σ0 is the 2 × 2 unit matrix, σ := (σ1, σ2, σ3) are the Pauli matrices and n̂ = q/|q|
is the direction of the b-baryon momentum q in the B-baryon rest frame. It is important

to note that these amplitudes depend on the initial (weak) decay, which produces the two

final particles, but depend also on the (strong) final-state interaction. These S and P

amplitudes are Lorentz scalars, which can depend only on the invariant mass of the two-body

system. Yet this quantity is fixed for a two-body decay: if we disregard the unmeasurable

overall phase, the two complex amplitudes S and P can be fully specified by the overall

normalisation |S|2 + |P |2 and the size and relative phase of the interference term S∗P .
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These are directly related to the partial decay width and the following two parameters [20]:

αD :=
2 Re(S∗P )

|S|2 + |P |2 and βD :=
2 Im(S∗P )

|S|2 + |P |2 . (3)

The relation of the parameters to the shape of the angular distribution, including the polar-

ization, of the baryon b will be shown in Sec. II. In the CP-conserving limit, the amplitudes

S and P for the charge-conjugated (c.c.) decay mode of the antibaryon D(B → b + π) are

S = −S and P = P . Therefore, the decay parameters have the opposite values: αD = −αD
and βD = −βD.

Two independent experimental CPV tests can be defined using these parameters,

ADCP :=
αD + αD
αD − αD

and BD
CP :=

βD + βD
αD − αD

, (4)

where ADCP(BD
CP) 6= 0 indicates CP violation in the D decay. The ADCP test requires mea-

surement of the angular b(b) distribution from polarized B(B)-baryon decay. The BD
CP test

probes time reversal-odd transitions and can be potentially much more sensitive but it re-

quires in addition a measurement of the b(b)-baryon polarization. In the SM, CPV effects

in the hyperon decays are dominated by the QCD-penguin contribution, Fig. 1(a).

In the 1960s, hyperon decays were a tool for discrete symmetry tests on equal footing

with the kaons. The last dedicated programme to observe CP violation in hyperons was

performed by the Fermilab experiments E756 [21] and HyperCP [22] at the dawn of this

century. In these experiments, the sum of the ACP observables for Ξ− → Λπ− [Ξ−] and

Λ→ pπ− [Λp], A
[Ξ−]
CP +A

[Λp]
CP , was studied. Here, the SM prediction amounts to −0.5×10−4 ≤

A
[Ξ−]
CP + A

[Λp]
CP ≤ 0.5 × 10−4 [23]. The published result A

[Ξ−]
CP + A

[Λp]
CP = 0(7) × 10−4 [24] is

currently considered to be the most precise test of CP symmetry in the hyperon sector.

The prospect of significantly improving the CPV tests in hyperons is due to a novel

method where hyperon–antihyperon pairs are produced in electron–positron collisions at

the center-of-mass (c.m.) energy corresponding to the J/ψ resonance. The J/ψ decays

into a hyperon–antihyperon pair have relatively large branching fractions of O(10−3) [25].

The produced hyperon–antihyperon pair has a well-defined spin-entangled state based on

the two possible partial waves (parity symmetry in this strong decay allows for an s- and

a d -wave) [26, 27]. The charge-conjugated decay modes of the hyperon and antihyperon

can be measured simultaneously, and their properties compared directly. The uncertainties

obtained in the proof-of-concept experiment [28, 29] based on 1.3 × 109 J/ψ for the A
[Λp]
CP ,
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TABLE I. Illustration of the expected statistical uncertainty for the CPV observables A
[Λp]
CP , A

[Ξ−]
CP

and B
[Ξ−]
CP at BESIII and the proposed SCTF electron–positron collider. The results of the pub-

lished BESIII measurements are given in the first row [28, 29]. The uncertainties given in the two

remaining rows are straightforward re-scaling based on the expected number of events. The SM

prediction for A
[Λp]
CP is ∼ (1− 5)× 10−5 while for B

[Ξ−]
CP it amounts to O(10−4) [23].

σ(A
[Λp]
CP ) σ(A

[Ξ−]
CP ) σ(B

[Ξ−]
CP ) Comment

BESIII 1.0× 10−2 a 1.3× 10−2 3.5× 10−2 1.3× 109 J/ψ [28, 29]

BESIII 3.6× 10−3 4.8× 10−3 1.3× 10−2 1.0× 1010 J/ψ (projection)

SCTF 2.0× 10−4 2.6× 10−4 6.8× 10−4 3.4× 1012 J/ψ (projection)

a This result is a combination of the two BESIII measurements.

A
[Ξ−]
CP , and B

[Ξ−]
CP observables are given in the first row of Table I. With the already available

data set of 1010 J/ψ collected at BESIII [30], a significantly improved statistical precision is

expected, as shown in the second row of the table. However, the uncertainty is still predicted

to be two orders of magnitude larger compared to the SM CPV signal.

Crucial improvements are expected at the next-generation electron–positron colliders,

the Super Charm-Tau Factories (SCTF) being under consideration [31, 32]. Their design

luminosity is two orders of magnitude larger than the BEPCII collider [33, 34] allowing for

data samples of more than 1012 J/ψ events. The projections for the improved statistical

uncertainties of the CPV tests, due to the increased data samples, are shown in Table I. This

will still not be sufficient to observe an effect if it has a magnitude consistent with the SM

predictions. Therefore, besides the increased luminosity, two additional improvements are

being discussed to further increase the precision: 1) a c.m. energy spread ∆E compensation

and 2) an electron beam polarization. For the first option, a collision scheme is proposed

where electrons (positrons) with higher momenta are matched with positrons (electrons)

with lower momenta. This promises a ∆E reduction to better match the natural width of

J/ψ meson of Γ = 0.09 MeV, thus up to an order of magnitude increase of the number of J/ψ

events for a given integrated luminosity [35–37]. For the second option, an electron beam

polarization of 80–90% at J/ψ energies can be obtained with the same beam current [38].

Since the benefits of the first improvement are obvious, we focus on the impact of the
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use of a polarized electron beam and show that the precision of the CP tests in e+e− →
J/ψ → ΛΛ and e+e− → J/ψ → ΞΞ can be significantly improved. The initial findings

for e+e− → J/ψ → ΛΛ have already been reported at the SCTF workshop [39] and inde-

pendently in Ref. [40]. Here we give a detailed explanation of this result and extend it to

sequential hyperon weak decays. In Sec. II we review the phenomenology and the current

experimental status of CP tests in two-body weak decays of hyperons. In Sec. III we use

the formalism based on Jacob–Wick’s [41] helicity amplitudes [42] to derive the hyperon–

antihyperon production spin-correlation matrix for electron–positron collisions with longi-

tudinal polarization of the electron beam. The asymptotic maximum log-likelihood method

from Ref. [43] used for the analysis of uncertainties for the CPV observables is introduced

in Sec. III C. The single-step decays are discussed in Sec. IV and the two-step decays in

Sec. V. Further experimental considerations are presented in Sec. VI and Sec. VII contains

an outlook.

II. CP TESTS IN HYPERON DECAYS

A. General considerations

There are three independent observables that provide a complete description of a weak

decay D(B → b + π) with the amplitude given in Eq. (2). The first is the partial decay

width given by

Γ =
|q|

4πMB

(Eb +Mb)|A|2 , (5)

where |A|2 = |S|2 + |P |2 and Eb =
√
|q|2 +M2

b . The MB and Mb are the masses of

the mother and daughter baryon, respectively. The first of the two parameters defined in

Eq. (3), −1 < αD < 1, can be determined from the angular distribution of the daughter

baryon when the mother baryon is polarized. For example, the proton angular distribution

from the Λ(Λ→ pπ−) decay in the Λ rest frame is given as

1

Γ

dΓ

dΩ
=

1

4π
(1 + αΛPΛ · n̂) , (6)

where PΛ is the Λ polarization vector. The second independent decay parameter can be

chosen as the angle φD, −π < φD < π, which gives the rotation of the spin vector between

the B and b baryons. To measure φD, the polarization of both mother and daughter baryons
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must be determined. For the decay Ξ(Ξ−→ Λπ−), where the cascade is polarized, the φD

parameter can be determined from the subsequent Λ→ pπ− decay, which acts as a polarime-

ter. The relation between the initial Ξ− polarization PΞ and the daughter Λ polarization

PΛ is given by the Lee–Yang formula [20]:

PΛ =
(αΞ + PΞ · n̂)n̂ + βΞPΞ × n̂ + γΞn̂× (PΞ × n̂)

1 + αΞPΞ · n̂
, (7)

where the β- and γ-type decay parameters are expressed as

βD =
√

1− α2
D sinφD , γD :=

|S|2 − |P |2
|S|2 + |P |2 =

√
1− α2

D cosφD , (8)

implying that α2
D + β2

D + γ2
D = 1. In Table II the branching fractions (B) and the values of

the αD and φD parameters for decays of the ground-state octet baryons are listed. When

available we report the hyperon–antihyperon average values, defined as

〈αD〉 =
αD − αD

2
, 〈φD〉 =

φD − φD
2

. (9)

In most cases, the parameters of the antihyperon decays have not been determined yet.

The αD parameter is much easier to measure than φD, since only the polarization of the

initial or final baryon has to be determined. Before 2018 the consensus was that the αD

parameters were known accurately. The BESIII measurement [28, 29] has shown that values

for Λ→ pπ− and Ξ− → Λπ− were wrong by 17%.

The use of αD and βD parameters provides a symmetric description of the real and

imaginary parts of the S and P amplitudes. On the other hand, the preferred choice of the

αD and φD parameters by the Particle Data Group (PDG) is motivated experimentally, as

the φD and αD uncertainties are approximately uncorrelated. However, the φD parameter is

not directly related to the relative phase between the S and P amplitudes, since it can be

written as

φD = arg{(S + P )(S∗ − P ∗)} . (10)

In general, we do not need to know the exact values of the decay parameters to predict

the uncertainties of the CPV observables given in Eq. (4). Many of our results can be

described using approximate analytic formulas where the dependence on parameters is given

explicitly. Furthermore, in the proposed measurements the values of the decay parameters
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TABLE II. Properties of two-body hadronic decays of the ground-state octet hyperons. Branching

fractions B are rounded to ±0.5% accuracy. In bold are the values assumed in this report. The

motivation for the selection of the specific values is given in the main text.

D B 〈αD〉 〈φD〉 [rad] ACP Comment

Λ→ pπ− [Λp] 64% 0.755(03)a −0.113(61)b −0.005(10)a

0.754(3)(2) – −0.006(12)(7) BESIII [28]

0.721(6)(5)∗ – – CLAS [44]

0.760(6)(3) – −0.004(12)(9) BESIII [29]

Λ→ nπ0 [Λn] 36% 0.692(17)c – – BESIII [28]

Σ+ → pπ0 [Σp] 52% −0.994(04)d 0.63(59)g −0.004(37)d

Σ+ → nπ+ [Σn] 48% 0.068(13)∗ 2.91(35)∗ – PDG [25]

Σ− → nπ− [Σ−] 100% −0.068(08)∗ 0.17(26)∗ – PDG [25]

Ξ0 → Λπ0 [Ξ0] 100% −0.345(08)e 0.36(21)∗ – AVG [45, 46]

Ξ− → Λπ− [Ξ−] 100% −0.379(04)f −0.042(16)∗ – AVG [25, 47]

−0.373(5)(2) 0.016(14)(7) 0.006(13)(6) BESIII [29]

∗ Solely based on the result for hyperons (not antihyperons)
a Weighted average of 〈α[Λp]〉 from [28, 29]
b Weighted average of φ[Λp] from [48–50] the same as in PDG [25]
c The −α[Λp] value from [28]
d Value from [51]
e From α[Ξ0]α[Λp] = −0.261(6) [25] divided by α[Λp]

a

f Combination of 〈α[Ξ−]〉 [29] and α[Ξ−]α[Λp] = −0.294(5) [25] divided by α[Λp]
a

g Weighted average of φ[Σp] from [52, 53]

are determined directly together with the CPV observables, and are uncorrelated with each

other. For specific purposes, such as the estimate of the size of the decay amplitudes in

Appendix A, we need the most precise values of the decay parameters and branching ratios

or life times. We have made a critical evaluation of the available data, and the preferred

values which we have selected are given in bold in Table II. Here, we provide a detailed

explanation how some values were determined:

• The 〈α[Λp]〉 value is the average of the two BESIII measurements [28] and [29]. We do

not include the result from CLAS experiment [44] since it does not report the mea-
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surement of 〈α[Λp]〉 and would indicate significant violation of the CP symmetry due

to the statistically inconsistent value with the BESIII measurement of the antihyperon

α[Λp]. The BESIII results for αD and αD are correlated and have large uncertainty

separately.

• Since the 〈φ[Ξ−]〉 measured at BESIII [29] differs by 2.6 standard deviations from φ[Ξ−]

measured by HyperCP [47], we do not provide the average value for 〈φ[Ξ−]〉.

Finally, we use other results which do not fit to the format of the table, such as B
[Ξ−]
CP ,

A
[Ξ−]
CP + A

[Λp]
CP or life times of the cascades. They are introduced and referred to when we

need to use them. For example, for the determination of the contribution of the ∆I = 3/2

amplitudes we use more precise values of the branching fractions from Ref. [25]: B(Λ →
pπ−) = 0.639(5) and B(Λ→ nπ0) = 0.358(5).

B. CP violation phenomenology

Isospin is not conserved in weak transitions, meaning that both the isospin vector length

and the third component I3 change in the decay process. In our hyperon decays of interest,

there is effectively a transition from a strange to a down quark: thus, I3 changes by −1/2.

For the total isospin, the situation is more involved. It is convenient to classify the weak

transition by the isospin ∆I of the transition operator. Starting with the initial isospin Iini

of the decaying hyperon, the isospin I of the final state can take values between |Iini −∆I|
and Iini + ∆I. As a result of these considerations, it is practical to characterise the weak

process by the isospin of the final state I and by the change of isospin ∆I. To explain this

distinction, let us consider the process Ξ− → Λπ− where the initial and final isospins are 1/2

and 1, respectively. This final state can be reached by a transition with ∆I = 1/2, where

the isospins are aligned, and a transition with ∆I = 3/2, where the isospins are anti-aligned.

Therefore, the transition amplitudes of the decomposition should be labelled by both I and

∆I, and we adopt the notation S2∆I,2I and P2∆I,2I .

The transition amplitudes L = S, P can be decomposed as [54]:

L =
∑
j

Lj exp
{
i(ξLj + δLj )

}
, (11)

where j represents a possible {2∆I, 2I} combination, while ξLj and δLj denote the weak

CP-odd phase and the phase of the combined strong and electromagnetic (e.m.) final state

10



TABLE III. Values of the N–π scattering phase shifts δL2I relevant for Λ and Σ decays from [56].

|q| δS1 δS3 δP1 δP3

[MeV/c] [◦] [◦] [◦] [◦]

Λ→ Nπ 103 6.52(9) −4.60(7) −0.79(8) −0.75(4)

Σ→ Nπ 190 9.98(23) −10.70(13) −0.04(33) −3.27(15)

interaction, respectively. Appendices B and C provide a justification for the decomposition

(11) where the Sj and Pj amplitudes are real numbers. The final-state interaction phase

is dominated by the phase shifts of the strong elastic rescattering. The isospin breaking

effects in the rescattering due to hadron mass differences for different charge states are a

few percent. Further contributions can be due to md−mu terms in the amplitudes and e.m.

interactions of the hadrons, such as radiative corrections or Coulomb interactions. The δLj

phase can be written as δLj = δL2I + ∆δLj , where the correction term ∆δLj includes the isospin

breaking effects due to e.m. interactions in the final state. Here, we will neglect this term,

but for future precision studies it should be considered similar to how it was for the kaon to

two-pion decays [55].

For the N–π final states, the phases-shifts δL2I are well known. We summarise in Table III

the values from Ref. [56] which are relevant for the Λ and Σ decays. The Λ-π scattering phase-

shifts, on the other hand, are less precisely determined from experiment. In particular, for

Ξ→ Λπ they can be found via the relation tan
(
δP2 − δS2

)
= sinφΞ

√
1− α2

Ξ/αΞ, neglecting

the weak-phase difference, where αΞ and φΞ are obtainable directly from the sequential

decays. In doing so, we note that the current φΞ data are not all consistent with each other

yet, as pointed out in the preceding subsection. On the theoretical side, various analyses

have produced different results [57–63], the latest one being δP2 − δS2 = 8.8(2)◦ [63], which

is compatible with one of the earlier predictions [61] and will be used in updating the A
[Ξ−]
CP

prediction.

Now we will discuss signatures of CP violations in the hyperon decays. They are based

on the comparison of the hyperon decay amplitudes, Eq. (11), with the ones corresponding

to the antihyperon c.c. decay,

S = −
∑
j

Sj exp
{
i(−ξSj + δS2I)

}
and P =

∑
j

Pj exp
{
i(−ξPj + δP2I)

}
, (12)
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where the real-number parameters Lj, ξ
L
j and δL2I , (L = S, P ), have the same values for

the hyperon and antihyperon decays. The isospin-decomposition relations obtained in Ap-

pendix A can be applied for the c.c. decays of antihyperons. A priori, up to three indepen-

dent observables can be used to compare properties of a decay to the c.c. one. The first

observable is the difference between the partial decay widths

∆CP :=
Γ− Γ

Γ + Γ
. (13)

In the ∆I = 1/2 limit the ∆CP observable is exactly zero and cannot be used to test

CP symmetry. In addition, for Ξ → Λπ the isospin of the final Λ–π state is I = 1 and

there is only one strong phase for each of the S and P amplitudes. This implies that

the corresponding ∆CP is zero even if the weak transition includes |∆I| = 3/2 operators.

However, the ∆CP test is possible for Λ → Nπ, as the final state can have I = 1/2 or

3/2. For the two Λ-decay modes, to lowest order in the ∆I = 3/2 amplitudes, we have the

relation 2∆
[Λp]
CP = −∆

[Λn]
CP = 2

√
2∆CP with

∆CP =
P1,1P3,3 sin(ξP1,1 − ξP3,3) sin(δP1 − δP3 ) + S1,1S3,3 sin(ξS1,1 − ξS3,3) sin(δS1 − δS3 )

P 2
1,1 + S2

1,1

. (14)

This requires two weak and two strong phases either in the S amplitude, as in the kaon

decays, or in the P amplitude. The precision of the test is suppressed by the small |∆I| = 3/2

amplitudes and by the term containing sinus of the small strong phases. Therefore, such a

test is not competitive and we will not discuss it further.

The remaining two CP tests are based on the ADCP and BD
CP observables defined in Eq. (4).

The BD
CP observable can also be expressed as

BD
CP = ΦD

CP

√
1− α2

D

αD
cosφD − ADCP

αD√
1− α2

D

sinφD , (15)

where

ΦD
CP :=

φD + φD
2

(16)

is based on the spin-rotation decay parameter φD. In a large acceptance experiment, the

decay parameters α and φ are uncorrelated, as well as the CPV tests based on the ADCP and

ΦD
CP variables.

Contrary to the CP violation in KL,S → ππ, where ∆I = 1/2 and ∆I = 3/2 amplitudes

are both consequential, the dominant effect in hyperons can be studied using only the
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∆I = 1/2 amplitudes. The corrections to the CPV effect studied in this approximation

will be a few percent, as given by the size of the P3 and S3 amplitudes. This is sufficient

for the precision expected at SCTF. If a better precision is required, one can construct

isospin averages of the observables from different isospin modes to recover the results in the

∆I = 1/2 limit. Such averages are constructed from the isospin decomposition of a given

decay process (channel) – for more details, we refer to Appendix A. For Ξ, up-to the linear

terms in the ∆I = 3/2 amplitudes, they amount to

BΞ
CP :=

2B
[Ξ−]
CP +B

[Ξ0]
CP

3
= tan(ξP1,2 − ξS1,2) (17)

AΞ
CP :=

2A
[Ξ−]
CP + A

[Ξ0]
CP

3
= − tan(ξP1,2 − ξS1,2) tan(δP2 − δS2 ) , (18)

and for Λ

BΛ
CP :=

2B
[Λp]
CP +B

[Λn]
CP

3
= tan(ξP1,1 − ξS1,1) (19)

AΛ
CP :=

2A
[Λp]
CP + A

[Λn]
CP

3
= − tan(ξP1,1 − ξS1,1) tan(δP1 − δS1 ) . (20)

The leading-order correction for the two isospin states of the cascades is:

B
[Ξ−]
CP −B

[Ξ0]
CP = −3

2

[
P3,2

P1,2

sin(ξP1,2 − ξP3,2)− S3,2

S1,2

sin(ξS1,2 − ξS3,2)

]
(21)

A
[Ξ−]
CP − A

[Ξ0]
CP = −

(
B

[Ξ−]
CP −B

[Ξ0]
CP

)
tan(δP2 − δS2 ) ,

which implies that even if the LO ∆I = 3/2 corrections are included, the A and B tests are

still connected — giving the same combination of the weak phases. For the Λ decays such

a relation is not valid and the A- and B-type variables provide independent information on

the weak-phase combinations. We will not discuss this case, since the B-type observables

cannot be measured with the standard techniques available at the electron–positron-collider

experiments. A combination of the CP tests for the isospin related channels allows for an

increased statistical significance of the tests. Such an approach is feasible at SCTF for the

Ξ and Λ decays, since all the decay parameters for (anti)cascade and the α parameters for

Λ can be measured.

A simpler approach is to treat each decay mode separately when comparing decay pa-

rameters for the hyperon and, from the c.c. decay, for the antihyperon. In the ∆I = 1/2

13



approximation we can write

S = sinζ exp(iξS + iδS) , S = − sinζ exp(−iξS + iδS) , (22)

P = cosζ exp(iξP + iδP ) , P = cosζ exp(−iξP + iδP ) ,

where 0 ≤ ζ ≤ π/2, ξS(ξP ) is the weak CP-odd phase for the ∆I = 1/2 transition and

δS(δP ) is the strong s(p)-wave baryon–pion phase-shift at the c.m. energy corresponding

to the hyperon mass. The structure of Eq. (22) can be justified, if one assumes that the

complete decay process can be split up into the decay itself where one does not resolve the

intrinsic structure and a final-state interaction that conserves P and C separately. If one

does not resolve the space-time structure of the initial decay, then one can use an effective

hermitian Lagrangian to describe the decay and one just reads off the relations Sini = −S∗ini

and P ini = P ∗ini. More details are given in Appendix B. The final-state interaction can be

described by a 4 × 4 Omnès-function matrix that is applied to the four initial amplitudes;

see also Appendix C. If P (and baryon number) is conserved, then this matrix is diagonal. If

C is conserved, then the entries are pairwise the same for particle and antiparticle. Without

inelasticities, Watson’s theorem [64] identifies the phases with the scattering phase shifts.

The decay parameters (α, β, γ) and
(
α, β, γ

)
1 are then given as

α = sin(2ζ) cos(ξP − ξS + δP − δS) , α = − sin(2ζ) cos(−ξS + ξP + δS − δP ) , (23)

β = sin(2ζ) sin(ξP − ξS + δP − δS) , β = − sin(2ζ) sin(−ξP + ξS + δP − δS) , (24)

γ = − cos(2ζ) , γ = − cos(2ζ) . (25)

Without final-state interactions, α+α is always zero and ACP does not constitute an observ-

able that can indicate CP violation, while BCP = tan(ξP −ξS) does. One needs CP violation

and final-state interactions to make ACP different from zero. In the presence of final-state

interactions, β 6= 0 does not necessarily indicate CP violation, but BCP still does. The CPV

1 In the remaining part of this section we simplify the notation by omitting subscript D for the decay

parameters.
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tests based on the ACP, BCP (and ΦCP) observables can be expressed using Eq. (22) as

ACP = −
√

1− α2

α
sinφ tan(ξP − ξS) (26)

= − tan(δP − δS) tan(ξP − ξS) , (27)

BCP = tan(ξP − ξS) , (28)

ΦCP =
α√

1− α2
cosφ tan(ξP − ξS) . (29)

Therefore the tests are not independent as they are related to the same ξP − ξS combination

of the CP-odd weak phases. For single-step decays of the singly-strange baryons, measure-

ment of the BCP(ΦCP) would require a dedicated detector to determine the daughter-nucleon

polarization. Therefore, for the Λ and Σ hyperon decays, we consider only the ACP observ-

able measurements. In this case, the weak phases are determined by Eq. (27) using the well

known values of the strong N–π phases. Since the strong phases δP and δS, representing the

final state interaction between the baryon and pion, are small, the BCP observable provides

much better determination of the weak-phase difference than ACP. This statement assumes

that the uncertainties of the ACP and BCP (or ΦCP) measurements are comparable. In

Sec. VI we will discuss strategies for the simultaneous measurement of the two observables

in the cascade decays.

C. Status of the CPV predictions

In this subsection, we review the estimates of CPV signals for the decay channels Λ→ pπ−

and Ξ−→ Λπ−, commonly considered to be the most sensitive modes. In the experimental

study of the latter, the former is used as the subsequent process. The SM contributions to

ξP−ξS for the two decay modes are shown in the third column of Table IV. These predictions

are both O(10−4), taking into account the substantial uncertainties which are related to our

present lack of ability to explain simultaneously the s- and p-waves of hyperon nonleptonic

decays [23]. The second column of this table contains ξP − ξS divided by ηλ5A2, which is

a product of the Wolfenstein parameters for the Cabibbo–Kobayashi–Maskawa matrix and

has a value of 1.36(7)× 10−4 according to the most recent PDG report [25]. The SM entries

in this table are updates of the corresponding numbers found in Ref. [23] and are somewhat

modified with respect to the latter, mainly because of our use of the (boldfaced) new α

results for Λ→ pπ− and Ξ−→ Λπ− quoted in Table II.
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TABLE IV. Weak-phase differences in hyperon decays. (left) Standard-model predictions and

(right) parameters CB and C ′B used in Eq. (30) to relate the weak-phase differences in hyperon

decays to the beyond SM (BSM) constraints from kaon CPV observables. The SM and BSM entries

are updates of the corresponding numbers obtained in Refs. [23] and [65], respectively, as explained

in the main text.

ξP − ξS CB C ′B

(ηλ5A2) [10−4 rad]

SM BSM

Λ→ pπ− −0.1± 1.5 −0.2± 2.2 0.9± 1.8 0.4± 0.9

Ξ− → Λπ− −1.5± 1.2 −2.1± 1.7 −0.5± 1.0 0.4± 0.7

To compare the theoretical ACP with its most precise measurements to date given in

Table II requires multiplication of the calculated ξP−ξS by the strong-interaction parameters,

as indicated in Eqs. (26)-(27), an extra step which increases the experimental uncertainty

and/or decreases the precision of the predictions. Nevertheless, from Eq. (28), we expect that

future measurements ofBCP can directly determine ξP−ξS with good precision. For Λ→ pπ−

the strong phases pertaining to Eq. (27) are δS1 = 0.11(2) rad and δP1 = −0.014(1) rad from

Table III. For Ξ− → Λπ− the strong-phase difference can be extracted experimentally using

the methods discussed in this report. However, since β[Ξ−] is not yet well measured, the α[Ξ−]

data cannot be used to obtain δP2 − δS2 with good precision via Eq. (A21). To update the

prediction for A
[Ξ−]
CP , we adopt instead δP2 − δS2 = 8.8(2) deg computed in Ref. [63]. Putting

together the weak and strong phases, we arrive at the SM ranges−3×10−5 ≤ A
[Λp]
CP ≤ 3×10−5

and 0.5 × 10−5 ≤ A
[Ξ−]
CP ≤ 6 × 10−5, which are below their respective experimental bounds

inferred from Table II by more than two orders of magnitude.

Measurements on hyperon CPV and its kaon counterpart are complementary to each

other because they do not probe the underlying physics in the same way. As mentioned

above, in the context of the SM, the direct-CPV parameter ε′ in the kaon decay K → ππ

arises from both |∆I| = 1/2 and |∆I| = 3/2 transitions, where the CP-odd phases come

from the QCD, Fig. 1(a), and electroweak, Fig. 1(b), penguin contributions, respectively,

all of which are induced by effective four-quark operators. There is a delicate balance and

cancellation between the two contributions. In the hyperon case, the CPV signal of interest
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here, such as measured by ACP or BCP, mainly comes from |∆I| = 1/2 transitions and is

dominated by the QCD penguins.

In the presence of physics beyond the SM (BSM), there might be new ingredients causing

other types of quark operators to generate effects that are enhanced relative to the SM con-

tributions. This possibility can be realised, for instance, by the so-called chromomagnetic-

penguin operators, which contain a ds quark bilinear coupled to gluon fields and could be

influenced by sizeable new physics in various models [65–70]. The parity-odd and parity-

even portions of the operators contribute to ε′ and the CPV parameter ε in neutral-kaon

mixing, respectively, and both parts simultaneously affect ξP − ξS. Model independently,

one can derive a general relation between the contributions of these operators to the hyperon

weak-phase difference and kaon observables [65]:

(ξP − ξS)BSM =
C ′B
BG

(
ε′

ε

)
BSM

+
CB
κ
εBSM , (30)

which further illustrates the complementarity of hyperon and kaon decays. The values of CB

and C ′B, updated from their counterparts evaluated in Ref. [65], are given in Table IV, BG

parameterizes the hadronic uncertainty, and κ quantifies the contribution of meson poles.

The allowed ranges of (ε′/ε)BSM and εBSM can be estimated by comparing the experimental

values of Re(ε′/ε) and |ε| with the recent SM predictions [71–73]. Following Ref. [73] we

impose

∣∣∣∣ε′ε
∣∣∣∣
BSM

≤ 1× 10−3 , |ε|BSM ≤ 2× 10−4 . (31)

Accordingly, using 0.5 < BG < 2 and 0.2 < |κ| < 1 [69], we find that the kaon data

imply the limits |ξP − ξS|[Λp]BSM ≤ 5.3 × 10−3 and |ξP − ξS|[Ξ−]
BSM ≤ 3.7 × 10−3. Additionally,

we arrive at |A[Λp]
CP + A

[Ξ−]
CP |BSM ≤ 11 × 10−4, and therefore the upper end of this range

is already in tension with the aforementioned HyperCP limit [24]. Clearly, hyperon CPV

measurements with much improved precision will provide an independent constraint on the

BSM contributions in the strange quark sector. However, a lot also remains to be done

on the theory side, as the predictions presently suffer from considerable uncertainties. It is

hoped that lattice QCD analyses [74] in the future could help solve this problem.
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D. Experimental status of CPV tests

The dedicated CPV experiment HyperCP (E871) at Fermilab [75], operating between

1996 and 1999, has set the world’s best upper limits on hyperon CP violation using the

Ξ− → Λπ → pπ−π− decay sequence. A secondary cascade beam was produced by having

800 GeV/c primary protons interacting with a copper target. The sum of the asymmetries

A
[Ξ−]
CP +A

[Λp]
CP = 0(5)(4)× 10−4 [24] was determined with a data sample of 117× 106 Ξ− and

41×106 Ξ
+

using unpolarized cascades. A preliminary result A
[Ξ−]
CP +A

[Λp]
CP = −6(2)(2)×10−4

based on the full data sample of 862×106 Ξ and 230×106 Ξ was presented at the BEACH2008

conference [76]. Since the final result was never published, one can suspect that an inherent

problem to understand the systematic effects at the level of 4×10−4 was found. The HyperCP

has also measured the most precise value of φ[Ξ−], see Table II, using 144 × 106 Ξ− events

with average polarization of ∼ 5% [47]. The drawback of the HyperCP experimental method

is the charge-conjugation-asymmetric production mechanism and the need to use separate

runs with different settings for the baryon and antibaryon measurements. Furthermore, the

accuracy of the φ[Ξ−] parameter determination was limited by the low value of the Ξ−-beam

polarization.

The most recent results, marked by bold fonts in Table II, come from the proof-of-concept

measurements [28, 29, 51] at BESIII using a novel method [42, 43, 77]. These results have

been obtained using collisions of unpolarized electron and positron beams at the c.m. energy

corresponding to the J/ψ resonance. The relevant properties of the J/ψ → BB processes are

given in Table V. Given the relatively large branching fractions and low hadronic background,

these e+e− experiments are well suited for CPV tests. Two different analysis methods can

be used: exclusive measurement (double tag, DT) where the decay chains of the baryon

and antibaryon are fully reconstructed; inclusive measurement (single tag, ST) where only

the decay chain of the baryon or antibaryon is reconstructed. For the ST analysis, the

two-body production process is uniquely identifiable, and its kinematics fully determined

using missing energy/mass technique. Of importance for all single-step weak decays, e.g.

Λ→ pπ−, is that the Λ and Λ are produced with a transverse polarization. The polarization

and the spin correlations allow for a simultaneous determination of α and α, with the method

proposed in Ref. [77]. The currently available results for J/ψ → ΛΛ [28], J/ψ → Σ+Σ− [51]

and J/ψ → Ξ−Ξ+ [29] use 1.3 × 109 J/ψ data with 4.2 × 105 (background 400 events),
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TABLE V. Properties of the e+e− → J/ψ → BB decays to the pairs of ground-state octet hyperons.

Final state B(×10−4) αψ ∆Φ(rad) Comment

ΛΛ 19.43(3) 0.461(9) 0.740(13) [28, 78]

Σ+Σ− 15.0(24) −0.508(7) −0.270(15) [51, 79]

Σ−Σ+ — no data —

Σ0Σ
0

11.64(4) −0.449(20) – [78]

Ξ0Ξ0 11.65(43) 0.66(6) – [80]

Ξ−Ξ+ 9.7(8) 0.586(16) 1.213(48) [25, 29]

8.8× 104 (background 4.4× 103 events) and 7.3× 104 (background 200 events) selected DT

candidates, respectively. The final state charged particles are measured in the main drift

chamber (and the calorimeter for the photons from the Σ+ → pπ0(→ γγ) decay), where a

superconducting solenoid provides the magnetic field for momentum determination of the

pions and (anti)protons with an accuracy of 0.5% at 1.0 GeV/c [34]. The pions and protons

have distinctly different momentum ranges, making particle identification straightforward

in the DT-type measurements. The analyses of the already collected 1010 J/ψ data by

BESIII, have not been finished yet, but one can expect a threefold reduction of the statistical

uncertainties as shown in Table I.

III. FORMALISM

A. Production process

We start from a description of baryon–antibaryon production in electron–positron an-

nihilations with a polarized electron beam. The production process e+e− → BB, viewed

in the c.m. frame, defines the z axis which is chosen along the positron momentum shown

in Fig. 2. We consider production of spin-1/2 baryon–antibaryon pair in electron–positron

annihilation with longitudinally polarized electron beam. Neglecting the electron mass and

assuming the one-photon approximation, the helicity of the electron (λ) and positron (λ)

has to be opposite since the photon only couples right-handed particles to left-handed an-
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tiparticles and vice versa. The number of right-handed (nR) and left-handed (nL) electrons

in the beam with longitudinal polarization Pe is:

nR = n− ·
1 + Pe

2
and nL = n− ·

1− Pe
2

, (32)

where n− = nR +nL is the total number of electrons. The two helicity configurations where

the annihilation is possible are λ = +1/2, λ = −1/2 (λz = −1) and λ = −1/2, λ = +1/2

(λz = 1). For the collisions with unpolarized positrons, the relative weights of the two

configurations are (1 +Pe)/2 and (1−Pe)/2, respectively. Therefore, the spin density of the

initial electron–positron system can be written as:

ρi,j1 (θ) :=
1 + Pe

2
d1∗
−1,i(θ) d

1
−1,j(θ) +

1− Pe
2

d1∗
1,i(θ) d

1
1,j(θ) (33)

where the quantization axis along the B momentum. The density matrix for the production

process is the sum of the contributions from the two helicities, see Eq. (14) in Ref. [42]:

ρ
λ1,λ2;λ′1,λ

′
2

BB
∝ Aλ1,λ2 A

∗
λ′1,λ

′
2
ρ
λ1−λ2,λ′1−λ′2
1 (θ) (34)

with the reduced density matrix ρ1 given by

1

2


1+cos2θ

2
−Pe cosθ (Pe−cos θ) sin θ√

2
sin2θ

2

(Pe−cos θ) sin θ√
2

sin2θ (Pe+cos θ) sin θ√
2

sin2θ
2

(Pe+cos θ) sin θ√
2

1+cos2θ
2

+Pe cosθ

 . (35)

The four a priori possible helicity amplitudes reduce to only two, h1 := A−1/2,−1/2 = A1/2,1/2

and h2 := A1/2,−1/2 = A−1/2,1/2. Disregarding the overall normalisation the magnitude of the

two form factors can be represented as |h1| = cosχ and |h2| =
√

2 sinχ, where 0 ≤ χ ≤ π/2.

In addition, the relative phase between the form factors is ∆Φ := arg(h1/h2). The general

expression for the joint density matrix of the BB pair is:

ρBB =
3∑

µ,ν=0

Cµν σ
B
µ ⊗ σBν , (36)

where a set of four Pauli matrices σBµ (σBν ) in the B(B) rest frame is used and Cµν is a 4× 4

real matrix representing polarizations and spin correlations of the baryons. The orientation

of the coordinate systems in the baryon rest frames is defined in Fig. 2. The axes are denoted

x̂1, ŷ1, ẑ1 and x̂2, ŷ2, ẑ2. The elements of the Cµν matrix are functions of the production angle

θ of the B baryon:
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FIG. 2. Orientation of the three coordinate systems used in the analysis. The axes in the baryon

B and antibaryon B rest (helicity) frames are (x̂1, ŷ1, ẑ1) and (x̂2, ŷ2, ẑ2), respectively. They are

related as (x̂2, ŷ2, ẑ2) = (x̂1,−ŷ1,−ẑ1). In the overall c.m. frame, the ẑ axis is along the positron

momentum.

3

3 + αψ
·


1+αψ cos2θ γψPe sin θ βψsin θ cos θ (1 + αψ)Pe cos θ

γψPe sin θ sin2θ 0 γψsin θ cos θ

−βψsin θ cos θ 0 αψ sin2θ −βψPe sin θ

−(1 + αψ)Pe cos θ −γψsin θ cos θ −βψPe sin θ −αψ−cos2θ

 , (37)

where the real parameters αψ, βψ and γψ are defined in terms of the parameters χ and ∆Φ

as:

αψ := − cos(2χ) , βψ := sin(2χ) sin(∆Φ) , γψ := sin(2χ) cos(∆Φ) (38)

and α2
ψ + β2

ψ + γ2
ψ = 1. The B-baryon angular distribution is

1

σ

dσ

dΩB

=
3

4π

1 + αψ cos2θ

3 + αψ
. (39)

This relation determines the normalisation factor in Eq. (37). The B-baryon polarization

vector PB defined in the rest frame of baryon B, coordinates (x̂1, ŷ1, ẑ1), is:

PB :=
C10x̂1 + C20ŷ1 + C30ẑ1

C00

=
γψPe sin θx̂1 − βψsin θ cos θŷ1 − (1 + αψ)Pe cos θẑ1

1 + αψ cos2 θ
. (40)

In the chosen helicity frames one has C01 = C10, C02 = −C20, C03 = −C30 and PB =

(C01x̂2 + C02ŷ2 + C03ẑ2)/C00. Therefore, the polarization vectors of the baryon and the an-

tibaryon are equal and have the same direction, PB = PB. In the limit of large c.m. energies
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(HE), where αψ = 1 and βψ = γψ = 0 [81], the baryon can only have the longitudinal po-

larization component PBẑ1 = 2Pe cos θ/(1 + cos2 θ). In the low energy (LE) limit (close to

threshold) αψ = 0 and ∆Φ = 0, implying βψ = 0, γψ = 1 and PB = Pe(sin θx̂1 + cos θẑ1).

Therefore, the value of the baryon polarization is equal to the initial electron beam polariza-

tion in this case. Fig. 3 shows the production-angle dependence of the baryon-polarization

magnitude in the e+e− → J/ψ → ΛΛ, e+e− → J/ψ → Ξ−Ξ+ and e+e− → J/ψ → Σ+Σ−

processes for three different values of the electron-beam polarization. The values of the αψ

and ∆Φ parameters from Table V are used.

For the determination of the uncertainties of the CPV tests, the following tensor 〈C2〉µν
representing properties of the production process will be needed:

〈C2〉µν :=
1

4π

∫
C2
µν

C00

dΩB =
1

2

∫ 1

−1

C2
µν

C00

dcos θ . (41)

The production tensor is symmetric and positively defined. In addition 〈C2〉00 = 1. For

example, it can be used to express the mean-squared polarization 〈P2
B〉 of the B-baryon

defined as:

〈P2
B〉 =

∫
P2
B

(
1

σ

dσ

dΩB

)
dΩB =

3∑
i=1

〈C2
i0〉 . (42)

This integral can be calculated exactly, and the result expressed as a linear function of the

electron polarization squared P 2
e

〈P2
B〉 = p0 + p2P

2
e , (43)

where the expression for coefficients p0 and p2 are given in Appendix D. As we will show

later, 〈P2
B〉 determines the uncertainty of the ACP and ΦCP measurement. The results for√

〈P2
B〉 are shown in Fig. 4. We will use the following notation for the polarization and

spin-correlation contributions of the production-process tensor:

〈P2
B〉 :=

3∑
i=1

(
〈C2〉i0 + 〈C2〉0i

)
= 2 〈P2

B〉

〈S2
BB
〉 =

3∑
i,j=1

〈C2〉ij . (44)

The values of the 〈P2
B〉 and 〈S2

BB
〉 terms as function of Pe are shown in Fig. 5 for some

processes which are discussed later. The dependence on the Pe is much stronger for the

polarization terms than for the spin-correlation terms. As we will show in Secs. IV and V

the sizes of the contributions determine the precision of the CPV observables.
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FIG. 3. Magnitudes of the hyperon polarization as a function of the production angle for: (a) Λ,

(b) Ξ− and (c) Σ+ for the electron beam polarizations Pe = 0, 0.8, 1 (solid, dashed and dotted

lines, respectively). The αψ and ∆Φ values are taken from Table V.
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FIG. 4. Average polarization
√
〈P2

B〉 for: Λ (solid line), Ξ− (dashed line), Σ+ (dot-dashed line)

and high-energy limit (dotted line) as a function of electron beam polarization. In panel (b) the

quantity
√
〈P2

B〉 − Pe is plotted to facilitate a more precise comparison. The low-energy limit

corresponds to PB = Pe.

B. Joint angular distributions

The complete joint angular distributions for a production process e+e− → BB followed

by weak two-body decays of the hyperon B and the antihyperon B can be obtained using the

modular framework from Ref. [42]. For a single-step decay D(B→bπ) and the corresponding

c.c. decay mode D(B→bπ), like e+e− → J/ψ → ΛΛ with Λ→ pπ− and Λ→ pπ+, the joint
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FIG. 5. Polarization 〈P2
B〉 (solid lines) and spin-correlation terms 〈S2

BB
〉 (dashed lines) of the

e+e− → BB processes: (a) J/ψ → ΛΛ, (b) J/ψ → ΞΞ, (c) J/ψ → ΣΣ, (d) low-energy limit and

(e) high-energy limit.

angular distribution,

PDD(ξ;ω) :=
1

Γ

dΓ

dξ
, (45)

is

PDD(ξ;ω) =
1

(4π)3

3∑
µ,ν=0

Cµν(ΩB;αψ,∆Φ, Pe)a
D
µ0(Ωb;αD)aDν0(Ωb;αD) . (46)

The production is described by the spin-correlation matrix Cµν(ΩB;αψ,∆Φ, Pe) in Eq. (37)

and the 4×4 decay matrices aDµ0 := aDµ0(Ωb;αD) and aDν0 := aDν0(Ωb;αD). The decay matrices

aDµν represent the transformations of the spin operators (Pauli matrices) σBµ and σbν defined

in the B and b baryon helicity frames, respectively [42]:

σBµ →
3∑

ν=0

aDµνσ
b
ν . (47)

The helicity reference frame for the daughter-baryon b is defined in the following way. In the

B rest frame with the z axis defined by the unit vector ẑB, the direction of the b momentum
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is denoted as p̂b. The b-baryon helicity system is the b rest frame where the orientation of

the Cartesian coordinate system is given by the unit vectors:

x̂b =
ẑB × p̂b
|ẑB × p̂b|

× p̂b, ŷb =
ẑB × p̂b
|ẑB × p̂b|

and ẑb = p̂b . (48)

The explicit form of the aDµν(Ω;αD, βD, γD) ↔ aDµν({θ, ϕ} ;αD, βD, γD) matrix, representing

the polarization vector transformation from Eq. (7) in our framework, is:
1 0 0 αD

αD sin θ cosϕ γD cos θ cosϕ− βD sinϕ −βD cos θ cosϕ− γD sinϕ sin θ cosϕ

αD sin θ sinϕ βD cosϕ+ γD cos θ sinϕ γD cosϕ− βD cos θ sinϕ sin θ sinϕ

αD cos θ −γD sin θ βD sin θ cos θ

 . (49)

For the single-step processes only the first column aµ0(Ω;αD) is used and it depends only

on the decay parameter αD. The vector ξ := (ΩB,Ωb,Ωb) represents a complete set of

the kinematic variables describing a single-event configuration in the six-dimensional phase

space. We use helicity angles to parameterize the multidimensional phase space. These

are spherical coordinates defined in the helicity systems in Eq. (48). There are five global

parameters to describe the complete angular distribution, and they are represented by the

vector ω := (αψ,∆Φ, Pe, αD, αD).

For the processes with two-step decays like e+e− → ΞΞ with Ξ → Λπ, Λ → pπ− + c.c.

the joint angular distribution reads:

PΞΞ(ξΞΞ;ωΞ) =
1

(4π)5

3∑
µ,ν=0

Cµν

(
3∑

µ′=0

aΞ
µµ′a

Λ
µ′0

)(
3∑

ν′=0

aΞ
νν′a

Λ
ν′0

)
, (50)

where ξΞΞ := (ΩΞ,ΩΛ,ΩΛ,Ωp,Ωp) and ωΞ := (αψ,∆Φ, Pe, αΞ, αΞ, φΞ, φΞ, αΛ, αΛ) — the

phase space has 10 dimensions and there are 9 global parameters.

The single tag (ST) distributions are obtained by integrating out the unmeasured vari-

ables. For example, the ST angular distribution of the B baryon measurement for single

sequence decays Eq. (46) is:

PD(ξb;ω) =
1

(4π)2

3∑
µ=0

Cµ0 · aDµ0 =
1

(4π)2
C00 · (1 + αDPB · p̂b) , (51)

where ξB := (ΩB,Ωb) and PB is given by Eq. (40). As reference for comparing the ST

uncertainties to the DT measurements with N reconstructed events, we will use a set of two

independent ST experiments where the baryon and antibaryon decays are analysed with N

reconstructed events each.
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C. Asymptotic maximum likelihood method

The importance of the individual parameters ωk in the joint angular probability density

functions (p.d.f.s) of Eqs. (46) and (50) and their correlations are studied using an ideal

asymptotic maximum likelihood method (MLL), discussed in Ref. [43]. The method allows

one to reliably estimate the statistical accuracy of the determined global parameters in

experiments with large acceptance detectors.

The asymptotic expression of the inverse covariance matrix element kl between parame-

ters ωk and ωl of the parameter vector ω is given by the Fisher information matrix [82]:

I(ωk, ωl) := N

∫
1

P
∂P
∂ωk

∂P
∂ωl

dξ , (52)

where N is the number of events in the final selection. The calculated values are used

to construct the matrix, which is inverted to obtain the covariance matrix V = I−1 for

the parameters. Since asymptotically, in the case of negligible background, the statistical

uncertainties given by the standard deviations (s.d.), σ(ωk), are inversely proportional to

the square root of the number of the reconstructed signal events N we will use the product

σC(ωk) := σ(ωk)×
√
N , (53)

and call it s.d. coefficient or normalised statistical uncertainty. It allows for a comparison

of the precision of different estimators for a given number of reconstructed events. In most

cases, the integral Eq. (52) has to be calculated numerically. However, in this approach

the explicit dependence on the production and decay parameters is hidden, and the calcu-

lations have to be repeated for each parameter set. Therefore, we have constructed analytic

approximations, which are presented and discussed in the two following sections.

IV. SINGLE-STEP DECAYS

We derive an approximate analytic solution for standard deviation of the ACP measured

in a single-step processes described by the p.d.f. in Eq. (46). The straightforward method

is to determine all elements of the 5 × 5 inverse covariance matrix corresponding to the

parameter vector ω = (αψ,∆Φ, Pe, αD, αD), invert the matrix and use error propagation to

determine the variance Var(ACP). If the parameter vector can be changed to include the ACP
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observable and to have the remaining parameters uncorrelated, then the variance Var(ACP)

will be simply given as the inverse of the corresponding information matrix element

1

Var(ACP)
= I(ACP) := N

∫
1

PDD

(
∂PDD
∂ACP

)2

dξ . (54)

Such parameterization can be constructed using the 〈αD〉 and ACP parameters and express-

ing αD = 〈αD〉 (1 + ACP) and αD = −〈αD〉 (1 − ACP). The new parameter set leads to

the following expression for the partial derivative of PDD with respect to ACP (taken at

ACP = 0)

∂PDD
∂ACP

=
〈αD〉
V

3∑
µ,ν=0

Cµν

(
∂aDµ0

∂αD
aDν0 + aDµ0

∂aDν0

∂αD

)
(55)

=
αD
V C00 (PB · p̂b −PB · p̂b) , (56)

where V :=
∫

dξ =
∫

dΩBdΩbdΩb = (4π)3 and 〈αD〉 = αD in the ACP = 0 limit. In order to

calculate the information I(ACP), we will use the following representation for the P p.d.f.

P(ξ;ω) := C00
1 + G(ξ;ω)

V , (57)

where
∫
Gdξ = 0 and G ≥ −1. In addition, all terms included in the function G are multiplied

by ±αD and for small values of |αD| are suppressed. Therefore, it is not unreasonable to

use the expansion of 1/(1 + G) to approximate 1/P :

1

P =
V
C00

1

1 + G =
V
C00

∞∑
i=0

(−G)i (58)

and

I(ωk, ωl) := I0(ωk, ωl) +
∞∑
i=1

(−1)i∆Ii(ωk, ωl) (59)

with

I0(ωk, ωl) := N

∫ V
C00

∂P
∂ωk

∂P
∂ωl

dξ, (60)

∆Ii(ωk, ωl) := N

∫ V
C00

Gi ∂P
∂ωk

∂P
∂ωl

dξ. (61)

We can always compare this analytic result using one or more terms of the expansion

with the full numerical calculations. The hope is that the analytic approximation reproduces
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main features of the exact solution. If it does, it will facilitate understanding how the

uncertainties depend on the global parameters. We start by considering the 0-th term of

the above expansion, V/C00, that leads to the following information:

I0(ACP) = N

∫ V
C00

(
∂PDD
∂ACP

)2

dΩBdΩbdΩb (62)

= N
α2
D

V

∫
C00 (PB · p̂b −PB · p̂b)2 dΩBdΩbdΩb . (63)

Integration over Ωb and Ωb simplifies due to orthonormality∫
(PB · p̂b −PB · p̂b)2 dΩb

4π

dΩb

4π
=

∫
(PB · p̂b)2 dΩb

4π
+

∫
(PB · p̂b)2 dΩb

4π

=
P2
B

3
+

P2
B

3
=

2

3
P2
B .

Inserting the result into Eq. (56) and Eq. (62) we have:

I0(ACP) =
N

4π
α2
D

2

3

∫
P2
BC00 dΩB

=
2N

3
α2
D

∫
P2
B

(
1

σ

dσ

dΩB

)
dΩB =

2N

3
α2
D 〈P2

B〉 . (64)

Therefore in this approximation the information is proportional to the B-baryon average

squared polarization, as defined in Eq. (42). Since ACP is not correlated with other variables,

the 0-th approximation for the uncertainty is

σ(ACP)
√
N = σC(ACP) ≈

√
3

2

1

αD
√
〈P2

B〉
. (65)

Fig. 6(a) shows the s.d. coefficients, σC(A
[Λp]
CP ), multiplied by the αΛ parameter value for

the e+e− → J/ψ → ΛΛ processes. The 0-th order result (hereafter we will call it also

the analytic approximation) is close to the numerical full result in Eq. (52), even if αΛ is

relatively large (0.75). This shows that the influence of the higher order terms is low for the

A
[Λp]
CP determination.

We also compare the approximate analytic formula to the full numerical calculations

for the e+e− → J/ψ → Σ+Σ− process, where both αψ and ∆Φ have been measured by

BESIII [51]. The two Σ+ decay modes Σn(Σ+ → nπ+) and Σp(Σ+ → pπ0) are interesting

as the limiting cases for the expansion since αΣn = 0.068 ≈ 0 and αΣp = −0.994 ≈ −1,

respectively. It is worth noting that in the ∆I = 1/2 limit |αΣp| < cos(δP1 − δS1 ) ≈ 0.980
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FIG. 6. Standard deviation coefficients for ACP, σC(ACP), multiplied by the decay parameter value

αD for DT measurements. (a) e+e− → J/ψ → ΛΛ with decay Λ(Λ → pπ−), (b) e+e− → J/ψ →

Σ+Σ− with decay Σp(Σ+ → pπ0). Dashed lines are the approximations using Eq. (65) and solid

lines are the exact numerical results.

(see Eq. (23) and the values of the strong phase shifts in Table III). We note that the recent

BESIII value 〈αΣp〉 = −0.994(4) (Table II) violates this bound. A proper interpretation of

this result requires that all isospin contributions to the Σ+ decays are considered, but such

discussion is beyond the scope of this report. The 0-th approximation for σC(AΣp
CP) · |αΣp|

is given by the dashed line in Fig. 6(b). The full numerical result (given by the solid line)

differs significantly. The difference comes from the spin-correlation contributions, but the

analytic approximation is able to describe the overall trend. From Eq. (65) it is clear that

the approximation for σC(AΣn
CP)αΣn is also given by the same dashed line. As expected, the

full numerical result coincides with the 0-th approximation in this case. Comparing the

trends for Λ and Σ+, the faster decrease of the uncertainty for Σ+ is mainly due to the

low value of the ∆Φ phase for this reaction. In principle, this would make Σp an attractive

decay mode for testing CP symmetry with a polarized electron beam. However, we will not

discuss further the Σ-baryon decays in this report. The reason is that the predicted CPV

effects are significantly smaller, AΣp
CP ·αΣp ≈ 3.5× 10−6 and AΣn

CP ·αΣn ≈ 2.7× 10−5 [23], and

the isospin structure of the amplitudes is more complicated (since also ∆I = 5/2 transitions

contribute).

The result for σC(ADCP) in the DT and ST cases is the same when the ST analysis is

done under assumption that the 〈αD〉 value is known and fixed. In a single-step decay, an
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ST measurement only allows for a determination of the products αD
√
〈P 2

B〉 and αD
√
〈P 2

B
〉.

Therefore, a ADCP determination using a combination of baryon–antibaryon ST measurements

requires knowledge of the polarization through some other means or use a production process

where 〈P 2
B〉 = 〈P 2

B
〉 is assured. For an e+e− → BB experiment with an electron beam

polarization Pe where the ST data are collected simultaneously and with c.c. symmetric

detector acceptance, this condition is fulfilled automatically.

Related to this discussion is a proposal given in Ref. [83] where it is suggested that one

could use a triple vector product to determine ACP even if ∆Φ = 0 and Pe = 0, i.e. the

baryons are unpolarized. For a general baryon–antibaryon state with polarization terms set

to zero, the angular distribution after single-step decays reads:

PDD ∝ C00 + αDαD

3∑
i,j=1

Cij

[
aDi0
αD

][
aDj0
αD

]
=: C00 + αDαDF(ΩB,Ωb,Ωb) , (66)

where F(. . .) is a function of the kinematic variables only. Therefore, the p.d.f. is described

by a single global parameter αDD := αDαD = −〈αD〉2 (1− A2
CP). The parameter is related

to ACP and can in principle be used to test CP symmetry, but the method has several draw-

backs. The information for αDD measurement is I0(αDD) = N/9 〈S2〉 and the uncertainty

of ACP from the error propagation is:

σ(ACP) =
1

ACP

√
σ2(〈αD〉) +

σ2(αDD)

4 〈αD〉2
,

which requires an independent determination of 〈αD〉. A meaningful CP test is possible

only if σ(ACP) < 1. This requires that the σ(〈αD〉) precision is better than O(10−5), since

ACP ∼ O(10−5) in the SM. If σ(〈αD〉) is not small enough, the ACP 6= 0 value can be

interpreted as a ACP null result but with the decay parameters αD and αD reduced by the

factor
√

1− A2
CP.

V. TWO-STEP DECAYS

In order to study uncertainties of the CP asymmetries in e+e− → Ξ−Ξ
+

, we rewrite

Eq. (50) as

PΞΞ(ξΞΞ;ωΞ) =
1

V
3∑

µ,ν=0

CµνDµΞD
ν

Ξ (67)
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using the following notation:

DµΞ := Dµ(ΩΛ,Ωp;αΞ, φΞ, αΛ) :=
3∑

µ′=0

aΞ
µµ′a

Λ
µ′0,

DµΞ := Dµ(ΩΛ,Ωp;αΞ, φΞ, αΛ) :=
3∑

µ′=0

aΞ
µµ′a

Λ
µ′0,

V :=

∫
dξΞΞ = (4π)5 .

We use a modified parameter set where αD and αD are expressed by ADCP and 〈αD〉. For

A
[Ξ−]
CP and A

[Λp]
CP , we use a simplified notation AΞ and AΛ, respectively. Similarly, we use

Φ
[Ξ−]
CP (denoted as ΦCP) to represent φΞ = ΦCP + 〈φΞ〉 and φΞ = ΦCP − 〈φΞ〉. The vector

of the parameters related to the Ξ and Λ decays is ω := (〈αΞ〉 , 〈φΞ〉 , 〈αΛ〉 , AΞ,ΦCP, AΛ).

Therefore, the partial derivative e.g. with respect to ΦCP is

∂PΞΞ

∂ΦCP

=
1

V
3∑

µ,ν=0

Cµν

(
∂DµΞ
∂φΞ

DνΞ +DµΞ
∂DνΞ
∂φΞ

)
.

Due to the orthonormality of the decay and production functions the information matrix

elements related to the decay parameters ωi and ωj can be written as

I0(ωi, ωj) = N
3∑

µ,ν=0

〈C2〉µν 〈∆ωi
∆ωj
〉µν . (68)

We have checked these orthonormality relations in the explicit calculations. The production

tensor is defined in Eq. (41). The decay tensor is

〈∆ωi
∆ωj
〉µν :=

1

(4π)4

∫
∂(DµΞD

ν

Ξ)

∂ωi

∂(DµΞD
ν

Ξ)

∂ωj
dΩΛdΩpdΩΛdΩp . (69)

For example I0(ΦCP) can be expressed as

I0(ΦCP) = N

∫ V
C00

(
∂PΞΞ

∂ΦCP

)2

dξ

= N

3∑
µ,ν=0

[
1

4π

∫
C2
µν

C00

dΩΞ

] 1

(4π)4

∫ (
∂(DµΞD

ν

Ξ)

∂ΦCP

)2

dΩΛdΩpdΩΛdΩp


=: N

3∑
µ,ν=0

〈C2〉µν 〈∆2
ΦCP
〉µν .

The information matrix elements for the decay parameters can be obtained as

I0(ωi, ωj) = N
[
aij + bij 〈P2

Ξ〉+ cij 〈S2
ΞΞ
〉
]
, (70)
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where 〈P2
Ξ〉 (= 2 〈P2

Ξ〉) and 〈S2
ΞΞ
〉 are the sums of the 〈C2〉µν-matrix polarization and spin-

correlation elements, respectively, defined in Eq. (44) (and shown for few production pro-

cesses in Fig. 5(b) as the function of electron-beam polarization). Such representation is

possible since the decay tensor elements have only three different values aij, bij and cij. It

turns out that the only nonzero elements of the information matrix involving the CP-odd

variables for the two-step process are

I0(ΦCP) =
2N

27

(
1− α2

Ξ

)
α2

Λ

[(
3 + α2

Ξα
2
Λ

)
〈P2

Ξ〉+
2

3

(
α2

Ξ

(
3− 2α2

Λ

)
+ 3α2

Λ

)
〈S2

ΞΞ
〉
]
, (71)

I0(AΞ) =
2N

3
α2

Λα
2
Ξ

[
1 +

3 (α4
Λ + 3)− α2

Ξ (3− α2
Λ)

2

18 (1− α2
Ξ)α2

Λ

〈P2
Ξ〉+

α2
Ξ (2α2

Λ − 3) + 9

27 (1− α2
Ξ)

〈S2
ΞΞ
〉
]
,

(72)

I0(AΛ) =
2N

3
α2

Λα
2
Ξ

[
1 +

α4
Ξ − 2α2

Ξ + 3

6α2
Ξ

〈P2
Ξ〉+

1

9
(3− 2α2

Ξ) 〈S2
ΞΞ
〉
]
, (73)

I0(AΛ, AΞ) =
2N

3
α2

Λα
2
Ξ

[
1− 1

3

(
〈P2

Ξ〉+ 〈S2
ΞΞ
〉
)]

. (74)

These information matrix elements allows one to determine s.d. and correlations between

the CPV observables. The uncertainty for ΦCP is σ(ΦCP) = 1/
√
I(ΦCP), since the variable

is uncorrelated with any other variable. The AΞ and AΛ variables are only correlated with

each other and the covariance matrix is obtained by inverting two-dimensional information

matrix  σ2(AΞ) Cov(AΛ, AΞ)

Cov(AΛ, AΞ) σ2(AΛ)

 =

 I(AΞ) I(AΛ, AΞ)

I(AΛ, AΞ) I(AΛ)

−1

. (75)

The expressions in Eqs. (71)–(74) have some interesting properties which are valid for

any two-step process that can be studied by allowing the αΛ and αΞ parameters to vary. We

discuss these properties using a generic notation, where the first decay process is B → bπ

and the baryon b decays in the sequential weak two-body non-leptonic process.

• The ΦCP uncertainty is not correlated with any other variable, and none of the infor-

mation matrix elements depend on the 〈φB〉 value. This because φB represents the

shift in the ϕb azimuthal angle of the b-baryon, which is integrated out. A depen-

dence on 〈φB〉 might appear in experiments where the acceptance in the ϕb variable

is limited.

• For αb = 0 only I0(AB) = 1
3
α2
B 〈P2

B〉 is nonzero and the CPV test is the same as in a

single-step decay.
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• For αB → 0 two terms are nonzero I0(ΦCP) = 2
27
α2
b

[
3 〈P2

B〉+ 2α2
b 〈S2

BB
〉
]

and I0(Ab) =

1
3
α2
b 〈P2

B〉. Therefore, both ΦCP and Ab can be measured. In particular, due to the

nonzero c-type term for I0(ΦCP) the polarization of the B baryon is not needed. This

is an attractive scenario for CPV tests for any baryon decaying into Λ.

• The term I0(AB) is divergent for |αB| → 1 indicating that σ(AB) vanish in this limit.

This is a consequence of the
√

1− α2
B terms in the angular distribution. The validity

of such expressions requires that the boundary |αB| ≤ 1 must be strictly fulfilled and

in the |αB| → 1 limit there is no linear term in the expansion of the αB parameter (i.e.

the linear error is 0). To get a meaningful result, one should use a parameterization

which respects this boundary, such as Eq. (23) from Sec. II B. In principle, one can

directly investigate the uncertainty of the weak phase difference ξP − ξS. However, as

seen from Eq. (26) this will introduce correlation with the ΦCP observable (due to the

term sinφ). Instead, one can present results for ∆ζB := αB/
√

1− α2
BAB, which do

not introduce such correlation. The information matrix elements are modified due to

the Jacobian of the variable transformation to

I0(∆ζB) =
(1− α2

B)

α2
B

I0(AB),

I0(Ab,∆ζB) =

√
1− α2

B

αB
I0(Ab, AB) .

We first discuss uncertainties for the production tensors corresponding to the sim-

plest cases. Unpolarized and uncorrelated sources of B and B correspond to 〈C2〉µν =

diag(1, 0, 0, 0). The only nonzero elements of the information matrix are

I0(AB) = I0(Ab) = I0(Ab, AB) = N
2

3
α2
bα

2
B ,

where we have assumed samples of N events each for the cascade and anticascade decays.

Since the information matrix corresponding to the AΞ and AΛ is singular, the asymmetries

are fully correlated and cannot be determined separately, but the sum AΞ +AΛ can and the

uncertainty is σC(AΞ + AΛ) =
√

3/2/(αΛαΞ).

As the next example, we consider two independent ST experiments with N events using

polarized cascades and anticascades having the same average polarization 〈P2
B〉. In the 0-th

approximation, the expressions for the uncertainties depend on the production mechanism

only via the average 〈P2
B〉. For example, in the HyperCP-type experiments, where the
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FIG. 7. Uncertainties, σC , for CP tests in HyperCP-type experiment using analytic approximation:

(a) AΛ (solid line), AΞ (dotted line) and AΛ +AΞ (dashed line), (b) ΦΞ.

initial hyperon polarization is considered to be a fixed vector that does not depend on the

kinematic variables of the production process, the average reduces to the square of the vector√
〈P2

B〉 → |PB|. The Fisher information matrix is the sum of the matrices for the two ST

experiments

I0(ωi, ωj) = 2N
[
aij + bij 〈P2

B〉
]

(76)

and the elements of the information matrix for the CP-test observables read

I0(ΦCP) = N
4

27

(
1− α2

B

)
α2
b

(
3 + α2

Bα
2
b

)
〈P2

B〉 ,

I0(AB) = N
4

3
α2
bα

2
B

[
1 +

3 (α4
b + 3)− α2

B (3− α2
b)

2

18 (1− α2
B)α2

b

〈P2
B〉
]
,

I0(Ab) = N
4

3
α2
bα

2
B

[
1 +

α4
B − 2α2

B + 3

6α2
B

〈P2
B〉
]
,

I0(Ab, AB) = N
4

3
α2
bα

2
B

[
1− 1

3
〈P2

B〉
]
.

For two HyperCP experiments with |PB| = |PB| and N events each the formulas are the

same. The resulting uncertainties σC = σ
√
N for the AΛ, AΞ and AΛ + AΞ observables

measured using the Ξ−/Ξ+ decay chains are shown in Fig. 7(a), while for ΦCP in Fig. 7(b).

The uncertainty of the sum AΛ + AΞ is nearly independent of the average polarization.

Our next case is the decay of a (pseudo)scalar meson like ηc or χc0 into a BB pair with

the production tensor 〈C2〉µν = diag(1, 1, 1, 1). There are no polarization terms, 〈P2
B〉 = 0,

and 〈S2
BB
〉 = 3. The information matrix element I0(Ab, AB) is zero, which means that all
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three CPV observables are uncorrelated. The diagonal terms of the information matrix are

functions of αb and αB only:

I0(ΦCP) = N
4

27

(
1− α2

B

)
α2
b

[
α2
B

(
3− 2α2

b

)
+ 3α2

b

]
,

I0(AB) = N
2

3
α2
bα

2
B

[
1 +

α2
B (2α2

b − 3) + 9

9 (1− α2
B)

]
,

I0(Ab) = N
2

3
α2
bα

2
B

[
1 +

1

3
(3− 2α2

B)

]
.

Fig. 8 shows the uncertainties σC for this case as a function of αB and αb decay parameters.

This case is interesting since all production parameters are fixed and CP-test uncertainties

depend only on αb and αB.

To understand relative importance of the polarization and spin-correlation terms for the

CP tests, one compare the two above extreme cases. For example, the polarization in two ST

experiments with N events that would lead to the same uncertainty of the ΦCP measurement

as in the DT approach with N events is:

|PB|2 =
α2
B (3− 2α2

b) + 3α2
b

3 + α2
Bα

2
b

.

For Ξ→ Λπ this gives |PB| = 0.80.

Now we will discuss the results specific for the e+e− → J/ψ → ΞΞ process. The relations

for the ST experiment, realised as two independent measurements with N events each 2, are

still valid. The only difference is that now the results can be represented as a function of the

electron-beam polarization Pe, and the average cascade polarization |PΞ| is calculated using

Eq. (43). The results in the analytic approximation for the A-type observables corresponding

to the ones in Fig. 7(a) are shown in Fig. 9(a). Since even for the Pe = 0 the average

polarization of the cascades is not zero, all the three CP tests are possible. For the average

values of the decay parameters we do not provide approximate analytic results since the

corresponding information matrix elements are correlated and in general multidimensional

matrices have to be inverted to obtain uncertainties. Therefore, likely such analytic solution

will not provide better understanding of the interrelations between the parameters. The

numeric results for uncertainties of 〈αΞ〉, 〈φΞ〉 and 〈αΛ〉 are shown in Fig. 10(a)–(c) both

for ST- and DT-type experiments. For the ST experiments, the uncertainty improves much

2 Of course this is not the way one does the experiment since both the baryon and antibaryon decays can

be measured simultaneously.
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FIG. 8. (colour online) Statistical uncertainties σC of (a) AB, (b) Ab, (c) ∆ζB and (d) ΦCP

measurement in a (pseudo)scalar meson decay to BB as a function of αB and αb treated as

free parameters. The white regions in the bottom of the plots correspond to the uncertainties

σC(. . .) > 15.

more than for DT experiments. It is understood by the fact that the spin-correlation terms

contribute only to the DT experiments and the dependence on the Pe is weaker. The

numerical results for the AΞ, ΦCP and AΛ are given in Fig. 10(d)–(f) and compared to the

analytic approximations, which represent well the results specially for the Ξ decay CPV

tests. As a cross-check of the calculations, we provide in Table VI the full correlation matrix

of all parameters using the full numerical calculations for Pe = 0.8.

Finally, it is interesting to consider a general two-step process B → bπ in the low- and

high-energy limits (LE- and HE limits, respectively, introduced in Sec. III) for a single photon

e+e− → BB annihilation process. These cases might be of interest for close to threshold
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FIG. 9. Uncertainties, σC , for the e+e− → J/ψ → ΞΞ (a) two ST and (b) DT experiments with

N events each: AΛ (solid line), AΞ (dotted line) and AΛ +AΞ (dashed line).
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FIG. 10. Numerical estimate of the uncertainty σ
√
N of (a)–(c) average decay parameters and (d)–

(f) CPV observables in e+e− → J/ψ → Ξ−Ξ+. The dotted lines and the solid lines are the results

for ST and DT experiments, respectively. For the asymmetries AΞ, ΦCP and AΛ also the analytic

approximation is given: dashed-dotted lines and dashed are ST and DT results, respectively.
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TABLE VI. Correlation matrix for the asymmetries and averages in the e+e− → J/ψ → ΞΞ process

with Pe = 0.8 for DT. Input parameters are 〈αΞ〉 = −0.373, 〈φΞ〉 = 0.016 and 〈αΛ〉 = 0.760. The

error is the last significant digit unless specified explicitly, and only the results statistically different

from zero are shown.

∆Φ 〈αΞ〉 〈φΞ〉 〈αΛ〉 AΞ AΛ ΦCP Pe

αψ −0.128 – 0.011 -0.008 – -0.017(2) – -0.031

∆Φ 0.009 0.009 -0.071(2) – – – 0.191(3)

〈αΞ〉 -0.021(4) 0.078(3) – – – 0.037

〈φΞ〉 -0.032 – – – −0.005

〈αΛ〉 – – – −0.455

charm baryon studies or baryon–antibaryon production experiments at high energies. In the

LE limit (αψ = 0, βψ = 0, γψ = 1) the terms 〈P2
B〉 and 〈S2

BB
〉 are 2P 2

e and 1, respectively.

In the HE limit (αψ = 1, βψ = 0, γψ = 0) they are equal to 6 (1− π/4)P 2
e and 3(π/2 −

1), respectively. In both cases the spin-correlation terms do not depend on the electron

polarization and the 〈P2
B〉 terms are proportional to P 2

e . A comparison of the uncertainties

for Pe = 0 and Pe = 1 in the DT-experiment setting is presented in Fig. 11. The conclusion

is that the polarization helps to reach better precision in both cases, and the improvement

is qualitatively similar.

VI. EXPERIMENTAL CONSIDERATIONS

The benefits of a large electron-beam polarisation for CP-violation studies should be clear

by now. Here we discuss three additional aspects related to the detection technique which

should be considered when planning such an experiment,

(a) Combination of the ST and DT data sets including detection efficiency and background

aspects.

(b) Polar angle dependence of uncertainty and the detection efficiency.

(c) Implications of the discussed collision scheme with large-crossing angle.
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FIG. 11. (colour online) Statistical uncertainties σC of: (a)–(d) ΦCP, (e)–(h) AB and (i)–(l) Ab

measurements in the e+e− → γ∗ → BB process with two-step B-baryon decays in the low-energy

(LE) limit (αψ = 0 and ∆Φ = 0) and high-energy (HE) limit (αψ = 1) as the function of αB and

αb treated as free parameters. The columns from left are: (LE limit, Pe = 0), (LE limit, Pe = 1),

(HE limit, Pe = 0) and (HE limit, Pe = 1). The same colour scale as in Fig. 8 is used. The white

regions in the plots correspond to uncertainties σC(. . .) > 15.

a. Combination of ST and DT measurements In general the best precision can be

achieved by combining three non-overlapping event sets. The first set includes the DT

events where both the B and B decay chains are reconstructed. The remaining events can be

divided into two ST sets where B(B) decay is fully reconstructed but not the corresponding

B(B). The efficiencies of the B, B and BB sets are denoted as εB, εB and εBB, respectively.

The efficiencies can depend on the vector ξ of the kinematic variables, but not on the global

reaction parameters given by the ω vector. Since we discuss improvements with respect to
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the DT-type experiment, εB is given by the ratio between the detection efficiencies of the

DT and ST cases. We also neglect any efficiency dependence on the kinematic variables.

We recollect that the information in the DT experiment, based on N reconstructed events,

is given by Eq. (70):

IDT
0 (ωi, ωj) = N

[
aij + bij 〈P2

B〉+ cij 〈S2
BB
〉
]
.

For the two-step process aij, bij and cij can be read from Eq. (71)–(74). For the single-step

process only AB can be measured aAB
= cAB

= 0 and bAB
= 1/3:

I0(AB) = N
1

3
〈P2

B〉 .

The information provided by the two additional ST sets is

IST
0 (ωi, ωj) = N

1− εBB
εBB

[
2aij + bij 〈P2

B〉
]
, (77)

where the branching fraction product of the decay sequence is B and equal detection effi-

ciencies εB = εB are assumed. The interpretation of the above equation is that an additional

2N/(εBB) events are added from the two ST sets. Therefore, the information of the com-

bined ST and DT experiment (ST&DT) is the sum of the two independent measurements

IST&DT
0 (ωi, ωj) = N

[
2− εBB
εBB

aij +
1

εBB
bij 〈P2

B〉+ cij 〈S2
BB
〉
]
. (78)

In the single-step decays the σC(ACP) dependence on the electron-beam polarization for

both ST and DT experiments is approximately given by Eq. (65). The AΛ uncertainties

for ST, DT and the combined e+e− → J/ψ → ΛΛ measurement are plotted in Fig. 12

as the function of Pe. Two cases of the detection efficiencies εB = 1 and εB = 0.5 are

considered and B(Λ→ pπ−) = 0.64 is used. For the case with the reconstruction efficiency

of 0.5 a two-times improvement of σC is achieved for the combination, compared to the

DT measurement only. Of course, a detailed feasibility study which includes the detector

response will be needed to determine the efficiency which can be obtained for the combined

DT and ST measurement.

An important background contribution which should be considered for the ST analysis of

the J/ψ → ΛΛ events is J/ψ → pK−Λ + c.c with B = (8.6± 1.1)× 10−4 [25] as it will have

a similar final state topology as the signal channel. Similar experimental considerations will

also hold for the J/ψ → ΣΣ two-body decay channels.
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FIG. 12. Statistical uncertainties σC(AΛ) for the e+e− → J/ψ → ΛΛ process as a function of the

electron-beam polarization Pe. The solid-blue lines represent DT measurement. The dotted-red

lines represent contribution from ST events which do not contribute to the DT event class (statis-

tically independent ST events). The orange-dashed lines represent the result from the combination

of the two event classes. The decay branching fraction is B = 0.64 [25]. The detection efficiency of

the Λ decay was assumed to be (a) εΛ = εΛ = 1 and (b) εΛ = εΛ = 0.5. The results are normalised

to the number of the DT events.

The results for AΞ and BΞ in the e+e− → J/ψ → ΞΞ are shown in Fig. 13. For the

two-step decays the increasing beam polarization improves the ST uncertainties much faster

compared to the corresponding DT uncertainties. For the polarization of Pe = 0.8 the

uncertainty of the ST experiment is better if we assume realistic efficiency of 50% deduced

from a comparison of the BESIII ST [84] and DT [29] analyses.

Furthermore, the non-reducible background for the ST event samples are also expected

to be low. The background channels to be considered are J/ψ → γηc(→ Ξ−Ξ
+

), J/ψ →
Ξ(1530)−Ξ

+ → Ξ−π0Ξ
+

and J/ψ → Λπ−Λπ+. While the first two channels can be sup-

pressed using event kinematics variables, the third can be reduced by requiring a non-zero

decay length for the Ξ→ Λπ decay candidates. For the DT method the background contri-

bution is 0.25% and for ST the background is at the percent level, while roughly three times

more ST events can be reconstructed compared to DT.

b. Polar-angle efficiency dependence Detectors at electron-positron colliders experi-

ments have approximate cylindrical symmetry with axis along the beam directions (consid-

erations for large-crossing angle are discussed in a separate paragraph) and uniform detection

efficiency in the azimuthal angle. However, the polar-angle coverage is limited. For example
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FIG. 13. Statistical uncertainties, σC , for the CP-violation observables in the Ξ− → π−Λ(→

pπ−) + c.c. decay sequences from the e+e− → J/ψ → ΞΞ process: (a) σC(AΞ), (b) σC(ΦCP) and

(c) σC(AΛ) as a function of electron beam polarization Pe. The solid-blue lines represent DT

measurement. The dotted-red lines represent contribution from ST events which do not contribute

to the DT event class (statistically independent ST events). The orange-dashed lines represent

the result from the combination of the two event classes. The detection efficiency of the Ξ-decay

sequence was assumed εΞ = εΞ = 0.5 and branching fraction of the complete decay chain B = 0.64.

The results are normalised to the number of the DT events.

in the BESIII experiment | cos θ| < 0.93 for tracks of charged particles. The hyperons decay

some centimetres away from the interaction point and the final state particles with large

| cos θ| values have low transverse momenta, which are more difficult to reconstruct. These

effects reduce the reconstruction efficiency at large values of | cos θ|.

The event yield is a product of the efficiency and the differential cross section of the

e+e− → BB process dΓ/dΩ ∝ (1 + αψ cos2 θ) as shown in Eq. (39). Since both J/ψ → ΛΛ

and J/ψ → Ξ−Ξ
+

have αψ > 0 (Table V) the (anti)hyperons and the decay (anti)nucleons

are more likely emitted in the forward and backward directions. The uncertainty as a

function of the production angle cos θ can be obtained by replacing the production tensor

〈C2〉µν by the normalised spin correlation matrix C2
µν/C

2
00. The numerical expressions for

the functions P2
B(cos θ) and S2

BB
(cos θ) are given in Appendix D. The results are shown in

Fig. 14 for σC(AΛ) in DT experiments in e+e− → J/ψ → ΛΛ and e+e− → J/ψ → ΞΞ for

different values of the electron beam polarization. Corresponding plots for σC(ΦCP) in the

e+e− → J/ψ → ΞΞ DT and combined DT&ST measurements are shown in Fig. 15.
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FIG. 14. Uncertainties σC(AΛ) in the DT measurement in (a) e+e− → J/ψ → ΛΛ and (b)

e+e− → J/ψ → ΞΞ processes as a function of the production angle cos θ where dashed line shows

Pe = 0, solid line is for Pe = 0.8 and dotted line representes Pe = 1.
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FIG. 15. Uncertainties σC(ΦCP) as a function of the production angle cos θ for (a) DT and (b)

DT&ST with 50% efficiency experiment where dashed line (orange) shows Pe = 0, solid line (blue)

is for Pe = 0.8 and dotted line (red) represents Pe = 1.

c. Large-angle collision scheme The SCTF will use crab-waist collision scheme mean-

ing larger crossing angle than at BEPCII (22 mrad). The presently considered crossing

angle is 60 mrad [31, 32]. However, in Ref. [37] much larger crossing angles, up to 500 mrad,

are considered in conjunction with a novel c.m. energy monochromatization scheme. The

monochromatization could increase the number of the J/ψ events and therefore it is worth-

while to discuss some of the consequences of such collision arrangement for the acceptance

in the hyperon CP-violation tests.

In such collision scheme the detector reference frame is significantly different from the
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FIG. 16. (color online) Production angle distribution for beam-crossing angles 0 rad (blue solid),

0.3 rad (orange dashed) and 0.5 rad (red dotted). (a) The Ξ production angle in the detector

frame. (b) The Ξ production angle in the electron–positron c.m. frame for the events where all six

charged tracks are accepted in the detector | cos θLAB| < 0.93.

electron–positron c.m. system. This has impact on both angular acceptance and the detec-

tion efficiency as a function of the measured-particles momenta and it has to be considered

in the detector design. For example, the polar-angle, θLAB, distribution of Ξ− in the de-

tector rest frame is given in Fig. 16(a) for the 0.0, 0.3 and 0.5 rad crossing angles. If the

decay particles are measured only in the | cos θLAB| < 0.93 range as in the BESIII detector

the observed Ξ production-angle distribution in the electron–positron c.m. system is as in

Fig. 16(b). A large beam-crossing angle will also significantly affect the azimuthal-angle dis-

tribution, as shown in Fig. 17(a), and the momenta distributions of the final-state protons

and pions will overlap with each other, as shown in Fig. 17(b).

VII. OUTLOOK

We have advocated the importance of CPV studies in hyperon decays as a complementary

tool to the studies in kaon decays. Using recent experimental results, we have revised and

updated the amplitudes of the Λ and Ξ hadronic two-body decays.

The main part of this report discusses the implications of the polarized-electron beams for

CPV tests in the non-leptonic hyperon decays at SCTF, using entangled baryon–antibaryon

pairs from J/ψ decays with data sets of 1012 J/ψ events. The use of the polarization,

together with additional improvements of the analysis techniques, shows the potential to
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FIG. 17. (color online) (a) Azimuthal distribution of ΞLAB and (b) momentum distributions for

all final state particles for beam scattering angles 0 rad (blue solid), 0.3 rad (orange dashed) and

0.5 rad (red dotted).

reach a precision compatible with the size of the predicted SM signal.

Using an analytical approximation for the Fisher information matrices of the CPV ob-

servables, we can understand how the precision of such measurements depends on the po-

larization and spin-correlation terms in the production processes. Some of the obtained

analytical results can be directly extended to charm baryon CPV studies. At SCTF, they

can be studied in close-to-threshold e+e− → BB processes. For such processes, the analytic

results of Sec. IV and Sec. V can be taken as a starting point. The main difference in the

strategy for charmed baryons is due to the fact that the branching fractions for two-body

nonleptonic decays are small, and the DT analysis likely will not be feasible.

In addition to the e+e− → BB processes, the HyperCP-type experiments can be an

interesting option for CP tests and decay parameter determination, provided that sources

of (anti)baryons with large initial polarization are available. Possible candidate processes

are semileptonic decays of charmed baryons Ξ0
c → Ξ−`+ν` or two-body hadronic decays

like Ξ0
c → Ξ−π+ with large value of the decay parameter α = 0.6(4) and relatively large

branching fraction 1.2 % [25]. For such studies, unpolarized charmed baryons that are

abundantly produced at the LHC in pp collisions can be used. Again, our analytic formulas

can be used to provide a first estimate of the statistical uncertainties for such experiments.

We have left out a potentially interesting discussion of the uncertainties of the decay

parameters αD and φD. The αD parameter is correlated with production parameters and

extraction of uncertainties and correlation coefficients requires inverting information matri-
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ces with larger dimensions and the analytical results might be difficult to interpret. The

same is valid for the production parameters αψ and ∆Φ that are relevant for the experi-

ments where the goal is to study the properties of the production process. Usually such

experiments have a limited number of the collected events and analysis is done assuming

the decay parameters are known.
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Appendix A: Isospin decomposition

For the analysis presented here, we assume isospin symmetry for the elementary weak

decay process but want to account for the different phase space caused by isospin-violating

mass splittings. The basic parameters (see also Appendix B) in the Feynman matrix element

of a weak decay process of a spin-1/2 baryon to another spin-1/2 baryon and a pseudoscalar

meson are related to the partial-wave amplitudes via (see mini-review 79.2. “Hyperon non-

leptonic decays” of [25])

gS = S , gP = P
E +M

|q| . (A1)

We want to account for isospin breaking caused by the P-wave kinematical factor |q|/(E +

M). Here |q|, E and M denote the momentum, energy and mass, respectively, of the final

baryon in the rest frame of the initial baryon.

Suppose we consider two processes, labelled by 1 and 2, connected by isospin symmetry.

We start with our isospin symmetry assumption for the basic parameters:

gS1
!

= gS2 , gP1
!

= gP2 . (A2)
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Corrections ∆1 and ∆2 to the kinematic terms due to different masses in processes 1 and 2

can be written as

S1 = S2 , P1(1 + ∆1) =: P1
E1 +M1

E +M

|q|
|q1|

= P2(1 + ∆2) , (A3)

where S1,2 and P1,2 are the S and P amplitudes, respectively, for the two processes, and

M and |q| are arbitrary parameters such that |M −M1,2| ≤ |M1 −M2| and ||q| − |q1,2|| ≤
||q1| − |q2||, ensuring that ∆1,2 � 1. The kinematic-correction factors are related as

k12 :=
1 + ∆1

1 + ∆2

=
|q2|
|q1|

E1 +M1

E2 +M2

≈ 1 + ∆1 −∆2 . (A4)

For the studied reactions we have:

kΛ =
|qp|
|qn|

En +Mn

Ep +Mp

exp
= 1− 0.031158(8) (A5)

and

kΞ =
|qΞ−|
|qΞ0 |

EΞ0 +MΞ0

EΞ− +MΞ−

exp
= 1 + 0.0319(19) . (A6)

In (A6) the labels refer to the state that decays, while in (A5) to the final baryon.

The isospin decomposition, using notation similar to Ref. [85], for the L = S, P amplitudes

of Λ→ pπ− ([Λp]) and Λ→ nπ0 ([Λn]) reads:

L[Λp] = −
√

2

3
L1,1 exp(iξL1,1 + iδL1 )+

√
1

3
L3,3 exp(iξL3,3 + iδL3 ), (A7)

L[Λn] =

√
1

3
L1,1 exp(iξL1,1 + iδL1 )+

√
2

3
L3,3 exp(iξL3,3 + iδL3 ) .

The equations imply that the P amplitudes are multiplied by the kinematic correction

factors: P[Λp] → (1 + ∆[Λp])P[Λp] and P[Λn] → (1 + ∆[Λn])P[Λn]. For Ξ− → Λπ− ([Ξ−]) and

Ξ0 → Λπ0 ([Ξ0]), one has:

L[Ξ−] = L1,2 exp(iξL1,2 + iδL2 )+
1

2
L3,2 exp(iξL3,2 + iδL2 ), (A8)

L[Ξ0] =

√
1

2
L1,2 exp(iξL1,2 + iδL2 )−

√
1

2
L3,2 exp(iξL3,2 + iδL2 ) . (A9)

Similarly, P[Ξ−] → (1 + ∆[Ξ−])P[Ξ−] and P[Ξ0] → (1 + ∆[Ξ0])P[Ξ0]. In practice, we want to

separate the kinematic isospin breaking effects in the overall normalisation and in the P

amplitude. Therefore, we choose a relation between ∆1 and ∆2 such as these corrections

cancel in the lowest order for the overall normalisation. For Λ decays, this is achieved by
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setting ∆Λ := ∆[Λp] = (kΛ − 1)/3 and ∆[Λn] = −2(kΛ − 1)/3 = −2∆Λ where kΛ is defined in

(A5). In the same way, for Ξ decays this obtained through ∆Ξ := ∆[Ξ−] = (kΞ − 1)/3 and

∆[Ξ0] = −2(kΞ − 1)/3 = −2∆Ξ, where kΞ is defined in (A6).

The ∆I = 1/2 transitions dominate what one sees in the comparison of the decay widths

of the related decays. The decay widths are related to the amplitude squared by the kine-

matic pre-factor given in Eq. (5). The decays of the two cascades in the ∆I = 1/2 limit

are:

|A[Ξ−]|2 = S2
1,2 + P 2

1,2(1 + 2∆Ξ) and 2|A[Ξ0]|2 = S2
1,2 + P 2

1,2(1− 4∆Ξ) . (A10)

This relation agrees well with the measured ratio of the cascade life times of 1.77(6) derived

using the life-time values τ(Ξ0) = 2.90(9) × 10−10 s and τ(Ξ−) = 1.639(15) × 10−10 s [25].

For Λ decays, the relation between the amplitudes squared in the ∆I = 1/2 limit reads:

|A[Λp]|2 =
2

3

[
S2

1,1 + P 2
1,1(1 + 2∆Λ)

]
and 2|A[Λn]|2 =

2

3

[
S2

1,1 + P 2
1,1(1− 4∆Λ)

]
. (A11)

In this case, the relation between the amplitudes is supported by the ratio of the branching

fractions of the two decays of 1.785(29). The phase space volume ratio −/0 is rΛ = 0.9658(1),

however, since the decay channel Λ → pπ− includes two charged particles, significant e.m.

corrections are expected [86, 87].

The leading-order (LO) corrections due to ∆I = 3/2 contributions can be deduced from

the partial widths and values of the decay parameters of the isospin modes. For the cascades

the sum of the amplitudes squared, |A[Ξ−]|2 + |A[Ξ0]|2, does not receive any correction and is

|A[Ξ−]|2 + |A[Ξ0]|2 =
3

2

(
S2

1,2 + P 2
1,2

)
. (A12)

The sum can be treated as the overall normalisation of the amplitudes by setting S2
1,2 + P 2

1,2

to one. Instead, the following linear combination of the amplitudes squared changes and

receives the leading-order correction expressed as:

|A[Ξ−]|2 − 2|A[Ξ0]|2 = 3
(
S1,2S3,2 + P1,2P3,2 + 2P 2

1,2∆Ξ

)
. (A13)

To translate these relations to the life-time measurements, they have to be corrected by

the ratio rΞ of the kinematic pre-factors for the charged and neutral cascades from Eq. (5).

Using the PDG values for the masses [25] the numerical value of the ratio is rΞ = 1.027(2).
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Dividing Eq. (A13) by Eq. (A12) and converting the the amplitudes squared to the life

times, one derives the experimental constraint:

1

2

τ(Ξ0)− 2τ(Ξ−)rΞ

τ(Ξ0) + τ(Ξ−)rΞ

= s2s3 + (1− s2)(p3 + 2∆Ξ) (A14)

exp
= −0.051(11) ,

where s3 and p3 denote the ratios S3,2/S1,2 and P3,2/P1,2, respectively, and s := S1,2. The

values of the decay parameters α for the two cascades can be used to derive two additional

constraints. The isospin average of the decay parameters3

αΞ :=
2α− + α0

3
= 2S1,2P1,2 cos(δP2 − δS2 ) (A15)

≈ 2s
√

1− s2 (A16)

exp
= −0.368(4)

remains unchanged and represents the decay parameter in the ∆I = 1/2 limit, the same

value for the two decay modes. To obtain the approximate form in Eq. (A16) we use the

fact that the experimental value cos(δP2 − δS2 ) = 0.999(1), i.e. it is consistent with one [29].

Solving for s one gets two solutions,

s2 =
1

2

(
1±

√
1− α2

Ξ

)
. (A17)

The solution with |S|2 > |P |2 is selected since Eq. (8) and the experimental value of the φΞ

parameter imply that sgn(|S|2−|P |2) = sgn(cosφΞ) > 0. The measurement of the difference

α− − α0 provides the second relation to determine s3 and p3:

α− − α0 = 3
(
S2

1,2 − P 2
1,2

)
(S1,2P3,2 − S3,2P1,2 + 2P1,2S1,2∆Ξ) cos(δP2 − δS2 ), (A18)

α− − α0

αΞ

=
3

2
(2s2 − 1) (p3 − s3 + 2∆Ξ) (A19)

exp
= 0.092(25) . (A20)

The determined amplitudes are given in Table VII. The size of the S3,2 amplitude is 5% of

S1,2, while the P3,2 amplitude is consistent with zero (less than 3% of P1,2 within one s.d.).

The strong-phase difference δP2 −δS2 can be determined from the measurement of the β decay

parameters:

β−
α−

=
β0

α0

= tan(δP2 − δS2 ) . (A21)

3 Here we use simplified notation α[Ξ0] → α0 and α[Ξ−] → α−.
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Using the measured φ− and φ0 parameters for the cascades listed in Table II the average

experimental value of the strong phase δP2 − δS2 of 1(4)◦ is consistent with zero. The size of

the error indicates considerably smaller value than the pion–nucleon phase shifts relevant

for the Λ and Σ decays (given in Table. III).

TABLE VII. Amplitudes for the ∆I = 1/2 and ∆I = 3/2 transitions in the Λ- and Ξ-hyperons

non-leptonic decays.

∆I = 1/2 ∆I = 3/2 (∆I = 3/2)/(∆I = 1/2)

S P S P s3 p3

Ξ→ Λπ −0.9823(04) 0.187(02) 0.052(11) −0.002(4) −0.053(11) −0.008(20)

Λ→ Nπ 0.9145(18) 0.405(04) 0.011(06) 0.016(06) 0.012(06) 0.038(15)

The corresponding relations for the Λ decays are more complicated since there are four

strong phases, however, the required strong phases for the pion–nucleon final state interac-

tions are well known and given in Table III. Including the leading-order ∆I = 3/2 corrections

the relations between the decay widths can be expressed as

|A[Λp]|2 + |A[Λn]|2 = S2
1,1 + P 2

1,1 (A22)

and

|A[Λp]|2 − 2|A[Λn]|2 = −
√

8
(
P1,1P3,3 cos(δP1 − δP3 ) + S1,1S3,3 cos(δS1 − δS3 )

)
+ 4P 2

1,1∆Λ .

(A23)

We fix the overall normalisation of the amplitudes by setting S2
1,1 + P 2

1,1 to one and set the

notation for the amplitudes: s := S1,1, s3 := S3,3/S1,1 and p3 := P3,3/P1,1, where the reuse of

the same symbols as for the cascades should not lead to a confusion. By dividing Eq. (A23)

by Eq. (A22) and expressing the amplitudes squared by the branching fractions B, one gets

− 1√
8

B([Λp])− 2B([Λn])rΛ

B([Λp]) + B([Λn])rΛ

= (1− s2)(p3 cos(δP1 − δP3 )−
√

2∆Λ) + s2s3 cos(δS1 − δS3 )

(A24)

exp
= 0.019(4) ,

where rΛ is the ratio of the kinematic factors in Eq. (5) for the Λ → pπ− and Λ → nπ0
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decay modes. The results for the α parameters are4

αΛ :=
2α− + α0

3
= 2S1,1P1,1 cos(δP1 − δS1 ) (A25)

= 2s
√

1− s2 cos(δP1 − δS1 ) (A26)

exp
= 0.734(6),

α− − α0

αΛ

=
3√
2

∆α3/2

cos(δP1 − δS1 )
+ 3(2s2 − 1)∆Λ (A27)

exp
= 0.086(24) ,

where the average in the first row is the same as the values in the |∆I| = 1/2 limit. The

first order correction is given as:

∆α3/2 =p3

[
(1− s2) cos(2δP1 − δS1 − δP3 )− s2 cos(δS1 − δP3 )

]
+s3

[
s2 cos(2δS1 − δP1 − δS3 )− (1− s2) cos(δP1 − δS3 )

]
.

(A28)

The three relations and the |S|2 > |P |2 condition allow one to determine the s, s3 and p3

amplitudes for the Λ decays. The results are given in Table VII. The size of the ∆I = 3/2

amplitudes is 3% of the ∆I = 1/2 ones. Finally, the value of the β− and β0 can be calculated

βΛ

αΛ

:=
1

3

(
2β−
α−

+
β0

α0

)
= tan(δP1 − δS1 ) . (A29)

β−
α−
− β0

α0

= 3
p3 sin(δP1 − δP3 )− s3 sin(δS1 − δS3 )√

2 cos2(δP1 − δS1 )
, (A30)

where βΛ/αΛ is the value in the ∆I = 1/2 limit. Using the strong phases from Table III

βΛ/αΛ = −0.128(2) what translates to φΛ of −0.139(3). The LO ∆I = 3/2 correction gives

β−/α− = −0.130(3) and φ− of −0.148(4), i.e. the result with order of magnitude better

precision than the direct measurement of −0.113(61) (Table II).

Appendix B: Effective Lagrangian and parameterization of amplitudes

A hermitian effective Lagrangian for the initial decay B → bπ where all baryons have

spin-1/2 is given by

L = gS ibBπ − g∗S iBb π − gP biγ5Bπ − g∗P Biγ5b π . (B1)

4 Here, the simplified notation reads α[Λn] → α0 and α[Λp] → α−.
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The gS terms lead to s-waves for the decay products, the gP terms lead to p-waves and the

gS terms break parity (P) symmetry while the gP terms do not. If gS is real, then the gS

terms break P and C, but conserve CP symmetry. If gP is real, then the gP terms conserve

C symmetry and therefore also CP. One can make gP real and positive by moving its phase

into a redefinition of the B-baryon field (and a redefinition of the discrete transformations

by an additional phase). The CP symmetry is then conserved, if the parameter gS is real.

Except for an irrelevant overall phase, one might write the decay matrix elements as

MB→bπ ∼ ub (gS − gPγ5)uB , MB→bπ ∼ vB (−g∗S − g∗Pγ5) vb . (B2)

This fits to the conventions of the Particle Data Group. Then one reads off: Sini ∼ gS,

Sini ∼ −g∗S, Pini ∼ gP , P ini ∼ g∗P where the p-waves pick up an additional phase space factor

that we have not displayed explicitly. The relations between partial-wave amplitudes and

parameters from the Lagrangian suggest writing for the initial amplitudes

Sini = |S| eiξS , Pini = |P | eiξP ,

Sini = −|S| e−iξS , P ini = |P | e−iξP . (B3)

Strictly speaking, ξP is not needed. What matters is the relative phase between S and

P , which can be expressed via ξS − ξP but equally well via ξS if one puts ξP = 0. In

principle, phases can vary between 0 and 2π or −π and π. However, an overall minus sign

for all amplitudes would not lead to an observable consequence. Therefore, it is sufficient

to consider ξS − ξP ∈ [0, π) or ∈ [−π/2,+π/2). If (B3) were the complete amplitudes, then

one would always find α = −α and β = β, irrespective of CP violation or conservation. For

the case of CP symmetry, one would find β = 0.

This whole analysis leaves out final-state interactions. Rescattering is a non-local phe-

nomenon that cannot be treated by a tree-level calculation using a local, hermitian La-

grangian. Instead, one can use explicit loop calculations if one has a microscopic picture of

the reaction, or one can use an Omnès-function matrix that parameterizes the final-state

interactions. This is discussed in more detail in Appendix C.

Appendix C: Treatment of final-state interactions

In the following, we discuss in some detail the treatment of final-state interactions for the

main decays of the Λ and Λ baryons. The case of Ξ0,− decays is just simpler.
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The relevant decay channels of Λ are (pπ−)S, (pπ−)P , (nπ0)S, (nπ0)P where the subscript

denotes the partial wave. It is more convenient to build linear combinations with respect to

the isospin of the final states. Then the four decay channels are (Nπ)S,I=1/2, (Nπ)S,I=3/2,

(Nπ)P,I=1/2, (Nπ)P,I=3/2. Following the conventions of the main text, we denote the cor-

responding decay amplitudes by L1,1 for I = 1/2 and by L3,3 for I = 3/2; here L = S, P .

The initial decay amplitudes that emerge from the weak process are denoted by Lini
... . For

the corresponding antiparticle decays, we use L.... We assume baryon number conservation.

Then there are no oscillations between Λ and its antiparticle Λ. But the final-state interac-

tions (FSI) might allow for transitions between the 4 final states (Nπ)S,I=1/2, (Nπ)S,I=3/2,

(Nπ)P,I=1/2, and (Nπ)P,I=3/2. This defines a coupled-channel problem. We assume that

the weak process is of short-distance nature such that no structure is resolved. Therefore,

the discontinuity of a decay amplitude is solely given by the FSI. This defines an Omnès

problem [88]; for an analogous situation, see e.g. [89].

In general, one has a 4 × 4 Omnès-function matrix Ω that parameterizes the FSI. This

matrix maps the “bare” amplitudes of the initial decay onto the “full” amplitudes that

contain the FSI: 
S1,1

S3,3

P1,1

P3,3

 = Ω


Sini

1,1

Sini
3,3

P ini
1,1

P ini
3,3

 . (C1)

The corresponding equation for the antiparticle sector reads
S1,1

S3,3

P 1,1

P 3,3

 = Ω


S

ini

1,1

S
ini

3,3

P
ini

1,1

P
ini

3,3

 . (C2)

Next, we assume that parity and charge conjugation are both conserved by the FSI. This

is true for strong and electromagnetic FSI. In this case, the FSI are the same in the particle

and antiparticle sector, i.e. Ω = Ω, and there is no cross talk between the parity-even p-waves

and the parity-odd s-waves:

Ω = Ω =

 ΩS 0

0 ΩP

 (C3)
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with 2× 2 matrices ΩS and ΩP .

Finally, we assume isospin symmetry. Then the 2 × 2 matrices become diagonal. Wat-

son’s theorem [64] ensures that the phase of the pertinent Omnès function agrees with the

scattering phase shift δL,2I of the corresponding N -π scattering:

ΩL = diag
(
|ΩL,2I=1| eiδL,1 , |ΩL,2I=3| eiδL,3

)
(C4)

with L = S, P . Here it is of advantage that we changed from the particle basis (pπ− and

nπ0) to the isospin basis (I = 1/2 and I = 3/2). In the particle basis, the 2 × 2 Omnès

matrices would not be diagonal.

Of course, if required by precision, the assumptions that lead from more general 4 × 4

matrices in (C1) and (C2) to (C3) and (C4) can be relaxed one by one.

Appendix D: Average polarization and spin-correlation terms

Expression for average polarization squared

〈P2
B〉 =

∫
P2
B

(
1

σ

dσ

dΩB

)
dΩB =

3

2

∫
P2
B

1 + αψ cos2θ

3 + αψ
dcos θ , (D1)

where PB is given by Eq. (40). The integral can be calculated exactly, and the result is

expressed as

〈P2
B〉 = p0 + p2P

2
e , (D2)

where

p0 =

(
1− α2

ψ

)
sin2(∆Φ)

α2
ψ(3 + αψ)

{3 + 2αψ − 3(1 + αψ)F(αψ)} , (D3)

p2 =
3(1 + αψ)2

αψ(3 + αψ)

{
1− 1− αψ

1 + αψ
cos2(∆Φ)−

(
1− (1−αψ) cos2(∆Φ)

)
F(αψ)

}
. (D4)

The function F (α) is

F (α) :=

∫ 1

0

dx

1 + αx2
=


arctan

√
α√

α
0 < α ≤ 1

1 α = 0

arctanh
√
|α|√

|α|
−1 < α < 0

. (D5)

Properties of the function F (1) = π
4

and limα→−1 F (α) = ∞. The function is drawn in

Fig. 18. For αψ = 1 the coefficients are

p0 = 0 and p2 =
3(4− π)

4
≈ 0.6438 (D6)
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FIG. 18. Function F (α) defined in Eq. (D5). The function is divergent for α→ −1.

and for αψ = 0

p0 =
2

15
sin2(∆Φ) and p2 =

2 + cos(2∆Φ)

3
. (D7)

One derives similar expressions for the sum of the squares of the spin-correlation terms.

The result can be expressed as

〈S2
BB
〉 = s0 + s2P

2
e , (D8)

where

s0 =
1

α2
ψ(3 + αψ)

{(
1− α2

ψ

)
(2αψ + 3) cos(2∆Φ)− 7α3

ψ − 2αψ − 3

−3(αψ + 1)2F (αψ)
[
(1− αψ) cos(2∆Φ) + αψ − 2α2

ψ − 1
]}
, (D9)

s2 =
6(1− α2

ψ) sin2(∆Φ)

αψ(3 + αψ)
{(1 + αψ)F (αψ)− 1} . (D10)

For the e+e− → BB process specified by the parameters αψ, βψ and γψ the polarization

and spin-correlation terms as a function of the B-baryon production angle θ are

P2
B(cos θ) = 2

(αψ + 1)2P 2
e cos2 θ + sin2 θ

(
β2
ψ cos2 θ + P 2

e γ
2
ψ

)
(1 + αψ cos2 θ)2 , (D11)

S2
BB

(cos θ) =

(
α2
ψ + 1

)
sin4 θ + (αψ + cos2 θ)

2
+ 2 sin2 θ

(
γ2
ψ cos2 θ + P 2

e β
2
ψ

)
(1 + αψ cos2 θ)2 . (D12)
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