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Abstract

We present a brief overview of Moonshine with an emphasis on connections to physics.
Moonshine collectively refers to a set of phenomena connecting group theory, analytic number
theory, and vertex operator algebras or conformal field theories. Modern incarnations of
Moonshine arise in various BPS observables in string theory and, via dualities, invariants in
enumerative geometry. We survey old and new developments, and highlight some of the many

open questions that remain.
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1 Introduction

This paper contains a brief review of various types of moonshine starting with the earliest
example of monstrous moonshine. Other reviews of moonshine with various points of view
can be found in [2, [67, [66] [[T7] and the book [89] describes moonshine as of 2006.
Monstrous moonshine had its origins in observations of McKay and Thompson of connec-
tions between the representation theory of the Monster (M), the largest sporadic finite simple

group, and the elliptic modular invariant

J(7) = ¢~ 4 196884q + 21493760¢° + - - - . (1.1)

2m7 and T is a complex parameter taking values in the upper half plane Im(7) > 0.

Here g =-¢
J(7) is the unique function with a simple pole only at ¢ = 0 with residue one and vanishing
constant term that is invariant under modular transformations 7 — (a7 + b)/(c7 + d) with
a,b,c,d € Z and ad — bc = 1. The idea of a connection between modular functions and the
representation theory of the Monster group is so outlandish that it was referred to as moon-
shine by Conway and Norton [43]. A connection between these two areas of mathematics
eventually emerged with a striking connection to physics: consistent two-dimensional confor-
mal field theories (CFTs) have partition functions which can be computed as path integrals on
a two-dimensional torus and are modular invariant functions as a consequence of invariance
under global diffeomorphisms acting on the torus. Thus the construction of a (holomorphic)
CFT with Monster symmetry in [77, [79] (or more precisely a vertex operator algebra (VOA))
led to an explanation of this bizarre connection. A physical perspective on this construction
was given in [53]. We now understand that it is easy to find more connections of this sort. One
can start with a positive definite lattice L with a large automorphism group G and construct a
lattice VOA whose partition function will have modular properties and have coefficients that
can be written as dimensions of representations of a group closely related to G. However,
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the word moonshine, in the words of R. Borcherds, “...should only be applied to things that
are weird and special; if there are an infinite number of examples of something, then it is not
moonshine.” The thing that makes Monstrous moonshine special is a connection to genus zero
subgroups of SL(2,R) as explained later in this review.

The classic era of moonshine involved the study of Monstrous moonshine and a supersym-
metric variant known as Conway moonshine [78] 57, [62]. A new era of moonshine began in
2010 with the observation in [73] of a surprising connection between the elliptic genus of K3

surfaces and the representation theory of another sporadic group, the Mathieu group May.



This relation involves a new kind of modular object, a mock modular form. This relation was
soon extended to umbral moonshine [26] 33} [36], which conjectured relationships between a set
of 23 distinguished mock modular forms and 23 finite groups which arise from the automor-
phism groups of Niemeier lattices. The main conjecture of Mathieu and umbral moonshine
was proven in [88, 58] but as we explain below, there is still a great deal of mystery surround-
ing the origins of Mathieu and umbral moonshine. More recently there have been additional
new types of moonshine: for the O’Nan sporadic group [59] and penumbral moonshine [60]
which encompasses moonshine for the Thompson group [105] as a special case, much as umbral
moonshine generalizes Mathieu moonshine. Although the connections of these new types of
moonshine to physics are at the moment unknown, they do deserve to be called moonshine

in that they are all special and finite in number and this again arises through connections to
genus zero subgroups of SL(2,R) [33] 41 [60].

2 Connections to CFT/VOA

Monstrous moonshine had its origins in observations of J. McKay and J. Thompson of con-
nections between the representation theory of the Monster, the largest sporadic finite sim-
ple group, and the elliptic modular invariant J(7). For example, the coefficient 196884 =
1 + 196883 is the sum of the dimensions of the two smallest irreducible representations of
M. These observations suggested the existence of an infinite-dimensional graded vector space,
Vi, carrying representations of M, and a generalization Ty(1) of J(7), known as McKay-
Thompson series. These series are constructed by replacing the dimensions of representations
by characters of group elements of M. Conway and Norton organized and generalized these
observations and made several conjectures, the most important of which [145] was that each
of the T, (7) (which depend only on the conjugacy class of g) Il were invariant under a special
class of subgroups of SL(2,R) known as genus zero subgroups because the quotient of the
upper half plane by these groups can be given the structure of a genus zero Riemann surface.
The proof of this genus zero conjecture involved the construction of a Vertex Operator Algebra
(VOA) on V! by Frenkel, Lepowsky and Meurman (FLM) [77, [79] following on the definition
of a Vertex Algebra by Borcherds [I0] and followed by a tour de force proof by Borcherds of
the genus zero property [I1]. Borcherds defined and employed a new class of algebras known
as Borcherds-Kac-Moody (BKM) algebras, see [90] for a discussion of his work.

Remarkably these ideas and techniques have a close relationship to physics. In particular,
a VOA is, roughly speaking, equivalent to the chiral part of a two-dimensional conformal field
theory (CFT) and the construction of FLM can be viewed as the first example of an orbifold
CFT, an idea which was developed independently in the context of string compactifications
and then eventually abstracted into a general mechanism for constructing new CFTs from old
by gauging global symmetries. Recently, a physical explanation for the genus zero property of
Monstrous moonshine has been proposed in the context of a family of special heterotic string
compactifications including V¥ or its orbifolds on the worldsheet [135] 134]; there, the genus
zero property is shown to follow from self-duality of the models under T-dualities.

L“Generalized moonshine” for a larger class of functions Ty.n(7) labeled by commuting pairs g,h € M was
conjectured by Norton [129] [130] and proved by Carnahan [I6] [I8] [19], who constructed new BKMs to establish
their genus zero properties. The natural physical origin of these functions is as twisted sector partition functions
of orbifolds of V¥; see e.g. |53} 147, [148] for details.



Moonshine for another sporadic group, the Conway group Co; arises in a superconformal
field theory with central charge ¢ = 12 [78, 57, [62]. The corresponding McKay-Thompson
series are also associated to genus zero subgroups of SL(2,R) [62].

Moonshine relations between modular functions and other sporadic groups that are in-
volved in the Monster group have also been constructed using ideas from conformal field theory
starting with work of Héhn on the Baby Monster group [109]. An important ingredient in his
and other constructions is the fact that certain minimal model CFTs and parafermion CFTs
can be embedded in the Monster CFT and the discrete symmetries of the minimal model or
parafermion CFT then act as elements of the Monster group. For example, the Zs symmetry
of the ¢ = 1/2 Ising model acts as an element of the 2A conjugacy class of the Monster, an
obervation due to Miyamoto. Many generalizations of this idea have been worked out, see
54, 5] for further examples and constructions. A similar phenomenon for the Conway CFT
is explored in [25].

One of the goals of current research into moonshine is to find CFT/VOA explanations for
umbral and penumbral moonshine. The Mathieu moonshine example of umbral moonshine
arose through a study of the decomposition of the elliptic genus of K3 surfaces into repre-
sentations of the N = 4 superconformal algebra that exists for any K3 sigma-model. The
multiplicities of massive N = 4 characters are captured by a weight 1/2 mock modular form
with ¢ expansion

H® (1) = 2(—¢~ /% + 45¢"/% + 231458 + ... (2.1)

Additionally, associated to each g € May is a McKay-Thompson series H g(z)(T), also a weight

1/2 mock modular form for a subgroup of SL(2,7Z), whose form was originally conjectured in
[0, 11 0, [72).

The occurrence of dimensions of Ms, irreducible representations would not be surprising
if there existed K3 sigma-models with My, group actions that preserve the N = 4 algebra.
However both classical algebro-geometric analysis [127] and quantum analysis of K3 sigma
models [82] shows that no such K3 sigma-model existdd. The result of the classification of
[82] is that all symmetry groups of K3 sigma-models are (proper) subgroups of the Conway
group, the automorphism group of the Leech lattice. In particular, this implies there exist K3
sigma-models with symmetries which lie outside of Ms,, as well as elements of M5, which can
never appear as symmetries of K3 sigma models. This result was generalized in [31] to include
singular points in the moduli space of K3 CFTs (which correspond to points of enhanced
gauge symmetry in spacetimes), and where the possible twining genera of K3 sigma models
were classified and shown to be related to the umbral and Conway moonshine constructions
of [30] and [55], respectively.

Given that the elliptic genus only captures contributions of BPS states, which are in-
dependent of the moduli of the theory, one attempt to overcome the problem that no K3
CFT has Mss symmetry involves the idea of “symmetry-surfing” which involves combining
symmetries that appear at different points in the moduli space of K3 sigma-models, first ex-
plored for Kummer surfaces in [I42], 143], and moving away from the Kummer locus in [83].
A similar idea was investigated for UV Landau-Ginzburg models which flow to K3 CFTs in

20One may also study global symmetries that preserve only the N = (4,1) superconformal symmetry required
for the definition of the elliptic genus and its decomposition into N' = 4 characters, rather than the full N' = (4, 4)
algebra [I01]; although the resulting symmetry groups are larger, this has not led to M4 symmetry.



the IR in [29]. The elliptic genus of K3 can also be viewed as the partition function of a
“half-twisted” topological field theory and is closely related [120] to another mathematical
construction known as the chiral de Rham complex. It has been suggested that this might be
the correct arena to understand Mathieu moonshine, see for example [I50].

The modular objects appearing in umbral moonshine are mock modular forms of a type
discovered by Ramanujan [140] and put into a modern mathematical framework by Zwegers
[155]. Mock modularity appears in computations of the elliptic genus of non-compact sigma
models [T4, [T46] so it is natural to look for a CFT involving both a K3 surface and a non-
compact sigma model in order to explain the mock modularity of the functions appearing
in umbral moonshine. Such models appear in the description of fivebranes wrapping K3
surfaces [103] and in the description of string theory near an ADE singularity [30]. Analysis
of these CFTs lead to intriguing connections to the mock modular forms of umbral moonshine
but have not yet led to an explicit construction of the umbral moonshine modules. Another
attempt to understand Mathieu moonshine involves exploiting connections between certain
K3 sigma-models and the Conway moonshine CFT [55] IEHH

However, the existence of generalized Mathieu [84] and umbral moonshines [24] suggests
that there should eventually be a CFT/VOA-related explanation for these phenomena. The
case of umbral moonshine corresponding to Niemeier root system 3FEs was given a VOA
interpretation in [56]. Umbral moonshine can be formulated in terms of a specific set of optimal
mock Jacobi forms which descend from meromorphic Jacobi forms by a procedure discussed
in [45]. There exist VOA constructions (based on free fields) of the (twined) meromorphic
Jacobi forms of umbral moonshine corresponding to Niemeier root systems 4A4g and 2A4:4
[61] and 4Dg,3Ds,2D12, and Doy [32], thus furnishing a solution to the module problem for
these cases. Additionally, in [4], the relationship between umbral moonshine, the K3 elliptic
genus, and the Conway moonshine module was exploited to construct a module for the case
of umbral moonshine corresponding to the Niemeier lattice with root system 6D4. However,
many cases, including the original case of Mathieu moonshine corresponding to root system
24 A, are still missing module constructions. Furthermore, a uniform construction of umbral
moonshine modules is still lacking, as none of the existing constructions can be generalized to

all cases at once.

3 Connections to string theory

Moonshine’s close historical connections to VOA (and consequently, CFT) imply connections
to distinguished worldsheet string theories. Less immediate are the many beautiful intersec-
tions of moonshine with spacetime string theory, which may provide an arena for resolving
the outstanding mysteries of moonshine, or provide a setting for novel applications of number
theory and large sporadic groups to physics.

One theme of these explorations is the fact that BPS state counting functions are auto-
morphic objects. For judiciously chosen compactifications, these objects may coincide with,
or otherwise be related to, moonshine functions. The central role of mock modular forms
in Mathieu and umbral moonshines is suggestive of noncompact systems, such as the near-
horizon limit of NS5-branes and little string theories; perturbative BPS states in such systems

are counted by the spacetime helicity supertrace, whose decomposition into mock modular

3 An analogous story for T sigma models was explored in [149] B].



forms and relations to moonshine were explored in [I03][104]. By contrast, BPS counting func-
tions for certain compact fivebranes wrapping Calabi-Yau divisors produce skew-holomorphic
Jacobi forms with moonshine properties [51] 27]. The new supersymmetric index for the
heterotic string on K3 x T2, and its type II duals, inherit moonshine features from the K3
elliptic genus [34], which persist in 4d N' = 1 compactifications with flux [152, 132] and in
orbifolds [49, 21|, 22| [7], although it is not yet understood whether or how May4 acts in these
systems. Siegel forms counting 1/4-BPS dyons (black holes, at large charge) in 4d N' = 4
compactifications from type II on K3 x T2 and its CHL orbifolds may be decomposed into
mock modular forms [45] and exhibit a variety of (umbral and Conway) moonshine connections
[40] 133} [l 23, 137] and novel string dualities [136]. Furthermore, there are many suggestive
connections between dyon counting functions and BKM algebras [46, [38] 39] 911, 921, 93], [94].
(Recently, other number theoretic quantities have been recognized in black hole counting
functions which also await explanation [95] [1T5]).

On another front, special low-dimensional spacetime string theory constructions [I08] have
been proposed to explain the genus zero properties of Monstrous [135, [134] and Conway moon-
shines [97], with the associated BKM algebras [98] [99] playing the role of BPS spectrum-
generating algebras. BKM algebras have long been suggested to furnish an algebra of BPS
states in string compactifications [I07 [I06], and it is a fascinating open possibility that moon-
shine groups may be best understood as symmetries of BPS algebras. Other low-dimensional
string compactiﬁcations@ naturally enjoy the umbral [I16] and Conway [116, 102} 8] groups
as subgroups of the duality group, suggesting a governing role for large sporadic groups in
organizing spacetime symmetries. The role of mock modular forms in these compactifications
is yet to be understood, though a proposal from a D1-NS5 system in 2d appears in [154].

Finally, in the context of holography, moonshine VOAs have been explored as instances
of the AdS3/CFTy correspondence [I51], [86] [64], particularly as putative duals to pure 3d

gravity (so-called extremal CFTs) with [4qg5 ~ o/ 1/2

. Many questions about such constructions
remain. However, the Rademacher summability properties of moonshine functions (see below)

are inspired by, and may presage further connections to, holography [42].

4 Mathematical connections

One way to construct a modular form is by a Poincaré series, roughly constructed via an
infinite sum over SL(2,7) images of a seed function [I38]. This sum may have convergence
issues depending on the weight of the modular form and form of the seed function, which
were resolved in weight zero by a regularization procedure due to Rademacher [I39]. We
refer to these regularized Poincaré series as Rademacher sums. However, after regulariza-
tion, this Rademacher sum may no longer be a modular function, but have mock modular
properties (see, e.g., [37]). The obstruction to modularity occurs in what is known as Eichler
cohomology and work of Knopp shows that it vanishes when the invariance group imposed
on the Rademacher sums has genus zero. See [124] for an overview of these mathematical
developments.

The connection between Rademacher sums and moonshine phenomena began with [64].
Rademacher sums for other weights have been developed in the mathematical literature, see
[37] for a review. These have played an important role in the characterization of the mock

4See also the closely related works [T00] [IT8].



modular forms of Mathieu and umbral moonshine [42] [37], as well as the trace functions
appearing in penumbral moonshine [60].

Rademacher sums have also been proposed to have a physical interpretation in terms of
the AdS;/CFTy correspondence [52, [126], in which the terms in the sum correspond to saddle
points of the gravitational path integral with toroidal boundary condition. This has been
developed further in [50] 1206] [64] 12§]. Other applications of Rademacher sums include exact
asymptotic expansions for Fourier coeflicients of certain modular forms, which have been
applied to 2d CFT partitions functions [I], Vafa-Witten invariants [13], and the entropy of
supersymmetric black holes in string theory [47, 48], 44] [75] [15].

While the monstrous moonshine conjectures concerned a relation between the monster
group and classical modular functions, more recent incarnations of moonshine—including um-
bral and penumbral moonshine—involve connections between finite groups and more exotic
automorphic forms of varying weights, including mock modular forms, (weak, mock, mero-
morphic and skew-holomorphic) Jacobi forms, and Siegel modular forms. For a review of the
modular objects connected to Mathieu moonshine, see [35]. See [41] for the classification of
“optimal” mock Jacobi forms of weight 1, including those which appear in umbral moonshine,
and a connection to genus zero groups and [60] for a parallel discussion of skew-holomorphic
Jacobi forms and genus zero groups in penumbral moonshine.

There have also been some tantalizing connections between automorphic forms connected
with moonshine and invariants natural in enumerative geometry. In the case of K3 surfaces,
enumerative invariants have been studied since the work of Yau and Zaslow [153], who conjec-
tured that the generating function for rational curves with n double points on K3 is given by
1/1?4(7), equal to the generating function for Euler characteristics of Hilb!™ (K3). Since then,
further refinements of this formula have been conjectured by considering Gopakumar-Vafa
invariants arising from M theory on K3 x T2 [122] as well as motivic stable pairs invariants
[21], which reproduce the generating function of Hodge numbers of Hilb[™ (K3). In [I21] the
question was posed whether these invariants are naturally related to dimensions of Msy repre-
sentations. Though the answer to this question appears to be negative [102], in [28], inspired
by [82], it was proposed that there is a natural action of subgroups of the Conway group on
these invariants. In [T10], the classification result of [82] was reinterpreted in terms of groups
of derived equivalences of K3 surfaces. Finally, the Igusa cusp form ®;4 has been conjectured
to reproduce the full Gromov-Witten theory of K3 x T? [131], and been generalized to CHL
orbifolds of K3 x T? in [I4} [76], where a number of the Siegel modular forms arising from
second quantized Mathieu moonshine have appeared [137].

The phenomenon of O’Nan moonshine has been observed to have connections to the arith-
metic of elliptic curves [65] as has moonshine for the Thompson group [123]. We are just
beginning to scratch the surface of this intriguing connection between sporadic groups, auto-
morphic forms, and arithmetic geometry.

In our brief description of developments in moonshine we have omitted one aspect of
moonshine which at the moment seems far from physics. The representation theory of finite
groups can be defined over fields of positive characteristic p. The study of these representations
is known as modular representation theory. In the papers [I41 [12] Ryba and Borcherds
observed some very interesting behavior in the p-modular behavior of the module V¥ of the
Monster VOA. One of their main conjectures was recently proved by Carnahan [I7]. A nice

overview of these developments as well as observations and speculations regarding connections



between modular moonshine and generalized moonshine can be found in [20]. New relations
between penumbral moonshine and generalized moonshine have also been found [68] [69)].
These developments point towards the possibility of a unified theory of moonshine that would
encompass all known examples. At the moment the connection of these results to physics is
unclear, but as mentioned earlier, there are reasons to expect some kind of structure related
to CE'T or VOAS to lie behind these new connections.

5 Open questions

Moonshine mysteries, of mathematical and physical natures, abound. Chief among these
mysteries is the missing umbral moonshine modules: while we have several isolated examples
of umbral moonshine modules a uniform construction still eludes us, including a module for
the M4 moonshine that instigated these modern developments. Similarly, we do not yet
have modules for the penumbral and O’Nan moonshines, and it is not yet known if and how
these examples may be connected to physical ideas. More broadly, although all instances
of moonshine enjoy some connection to a genus zero property, we do not yet understand
the origin of these properties; one may hope that physics will ultimately provide a uniform
answer to the question “what is moonshine?” Further, whether and how Mathieu and umbral
moonshines are ultimately related to the geometry of K3 surfaces, or string theory on K3, is
not yet understood, in spite of the context of the original observation of [73]. The symmetry
surfing program has had some success, but further progress will likely require studying suitable
connections on the bundle of K3 CFTs over their moduli space. It would also be interesting
to develop a physical interpretation of the Rademacher summability properties of the McKay-
Thompson series of umbral moonshine.

We may also ask a number of other questions raised by the aforementioned works: is
there a generalization of the BKM algebras found in Monstrous and Conway moonshines in
the case of the other moonshines? If so, is there a relationship to the BPS states of special
string compactifications? Can we characterize the natural geometric or physical objects which
have sporadic group symmetries? Are there instances of moonshine, or at least interesting
sporadic group symmetries, that act on enumerative invariants of Calabi-Yau threefolds (or
other spaces)? How could we understand such observations in a topological string? These
questions, while already numerous, are far from exhaustive. Their eventual answers will
doubtless shape our understanding of the mathematical foundations of string theory.

In spite of these mysteries, new connections between moonshine and other areas of physics
are just beginning to be unearthed. We content ourselves with mentioning just a few new
directions. One recent proposal [ITT] for understanding Mathieu moonshine takes place in the
arena of algebraic topology, employing topological modular formsﬁ, and building on recent
work which defines a new mock modular “secondary elliptic genus” as a natural invariant of
2d supersymmetric QFTs [87]. Non-invertible symmetries and topological defect lines have
been studied in the Monster VOA [125] and naturally capture its self-dualities. Moonshine
groups have long been understood to be automorphism groups of classical error-correcting

codes, but connections between non-chiral CFTs/sigma models to quantum error-correcting

Here, a natural possibility is that the M4 symmetries may emerge when acting on a K3 surface with 24 points
removed, as in Fs X Eg small heterotic instantons. Preliminary explorations of Mathieu moonshine in the heterotic
string on K3 include [96].



codes have been recently uncovered [I01] and provide useful input to the modular bootstrap
program [71] H We anticipate that new connections between moonshine and other parts of

string theory, field theory, and mathematics will continue to emerge.
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