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I illustrate a recent work on the large-order behaviour of the pertur-
bative expansion (and the related power-suppressed ambiguitiers) arising
from infrared renormalons, in the context of top mass measurements in
open-top production processes.
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1 Introduction

A major worry in top mass measurements at Hadron Colliders has to do with linear
power corrections, i.e. non perturbative effects that are proportional to a typical
hadronic scale. In fact, the current experimental errors, reaching values of the order
of several hundreds MeV, are themselves of the order of typical hadronic scales, and
thus, our lack of a full understanding of QCD at low energy is a source of concern
regarding the value of the measurement and of its associated error. At the moment,
the only methods at our disposal for estimating non-perturbative effects is to vary
the parameters and settings of the hadronization model, and of all the parameters
that control the end of the Monte Carlo shower and the onset of hadronization phe-
nomena. Yet, since we are only dealing with models, the doubt that we may not be
covering the behaviour of the real physics is hard to dismiss∗. It is therefore useful
to consider simplified theoretical frameworks where at least some aspects of the non-
perturbative corrections can be fully understood. One such framework is the large-b0
approximation [2, 3], where corrections corresponding to the insertion of a light quark
loop in the gluon propagator, as well as those due to a final state gluon splitting into
a quark-antiquark pair, are considered up to all orders in the coupling constant.

In ref. [4] we have considered a simplified framework of top production and decay,
where a tb system is produced by the decay of a virtual W with 300 GeV energy. The
top decays in turn into a Wb system, with the W on the mass shell. For simplicity,
we neglect the b mass. We include the strong corrections induced by the exchange or
the emission of a gluon, and all the corrections to the gluon propagator given by the
insertion of a light quark loop. The corresponding graphs are shown in fig. 1, that
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Figure 1: Feynman diagram for the Born W ∗ → Wbb process, and samples of Feyn-
man diagrams for the virtual contribution, for the real-emission contribution and for
W ∗ → Wbb qq production.

∗For a recent discussion of these issues, see sec. 6.5.1 of ref. [1] and the contribution of A. Hoang
to these proceedings.
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illustrate the set of diagrams that dominate in the formal limit of a large number of
flavours. In fact, they include all strong corrections of order αs(αsnf )

n (where nf is
the number of light flavours) for n = 0 . . .∞. The large b0 approximation prescribes
that at the end of the calculation, in order to account for possible gluonic corrections
besides those due to fermion loops, one performs the replacement

nf → nf −
11CA
4TF

, with CA = 3, TF =
1

2
. (1)

The large b0 approximation gives a semi-quantitative estimate of the leading large-
order behaviour of the perturbative expansion due to the so-called infra-red renor-
malons, i.e. factorial-growing coefficients of the perturbative expansion, that for large
orders behave as n!(2b0/k)nαn+1

s , where k is a positive integer. The terms of the per-
turbative expansion decrease as the order increases up to values of n = ñ such that
ñ(2b0/k)αs ≈ 1, and for larger values they begin to increase. The size of the minimal
terms is

ñ!(2αsb0/k)ñαñ+1
s ≈ αs

√
2πñ exp[ñ(log ñ− 1)]ñ(−ñ) =

√
kπαs
b0

exp

[
− k

2b0αs

]
. (2)

Inserting the running coupling αs = 1/(b0 log µ2/Λ2), we see that the minimal term
is of order (Λ/µ)k. Thus, renormalons are both associated to the divergence of the
perturbative expansion, and to power-suppressed ambiguities in its resummation.

The case that interests us is k = 1, since this can yield ambiguities in the top
mass measurements that are of order Λ, quite close to the present measurement
errors, while higher values of k will lead to further suppressions by powers of Λ/µ,
that, since µ ≈ m (m being the top mass) are fully negligible. In the following we
will use the term “linear renormalon” to denote k = 1 renormalons.

Our results for any infrared-finite observable in our process has the form

〈O〉 = 〈Ob〉 −
1

b0αs

∫ ∞
0

dλ

π

dT̃ (λ)

dλ
arctan

πb0αs

1 + b0αs log λ2

µC

, (3)

where 〈Ob〉 is the Born-level value of the observable and µC is proportional to the
renormalization scale at which αs is evaluated. This formula has to be interpreted
as a formal expansion in powers of αs, so that we do not worry about the essential
singularity arising when the denominator of the argument of the arctangent vanishes.

Formulae of the form of eq. (3) are known in the literature to arise in the large-
b0 approximation [2]. The whole complexity of our calculation is in the observable
dependent function T̃ (λ), that we can compute with a semi-numerical method for
any infrared-safe observable. It turns out that in general T̃ , for small λ goes to a
constant, plus a linear term in λ, plus terms of higher orders in λ, possibly multiplied
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by logarithms of λ. It can be easily shown that the presence of the linear term is
associated with a linear renormalon.

Our calculation is performed in the pole mass scheme for the top mass. This
guarantees that the functions T̃ (λ) vanishes fast enough for large λ so that the integral
in eq. 3 is convergent. It can be easily converted into the corresponding expression
for the MS scheme by using the mass conversion formula evaluated in the large-b0
limit [3]. Since this formula is affected by linear renormalons, the term linear in λ in
T̃ is mass-scheme dependent, and in some cases it vanishes in one of the two schemes.

We remark that the absence of a renormalon in a physical observable when a
short-distance mass scheme (like the MS scheme) is used, means that no physical
renormalon is present in the observable. The same observable, when expressed in
terms of the pole mass, will have a renormalon that is only due to the fact that it is
expressed in terms of a quantity that has a renormalon.

2 The total cross section

We begin by discussing the total cross section. As also expected from general consid-
erations, we found no physical linear renormalon in this case, i.e. no factorial growth
corresponding to a linear renormalon when a short-distance mass scheme, like the MS
one, is used. This leads to a rather well-behaved perturbative expansion, with the
relative size of the terms of the expansion smaller than 10−5 already at the 4th order,
and with no visible minimum up to the 10th order. On the other hand, in the pole
mass scheme, a linear renormalon appears, and the minimal term of the expansion is
reached at the 8th order, leading to an ambiguity of relative order 5 × 10−4. This is
of order of 0.1 GeV over the mass of the top, as expected.

The benefit of using the MS mass scheme for the total cross section is greatly
reduced if we need to impose acceptance cuts to identify our final state. The same
cross section, with the restriction of requiring two separated b-jets with R = 0.1 yields
a minimal term near 3×10−3 for both the pole mass and the MS mass schemes, while
for the r = 0.5 the minimal term is −8× 10−4 for the pole scheme, and −3.4× 10−4

for the MS scheme.

3 The Reconstructed Top Mass

We define the reconstructed top mass as the mass of the system comprising a b (not
b!) jet and an on-shell W . We find that this observable has linear renormalons both in
the pole and in the MS mass schemes, with coefficients proportional to the inverse of
the R parameter used for jets, as also found in other contexts [5, 6]. In the MS scheme
the perturbative expansion begins with large positive corrections, while that for the
pole-mass scheme has large negative ones, that are easily understood to arise from
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radiation outside the jet cone from the b-jet. This radiation is also present in the MS
scheme, that, however, has also a large positive correction, due to the fact it grossly
underestimates the pole position at the Born level. This leads to a slightly smaller
minimal terms for small to moderate values ofR. AsR becomes larger, the out-of-cone
radiation effect becomes less relevant, and the large positive corrections to the pole
position prevails, leading to a larger minimal term with respect to the pole mass case.
It should be stressed that, in this case, the cancellation between renormalon effects
arising from two totally different contributions should not be taken as an indication
of a small overall ambiguity. Instead, since the cancellation is accidental, one should
consider the two contributions as independent sources of error.

As a last remark, we recall that, in the narrow width limit, one can in principle
separate the radiation arising in top decay from the one arising in production, since
they take place on very different time scales. If one was to define the reconstructed
top as the mass of the top decay products defined in this way, one would get exactly
the top pole mass. It is thus not surprising that, for relatively large R values, the
renormalon ambiguity is reduced in the pole mass scheme. We can take this as an
indication that, for large R, we capture a large fraction of the top decay products.

4 Leptonic Observables

As an example of leptonic observables we have taken 〈EW 〉, i.e. the average energy of
the W boson. This observable does not involve jets, and should thus be insensitive to
renormalons due to jet requirements. This observation has sometimes been used to
advocate leptonic observables with respect to hadronic ones, in spite of their smaller
sensitivity to the top mass. Our results are summarized in table 1.

We draw the following conclusions: 〈EW 〉 has linear renormalons in both the MS
and in the pole mass scheme, if the narrow-width limit is considered; in the finite
width case, and in the MS mass scheme, we have found evidence that the renormalon
is screened at scales of the order of the top width. This means, in practice, that we
observe the renormalon growth of the coefficients up to orders n ≈ log(m/Γ), that in
our case is near 5. For higher orders, the renormalon growth disappear.

5 Conclusions

In our study we have found that the largest sources of linear corrections are those
associated to jets, with a strength proportional to 1/R. These result is not unex-
pected. It is also likely that these kind of corrections may be largely reduced if some
procedure of jet calibration is adopted.

A rather surprising result was found for the leptonic observables, where physical
linear renormalons are found in the narrow-width limit, and where evidence for the
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〈EW 〉
pole scheme MS scheme

i ci ci α
i
s ci ci α

i
s

0 121.5818 121.5818 120.8654 120.8654

1 −1.435 (0)× 101 −1.552 (0)× 100 −7.192 (0)× 100 −7.779 (0)× 10−1

2 −4.97 (4)× 101 −5.82 (4)× 10−1 −3.88 (4)× 101 −4.54 (4)× 10−1

3 −1.79 (5)× 102 −2.26 (6)× 10−1 −1.45 (5)× 102 −1.84 (6)× 10−1

4 −6.9 (4)× 102 −9.4 (6)× 10−2 −5.7 (4)× 102 −7.8 (6)× 10−2

5 −2.9 (3)× 103 −4.4 (5)× 10−2 −2.4 (3)× 103 −3.5 (5)× 10−2

6 −1.4 (3)× 104 −2.2 (4)× 10−2 −1.0 (3)× 104 −1.7 (4)× 10−2

7 −8 (2)× 104 −1.3 (4)× 10−2 −5 (2)× 104 −8 (4)× 10−3

8 −5 (2)× 105 −9 (4)× 10−3 −2 (2)× 105 −4 (4)× 10−3

9 −3 (2)× 106 −7 (4)× 10−3 −1 (2)× 106 −2 (4)× 10−3

10 −3 (2)× 107 −6 (5)× 10−3 0 (2)× 106 −1 (5)× 10−4

11 −3 (3)× 108 −7 (6)× 10−3 0 (3)× 106 0 (6)× 10−5

12 −4 (3)× 109 −9 (9)× 10−3 0 (3)× 108 1 (9)× 10−3

Table 1: Coefficients of the perturbative expansion of the average W -boson energy in
the pole and MS-mass schemes.

screening of the physical renormalon due to the top finite width is found. We were
able also able to find a theoretical justification for both findings [4]. We recall that, in
b decays, there are no linear renormalons associated with leptonic observables [7, 8].
This refers to leptonic observables are computed in the bottom rest frame, and thus
it is not in contrast with our findings. If we compute 〈EW 〉 in the top rest frame, we
also find no linear renormalons.
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