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The recent measurements of cosmological parameters by the Planck
collaboration favors inflationary models with a redshifted spectrum and a
very low tensor-to-scalar ratio. Two well studied scenarios in the particle
physics/string theory literature — inflection point and Starobinsky infla-
tion — are in good agreement with these data. In these proceedings, we
report on general studies of these two scenarios. We discuss similarities
in their structure which, we argue, arise from a common mechanism: de-
generate critical point of the potential. In particular, we emphasize their
ability to support a possible primordial explanation for the anomalous
suppression of the power spectrum at large scales.
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1 Motivation

1.1 Introduction

Inflation uses a scalar field coupled to a Friedmann-Lemâıtre-Robertson-Walker (FLRW)
metric to mimic de Sitter background for spacetime [1, 2, 3, 4]. An early burst of
exponential expansion resolves many technical deficiencies in the näıve Big Bang sce-
nario, while predicting nearly scale-invariant perturbations [5] to the curvature of
the FLRW spacetime necessary for structure formation in the universe. These same
perturbations were predicted to jostle the primordial plasma of nuclei and electrons,
leaving an imprint on the cosmic microwave background (CMB). With the advent
of precision cosmological experiments including the recent results from Planck Col-
laboration [6], the statistics of CMB temperature fluctuations have become precise
enough to assess the viability of inflationary models.

One notable result is Planck’s definitive observation of a deviation of the spectral
index from unity. This strongly suggests that inflation is a dynamical phenomena,
as opposed to de Sitter period of false vacuum inflation. The strongly Gaussian
statistics of the temperature fluctuations sharpen this argument for a period “slow-
roll” inflation, where the dynamics are essentially determined by the scalar potential.
The further non-observation of CMB polarization signatures associated with tensor
modes during inflation further reduce the class of possible inflationary models. This
guidance feeds directly into attempts to embed inflation into larger models in particle
physics or String Theory. The work we report on here examines generic dynamical
properties and observational signatures of the onset of inflation.

Taken together, the observation a redshifted spectrum with the (as-yet) unobserv-
ably small production of tensor modes and nongaussianity suggests a rather vanilla
slow-roll scenario with an extremely small velocity. For the case of a single field, both
the tensor-to-scalar ratio r and (local) fNL are effectively proportional to the square
the field velocity. These features are in tension the simple monomial potentials, but
are generic to potentials which admit degenerate critical points at nonzero vacuum
energy. Two such scenarios include inflection point inflation and the Starobinsky po-
tential. The former involves a doubly degenerate critical point somewhere above the
reheating vacuum, while the latter involves an infinitely degenerate critical point at
infinite distance in field space. Curiously, both scenarios are rampant in phenomeno-
logical studies. While ease of construction is not an argument for correctness, it does
afford a deeper analysis, which is certainly warranted by the favorable observations.

1.2 E-foldings as a tuning

In traditional, large-field models of slow-roll inflation [7], the total number of e-
foldings was determined by the initial field vacuum expectation value (VEV). Typical
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arguments involve Planck-scale physics kicking the field out to such large VEV, which
can then be self-sustaining via quantum effects. In practice this approach can be
difficult to realize. Assuming one can build a consistent effective field theory (EFT) to
describe the physics, Planck-scale corrections to the potential are generally expected
to violate the slow-roll conditions, thereby ending inflation. While techniques to
circumvent this problem can be arranged, the fact remains that such a scenario applies
Planck-scale physics to set the initial conditions for inflation and effectively ignore
it for the subsequent evolution. Without a clear mechanism, correlated to other
observable physics, such approach essentially amounts to a fine-tuning of Ne. This is
a general problem in inflationary cosmology.

Another approach to this tuning is to embed it into the couplings within the
potential. Here the problem is more precise and amenable to standard techniques of
effective field theory. Since both the inflection point and Starobinsky scenarios arise
from a similar mathematical phenomena — degenerate critical points — it is perhaps
unsurprising their physics admit a similar parametrization. In both cases, the number
of e-foldings scales parametrically with inverse powers of a small coupling. While the
choice of initial conditions can be further tuned to arrive at a smaller Ne, in both cases
the dynamics enforces a maximum value. For the case of inflection point inflation in
particular, this feature — that overshooting the inflection point is entirely avoidable
— is highly nontrivial. We shall describe these dynamics in detail below.

If the expected value of Ne is indeed a fine-tuning, naturalness — now defined in
terms of the EFT couplings — suggests the minimum possible value of Ne is also the
most likely value. Observational implications of this suggest a large-scale cutoff in
correlation of primordial curvature perturbation; all modes which exited the horizon
subsequently re-enter. Curiously, the loss of correlation in the temperature power
spectrum at large scales has persisted through WMAP [8] to Planck. In what follows
we shall also explore the generic features associated the possibility that this large-
scale anomaly is caused by the onset of inflation. This subject has a rich literature,
including foundational works like [9, 10], and a number of phenomenological analyses,
including [11, 12, 13, 14, 15, 16, 17, 18, 19].

1.3 Slow-Roll as Dynamical Attractor

The familiar field equation for inflation,

φ̈+ 3Hφ̇+ Vφ = 0, (1)

can be rewritten using N = log a to parametrize time,

φ′′ =
1

2

(
φ′ +

√
6
)(

φ′ −
√

6
)(

φ′ +
Vφ
V

)
. (2)
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here primes denote derivatives with respect to N . There are two singular solutions
to this differential equation, φ′ ±

√
6. These represent kinetic energy dominated

solutions. It is an artifact of the parametrization that |φ′| <
√

6. A third singular
solution is possible,

φ′SR = −Vφ/V, (3)

provided that
φ′′ = 0. (4)

This is true, for example, if V = e−κφ. In this case (2) becomes a first order differential
equation in φ′. If |κ| <

√
6|, all nonsingular trajectories attract (up to a constant) to

φSR [20]. Importantly, this behavior persists when (4) is only approximately satisfied.
Instead we find,

φ′′ =
Vφφ
V
−
(
Vφ
V

)2

� 1, (5)

from which one can read off the traditional slow-roll parameters. (5) is a sufficient
condition for inflation, and is our operational definition of “slow-roll”. Integrating
(3) allows us to approximate the number of e-foldings,

N = −
∫
dφ

V

Vφ
. (6)

Finally, let us note that there are two dynamical quantities which can be used to
parametrize a bought of inflation. The first is Ξ = φ′′/φ′, which determines how close
φ is to φSR. The second is 1

2
φ′2, which determines just how slow slow-roll is. Note

that we implicitly assume that (5) is satisfied. These are essentially the “generalized
slow-roll” parameters of [21].

2 Inflection Point Models

2.1 Inflection Points as Dynamical Fixed Points

Inflection point inflation satisfies (5) with a (doubly) degenerate critical point of V ,
φ? — i.e., Vφ and Vφφ vanish there. For a single scalar field, any smooth V with such
an “inflection point” can always be Taylor expanded,

V ≈ Λ + α(φ− φ?)3 +O(φ4). (7)

This strategy is conceptually easy to deploy in phenomenological models: one
need only tune a parameter so that Vφφ ≈ 0 near a critical point. As such it has been
used across the board, from particle physics models like the MSSM [22], to KKLT [23]
inspired supergravity constructions. Curiously, it appears to fail in Higgs inflation
[24], owing to the running of the quartic self coupling.
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Since inflation occurs near φ?, higher order terms contribute little to the dynamics;
Λ the is dominant contribution to V . At it is, this potential can generate arbitrarily
large Ne. This fact — that overshoot is not a generic phenomena — was studied
in [25] and explicity demonstrated in [26]. This fixed-point behavior was studied
in detail in [20], which also examined arbitrary initial conditions and the basin of
attraction phase space.

Importantly, Itzhaki and Kovetz demonstrated that this attractor behavior per-
sists with relevant deformations, linear and quadratic in φ. By suitably shifting the
origin of field space we can parametrize these deformations as

V ≈ Λ + λφ+ αφ3 +O(φ4). (8)

Applying (6) then, one finds

Ne ≈
π

2
√

3αλ
. (9)

For α near the scale of inflation, i.e. H2 ≈ α4/M2
P , we see that the smallness of

λ controls Ne. Note that we are implicitly assuming λ and α have the same sign,
otherwise a local minima would slightly complicate the analysis, but for small |λ| the
results are qualitatively similar [27].

2.2 The Onset of Inflation

The fixed point behavior of the inflection point manifests itself as a transition from a
large-field “chaotic” inflation to small-field inflection point inflation. The concavity
of the potential — and subsequently the inflaton trajectory — flips. This transition
induces a brief departure from slow-roll at the onset of inflection point inflation.
Near the boundary of the basin of attraction, this transition can be extremely sharp
— accelerated expansion may even temporarily stop. The effect on the primordial
curvature perturbation would be a sharp reduction in its power spectrum.

To model this behavior, consider the potential studied in [20],

1

4
φ4 + αφ3 + λφ+

(
27

4
α4 + 3αλ

)
α4. (10)

The power spectrum of temperature fluctuations in the CMB has a sharp reduction
in power at the largest scales. The power spectrum is expected to be flat at low
angular moments, ` . 50, since the baryon acoustic oscillations do not appreciably
affect such scales. This is contrary to what is observed. The anomalously low power
in the temperature power spectrum of the CMB, observed in COBE and WMAP has
persisted in Planck data release. While its statistical significance is somewhat muted
by cosmic variance and concerns about the integrated Sachs-Wolfe effect [28], the
anomaly’s persistence and its possible explanation in terms of the onset of inflation
warrants a theoretical investigation.
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In [16], these effects were studied using the brief injection of kinetic energy from
the transition to inflection point inflation. Note that the slow-roll conditions are
explicitly violated during the transition, which explains why one may attain an blue-
to-redshifted“asymmetric” (in terms of e-foldings) evolution of the power spectrum.
In Fig. 2.2 we give examples of soft and sharp transitions. This gives rise to a
suppression of the lowest few angular moments of the power spectrum [16].
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3 Starobinsky-like Models

3.1 Exponentials in the Scalar Potential

Inflation in the Starobinsky scenario [2] (and slight generalizations thereof) involves a
scalar field with a long plateau generated by the interplay of constant vacuum energy
with an exponential,

V (φ) = Λ + Ae−aφ, (11)

for some positive, real constants Λ, α and κ. The potential (11) has an infinitely
degenerate critical point at infinite field values. More generally one might — and in
some cases, should — consider more general potentials with many exponentials,

V (φ) = Λ + Ae−aφ +Bebφ + · · · . (12)

If such additional terms contribute more real critical points at finite VEV, one is led
back to the KKLT version of the inflection point scenario. Of particular interest is
the sign of b. If b is positive, this removes the critical point at infinity and gives a
finite length to the plateau. A length which can induce sufficient inflation requires
on B being a small number. Provided such a model is under parametric control, this
can give rise to an upper bound on the number of e-foldings. As with the λ coupling
in (8), this condition ports the fine-tuning required to attain Ne ∼ 50 to the potential
couplings.
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Given that exponential terms in the scalar potential abound in string/supergravity
models, this scenario has been well-studied [29, 30, 31, 32]. For our present purposed,
we shall use Fibre Inflation [29] as an avatar of the Starobinsky scenario.

3.2 Fibre Inflation

The Fibre Inflation model exists within the LARGE volume scenario (LVS) framework
[33]. As such, the compactification manifold necessarily admits a limit wherein the
size of SUSY cycle can be made parametrically smaller than the overall volume of
the Calabi-Yau three-fold (CY3), which is taken to be very large. This hierarchy
introduces a scalar which stabilizes the potential during inflation. Operationally, any
terms generated by Planck scale effects will be suppressed by inverse powers of the
CY3 volume. Thus, the η-problem is avoided.

The scalar potential for τ is generated by string loop corrections. The precise
calculation of the scalar potential for a specific CY3 remains a challenge, but analysis
of Orientifold calculations [34] suggest terms like

V =
A

τ
+

B

V
√
τ

+
Cτ

V2
+ · · · . (13)

are generically present. The ellipses represent other possible terms that scale as

Cn
τn+1

V2(1+n/3)
. (14)

Canonically normalizing the field τ ,

τ → V2/3e2φ
√
3,

and appropriate redefining the parameters as in [17], the scalar potential (13) be-
comes,

V '
m2
φ

4

[(
1 +

2

3
δ

)
e−4φ

√
3 − 4

(
1 +

δ

6

)
e−φ/

√
3 +

δ

1 + n
e2(1+n)φ/

√
3 + 3− δ

1 + n

]
.

(15)
Here we have included the two “lowest” terms, with the third left general as in

[17]. mφ represents the inflaton mass about its vacuum at the origin, it also sets the
scale for inflation. For n ≥ 1, δ determines the number of e-foldings as discussed
above. This is the case we shall consider below. For n = 1, this is the original model
of [29]. For positive n, this term represents the exponential “wall” for the inflaton at
large VEV.

Assuming the field starts above the plateau, the number of e-foldings is determined
by δ. For the case of n = 1, δ ≈ 10−7 gives around sixty e-foldings of inflation. For
general n,

Ne ∝
9

4
δ−

1
3+2n . (16)
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An attractive feature of the Fibre Inflation scenario is that such a small value of δ
is natural from the EFT standpoint. δ depends parametrically on the string coupling,
gs which is the EFT expansion parameter. Indeed,

δ = O(g4(1+n/3)s ). (17)

Sixty e-foldings of inflation, therefore, require a value of gs ∼ O(10−2) [17]. We now
study how the onset of inflation may induce a large scale suppression of the power
spectrum.
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Figure 1: Evolution of Ξ = φ′′/φ′, the deviation from the slow-roll condition (5).
Green and purple curves represent n = 2.1 and 1, respectively. The former shows a
much stronger deviation from slow-roll, giving rise to a steeper transition as with the
inflection point case.

3.3 The Onset of Inflation

In [17, 18] it was shown that Fibre inflation allows for a primordial origin for the
low power at large scales anomaly in the CMB data. If the field starts above the
plateau, a sufficiently rapid shift from a blue to a red spectrum of primordial density
perturbations is required to fit the data. This amounts to a quick transition between a
fast-rolling phase down the exponential wall and slow-rolling phase along the plateau.
Given the attractor dynamics of the inflaton, the fast-roll phase occurs with

φ′ ≈ Vφ
V
≈ −2(1 + n)√

3
. (18)

If the magnitude of the RHS of (18) is greater than
√

6, appealing to (2) shows
that the fast-roll solution becomes the attractor. The very flat plateau affords a
sharp transition, qualitatively similar to the inflection point case, as communicated
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through Fig. 1. Therefore, the arguments of the previous also carry through, giving
rise to a similar angular power spectrum, [17].

It should be emphasized that demanding a sufficiently step wall — or large n —
amounts to demanding a redshifted spectrum for the angular moments ` & 50. In
short, it is fitting the spectral index to the data. Of course, a smaller value of n is
consistent so long as the initial value of φ remains close to the point of inflection at
the start of the plateau. While this relaxes the tuning of δ, to observe the power
suppression from the onset of inflation, one must then explain why this is so. This is,
in effect, the standard “tuning” problem of large-field inflation discussed above.

4 Conclusion

The Planck data favor inflation models with a redshifted scalar spectrum and a low
tensor-to-scalar ratio. Two widely studied scenarios within particle physics and su-
pergravity models are inflection point inflation and the Starobinsky model. We have
reported on novel features of both scenarios, emphasizing the existence of an up-
per bound of Ne induced by the couplings in both scenarios. We have argued that a
similar mechanism is in play for both cases: degenerate critical points of the potential.

In both cases, the spectrum of perturbations transitions from blue to redshifted as
the VEV rolls past a point of inflection in the potential. We have demonstrated that
such transitions can be sufficiently sharp to allow for a finite number of e-foldings
and a redshifted spectrum. Therefore, both scenarios readily offer an explanation for
the low power at large scales anomaly whose statistical significance — while far from
definitive — has persisted in the Planck data.
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