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Abstract

The isovector Nucleon electromagnetic form factors GE(q2) and GM(q2)
are evaluated in Lattice QCD using Wilson fermions. A lattice of spatial
extent 3 fm is used in the quenched theory allowing the extraction of the form
factors for momentum transfer squared between 0.1 and 2 GeV2 for lowest
pion mass of about 400 MeV. The calculation is also performed using two
degenerate dynamical flavors of Wilson quarks for pion masses comparable to
those in the quenched theory allowing a direct comparison. An effective chiral
theory is used for the extrapolation of the magnetic moment and isovector
radii at the physical limit.

In addition, we present recent results from the calculation of the momen-
tum dependence of the axial form factors GA(q2) and Gp(q

2) along with the
calculation of the GπNN form factor on the same set of lattices. This enables
us to test the Goldberger-Treiman relation and compare to the experimental
value of the pion-nucleon strong coupling constant gπNN .

1 Introduction

Form factors maintain a central role in the study of hadron structure.
They yield information on the size, magnetization and charge distribution
in hadrons. They are functions of the Lorentz invariant momentum transfer
squared probing the interaction of a hadron with a current. The electromag-
netic structure of the nucleon is probed by the coupling of a photon with a
quark, a process parameterized by the electric, GE, and the magnetic, GM

form factor. A photon exchanging momentum ~q probes a length scale of
roughly 1/|~q| and therefore a range of momentum transfers is required in
order to map the full spatial distribution. The traditional picture of the nu-
cleon electric and magnetic form factors having similar q2 dependence based
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on data using Rosenbluth separation has been revised recently by precise
polarization measurements [1], which indicate an approximately linear q2

dependence of the ratio of GE(q2)/GM(q2).
Lattice QCD enables a non-perturbative study of these fundamental quan-

tities using directly the fundamental theory of strong interactions. State-of-
the-art lattice calculations can reach pion masses as low as 350 MeV where
chiral effective theories begin to be applicable. Having reliable predictions
from chiral theories on the dependence of physical quantities on the pion
mass [2, 3] provides the bridge connecting lattice results to experiment.

The exchange of a W or Z boson probes different dynamics inside the
nucleon. Two additional form factors enter, namely the axial-vector GA(q2)
and the induced pseudoscalar Gp(q

2). Chiral symmetry breaking and the
associated partial conservation of the axial current (PCAC) constrains the
behavior of these form factors. Pion pole dominance is directly reflected in
the q2-dependence of Gp while both form factors are related to the pseu-
doscalar nucleon form factor, GπNN(q2), defined through the pion-nucleon
vertex. Quasi-elastic neutrino scattering [4] and pion electroproduction ex-
periments [5, 6] are consistent with a dipole q2-dependence for GA up to
1 GeV2. Gp is less well known, with muon capture experiments [7] being the
main source of measurements of Gp(−0.88m2

µ) and pion electroproduction
probing the q2 dependence. At small q2 [6] the data are well represented
with a dipole Ansatz. In this work we present the calculation of the isovector
nucleon electromagnetic form factors [8] in quenched QCD and using two
degenerate flavors of dynamical Wilson fermions. Optimal techniques are
employed allowing the evaluation on a large range of momenta with reduced
statistical error. In addition we evaluate the axial-vector form factors and
the π − N pseudoscalar form factor [9] for a range of momenta transfers
up to 2 GeV2, which allows us to examine the validity of pion dominance
and the associated Goldberger-Treiman (GT) relation. Recent studies of
these quantities in Lattice QCD with dynamical quarks using different dis-
cretizations [10,11] yield comparable results to ours. Consistency among the
different approaches is indicative that lattice artifacts are under control.

It is worth mentioning that additional information on the nucleon struc-
ture is contained in the transition form factors of the nucleon to the ∆(1232)
resonance. Recent precise pion electroproduction experiments and theoret-
ical calculations in lattice QCD including three dynamical flavors [12] have
established the existence of quadrupole strength in the electromagnetic tran-
sition, connected to a deformation in the nucleon and/or Delta wavefunctions.
Calculations of the axial-vector [13] and pseudoscalar N −∆ transition form
factors [9] have addressed pion pole dominance in the N −∆ system and the
validity of the associated non-diagonal GT relation.
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2 Nucleon matrix elements and form factors

2.1 Electromagnetic form factors

The nucleon electromagnetic matrix element for real or virtual photons is
parameterized in terms of the Dirac, F1, and Pauli, F2, form factors,

〈 N(p′, s′) |jµ| N(p, s)〉 = i u(p′, s′)
[
γµF1(q

2) +
iσµνq

ν

2MN

F2(q
2)

]
u(p, s) (1)

where p(s) and p′(s′) denote initial and final nucleon momentum (spin) and
MN is the nucleon mass. The form factors depend only on the momentum
transfer squared, q2 = (p′µ − pµ)(p′µ − pµ). The value of the Dirac form
factor at the real photon point, F1(0), is equal to the charge of the proton
(neutron) while the Pauli form factor value at the origin, F2(0), measures the
anomalous magnetic moment. They are connected to the electric, GE, and
magnetic, GM , Sachs form factors by the relations

GE(q2) = F1(q
2) +

q2

(2MN)2
F2(q

2)

GM(q2) = F1(q
2) + F2(q

2) (2)

where GM(0) measures the nucleon magnetic moment, µp = 2.79 for the
proton and µn = −1.91 for the neutron.

The isoscalar contribution of the electromagnetic current requires the
calculation of disconnected loop diagrams. Such diagrams require the eval-
uation of the quark propagator from all-to-all lattice space-time points, a
notoriously difficult task given current resources. As done in all curent lattice
computations on form factors we neglect disconnected contributions. There-
fore we can only calculate directly the isovector transition matrix element.
In the isospin limit the following equality holds

〈 p |(2
3
uγµu− 1

3
dγµd)|p〉 − 〈 n|(2

3
uγµu− 1

3
dγµd)|n〉 = 〈 p |(uγµu− dγµd)|p〉.

(3)
Calculation of the isovector matrix element therefore provides the isovector
nucleon form factors which measure the difference of the respective proton
and neutron form factors

GE(q2) = Gp
E(q2) −Gn

E(q2) ,

GM(q2) = Gp
M(q2)−Gn

M(q2) . (4)
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2.2 Axial-vector and pseudoscalar form factors

The axial vector and pseudoscalar density are defined by

Aa
µ(x) = ψ(x)γµγ5

τa

2
ψ(x) , P a(x) = ψ(x)γ5

τa

2
ψ(x) (5)

where τa are the three Pauli-matrices acting in flavor space and ψ is the
isospin doublet of u- and d- quarks. The matrix element of the axial vector
current between nucleon states can be written in the form

〈N(p′, s′)|A3
µ|N(p, s)〉 = i u(p′, s′)

[
γµγ5 GA(q2) +

qµ

2MN

γ5 Gp(q
2)

]
τ 3

2
u(p, s)

(6)
where GA is the axial vector form factor and Gp the induced pseudoscalar
form factor.

The value GA(0) defines the axial vector charge of the nucleon, obtained
through nucleon β-decay measurements, gA = GA(0) = 1.2695(29).

Spontaneous breaking of chiral symmetry leads to the relation ∂µAa
µ =

fπm2
ππa between the pion field and the axial vector current. In QCD the

corresponding relation is known as the Ward-Takahashi identity ∂µAa
µ =

2mqP
a where mq is the averaged light flavor doublet quark mass. The pion

field is therefore proportional to the pseudoscalar density, πa = 2mqP
a/fπm2

π.
Taking the nucleon matrix element of the pseudoscalar current defines

the pseudoscalar (or pion - nucleon) form factor GπNN(q2)

2mq < N(p′, s′)|P 3|N(p, s) >=
fπm2

π GπNN(q2)

m2
π − q2

u(p′, s′)iγ5
τ 3

2
u(p, s). (7)

The value GπNN(0) defines the low energy pion nucleon strong coupling con-
stant, gπNN = GπNN(0) = 13.2(1) measured from low energy pion - nucleon
scattering. PCAC relates the nucleon axial form factors to GπNN : taking the
divergence of Eq. (6) leads to

GA(q2) +
q2

4M2
N

Gp(q
2) =

1

2MN

2GπNN(q2)fπm2
π

m2
π − q2

. (8)

The pion pole appearing in the right hand side of Eq. 8 implies a similar pole
in Gp:

1

2MN

Gp(q
2) ∼ 2GπNN(q2)fπ

m2
π − q2

. (9)

Substituting the expression for Gp in Eq. (8) leads to the Goldberger-Treiman
relation

GπNN(q2) fπ = MNGA(q2) . (10)

Eq. (10) is satisfied for q2 = 0 at the 2% level, as gπNN fπ = MN gA.
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3 Lattice techniques

The evaluation of the matrix elements in Eqs. (1), (6) and (7) is performed
using standard techniques in Lattice QCD. Three point functions of the nu-
cleon interpolating operators interacting with the fermionic billinear are cal-
culated using the sequential inversion through the sink technique. With this
technique, the nucleon source and sink operators are fixed at well separated
Euclidean time slices and billinear operator insertions of arbitrary momen-
tum can be calculated at all intermediate Euclidean time slices. We stress
the importance of exploiting particular linear combinations of the source and
sink fields which maximize the number of allowed lattice momenta insertions
and therefore determine the form factors at maximal accuracy in a rota-
tionally symmetric fashion [8,9]. Appropriate ratios of three point functions
and nucleon two point functions are constructed, which in the limit of large
Euclidean time separation between the current and the nucleon sources con-
verge to the desired matrix element. Smeared quark fields and gauge links
are utilized in order to enhance the overlap of the interpolating field to the
nucleon state and minimize the contamination from excited states.

4 Results

Figure 1: GE as a function of Q2.
Filled triangles show extracted ex-
perimental results for the isovector
electric form factor

Figure 2: The isovector magnetic
form factor, GM , as a function of Q2.
The notation is the same as in Fig. 1.

An ensemble of 200 quenched (NF = 0) configurations on a lattice of size
323× 64 is utilized at three Wilson quark mass parameters corresponding to
pion masses of 0.56, 0.49 and 0.41 GeV respectively. The spatial extent of 3.2
fm is large enough to ensure that finite volume effects are small. The lattice
spacing obtained using the nucleon mass at the physical limit is a = 0.09 fm.
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In addition, the study is performed on (1.9 fm)3 ensembles which include a
dynamical doublet of light (u,d) Wilson quarks [14, 15] and corresponding
pion masses of 0.69, 0.51 and 0.38 GeV.

Figure 3: F1 (upper) and F2 (lower)
as a function of Q2 at the chiral limit.
Results extracted from experiment are
shown by the filled triangles.

Figure 4: Chiral extrapolation of
GM (0) and the rms radii r1 and r2.
The dashed lines show the maximal er-
ror band using the errors on the fitted
parameters.

In order to compare the calculated isovector form factors to experiment,
we deduce the isovector part of the form factors from the available ex-
perimental data via Eqs. (4). Gp

E is well described by the dipole Ansatz,
Gd(Q

2) = 1/(1 + Q2/0.71)2 while for the neutron the Galster parametriza-
tion is assumed

Gn
E(Q2) =

−µnτ

1 + 5.6τ
Gd(Q

2) , (11)

where Q2 = −q2 > 0, τ = Q2/4MN
2 and µn = −1.91. Both Gp

M and Gn
M

are interpolated to the same q2 value using Gd. In Figures 1, 2 we show the
isovector form factors for all the lattices compared to the extracted experi-
mental isovector data. The Lattice data show a weak quark mass dependence
for both GE and GM while unquenching effects are small. GE shows a larger
deviation to experiment than GM . For the pion masses considered here the
decreasing tendency as mπ becomes smaller is well described by a linear de-
pendence in m2

π. Using a linear extrapolation scheme the form factors F1 and
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F2 are obtained at the chiral limit and shown in Fig. 3. F2 is in agreement
with experiment while F1 clearly remains above.

Assuming a dipole Ansatz for GE and GM we can extrapolate to zero q2,
to extract the magnetic moment µ = GM(0). The isovector Dirac and Pauli
rms radii are related to the dipole masses Mi via

< r2
i >= − 6

Fi(Q2)

dFi(Q
2)

dQ2
|Q2=0 =

12

Mi

, i = 1, 2 . (12)

The dependence of µ, < r2
1 > and < r2

2 > on the pion mass has been studied
within a chiral effective theory including the ∆ resonance in [2]. Varying
consistently the parameters in the expressions we obtain the results shown in
Fig. 4. Quenched and dynamical data for µ are well described by the effective
theory and extrapolate nonlinearly to the physical value. The Dirac radii on
the other hand miss the physical value as expected from the fact that F1 is
decreasing slower than experiment in the low Q2 regime.

Figure 5: GA(Q2) (upper) and
Gp(Q

2) (lower) for the Wilson lat-
tices. Hybrid results are taken from
Hägler et al. [11].

Figure 6: Gp(Q
2)/GA(Q2) for the

Wilson lattices. Pion pole domi-
nance prediction for the 0.41 GeV
pion quenched data is shown by the
dashed line. The solid line is the fit to
monopole form with fitted pion pole
mass.

Our results for the nucleon axial form factors GA and Gp are shown in
Fig. 5. Results using MILC configurations and domain wall fermions [11] at
similar pion masses are included. The dotted line in the upper plot is a fit

to the experimental results taking a dipole Ansatz GA(q2) = gA/
(
1− q2

M2
A

)2

,

with an axial mass, MA = 1.026 ± 0.0021 GeV. The lattice results fall off
slower than experiment and although described well by dipole fits, the fitted
dipole masses are considerably larger than experiment. The hybrid data de-
viate from the Wilson data at low Q2 and approach the expected gA value at
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the origin. Gp data are presented in the lower plot where a similar deviation
between full and quenched results at low q2 is seen. If pion pole dominance
holds, the ratio Gp(Q

2)/GA(Q2) is completely fixed from Eqs. (9), (10):

Gp(Q
2)

GA(Q2)
=

4M2
N

m2
π + Q2

. (13)

In Fig. 6 we show the ratio Gp/GA together with the prediction using pion
pole dominance as given in Eq. 13 for the smallest pion mass in the quenched
theory (dashed line). As can be seen the lattice data show weaker q2 depe-
dence. Allowing the pion mass in the monopole form to vary in the fit
achieves a good description of the data as shown with the solid line.

0,0 0,5 1,0 1,5 2,0
0

2

4

6

8

10

12

 Q2  (GeV2)
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F
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F
=0  m =0.56 GeV

N
F
=0  m =0.49 GeV

N
F
=0  m =0.41 GeV

G
NN

Figure 7: GπNN(Q2) form factor for
the Wilson theory quarks. The solid
line is the fit of the 0.41 GeV pion
data to Eq. (14).
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Figure 8: fπGπNN/MNGA as a func-
tion of Q2. If the GT relation holds
exactly this ratio should be unity
(solid line).

The pseudoscalar form factor GπNN(Q2) is extracted from Eq. (7). The
quark mass mq and pion decay constant fπ which enter Eq. (7) are calculated
from appropriate two point functions [9] of the axial and pseudoscalar current
through the Ward-Takahashi identity ∂µAa

µ = 2mqP
a and 〈0|Aa

µ(0)|πb(p)〉 =
ifπpµδ

ab respectively. In Fig. (7) GπNN(Q2) is shown for all the Wilson quark
lattices. These results are described well by a fit function

GπNN(Q2) = KN
Q2/m2

π + 1

(Q2/m2
A + 1)2(Q2/m2 + 1)

(14)

where mA is the mass in the dipole Ansatz of GA, m is the mass in the
monopole fit of Gp/GA and KN an overall fit constant. The fit of the
mπ = 0.41 GeV quenched data is shown by the solid line in Fig. (7) and the
extrapolated value at Q2 = 0 underestimates the experimental value. The
fact that at low Q2 the observed behavior is different than the one expected is
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reflected in the plot of the fπ GπNN(Q2)/MN GA(Q2) ratio (Fig. 8) which is
expected to be unity if the GT relation is valid. It is indeed observed that in
the quenched theory this ratio is less than one for small Q2 but becomes one

for Q2 >∼ 0.5 GeV2. The dynamical Wilson theory shows an approximately
similar behavior for the two heaviest pion masses. If on the other hand the
validity of the GT relation fπGπNN = MNGA is assumed at low Q2, the
lightest pion data in the quenched theory extrapolate to gπNN = 11.8± 0.3,
closer to the experimentally extracted 13.2(1) value.

5 Conclusions

Rapid progress in Lattice QCD has recently allowed calculations of nucleon
structure in the pion mass regime where chiral effective theory is applica-
ble allowing reliable extrapolations to the chiral limit. We have calculated
the isovector electromagnetic, axial and pseudoscalar form factors of the nu-
cleon with optimal techinques in a wide range of momenta transfers and pion
masses down to 380 MeV in the Wilson theory. Assuming that finite spacing
effects are under control, the linear extrapolation of F1 and F2 to the chiral
limit shows small unquenching effects and results to higher values for F1 com-
pared to experiment. The magnetic moment data extrapolate to the physical
value via the one loop chiral effective theory prediction. The isovector radii
are underestimated as F1 and F2 incease slower than experiment at low Q2, a
result of truncated pion cloud effects at the heavy quark mass lattice simula-
tions. The importance of chiral symmetry breaking and the associated pion
pole dominance in the axial vector transition is also studied. It is observed
that Gp/GA is described by a monopole form with a pole mass heavier than
the corresponding pion mass. GA is well described by a dipole Ansatz, in

agreement to experiment, albeit requiring dipole masses
>∼ 1.5 GeV as com-

pared to mA ∼ 1.1 GeV observed in experiment. Large unquenching effects
are observed for both GA and Gp when we compare to the 350 MeV pion
mass hybrid lattices [11] confirming expectations for the importance of pion
cloud effects at low Q2. The pseudoscalar form factor GπNN also increases
less rapidly than the expected from the Goldberger-Treiman relation dipole
form at low Q2. This results to an underestimation of the strong coupling
constant gπNN as compared to experiment. We plan to further investigate
the behavior of this quantity using different lattice discretization schemes for
fermions in order to check lattice cut off effects while approaching lighter
pion masses.
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