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Determination of the excited charmonia parameters
Haiming. Hu1 Junhui. Hu2 (BES Collaboration)
1. Institute of High Energy Physics, Beijing 100049, China
2. Guangxi Normal University, Guilin 541004, China

The scan data for R value measurement taken in 1999 with the BESII detector between 3.7 and 5.0 GeV are
fitted to determine resonance parameters (mass, total width, electron width) of the high mass charmonium
states, ψ(3770), ψ(4040), ψ(4160) and ψ(4415). Various effects, the phase angle of resonance, interference,
energy-dependent width, and the initial state radiative correction, are considered, and the model dependent
results are compared.

1. Introduction

Figure 1 shows the measured R values between 3.0
and 4.8 GeV. Above the open charm thresholds where
resonance structures show up, the measured R values
are used to determine the parameters of resonances
with JPC = 1−−. For the high mass charmonium res-
onances, the ψ(3770) was measured by MARK-I [1],
DELCO [2], MARK-II [3] and BES [4, 5]; the ψ(4040)
and ψ(4160) were measured by DASP [6]; and the
ψ(4415) was measured by DASP [6] and MARK-I [7].
There were also some other measurements of R values
as reported in Refs. [8–10], but no attempt was made
to determine resonance parameters. The resonance
parameters in the Particle Data Group (PDG)’s com-
pilation remained unchanged for more than 20 years
up to the 2004 edition [11]. The resonance parame-
ters for the three high mass resonances were updated
in PDG2006 [12], mainly based on Seth’s evaluation
[13] using BESII [14, 15] and Crystal Ball [10] data.

Figure 1: Measured R values between 3.0 and 4.8 GeV
and the pQCD prediction

R value is measured at BES with the following ex-
pression [14, 15]

Rexp =
Nobs
had −Nbg

σ0
µµLεtrgε

0
had(1 + δobs)

, (1)

whereNobs
had is the number of observed hadronic events,

Nbg is the number of the residual background events,
L is the integrated luminosity, (1+δobs) is the effective

correction factor of the initial state radiation (ISR),
ε0had is the hadronic detection efficiency determined by
the Monte Carlo without bremsstrahlung simulation,
εtrg is the trigger efficiency, and σ0

µµ is the theoretical
Born cross section for e+e− → µ+µ−.

The measurement of R values and determination
of resonance parameters are intertwined: the factor
(1 + δobs) in Eq.(1) contains contributions from the
resonances and depends on the resonance parameters.
Therefore, the calculation of (1 + δobs) and the mea-
surement of R need a number of iterations before sta-
ble and convergent results are obtained.

In this paper, the memo in BES about the global
fit over the center-of-mass energy region from 3.7 to
5.0 GeV covering the high mass resonances ψ(3770),
ψ(4040), ψ(4160) and ψ(4415), is abstracted. In the
fitting, the energy-dependent full widths, the relative
phases between the resonances are considered, and the
results obtained by different models are compared.

2. Related models and formulae

2.1. Breit-Weigner amplitude

Resonance is an unstable particle. In quantum me-
chanics, the wave function of a non-stationary state
with central angular frequency ω = M/h̄ and lifetime
τ = h̄/Γ is (in units of h̄ = c = 1)

Ψ(t) = Ψ(0)e−iωte−t/2τ = |Ψ(0)|eiδe−it(M−iΓ/2),
(2)

where θ(t) is the step function, M is the nominal mass,
Γ the decay width, and δ is the initial phase angle
at the moment of production, phase factor eiδ is the
intrinsic quantum characteristic of the particle. The
amplitude as the function of energy W is

Φ(W ) =
∫

Ψ(t)eiWtdt =
Keiδ

W −M − iΓ/2
, (3)

where K is a real number related to the properties
of the resonance. Usually, the non-relativistic Breit-
Wigner amplitude is written as

T (W ) =
1
2Γ eiδ

W −M − iΓ/2
=

1
2

√
Γ · Γ eiδ

W −M − iΓ/2
. (4)
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For a specialized process e+e− → resonance →
hadronic final state f , the Breit-Wigner amplitude is

T f (W ) =
1
2

√
BeΓ ·BfΓ eiδ

W −M − iΓ/2
=

1
2

√
ΓeΓf eiδ

W −M − iΓ/2
, (5)

where Γ ≡ Γtot is the total width, Γe ≡ BeΓ is the
electron width corresponding to the initial state e+e−,
and Γf ≡ BfΓ is the hadronic width for the decay
channel f , Be and Bf are the branch ratios of the
decay resonance → e+e− and →f . The total width is

Γtot = Γe + Γµ + Γτ + Γhad (6)

where Γµ and Γτ are decay width for µ+µ− and τ+τ−.
Here the universality of the leptons for Γe = Γµ
is used, and the kinematic suppression factors for
Γττr , 0.48, 0.66, 0.72 and 0.78 for ψ(3773), ψ(4040),
ψ(4160) and ψ(4415) respectively, are considered. In
experiment, the value of the Γe includes the contribu-
tion from the vacuum polarization effect.

In the relativistic case, the amplitude of the
negative-energy state (W → −W ) must be included
in direct way

T f (W ) = [
1
2

√
ΓeΓf

W −M − iΓ/2
+

1
2

√
ΓeΓf

−W −M − iΓ/2
]eiδ

=

√
ΓeΓf (M − iΓ/2)

W 2 −M2 + Γ2/4 + iΓM
eiδ. (7)

For narrow resonances, M � Γ, the terms iΓ/2 in nu-
merator and Γ2/4 in denominator may be neglected,
one can get the usually relativistic Breit-Wigner am-
plitude

T f =
M
√

ΓeΓf

W 2 −M2 + iΓM
eiδ. (8)

The high mass charmonium (assigned as r) can de-
cay into several two-body final states f . According
to the Eichten model [16] and experimental data [17],
the decay channels (including their conjugate states)
are:

ψ(3770) ⇒ DD̄;
ψ(4040) ⇒ DD̄,D∗D̄∗, DD̄∗, DsD̄s;
ψ(4140) ⇒ DD̄,D∗D̄∗, DD̄∗, DsD̄s, DsD̄

∗
s ;

ψ(4415) ⇒ DD̄,D∗D̄∗, DD̄∗, DsD̄s, DsD̄
∗
s ,

D∗
sD̄

∗
s , DD̄1, DD̄∗

2 . (9)

The total squared inclusive amplitude of the reso-
nances is the double summations: the inner is coher-
ent sum for the same state f decaying from different
resonances r, and the outer is incoherent sum over all
different decay channels f ,

|Tres|2 =
∑
f

|
∑
r

T fr (W )|2. (10)

The resonant cross section expressed in R value is

Rres =
12π
s

(|Tψ′ |2 + |Tres|2), (11)

where the influence of the ψ(2S) tail with the same
parameters as in PGD2006 is considered .

2.2. Continuum backgrounds

The contribution from continuum background orig-
inating from light quark pairs (uū, dd̄ and ss̄) can be
calculated by pQCD above 2 GeV [12]. Since the fitted
energy region is close to the open-cc̄ threshold, their
cross sections can be described by phenomenological
models or empirical expressions. Here, following two
forms are considered.

2.2.1. Polynomial form

Assume that there are many continuum channels
above the open-charm threshold, such as the multi-
body states DD′, DMD′ and DMM ′D′ (where M
stands for the meson made of light and strange quarks,
and D for charmed meson), the continuum cross sec-
tions are expected to vary smoothly. For simplicity,
the continuum backgrounds with a second order poly-
nomial may by a reasonable choice,

Rcon = C0+C1(W−2MD±)+C2(W−2MD±)2, (12)

where C0, C1 and C2 are free parameters, and MD±

is the mass of the lightest charmed meson D±. Para-
meter C0 ∼ R

(uds)
con represents the contributions from

light quarks, C1 > 0 expresses the contribution of the
charmed states that increases with energy, C2 < 0 en-
sures the saturation of Rcon at energies well above the
charm threshold.

2.2.2. DASP-form

Assume that the continuum charm backgrounds are
only the two-body states producing in the process
e+e− → γ∗ → continuum mechanism → DD′,
DASP group used the following continuum back-
ground form [6]

σ(c)
con = σ(3.6)

(3.6 GeV)2

s
+

6∑
k=1

Akβ
3
k

F 2

s
, (13)

where F = (1 − s/s0)−1 is the form factor, s0 = 3.1
GeV, and σ(3.6) is the background cross section at 3.6
GeV, index k runs 1 to 6 including DD̄, DD̄∗, D∗D̄∗,
DsD̄s, DsD̄s

∗ and D∗
sD̄s

∗ states, βk is the velocity of
the decaying particles, Ak are the free parameters.
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3. Energy-dependent width

The total width of the wide resonance is not a con-
stant. The calculation for the energy-dependent width
Γfr (s) concerns the strong interactions. In practice,
some phenomenological methods are used to describe
the behavior of Γfr (s).

In quantum mechanics, the decay of a resonance
may proceed from barrier penetration, which predicts
the hadronic width is dependent on the momentum Pf
and quantum number L of the orbital angular momen-
tum of the decaying final state f . The hadronic width
Γfr (s) contains a phase space factor and a centrifu-
gal barrier factor BL. For the first level approxima-
tion, BL may be derived from a squared well potential
model in the non-relativistic quantum mechanics [18],

Γfr (s) = Γ̂r
∑
L

Z2L+1
f

BL
, (14)

where Γ̂r is the parameter to be determined by fitting
experimental data, Zf ≡ ρPf , ρ is the radius of the in-
teraction which dimension is about 1 ∼ 3 fermi (which
value is insensitive to the results), and Pf is the de-
caying momentum of final state f . The decay partial
wave is proportional to P 2L+1

f due to the centrifugal
barrier [19]. When the decay momentum Pf is not
large, the partial decay width decreases rapidly with
the increase of L. This effect makes the unsymmetri-
cal Breit-Weigner cross section and the lower partial
waves are important. A relativistic correction factor
2Mr/(Mr +W ) may be introduced in Eq.(14) [20]

Γfr (s) = Γ̂r
2Mr

Mr +W

∑
L

Z2L+1
f

BL
. (15)

The first four energy-dependent partial wave functions
BL are [18]

B0 = 1, B1 = 1 + Z2, B2 = 9 + 3Z2 + Z4,

B3 = 225 + 45Z2 + 6Z4 + Z6. (16)

When resonance decays in several hadronic channels,
hadronic width is the summation of all its partial
widths

Γhadr (s) =
∑
f

Γfr (s). (17)

3.1. Fitting schemes

The resonant parameters can be determined by fit-
ting the scanned R-like values with the software pack-
age MINUIT [21] using a least squares method that
minimize the objective function

χ2 =
∑
i

[fcR̃exp(Wi)− R̃the(Wi)]2

[fc∆R̃
(i)
exp]2

+
(fc − 1)2

σ2
c

,

(18)

where Wi is the energy of the measured point. The
experimental and theoretical quantities are

R̃exp =
Nobs
had −Nbg

σ0
µµLεtrgε

0
had

, (19)

and

R̃the = (1 + δobs)Rthe. (20)

If interferences between the continuum and resonant
states are ignored (in fact, one can not treat them well
for the limited knowledge of the strong interaction),
Rthe is given by

Rthe = Rcon +Rres. (21)

The term ∆R̃(i)
exp in Eq. (18) is the combined statis-

tical and non-common systematic errors (except the
error of ISR) and held a constant during the fit. The
error common to all the points σc(∼ 3.3%) is not
included in ∆R̃exp(Wi). The scale factor fc reflects
the influence of the common error. In each itera-
tion, the resonant parameters used in the calculation
of (1 + δobs) and Rthe are updated to the new values.

In order to understand the model dependence of the
results, some fitting schemes with different models are
studied. Here, three of them are selected from the
BES memo and given. In scheme A, the Breit-Wigner
amplitude Eq.(8), continuum background Eq.(12) and
energy-dependent width Eq.(15) are used, which is fa-
vored one by BES; in scheme B, the Eq.(12) is replaced
by Eq.(13); in scheme C, the all functions are the same
as scheme A, but the all of the phase angles δr fixed
at 0.

4. Results

The values of the parameters of the high mass char-
monium states determined by different schemes in this
work and the values in PDG and reference [13] are
listed in Table I. The differences among the differ-
ent schemes may supply the some references for the
estimation of the uncertainty of models. The figures
of the updated R values (the percentages of the error
are the same as in paper [14, 15]) between 3.7 and 5.0
GeV and the fitting curves obtained by scheme A, B,
and C are shown in Fig. 2.

It is noticed that the mass of ψ(4160) in scheme
A and B is about 30 MeV higher than in scheme
C and PDG, the differences are much larger than
the given errors, the other parameters are consis-
tent within the errors. One may see the interfer-
ential curve with nonzero phase angles (scheme A
and B) are different from the one with zero phase
(scheme C). If the energy-dependent width Eq.(15)
is replaced by a another form derived with the effec-
tive interaction theory [22] and keep nonzero phase
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angles in Eq.(8), the masses of the four charmonia are
3770.9±1.6, 4040.0±1.0, 4192.7±9.7 and 4412.3±8.7
MeV respectively. The comparisons between Fig. 2
show the affects of phase angles on the shape of the
resonant structure is significant. The comparisons
among scheme A, B and C show the mass difference
of ψ(4160) is due to the phase angles, other than by
the interference with zero phase angle (the scheme C
considered the interference other than phase angle).
The comparisons between scheme A and B show the
background forms are insensitive to the results. The
fitted DASP parameters A2−A5 ≈ 0 in Eq.(13), which
violate the experiments [17], and this may be under-
stood as the inclusive data can not supply enough in-
formation to determine correct ratios among different
channels. The comparisons of the measured R values
in different schemes, see Fig. 2, show that the affect
of the ISR factors (in fact the values of resonance pa-
rameters) to the measured R values is significant.

In the previous works, the resonance parameters
were determined by fitting the fixed R values where
the ISR factors are constant in fitting. It is easy to
understander that fitted resonance parameters are cer-
tainly different from the ones used in the calculations
of ISR factor. In this work, the R values and the res-
onance parameters are measured with the raw data in
iterative way.

All of these comparisons show that the values of the
resonant parameters determined by fitting are scheme
dependent. The international high energy physics
community should work out a set of common scheme
to avoid the systematic bias among the experimental
groups.

BES Collaboration favors the values of the reso-
nances parameters obtained by scheme A [23], and
other results can be the estimation of the model un-
certainty.

References

[1] MARK-I Collaboration, P. A. Rapidis et al.,
Phys. Rev. Lett. 39, 1977 (526).

[2] DELCO Collaboration, W. Bacino et al., Phys.
Rev. Lett. 40, 1978 (671).

[3] MARK-II Collaboration, R. H. Schindler et al.,
Phys. Rev. D 21, 1980 (2716).

[4] BES Collaboration, M. Ablikim et al., hep-
ex/0612056.

[5] BES Collaboration, M. Ablikim et al., Phys. Rev.
Lett. 97, (2006) 121801.

[6] DASP Collaboration, R. Brandelik et al., Phys.
Lett. B 76, 1978 (361).

[7] J. Siegrist et al., Phys. Rev. Lett. 36, 1976 (700).
[8] MARK-I Collaboration, J. Siegrist et al., Phys.

Rev. D 26, (1982) 969.
[9] L. Criegee and G. Knies, Phys. Rept. 83, (1982)

151.
[10] Crystal Ball Collaboration, A. Osterfeld et al.,

Report No. SLAC-PUB-4160 (1986) (unpub-
lished).

[11] Particle Data Group, S. Eidelman et al., Phys.
Lett. B 592, (2004) 310.

[12] Particle Data Group, W.-M. Yao et al., J. Phys.
G 33, (2006) 928.

[13] K. K. Seth, Phys. ReV. D 72 (2005) 017501.
[14] BES Collaboration, J. Z. Bai et al., Phys. Rev.

Lett. 84, (2000) 594.
[15] BES Collaboration, J. Z. Bai et al., Phys. Rev.

Lett. 88, (2002) 101802.
[16] E. Eichten et al., Phys. Rev. D 21, (1980) 203.
[17] T. Barnes et al., Phys. Rev. D 72, (2005) 054026.
[18] J. M. Blatt and V. F. Weisskopf, Theoretical Nu-

clear Physics, Wiley, New York, (1952) 361.
[19] Gao Chongshou, Lectures on Particle and Nu-

clear Physics, Beijing: Higher Education Press,
(1990), 101 (in Chinese).

[20] A.Barbaro-Galtieri, Advances in Particle Physics
(Volume 2) P197, edited by Cool and Marshak.

[21] CERN Program Library entry D 506.
[22] Gao Chongshou, Group Theory and its applica-

tions in particle physics, Higher Education Press,
(1992) 282 (in Chinese).

[23] BES Collaboration, M.Ablikim et al., arXiv:
07054500 [hep-ex]



Proceedings of the CHARM 2007 Workshop, Ithaca, NY, August 5-8, 2007 5

3 . 7 3 . 8 3 . 9 4 . 0 4 . 1 4 . 2 4 . 3 4 . 4 4 . 5 4 . 6 4 . 7 4 . 8 4 . 9 5 . 0
- 1 . 0
- 0 . 5
0 . 0
0 . 5
1 . 0
1 . 5
2 . 0
2 . 5
3 . 0
3 . 5
4 . 0
4 . 5
5 . 0
5 . 5

 R t h e
 R B W
 R c o n
 R i n t
 R r e s
 R e x p

 

 

R

E c m ( G e V )

χ2/d . o . f = 1 . 0 8 3

3 . 7 3 . 8 3 . 9 4 . 0 4 . 1 4 . 2 4 . 3 4 . 4 4 . 5 4 . 6 4 . 7 4 . 8 4 . 9 5 . 0
- 1 . 0
- 0 . 5
0 . 0
0 . 5
1 . 0
1 . 5
2 . 0
2 . 5
3 . 0
3 . 5
4 . 0
4 . 5
5 . 0
5 . 5

 R t h e
 R e x p
 R c o n
 R i n t
 R r e s
 R B W

 

 

R

E c m ( G e V )

χ2/d . o . f = 1 . 4(A) (B) (C)

Figure 2: The fit to the R values for the high mass charmonia structure by scheme A, B and C. The dots with error bars
are the updated R values. The solid curve shows the best fit, and the other curves show the contributions from each
resonance RBW , the interference Rint, the summation of the four resonances Rres = RBW + Rint, and the continuum
background Rcon respectively.

Table I The comparisons among the results by different fitting schemes.

Parameter Scheme ψ(3770) ψ(4040) ψ(4160) ψ(4415)

PDG2004 3769.9± 2.5 4040± 10 4159± 20 4415± 6

PDG2006 3771.1± 2.4 4039± 1 4153± 3 4421± 4

M CB(Seth) — 4037± 2 4151± 4 4425± 6

(MeV/c2) BES(Seth) — 4040± 1 4155± 5 4455± 6

A 3772.0± 1.9 4039.6± 4.3 4491.7± 6.5 4415.1± 7.9

B 3772.8± 1.9 4046.7± 5.2 4198.2± 5.4 4425.0± 14.1

C 3772.8± 2.0 4048.4± 3.2 4156.2± 4.4 4405.2± 5.7

PDG2004 23.6± 2.7 52± 10 78± 20 43± 15

PDG2006 23.0± 2.7 80± 10 103± 8 62± 20

Γtot CB(Seth) — 85± 10 107± 10 119± 16

(MeV) BES(Seth) — 89± 6 107± 16 118± 35

A 30.4± 8.5 84.5± 12.3 71.8± 12.3 71.5± 19.0

B 32.3± 9.0 103.6± 13.4 61.6± 13.8 82.8± 26.8

C 30.8± 8.9 109.1± 14.9 74.4± 14.2 103.8± 26.0

PDG2004 0.26± 0.04 0.75± 0.15 0.77± 0.23 0.47± 0.10

PDG2006 0.24± 0.03 0.86± 0.08 0.83± 0.07 0.58± 0.07

Γee CB(Seth) — 0.88± 0.11 0.83± 0.08 0.72± 0.11

(keV) BES(Seth) — 0.91± 0.13 0.84± 0.13 0.64± 0.23

A 0.22± 0.05 0.83± 0.20 0.48± 0.22 0.35± 0.12

B 0.24± 0.06 0.93± 0.13 0.36± 0.27 0.29± 0.11

C 0.23± 0.05 1.21± 0.17 0.26± 0.08 0.37± 0.09

PDG&Seth — — — —

δ A 0 136± 46 293± 57 234± 88

(degree) B 0 136± 42 302± 16 245± 90

C 0 0 0 0


