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1 Introduction

Given an initial quantum state |I〉 and a final quantum state |F 〉, there exist Hamil-
tonians H under which |I〉 evolves into |F 〉. The quantum brachistochrone problem
is to find the H that achieves this transformation in the least time τ , subject to
the constraint that the difference between the largest and smallest eigenvalues of H
is fixed. For Hermitian Hamiltonians, τ has a nonzero lower bound. However, for
non-Hermitian PT -symmetric Hamiltonians satisfying the same energy constraint,
τ can be made arbitrarily small. This does not violate the time-energy uncertainty
principle because for such Hamiltonians the path from |I〉 to |F 〉 can be made short.
The mechanism is similar to that in general relativity, where the distance between
two space-time points can be made small if they are connected by a wormhole.

2 PT Quantum Mechanics

One would not expect a theory defined by a non-Hermitian Hamiltonian to be physical
because the energy levels are not likely to be real and the time evolution is not likely
to be unitary (probability-conserving). However, theories defined by PT -symmetric
non-Hermitian Hamiltonians can have positive real energy levels and can exhibit
unitary time evolution. Such theories are acceptable quantum theories. In principle,
these theories can be distinguished experimentally from those defined by Hermitian
Hamiltonians because non-Hermitian time evolution can proceed arbitrarily rapidly.

Regarding the terminology and notation used in this paper, by the term Hermi-
tian, we mean Dirac Hermitian, where the Dirac Hermitian adjoint symbol † repre-
sents combined matrix transposition and complex conjugation. The parity operator
P performs spatial reflection x → −x and the antilinear time-reversal operator T
performs combined time reversal t→ −t and complex conjugation.

PT -symmetric quantum-mechanical Hamiltonians were first introduced in 1998
[1] and since then there have been many follow-up papers by a wide range of authors.
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There have also been three review articles [2, 3, 4]. In Ref. [1] it was observed that
even if a Hamiltonian is not Hermitian, its energy levels can be all real and positive
so long as the Hamiltonian is symmetric under PT reflection.

These new kinds of Hamiltonians are obtained by deforming ordinary Hermitian
Hamiltonians into the complex domain. The original class of PT -symmetric Hamil-
tonians that was proposed in Ref. [1] has the form

H = p2 + x2(ix)ε (ε > 0), (1)

where ε is a real deformation parameter. Two particularly interesting special cases
are obtained by setting ε = 1 to obtain H = p2 + ix3 and by setting ε = 2 to obtain
H = p2 − x4. Surprisingly, these Hamiltonians have real, positive, discrete energy
levels even though the potential for ε = 1 is imaginary and the potential for ε = 2 is
upside-down. The first proof of spectral reality and positivity for H in (1) was given
by Dorey et al. in Ref. [5].

The point of PT symmetry is that the axiom of quantum mechanics that requires
the Hamiltonian H to be Dirac Hermitian is distinct from all of the other axioms
because its character is mathematical rather than physical. The other axioms are
stated in physical terms; these other axioms require locality, causality, stability and
uniqueness of the vacuum state, conservation of probability, Lorentz invariance, and
so on. The condition of Dirac Hermiticity H = H† is mathematical, but the condition
of PT symmetry H = HPT (space-time reflection symmetry) is physical because P
and T are elements of the Lorentz group.

The spectrum H in (1) is real, but does H specify a quantum-mechanical theory?
That is, is the theory specified by H associated with a Hilbert space endowed with a
positive inner product and does H specify unitary (norm-preserving) time evolution?
The answer to these questions is yes. Positivity of the inner product and unitary
time evolution was established in Ref. [6] for quantum-mechanical systems having an
unbroken PT symmetry and in Ref. [7] for quantum field theory.

The proof that the theory specified by the H in (1) is a quantum-mechanical
theory relies on constructing a linear operator C that satisfies the three simultaneous
algebraic equations [6]: C2 = 1, [C,PT ] = 0, [C, H] = 0. Using C, which in quantum
field theory is a Lorentz scalar [8], we can then construct the appropriate inner product
for a PT -symmetric Hamiltonian: 〈a|b〉 ≡ aCPT · b. This inner product, which uses
the CPT adjoint, has a strictly positive norm: 〈a|a〉 > 0. Because H commutes
with both PT and C, H is self-adjoint with respect to CPT conjugation. Also, the
time-evolution operator e−iHt is unitary with respect to CPT conjugation. Note that
the Hilbert space and the CPT inner product is dynamically determined by H itself.

Having established unitarity, one may ask whether PT -symmetric Hamiltonians
are useful. The answer is that PT -symmetric Hamiltonians have already been useful
in many areas of physics. For example, in 1959 Wu showed that the ground state
of a Bose system of hard spheres is described by a non-Hermitian Hamiltonian [9].
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Wu found that the ground-state energy of this system is real and he conjectured that
all of the energy levels were real. Hollowood showed that the non-Hermitian Hamil-
tonian for a complex Toda lattice has real energy levels [10]. Cubic non-Hermitian
Hamiltonians of the form H = p2 + ix3 (and also cubic quantum field theories) arise
in studies of the Lee-Yang edge singularity [11] and in various Reggeon field-theory
models [12]. In all of these cases a non-Hermitian Hamiltonian having a real spectrum
appeared mysterious at the time, but now the explanation is simple: In every case
the non-Hermitian Hamiltonian is PT symmetric. Hamiltonians having PT symme-
try have also been used to describe magnetohydrodynamic systems [13] and to study
nondissipative time-dependent systems interacting with electromagnetic fields [14].

One use of PT quantum mechanics is in the revitalization of theories that have
been abandoned because they appear to have ghosts, which are states of negative
norm. As explained above, in the analysis of a PT -symmetric Hamiltonian, one must
construct the appropriate adjoint from the C operator. One may find that the so-
called ghost state is actually not a ghost when its norm is calculated using the correct
definition of the adjoint. This is what happens in the Lee model.

The Lee model was proposed in 1954 as a quantum field theory in which mass,
wave-function, and charge renormalization could be performed exactly and in closed
form [15]. However, in 1955 Källén and Pauli showed that when the renormalized cou-
pling constant is larger than a critical value, the Hamiltonian becomes non-Hermitian
(in the Dirac sense) and a ghost state appears [16]. The appearance of the ghost was
assumed to be a fundamental defect of the Lee model. However, the non-Hermitian
Lee-model Hamiltonian is PT symmetric and when the norms of the states of this
model are determined using the C operator, which can be calculated in closed form,
the ghost state is seen to be an ordinary physical state having positive norm [17].
Thus, the following words by Barton [18] are not true: “A non-Hermitian Hamilto-
nian is unacceptable partly because it may lead to complex energy eigenvalues, but
chiefly because it implies a non-unitary S matrix, which fails to conserve probability
and makes a hash of the physical interpretation.”

A more recent example of a quantum model that was thought to have ghost
states, but in fact does not, is the Pais-Uhlenbeck oscillator model [19]. This model
has a fourth-order field equation, and for the past several decades it was thought
(incorrectly) that all such higher-order field equation lead inevitably to ghosts.

There are many potential applications for PT quantum mechanics in such areas as
particle physics, cosmology, gravitation, quantum field theory, and solid-state physics.
These applications are discussed in detail in Ref. [3].

Given the usefulness of PT quantum mechanics, one may ask why PT quantum
mechanics works. The reason is that CP is a positive operator, and thus it can be
written as the exponential of another operator Q: CP = eQ. The square root of
eQ can then be used to construct a new Hamiltonian H̃ via a similarity transfor-
mation on the PT -symmetric Hamiltonian H: H̃ ≡ e−Q/2HeQ/2. The new Hamil-
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tonian H̃ has the same energy eigenvalues as the original Hamiltonian H because a
similarity transformation is isospectral. Moreover, H̃ is Dirac Hermitian [20]. PT
quantum mechanics works because there is an equivalence between a non-Hermitian
PT -symmetric Hamiltonian and a conventional Dirac Hermitian Hamiltonian.

A nontrivial illustration of this equivalence is provided by the Hamiltonian H in
(1) at ε = 2, which is not Hermitian because of the boundary conditions that must be
imposed to give a real, positive, discrete spectrum. The exact equivalent Hermitian
Hamiltonian is H̃ = p2 + 4x4 − 2h̄ x, where h̄ is Planck’s constant [21]. The term
proportional to h̄ vanishes in the classical limit and is thus a quantum anomaly.

Having seen that PT symmetry is equivalent by means of a similarity transforma-
tion to conventional Dirac Hermiticity, one may ask whether PT quantum mechanics
is actually fundamentally different from ordinary quantum mechanics? The answer
is yes, and this paper argues that, at least in principle, there is an experimentally
observable way to detect the difference between PT -symmetric and ordinary Dirac
Hermitian Hamiltonians. The procedure is based on the quantum brachistochrone.

3 Quantum Brachistochrone

The quantum brachistochrone provides a way to discriminate between the class of
PT -symmetric Hamiltonians and the class of Dirac Hermitian Hamiltonians. The
quantum brachistochrone is defined as follows: One wishes to transform a state |ψI〉
in Hilbert space to a different state |ψF 〉 by means of a Hamiltonian H:

|ψI〉 → |ψF 〉 = e−iHt/h̄|ψI〉. (2)

What is the minimum time t = τ required for this transformation, subject to the
constraint that the difference ω between the largest and smallest eigenvalues of H
is held fixed? The quantum brachistochrone is the Hamiltonian that performs this
time evolution in the least possible time. It is shown in Ref. [22] that for Hermitian
Hamiltonians τ 6= 0. However, we show in this paper that one can find a Hamiltonian
in the space of PT -symmetric Hamiltonians that satisfies the same energy constraint
and can perform the time evolution in no time at all!

Here, we study the simplest case of Hamiltonians having only two energy levels.
We can restrict the discussion to this case because, as it is shown in Ref. [23], one need
only work in the two-dimensional subspace of the full Hilbert space that is spanned
by the initial state vector |ψI〉 and the final state vector |ψF 〉.

Consider first the case of Hermitian Hamiltonians and choose a basis so that |ψI〉 =(
1
0

)
and |ψF 〉 =

(
a
b

)
, where the condition that |ψF 〉 be normalized is |a|2 + |b|2 = 1.

The most general 2× 2 Hermitian Hamiltonian is

H =

(
s re−iθ

reiθ u

)
(r, s, u, θ real). (3)
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For this Hamiltonian the eigenvalue constraint takes the form

ω2 = (s− u)2 + 4r2. (4)

To find the optimal Hamiltonian satisfying this constraint, we express H in terms
of the Pauli matrices: H = 1

2
(s + u)1 + 1

2
ωσ ·n, where n = 2

ω
(r cos θ, r sin θ, s−u

2
)

is a unit vector and σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. We use the identity

exp(iφ σ ·n) = cosφ1 + i sinφσ ·n to write |ψF 〉 = e−iHτ/h̄|ψI〉 as

(
a
b

)
= e−

1
2
i(s+u)t/h̄

(
cos ωt

2h̄
− i s−u

ω
sin ωt

2h̄

−i2r
ω
eiθ sin ωt

2h̄

)
. (5)

The second component of this equation gives |b| = 2r
ω

sin ωt
2h̄

, which allows us to find

the required time of evolution: t = 2h̄
ω

arcsin ω|b|
2r

.
We must now minimize the time t over all r > 0, while maintaining the constraint

in (4). This constraint tells us that the maximum value of r is 1
2
ω. At this maximum

we have s = u. The minimum evolution time τ is thus given by

τω = 2h̄ arcsin |b|. (6)

Note that if a = 0 and b = 1, we have τ = πh̄/ω for the smallest time required to

transform
(

1
0

)
to the orthogonal state

(
0
1

)
. The time τ required to transform a vector

into an orthogonal vector is called the passage time.
The form of the result in (6) resembles the uncertainty principle, but (6) is merely

the statement that rate×time=distance. The constraint in (4) is equivalent to a
bound on the standard deviation ∆H, where (∆H)2 = 〈ψ|H2|ψ〉 − 〈ψ|H|ψ〉2 in the
normalized state |ψ〉. The maximum of ∆H is ω/2. The speed of evolution of a
quantum state is given by ∆H. The distance between the initial state |ψI〉 and the
final state |ψF 〉 is 2 arccos(|〈ψF |ψI〉|). Thus, the time τ to evolve from |ψI〉 to |ψF 〉 is
bounded below because the speed is bounded above with the distance held fixed.

For a PT -symmetric Hamiltonian τ can be arbitrarily small. This is because
a PT -symmetric Hamiltonian having real eigenvalues is equivalent to a Hermitian
Hamiltonian via H̃ = e−Q/2HeQ/2. The states in a PT -symmetric theory are mapped
by e−Q/2 to the corresponding states in the Dirac Hermitian theory. But, the overlap
distance between two states does not remain constant under a similarity transfor-
mation. We can exploit this property of the similarity transformation to overcome
the Hermitian lower limit on the time τ . (The detailed calculation is explained in
Ref. [24] and has inspired a lively debate [25].)

A general class of PT -symmetric 2× 2 Hamiltonians has the form

H =

(
reiθ s
s re−iθ

)
(r, s, θ real), (7)
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where T is complex conjugation and P =
(

0 1
1 0

)
. The eigenvalues E± = r cos θ ±√

s2 − r2 sin2 θ are real if s2 > r2 sin2 θ. This inequality defines the region of unbroken
PT symmetry. The unnormalized eigenstates of H are

|E+〉 =

(
eiα/2

e−iα/2

)
, |E−〉 =

(
ie−iα/2

−ieiα/2

)
, (8)

where α (real) is given by sinα = (r/s) sin θ. The C operator for H in (7) is

C =
1

cosα

(
i sinα 1

1 −i sinα
)
. (9)

It is easy to verify that the CPT norms of both eigenstates have the value
√

2 cosα.
To calculate τ we express the H in (7) as H = (r cos θ)1 + 1

2
ωσ ·n, where n =

2
ω
(s, 0, ir sin θ) is a unit vector. The squared difference between energy eigenvalues is

ω2 = 4s2 − 4r2 sin2 θ. (10)

The positivity of ω2 is ensured by the condition of unbroken PT symmetry.
To determine τ we write down the PT -symmetric time-evolution equation:

e−iHt/h̄

(
1
0

)
=
e−itr cos θ/h̄

cosα

(
cos(ωt

2h̄
− α)

−i sin
(

ωt
2h̄

)
)
. (11)

Consider the pair of vectors used in the Hermitian case: |ψI〉 =
(

1
0

)
and |ψF 〉 =(

0
1

)
. (Note that these two vectors are not orthogonal with respect to the CPT inner

product.) Observe that the evolution time needed to reach |ψF 〉 from |ψI〉 is t =
(2α− π)h̄/ω. Optimizing this result over allowable values for α as α approaches 1

2
π,

the optimal time τ tends to zero! This may have applications in quantum computing.
Equations (4) and (10) reveal the difference between Hermitian and PT -symmetric

Hamiltonians. Equation (4) for the Hermitian matrix Hamiltonian has a sum of
squares while (10) has a difference of squares. The elliptic equation (4) gives a
nonzero lower bound for τ . The hyperbolic equation (10) allows τ to approach zero
because the matrix elements of a PT -symmetric Hamiltonian can be made large
without violating the energy constraint E+ − E− = ω.

We conclude with two comments. First, as α → 1
2
π we get cosα → 0. However,

the energy constraint becomes ω2 = 4s2 cos2 α. Since ω is fixed, to have α approach
1
2
π, we must require sÀ 1. It follows from sinα = (r/s) sin θ that |r| ∼ |s|, so we must

also require that r À 1. Thus, if τ ¿ 1, the matrix elements of the PT -symmetric
Hamiltonian are large. Second, the result that τ = 0 does not violate the uncertainty
principle. Both Hermitian and non-Hermitian PT -symmetric Hamiltonians share the
properties that (i) the passage time is given by πh̄/ω, and (ii) ∆H ≤ ω/2.
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To summarize, the key difference between the Hermitian and the non-Hermitian
case is that

(
1
0

)
and

(
0
1

)
are orthogonal in the Hermitian case, but they have sepa-

ration π − 2|α| in the PT -symmetric case. This is because the Hilbert space metric
of a PT quantum theory depends on H. By choosing the parameter α properly, we
create a wormhole-like effect in Hilbert space. That is, we find a path in Hilbert space
from the initial state vector |ψI〉 to the final state vector |ψF 〉 that is shorter than
the Hermitian path. This is analogous to finding a wormhole in coordinate space. In
short, what we have done here is to construct a “wormhole” in Hilbert space.

CMB is supported by a grant from the U.S. Department of Energy.
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