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¥ Introduction and Motivations

• The Cosmological Constant (CC) problem

is the question asking why the CC Λ, defined

through

SE.H. =
1

4πGN

∫
d4x

√−g(R + Λ)

OR

Rµν − 1

2
gµνR− 1

2
Λgµν = 0

is so small.

• As we see Λ has dimensions of a energy den-

sity. In the QFT language it is referred to as

the vacuum energy density. In the GR and

cosmology context it is called the dark energy.

• Its observational value according to current

CMB and supernovae data is

Λ ' 3.6× 10−6GeV cm−3 = 10−120M4
Pl

2



• The CC problem is twofold:

1) The Naturalness problem:

Why Λ has the value it has. And why so small

in the units natural to the problem (the Planck

units).

2) The “technical” naturalness problem:

In the quantum field theory language the CC

corresponds to a relevant operator, the iden-

tity. How do we stabilize the CC under quan-

tum corrections. Does the zero point energy

which we know is generically non-vanishing (com-

ing tadpole diagrams) gravitate? i.e. Does it

contribute to the CC?

There is a 3rd relevant problem in this context,

the why-now or concordance problem:

Why in this specific epoch in the history of the

Universe the dark energy is dominant and has

more or less (percentage-wise) the same value

as the other components of matter filling the

Universe.
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The (’t Hooft) Naturalness problem, is usually

solved seeking an approximate symmetry ac-

cording which, if the symmetry was exact, the

CC would vanish. Many people, including re-

cently ’t Hooft himself, have tried this but no

satisfactory outcome as yet.....

The other idea in this direction is SUSY:

Exact SUSY: Λ = 0.

SUSY broken at e.g. TeV scale: Λ ∼ TeV 4.

SUSY improves the situation by about 72 or-

ders of magnitude, but the discrepancy of 48

orders of magnitude still remains......

• All in all the problem appears to be notori-

ously hard...... the CC problem

is a UV problem (QFT viewpoint), but

is an IR problem (GR/cosmologist view).
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I advocate the idea that,

Cosmological Constant is essentially a

Quantum Gravity problem

and

In Quantum Gravity space-time should be

modified to a “Quantum Space-time”.

One may hope that the CC problem finds a

solutions within a theory of quantum gravity

like string theory, more to come on this......

• The CC problem should be addressed from a

quantum space-time viewpoint.

• String theory, however, has not provided much

about the quantum space-time.

Here I take more direct route to the quantum

space-time and present a setup which realizes

this idea.
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• Recall that:

Classical Mech. −→ Quantum Mech.

Classical phase space→ Quantum phase space

{x, p} = 1 −→ [x̂, p̂] = i~.

We follow a similar route from classical space-

time to Quantum space-time.

• We work in the Euclidean space-time.

• such that Euclidean Lorentz (de Sitter) SO(5)

invariance remains intact.

• This object is called a noncommutative (NC)

Fuzzy (four) sphere.

• De tour to Fuzzy spheres....
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Some Facts About Fuzzy Spheres, Sd
F

• It is described by a set of N × N hermitian

matrices Xi, i = 1,2, · · · , d + 1 satisfying

d+1∑

i=1

X2
i = R21N×N

R is the radius of the fuzzy sphere.

• It is SO(d + 1) invariant, i.e. if we rotate

Xi’s by N ×N representations of SO(d+1) we

obtain the same Sd
F .

The above in particular means that Xi’s are

also falling in N × N reps. of SO(d + 1). and

[Xi, Xj] form an N × N basis for so(d + 1) al-

gebra.

• The explicit form of the matrices Xi (up to

SO(d + 1) rotations) can then be worked out

using group and rep. theory of SO(d+1). This

leads to

Rd−1 ∼ N

for large N .
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• Any function (field) on the Sd
F is an N × N

matrix. One may expand any field Φ(x) in

terms of SO(d + 1) “spherical harmonics”:

Φ(X) =
Jmax∑

j=0

Φi1i2···ij ,

where ik = 1,2, · · · , d + 1, 0 ≤ k ≤ Jmax.

Jmax is related to N as

N ∼ Jd−1
max

• On the fuzzy spheres there is a natural, inher-

ent, cut-off on the maximum possible angular

momentum.

• One may define a short length scale on the

sphere using the R-N relation:

ld−1 ≡ Rd−1/N

OR R ∼ lJmax, OR Jmax ∼ XmaxPmax ∼ R× 1
l .

• One can show that the smallest observable

volume on Sd
F is NOT ld, but Ld

∆Vd ≡ Ld = ld−1R = Rd/N

which is much larger.

End of De tour.
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The above can solve the Cosmological con-

stant problem, as

The radius of the sphere R may be thought

as the Hubble radius today, which is related

to the CC Λ as

Λ−1 = R2l2Pl

and l may be identified with the Planck

length lPl. Moreover,

Radius is Quantized in Planck units.

The CC is also quantized (in Planck units)

and

therefore, stable against quantum corrections

which are continuous.

This in principle can solve the technical nat-

uralness problem. But, there are a couple of

caveats and more work is needed.

1) Cosmological Constant problem does not

make sense without gravity.

2) How does this model compare with string

theory in which the value of CC is also quan-

tized?
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¥ Gravity on Fuzzy Spheres

• One may write a Euclidean Matrix Gravity

Theory which has fuzzy spheres (and in partic-

ular S4
F ) among its vacuum sol’ns.

• This theory has been discussed by V.P. Nair,

[hep-th/0112114]. It is based on the Chang-

Mansouri “gravity as gauge theory”:

Gravity theory on quotient space G/H

• Start with coordinates xi i = 1, · · · , d = dimG−
dimH. These are forming an infinite dimen-

sional unitary rep. of G.

• In this theory H appears as the local gauge

symmetry in the gravity theory.

• The gravitational degrees of freedom are:

ea
i (x) and Ωα

i (x), the vierbeins and spin con-

nection. i, a = 1,2, · · · d and α = 1,2, · · · , dimH.
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• Next define the covariant derivative

Di = ∂i + ea
i (x)T

a + Ωα
i (x)Iα

where

Iα ∈ h form a complete basis for the funda-

mental irrep. of the Lie algebra of H, h, and

T a the basis for g − h,

hence (T a, Iα) form a complete basis for g.

(In more general cases the set of Iα should be

extended, so that (T a, Iα) covers the Envelop-

ing algebra for the fund. irrep of g, EnvG.)

As such they are d× d unitary matrices.

• In our example:

G = SO(5) and H = SO(4)

and since the enveloping algebra of G is other

than G, it is U(4), a is running from one to

four and α from one to 12.

We choose

Iα = {γab, i1, iγ5, γ5γa}, T a = iγa,

a = 1,2,3,4 and γ’s are 4× 4 Dirac matrices.
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• The gravity theory on S4 can then be written

in terms of the curvature two-form

Fij = [Di, Dj]

• We choose the Chern-Simons gravity action:

S = λ
∫

d4x Tr4×4

(
εijklγ5FijFkl

)

= λ
∫

d4x
√
−det g (R + Λ)

where Λ is related to the radius of the sphere.

λ is fixed thru comparison to the standard G.R.

This much for the gravity theory on an ordinary

commutative four sphere S4....
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The Noncommutative fuzzy sphere case

Recall that G and H are compact groups and

admit finite dimensional unitary representation.

Choosing N×N rep. for the X’s, vierbeins and

the spin connection, and run exactly the above

machinery we obtain the Matrix gravity theory.

• In this case

Di take values in U(4)⊗ U(N).

the curvature two-form Fij has

§ A constant piece which leads to the cosmo-

logical constant term in the gravity action.

§ A piece which is proportional to Iα. This part

contains the Riemann curvature two form Rij

and

§ A part proportional to T a which is

the torsion.

Note: The torsion piece is suppressed by pow-

ers of lPl and has no “continuum” counterpart.
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• The action for this theory can be written as:

S = κ
1

N
Tr(γ5εijklFijFkl)

where the Tr is now over both the 4 × 4 and

N ×N matrices.

• In comparison to the continuum limit κ is

fixed as

κ−1 = R2l2.

• It follows from our construction that

Λ−1 = l4N2/3.

We have solved the CC problem by promoting

the CC to a constant of nature N , related to

the number of degrees of freedom in our

space-time.

The CC is stabilized by changing the gravity

theory, and all the other field theories to the-

ories on noncommutative, fuzzy space-time.
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¥ Conclusions and Remarks

———————–

~ We have discussed a formulation of the old

idea that

The CC is a constant of nature.

• Hence, in our model there are four constants

of nature,

c, ~, lPl and Λ.

~ Our model is based on the direct involve-

ment of the quantum space-time.

• This space is described by N ×N matrices.

• The Λ and size of matrices are related as

Λ−1 = R2l2 = l4N2/3.

Taking N to be large solves the naturalness

problem of the CC. To obtain the present value

of the CC we need to take

N ∼ 10180.
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• It is convenient to introduce λ−

λ− =
(

l

R

)3/2

as the “~” for our quantum space-time (rather

than the phase space).

~ We argued that the smallest observable

volume on the fuzzy 4-sphere is

∆V = L4 = Rl3.

• The above explicitly shows

the IR/UV mixing.

(l and R are the UV and IR characters of the

model, respectively.)

In this way we reconcile the Q.F. theorists and

the cosmologists viewpoints.

17



~ Some interesting numerology:

l = lPl = (1019GeV )−1,

R = Hubble Radius today ∼ 10+60lPl

Then

L−1 ∼ few × TeV.

• Within our model we expect the IR/UV

mixing to kick in at the TeV scale.

OR

• Our model can have observable effects

already at the level of LHC.

In other words,

• To see the effects of quantum space-time

one need not go all the way to Planck scale.

~ We presented a Matrix Chern-Simons grav-

ity theory, in which the CC is related to the

size of matrices, N . In this gravity theory,

among other things we need to include torsion

terms.....
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~ Finally some comments about string theory.

In string theory compactifications the value of

the CC in four dimensions is related to the

(form) fluxes we have turned on the

compactification manifold. And as the fluxes

are quantized, the value of the vacuum

energy density, the CC, is also quantized.

In string theory setup this quantization does

not lead to a solution of the CC problem, but

it leads to another subtle issue,

string theory landscape.

In our case, the number of choices is very lim-

ited and is fixed right from the start. N is a

fixed number in our model, not something to

be determined dynamically.
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