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Abstract

The evolution of both the D3-brane and the transverse directions has
been obtained from the Dirac-Born-Infeld (DBI) action . For the special
constraint put on the transverse coordinates a family of the contracting
and expanding spaces has been found.
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1 Introduction

In the presence of D-branes supersymmetry of the background is broken. The
survived supersymmetries are given by the Killing spinors. If these spinors are
projected onto the D-brane, then one obtains as a result an equation for the
survived supersymmetry generators [1]. The number of the unbroken supersym-
metries is equal to the dimension of the solution space of this equation. The
supresymmetry charges are minimal in the case of the BPS states. It means
that masses are equal to the gauge charges. Thus the Hamiltonian (the energy
of the system) takes the special form. For the Dp-branes described by the DBI
action, relations between the embeddings, gauge �elds and geometric and topo-
logical properties of the ambient space are discussed in [2]. This is related to the
concept of a calibrated submanifold [3]. The calibrated submanifold minimizes
the DBI action. Thus the calibration bound gives the BPS bound.
From the other side the D-branes can be considered (for 3 spatial dimen-

sions) as the place where the Standard Model (SM) lives. This means that
D3-brane realizes our universe which is embedded in the ambient space. From
the observation follows that the late-time universe is described by the de Sitter
cosmology. Therefore is the great interest in �nding the de Sitter solution from
string theory. In [4] was shown how to obtain the de Sitter solution from the
string theory by the �ux compacti�cation and adding a few anti-D3-branes.
In the present paper evolution of both a D3-brane and the ambient space

has been investigated. This evolution is induced by a deformed metric which is
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related to the vanishing of the DBI Lagrangian. In Section 2 we recall the form
of the bosonic DBI action and constraints which appear in this action. Since the
Lagrangian for DBI action is invariant under di¤eomorphism the Hamiltonian
for the DBI action is just equal to the sum of constraints. In Section 3 we
introduce the deformed metric and put an isotropic constraint on the transverse
velocities. This constraint depends on two parameters. The deformed metric
leads to the evolution both of the D-brane and the transverse directions to
the D3-brane. For the di¤erent parameters we are going to obtain di¤erent
evolutions of the D-brane and the transverse directions. For the special values
of these parameters the de Sitter space is obtained.

2 DBI Lagrangian and the constraints

The low energetic action in the �at ambient space-time for a Dp-brane is given
by the expression:

S = Tp

Z
Mp+1

e��
�
�det

�

�� + 2��

0F�� +B��
��1=2

dp+1� +

Tp

Z
Mp+1

X
i

Ci ^ exp (2��0F +B) ; (2.1)

where: � is a dilaton �eld, �; � = 0; 1; :::; p and p is a spatial dimension of a
Dp-brane. The metric 
�� on the worldvolume is induced by the background
metric gMN :


�� = gMN@�X
M@�X

N ;

XM is the embedding ofMp+1 into the ambient spacetime:

XM = (X�; Xa) ;

a = 1; :::; 9� p. The RR �elds are denoted as Ci, F�� is the abelian gauge �eld
strength on the brane and B�� is the pullback of the background NS 2-form B.
It is well-known that a gauge �eld A with the strength F produces D (p� 2)-

brane by the WZ action and the fundamental string by coupling to the back-
ground NS antisymmetric �eld B. In this paper the purely geometrical back-
grounds have been taken into account only. Thus the WZ action vanishes. The
case with p = 3 only has been considered. In [5, 6] the problem of the stability
of supertubes and branes has been discussed.
Thus the action (2.1) is reduced to the DBI action and takes the form:

S = T3

Z
M4

d4�e��

s
�
�
1� 1

2

�

��F��F�


�
det 
 � det (F); (2.2)

where F�� = 2��0F�� (in the case considered B = 0). The Lagrangian in the
Eq.(2.2) is expressed by the electric �eld Em = �F0m and the magnetic �eld
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Bm =
1
2"mnpF

np and assumes the following form:

L = T3e
��
r
�
�
1 + (2��0)

2

00E2 + (2��0)

2
B2
�
det 
 � (2��0)4 (E �B)2;

where E2 = 
mnEmEn and B2 = 
mnBmBn. We also rede�ne the tension T3
by the dilaton �eld � in the following way:

T3e
�� ! T3:

In this rede�nition is hidden an assumption that � is constant on the worldvol-
ume. The metric 
 is induced by the backgrounds given by the supergravity
solutions, e.g. [7]. One can notice that the Lagrangian can be rewritten in the
form:

L = T3

r
�
�
1 + (2��0)

2
B2
�
det 
 �ETME; (2.3)

where the entries of the matrix M are given by:

Mmn = (2��0)
2

00
mn det 
 + (2��0)

4
BmBn (2.4)

and Bm = 
mnBn.
The canonical coordinates for the embedding X and the gauge �eld A are:�

XM ; PM
�
; (��; A�) :

The canonical momenta are given by:

PM =
@L

@ (@0XM )
= �T3

2

p
�det (
 + F)

�
G�0 +G0�

�
@�X

NgMN ; (2.5)

�m =
@L

@ (@0Am)
= �2��

0T3
2

p
�det (
 + F)

�
Gm0 �G0m

�
; (2.6)

�0 =
@L

@

�
�
A0

� = 0; (2.7)

where:

G�� =
�
G�1

���
=
h
(
 + F)�1

i��
:

There are constraints [8]:

� the Hamiltonian constraint:

PMPNg
MN +�m�n
mn + T

2
3 det [(
 + F)mn] = 0;

� the worldspace di¤eomorphism constraint:

2��0PM@mX
M +�nFmn = 0:
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� the Gauss law:
@m�

m = 0:

The Hamiltonian constraint was considered in the static embedding X for
di¤erent con�gurations in [9].
Let us assume that the embedding X is not static and homogenous:

X (�) =
�
�0; �m; Xa

�
�0
��

(2.8)

and the metric gMN is "diagonal":

(gMN ) =

0@ g00
(gmn)

(gab)

1A
with the signature (�1;+1; :::;+1) : Thus the induced metric 
�� takes the form:


00 = g00 + gab
�
Xa

�
Xb;


mn = gmn + gab@mX
a@mX

b: (2.9)

and det
�

��

�
= 
00 det (
mn). The matrixM is given by: Mmn = (2��0)

2

mn det

�

rp
�
+

(2��0)
4
BmBn:

The expression under the square root in (2.3) has to be positive in order
to gets the real Lagrangian. This condition puts the constraint on the allowed
con�gurations:

�
�
1 + (2��0)

2

00E2 + (2��0)

2
B2
�
det 
 � (2��0)4 (E �B)2 ; (2.10)

since (E �B)2 > 0. For the embedding (2.15) the formula (2.31) takes the form:�
�
00 � (2��0)

2
E2 � (2��0)2 
00B2

�
det (
mn) � (2��0)

4
(E �B)2 : (2.11)

One can notice that:

�
00 � (2��0)
2
E2 � (2��0)2 
00B2 � 0: (2.12)

This condition leads to the relation:

�
00 � (2��0)
2
E2 + (2��0)

2

00B

2

(�
00 > 0). Thus in the induced metric 
 with the signature (�;+;+;+) we
get a bound on the allowed magnetic and electric �elds:

j
00j � (2��0)
2
E2 � (2��0)2 j
00jB2:

This relation is in agreement with the result of [10] which says that the electric
�eld has the maximal value. In the case when the last inequality is saturated,
it means that �elds E and B are maximal. Thus one obtains that E �B = 0; so
the DBI Lagrangian vanishes.
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3 Evolution of the D3-brane

In this section we consider a D3-brane embedded in the non-static and homoge-
nous way in the background given by the supergravity solutions. Let us deform
the time component of the metric 
 in such a way that it becomes original
for E = B = 0. The simplest deformation which ful�ls the above conditions is
obtained from (2.12).
The condition (2.12) can be expressed by the function V as follows:

V � 0; (3.1)

where:
V = �
00

�
1 + (2��0)

2
B2
�
� (2��0)2E2: (3.2)

The condition (3.1) agrees with the signature of the induced metric (�;+;+;+) :
The ansatz for the deformed metric dl02 on the brane is:

dl02 = �V
�
d�0
�2
+ 
mnd�

md�n: (3.3)

The condition that V = 0 determines a certain region on which the metric
dl02 is degenerated. These con�gurations, for which V = 0; correspond to the
vanishing of the Lagrangian L. Next we demand that the D3-brane with the
gauge �elds considered in Section 2 is equivalent to the another D3-brane with-
out gauge �elds but with the deformed metric given by the Eq. (3.3). From
the point of view of this new D3-brane the gauge �elds become the parame-
ters which perturbed supergravity solutions. We do not consider in this paper
the interesting problems concerning stability and consistency of such perturba-
tions. The consistency of the propagation of the D-branes in the supergravity
backgrounds is studied in [11].
Let us consider the background metric given by:

ds2 = ��0dt2 + �1
ed�1X
i=1

dX2
i + �2dr

2 + r2�3d
d+1: (3.4)

This metric describes a (d + 2)-brane which is wrapped on Sd+1. For the em-
bedding

XM
�
�0; �m

�
=
�
�0; �m; Xa

�
�0
��

(3.5)

(where a = 4; :::; 9) the induced dl2 metric on D3-brane M has the form:


00 = ��0 + �1
ed�1X
i=4

�
X
2

i + �2
�
r
2
+ r2�3

�
'
2
; (3.6)


mn = �1�mn; for 3 � ed� 1: (3.7)

In ten dimensions ed� 1 = 9� d and 
m0 = 0, where:
�
'
2
= hrs

�
'
r �
'
s
; (3.8)
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and hrs = hrs (') (r; s = 1; :::; d + 1) is the metric on Sd+1. Using (3.6) the
deformed metric takes the form:

dl02 = �

0@0@�0 � �1 ed�1X
i=4

�
X
2

i � �2
�
r
2
� r2�3

�
'
2

1A�1 + (2��0)2B2�� (2��0)2E2
1A�d�0�2 +

�1d�nd�
n: (3.9)

In the spherical coordinates (�; �;  ) on M the above metric is:

dl02 = �

0@0@�0 � �1 ed�1X
i=4

�
X
2

i � �2
�
r
2
� r2�3

�
'
2

1A�1 + (2��0)2B2�� (2��0)2E2
1A�d�0�2 +

�1d�
2 + �2�1d
2: (3.10)

Next let us make an ansatz which is based on the Polchinski idea [12]. This
idea says that the D-brane is the event horizon for the closed strings: one part
of the closed string is under the horizon and the second part is above it. This
second part looks like the open string with the ends �xed to this horizon. Thus
the horizon de�nes the classical D-brane. The standard form of the metric
describing the black hole with the event horizon in the appropriate coordinates
is:

ds2 = �f (r) dt2 + f�1 (r) dr2 + r2d
2; (3.11)

where f is equal to zero for some values of r > 0. These zeros of f are ordered
in such a way: r+ > r1; :::, and r+ de�nes an event horizon. In the case when
r+ = r� the black hole is extremal. The ansatz consists in the identi�cation of
(3.10) and (3.11). So this identi�cation puts on the metric components dl0 the
following constraint:0@0@�0 � �1 ed�1X

i=4

�
X
2

i � �2
�
r
2
� r2�3

�
'
2

1A�1 + (2��0)2B2�� (2��0)2E2
1A�1 = 1:

(3.12)
In the case when

�
r =

�
' = 0 the above condition assumes the form:

�21

�
1 + (2��0)

2
B2
� ed�1X
i=4

�
X
2

i � �1
h
�0

�
1 + (2��0)

2
B2
�
� (2��0)2E2

i
+ 1 = 0:
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The solutions for this equations with respect to �1 are as follows:

�1(�) =
�0

�
1 + (2��0)

2
B2
�
� (2��0)2E2

2
�
1 + (2��0)

2
B2
�Ped�1

i=4

�
X
2

i

�

rh
�0

�
1 + (2��0)

2
B2
�
� (2��0)2E2

i2
� 4

�
1 + (2��0)

2
B2
�Ped�1

i=4

�
X
2

i

2
�
1 + (2��0)

2
B2
�Ped�1

i=4

�
X
2

i

:

(3.13)

�1 is real if:

D =
h
�0

�
1 + (2��0)

2
B2
�
� (2��0)2E2

i2
� 4

�
1 + (2��0)

2
B2
� ed�1X
i=4

�
X
2

i � 0:

(3.14)
The only one positive solution of (3.13) exists when D = 0. This condition

relates �0 to
�
Xi, E and B:h

�0

�
1 + (2��0)

2
B2
�
� (2��0)2E2

i2
= 4

�
1 + (2��0)

2
B2
� ed�1X
i=4

�
X
2

i : (3.15)

In this case the solution (3.13) is:

�1 =
1r�

1 + (2��0)
2
B2
�rPed�1

i=4

�
X
2

i

(3.16a)

and:

�0 =
(2��0)

2
E2 � 2

r�
1 + (2��0)

2
B2
�Ped�1

i=4

�
X
2

i

1 + (2��0)
2
B2

: (3.16b)

Note that �0 > 0 for all con�gurations if one chooses the sign + in (3.16b). In
the case when the sign � is chosen the allowed con�gurations are restricted by
the following condition:

(2��0)
2
E2

2

q
1 + (2��0)

2
B2

�

vuuted�1X
i=4

�
X
2

i :

Thus the metric dl0 has the form:

dl20 = �
r�

1 + (2��0)
2
B2
�vuuted�1X

i=4

�
X
2

i

�
d�0
�2
+

1r�
1 + (2��0)

2
B2
�rPed�1

i=4

�
X
2

i

�
d�2 + �2d
2

�
:

(3.17)
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In the metric (3.17) we make the change of the variable �0 assuming that
the magnetic �eld B is constant on M :

� (t) =

Z t

F (t0) dt0; (3.18)

where t = �0 and:

F (t) =

24�1 + (2��0)2B2� ed�1X
i=4

�
X
2

i (t)

351=4 : (3.19)

In this new coordinate � the metric (3.17) takes the form:

dl20 = �d�2 +
�

1

F (f (�))

�2 �
d�2 + �2d
2

�
; (3.20)

where the function f (�) is the inverse function to the function (3.18):t = f (�).
In order to predict, how does the deformed metric (3.17) behave, let us assume
the following form of the function F (t):

F (t) = �1=2t�=2; (3.21)

where � and � are constants. This function is related to the Kaster-Traschen
dynamic solutions [13] in the case when � = 1. These solutions have been
generalized to the branes in [14]. The metric (3.17) for this function takes the
form:

dl20 = ��t�=2dt2 + ��1t��=2dx2: (3.22)

In the coordinate � related to t by

t (�) =
h
(1 + �=4)

p
��
i4=(4+�)

(3.23)

(for � 6= �4) the metric (3.22) becomes:

dl20 = �d�2 + ��1
h
(1 + �=4)

p
�
i�2�=(4+�)

��2�=(4+�)dx2: (3.24)

In the case when � = �4 the variables t and � are related with each other as
follows:

t (�) = exp
�
�=
p
�
�
: (3.25)

The metric (3.22) for � = �4 is:

dl20 = �d�2 + ��1 exp
�
��=

p
�
�
dx2: (3.26)

If � 2 (�1;�4)[(0;+1), then 2�= (4 + �) > 0 and the metric (3.24) represents
contracting brane. The metric (3.26) describes the de Sitter four-dimensional
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spacetime in the cosmological coordinates being contracted from the phase with
the �nite space intervals at � = 0 to the phase with these intervals going to zero
if � 2 [0;1]. This space has the maximal space distance ��1=2 for � = 0. For
� = 0 the metric is static. On the other hand the expanding brane is obtained
for � 2 (�4; 0) (because 2�= (4 + �) < 0) starting from an initial singularity.
The Kasner metric is obtained for � = 4=3 ([14]). In this way one obtains a
family of contracting and expanding directions tangent to the D3-brane in the
case when the constraint (3.21) holds.
The distance l in the transverse directions Xi with respect to the ambient

metric (3.4) is given by:

l =

Z p
�1ds;

where s is a parameter on a curve in the Xi directions. From (3.16a) and (3.21)
one obtains:

l =

(
4t(1��=4)p
�(4��) for � 6= 4
ln tp
�

for � = 4
: (3.27)

The distance l probed by the D3-brane is expressed by � as follows:

l =

8>>><>>>:
4p

�(4��)

h
(1 + �=4)

p
�
i 4��
4+�

�
4��
4+� for � 6= �4;+4

1
2
p
�
ln
�
2
p
��
�

for � = +4
1

2
p
�
exp

�
2�=

p
�
�

for � = �4

: (3.28)

The distance l should be positive, so 4 > �. The transverse directions expand
or contracts with respect to the D3-brane. The transverse directions do expand
for � 2 (�4;+4) and contract for � 2 (�1;�4). The cases when � = �4 and
� = +4 correspond to the expanding transverse directions. To summarize, for
some values of � the tangent directions contract while the transverse directions
expand:

� For � 2 (�1;�4) the tangent and transverse directions contract.

� For � 2 (�4; 0) the tangent and transverse directions expand.

� For � 2 (0;+4] the tangent directions contract while the transverse direc-
tions expand.

� For � = �4 the tangent directions are described by the contracting de Sit-
ter metric with the maximal size ��1=2 whereas the transverse directions
expand. The minimal size of the transverse space is 2�1��1=2:

� For � = 0 the tangent directions are static (they do not depend on �), the
transverse directions expand.
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4 Conclusions

The metric induced on the D3-brane has been deformed by adding the electric
and magnetic �elds to 
00. This new metric has been compared to the black
hole metric. This comparison has been made because we have expected the ap-
pearance of the singularities on the brane in the case when the DBI Lagrangian
vanishes. Vanishing the DBI Lagrangian can be interpreted as a result of the
strong coupling ( T3 ! 0) [8]. In this case description of the brane by the
DBI action is invalid since the DBI Lagrangian is obtained in the low energetic
approximation.
A family of expanding and contracting branes has been obtained for the

embedding X restricted by the Eq. (3.21). The DBI Lagrangian vanishes for
t = 0. This corresponds to a special state of the D3-brane. This state can
be interpreted as an initial singularity (in the case of expansion) or a �nal
singularity (in the case of contraction). Other solutions with the vanishing DBI
Lagrangian have been obtained. These solutions have been expressed by the de
Sitter metrics (Eq. (3.26)).
The behavior of the directions transverse to the D3-brane is given as a func-

tion of time by Eq.(3.28). In this way a dynamical model of the space-time with
a D3-brane embedded in it has been obtained.
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