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The perturbative description of jet observables is currently possible only to next-to-leading order (NLO) in pertur-

bation theory. This level of accuracy turns out to be insufficient for several precision observables, thus limiting

the physics interpretation of experimental jet production data. We discuss the current status of computations of

next-to-next-to-leading order (NNLO) corrections to jet production.

1. INTRODUCTION

Jet production observables provide an important tool to study many aspects of the theory of quantum chromody-

namics (QCD). They are used for a precise extraction of the strong coupling constant [1], as a constraint in global

fits of parton distribution functions, and give many insights into the interplay of perturbative and non-perturbative

physics.

At present, perturbative calculations of jet observables are available [2] to next-to-leading order (NLO) for up to

e+e− → 4j, ep→ (3 + 1)j and pp→ 3j. All experimental data on these observables are in good agreement with the

NLO QCD predictions. For many jet production observables, the experimental data have become so precise that they

can be used as competitive determination of the strong coupling constant αs. Using experimental data on e+e− → 3j,

ep→ (2 + 1)j and pp̄→ 2j to extract αs, one encounters several sources of uncertainty: while the statistical error on

the data is negligible, systematical errors can be sizable. These arise from different sources: experimental jet energy

scale (irrelevant in e+e− → 3j), parton distribution functions (absent in e+e− → 3j), hadronisation corrections and

renormalisation/factorisation scale uncertainty (estimating the effect of perturbative terms beyond NLO). While the

size of individual error estimates is clearly debatable, it is however clear that the scale uncertainty is a sizable, if

not dominant, source of error in extractions of αs from jet production at colliders. Therefore, competitive precision

studies of QCD from jet production reactions in 2→ 2 and 1→ 3 kinematics clearly require next-to-next-to-leading

order (NNLO) corrections.

Besides lowering this scale uncertainty in precision observables, one expects several further benefits from NNLO

calculations. In leading order calculations of n-jet production, the final state is described by only n partons, and thus

not sensitive on the jet clustering procedure (jet algorithm). NLO contains already (n + 1) partons, while NNLO

goes up to (n+ 2) partons. The higher perturbative orders do therefore start to resolve the precise details of the jet

algorithm and allow for a better matching of theoretical and experimental implementation of it.

Using jet observables to constrain parton distribution functions (especially the gluon distribution), one is equally

limited by the perturbative order of the calculation. While inclusive structure functions and splitting functions are

known to NNLO [3], global fits including jet production data are currently restricted to NLO.

Confronting calculations of power corrections to jet observables with experimental data, one is also facing the

issue of higher order perturbative corrections. Although these perturbative corrections depend on the collision

energy (or the scale set by the final state jets) like some high power of the strong coupling constant, they are not

easily distinguishable from genuine power corrections. Higher order perturbative corrections may therefore have a

considerable influence on the extraction of genuine power correction effects from data.

In the following, we will outline the structure of NNLO calculations of jet production observables, describe their

most important ingredients, review the current status of the NNLO calculation of e+e− → 3 jets and provide an

outlook on other observables.
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Table I: The partonic channels contributing to e+e− → 3 jets.

LO γ∗ → q q̄g tree level

NLO γ∗ → q q̄g one loop

γ∗ → q q̄ gg tree level

γ∗ → q q̄ qq̄ tree level

NNLO γ∗ → q q̄g two loop

γ∗ → q q̄ gg one loop

γ∗ → q q̄ q q̄ one loop

γ∗ → q q̄ q q̄ g tree level

γ∗ → q q̄ g g g tree level

2. STRUCTURE OF NNLO CALCULATIONS

For an n-jet observable, several ingredients are required to obtain predictions accurate to NNLO: the two-loop n-

parton matrix elements, the one-loop (n+1)-parton matrix elements and the tree level (n+2)-parton matrix elements.

To illustrate the different processes contributing at a given order, we list them for e+e− → 3 jets in Table I.

All these contributions contain infrared singularities, which are either explicit poles (in the two-loop n-parton

matrix elements), or implicit poles (in the tree-level (n + 2)-parton matrix elements), which become explicit only

after integration over the phase space appropriate to n-jet final states, or a combination of both (in the one-loop

(n+ 1)-parton matrix elements).

The definition of any n-jet-type observable acts differently on the n-parton, (n + 1)-parton and (n + 2)-parton

channels. Therefore, each channel has to be computed separately, and the cancellation of infrared poles takes place

only when adding the contributions from all channels.

In the following we explain the major challenges encountered in the computation of the purely virtual two-loop

corrections to n-parton processes and in the implementation of the n+ 1 and n+ 2 parton processes.

2.1. Virtual Two-Loop Corrections

Enormous progress has been made in the calculation of two-loop 2 → 2 and 1 → 3 QCD matrix elements, which

are now known for all massless parton–parton scattering processes [4] relevant to hadron colliders as well as for

γ∗ → qq̄g [5] and its crossings [6].

These calculations became tractable owing to various technical developments. In particular, the systematic ap-

plication of integration-by-parts [7–9] and Lorentz invariance [10] identities allowed the large number of Feynman

integrals appearing in two-loop four-point matrix elements to be reduced to a small number of so-called master in-

tegrals. The master integrals relevant in the context of 2→ 2 and 1→ 3 processes are massless four-point functions

with either all legs on-shell or three legs on-shell and one leg off-shell, computed earlier in [11].

2.2. Real Radiation at Tree-Level and One-Loop

The one-loop corrections to 2→ 3 and 1→ 4 matrix elements have been known for longer [12, 13] and form part of

NLO calculations of the respective multi-jet observables [2, 14]. These NLO matrix elements naturally contribute to

NNLO jet observables of lower multiplicity if one of the partons involved becomes unresolved (soft or collinear) [15].

In these cases, the infrared singular parts of the matrix elements need to be extracted and integrated over the phase

space appropriate to the unresolved configuration to make the infrared pole structure explicit. Methods for the

extraction of soft and collinear limits of one-loop matrix elements are worked out in detail in the literature [15–20].
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As a final ingredient, the tree level 2 → 4 and 1 → 5 processes also contribute to (2 → 2)- and (1 → 3)-type

jet observables at NNLO. These contain double real radiation singularities corresponding to two partons becoming

simultaneously soft and/or collinear [21–24]. To determine the contribution to NNLO jet observables from these

configurations, one has to find two-parton subtraction terms which coincide with the full matrix element and are

still sufficiently simple to be integrated analytically in order to cancel their infrared pole structure with the two-loop

virtual and the one-loop single-unresolved contributions. In the past, such configurations were only dealt with on a

case-by-case basis in the context of specific calculations [21, 25–28], while no general method was available. Several

methods have been proposed recently to accomplish this task [29–33]. Up to now, only one method has been fully

worked through for observables of physical interest: the sector decomposition algorithm [34, 35]. In this method, both

phase space and loop integrals are analytically decomposed into their Laurent expansion in dimensional regularisation,

and the coefficients of the expansion are numerically integrated. Results have been obtained for e+e− → 2j [36],

pp→ H +X [37], muon decay [38] and pp→W +X [39] at NNLO. In contrast to all other approaches, in the sector

decomposition method one does not have to integrate the subtraction term analytically.

In the following section, we present a new systematic method, named antenna subtraction, to construct NNLO

subtraction terms. This method has been worked out in detail in [40].

3. ANTENNA SUBTRACTION METHOD

In electron-positron annihilation, an m-jet cross section at NLO is obtained by summing contributions from (m+1)-

parton tree level and m-parton one-loop processes:

dσNLO =

∫

dΦm+1

(
dσRNLO − dσSNLO

)
+

[∫

dΦm+1

dσSNLO +

∫

dΦm

dσVNLO

]
.

The cross section dσRNLO is the (m+1)-parton tree-level cross section, while dσVNLO is the one-loop virtual correction

to the m-parton Born cross section dσB . Both contain infrared singularities, which are explicit poles in 1/ε in dσVNLO ,

while becoming explicit in dσRNLO only after integration over the phase space. In general, this integration involves

the (often iterative) definition of the jet observable, such that an analytic integration is not feasible (and also not

appropriate). Instead, one would like to have a flexible method that can be easily adapted to different jet observables

or jet definitions. Therefore, the infrared singularities of the real radiation contributions should be extracted using

infrared subtraction terms. One introduces dσSNLO, which is a counter-term for dσRNLO, having the same unintegrated

singular behaviour as dσRNLO in all appropriate limits. Their difference is free of divergences and can be integrated

over the (m+ 1)-parton phase space numerically. The subtraction term dσSNLO has to be integrated analytically over

all singular regions of the (m+ 1)-parton phase space. The resulting cross section added to the virtual contribution

yields an infrared finite result.

The basic idea of the antenna subtraction approach at NLO is to construct the subtraction term [41] dσSNLO from

antenna functions. Each antenna function encapsulates all singular limits due to the emission of one unresolved

parton between two colour-connected hard partons (tree-level three-parton antenna function). This construction

exploits the universal factorisation of phase space and squared matrix elements in all unresolved limits, depicted in

Figure 1. The individual antenna functions are obtained by normalising three-parton tree-level matrix elements to

the corresponding two-parton tree-level matrix elements.

At NNLO, the m-jet production is induced by final states containing up to (m+2) partons, including the one-loop

virtual corrections to (m+1)-parton final states. As at NLO, one has to introduce subtraction terms for the (m+1)-

and (m+ 2)-parton contributions. Schematically the NNLO m-jet cross section reads,

dσNNLO =

∫

dΦm+2

(
dσRNNLO − dσSNNLO

)
+

∫

dΦm+2

dσSNNLO

+

∫

dΦm+1

(
dσV,1NNLO − dσV S,1NNLO

)
+

∫

dΦm+1

dσV S,1NNLO
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Figure 1: Illustration of NLO antenna factorisation representing the factorisation of both the squared matrix elements and

the (m + 1)-particle phase space. The term in square brackets represents both the antenna function and the antenna phase

space.
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Figure 2: Illustration of NNLO antenna factorisation representing the factorisation of both the squared matrix elements and

the (m+ 2)-particle phase space when the unresolved particles are colour connected. The term in square brackets represents

both the antenna function and the antenna phase space.

+

∫

dΦm

dσV,2NNLO ,

where dσSNNLO denotes the real radiation subtraction term coinciding with the (m+2)-parton tree level cross section

dσRNNLO in all singular limits [21–24]. Likewise, dσV S,1NNLO is the one-loop virtual subtraction term coinciding with

the one-loop (m+ 1)-parton cross section dσV,1NNLO in all singular limits [15]. Finally, the two-loop correction to the

m-parton cross section is denoted by dσV,2NNLO.

Both types of NNLO subtraction terms can be constructed from antenna functions. In dσSNNLO , we have to distin-

guish four different types of unresolved configurations: (a) One unresolved parton but the experimental observable

selects only m jets; (b) Two colour-connected unresolved partons (colour-connected); (c) Two unresolved partons

that are not colour connected but share a common radiator (almost colour-unconnected); (d) Two unresolved partons

that are well separated from each other in the colour chain (colour-unconnected). Among those, configuration (a) is

properly accounted for by a single tree-level three-parton antenna function like used already at NLO. Configuration

(b) requires a tree-level four-parton antenna function (two unresolved partons emitted between a pair of hard par-

tons) as shown in Figure 2, while (c) and (d) are accounted for by products of two tree-level three-parton antenna

functions.

In single unresolved limits, the one-loop cross section dσV,1NNLO is described by the sum of two terms [15]: a

tree-level splitting function times a one-loop cross section and a one-loop splitting function times a tree-level cross

section. Consequently, the one-loop single unresolved subtraction term dσV S,1NNLO is constructed from tree-level and

one-loop three-parton antenna functions, as sketched in Figure 3. Several other terms in dσV S,1NNLO cancel with the

results from the integration of terms in the double real radiation subtraction term dσSNNLO over the phase space

appropriate to one of the unresolved partons, thus ensuring the cancellation of all explicit infrared poles in the

difference dσV,1NNLO − dσV S,1NNLO.

Finally, all remaining terms in dσSNNLO and dσV S,1NNLO have to be integrated over the four-parton and three-parton

antenna phase spaces. After integration, the infrared poles are rendered explicit and cancel with the infrared pole
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Figure 3: Illustration of NNLO antenna factorisation representing the factorisation of both the one-loop “squared” matrix

elements (represented by the white blob) and the (m + 1)-particle phase space when the unresolved particles are colour

connected.

terms in the two-loop squared matrix element dσV,2NNLO .

The subtraction terms dσSNLO, dσSNNLO and dσV S,1NNLO require three different types of antenna functions corre-

sponding to the different pairs of hard partons forming the antenna: quark-antiquark, quark-gluon and gluon-gluon

antenna functions. In the past [14, 42], NLO antenna functions were constructed by imposing definite properties

in all single unresolved limits (two collinear limits and one soft limit for each antenna). This procedure turns out

to be impractical at NNLO, where each antenna function must have definite behaviours in a large number of single

and double unresolved limits. Instead, we derive these antenna functions in a systematic manner from physical ma-

trix elements known to possess the correct limits. The quark-antiquark antenna functions can be obtained directly

from the e+e− → 2j real radiation corrections at NLO and NNLO [43]. For quark-gluon and gluon-gluon antenna

functions, effective Lagrangians are used to obtain tree-level processes yielding a quark-gluon or gluon-gluon final

state. The antenna functions are then obtained from the real radiation corrections to these processes. Quark-gluon

antenna functions were derived [44] from the purely QCD (i.e. non-supersymmetric) NLO and NNLO corrections to

the decay of a heavy neutralino into a massless gluino plus partons [45], while gluon-gluon antenna functions [46]

result from the QCD corrections to Higgs boson decay into partons [47].

All tree-level three-parton and four-parton antenna functions and three-parton one-loop antenna functions are

listed in [40], where we also provide their integrated forms, obtained using the phase space integration techniques

described in [35].

4. PRESENT STATUS OF e+e− → 3 JETS

In [40, 48] we derived the 1/N 2-contribution to the NNLO corrections to e+e− → 3 jets. This colour factor receives

contributions from γ∗ → qq̄ggg and γ∗ → qq̄qq̄g at tree-level [49], γ∗ → qq̄gg and γ∗ → qq̄qq̄ at one-loop [13] and

γ∗ → qq̄g at two-loops [5]. The four-parton and five-parton final states contain infrared singularities, which need to

be extracted using the antenna subtraction formalism.

In this contribution, all gluons are effectively photon-like, and couple only to the quarks, but not to each other.

Consequently, only quark-antiquark antenna functions appear in the construction of the subtraction terms.

Starting from the program EERAD2 [14], which computes the four-jet production at NLO, we implemented the

NNLO antenna subtraction method for the 1/N 2 colour factor contribution to e+e− → 3j. EERAD2 already contains

the five-parton and four-parton matrix elements relevant here, as well as the NLO-type subtraction terms.

The implementation contains three channels, classified by their partonic multiplicity: (a) in the five-parton channel,

we integrate dσRNNLO − dσSNNLO; (b) in the four-parton channel, we integrate dσV,1NNLO − dσV S,1NNLO; (c) in the three-

parton channel, we integrate dσV,2NNLO+dσSNNLO+dσV S,1NNLO. The numerical integration over these channels is carried

out by Monte Carlo methods.

By construction, the integrands in the four-parton and three-parton channel are free of explicit infrared poles.

In the five-parton and four-parton channel, we tested the proper implementation of the subtraction by generating
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trajectories of phase space points approaching a given single or double unresolved limit. Along these trajectories,

we observe that the antenna subtraction terms converge locally towards the physical matrix elements, and that the

cancellations among individual contributions to the subtraction terms take place as expected. Moreover, we checked

the correctness of the subtraction by introducing a lower cut (slicing parameter) on the phase space variables, and

observing that our results are independent of this cut (provided it is chosen small enough). This behaviour indicates

that the subtraction terms ensure that the contribution of potentially singular regions of the final state phase space

does not contribute to the numerical integrals, but is accounted for analytically.

As a final point, we noted in [40] that the infrared poles of the two-loop (including one-loop times one-loop)

correction to γ∗ → qq̄g are cancelled in all colour factors by a combination of integrated three-parton and four-

parton antenna functions. This highly non-trivial cancellation clearly illustrates that the antenna functions derived

here correctly approximate QCD matrix elements in all infrared singular limits at NNLO. They also outline the

structure of infrared cancellations in e+e− → 3j at NNLO, and indicate the structure of the subtraction terms in all

colour factors.

5. OUTLOOK

In this talk, we discussed the theoretical prerequisites for performing precision QCD studies on jet production

data at colliders, with focus on e+e− → 3j. In particular, the precise extraction of the strong coupling constant αs
requires improved theoretical predictions to reduce the scale error inherent to calculations in perturbative QCD. At

present, this extraction relies on the calculation of e+e− → 3 jets at NLO accuracy, and we reported on progress

towards the NNLO calculation.

This calculation requires a new method for the subtraction of infrared singularities which we call antenna subtrac-

tion. We introduced subtraction terms for double real radiation at tree level and single real radiation at one loop

based on antenna functions. These antenna functions describe the colour-ordered radiation of unresolved partons

between a pair of hard (radiator) partons. All antenna functions at NLO and NNLO can be derived systematically

from physical matrix elements.

An immediate application of the method presented here is the calculation of the full NNLO corrections to e+e− →
3 jets [50]. In total, this requires six colour factors: N 2, N0, 1/N2, NF N , NF /N and N2

F . Compared to the already

computed 1/N2 colour factor, several new complications arise. While the coefficient of 1/N 2 was free from angular

correlations between the subtraction terms, most other colour factors contain these correlations, thus making the

subtraction terms non-local. Also, at 1/N 2, only the quark-antiquark system could act as an emitter, while radiation

off quark-gluon and gluon-gluon systems is present in the other colour factors. At present, we have constructed the

analytical form of the subtraction terms for all remaining colour factors, they are implemented and tested for NF /N

and N2
F now.

The antenna subtraction method can be further generalised to NNLO corrections to jet production in lepton-hadron

or hadron-hadron collisions. In these kinematical situations, the subtraction terms are constructed using the same

antenna functions, but in different phase space configurations: instead of the 1 → n decay kinematics considered

here, 2→ n scattering kinematics are required, which can also contain singular configurations due to single or double

initial state radiation. These require new sets of integrated antenna functions.
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