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From Inflation to the
observed Universe

tiny fraction ==

of a second

-
380,000
years




Inflation
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Inflation

Inflation is attained when & = H? ( '

If during inflation the Universe suffers a quasi-de Sitter
phase H ~ 0 and H? ~ constant

The scale factor grows exponentially,
a(t) = a(t,) ele T & g (1) eV

N = Jfﬂ H(Id} dt' =~ H (ﬁ]:;} — tg1) = nhumber of
e- fﬂidings
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From quantum fluctuations to

the Large Scale Structure
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Comoving curvature perturbation

If g0 = 2¢ (the gravitational potential)
t — t+ ot implies y» — ¢+ Hdt and d¢p — 6¢p — Hot

Related to the gauge-dependent curvature perturbation
on a generic slicing and to inflaton
perturbation §¢ in that gauge




Power spectrum on superhorizon scales

On super-horizon scales

where

ng —1=22R = 2y — Ge

Is the spectral index of curvature perturbations




In our local Universe both short- and
long-wavelength modes are present

R, (1)




* H(2) Is the most fundamental dynamical cosmological variable
[e.g., all evidence for dark energy comes from evolution of H(z)].

* H(z) in the FLRW (homogeneous/isotropic) model:

e Usual assumption for perturbed FLRW model:
An inhomogeneous Universe follows the evolution
of a FLRW model of the same average density.

e |SSuUes:

— gravity is nonlinear
— gravity Is a long-range force



Evolution of H(z) is a key quantit

* H(2) Is the most fundamental dynamical cosmological variable
[e.g., all evidence for dark energy comes from evolution of H(z)].

* H(z) in the FLRW (homogeneous/isotropic) model:

{ Gy, = kT, (K2 =87G, )
3(61/a)2 =3H’=x’p

G, (X,1)=G™ (1) +4G,, (X.t)
(perturbed FLRW) GOFOLRW( )"‘5600 (X t) 2-|-00 ()—(» t)
3(8/a)" =«*({p)- K7 (5Gy,))

 Can think of ¥ (6 G,,) as kinetic energy of the gravitational field.
* (d/a)?is not x Xp)/3 = H2.

 Usual soundbite: dp/p small = (5 G,,) small = sH small.




Second-order perturbation theory

* Expand energy-momentum tensor and metric tensor to 2"d-order:
T, =T +TO+TY

7,
(0) (1) (2)
9, =9, T9,, 79,

e Einstein tensor to 2"d-order:
_ 0 ) (12) (2)
G —GW +GW +GW +GW

y7a%

;S) & g ) are homogeneous & isotropic

 In synchronous gauge:

59, =a’(r) {ZZr ", +Z ( Z(r)+5ilj(”+5jli(r)””(r))}
r=1

(al (r) — -0 Zl (. =0, a){ij =O)

« Metric perturbations in terms of peculiar gravitational potential ¢ :
2
V2o (% a’p@ (5p® ( (0)
p(x)==-a*p (" (%)/P)



Metric perturbations in a

¢ IS the peculiar gravitational potential "
2
Vzgp(X) _ K 2 (0) 510 ( )

* related to dp/p by Poisson equation 2 o ar o©
1O (%,7) =20 (%) + L V(%)
3 18
. 50 . 57° . N 4 .
W) == ()5 0" (R (D) + 50 (X V()

4

] (Vo) -2t (%0 ()]

Matter-dominated Universe



Einstein Equations — 2"d grder

0,0, ) @ _ 2(TO_ 7O  T@
G, +6,+6G, +G,) =« (TW +T,)+T,, )

(00): G =x*(Ty) (G +G%" +G)

/

2
o[ 2] =xt0)- (a8 a1 +a8)

* In a perturbed universe (a’/a?)2= (a/a)? is not xXp)/3 .

« 3’ /a? does not even describe the physical Hubble flow—
description of Hubble flow comes from evolution of {p).

« Augment 00 equation with continuity equation:
DTW=0=p=p'/a=-p
¢=D ut utis the fluid 4-velocity

* Hubble flow described by 6. For FLRW, 6 =3H.



The Hubble flow — 2" order
e Hubble flow described by &:

<9>:g(0) +<9(1)>+<6’(”)>+<6’(2)>=3%+<¢9(1)>+<6’(“)>+<9(2)>

* Einstein equations relate a’/a% interms of p & Gy, Gy’ Gig

» Define a 66
(56) (69)+(6)+(6?) (GY+GE +G2@) (GY)
3H 3H ~ 6a’HZ  72a‘H’

 Notational point: could define H = (x%(p)/3)"? or H}a{m

[H=(x0)/3)12




It IS not a backreaction

(56) <9<1>>+<e<“>>+<9<2>> <Ggg>+eggl>+eg§>> <Ggg>>2

3H 3H - 6a2H > - 72a*H*

 New terms present due to inhomogeneities
* New terms modify expansion

e But expansion does not produce inhomogeneities
(although expansion does modify the growth of inhomogeneities)







The Hubble flow —
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Averages involve <
Integrals of the form

Assume Gaussian
window function

Fourier transform

of window function W (kR) \ _1(R)I

10° §

1071 10°

kR

V(R)

=€

—r2/2R2

—k?r?/2

—> 3

EXP

dV =4zrle " R dr =V (R)= (27z)3/2 R’

(iE.z)dv

(1 kr—>0
0 Kr — o0



Mean of 66

- “Typical expected value” of 50 in V(R) = ensemble average (...)

Hubble-
Silze —
volume

our
Inflation —
volume

volume




Crucial point

Must remember the statistical nature
of the vacuum fluctuations

Our Universe corresponds to a typical
member of the ensemble of possible
Universes



ean of 66

e EXpress ¢ and its derivatives In terms of Fourier integrals

o I 3% s

* ¢ Gaussian random variable w/ zero mean = N-point functions:
[ 3 — —
O P = (27)° &° (k1 + kz) P, (k)

* P (K) = |py|* is the power spectrum of ¢
» Cosmological Poisson equation relates P (k) and A*(k,a)

» A’(k,a) is the power spectrum of dp/p



A*(k,a)

« Power spectrum of dp/pin terms of T%(k), the transfer function,
and A ~10~>, a dimensionless amplitude:

k 4
A’ (k,a)= A’ (a_Hj T*(k)  Harrison—Zel'dovich spectrum

k* k—>0

« For Harrison-Zel'dovich: A*(k) >
In“(k) koo

e Other spectra, A*(k) > k**"as k - 0 (n=1 for H-2)
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~10%(50)/ 3H

Mean of @ (present value)

'=0.6

r=Q,h exp(—QB = \/EQBgal)

0.5 b~

02 03 04 05 06 07 08 0.9

Kmax (N Mpc™)
scales as (1+z)!



Variance of o@

* What we really want is 66 in our Hubble volume

our
Inflation —
volume

volume




Variance of 66
Var[<>}5(<>2)_(<_> )2

o) T _[(6%)+(6™)+(6%) (68 +64"+6%) (6%)"
3H 6a’‘H? 72a*H*




Variance of 68— sample terms

Var[<V2go>J:%a“H“T%AZ(k,a)WZ(kR)
0
2

dk k? k?
IFAZ(kz’a)(klz + k22 +2]

0 2 2

<« 2W2 (kR)W? (K,R)

Var [<¢V2¢>} = (% a‘H 4) I%AZ (k,,a)

* W2 (kR) acts as a “filter function” regulating ultraviolet ...

o ... but Var[{@V?¢)] singular in the infrared if n < 1!

e as is Var[{p)(V*¢)|] \

* traces to the infrared behavior of Var[{¢),]



Variance of 06— infrared nature

Var[(@l]:%a“H“T%AZ(k,a)WZ(kR) (@), =0

Var[<vz¢>}_%aH _[ A* (k,a)W?(kR) <V_2g0>120

e Interested in R=R,,
» For k <Kk W(kRH) — 1 and T4(k)— 1, so A?(k,a)W-(kR) — k3*"

var(o)], - ] %1 val(va)], - [ S

val(ge)], - | e | e =varl(o)], var[ (7).,

0 2



Variance of 6@

How to make sense of infrared singularity?
1. variance is infrared finite—bluer than Harrison-Zel’dovich
2. somehow infrared singular terms cancel
3. physical cutoff at Hubble radius: ky,\ = Ky




10-2
10-3
10-4
10-°
10-¢
10-7
10-8
10-°

(Var[56])"2/3H

Variance of 06

102 R (h-! Moc) 10°

k* scales as (1+2)-2; k2 scales as (1+2)"!



Variance of 6@

How to make sense of infrared singularity?

1.

2.
3.
4

variance is infrared finite (op/p bluer than n=1as k — 0)
somehow infrared-singular terms cancel
physical cutoff at Hubble radius: ky,\ = kg

use cutoff determined by duration of inflation
(sensitive to unknown nature of perturbations
on scales greater than the Hubble radius)



Variance of o@

« What we really want is 66 in our Hubble volume

Infrared cutoff at k = k
Inflation — MIN \ Hubble
kyy related to # of e-folds of inflation

K
In( : j: Nrorar — Ny

MIN

volume volume




Variance of 46

How to make sense of infrared singularity?
1. variance is infrared finite—bluer than Harrison-Zel’dovich
2. somehow infrared singular terms cancel
3. Introduce cutoff at Hubble radius: ky,\ = kg
4

use cutoff determined by duration of inflation
(sensitive to unknown nature of perturbations
on scales greater than the Hubble radius)

Are super—Hubble perturbations physical?

e constant ¢ can be scaled out equations ...
e ... but can’t get rid of pV?¢p!

» could Var[od] be large enough to give (60)/3H ~ O(1)?



Cruclal technical points

5,0 v? on superhorizon scales
® XV @ == {ensity perturbs are
P perturbative

® gongo comes from e_¢V2gp

may go beyond second-order

E.W. Kolb, S. Matarrese, A. Notari and A.R.,
astroph/0410541



Entertaining conjecture
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Field equations

[ a j k887G a .

— | +—==—p H=— expansion rate

a a- 3 a

a Ar G a 1 L
—=——(p+3p) = ——— deceleration parameter
a 3 a H*

P= Py TPrT Pyt
whatever: p =wp, w=p/p p o«

matter: Py =0 w=0 P < (1
radiation: p, =p./3 w=1/3 Pr e (

(
vacuum:  p, =—p, w=-1 P € (1 +z )G



Distance-luminosity relation

F= — defines luminosity distance - "know" L, measure I

47rd:= area of *S centered on source at time of detection, 7,

2

_ / —+7°dQ° | = Area =47xa’(t,)r’
| —kr-

ds® =dt* — az(f){

Conservation of energy: flux redshifted: (1+ z)* = [a (7,) / a(t, )T

redshift of energy x redshift of time interval: (1+z)

V
F= - - : = |d,=a(t,)r(l+z)
dra(t)r (1+z)°

light from comoving coordinate 7 reaches us now

redshifted by an amount (1+z) = a(z,)/a(7)




Distance-luminosity relation

d, =a(t,)r(1+2z) ds’ L?'fzﬁ?z(f){

light travels on geodesics J' dr J‘ dt J- da
ds® =0

H? = Hy | (1= Quopa YA+ 2)? +Q, (1+2) +...|

Q, = p,/(3H; 82G)
L) iy = S0 HEY, KD LY .. (1) ) 66K

a {t)H,' df

rdr z
L J1=kr' '[D \/('I—QD)(1+Z’)‘1 +Q. . (1+2) +Q A+2)"™ +..



Distance-luminosity relation
‘dL =a(t)r(1+ Z)\

a(ly)r

a'(tH)H," dZ

; z
romj. V1 j ‘\/(l OTDTu)(l+Z) +Qw(l+z) +..

Example: matter + lambda —» Q... =0 +Q,

Program:
» measure d, (viad; =L/4zF)and z

* input (. and calculate a(7,)r

Hd, =z+0(z*)
Q)



Unperturbed Universe

Acceleration implies a fluid
with negative pressure

Dark Energy



Distance-redshift relation
In a perturbed Universe

Observer
=0

E. Barausse, S. Matarrese and A.R.,
In preparation



Distance-redshift relation
In a perturbed Universe

observer , 1 =0

K k“=0 K’V k“ =0

\

photon

— momentum
-



Distance-redshift relation
In a perturbed Universe

d’xt . y dz” daP

YV k= —— T —
dv? G do du

Photon equations




dA 1.
dv 27

é expansion of the null congruence along
the photon trajectory



d\ ‘= a dv :
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Distance-redshift relation
In a perturbed Universe

‘€ — \/ﬁ‘uy (ﬂgfﬂ'ﬂ-) (ﬂgféy) — AZLL«'Q

Energy flux per unit surface measured
by an observer with four-velocity

- o L
h*,u.u = Juv + Uy Uy . W= _u,u.k'



Distance-redshift relation
In a perturbed Universe




Distance-redshift relation
In a perturbed Universe
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Distance-redshift relation
In a perturbed Universe

1 2

—~ 1 , 5 , h ) 2 2 .. , 9 4
H. — w2, 2, Y a2 il - P 2 il
(Ho)a = Hy [1 (18‘? e (Vo)™ + -9V \p) (H{,) et (22¢ v, — 29 (Vo) ) (Hﬂ) }

_ 1 (Bopy  Boca B o o) (2 L 1 oae g (2
(@) = 2[1+(13?“"’+2?W"¢ 108(‘?99))(&3) +135 (T(7%)" +40%0) (1



Crucilal aspects

« The Hubble parameter and the
deceleration parameter are not
deterministic

« Because of the statistical nature of
vacuum fluctuations, the gravitational
potential does not have well-defined
values

 The theoretical predictions of the
cosmological parameters come with a
nonvanishing cosmological variance
Implying an intrinsic theoretical error



Variance of q

Are super—Hubble perturbations physical?

Constant ¢ can be scaled
out of equations

...but can’'t get rid of pVZ¢p!




« What we really want is g in our Hubble volume

Infrared cutoff at k = k
Inflation — MIN \ Hubble
kyy related to # of e-folds of inflation

K
In( : j: Nrorar — Ny

MIN

volume volume




9 dk dk
Var [pV?p] ~ (Zaﬁﬂg) f L A2(ky, ag )/ k; A®(ks, ag)

1 for a flat spectrum, n=1

\/VEI;I' [(6}91 ~ 10—1[] In kMAX ~ 1 (1018'8 E—fOIdS!)
qo kvin

A2(k) o k3" with 0 < (1 —n) < 1

n = 0.94 ~ T00 e-folds




The Universe accelerates

Dark Energy Is present

or

It IS matter-dominated and the value of

deceleration parameter predicted by the

theory at the unperturbed level comes
with a large cosmological variance:
negative values of g are allowed
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Type la supernova
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« Super- Hubble modes mtreduce

mtrlpsm theoretical error's. . X 5

° New effecfs to study

) No need Dark Energy’»’ "—*i? . :
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