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In [1] we present new constraints on the evolution of dark energy from an analysis of Cosmic Microwave
Background, supernova and X-ray galaxy cluster data. From a combined analysis of all three data sets and
assuming that the Universe is flat, we examine a series of dark energy models with up to three free parameters:
the current dark energy equation of state w0, the early time equation of state wet and the scale factor at
transition, at. Allowing the transition scale factor to vary over the range 0.5 < at < 0.95 where the data sets
have discriminating power, we measure w0 = −1.27+0.33

−0.39
and wet = −0.66+0.44

−0.62
. We find no significant evidence

for evolution in the dark energy equation of state parameter with redshift. The complementary nature of the
data sets leads to a tight constraint on the mean matter density, Ωm, alleviates a number of other parameter
degeneracies, including that between the scalar spectral index ns, the physical baryon density Ωbh2 and the
optical depth τ and also allows us to examine models dropping the flatness prior. As required for the energy–
momentum conservation our analysis includes spatial perturbations in the dark energy component. We show
that not including them leads to spuriously tighter constraints on w0 and especially on wet.

1. Introduction

The precise measurement of the Cosmic Microwave
Background (CMB) made with the Wilkinson Mi-
crowave Anisotropy Probe (WMAP) [2–5] has im-
proved our knowledge of a wide range of cosmological
parameters. However, a number of degeneracies be-
tween parameters exist which cannot be broken with
current CMB data alone and which require the in-
troduction of other, complementary data sets. Some
of the most important parameters and degeneracies
concern dark energy and its equation of state. When
describing the background evolution of the Universe
with a such new component, it is sufficient to know its
equation of state i.e. the ratio of pressure and energy
density, w = pde/ρde. Whilst a cosmological constant
has w = −1 at all times, for most dark energy models
the equation of state parameter is an evolving function
of redshift, w = w(z). In order to learn more about
the origin of cosmic acceleration and dark energy, it is
crucial to constrain the evolution of the dark energy
equation of state.

The data for SNIa can be used to measure the lumi-
nosity distances to these sources independent of their
redshifts. This constrains a combination of the dark
matter and dark energy densities in a different way to
observations of CMB anisotropies. The combination
of the two data sets is therefore useful in breaking pa-
rameter degeneracies. However, in order to constrain
the evolution of the equation of state with supernovae
observations, it is necessary to use a tight prior on

the mean matter density of the Universe, Ωm. Recent
measurements of the gas fraction in X-ray luminous,
dynamically relaxed clusters made with the Chandra
X-ray Observatory provide one of our best constraints
on Ωm [7]. These data also provide a direct and inde-
pendent method by which to measure the acceleration
of the Universe, providing additional discriminating
power for dark energy studies. The combination of
CMB and X-ray cluster data plays also an important
role in breaking other key parameter degeneracies. For
these reasons, we have used a combination of X-ray
gas fraction, CMB and SNIa data in this study.

In Section 2 we present our parameterization for
the dark energy equation of state. In Section 3 we
discuss the individual data sets and how they probe
cosmology. Our results are presented in Section 4 and
Section 5 summarizes our conclusions.

2. Dark Energy Model

We use an extension of the model discussed by [8]
and [9]. The primary short-coming of this parameter-
ization is that it uses a fixed redshift, z = 1, for the
transition between the current value of the equation
of state and the value at early times, wet = w0 + w1.
Our model introduces one extra parameter: zt, the
transition redshift between wet and w0, such that
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w =
wetz + w0zt

z + zt
=

wet(1 − a)at + w0(1 − at)a

a(1 − 2at) + at
,

(1)
where at is the transition scale factor. Energy con-

servation of the dark energy fluid results in evolution
of the energy density with the scale factor, such that

ρde(a) = ρde,0a
−3e

−3
∫

a

1

w(a′)

a
′

da′

, (2)

where ρde,0 is the energy density of the dark energy
fluid today. Using the parameterization of equation
(1) we obtain
∫ a

1

w(a′)

a′
da′ = wet ln a + (wet − w0)g(a; at) , (3)

with

g(a; at) =

(

1 − at

1 − 2at

)

ln

(

a(1 − at)

a(1 − 2at) + at

)

. (4)

From the Friedmann equation, the evolution of the
Hubble parameter H(z) = H0E(z) is given by

E(z) =
√

Ωm(1 + z)3 + Ωdef(z) + Ωk(1 + z)2 , (5)

with

f(z) = (1 + z)3(1+wet)e−3(wet−w0)g(z;zt), (6)

where Ωm, Ωde, Ωk are the matter, dark energy and
curvature densities in units of the critical density.

3. Data Analysis

We have performed a likelihood analysis using three
cosmological data sets: CMB, SNIa and the X-ray
cluster gas fraction.

For the CMB analysis we have modified the camb
1

code [10] to include the relevant dark energy equa-
tion of state parameters. For the calculation of CMB
spectra, we have included perturbations in the dark
energy component [11]. We assume that the sound
speed of the dark energy fluid, c2

s = 1. We note the
presence of an extra term in the perturbation equa-
tions due to the variation of the equation of state with
time, which sources the density perturbation with the
velocity perturbation. This effect will be discussed in
a forthcoming publication [12]. We have included this
extension of the camb code into the cosmomc pack-
age, which provides an efficient sampling of the pos-
terior likelihoods using a Markov Chain Monte Carlo
(MCMC) algorithm 2 [13].

1http://camb.info
2http://cosmologist.info/cosmomc/
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Figure 1: The 68.3 and 95.4 per cent confidence limits in
the (Ωm, w0) plane for the various pairs of data sets and
for all three data sets combined. A constant dark energy
equation of state parameter is assumed.

We use three CMB data sets: WMAP [2–4] (in-
cluding the temperature-polarization cross-correlation
data), the Cosmic Background Imager (CBI) [14] and
the Arcminute Cosmology Bolometer Array Receiver
(ACBAR) [15]. The latter data sets provide impor-
tant information on smaller scales (` > 800).

For the SNIa analysis, we use the gold sample of
[6], marginalizing analytically over the absolute mag-
nitude M as a “nuisance parameter”. We fit the
extinction-corrected distance moduli, µ0 = m − M =
5 log dL +25, where m is the apparent magnitude and
dL is the luminosity distance in units of Mpc defined
as

dL =
c(1 + z)

H0

√
Ωk

sinh

(

√

Ωk

∫ z

0

dz
√

E(z)

)

, (7)

where Ωk = 1 − Ωm − Ωde.
For the X-ray gas mass fraction analysis, we use the

data and method of [7], fitting the apparent redshift
evolution of the cluster gas fraction with the model

fSCDM
gas (z) =

b Ωb
(

1 + 0.19
√

h
)

Ωm

[

dSCDM
A (z)

dde
A (z)

]1.5

, (8)

where dde
A (z) and dSCDM

A (z) are the angular diameter
distances (dA = dL/(1+z)2) to the clusters for a given
dark energy (de) model and the reference standard
cold dark matter cosmology, respectively. Ωb is the
mean baryonic matter density of the Universe in units
of the critical density, H0 = 100 h kmsec−1 Mpc−1

and b is a bias factor that accounts for the (rela-
tively small amount of) baryonic material expelled
from galaxy clusters as they form. Following [7], we
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Figure 2: The 68.3 and 95.4 per cent confidence limits in the (Ωm;w0,wet) plane for all three data sets combined using
various fixed values for the transition redshift. The solid lines show the results on (Ωm,w0). The dashed lines show the
results on (Ωm,wet). The left panel is for zt = 1 (at = 0.5), the center panel zt = 0.11 (at = 0.9) and the right panel
zt = 0.35 (at = 0.74). The uncertainty in wet is much larger than for w0 in the left panel, which reflects the paucity of
data at high redshifts. The zt = 0.35 transition splits the cluster and SNIa data into similarly sized low and high
redshift subsamples. The horizontal dotted line denotes the cosmological constant model (w0 = wet = −1).

adopt a Gaussian prior on b = 0.824± 0.089, which is
appropriate for clusters of the masses studied here.

Except where stated otherwise, our analysis as-
sumes that the Universe is flat (Ωk = 0). For the
analysis of the cluster data without the CMB data, we
use Gaussian priors on Ωbh2 = 0.0214 ± 0.0020 from
Big Bang Nucleosynthesis (BBN) constraints [17] and
h = 0.72±0.08 from observations made with the Hub-
ble Space Telescope (HST) [18].

4. Dark Energy constraints

Figure 1 shows the constraints on w0 and Ωm for
constant dark energy equation of state. We see that
the combination of the three data sets leads to tight
constraints on w0 and Ωm, which are in good agree-
ment with the cosmological constant scenario (w0 =
−1). This figure also demonstrates the complemen-
tary nature of the constraints provided by the various
pairs of data sets, in particular SNIa+CMB and clus-
ters+CMB.

We have also examined the constraints obtained us-
ing two free parameters for the dark energy equation
of state, w0 and wet, and different fixed values of zt

(at). The left panel of Figure 2 shows the results
using a parameterization with a redshift transition
zt = 1, which coincides with the parameterization pro-
posed by [8] and [9]. The center panel shows the con-
straints using a late transition model with zt = 0.11
(at = 0.9). We see that the cosmological constant
(w0 = wet = −1) again lies within the allowed 68.3
per cent confidence (1σ) regions. Unsurprisingly, the
constraints on wet in the late transition case are bet-
ter than for the zt = 1 model, reflecting the presence
of more cluster and SNIa data beyond the transition

Figure 3: The 68.3 and 95.4 per cent confidence limits in
the (Ωm;w0,wet) plane for a dark energy model with
three free parameters. The solid lines show the results on
(Ωm,w0). The dashed lines show the results on (Ωm,wet).
The horizontal dotted line denotes the cosmological
constant model (w0 = wet = −1).

redshift. Naturally, this at the expense of a weaker
constraint on w0.

If we select a transition redshift close to the me-
dian redshift for the SNIa and cluster data sets, one
might expect to obtain comparable constraints on w0

and wet. In principle, this approach could provide
improved sensitivity when searching for evolution in
the equation of state parameter. (In detail, we ex-
pect the constraints on w0 to be slightly better than
those for wet using the median redshift model, since
the precision of the individual cluster and supernova
measurements are lower at high redshifts.) The right
panel of Figure 2 shows the results obtained fixing
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Table I The median parameter values of the marginalized probability distributions (and 68.3 per cent confidence
intervals) for various dark energy parameterizations, using all three data sets combined. Results are listed for both flat
and non-flat priors. The last column states the χ2 per degree of freedom for each parameterization.

equation of state w0 wet Ωm χ2/dof

constant (flat) −1.051+0.098

−0.119 - 0.295+0.031

−0.027 1652.5/1534

constant (non flat) −1.092+0.121

−0.147 - 0.314+0.040

−0.036 1651.3/1533

zt = 1 (flat) −1.097+0.229

−0.189 −0.866+0.613

−1.098 0.300+0.029

−0.028 1650.6/1533

zt = 1 (non flat) −1.078+0.305

−0.227 −1.229+0.863

−2.058 0.328+0.046

−0.040 1648.1/1532

split, zt = 0.35 (flat) −1.298+0.343

−0.281 −0.605+0.403

−0.620 0.300+0.028

−0.027 1649.0/1533

arbitrary zt (flat) −1.269+0.332

−0.394 −0.664+0.435

−0.616 0.299+0.029

−0.027 1648.9/1532

zt = 0.35 (at = 0.74), a redshift close to the median
redshift for both the cluster and SNIa data sets. In
this case the uncertainties on w0 and wet are indeed
similar and the combined size of the confidence re-
gions is reduced. However, the cosmological constant
remains an acceptable description of the data. The
marginalized results on w0, wet and Ωm are summa-
rized in Table I.

The most general dark energy model we have exam-
ined includes w0, wet and the transition scale factor,
at, as free parameters. Figure 3 shows the confidence
contours in the (Ωm;w0,wet) plane. The marginalized
results on w0, wet and Ωm are summarized in Table I.
Again, the results obtained with our most general dark
energy model are consistent with a cosmological con-
stant. Note that the CMB data provide an upper limit
of wet

<∼ 0 at high redshifts; for wet > 0, the dark
energy component would become significant at early
times, causing modifications to the predicted CMB
anisotropy spectrum.

4.1. The relevance of including dark
energy perturbations

As mentioned above, our analysis accounts for the
effects of spatial fluctuations in the dark energy com-
ponent. Most previous studies have not accounted for
these perturbations, despite the fact that this leads to
violation of energy–momentum conservation whenever
dark energy is not a cosmological constant [19, 20]. It
is important to ask whether the inclusion of these per-
turbations has a significant effect on the results; it has
been argued by some authors that dark energy pertur-
bations can be neglected if the equation of state re-
mains around the cosmological constant value. How-
ever, we find that for an evolving equation of state,
neglecting the effects of such perturbations can lead
to spuriously tight constraints on the dark energy pa-
rameters.

For a constant equation of state, [11] showed that
the inclusion of dark energy perturbations leads to an
opening up of the (Ωm,w0) contours, allowing more
negative values of w0. Repeating their analysis using

Figure 4: The 68.3 and 95.4 per cent confidence limits in
the (w0,wet) plane obtained from analyses which account
for (blue, solid contours; as in Fig 3) or incorrectly
neglect (red, dashed contours) the effects of dark energy
perturbations. The model used incorporates a free
transition redshift for the dark energy equation of state
and is fitted to all three data sets: clusters+SNIa+CMB.

our three data sets (clusters+SNIa+CMB) we mea-
sure a reduced effect, due to the complementary na-
ture of our data sets. Neglecting the effects of dark
energy perturbations leads to only a small shift in
the marginalized probability distribution for w0 and
slightly tighter constraints (w0 = −0.988+0.095

−0.106; see
Table I for the results obtained including perturba-
tions).

For our most general, evolving dark energy model,
however, the effects of perturbations in the dark en-
ergy component are more important and neglecting
them can lead to spuriously tight constraints. Figure 4
compares the results in the (w0,wet) plane obtained
when including dark energy perturbations (solid con-
tours) or neglecting them (dashed contours). When
the effects of dark energy perturbations are wrongly
ignored, we obtain spuriously tight constraints on
w0 = −1.250+0.250

−0.335 and especially wet = −0.671+0.213
−0.298;
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Figure 5: (Top panels) The 68.3 and 95.4 % confidence limits in the (ns, Ωbh2) plane either using SNIa+CMB data
(left panel) or clusters+CMB data (right panel). The combination of clusters+CMB data alleviates the degeneracies
between these parameters. (Bottom panels) The (Ωm, w0) plane using all three data sets, assuming either a flat prior
(solid contours) or not (dashed contours). The left panel shows the (Ωm,Ωde) plane from the analysis of the combined
cluster+SNIa+CMB data set, with Ωk included as a free parameter. The solid contours show the constraints for
constant w. The dashed contours show the results for the zt = 1 dark energy model.

the apparent uncertainties in the latter are reduced
by a factor of ∼ 2 from the values in Table I. Fig-
ure 4 also shows that when we incorrectly neglect the
effects of dark energy perturbations, the sharp bound-
ary provided by the CMB data set around wet ∼ 0 is
not reached.

4.2. Breaking degeneracies with data
instead of priors

One of the main parameter degeneracies highlighted
in previous studies [21] is between the scalar spectral
index ns, the physical baryon density Ωbh2 and the
optical depth to reionization, τ ; this degeneracy im-
pinges on the measured dark energy parameters. As
noted by [21], the integrated Sachs-Wolfe effect in the

case of an evolving dark energy equation of state in-
creases the importance of this degeneracy with respect
to constant w models. The top left panel of Fig 5
shows this degeneracy for the case of the SNIa+CMB
data, using the zt = 0.35 dark energy model. The
top right panel shows how the degeneracy is lessened
when the clusters+CMB data are used.

The combination of clusters+CMB data even al-
lows us to relax the assumption that the Universe is
flat, although we note that the computation of MCMC
chains in the non-flat case is time consuming when one
wishes to ensure convergence. (For this reason, we
have only carried out a limited exploration of non-flat
models here.) In order to avoid unphysical regions
of the parameter space when using non-flat models,
we have also included a prior on the optical depth to
reionization, τ < 0.3, in a similar manner to WMAP
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team [5] and [21]. The bottom left panel of Figure 5
shows the 68.3 and 95.4 per cent confidence limits in
the (Ωm,w0) plane obtained assuming a constant dark
energy equation of state, with the curvature included
as a free parameter. Comparison with Figure 1 shows
that the uncertainties in the parameters are increased
when the assumption of flatness is dropped. However,
we still have clear evidence that w0 < −1/3 and there-
fore that the Universe is accelerating at late times.
We obtain tight constraints on Ωk = −0.017+0.020

−0.021,

Ωm = 0.314+0.040
−0.036 and Ωde = 0.703+0.026

−0.030. The bot-
tom right panel of Figure 5 shows the results in the
(Ωm,Ωde) plane for constant w (solid contours) and
for the zt = 1 dark energy model (dashed contours).

5. Conclusions

The combined analysis of X–ray cluster, SNIa and
CMB data is a powerful tool to constrain dark en-
ergy (see Table I). Employing a series of dark energy
models with up to three free parameters (w0, wet and
zt) we find no significant evidence for evolution in the
equation of state. A cosmological constant is a good
description of the current data.

Rather than using strong priors, our approach has
been to use a combination of data sets that are com-
plementary in nature and which allow certain key pa-
rameter degeneracies to be alleviated (see Figure 5).

For models other than a cosmological constant,
we have included the effects of perturbations in the
dark energy component to avoid violating energy–
momentum conservation. We have shown that ne-
glecting perturbations can lead to spuriously tight
constraints on dark energy models, especially for the
wet parameter (by up to a factor two for our most
general model).

Further Chandra observations of X-ray luminous,
high-redshift, dynamically relaxed clusters should lead
to rapid improvements in the constraints from the X-
ray method. Continual progress in SNIa studies is
expected over the next few years and the forthcom-
ing, second release of WMAP data should, at the very
least, provide an important, overall tightening of the
constraints.

In the long term, the combination of complemen-
tary constraints from missions such as Constellation-
X, SNAP and Planck, combining high precision with
a tight control of systematic uncertainties, offers our
best prospect for understanding the nature of dark
energy.
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