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The search for gravitational radiation remains one of the most challenging problems faced by experimental physicists at this 
present time.  One of the most significant limits to the sensitivity of current and planned long-baseline gravitational wave 
detectors is thermal displacement noise in their test masses and suspensions.  Future detectors with higher sensitivities will 
require optics with both reduced thermal noise and the capability of handling increased levels of laser power.  The thermo-
mechanical properties of silicon both at room and low temperatures make it of significant interest as a possible material for 
mirror substrates and suspension elements.  The mechanical dissipation in a 91µm thick <110> single-crystal silicon cantilever 
has been observed over the temperature range 85 K to 300 K, with dissipations approaching levels down to φ = 4.4×10-7. 

 

1. INTRODUCTION 
Long baseline gravitational wave detectors operate 

using laser interferometry to sense the differential strain, 
caused by the passage of gravitational waves, between 
mirrors suspended as pendulums.  These detectors 
operate at frequencies between those of the pendulum 
modes (typically few Hz) and the lowest internal 
resonances of the mirrors (few 10’s of kHz). The 
displacement sensitivity of current and planned detectors 
will be limited by off-resonance thermal noise in the 
mirrors and suspensions driven by thermal fluctuations.  
Thus low mechanical loss materials, such as silica, 
sapphire and silicon are currently used or proposed for 
detectors at the forefront of this research. 

Improved sensitivity at low frequencies (few Hz to 
few 100 Hz) will require further reduction in the level of 
thermal noise from the test masses and their suspensions.  
A possible route for achieving this is through cooling.  
Fused silica, the most commonly used test mass material, 
exhibits a broad dissipation peak at around 40 K [1] and 
therefore is not a promising candidate for cooling.  
Sapphire and silicon however are good candidates.  
Work is currently being carried out in Japan on 
developing cooled sapphire test masses and suspension 
fibers for use in a transmissive Fabry-Perot based 
interferometer [2,3], and in Europe and the US research 
on the use of silicon at low temperatures is underway 
[4,5]. 

At higher frequencies (greater than a few 100 Hz) the 
performance of current interferometers is not limited by 
thermal noise from the optics but by photo-electron shot 
noise, whose significance can be reduced by circulating 
higher optical powers in the interferometer.  However, 
power absorbed by the test masses and mirror coatings 
can cause excessive thermally induced deformations of 
the optics, causing the interferometer to become 
unstable.  The extent of this deformation is proportional 
to α/κ [6], where α is the linear coefficient of thermal 
expansion and κ the thermal conductivity of the test 
mass material. Changing from a transmissive to 
reflective topology eliminates thermal loading from 
substrate absorption, provided coatings of suitably low 

transmission are available.  Used in such a topology, the 
high thermal conductivity of a silicon mirror substrate 
would allow circulating powers approximately seven 
times higher than could be supported by sapphire for the 
same induced surface deformation [4] making silicon of 
significant interest as a test mass substrate from a 
thermal loading standpoint. 

At room temperature the thermal noise resulting from 
thermo-elastic effects in interferometers using crystalline 
optics has been predicted to be a significant noise source 
in the frequency band of gravitational wave detection 
[7].  The level of intrinsic [8] and expected thermo-
elastic dissipation in silicon is broadly comparable to 
sapphire at room temperature. However on cooling the 
linear thermal expansion coefficient of silicon becomes 
zero at two temperatures, ~125 K and ~18 K, and thus 
around these two temperatures thermoelastic dissipation 
could be expected to be negligible.  It is thus of interest 
to study the temperature dependence of mechanical 
dissipation in silicon samples for potential use as 
suspension elements and mirror blanks. This paper is 
restricted to studies of thin silicon flexures. 

Studies of dissipation in silicon samples of a variety of 
geometries and types have been carried out by other 
authors.  In particular, dissipation in silicon flexures has 
been studied in samples of the type used in Atomic Force 
Microscopes [9,10]. However these cantilevers have 
dimensions considerably smaller than would be suitable 
for use in the test mass suspensions of gravitational wave 
interferometers and thus are in a regime where measured 
dissipation may be dominated by different sources of 
dissipation than the dimensions that have been studied 
here [11]. 

2. EXPERIMENTAL PROCEDURE 
The single-crystal cantilever tested was fabricated 

from a silicon wafer by a hydroxide chemical etch.  The 
anisotropic nature of such etching allows the reduction of 
thickness whilst a masked, thick end can remain as a 
clamping block to attenuate any ‘slip-stick’ losses as the 
cantilever flexes [12].  The geometry of the cantilever 
obtained is shown in figure 1.  The silicon was boron 
doped with a resistivity of 10-20 Ωcm. 
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Figure 1: Schematic diagram of silicon cantilever tested 

 
The thick end of the cantilever was held in a stainless 

steel clamp and placed within a cryostat, shown in 
figure 2, evacuated to approximately 3 × 10-6 mb. The 
resonant modes of the cantilever were excited in turn 
using an electrostatic drive plate.  Laser light reflected 
from the silicon surface and directed onto a photodiode 
external to the cryostat allowed the angular motion of the 
end of the cantilever to be detected.  The length of the 
lever arm due to the optical pipe leading to the inner 
experimental chamber of the cryostat made the readout 
system very sensitive to the cantilever motion.  As a 
consequence, loss measurements on the first bending 
mode were not possible since the readout system 
saturated before the mode was excited to a level 
significantly above the background excitation due to 
ground vibrations.  However it was possible to measure 
the frequency of this resonance, and this is used later in 
section 3.1. 
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Figure 2: Schematic diagram of cryostat 
 

The mechanical quality factor Q of a resonance of 
angular frequency ω0 can be calculated from 

measurements of the amplitude A of freely decaying 
resonant motion. It can be shown that the time 
dependence of the amplitude decay is given by  

)2(
0

0 QteAA ω−= , (1) 
where A0 is the initial amplitude of the motion.  The 
mechanical loss φ(ω0) is the inverse of the quality factor 
[13,14].  The mechanical losses of the several modes of 
the cantilever were measured at temperatures from 85 K 
to 300 K.  Presented here are loss measurements for the 
third (f ~ 670 Hz) and fifth (f ~ 2185 Hz) bending 
modes. 

2.1. Temperature dependence of mode 
frequencies 

At a given frequency the expected thermoelastic 
dissipation depends on the sample thickness. In thin 
samples it is convenient to have a non-contact method of 
estimating sample thickness to avoid sample damage or 
contamination. Here, sample thickness was estimated 
from measurements of the change in the resonant 
frequencies of the sample as a function of temperature. 

The frequency of each bending mode changes as the 
silicon is cooled due to the temperature dependence of 
Young’s modulus, E(T).  E(T) can be calculated using 
the semi-empirical formula [15], 

⎟
⎠
⎞

⎜
⎝
⎛−−=

T
T

BTETE 0
0 exp)( , (3) 

where E0 is the Young’s Modulus at 0 K, B is the bulk 
modulus, T is the temperature in Kelvin and T0 is related 
to the Debye Temperature. 

The angular resonant frequency ω of the third bending 
mode of a homogeneous beam of thickness t and length 
L is given by [16], 

ρω 122
2)853.7( E

L
t

= , (4) 

where ρ is the material density.   
Using values of E0 = 1.69 GPa along the <110> axis 

and T0 = 317 K from Gysin et al. [17], equations (3) and 
(4) were used to find a best-fit curve to the observed 
temperature dependence of the frequency and thus a 
value for 2/ Lt  obtained.  It was possible to measure the 
cantilever length to be 57.0 mm to an accuracy of 
± 0.5 mm without contacting the cantilever surface. 

For the third mode the best agreement between 
predicted and experimental frequencies gave a cantilever 
thickness of (92 +/- 2) µm thick. The temperature 
dependence of the calculated and measured frequencies 
for this mode are shown in figure 3.  Applying the same 
model to the first and fifth resonant modes 
(approximately 39 Hz and 2185 Hz) gave very similar 
values for the cantilever thickness. The average thickness 
and associated error was calculated to be  (91 ± 2) µm.   
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Figure 3. Temperature dependence of the frequency of 
the third resonant mode of the cantilever at 
approximately 670 Hz. Measured data (o) and modeled 
(-). 

3. LOSS AS A FUNCTION OF 
TEMPERATURE 

The measured loss, φmeasured(ω), is the sum of 
dissipation arising from a number of sources, 

(4)    ),()( )(                            

)()()()(

ωφωφωφ

ωφωφωφωφ

othergasclamp

surfacebulkticthermoelasmeasured

+++

++=

where φthermoelastic(ω) is loss resulting from thermoelastic 
damping, φbulk(ω) is the bulk (or volume) loss of the 
material, φsurface(ω) is the loss associated with the surface 
layer, φclamp(ω) is the loss associated with the clamping 
structure, φgas(ω) is the loss due to damping from 
residual gas molecules and φother(ω) is loss from any 
other possible dissipation process.  In order to estimate 
the level of thermal noise expected from using silicon in 
gravitational wave detectors test masses and suspensions, 
φthermoelastic(ω), φbulk(ω)  and φsurface(ω)  must be quantified.  
Therefore in our experiment all the other sources of loss 
must be minimised. 

3.1. Thermoelastic loss 
Thermoelastic loss is associated with the flexing of a 

thin suspension element where the cyclical stretching 
and compression of alternate sides of a flexing sample 
results in heat flow between the compressed and 
expanded regions. [18].  The flow of heat is a source of 
loss. In the simple case of a bending bar of rectangular 
cross section, the thermoelastic loss can be expressed as, 

221
)(

τω
ωτωφ

+
∆=ticthermoelas , (5) 

where 
C

TE
ρ
α 2

=∆    (6)  

and 
κ

ρ
π

τ
21 Ct

=   (7) 

with τ the characteristic time for heat transfer across the 
bar, C is the specific heat capacity of the material and 
other parameters are as defined earlier. 

Equations (5)  to  (7) may be used to calculate the 
temperature dependent thermoelastic loss for our sample  
using the relevant material parameters.  Table 1 shows 
the room temperature parameters used.  The temperature 
dependent parameters were taken from ‘Thermophysical 
Properties of Matter’ (Touloukian) [19].  Data for the 
coefficient of thermal expansion comes from the 
recommended curve, Vol. 13 p.155, and the specific heat 
from curve 2, Vol. 5 p.204.  The thermal conductivity 
data is taken from the curves presented in Vol. 2 p.326. 
Here minimum, median and maximum values are taken 
to represent the spread of data for single-crystal silicon at 
each temperature.   

Table 1: Room temperature parameters for silicon [19] 
 

Parameter Magnitude 
Young’s modulus (E) 1.68 Gpa 
Linear thermal coefficient 
of expansion (α) 

2.54×10-6 K-1 

Density (ρ) 2330 kg m-3 

Specific heat capacity (C) 711 J kg-1 K-1 
Thermal conductivity (κ) min:  130 

median:  145 W m-1 K-1 
max:  160 

 
The uncertainty in the calculated magnitude of the 

thermoelastic loss comes predominantly from this 
variation in thermal conductivity (κ) between silicon 
samples. 

3.2. Results 
The measured mechanical losses of the fifth and third 

bending modes of the silicon cantilever are shown in 
figures 4 and 5.  Also shown are the predicted levels of 
thermoelastic dissipation for these modes. 
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Figure 4: Temperature dependence of (a) measured loss, 
and (b) calculated thermoelastic loss, for the fifth 
bending mode at 2185 Hz. 

 

        
22nd Texas Symposium on Relativistic Astrophysics at Stanford University, Dec. 13-17, 2004

3

1222 3



 

  

Each data point in figures 4 and 5 represents the 
average of three consecutive loss measurements.  To 
investigate the reproducibility of the measurements, the 
sample was repeatedly cooled to an initial temperature of 
~85 K and loss measurements made as temperature was 
increased. 
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Figure 5: Temperature dependence of (a) measured loss, 
and (b) calculated thermoelastic loss for the third 
bending mode at 670 Hz. 
 

The data shows a number of interesting features.  First 
consider the measured mechanical loss of the fifth 
bending mode as shown in figure 4.  Measurements of 
the mechanical loss at temperatures between 85 K and 
150 K when made on different days could differ by up to 
a factor of ~ 2.4. 

Also, during two measurement runs a broad 
dissipation peak was observed at around 200 K.  
However this is unlikely to result from an intrinsic loss 
mechanism in the sample since the peak is not observed 
in the results from 1st February.  We believe that these 
effects may be due to energy coupling into the clamping 
structure.  This evidence of a coupling that is dependent 
on the temperature distribution inside the system, which 
may differ from run to run, clearly requires further study. 

In contrast, the temperature dependence of the loss 
factors of the third mode, shown in figure 5, showed no 
sign of any dissipation peaks and appeared to have a 
smaller variation between experimental runs. It can be 
seen that the dominant loss mechanism at temperatures 
above approximately 160 K is consistent with 
thermoelastic effects. Possible candidates for the 
additional sources of loss observed at lower temperatures 
are discussed in the following section. 

4. DISCUSSION 
4.1.1. Surface Loss 

Mechanical loss measurements carried out on silicon 
samples of sub-micron thickness [17, 20] suggest that the 
measured loss is dominated by surface losses.  These 
may be due to a combination of the following: 

1. a thin layer of oxidized silicon on the surface 
[20], 

2. shallow damage to the crystal structure (atomic 
lattice) from surface treatment, 

3. contaminants absorbed on or into the surface 
from the surroundings or from polishing, 

4. general (or local) surface roughness [22]. 
 
 Yasumura et al. measured the loss factors of single-

crystal cantilevers with thickness in the range 0.06 to 
0.24 µm and found they could be represented by [11], 

S

S

surface E
E

t
φδφ

1

16
= , (8) 

where φsurface is the limit to the measurable loss of a 
cantilever of thickness t and Young’s modulus E1 set by 
the presence of a surface layer of thickness δ, Young’s 
modulus E1

S, and loss φs.  If for simplicity we assume 
E1≈E1

S, then equation (8) may be used to estimate the 
limit to measurable dissipation for our sample, set by 
surface loss, by scaling with thickness the results of 
Yasumura et al. 

The magnitude of this scaled loss, φsurface(ω), summed 
with the upper limit to thermoelastic loss, φthermoelastic(ω), 
for the third bending mode is shown in figure 6.  Since 
there appears reasonable reproducibility between loss 
measurements for this mode taken on different days, the 
average measured loss at each temperature was calculate.  
These values along with their associated standard error 
are plotted in figure 6.  It can be seen that below 160 K 
the sum of the estimated surface and thermoelastic loss is 
lower than the experimental loss by up to a factor of six, 
thus other loss mechanisms are of a significant level. 
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Figure 6. Plot of (a) the average measured loss of the 
third bending mode compared with (b) the sum of 
estimated surface loss and calculated thermoelastic loss. 
 
4.1.2. Gas Damping 

Suitable vacuum pressures must be reached in order to 
avoid the measured loss being limited by the result of 
damping from residual gas molecules in the system.  At 
room temperature the recorded range of gas pressures 
was 2 × 10-6 to 4 × 10-6 mb. However, an accurate 
measure of the gas pressure within the experimental 
chamber was not possible as the sensor was some 
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distance from the experimental chamber.  A residual gas 
analyser sensitive to molecular weights up to 200 
indicated that residual molecules were mainly nitrogen 
(N2) and water (H2O).   

The level of loss due to gas damping of an oscillator 
can be expressed as [13], 

MRT
RT
M

m
AP

gas ∝≈
ω

ωφ )( , (9) 

where A is the surface area, P is the pressure, m is the 
mass of the oscillator, ω  is the angular frequency of the 
resonant mode, M is the mass of one mole of the gas, R 
is the gas constant and T the temperature.  For gas 
damping to the dominant loss mechanism at room 
temperature the gas pressure in the experimental 
chamber would be approximately 2.6 × 10-2 mb, 
assuming the gas to be N2, which is much higher than 
could be reasonably expected. 

The residual gas pressure is expected to decrease with 
temperature.  In figures 4 and 5, below 160 K the level of 
dissipation for both modes at temperatures at best 
approaches levels around 10-6.  The lack of a clear 1/ω0 
dependence here is also consistent with gas damping not 
being significant.  

 
4.1.3. Bulk Loss 

Measurements by us and by other authors have shown 
that the intrinsic bulk dissipation of single-crystal silicon 
cylinders at room temperature can be as low as 2 × 10-8 
to 7 × 10-9 [23, 24, 25] and in general is found to 
decrease as temperature decreases. This suggests that the 
bulk loss of silicon is significantly lower than the 
measured losses of the cantilever studied here. 

However the measurements of [24] revealed 
dissipation peaks near the temperatures where the 
coefficient of thermal expansion goes to zero.  Other 
experimenters have also observed dissipation peaks at 
these, and other temperatures, see for example [11]. 

  There are a variety of explanations postulated in the 
literature for the existence of each of the peaks observed 
however there appears no reason that the peaks should be 
related to the zeros in the coefficient of expansion.   
Therefore it is of interest to investigate whether such 
peaks in the loss are observed in the sample being 
studied here.  Over the temperature range from 115  to 
130 K there is a plateau in the loss in both the third and 
fifth bending modes as shown in figures 4 and 5.  There 
is no sign of a clear dissipation peak within the 
temperature range of these measurements. 
 
4.1.4. Clamping Loss 

For the case of a two-dimensional system radiating 
into a semi-infinite silicon substrate the structural loss 
can be estimated by the following expression [26], 

3

support ⎟
⎠
⎞

⎜
⎝
⎛=

L
tAφ , (10) 

Typical values for the constant A lie in the range 2 to 3 
[26, 27].  This would give a limiting loss factor of 
between 1.4 × 10-9and 2 × 10-9.  This is significantly 
below the measured losses for this particular cantilever. 
However ‘stick-slip’ losses may also exist associated 
with friction at the clamped end of oscillating sample.   

 
4.1.5. Other Losses 

As previously discussed, for both modes measured 
there is clear evidence of excess dissipation above that 
estimated for the sources detailed through sections 4.1.1 
to 4.1.4.  In particular an intermittent dissipation peak 
was seen in the measured loss of the fifth mode.  This 
peak may be due to energy loss into the clamping 
structure and the other sources are subject to further 
study. 

5. CONCLUSIONS AND FUTURE WORK 
Measurements of the mechanical dissipation of a 

single crystal silicon cantilever as a function of 
temperature in general show the dissipation decreasing 
as temperature decreases.  At room temperatures the 
measured dissipation is strongly dependent on the level 
of thermoelastic dissipation in the sample, however at 
lower temperatures other loss mechanisms become 
dominant.  Losses associated with the surface of the 
samples are expected to be significant, but at a level 
lower than the measured losses.  The level of surface loss 
will be investigated further by measuring the dissipation 
in samples of different thicknesses.  A possible source of 
loss requiring further investigation is that of frictional 
losses associated with the end of the sample moving 
inside the clamp.  To reduce this effect, samples with a 
greater ratio of thickness of clamp end to thickness of 
cantilever will be studied.  
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