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We investigate the thermal relic density of a cold dark matter in the brane world cosmology. Since the expansion
law in a high energy regime is modified from the one in the standard cosmology, if the dark matter decouples in
such a high energy regime its relic number density is affected by this modified expansion law. We derive analytic
formulas for the number density of the dark matter. It is found that the resultant relic density is characterized
by the “transition temperature” at which the modified expansion law in the brane world cosmology is connecting
with the standard one, and can be considerably enhanced compared to that in the standard cosmology, if the
transition temperature is low enough. As an application, the thermal relic density of the neutralino dark matter
in the brane world cosmology is studied. For the neutralino, if the five dimensional Planck mass M5 is lower than
104 TeV, the brane world cosmological effect is significant at the decoupling time and the resultant relic density
is enhanced. We calculate the neutralino relic density in the Constrained Minimal Supersymmetric Standard
Model (CMSSM) and show that the allowed region is dramatically modified from the one in the standard
cosmology and eventually disappears as M5 is decreasing. Thus, we find a new lower bound on M5

>
∼

600 TeV
based on the neutralino dark matter hypothesis, namely the lower bound in order for the allowed region of the
neutralino dark matter to exist.

1. INTRODUCTION

Recent cosmological observations, especially the
Wilkinson Microwave Anisotropy Probe (WMAP)
satellite [1], have established the ΛCDM cosmological
model with a great accuracy and the relic abundance
of the cold dark matter is estimated as (in 2 σ range)

ΩCDMh2 = 0.1126+0.0161
−0.0181. (1)

On the other hand, theoretically, if the dark matter is
the thermal relic, the present number density is esti-
mated as

Y |0 ≡ nCDM

s
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for models in which the thermal averaged product
of the annihilation cross section σ and the relative
velocity v, 〈σv〉, is approximately parametrized as
〈σv〉 = σnx−n with x = m/T , where g∗ is the ef-
fective total number of relativistic degrees of freedom,
xd = m/Td, Td is the decoupling temperature and m
is the mass of the dark matter particle and G is the
Newton’s gravitational constant [2].

Note that the thermal relic density of the dark mat-
ter depends on the underlying cosmological model as
well as its annihilation cross section. A brane world

cosmological model which has been intensively inves-
tigated [3] is a well-known example as such a non-
standard cosmological model. The model is a cos-
mological version of the so-called “RS II” model first
proposed by Randall and Sundrum [4], where our 4-
dimensional universe is realized on the “3-brane” lo-
cated at the ultra-violet boundary of a five dimen-
sional Anti de-Sitter spacetime. In this setup, the
Friedmann equation for a spatially flat spacetime is
found to be

H2 =
8πG

3
ρ

(

1 +
ρ

ρ0

)

, (4)

where

ρ0 = 96πGM6
5 , (5)

H is the Hubble parameter, ρ is the energy density
of matters, M5 is the five dimensional Planck mass,
and we have omitted the four dimensional cosmolog-
ical constant and the so-called dark radiation term.
The second term proportional to ρ2 is a new ingre-
dient in the brane world cosmology and lead to a
non-standard expansion law. Since at a high energy
regime this term dominates and the universe obeys a
non-standard expansion law, some results previously
obtained in the standard cosmology can be altered.
In fact, some interesting consequences in the brane
world cosmology have been recently pointed out. For
example, the novel possible solution to the “gravitino
problem” by the modified expansion law is pointed
out [5].

Here, we investigate the brane cosmological effect
for the relic density of the dark matter due to the non-
standard expansion law. If the new term in Eq. (4)
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dominates over the term in the standard cosmology
at the freeze out time of the dark matter, it can cause
a considerable modification for the relic abundance of
the dark matter [6].

After deriving an analytic formula for the relic den-
sity of the dark matter [6], we apply this result to
a concrete candidate, neutralino. The lightest super-
symmetric particle (LSP) is suitable for a cold dark
matter, because they are stable owing to the conser-
vation of R-parity. In the minimal supersymmetric
standard model (MSSM), the lightest neutralino is
typically the LSP and the promising candidate for the
cold dark matter. In the light of the WMAP data, the
parameter space in the Constrained MSSM (CMSSM)
which allows the neutralino relic density suitable for
the cold dark matter has been recently re-analyzed [7].
It has been shown that the resultant allowed region is
dramatically reduced due to the great accuracy of the
WMAP data. By taking account of the modified ex-
pansion law in brane world cosmology, we estimate
numerically the neutralino relic density in the brane
world cosmology and show that the allowed region for
the neutralino dark matter in the CMSSM is dramat-
ically modified in the brane world cosmology [8].

2. DARK MATTER RELIC DENSITY IN
BRANE WORLD COSMOLOGY

In this section, we derive the general analytic for-
mula for the relic density of the dark matter in the
brane world cosmology with a low five dimensional
Planck mass [6].

In the context of the brane world cosmology, the
thermal relic density of a dark matter particle is eval-
uated by solving the Boltzmann equation

dn

dt
+ 3Hn = −〈σv〉(n2 − n2

EQ), (6)

with the modified Friedmann equation Eq. (4), where
n is the actual number density of the dark matter
particle, nEQ is the equilibrium number density. It is
useful to rewrite Eq. (6) into the form,

dY

dx
= λ

x−2

√
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(
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EQ), (7)

where xt is defined as

x4
t ≡ ρ
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. (8)

At the era x � xt the ρ2 term dominates in Eq. (4),
while the ρ2 term becomes negligible after x � xt and
the expansion law in the standard cosmology is real-
ized. Hereafter we call the temperature defined as
Tt = mx−1

t (or xt itself) “transition temperature” at

which the expansion law of the early universe changes
from the non-standard one to the standard one. Since
we are interested in the effect of the ρ2 term for the
dark matter relic density, we consider the case that
the decoupling temperature of the dark matter Td

is higher than the transition temperature Tt, namely
xt > xd = m/Td.

At the early time, the dark matter particles are in
the thermal equilibrium and Y = YEQ + ∆ tracks
YEQ closely. After the temperature decreases, the de-
coupling occurs at xd roughly evaluated as ∆(xd) '
Y (xd) ' YEQ(xd). The solutions of the Boltzmann
equation during the xt > x > xd epoch are given as

1

∆(x)
− 1

∆(xd)
=

λσ0

x2
t

(x − xd) for n = 0,

λσ1

x2
t

ln

(

x

xd

)

for n = 1. (9)

Note that ∆(x)−1 is continuously growing without
saturation for n ≤ 1. This is a very characteris-
tic behavior of the brane world cosmology, comparing
the case in the standard cosmology where ∆(x) satu-
rates after decoupling and the resultant relic density is
roughly given by Y (∞) ' Y (xd). For a large x � xd

in Eq. (9), ∆(xd) and xd can be neglected. When x
becomes large further and reaches xt, the expansion
law changes into the standard one, and then Y obeys
the Boltzmann equation with the standard expansion
law for x ≥ xt. Since the transition temperature is
smaller than the decoupling temperature in the stan-
dard cosmology (which case we are interested in), the
number density freezes out as soon as the expansion
law changes into the standard one and can be roughly
evaluated as Y (∞) ∼ ∆(xt) in Eq. (9).

By adopting the approximate parametrization for
〈σv〉, we can obtain simple analytic formulas for the
relic number density of the dark matter as

Y (x → ∞) ' 0.54
xt

λσ0
for n = 0,

x2
t

λσ1 ln xt
for n = 1, (10)

in the limit xd � xt, where xd is the decoupling tem-
perature. Note that the results are characterized by
the transition temperature rather than the decoupling
temperature. It is interesting to compare these results
to that in the standard cosmology. Using the well-
known approximate formulas in the standard cosmol-
ogy, Eq. (2), we obtain the ratio of the relic energy
density of the dark matter in the brane world cosmol-
ogy (Ω(b)) to the one in the standard cosmology (Ω(s))
such that

Ω(b)

Ω(s)
' 0.54

(

xt

xd(s)

)

for n = 0,

1

2 ln xt

(

xt

xd(s)
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for n = 1, (11)
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Figure 1: Contours of the neutralino relic density Ωχh2 in the (m1/2, m0) plane for M5 = ∞ (upper left window), 4000
TeV (upper right window), and 2000 TeV (lower window) in the case of tan β = 50, A = 0 and µ > 0. The dotted,
dashed, solid and short-dash–long-dash lines correspond to Ωχh2 = 1.0, 0.3, 0.1 and 0.05, respectively. The shaded
regions (in red) are allowed by the WMAP constraint. The region outside the bold line, including the two axes, are
excluded by experimental constraints or the condition for successful electroweak symmetry breaking.

where xd(s) denotes the decoupling temperature in the
standard cosmology.

Thus, the consequence for the dark matter in brane
world cosmology is that the relic energy density can
be enhanced from the one in the standard cosmology
if the transition temperature is low enough.

If the above discussion is applied to detailed analysis
of the relic abundance of the neutralino dark matter,
we can expect a dramatic modification of the allowed
region in the CMSSM. In the next section, we present
the results.

3. THE APPLICATION TO THE
NEUTRALINO DARK MATTER

In this section, we study the enhancement effect
on the parameter space in a neutralino dark matter
model [8]. We calculate the relic density of the neu-
tralino, Ωχh2, in the CMSSM with the modified Fried-
mann equation Eq. (4). For this purpose, we have
modified the code DarkSUSY [9] so that the modi-
fied Friedmann equation is implemented.

The mass spectra in the CMSSM are determined by
the following input parameters

m0, m1/2, A, tan β, sgn(µ), (12)
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Figure 2: Ωχh2
vs. M5 for tan β = 50, m0 = 280 GeV, m1/2 = 360 GeV (left window) and tan β = 30, m0 = 2 TeV,

m1/2 = 490 GeV (right window) with A = 0 and µ > 0. The range of Ωχh2 between the two dash–dotted lines satisfies
the WMAP constraint.

where m0 is the universal scalar mass, m1/2 is the
universal gaugino mass, A is the universal coefficient
of scalar trilinear couplings, tan β is the ratio of the
vacuum expectation values of the two neutral Higgs
fields, and sgn(µ) is the sign of the higgsino mass pa-
rameter µ. With these input parameters, renormal-
ization group equations for the CMSSM parameters
are solved using the code Isasugra [10] to obtain the
mass spectra at the weak scale. In the present analy-
sis, we take A = 0 and µ > 0.

In Fig. 1, we show the allowed region in the
(m1/2, m0) plane consistent with the WMAP 2σ al-

lowed range 0.094 < Ωχh2 < 0.129 for tan β = 50,
A = 0 and µ > 0. The shaded regions (in red) are
allowed by the WMAP constraint. These figures con-
tains the contour plots of Ωχh2. The dotted, dashed,
solid and short-dash–long-dashed lines correspond to
Ωχh2 = 1.0, 0.3, 0.1 and 0.05, respectively. The region
among the bold line and the two coordinate axes is ex-
cluded by various experimental constraints (the light-
est Higgs mass bound, b → sγ constraint, the lightest
chargino mass bound etc.) [7, 11] or the condition for
the successful electroweak symmetry breaking. The
upper left window corresponds to the usual result in
the standard cosmology (M5 = ∞). The upper right
window and the lower window are the corresponding
results for M5 = 4000 TeV and 2000 TeV, respectively.
These figures clearly indicate that, as M5 decreases,
the allowed regions shrink significantly. The allowed
region eventually disappears as M5 decreases further.

Next, we present sensitivity of the relic density to
M5 in Fig. 2, fixing m0 and m1/2 as well as tan β, A
and sgn(µ). The left window, where we take tan β =
50, m0 = 280 GeV and m1/2 = 360 GeV, corresponds

to the point giving the smallest value of Ωχh2 in the
small mass region (m0, m1/2 < 1 TeV) for tan β = 50.

The range of Ωχh2 between the two dash–dotted lines
satisfies the WMAP constraint. For large M5

>∼ 104

TeV, the (too small) relic density (Ωχh2 ≈ 0.02) in
the standard case is reproduced independently of M5.
This is because xt

<∼ xd(s) is obtained for a such large

M5. As M5 decreases, however, the relic density Ωχh2

starts to be enhanced significantly, and it amounts to
≈ 10 for M5 ≈ 100 TeV. It is found that, through the
enhancement, an allowed region comes out for M5 in
the range of 1000 TeV <∼ M5

<∼ 1500 TeV.
On the other hand, the right window, where we take

tan β = 30, m0 = 2 TeV and m1/2 = 490 GeV, rep-

resents the point giving the smallest value of Ωχh2

in the higgsino-like region for tan β = 30. The M5

dependence is quite similar to the case in the left win-
dow. However, since the relic density Ωχh2 ≈ 0.01 in
the standard case is smaller than that in the left win-
dow, the WMAP allowed region is shifted to smaller
M5 region as 600 TeV <∼ M5

<∼ 800 TeV.
We cannot find the WMAP allowed region for M5

<∼
600 TeV. Hence,

M5
>∼ 600 TeV, (13)

is the lower bound on M5 in the brane world cosmol-
ogy based on the neutralino dark matter hypothesis,
namely the lower bound in order for the allowed region
of the neutralino dark matter to exist.

4. SUMMARY

We have investigated the thermal relic density of
the cold dark matter in the brane world cosmology.
If the five dimensional Planck mass is small enough,
the ρ2 term in the modified Friedmann equation can
be effective when the dark matter is decoupling. We
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have derived the analytic formulas for the relic den-
sity and found that the resultant relic density can be
enhanced. The enhancement factor is characterized
by the transition temperature xt, at which the expan-
sion law changes from the non-standard law to the
standard one.

In addition, we have studied the neutralino relic
density in the CMSSM in the brane world cosmology.
If the five dimensional Planck mass is low enough,
M5

<∼ 104 TeV, the ρ2 term in the modified Friedmann
equation can be effective at the decoupling time. We
have presented our numerical results and shown that
the allowed region shrinks and eventually disappears
as M5 decreases. Through the numerical analysis, we
have found a lower bound on M5

>∼ 600 TeV in the
brane world cosmology based on the neutralino dark
matter within the CMSSM.
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