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It is important to know the range in which a planned experiment can exclude the presence of a signal at a given
confidence level 1−. We propose to use the probability of making a correct decision in future hypothesis testing
about observation of a signal in planned experiments as the confidence level in the determination of exclusion
limits.

1. INTRODUCTION

We propose to construct the exclusion region using
only one value: the estimator

It is important to know the range in which a
planned experiment can exclude the presence of a signal at a given confidence level 1 − . It means that we
plan to have an uncertainty not more than  in our
conclusion about observation or non-observation of a
signal. The estimation of this uncertainty in future
hypothesis testing allows the determination of exclusion limits.
Let us consider a statistical hypothesis
H0 : new physics is present in Nature
against an alternative hypothesis
H1 : new physics is absent in Nature.
The value of uncertainty is defined by the probability
to reject H0 when it is true (Type I error)
α = P (reject H0 |H0 is true)
and the probability to accept H0 when H1 is true
(Type II error)

κ̂ =

α̂ + β̂
2

(1)

of the uncertainty [3] κ = α + β, when testing H0
versus H1 with an equal-tailed test. It is the probability of making an incorrect choice in favor of one of
the hypotheses in future hypothesis testing. Here α̂
and β̂ are the estimators of possible Type I error (α)
and Type II error (β) obtained by direct calculations.
Then κ̂ is independent of which hypothesis is chosen
as H0 , and which is H1 . The estimator κ̂ differs from
the estimator κ̃ = κ̂/(1 − κ̂) which was used in [6].
For Poisson distributions, we propose to use an equal
probability test [7] as a good approximation to the
equal-tailed test for estimation of κ̂. Note that our
approach is close to that proposed in ref [5].
Ref [8] suggests a Monte Carlo method for taking
into account several types of systematics in construction of confidence limits. We consider here systematics which do not have statistical properties and hence
cannot be taken into account by traditional methods
for estimating their influence on exclusion limits.

β = P (accept H0 |H0 is f alse).
There are different approaches to the construction
of exclusion regions in planned experiments [1–5]. For
example, Hernandez et al. [1] propose the following
criteria for the definition of exclusion limits:
β < ∆ and

α
<,
1−β

i.e. the experiment will observe with probability at
least 1 − ∆ at most a number of events such that the
limit obtained at the 1 −  confidence level excludes
the corresponding signal.
In a recent note [4], the authors also propose to
construct the exclusion region using two values: the
magnitudes of significance level (α) and power of test
(1 − β) in hypothesis testing.

2. THE PROBABILITY OF MAKING A
CORRECT DECISION
Suppose that the probability of observing n events
in an experiment is described by the function f (n; µ)
with parameter µ, and that we know the expected
numbers of signal and background events (µs and µb
respectively).
Let us specify what we mean by the probability of
making a correct decision about the presence or absence of a new phenomenon in a planned experiment.
Let us define the criterion for the hypothesis choice
and calculate the probability of making a correct decision. This is possible, because we construct the critical region in such a way that the probability of an
incorrect choice in favor of one of the hypotheses is
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independent of whether H0 or H1 is true. We consider two conditional distributions of probabilities


f0 (n) = f (n; µs + µb ),
f1 (n) = f (n; µb )

(2)

We suppose that any prior suppositions about H0 and
H1 can be included in f0 (n) and f1 (n). After choosing
a critical region in some way, we can estimate the Type
I (α̂) and Type II errors (β̂). In the case of applying
the equal-tailed test, their combination Eq. 1 is the
probability of making incorrect choice in favour of one
of the hypotheses.
In actuality we must estimate the random value κ =
α+β = κ̂+e, where κ̂ is a constant and e is a stochastic
term. α is the fraction of incorrect decisions if H0 is
true. Then β is absent because H1 is not realised in
Nature. Correspondingly, β is the fraction of incorrect
decisions if H1 takes place; then α is absent. If H0
is true, the Type I error equals α̂ and the error of
α̂ + β̂
our estimator (Eq. 1) is ê = κ̂ − α̂ =
− α̂ =
2
α̂ − β̂
−
. Similarly, if H1 is true, the Type II error
2
equals β̂ and the error of the estimator is ê = κ̂ − β̂ =
α̂ + β̂
α̂ − β̂
− β̂ =
. Thus the stochastic term takes
2
2
α̂ − β̂
the values ±
. If we require α̂ = β̂, both errors
2
of the estimation are equal to 0 (κ̂ − α̂ = κ̂ − β̂ = 0).
As a result the estimator (Eq. 1) gives the probability
of making an incorrect decision in future hypothesis
testing.
Accordingly, 1 − κ̂ is the probability to make a correct choice with the given critical value. Note that the
equal probability test gives results close to the equaltailed test in the case of Poisson distributions and we
use an equal probability test henceforth.
Let the probability of observing n events in an experiment be described by a Poisson distribution with
parameter µ, i.e.

f (n; µ) =

µn −µ
e .
n!

(3)

Then the Type I and II errors can be written as:

nc
nc
X
X


 α̂ =
f0 (i),
f
(i;
µ
+
µ
)
=

s
b

i=0

i=0

nc
nc
X
X



β̂
=
1
−
f
(i;
µ
)
=
1
−
f1 (i),

b

i=0

largest integer i such that f0 (i) ≤ f1 (i)). This follows
directly from

κ̂ =

nc
X
α̂ + β̂
1
= (1 −
(f1 (i) − f0 (i))).
2
2
i=0

(5)

The value of κ̂ decreases as i increases from 0 up to
nc . As soon as f0 (i) > f1 (i), the value of κ̂ increases.
Thus κ̂ will have its minimal value when applying the
equal probability test [3], and
nc = [

µs
],
ln(µs + µb ) − ln(µb )

(6)

where square brackets mean the integer part of a number.

3. SIGNAL SIGNIFICANCE AND
EXCLUSION LIMITS
κ̂ plays the role of  in the definition of the confidence level and, correspondingly, of the significance S
of an excess of signal events above background [10] in
planned experiments. In the case of Poisson distributions the definition of significance as
1
κ̂ = √
2π

Z

∞

e−

x2
2

dx.

(7)

√
√
µs + µb − µb .

(8)

S12

leads to the formula [3, 6, 7]
S12 =

A factor two is needed (i.e. S = 2S12 ) to correspond
with common practice. As shown in [11] this approximation has good statistical properties as the significance for Poisson distributions.
Let us define the exclusion limit of a planned experiment: the planned experiment can exclude the presence of a signal at a given confidence level  if the
probability of a wrong decision about the observation
of the signal will be equal to or less than .
Thus to determine the exclusion limit µs we must
solve equations (9) for µs , with given  and µb , where
nc is determined by eqn. (6).

nc
nc
X
X



f
(i;
µ
+
µ
)
=
f0 (i),
α̂
=

s
b



i=0
i=0


nc
nc
X
X
f1 (i),
f
(i;
µ
)
=
1
−
β̂
=
1
−
b



i=0
i=0





 κ̂ = α̂ + β̂ ≤ .
2

(4)

i=0

where nc is a critical value.
κ̂ has a minimum if we choose nc such that f0 (nc ) =
f1 (nc ). (For the discrete Poisson distribution, nc =
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4. SYSTEMATICS OF THEORETICAL
ORIGIN
We consider here forthcoming experiments to search
for new physics. In this case we must take into account
the systematic uncertainty which have theoretical origin without statistical properties. For example, two
loop corrections for most reactions at present are not
known. It means that we can only estimate the scale
of influence of background uncertainty on the observability of signal, i.e. we can determine the admissible
level of uncertainty in theoretical calculations for a
given experiment proposal.
Suppose the background cross section is known to
be in the interval (σb , σb (1 + δ)), and hence the average number of background events lies in the interval
(µb , µb (1 + δ)).
As we know nothing about possible values within
this range, we consider the worst case. Eqs. (9) for
the exclusion limit are modified to

µlim

nc = [
],


ln(µ
+
µ
(1
+
δ)) − ln(µb (1 + δ))
lim
b


nc

X




f (i; µlim + µb (1 + δ))
α̂
=


i=0

nc
X



β̂ = 1 −
f (i; µb (1 + δ))




i=0




 κ̂ = α̂ + β̂ ≤ ,
2

(10)

where µlim is the exclusion limit at the worst background level µb · (1 + δ).

5. CONCLUSIONS
We have considered a possible approach for the
determination of exclusion limits for planned experiments. We propose to use the probability of making an incorrect decision in future hypothesis testing
about the observation of the new phenomenon. We
also propose an approach to take into account systematics of a theoretical origin.
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