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As an extension of the intertwining operator idea a constructive method for establishment
of families of three-dimensional (super)integrable and isospectral potentials having higher-
order dynamical symmetries is developed.

In analogy to integrability concepts of classical mechanics [1-3], a quantum mechanical system
described in N dimensional (N D) Euclidean space by a stationary Hamiltonian operator H is
called to be completely integrable if there exists a set of N —1 (together with H, N') algebraically
independent linear operators commuting with H and among each other [4-8]. If there exist k
(0 < k < N — 1), additional operators commuting with H it is said to be superintegrable.
The superintegrability is said to be minimal if k¥ = 1 and maximal if kK = N — 1. Recently,
the intertwining operator method has been systematically used in establishing families of 2D
superintegrable potentials that are at the same time isospectral [9,10]. In this letter we shall
extend this program in constructing 3D integrable and superintegrable isospectral potentials.

The method of intertwining is a unified approach widely used in various fields of physics
and mathematics [11-20]. To see the usefulness of this method let us consider two Hamiltonian
operators Hy and H; that are Hermitian (on some common function space) and intertwined by
a linear intertwining operator £ such that LHy = H;L. Two dimension and form independent
general properties [14,15] immediately follow from such a relation; (i) If ¢ is an eigenfunction
of Ho with eigenvalue of EY then ¢! = £4° is an (unnormalized) eigenfunction of H; with the
same eigenvalue E°. That is £ transforms one solvable problem into another. (ii) £T intertwines
in the other direction HoL" = £7H; and this in turn provides two hidden dynamical symmetries
of Ho and H; in terms of £: [Ho, L1L] = 0 = [H1, LLT], where T and [, ] stand for Hermitian
conjugation and commutator.

In this letter we shall first apply this method to a pair of 3D systems described by

Ho=—-V*+ W, Hi=-V>+ Vi, (1)
and take L to be the following first order linear operator
L=ILy+L-V. (2)

V2 is the Laplace operator in the Cartesian coordinates (x1,z2,23), L = (L1, L2, L3) and “”
denotes the usual inner product of R3. The potentials Vj, Vi and Lo, L are some functions of
coordinates that are to be determined from consistency equations of LHy = H; L which for (1)
and (2) takes the form:

V2, L-V]=—[V? Lo+ [Vo,L- V] +PL, (3)

where P =V, — 1}
By equating the second power of partial derivatives 0; = d/0x; in equation (3) (these come
only from [V?2, L-V]) we obtain

L=a-bxr, (4)
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where a = (a1, az,as), b = (b1, be, b3) are arbitrary constant vectors and “x” stands for the usual
cross product of R3. In terms of vector operators T = V, J = —(r x V) whose components
close into defining relations of six dimensional Euclidean algebra e(3)

(1}, T;] =0, [J5, Jk] = €radis (5, T] = €Ty, (5)
the differential part of £ can be written as
L-V=a-T+b-J. (6)

T;’s and Ji's generate, respectively, the translation subalgebra t(3) and rotation subalgebra
s50(3) of e(3) which accepts V2 = T - T as its Casimir.
The first and zeroth powers of derivatives of (3) gives the following set of consistency equations

VLo =PL, (7)
(—V2+P)Ly = L- VVj, (8)

Equation (8) is nonlinear and the integrability conditions 0;0; Lo = 00; Lo for the linear set (7)
are equivalent to L x VP = —2bP, where we have used the relation V x L = —2b. Scalar
multiplication of the both sides of this relation by L implies, for P # 0, that

b-L=a b=0. (9)

Equations (7) and (8) must be solved after choosing a and b in accordance with condition (9).
In doing that we shall make use of the orbit structure of e(3) under the adjoint action of the
Euclidean group F(3) [20]. Under such a transformation, generated by

U = eMJ3en2dignads 6T

e(3) has three orbit types with representatives T3, Js and k173 + k2J3, where 7;, &, k1 and ko
are real group parameters. That is, any element of e(3) can be transformed by a similarity
transformation U to one of the orbit representatives. Evidently, such a transformation leaves
the intertwining relation form invariant; £LHy = Hy, L, where X = UXUT and U~! = U stands
for the inverse of U € E(3). Thus, if we choose the differential part of £ as one of the orbit
representatives the so found potentials and Ly will be unique up to a similarity action of E(3).
Noting that only the choices T3 or J3 for L - V respect the condition (9) below we shall follow
this procedure in two steps.

Step I. First we take L -V = T5. In that case equation (7) gives the equations: 0Ly =
0 = 09Lg, 203Ly = P which imply Ly = ¢1(z3) and P = 2¢(x3), where g; is an arbitrary
differentiable function of z3 (we use prime to denote derivative with respect argument). Then
from the nonlinear equation (8) which takes the form (-3 + P)Lo = 95Vp, we obtain

Vo = V(;Cl,:CQ) +V_, Vi = V(Q?l,l'g) + Vi, (10)
where

Vi = gi(x3) £ g} (z3). (11)

Hence, we have found two isospectral Hamiltonians Hy = —V? + Vp and H; = —V? + V] that
are intertwined by L19 = g1(x3) + T3 as follows L10Hy = H1L19.

Step II. Fixing the form of H; found above we shall now intertwine it to an another Hamil-
tonian Hs with Lo7. This will amount to the fact that we have three pairwise intertwined
Hamiltonians

LioHo = H1 Ly, Loy1Hy = Ha Lo, LogHo = Ha Loy,
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where Log = L91L19 and the last relation is a direct result of the first two. Moreover, since each
Hamiltonian will be double intertwined we will have two additional symmetries for each one.

For Hy = —V? 4V, and L9 = Ky + J3 the linear set of consistency equations can be read
from (7) to be

281K0 = Pl’g, 282K0 = —P.T1, 83K0 = 0. (12)

Now P = V5 —Vj and solutions are Ky = go(u) and P = —2gh(u)/x?, where g5 is a differentiable
function of u = z9/z1. In that case the nonlinear equation is (—V? + P)Ky = J3V; and for the
found K, P takes the form

Ou [(1+u?)gy(u) + g3 ()] = —21J3V (21, 22). (13)

The most general form of V' that makes the right-hand side of equation (13) a function of w is
1
V(z1,22) = F(p) + —h(u), (14)

where F' and h are arbitrary functions of p = (x%—ka:%)l/ 2 and u respectively. Note that J3F = 0.
Using (14) in (13) we see that g2 and h have to satisfy the equation

(1 + u2) gh(u) + g%(U) = (1 + u2) h(u). (15)

Combining the results of above two steps we get the following triplet of isospectral potentials

2 /
Vo=V +V_, Vi=V+V,, ‘/22‘/1—@- (16)
a1
V. are given by (11) and go, h are any solutions of equation (15). The corresponding symmetry
generators are collected as follows

Xo =Ll L=V —T}

Yo = L1Loo = [93 — (1 +u?)gh — J3] Xo,

X1 = L1oL}y =V} — T3,

Y1 = 551['21 =g5— (1+u?) gh— J3, (17)
Xo = La1 L}, = g3 + (1 +u?)gh — J3,

Yo = LogLhy = (95 + (1 +u?) g5 — J3] X,

where the subscripts of Xj, Y; indicate the Hamiltonians they belong to. By construction, all
these operators are factorized, have even orders (Y2 and Y| are both the fourth order and Xj,
Y1, Xo, Xy are second order) and [H;, X;] = 0 = [H;,Y;]; i = 0,1,2. One can also easily verify
that [X;,Y;] = 0. As we have, together with the Hamiltonians, three independent, pairwise
commuting symmetry generators for each Hamiltonian, equation (16) describes 3D integrable
isospectral systems. From (17) we also observe that the fourth order symmetries are of the form
Yy = Y1 Xo, Yo = X5 X;. This is due to the fact that £19 and L91 are commuting.

We shall now introduce two additional methods which produce minimally superintegrable
(having four independent symmetries) subclasses of the above integrable 3D systems.

Method I. In this method we shall construct an additional symmetry generator Z; of Hj.
Since H1 is intertwined to Hy and Ho the existence of such symmetry will provide Zy = EIOZl L1
and Z9 = Lo Zlﬁgl as new symmetry generators of Hy and Hy. This method is another general
property (independent from the dimension and Hamiltonians) of the intertwining operator idea.
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As a simple realization of this method we shall take Z; = ¢-J, where ¢ = (¢1, c2, ¢3) is a constant
vector. Then the condition [Z;, H1] = 0 yields the consistency equation ¢ - K = 0, where

h(u
Kl = 1‘3(92‘/ — .%'283V+(£L’3), KQ = 1‘361V — $183V+(.1‘3), Kg = —Jg[%], (18)
1

and Vi, V are given by (11) and (14). Below three special cases are considered.

Case I. In the case of Z; = J3 we have the equation K3 = 0, which yields h = /(1 + u?),
where ( is an arbitrary constant. Since there is no restriction on F' and V., the potentials are
given by (16) with V(p) = F(p) + Bp~2. The condition (15) now is as follows

(1+u?)g5(u) + g3 (u) = 5. (19)
The new symmetry generators of Hy and Hs are the following third-order operators

Zy = £10Z1£10 = (g1 — T3)J3(g1 + 13) = XoJ3,
Zy = 52121@1 = (g2 + J3)J3(g92 — J3).

In addition to [Zy, Ho] = 0 = [Z2, H2], we have

[
[
[Xo, Zo] = L1, [X1, 21] L10 =0,

Yo, Zo] = L{o[Y1, Z1] X1 Lo, (20)
(X2, Zo] = Lo1 [V, Z1] £,

[Ya, Zo] = Loa[Y1, Z1) X1 L.

Provided that [Y7, Z1] # 0, that is g # const, we have [Y;, Z;] # 0 for i = 0,2, and [Xq, Z5] # 0.
Each one of H; corresponds to a minimally superintegrable system, with four symmetry gener-

ators (sz Xi, Y;', Zz)
Case II. If we take Z; = Jo then the separable equation Ky = 0 gives

5 Y B

R ESEART vk

1
Vi = 504;3%, h

1
F = §ozp2 (21)

where «, (3, v are arbitrary constants. In that case the potentials given by (16) are restricted to
the following forms

o 2
Vo=Vi-2i, Vi=gr+Lh Ve=Vi- S (22)
L2 1

where r = (93% + 23 + x§)1/2, and g1, g2 are any solutions of

1 8l
gt+oi=g008,  (1+u)g+g=0+7+ 5 (23)
It is easy to verify that [ X1, Z1] and [Y1, Z1] are always different from zero. The new third-order
symmetry generators of Hy and Hy satisfy the commutators given by (20).

Case III. Finally we take Z; = kJs + Ji1. In that case V., F' are the same as in (21) and

B o
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On substituting these solutions into (16), we obtain

2
Vo=Vi—2d, Vi=oprr4+—T _ VB=V-4g 24
0 1= 291, 1= 57 +x%(l—k‘u)2 2 1 x%gQ’ (24)

where g¢; is determined from the first equation of (23) and by equation (15), g2 is any solution
of

1+ u?
(1+u2)g§+g§=ﬁ+7< (25)

1— ku)?
Other choices of ¢ produce similar potentials.
Method II. By fixing the form of H; found in the Step I we shall now intertwine it to
another Hamiltonian Hs with L£37. This will provide four pairwise intertwined Hamiltonians

with three additional symmetries since each one will be three times intertwined as follows:

LioHo = H1 Ly, LoyHy = Ha Loy, LogHg = Ha Loy,
LzoHy = H3L30, L31Hy = H3L31, L3aHy = H3L39,

where ,CQO = 521,610, [,30 = £31£10 and £32 = ﬁglﬁgl.
Let us take Hy = —V? + V3 and L31 = My + a1Ty + J2. From equation (7) the linear set of
consistency equations are

281M0 = P(a1 — 333), 82M0 = 0, 283M0 = Pa;l, (26)

where P = V3 — Vi and the solutions are My = g3(v) and P = —2g4(v)/x3, where g3 is
a differentiable function of v = (a; — z3)/x1. Now the nonlinear equation (corresponding to
equation (8)) is (=V2 + P)My = (a1Ty + J2)(V + V), and for My and P found above this
equation takes the form
2\ 7 2 20 h(u) R
% [(1 +o )93(”) + 93 (U)] = —zi(a1 —3)01 | F(p) + 2 2703V, (23), (27)
1

where V. is given by equations (11) and we made use of equation (14). It is not hard to see

that the most general forms of F', h and V, which make the right-hand side of equation (27)
only a function of v are as follows

_ M3
(al - $3)2’

_ .2 7 _ 7 2 _ 2
F—NP—?‘F)\’ h-m*‘@‘FM, Vi = p(ar —x3)" +
where p, v, pi; @ = 1,2, 3 are arbitrary constants. On substituting these in (11), (15) and (27),
we see that g1, g2 and g3 have to satisfy the following Riccati equations

1(zx +2w:a—$2+7'u3 )
gi(z3) + g1 (w3) = p(ar 3) (a1 — x3)2
1
(1+u?) gh(u) + g3 (u) =7+ po + 1 (1—|—u2)—|—,u2$, (28)

3
(1+0%) g3(v) + g3(v) = mo® + 55 4 A,
Provided that g1, g2, g3 are any solutions of these equations the potentials are

2¢5 (u 204 (v
Vo=Vi—2¢\(xs), Vi=V+V,, Vo=V— 922), vgzvl—g?’—QQ (29)

Ty L1
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where
V =y +23) + (”—é) + (“—3) + A,
) )

and A1, A are arbitrary constants. The old symmetry generators X;, Y;, i = 0,1,2 are given
by (17) and the new ones are as follows

Zy = C;t,oﬁ:so, Z1 = 531531, Zy = 5;,2532,
X3 = 5315;21, Y3 = ﬁsoﬁgo, Z3 = £32£;];2~ (30)

By construction, all generators commute with the corresponding Hamiltonians, (Yy, Zy, Y2, Z2,
Y3, Z3) are of the order four (in derivative, or equivalently, in the generators of e(3) algebra) and
the remaining ones are the second order. H;’s are minimally superintegrable since [X;, Y;] = 0,
[Xi, Z;] # 0 and [Y;,Z;] # 0, for i = 0,1,2. But, because of the relations [X3,Y3] # 0,
[X3,Z3] # 0 and [Y3, Z3] # 0 the new Hamiltonian Hj is not even integrable. However, by
applying the method I we have introduced above to the potentials given by (29), Hs (and the
other Hamiltonians) can be made maximally superintegrable (another way which may produce
different potentials is to use the intertwining method once again). Finally we would like to em-
phasise that a hierarchy of potentials can be constructed by first linearizing the Riccati equations
found above and then using the solutions of resulting 1D Schrédinger equations [10].
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