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Invariant Geodetic Problems

on the Projective Group Pr (n, R)
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The concept of n-dimensional projectively-rigid body is introduced and its connection to
the concept of (n+ 1)-dimensional incompressible affinely-rigid body is analysed. The equa-
tions of geodetic motion for such a projectively-rigid body are obtained. As an instructive
example, the special case of n = 1 is investigated.

1 Introduction

The concept of the metrically-rigid body have played a very important role in the theoretical and
applied mechanics (see e.g. [1]), mainly because our macroscopic environment is dominated by
objects which are approximately rigid. But what would happen if we went forward and got rid
of the metrical properties keeping the concept of rigidness? Such problems in the application to
the theory of continuous media were investigated in [2–10], where the concept of an affinely-rigid
body as a medium the deformative behaviour of which is restricted to performing homogeneous
deformations only was developed. Other applications are also possible, e.g. in the theory of
large oscillations of molecules, small mono-crystals, atomic nuclei and even in the theory of
elementary particles. In fact, an affinely-rigid body in an amorphous affine space is an obvious
counterpart of the usual metrically-rigid body in a Euclidean space. But we need not to get rid
of the metric once and for all, we may introduce it in our consideration at any step, and that
is what makes this approach attractive. For example, to be able to introduce the notion of the
kinetic energy, we should have some fixed Euclidean metric.

Let us explain this more precisely and consider the classical system of points (discrete or
continuous), which is placed in the physical space M . We assume that the material points are
distinguishable and label them by means of points of an auxiliary space N , which is called the
material space (e.g. we may choose these labels as initial positions of all points at the moment t0).
Let V and U be the linear spaces of translations (free vectors) in M and N , respectively, then
(M, V,→) and (N, U,→) are affine spaces. The position of the a-th material point at the time
instant t is denoted by x(t, a) (x ∈ M , a ∈ N). If the system is continuous, the label a and
position x become the Lagrangian and Eulerian radius-vectors (material and physical variables),
respectively. If the dimensions of M and N are equal, then we can impose such constraints of
affine rigidness that the connection between material and physical variables is as follows:

xi(t, a) = ϕi
B(t)aB + ri(t), i, B = 1, n, n = dim(M) = dim(N). (1)

Now we have two opposite possibilities to introduce the metric: a) in the physical space (then
g ∈ V ∗⊗V ∗ is the metric tensor and (M, V,→, g) is the corresponding Euclidean space) or b) in
the material space (then η ∈ U∗ ⊗U∗ is the metric tensor and (N, U,→, η) is the corresponding
Euclidean space). In the case a) distances in N are measured by means of the configuration-
dependent Green deformation tensor G = ϕ∗g and in the case b) in M they are measured by
means of the configuration dependent Cauchy deformation tensor C = ϕ∗η. Although the first
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possibility is more physical, the second one also has attractive features (e.g. then we have the
situation very similar to the one in the general relativity, i.e. in the physical space there is no
fixed metric geometry at all and the components of the metric tensor are included in the physical
degrees of freedom and dynamically coupled with matter distribution).

In the present paper we would like to consider even more “amorphous” case, which we obtain
from (1) by generalizing our affine constraints to the projective ones:

xi(t, a) =
Ai

B(t)aB + bi(t)
cD(t)aD + d(t)

, Ad − bc �= 0, i, B, D = 1, n. (2)

Then at any fixed time t ∈ R the configuration space Q of our problem is identical with the
projective group Pr (n, R) ⊃ GAf (n, R) (for N = M = R

n) and such a system of material
points is called the projectively-rigid body. Due to the isomorphism Pr (n, R) � SL (n+1, R) we
may rewrite those constraints (2) in n dimensions as the constraints defining an incompressible
affinely-rigid body in n + 1 dimensions, i.e.

xµ(t, a) = ϕµ
ν (t)aν , ϕ =

(
A b
c d

)
, det ϕ = 1, µ, ν = 0, n.

The additional variable is called 0-th only for convenience reasons. The new configuration
space Q̃ is identical with the unimodular linear group SL (n + 1, R). We may introduce also
non-holonomic velocities instead of the very ϕ̇, i.e. Ω = ϕ̇ϕ−1 and Ω̂ = ϕ−1ϕ̇. They are related
to each other by the configuration-dependent similarity transformation: Ω = ϕΩ̂ϕ−1.

2 Left and right invariant geodetic problems

Let us consider the left-invariant geodetic problem on the projective group Pr (n, R) (or equiva-
lently on the unimodular linear group SL (n + 1, R)), which is also right-invariant under the
orthogonal subgroup SO (n + 1, R):

Tleft =
J

2
Tr

(
Ω̂T Ω̂

)
+

α

2
Tr

(
Ω̂2

)
+

β

2
(
Tr Ω̂

)2
, (3)

and the right-invariant geodetic problem on the projective group, which is left-invariant under
the orthogonal subgroup:

Tright =
J

2
Tr

(
ΩT Ω

)
+

α

2
Tr

(
Ω2

)
+

β

2
(Tr Ω)2, (4)

where J , α, β are generalized inertial constants, the second and third terms for both kinetic
energies are identical and are the Casimir invariants.

The most adequate description of internal degrees of freedom is that based on the two-polar
decomposition, i.e. we split the system of degrees of freedom into three subsystems: ϕ = LDRT ,
where L, R ∈ SO (n+1, R) are special orthogonal matrices (LT L = RT R = Î, det L = det R = 1)
and D is diagonal, positive and det D = 1. If we take Dµµ = exp(qµ), then

∑
µ qµ = 0. In this

way our system is formally represented as a composition of two (n + 1)-dimensional fictitious
rigid bodies (systems of principal axes of the Cauchy and Green deformation tensors) and n
independent material points oscillating along the straight line R. Orthogonal transformations L
and R diagonalize the Cauchy and Green deformation tensors: C = LD−2LT and G = RD2RT .
If there is no coincidence of diagonal elements of D, i.e. if the spectra of C and G are simple,
then the two-polar decomposition is finitely non-unique: ϕ = LDRT = L̃D̃R̃T , where L̃ = LOπ,
D̃ = O−1

π DOπ, R̃T = ROπ and Oπ is an orthogonal representation of the permutation group
with the restriction Oπ Diag

(
q1, . . . , qn+1

)
O−1

π = Diag
(
qπ(1), . . . , qπ(n+1)

)
, i.e. Sn+1 � π �→
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Oπ ∈ SO (n + 1, R). The components of matrices Oπ are only 0 or ±1, i.e. in any row and
column there is only one non-vanishing element. If the spectrum of C and G is non-simple, then
the non-uniqueness of decomposition becomes continuous. An extreme situation occurs when D
is completely degenerate (proportional to the unit matrix), then no meaning may be assigned
separately to L and R, only LRT is well-defined.

It is convenient to introduce non-holonomic variables adapted to the two-polar decomposition,
i.e. velocity q̇ and non-holonomic angular velocities of the L and R rigid bodies in the co-moving
representation: λ = LT L̇ = −λT and ρ = RT Ṙ = −ρT . Then the kinetic energies (3) and (4)
may be rewritten in the combined form (the upper expression is related to the left-invariant and
the lower one to the right-invariant problems) as follows:

Tleft/right =
J + α

2
Tr

(
Ḋ2D−2

)
+ (J − α) Tr

(
λDρD−1

)
+

α

2
Tr

(
λ2 + ρ2

) − J

2
Tr

(
λD2λD−2 + ρ2

λ2 + ρD2ρD−2

)
.

We see that the constant β is absent in Tleft/right because of the condition det D = 1 ∼ ∑
µ qµ = 0.

If we explicitly substitute this condition into the expression for the kinetic energy, i.e. q0 =

−
n∑

i=1
qi, then we can rewrite the previous formula in the following form:

Tleft/right =
J + α

2

[
n∑

i=1

(
q̇i

)2 + 〈q̇〉2
]

+
n∑

i=1

Vleft/right(|qi + 〈q〉|, λ0i, ρ0i) +
1
2

n∑
i,j=1

Uleft/right

(|qi − qj |, λij , ρij

)
, (5)

where 〈•〉 =
n∑

j=1
•j , one-point and binary effective interaction potentials are as follows:

Vleft/right = (J − α)
[
(λ0i)

2 + (ρ0i)
2 − 2λ0iρ0i ch

(
qi + 〈q〉)] + 2J

{
λ0i

ρ0i

}2

sh2
(
qi + 〈q〉) ,

Uleft/right = (J − α)
[
(λij)

2 + (ρij)
2 − 2λijρij ch

(
qi − qj

)]
+ 2J

{
λij

ρij

}2

sh2
(
qi − qj

)
.

Let us define the canonical affine momenta (p, j, k), which are conjugate to (q̇, λ, ρ), respec-
tively. Here j and k are skew-symmetric matrices expressing the co-moving representation of
the angular momenta of L and R rigid bodies. The Legendre transformation reads:

pi =
∂Tleft/right

∂q̇i
= (J + α)

[
q̇i + 〈q̇〉] ⇐⇒ q̇i =

1
J + α

[
pi − 1

n + 1
〈p〉

]
,

j0i =
∂Tleft/right

∂λ0i
= 2(J − α)

[
λ0i − ρ0i ch

(
qi + 〈q〉)] + 4J

{
λ0i

0

}
sh2

(
qi + 〈q〉) ,

k0i =
∂Tleft/right

∂ρ0i
= 2(J − α)

[
ρ0i − λ0i ch

(
qi + 〈q〉)] + 4J

{
0

ρ0i

}
sh2

(
qi + 〈q〉) ,

jij =
∂Tleft/right

∂λij
= 2(J − α)

[
λij − ρij ch

(
qi − qj

)]
+ 4J

{
λij

0

}
sh2

(
qi − qj

)
, i < j,

kij =
∂Tleft/right

∂ρij
= 2(J − α)

[
ρij − λij ch

(
qi − qj

)]
+ 4J

{
0

ρij

}
sh2

(
qi − qj

)
, i < j.
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The non-vanishing basic Poisson brackets have the following form: {qi, pj} = δi
j , {jµν , jκσ} =

jµσδκν − jκνδµσ + jσνδµκ− jµκδσν and {kµν , kκσ} = kµσδκν −kκνδµσ +kσνδµκ−kµκδσν . It is more
convenient later on to use the auxiliary variables R := −j − k = −RT and A := j − k = −AT

instead of the very j and k:

R0i = 4
[
(J − α) (λ0i + ρ0i) sh2

(
qi + 〈q〉

2

)
− J

{
λ0i

ρ0i

}
sh2

(
qi + 〈q〉)] ,

A0i = 4
[
(J − α) (λ0i − ρ0i) ch2

(
qi + 〈q〉

2

)
+ J

{
λ0i

−ρ0i

}
sh2

(
qi + 〈q〉)] ,

Rij = 4
[
(J − α) (λij + ρij) sh2

(
qi − qj

2

)
− J

{
λij

ρij

}
sh2

(
qi − qj

)]
, i < j,

Aij = 4
[
(J − α) (λij − ρij) ch2

(
qi − qj

2

)
+ J

{
λij

−ρij

}
sh2

(
qi − qj

)]
, i < j.

They satisfy the following Poisson bracket rules: {Rµν , Rκσ} = {Aµν , Aκσ} = −Rµσδκν +
Rκνδµσ − Rσνδµκ + Rµκδσν and {Rµν , Aκσ} = −Aµσδκν + Aκνδµσ − Aσνδµκ + Aµκδσν .

Geodetic Hamiltonians corresponding to our kinetic energies (5) may be written as follows:

�left/right =
1

2(J + α)

[
n∑

i=1

(pi)
2 − 1

n + 1
〈p〉2

]
+

1
32(J − α)

n∑
µ,ν=0

[
R2

µν + A2
µν

]
(6)

± J

8(J2 − α2)

n∑
µ,ν=0

RµνAµν +
n∑

i=1

Veff(|qi + 〈q〉|, R0i, A0i) +
1
2

n∑
i,j=1

Ueff(|qi − qj |, Rij , Aij),

where even in the purely geodetic problems we have the “internal” effective interaction potentials:

Veff =
1

16(J + α)

{
R2

0i cth2

(
qi + 〈q〉

2

)
+ A2

0i th2

(
qi + 〈q〉

2

)}
,

Ueff =
1

16(J + α)

{
R2

ij cth2

(
qi − qj

2

)
+ A2

ij th2

(
qi − qj

2

)}
.

The Hamilton equations of motion may be expressed in terms of Poisson brackets as follows:

dpi

dt
= {pi, H} =

1
4(J + α) sh (qi + 〈q〉)

{
R2

0i cth2

(
qi + 〈q〉

2

)
− A2

0i th2

(
qi + 〈q〉

2

)}
+

n∑
j=1

1
8(J + α) sh (qi − qj)

{
R2

ij cth2

(
qi − qj

2

)
− A2

ij th2

(
qi − qj

2

)}
,

dRµν

dt
= {Rµν , Rκσ}

∂�left/right

∂Rκσ
+ {Rµν , Aκσ}

∂�left/right

Aκσ
,

dAµν

dt
= {Aµν , Rκσ}

∂�left/right

∂Rκσ
+ {Aµν , Aκσ}

∂�left/right

Aκσ
,

where the corresponding partial derivatives of the kinetic energies (6) have the following form:

∂�left/right

∂R0i
=

[
J ch

(
qi + 〈q〉) − α

]
R0i ± 2JA0i

8(J2 − α2) sh2 [(qi + 〈q〉) /2]
,

∂�left/right

∂A0i
=

[
J ch

(
qi + 〈q〉) − α

]
A0i ± 2JR0i

8(J2 − α2) sh2 [(qi + 〈q〉) /2]
,

∂�left/right

∂Rij
=

[
J ch

(
qi − qj

) − α
]
Rij ± 2JAij

8(J2 − α2) sh2 [(qi − qj) /2]
,

∂�left/right

∂Aij
=

[
J ch

(
qi − qj

) − α
]
Aij ± 2JRij

8(J2 − α2) sh2 [(qi − qj) /2]
.
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3 Geodetic problems on the projective line

In n dimensions a projectively-rigid body is such a body all projective relations between con-
stituents of which during any admissible motion are invariant, i.e. material straight lines remain
straight lines and all cross-ratios of any four points placed on the same straight lines are constant.
It is interesting that the cross-ratio of four points on the line, i.e.

(x1, x2, x3, x4) =
x4 − x1

x4 − x2
:

x3 − x1

x3 − x2
,

plays here the same role as the usual mutual ratio of segments for the affine and the distance for
the metrical geometries (see e.g. [11]). After choosing the appropriate homogeneous coordinates
and adding to the consideration a set of non-proper points in the infinity, the cross-ratio is
constant under the action of the whole projective group Pr (n, R).

Let us consider now the very simple and in some sense trivial but nevertheless very illustrative
example of the one-dimensional left and right invariant geodetic problems on the projective group
Pr (1, R) � SL (2, R). Hence:

D =
[

e−q 0
0 eq

]
, L =

[
cos γ − sin γ
sin γ cos γ

]
, R =

[
cos δ − sin δ
sin δ cos δ

]
,

λ = L−1L̇ =
[

0 −λ
λ 0

]
, ρ = R−1Ṙ =

[
0 −ρ
ρ 0

]
, λ = γ̇, ρ = δ̇.

The kinetic energy (5) now has the following form:

Tn=1
left/right = (J + α)q̇2 + (J − α)

[
ρ − ch (2q)λ
λ − ch (2q)ρ

]2

+ (J + α) sh2(2q)
[

λ2

ρ2

]
. (7)

The canonical momenta (p, j, k) (equivalently, the auxiliary valuables R, A) and correspon-
ding velocities (q̇, λ, ρ) are connected by the Legendre transformation in the following way:

p = 2(J + α)q̇, jleft/right = 2(J − α) [λ − ρ ch(2q)] + 4J

{
λ
0

}
sh2(2q),

kleft/right = 2(J − α) [ρ − λ ch (2q)] + 4J

{
0
ρ

}
sh2(2q),

Rleft/right = 2(J − α)(λ + ρ) sh2q − 4J

{
λ
ρ

}
sh2(2q),

Aleft/right = 2(J − α)(λ − ρ) ch2q + 4J

{
λ
−ρ

}
sh2(2q).

Geodetic Hamiltonians corresponding to our kinetic energies (7) are as follows:

�n=1
left/right =

p2

4(J + α)
+

1
4(J − α)

{
k2

j2

}
+

1
4(J + α) sh2(2q)

[
j + ch (2q)k
k + ch (2q)j

]2

=
p2

4(J + α)
+

R2 + A2

16(J − α)
± JRA

4(J2 − α2)
+ V n=1

eff (q, R, A),

where the one-dimensional effective potential and corresponding effective force have the following
form:

V n=1
eff (q, R, A) =

R2 cth2q + A2 th2q

16(J + α)
, Fn=1

eff := −∂V n=1
eff

∂q
=

R2 cth2q − A2 th2q

4(J + α) sh(2q)
.
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The canonical momenta j and k (equivalently R and A) in the one-dimensional case are the
constants of motion, so the Newton equation of motion of the fictitious particle on the line R in
the “internal” effective potential V n=1

eff is as follows:

q̈ =
1

2(J + α)
Fn=1

eff =
R2 cth2q − A2 th2q

8(J + α)2 sh(2q)
, (8)

Assigning some special values to such constants of motion as energy E and canonical momenta
R, A we can write the first-order differential equation on the q variable as follows:

q̇2 =
1

J + α
E±

eff − R2 cth2q + A2 th2q

16(J + α)2
, E±

eff = E − R2 + A2

16(J − α)
∓ JRA

4(J2 − α2)
,

and finally we have the following solution of the (8):

t(q) =
∫

dq
4(J + α)√

16(J + α)E±
eff − R2 cth2q − A2 th2q

=
2(J + α)√

Θ
ln

[
R2−A2−Θ ch2(2q) − 2

√
Θ sh q

√
16(J + α)E±

eff − R2 cth2q − A2 th2q

]
,

where Θ = 16(J + α)E − 2J(R ± A)2/(J − α).
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