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1 Introduction

The mass spectrum in typical supergravity and gauge-mediated models of super-
symmetry (SUSY) breaking favors much lighter masses for gauginos than for squarks.
Because the masses are smaller, there is greater phase space at the Tevatron and
greater partonic luminosities for gaugino pair production, and for associated produc-
tion of gauginos and gluinos, than for squark pair production. Another point in favor
of associated production is the relative simplicity of the final state. For example,
the lowest lying neutralino is the (stable) lightest supersymmetric particle (LSP) in
supergravity (SUGRA) models, manifest only as missing energy in the events, and
it is the second lightest in gauge-mediated models. The charginos and higher mass
neutralinos may decay leptonically leaving a lepton signature plus missing transverse
energy; relatively clean events ensue. Furthermore, associated production may be the
best channel for measurement of the gluino mass.

The search for direct experimental evidence of supersymmetry at colliders re-
quires a good understanding of theoretical predictions of the total and differential
cross sections for production of the superparticles. In the case of hadron colliders,
where collisions of strongly interacting hadrons are studied, the large strong coupling
strength (αs) leads to potentially large contributions beyond the leading order (LO)
in a perturbation series expansion of the cross section. To have accurate theoretical
estimates of production rates, it is necessary to include corrections at next-to-leading
order (NLO) or beyond. In this contribution, we summarize our recent calculations at
next-to-leading order in perturbative quantum chromodynamics (QCD) of the total
and differential cross sections for associated production of gauginos and gluinos at
hadron colliders[1,2]. Associated production offers a chance to study the parameters
of the soft SUSY-breaking Lagrangian. Rates are controlled by the magnitudes and
phases of the gaugino (χ̃) and gluino (g̃) masses and by mixing in the squark and
gaugino sectors. Our analysis is general in that it is not tied to a particular SUSY
breaking model. We can provide cross sections for arbitrary gluino and gaugino
masses.

2 NLO SUSY-QCD Formalism

Associated production of a gluino and a gaugino proceeds in leading order (LO)
through a quark-antiquark initial state and the exchange of an intermediate squark
in the t-channel or u-channel[3]. At NLO, loop corrections must be included. In addi-
tion, there are 2 to 3 parton processes initiated either by quark-antiquark scattering,
with a gluon radiated into the final state, q + q → g + g̃ + χ̃, or by quark-gluon
scattering with a light quark radiated into the final state, q+ g → q+ g̃ + χ̃. For the
quark-antiquark initial state, the loop diagrams involve the exchange of intermediate
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Figure 1: Predicted total hadronic cross sections at Run II of the Tevatron and at the LHC
for all six g̃χ̃ channels in a typical SUGRA model as functions of the gluino mass.
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Standard Model or SUSY particles in self-energy, vertex, or box diagrams. Ultraviolet
and infrared divergences appear at the upper and lower boundaries of integration over
unobserved loop momenta. They are regulated dimensionally and removed through
renormalization or cancellation with corresponding divergences in the 2 to 3 parton
(real emission) diagrams that have an additional gluon radiated into the final state.
In addition to soft divergences, real emission contributions have collinear divergences
that are factored into the NLO parton densities.

The set of Feynman diagrams with light quark emission includes diagrams in which
an intermediate squark splits into a quark and either a gluino or gaugino. After all
initial state collinear singularities are removed by mass factorization, the matrix el-
ements may still contain integrable singularities if the mass of the squark is larger
than the mass of the gluino or gaugino. In these cases, the intermediate squark state
can be on its mass-shell. These singularities represent the LO production of a squark
and a gluino or gaugino, followed by the LO decay of the squark. They may be regu-
lated if one includes the full Breit-Wigner form for the squark propagator including a
finite squark width. There is a further subtlety associated with the requirement that
we not double-count the region of phase space in which the squark is on-shell. The
kinematic configuration with an on-shell squark is included in the LO production of
a squark and a gluino or a squark and a gaugino, and it should not be considered
as a genuine higher order correction to the production of gluinos with gauginos. To
avoid double counting, we thus subtract the on-shell squark contribution. It can be
subtracted leaving a genuine NLO contribution in the limit of small squark width.

The full treatment of the NLO analysis is presented in our long paper[2].

3 Tevatron and LHC Cross Sections

To obtain numerical predictions for hadronic cross sections, we choose an illustra-
tive SUGRA model with parametersm0 = 100 GeV,A0=300 GeV, tan β = 4, and sign
µ = +. Because the gluino, gaugino, and squark masses all increase with parameter
m1/2 (but are insensitive to m0), we vary m1/2 between 100 and 400 GeV. The re-
sulting masses for χ̃0

1...4 vary between 31...162, 63...317, 211...665, and 241...679 GeV;
χ̃±1,2 are almost degenerate in mass with χ̃0

2,4. The mass mχ̃0
3
< 0 inside a polarization

sum. Our approach is general, and results can be obtained for any set of gaugino
and gluino masses. For our second model, we select one[4] with an intermediate-mass
gluino as the lightest SUSY particle (LSP), fixing mg̃ = 30 GeV, and mq̃ = 450 GeV.
We choose a weak sector identical to the SUGRA case. In our paper[2], we also quote
results for anomaly mediated, gauge mediated, and gaugino mediated models.

We convolve LO and NLO partonic cross sections with CTEQ5 parton densities
in LO and NLO (MS) along with 1- and 2-loop expressions for αs, the corresponding
values of Λ, and five active quark flavors.

3



For the SUGRA case, we present total hadronic cross sections in Fig. 1 as functions
of the gluino mass. The common renormalization and factorization scale µ is set equal
to the average particle mass m. The light gaugino channels should be observable at
both colliders. At the Tevatron, for 2 fb−1 of integrated luminosity, 10 or more events
could be produced in each of the lighter gaugino channels if mg̃ < 450 GeV. The
heavier Higgsino channels are suppressed by about one order of magnitude and might
be observable only at the LHC. As a rough estimate of uncertainty associated with
the choice of parton densities, we note that the NLO cross section for χ̃0

2 production
is lower by 12% at the Tevatron with the CTEQ5 set than for the CTEQ4 set, and
4% lower at the LHC. The impact of the NLO corrections can be seen more readily in
the ratio of NLO to LO cross sections computed at a renormalizaton scale set equal
to the average mass of the final state particles. The NLO effects are moderate (of
O (10%)) at the Tevatron, while at the LHC the NLO contributions can increase
the cross sections by as much as a factor of two. The second initial-state channel,
initiated by gluon quark scattering, plays a significant role at the energy of the LHC.

For the case of a gluino with mass 30 GeV, the total hadronic cross sections
are shown in Fig. 2 as functions of m1/2. At the Tevatron, for 2 fb−1 of integrated
luminosity, 100 or more events could be produced in each of the lighter gaugino
channels if m1/2 < 400 GeV. In this case, NLO enhancement factors lie in the ranges
1.3 to 1.4 at the Tevatron and 2 to 4 at the LHC.

An important measure of the theoretical reliability is the variation of the hadronic
cross section with the renormalization and factorization scales. At LO, these scales
enter only in the strong coupling constant and the parton densities, while at NLO
they appear also explicitly in the hard cross section. The scale dependence is reduced
considerably after NLO effects are included, as shown in Fig. 3. The Tevatron (LHC)
cross sections vary by ±23(12)% at LO, but only by ±8(4.5)% in NLO when the scale
is varied by a factor of two around the central scale.

For experimental searches, distributions in transverse momentum are important
since cuts on pT help to enhance the signal. In our long paper[2], we show that
NLO contributions can have a large impact on pT spectra at the LHC, owing to
contributions from the gq initial state. At the Tevatron the NLO pT -distribution is
shifted moderately to lower pT with respect to the LO expectation. Examples for
the g̃χ̃±1 channel are shown in Fig. 4. The shapes of the rapidity distributions of the
gauginos are not altered appreciably by NLO contributions.

4 Summary

In our long paper we report a complete next-to-leading order analysis of the associ-
ated production of gauginos and gluinos at hadron colliders. If supersymmetry exists
at the electroweak scale, the cross section for this process is expected to be observable
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at the Fermilab Tevatron and/or the CERN LHC. It is enhanced by the large color
charge of the gluino and the relatively small mass of the light gauginos in many SUSY
models. Associated production offers a chance to study in detail the parameters of
the soft SUSY-breaking Lagrangian. The rates are proportional to the phases of the
gaugino and gluino masses, and to the mixings in the squark and chargino/neutralino
sectors. In combination with other channels, associated production could allow one
to measure some or all of these quantities.

The physical gluino and gaugino masses that we use, as well as the gaugino mixing
matrices, are based on four popular SUSY breaking models plus a fifth scenario in
which the gluino mass is relatively light. Because the LO cross sections in gauge-
mediated, gaugino-mediated, and anomaly-mediated supersymmetry breaking models
are not too dissimilar from those of the SUGRA case at Tevatron energies, we focus
our NLO work on the SUGRA model and on a model in which a light gluino, with
mass mg̃ = 30 GeV, is the lightest supersymmetric particle (LSP).

In the SUGRA model, the largest cross sections at the Fermilab Tevatron energy
are those for neutralino χ̃0

2, enhanced by its W̃3-like coupling with respect to the B̃-like
χ̃0

1, and the chargino χ̃±1 , about equal in mass with the χ̃0
2. The NLO corrections to

associated production are generally positive, but they can be modest in size, ranging
in the SUGRA model from a few percent at the energy of the Tevatron to 100% at the
energy of the LHC, depending on the sparticle masses. In the light-gluino case, NLO
contributions increase the cross section by factors of 1.3 to 1.4 at the energy of the
Tevatron and by factors of 2 to 3.5 at the energy of the LHC. The large enhancements
owe their origins to the important role of the gq channel that enters first at NLO.

Owing to the NLO enhancements, collider searches for signatures of associated
production will generally discover or exclude sparticles with masses larger than one
would estimate based on LO production rates alone. More significant from the view-
point of reliability, the renormalization and factorization scale dependence of the
cross sections is reduced by a factor of more than two when NLO contributions are
included.

At Run II of the Fermilab Tevatron, for an integrated luminosity of 2 fb−1, we
expect that 10 or more events could be produced in each of the lighter gaugino
channels of the SUGRA model, g̃χ̃0

1, g̃χ̃
0
2, and g̃χ̃±1 , provided that the gluino mass

mg̃ is less than 450 GeV. The cross sections for the three heavier gaugino channels,
g̃χ̃0

3, g̃χ̃
0
4, and g̃χ̃±2 , are smaller by an order of magnitude or more than those of the

lighter gaugino channels. In the light gluino LSP model, more than 100 events could
be produced in the three lighter gaugino channels provided that the common GUT-
scale fermion mass m1/2 is less than 400 GeV, and as many as 10 events in the three
heavier gaugino channels as long as m1/2 is less than 200 GeV. At the higher energy
and luminosity of the LHC, at least a few events should be produced in every channel
in the SUGRA model and many more in the light gluino model.

The relatively large cross sections suggest that associated production is a good

5



channel for discovery of a light gluino at the Tevatron, for closing the window on
this possibility, and/or for setting limits on light gaugino masses. The usual searches
for a light gluino LSP are based on the assumption that gluinos are produced in
pairs. In this situation, the dominant background is QCD production of hadronic
jets. Hard cuts on transverse momentum must be made to reduce this background
to tolerable levels. The cuts, in turn, mitigate against gluinos of modest mass. By
contrast, if light gluinos are produced in association with gauginos, one can search
for light gluino monojets accompanied by leptons and/or missing transverse energy
from gaugino decays.
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Figure 2: Predicted total hadronic cross sections at Run II of the Tevatron and at the
LHC for all six g̃χ̃ channels in our model with a gluino of mass 30GeV, as functions of the

parameter m1/2.
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Figure 4: Differential cross section in transverse momentum dσ/dpT for the production of
χ̃±1 with mass 101 GeV in association with a g̃ of mass 410 GeV at the Tevatron and at the

LHC.
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1 Introduction

In the Standard Model (SM) and its supersymmetric extensions, the masses of electroweak
gauge bosons, leptons, and quarks are generated by interactions with Higgs fields [1]. The
Yukawa couplings between Higgs particles and fermions therefore grow with the masses Mf

of the fermions. The couplings obey a universal scaling law gffH = Mf/v in the SM, with
v ≈ 246 GeV being the ground-state value of the Higgs field. In supersymmetric models,
which involve at least two Higgs doublets, the size of the Yukawa couplings is also set
by the fermion masses, yet the relationship is more complex owing to the mixing among
the Higgs fields. The Yukawa couplings [2] of the two CP-even light/heavy Higgs bosons
h/H and of the CP-odd Higgs boson A in the minimal supersymmetric extension of the
Standard Model (MSSM) [3, 4], expressed in units of the SM couplings, are determined by
the parameters tgβ = v2/v1, the ratio of the vacuum expectation values of the two Higgs
fields generating the masses of up- and down-type particles, and α, the mixing angle in
the CP-even sector. In the decoupling limit, in which the light Higgs mass reaches the
maximum value for a given parameter tgβ, the h Yukawa couplings approach the SM
values. In general, they are suppressed for up-type fermions and enhanced for down-type
fermions; the enhancement increases with tgβ and can therefore be very strong.

Higgs radiation off top or off bottom quarks in e+e− collisions,

e+e− → QQ̄φ [Q = t, b; φ = HSM , h,H,A], (1)

lends itself as a suitable process for measuring the Yukawa couplings of all Higgs bosons
[5], particularly for the SM Higgs bosons, the light Higgs boson h and for moderately heavy
Higgs bosons H and A. Within the SM it has been demonstrated that the top Yukawa
coupling can be measured with an accuracy of 2–3% at linear colliders with

√
s = 800

GeV [6]. We present the cross sections for these processes including the next-to-leading
order (NLO) QCD corrections [7, 8]. In this analysis we have calculated the complete set
of O(αs) QCD corrections to all subchannels in (1) systematically. The large number of
interfering subchannels in supersymmetric theories renders this program more complex
than the corresponding calculation in the SM, in particular since the relative weight of
the subchannels varies over the supersymmetric parameter space and over the phase space
for different mass ratios. Moreover, the Higgs-energy distributions haven been obtained
at NLO [9]. They turn out to be relevant in the separation of the resonant parts and
those, which depend on the Yukawa couplings. Introducing appropriate cuts in the Higgs
energy the sensitivity to the Yukawa couplings can be increased experimentally.

2 QCD Corrections

The QCD corrections can be categorized into five classes. Virtual corrections of the
internal quark lines, of the γ/Z–quark vertices, of the Higgs–quark vertices, and box
diagrams interfere with the Born amplitude. Gluon radiation off internal and external
quark lines adds incoherently to the cross sections. The value of the electromagnetic

1



coupling is taken to be α = 1/128 and the Weinberg angle as sin2 θW = 0.23. The mass
of the Z boson is set to MZ = 91.187 GeV, and the pole masses of the top and bottom
quarks are set to Mt = 174 GeV [10] and1 Mb = 4.62 GeV [11], respectively. The masses
of the MSSM Higgs bosons and their couplings are related to tgβ and the pseudoscalar
Higgs boson mass MA. In the relation we use, higher-order corrections up to two loops
in the effective-potential approach are included [12]. The SUSY parameters are chosen as
µ = At = Ab = 0 and MQ̃ = 1 TeV; this simple choice is sufficient to illustrate the main
results.

The production of bb̄φ final states can be mediated by resonance channels e+e− →
ZHSM , Zh, ZH and e+e− → Ah,AH. We describe the resonance structures as Breit–
Wigner forms by substituting M 2 → M2 − iMΓ in all boson propagators. The decay
widths of the Higgs bosons are calculated including higher-order corrections, as described
in Refs. [13, 14], while the Z width is set to ΓZ = 2.49 GeV. For tt̄φ production the
widths can be neglected, since the Higgs masses are taken below the tt̄ threshold. The
renormalization scale of the QCD coupling αs, which is evaluated in NLO with five active
flavors normalized to αs(M

2
Z) = 0.119 [10], is chosen at µ2

R = s, where s = E2
CM is the

center-of-mass (CM) energy squared.
The QCD radiative corrections have been calculated in the standard way. The Feyn-

man diagrams have been evaluated within dimensional regularization. Ultraviolet diver-
gences are consistently regularized in D = 4−2ε dimensions, with γ5 treated naively since
no anomalies are involved. The renormalization of the QQ̄φ vertices is connected to the
renormalization of the quark masses, which, in the case of the top quark, is defined on
shell (see e.g. Refs. [15, 16] for details). In the case of bottom quarks large logarithms are
mapped into the running mass mb(Q

2
Higgs) for the Yukawa couplings of the b quark, with

Q2
Higgs denoting the squared momentum flow through the corresponding Higgs-boson line.

The infrared divergences encountered in the virtual corrections and in the cross section for
real gluon emission, are treated in two different ways. Both calculations follow subtrac-
tion procedures, one using dimensional regularization and one introducing an infinitesimal
gluon mass [17]. The results obtained by the two different procedures are in mutual nu-
merical agreement after adding the contributions from virtual gluon exchange and real
gluon emission. A second, completely independent calculation of the QCD corrections
to the total cross section was based on the evaluation of all relevant cut diagrams of the
photon and Z-boson self-energies in two-loop order, generalizing the method applied to
tt̄(g) intermediate states in Ref. [18]. The results of the two approaches are in numerical
agreement. Moreover, the parts that have been calculated in Refs. [19, 20], i.e. photon
exchange and resonant contributions, are in full agreement with our corresponding partial
results.

1This value for the perturbative pole mass of the bottom quark corresponds in NLO to an MS mass
mb(mb) = 4.28 GeV.
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3 Results

a.) Asymptotic behaviour. The QCD corrections to the top final states tt̄φ can be
interpreted easily in two kinematical areas. Whenever the invariant mass of the tt̄ pair is
close to threshold, the gluonic Sommerfeld rescattering-correction is positive and becomes
large. In the threshold region the K factor approaches the asymptotic form [7]

K tt̄φ
thr → 1 +

32αs
9βt

(2)

with the maximal quark velocity βt =
√

(
√
s−Mφ)2 − 4M2

t /2Mt in the (tt̄) rest frame.
For high energies, on the other hand, the QCD corrections are of order αs/π. In the

energy region s � 4M 2
t � M2

H but log s/M2
t 6� O(1), which is relevant for the present

analysis, the QCD corrections can qualitatively be traced back to vertex corrections and
infrared gluon radiation. Since scalar Higgs bosons are radiated off top quarks preferen-
tially with small energy [x = Eφ/Et → 0], as is evident from the leading (universal) part
of the fragmentation function

f(t→ tH;x) =
g2
ttH

16π2

[
4

1 − x
x

+ x log
s

M2
t

]
, (3)

the QCD correction of the scalar Yukawa vertex, regularized by soft gluon radiation,
approaches the value [19]

∆V+IR
H =

4αs
3π

[
−1 +

2 − x
x

log(1− x)
]
→ −4

αs
π
. (4)

The scalar Yukawa vertex is therefore reduced by four units in αs/π which are compen-
sated only partly by one unit due to the increase of the tt̄ production probability, leading
in total [7, 19] to

K tt̄φ
cont → 1 − 3

αs
π

+ . . . for φ = HSM , h,H . (5)

The ellipsis accounts for hard Higgs and gluon radiation (of order +αs/π). Thus, the QCD
corrections are expected negative for scalar Higgs particles in the high energy continuum.

By contrast, the corresponding fragmentation function for the pseudoscalar Higgs
boson [21]

f(t→ tA;x) =
g2
ttA

16π2
x log

s

M2
t

(6)

is hard so that the average of the vertex and IR gluon corrections over the Higgs spectrum
amounts to

∆V+IR
A → 4αs

3π

〈[
1 +

2 − x
x

log(1− x)
]〉
∼ −3

2

αs
π
. (7)

Adding to this correction the increase of the tt̄ production probability of one unit, the K
factor is very close to unity

K tt̄A
cont → 1 − 1

2

αs
π

+ . . . (8)
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After hard gluon bremsstrahlung is taken into account (symbolized by the ellipsis), the
overall QCD corrections for the pseudoscalar Higgs boson are therefore expected slightly
positive. [For ultra-high energies, i.e. log s/M 2

t � 1, hard gluon bremsstrahlung becomes
important. Similarly to the leading terms in the fragmentation functions eqs. (3) and (6),
the QCD corrections for scalar and pseudoscalar Higgs bosons approach each other as a
result of chiral symmetry restoration in asymptotia; this has been verified in a numerical
calculation.]

Similar estimates can be applied to bottom final states which in general are dominated
by resonance decays. After absorbing the large logarithms log(Q2

φ/M
2
b ) into the Yukawa

couplings, the non-leading effects are positive:

Kbb̄φ
res ≈ 1 +

{
17
3
, 1
} αs
π

for {Higgs, Z} → bb̄ . (9)

Also close to the thresholds and in the high-energy limit the QCD corrections remain
positive after mapping the large (negative) corrections into the running Yukawa couplings.
Since different channels are activated at the same time, only a qualitative estimate can
be given in the continuum regime,

Kbb̄φ
cont = 1 + c

αs
π

with c = O(1), (10)

while details must be left to the numerical analysis.

b.) Numerical results. The total cross sections for Htt̄ production in the SM are

10
-1

1

10

80 100 120 140 160 180 200

σ(e+e- → t t H + X) [fb]¯

MH [GeV]

√s = 1 TeV

√s = 2 TeV

√s = 500 GeV

NLO

LO

Figure 1: The total cross section for the process e+e− → tt̄H+X, including QCD radiative
corrections (full curve) and at LO (dashed curve) as a function of the scaled Higgs energy
xH [7].

presented in Fig. 1 as a function of the Higgs mass for different collider energies [7]. The

4



NLO (LO) cross sections are given by the full (dotted) curves. The QCD corrections are
large for

√
s = 500 GeV due to the Coulomb singularity at threshold and moderate for

high energies. At high energies the results agree with the approximation of eq. (5). The
cross sections amount to more than about 0.1 fb, which leads to a significant number of
events at the TESLA collider, being designed to reach integrated luminosities of about∫ L ∼ 1 ab−1 in three years of operation. The corresponding Higgs-energy distribution is
presented in Fig. 2 for MH = 120 GeV as a function of the scaled variable xH = 2EH/

√
s

[9]. The shape of the distribution is shifted towards larger values of xH due to the Coulomb
singularity at threshold. The results for small values of xH reproduce the approximation
of eq. (5).

dσ/dxH (e+e− → tt
_
 + H) [fb]

MH = 120 GeV

√s = 1 TeV

NLO

LO

xH
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10

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2: The Higgs-energy distribution for the process e+e− → tt̄H +X, including QCD
radiative corrections (full curve) and at LO (dashed curve) as a function of the scaled
Higgs energy xH [9].

The results for the MSSM are exemplified in Fig. 3 for tgβ = 32 and 30 and for the
collider energy ECM = 500 GeV [8]. If required by the size of the cross section, which
should not fall below ∼ 10−2 fb in order to be accessible experimentally, we switched to
ECM = 1 TeV. The Born terms are shown by the dotted curves, while the final results for
the cross sections, including QCD corrections, are given by the full curves.

For ECM = 500 GeV the QCD corrections to Higgs-boson production in association
with tt̄ pairs increase the scalar Higgs-production cross sections significantly, as can be
inferred from Fig. 3. Close to threshold the numerical results clearly exhibit the strong
increase of the cross sections due to the Coulomb singularity (2). Moreover, for tgβ = 30
the cross sections are strongly suppressed except for the regions where the light (heavy)

2Although the value tgβ = 3 is already excluded for vanishing mixing in the stop sector, this choice
exemplifies the complete result for smaller values of tgβ and can easily be extended to the non-vanishing
stop mixing case.
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Figure 3: Production cross sections for the MSSM Higgs bosons h,H and A in association
with heavy t, b quark pairs [8]; Born approximation: dashed, QCD corrections included:
full curves. The rapid drops in the bb̄A cross section at tgβ = 3 are due to the kinematical
opening of the resonant H → WW,hh decays, which reduce the branching ratio of the
resonant H → bb̄ decay.
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scalar Higgs mass is close to its upper (lower) bound. For tgβ = 3 the cross section
amounts to about 1 fb, which leads to a significant number of events at the TESLA
collider.

For CM energies of 1 TeV the QCD corrections to scalar Higgs production in associa-
tion with tt̄ pairs are of moderate size. They decrease the cross sections by about 3–5%.
This is in accordance with the asymptotic form of the K factor [7]. For pseudoscalar Higgs
production, the size of the QCD corrections is slightly positive at 1 TeV, in agreement
with the qualitative discussion above.

The cross sections for Higgs-boson production associated with bb̄ pairs are significantly
larger due to the resonance contributions from on-shell Z and Higgs-boson decays into
bb̄ pairs. The QCD corrections increase these cross sections by about 5–25%. The drop
in the bb̄A production cross section for tgβ = 3 at MA ∼ 140 GeV and 175 GeV can be
attributed to the crossing of the thresholds for resonant H → WW and H → hh decays,
respectively, in HA final states.

Without cuts, the intermediate resonance decays Z, h,H,A → bb̄ dominate all bb̄φ
production processes, whenever they are kinematically allowed, and it will be difficult
to extract the bottom Yukawa couplings experimentally in regions where resonant Higgs
decays to bb̄ pairs are dominant. This is the case at large values of tgβ for all neutral
Higgs particles and at small values of tgβ for Higgs masses below the WW threshold. In
these cases the branching ratios, which determine the size of the bb̄φ cross sections, will
be nearly independent of the bottom Yukawa couplings. Resonance decays R → bb̄ in the
bb̄h/H/A final states can however be eliminated by cutting out the resonance energy of the
final-state Higgs boson, Eφ,res = (s+M2

φ −M2
R)/2
√
s. After subtracting these resonance

parts, the non-resonant contributions are suppressed by about one to three orders of
magnitude. The resonances have been removed from the cross sections in the examples of
Fig. 4 by subtracting the two-particle cross sections in the Breit–Wigner bands MR ±∆
of the energy Eφ,res with the resolution ∆ = 5 GeV. This theoretical definition is used for
the sake of simplicity; wider cuts may be required in experimental analyses. Peaks and
dips in the cross sections are the result of overlapping Breit-Wigner bands. For the scalar
Higgs particles they arise from overlapping Z and A boson bands; in pseudoscalar Higgs
production the light and heavy scalar resonance bands overlap for 100 GeV <∼MA <∼ 120
GeV for tgβ = 30. The dips occur whenever the two resonance bands touch each other,
while the peaks between the dips occur when the resonance masses coincide exactly. As
shown in Fig. 4, the QCD-corrected cross sections are still close to 1 fb or slightly below,
except for heavy masses at small values of tgβ. Thus, ensembles of order 103 events can
be collected at a high-luminosity collider [8].

Fig. 5 presents the pseudoscalar Higgs-energy distribution in tt̄A production at
√
s = 1

TeV for MA = 120 GeV and tgβ = 3 as a function of the scaled Higgs energy xA = 2EA/
√
s

[9]. As in the case of the SM Higgs boson the distribution is shifted towards larger Higgs
energies due to the Coulomb singularity at threshold. Moreover, it is clearly visible from
the comparison of Figs. 2 and 5 that the pseudoscalar energy spectrum is harder than the
scalar one, which is related to the absence of the 1/x enhancement in eq. (6).

The corresponding Higgs-energy distributions of bb̄h production for Mh = 110 GeV is
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Figure 4: Continuum production of MSSM Higgs bosons h,H,A in association with a bb̄
pair after subtraction of resonance decays to bb̄ pairs in the Breit-Wigner bands MR ± 5
GeV [8].
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Figure 5: The Higgs-energy distribution for the process e+e− → tt̄A+X, including QCD
radiative corrections (full curve) and at LO (dashed curve) as a function of the scaled
Higgs energy xA for MA = 120 GeV at

√
s = 1 TeV [9].
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exemplified in Fig. 6 and for bb̄A production for MA = 120 GeV in Fig. 7 as functions of
the corresponding scaled Higgs energies for tgβ = 30 at

√
s = 500 GeV [9]. The resonance

peaks of A,Z → bb̄ are dominating the distribution of bb̄h production and of h,H → bb̄ the
distribution of bb̄A production. The continuum contributions are suppressed by several
orders of magnitude. The QCD corrections are moderate for all Higgs energies.

dσ/dxh (e
+e− → bb

_
 + h) [fb]

Mh = 110 GeV

√s = 500 GeV

tgβ = 30

NLO

LO

A Z

xh
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Figure 6: The Higgs-energy distribution for the process e+e− → bb̄h+X, including QCD
radiative corrections (full curve) and at LO (dashed curve) as a function of the scaled
Higgs energy xh for Mh = 110 GeV at

√
s = 500 GeV [9].

4 Conclusions

Top- and bottom-Yukawa couplings in the SM and supersymmetric theories can be mea-
sured at future linear e+e− colliders in Higgs radiation off top and bottom quarks. We
have presented the total cross sections and Higgs-energy distributions including the full
NLO QCD corrections. The corrections turn out to be large for Higgs radiation off top
quarks at c.m. energies

√
s = 500 GeV, while they are moderate at larger energies. The

QCD corrections to Higgs radiation off bottom quarks are moderate after absorbing large
logarithms in the running bottom Yukawa couplings.

Measurements of the top Yukawa coupling in SM Higgs radiation off top quarks can be
performed quite accurately at the future TESLA collider thanks to the high luminosities.
Measurements of Yukawa couplings in supersymmetric Higgs radiation off heavy quarks
at e+e− linear colliders are difficult. This is a result of the large number of subchannels
contributing to the QQ̄h/H/A final states in supersymmetric theories in general, and the
contamination by two-Higgs final states in particular. Nevertheless, the continuum cross
sections appear large enough to allow for a solution of this experimental problem as shown
in the present analysis. Even though experimental simulations are beyond the scope of
this note, it may be concluded from earlier SM analyses that the method will work at
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Figure 7: The Higgs-energy distribution for the process e+e− → bb̄A+X, including QCD
radiative corrections (full curve) and at LO (dashed curve) as a function of the scaled
Higgs energy xA for MA = 120 GeV at

√
s = 500 GeV [9].

least in part of the MSSM parameter space, thus providing us with the absolute size of
the quark–Higgs Yukawa couplings in the minimal supersymmetric theory.
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The leading electroweak MSSM two-loop corrections to the ρ-parameter
are calculated. They are obtained by evaluating the two-loop self-energies
of the Z and the W boson at O(G2

Fm
4
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1 Introduction

Theories based on Supersymmetry (SUSY) [1] are widely considered as the the-
oretically most appealing extension of the Standard Model (SM). They predict the
existence of scalar partners f̃L, f̃R to each SM chiral fermion, and spin–1/2 partners
to the gauge bosons and to the scalar Higgs bosons. So far, the direct search for
SUSY particles has not been successful. One can only set lower bounds of O(100)
GeV on their masses [2]. Contrary to the SM, two Higgs doublets are required in the
Minimal Supersymmetric Standard Model (MSSM) resulting in five physical Higgs
bosons [3]. The direct search resulted in lower limits of about 90 GeV for the neutral
Higgs bosons [4].

An alternative way to probe SUSY is to search for the virtual effects of the ad-
ditional particles via precision observables. The most prominent role in this respect
plays the ρ-parameter [5]. The leading radiative corrections to the ρ-parameter, ∆ρ,
constitute the leading process-independent corrections to many electroweak precision
observables, such as the W boson mass, MW , and the effective leptonic weak mixing
angle, sin2 θeff. Within the MSSM the full one-loop corrections to MW and sin2 θeff

have been calculated already several years ago [6,7]. More recently also the leading
two-loop corrections of O(ααs) to the quark and scalar quark loops for ∆ρ and MW

have been obtained [8,9]. Contrary to the SM case, these two-loop corrections turned
out to increase the one-loop contributions, leading to an enhancement of the latter of
up to 35% [8].

We summarize here the result for the leading two-loop corrections to ∆ρ at
O(G2

Fm
4
t ) [10]. For a large SUSY scale, MSUSY � MZ, the SUSY contributions

decouple from physical observables. This has been verified with existing results at
the one-loop [11] and at the two-loop level [8,10]. Therefore, in the case of large
MSUSY the leading electroweak two-loop corrections in the MSSM are obtained in
the limit where besides the SM particles only the two Higgs doublets needed in the
MSSM are active. We derive the result for the O(G2

Fm
4
t ) [10] corrections in this case

and provide a compact analytical formula for it, depending on the CP-odd Higgs
boson mass, MA, and the top quark mass, mt. Furthermore, we present formulas for
the limiting cases MA � mt (i.e. the SM limit) and MA � mt. The numerical effect
of the O(G2

Fm
4
t ) corrections is compared with the corresponding SM result [12] and

the gluon-exchange correction of O(ααs) in the MSSM.
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2 Calculation of the O(G2
Fm

4
t ) corrections

2.1 ∆ρ and the Higgs sector

The quantity ∆ρ,

∆ρ =
ΣZ(0)

M2
Z

− ΣW (0)

M2
W

, (1)

parameterizes the leading universal corrections to the electroweak precision observ-
ables induced by the mass splitting between fields in an isospin doublet [5]. ΣZ,W (0)
denote the transverse parts of the unrenormalized Z and W boson self-energies at
zero momentum transfer, respectively. The shifts induced by ∆ρ in the prediction for
the W boson mass, MW , and the effective leptonic weak mixing angle, sin2 θeff, are
approximately given by

δMW ≈
MW

2

c2
W

c2
W − s2

W

∆ρ, δ sin2 θeff ≈ −
c2
W s

2
W

c2
W − s2

W

∆ρ. (2)

Contrary to the SM, in the MSSM two Higgs doublets are required [3]. At the
tree-level, the Higgs sector can be described in terms of two independent parameters
(besides g and g′): the ratio of the two vacuum expectation values, tan β = v2/v1,
and MA, the mass of the CP-odd A boson. The diagonalization of the bilinear part
of the Higgs potential, i.e. the Higgs mass matrices, is performed via orthogonal
transformations with the angle α for the CP-even part and with the angle β for the
CP-odd and the charged part. The mixing angle α is determined at lowest order
through

tan 2α = tan 2β
M2

A +M2
Z

M2
A −M2

Z

; −π
2
< α < 0 . (3)

One gets the following Higgs spectrum:

2 neutral bosons, CP = +1 : h0,H0

1 neutral boson, CP = −1 : A0

2 charged bosons : H+,H−

3 unphysical scalars : G0, G+, G−. (4)

The tree-level masses, expressed through MZ,MW and MA, are given by

m2
h =

1

2

[
M2

A +M2
Z −

√
(M2

A +M2
Z)2 − 4M2

AM
2
Z cos2 2β

]

m2
H =

1

2

[
M2

A +M2
Z +

√
(M2

A +M2
Z)2 − 4M2

AM
2
Z cos2 2β

]

m2
H± = M2

A +M2
W

m2
G = M2

Z

m2
G± = M2

W , (5)
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where the last two relations, which assign mass parameters to the unphysical scalars
G0 and G±, are to be understood in the Feynman gauge.

2.2 Evaluation of the O(G2
Fm

4
t ) contributions

In order to calculate the O(G2
Fm

4
t ) corrections to ∆ρ in the approximation that all

superpartners are heavy so that their contribution decouples, the Feynman diagrams
generically depicted in Fig. 1 have to be evaluated for the Z boson (V = Z) and the
W boson (V = W ) self-energy. We have taken into account all possible combinations
of the t/b doublet and the full Higgs sector of the MSSM, see Sect. 2.1.

The two-loop diagrams shown in Fig. 1 have to be supplemented with the cor-
responding one-loop diagrams with subloop renormalization, depicted generically in
Fig. 2. The corresponding insertions for the fermion and Higgs mass counter terms
are shown in Fig. 3.

The amplitudes of all Feynman diagrams, shown in Figs. 1–3, have been created
with the program FeynArts2.2 [13], making use of a recently completed model file
for the MSSM1. The algebraic evaluation and reduction to scalar integrals has been
performed with the program TwoCalc [14]. (Further details about the evaluations
with FeynArts2.2 and TwoCalc can be found in Ref. [15].) As a result we obtained
the analytical expression for ∆ρ depending on the one-loop functions A0 and B0 [16]
and on the two-loop function T134 [14,17]. For the further evaluation the analytical
expressions for A0, B0 and T134 have been inserted. In order to derive the leading
contributions of O(G2

Fm
4
t ) we extracted a prefactor h4

t ∼ G2
Fm

4
t . Its coefficient can be

evaluated in the limit where MW and MZ (and also mb) are set to zero. Furthermore
we made use of the mass relations in the MSSM Higgs sector, see eq. (5). In the limit
MW ,MZ → 0 they reduce to

m2
h = 0

m2
H = M2

A

m2
H± = M2

A

m2
G = 0

m2
G± = 0. (6)

In the limit MZ → 0 the relation between the angles α and β, see eq. (3), becomes
very simple, α = β − π/2, i.e. sinα = − cosβ , cosα = sinβ . The coefficient of the
leading O(G2

Fm
4
t ) term thus depends only on the top quark mass, mt, the CP-odd

Higgs boson mass, MA, and tan β (or sβ = tan β/
√

1 + tan2 β ).
We explicitly verified the UV-finiteness of our result. As a further consistency

check of our method we also recalculated the SM result for the O(G2
Fm

4
t ) corrections

1 Only the non-SM like counter terms had to be added.
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 Figure 1: Generic Feynman diagrams for the vector boson self-energies

(V = {Z,W}, q = {t, b}, φ, χ= {h,H,A,H±, G,G±}).
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 Figure 2: Generic Feynman diagrams for the vector boson self-energies with counter term
insertion (V = {Z,W}, q = {t, b}, φ, χ = {h,H,A,H±, G,G±}).
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Figure 3: Generic Feynman diagrams for the counter term insertions
(q = {t, b}, φ = {h,H,A,H±, G,G±}).
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with arbitrary values of the Higgs boson mass, as given in Ref. [18], and found perfect
agreement.

3 Analytical results

3.1 The full result

The analytical result obtained as described in Sect. 2.2 can conveniently be ex-
pressed in terms of

a ≡ m2
t

M2
A

. (7)

The corresponding two-loop contribution to ∆ρ then reads:

∆ρSUSY
1,Higgs = 3

G2
F

128π4
m4
t

1 − s2
β

s2
β a

2
×

{
Li2

((
1 −
√

1− 4 a
)
/2
) 8√

1− 4 a
Λ

−2 Li2

(
1 − 1

a

) [
5 − 14a+ 6a2

]

+ log2(a)

[
1 +

2√
1− 4 a

Λ

]
− log(a)

[
2 − 20 a

]

− log2

(
1−
√

1− 4 a

2

)
4√

1− 4 a
Λ

+ log

(
1 −
√

1 − 4 a

1 +
√

1− 4 a

)√
1 − 4 a(1− 2 a)

− log (|1/a − 1|) (a− 1)2

+π2

[
2
√

1− 4 a

−3 + 12 a
Λ +

1

3
− 2 a2

s2
β

1 − s2
β

]
− 17a + 19

a2

1 − s2
β

}
, (8)

with
Λ = 3− 13 a + 11 a2. (9)

In the limit of large tan β (i.e. (1− s2
β)� 1) one obtains

∆ρSUSY
1,Higgs = 3

G2
F

128π4
m4
t

[
19

s2
β

− 2π2 +O
(
1− s2

β

)]
. (10)

Thus for large tan β the SM limit with MSM
H → 0 [12] is reached.
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3.2 The expansion for large MA

The result for ∆ρSUSY
1,Higgs in eq. (8) can be expanded for small values of a, i.e. for

large values of MA:

∆ρSUSY
1,Higgs = 3

G2
F

128π4
m4
t ×

{
19 − 2π2

−1− s2
β

s2
β

[ (
log2 a+

π2

3

) (
8a+ 32a2 + 132a3 + 532a4

)

+ log(a)
1

30

(
560a + 2825a2 + 11394a3 + 45072a4

)

− 1

1800

(
2800a + 66025a2 + 300438a3 + 1265984a4

)

+O
(
a5
) ]}

. (11)

In the limit a→ 0 one obtains

∆ρSUSY
1,Higgs = 3

G2
F

128π4
m4
t

[
19 − 2π2

]
+O(a), (12)

i.e. exactly the SM limit for MSM
H → 0 is reached. This constitutes an important

consistency check: in the limit a→ 0 the heavy Higgs bosons decouple from the the-
ory. Thus only the lightest CP-even Higgs boson remains, which has in the O(G2

Fm
4
t )

approximation the mass mh = 0, see eq. (6). This decoupling of the non-SM contri-
butions in the limit where the new scale (i.e. in the present case MA) is made large
is explicitly seen here at the two-loop level.

3.3 The expansion for small MA

The result for ∆ρSUSY
1,Higgs in eq. (8) can also be expanded for large values of a, i.e.

for small values of MA (with â = 1/a):

∆ρSUSY
1,Higgs = 3

G2
F

128π4
m4
t ×

{
log2(â) â2

[
−1 +

1

s2
β

]

+ log(â)
1− s2

β

210s2
β

[
−2100â + 350â2 + 504â3 + 341â4

]

+π2 2

3s2
β

[
−3 + 7â(1− s2

β)− 2â2(1 − s2
β)
]
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−π
√
â

1 − s2
β

256s2
β

[
1024 − 640â + 56â2 + 3â3

]
(13)

+
19

s2
β

− 1− s2
β

22050s2
β

[
970200â − 376075â2 + 24843â3 + 6912â4

]
+O

(
â5
)}

.

In the limit â→ 0 or a→∞ one obtains

∆ρSUSY
1,Higgs = 3

G2
F

128π4
m4
t

1

s2
β

[
19 − 2π2

]
+O(â). (14)

4 Numerical analysis

4.1 The expansion formula

We first analyze the validity of the two expansion formulas, eqs. (11) and (14). In
Fig. 4 we show the result for δSUSY

1,Higgs, defined by

∆ρSUSY
1,Higgs = 3

G2
F

128π4
m4
t × δSUSY

1,Higgs , (15)

as a function of b = MA/mt (≡ 1/
√
a) for tan β = 3. The expansion for b � 1 is

sufficiently accurate nearly up to b = 1. The other expansion gives accurate results
for b >∼ 2. For larger tan β the expansion becomes better, enlarging the validity region
for the large MA expansion up to b >∼ 1.

4.2 Effects on precision observables

In this section we analyze the numerical effect on the precision observablesMW and
sin2 θeff, see eq. (2), induced by the additional contribution to ∆ρ. In Fig. 5 the size
of the leading O(α2) MSSM corrections, eq. (8), is compared for tan β = 3, 40 with
the leading O(α2) contribution in the SM for MSM

H = 0 [12], with the leading MSSM
corrections arising from the t̃/b̃ sector at O(α) [7], and with the corresponding gluon-
exchange contributions of O(ααs) [8] (the O(ααs) gluino-exchange contributions [8],
which go to zero for large mg̃, have been omitted here). For illustration, the left
plot (tanβ = 3) is shown as a function of MA, which affects only the O(α2) MSSM
contributions, while the right plot (tan β = 40) is given as a function of the common
SUSY mass scale in the scalar quark sector, MSUSY , which affects only the O(α)
and O(ααs) MSSM contributions. We have furthermore chosen the case of “maximal
mixing” in the scalar top sector, which is realized by setting the off-diagonal term in
the t̃ mass matrix, Xt, to Xt = 2MSUSY and yields the maximal value for mh for a
given tan β (see Ref. [19] for details). In the right plot the case of no mixing, Xt = 0,
is also shown. The mixing in the scalar bottom sector has been determined by using
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Figure 4: The quality of the expansion formulas, eqs. (11) and (14), is shown as a function

of b = MA/mt (≡ 1/
√
a).

a bottom quark mass of mb = 4.5 GeV, and by setting the trilinear couplings to
Ab = At and the Higgs mixing parameter to µ = 200 GeV. The O(α2) contributions
in the SM and the MSSM are negative and are for comparison shown with reversed
sign.

While for small values of MSUSY the O(ααs) gluon-exchange contribution in the
MSSM is much larger than the O(α2) contribution from eq. (8) (note that in this
region of parameter space the approximation of neglecting the scalar-quark contribu-
tions in the O(α2) result is no longer valid), they are of approximately equal mag-
nitude for MSUSY ≈ 500 GeV (this refers to both the no-mixing and the maximal-
mixing case) and compensate each other as they enter with different sign. In this
region the two-loop contributions are about one order of magnitude smaller than the
O(α) MSSM contribution. For MSUSY = 1000 GeV the leading MSSM O(α2) contri-
bution is about three times bigger than the O(ααs) gluon-exchange contribution in
the MSSM.

For small tan β (left plot of Fig. 5) and moderate MA (MA ≈ 300 GeV) the
new O(α2) MSSM corrections are about two times larger than the leading O(α2)
contributions in the SM for MSM

H = 0. For large MA the decoupling of the extra
contributions in the MSSM takes place and the O(α2) MSSM correction approaches
the value of the leading O(α2) contributions in the SM for MSM

H = 0, as indicated in
eqs. (11), (12). For large tanβ (right plot of Fig. 5) the O(α2) MSSM correction and
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Figure 5: The contribution of the leading O(α2) MSSM corrections, ∆ρSUSY, α2

1,Higgs , is shown

as a function of MA for tanβ = 3 (left plot) and as a function of MSUSY for tanβ = 40
(right plot). In the left plot the case of maximal t̃ mixing is shown, while the right plot

displays both the no-mixing and the maximal-mixing case. ∆ρ
SUSY, α2

1,Higgs is compared with

the leading O(α2) SM contribution with MSM
H = 0 and with the leading MSSM corrections

originating from the t̃/b̃ sector of O(α) and O(ααs). Both O(α2) contributions are negative

and are for comparison shown with reversed sign.
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plot) is shown as a function of MA for tan β = 3, 40.
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the O(α2) contribution in the SM for MSM
H = 0 are indistinguishable in the plot, in

accordance with eq. (10).
It is well known that theO(α2) SM result with MSM

H = 0 underestimates the result
with realistic values of MSM

H by about one order of magnitude [18]. One can expect
a similar effect in the MSSM once higher order corrections to the Higgs boson sector
are properly taken into account, which can enhance mh up to mh <∼ 130 GeV [19],
see Ref. [10].

In Fig. 6 the approximation formulas given in eq. (2) have been employed for
determining the shift induced in MW and sin2 θeff by the new O(α2) correction to
∆ρ. In Fig. 6 the effect for both precision observables is shown as a fuction of MA

for tan β = 3, 40. The effect on δMW varies between −1.5 MeV and −2 MeV for
small tanβ and is almost constant, δMW ≈ −1.25 MeV, for tanβ = 40. As above,
the constant behavior can be explained by the analytical decoupling of tanβ when
tan β � 1, see eq. (10). The induced shift in sin2 θeff lies at or below 1 × 10−5 and
shows the same qualitative tanβ dependence as δMW .

5 Conclusions

We have calculated the leading O(G2
Fm

4
t ) corrections to ∆ρ in the MSSM in the

limit of heavy squarks. Short analytical formulas have been obtained for the full
result as well as for the cases MA � mt and MA � mt. As a consistency check we
verified that from the MSSM result the corresponding SM result can be obtained in
the decoupling limit (i.e. MA →∞).

Numerically we compared the effect of the new contribution with the leadingO(α2)
SM contribution with MSM

H = 0 and with the leading MSSM corrections originating
from the t̃/b̃ sector of O(α) and O(ααs). The numerical effect of the new contribution
exceeds the one of the leading QCD correction of O(ααs) in the scalar quark sector
for MSUSY >∼ 500 GeV. It is always larger than the leading O(α2) SM contribution
with MSM

H = 0, reaching approximately twice its value for small tanβ and moderate
MA.

The numerical effect of the new contribution on the precision observables MW

and sin2 θeff is reletively small, up to −2 MeV for MW and +1 × 10−5 for sin2 θeff.
It should be noted, however, that the O(α2) SM result with MSM

H = 0, to which
the new result corresponds, underestimates the result with realistic values of M SM

H by
about one order of magnitude. A similar behavior can also be expected for the MSSM
corrections. An extension of our present result to the case of non-zero values of the
lightest CP-even Higgs boson mass will be undertaken in a forthcoming publication.

10



Acknowledgments

S.H. thanks the organizers of “RADCOR2000” for the invitation and the inspiring
and constructive atmosphere at the workshop.

References

[1] H.P. Nilles, Phys. Rep. 110 (1984) 1;
H.E. Haber and G.L. Kane, Phys. Rep. 117, (1985) 75;
R. Barbieri, Riv. Nuovo Cim. 11, (1988) 1.

[2] Part. Data Group, Eur. Phys. Jour. C 15 (2000) 1.

[3] J. Gunion, H. Haber, G. Kane and S. Dawson, The Higgs Hunter’s Guide,
Addison-Wesley, 1990.

[4] S. Andringa et al., Searches for Higgs Bosons: Preliminary Combined Results us-
ing LEP Data Collected at Energies up to 209 GeV, CERN-EP-2000-055. ALEPH
2000-074 CONF 2000-051, DELPHI 2000-148 CONF 447, L3 Note 2600, OPAL
Technical Note TN661.

[5] M. Veltman, Nucl. Phys. B 123 (1977) 89.

[6] R. Barbieri and L. Maiani, Nucl. Phys. B 224 (1983) 32;
C. S. Lim, T. Inami and N. Sakai, Phys. Rev. D 29 (1984) 1488;
E. Eliasson, Phys. Lett. B 147 (1984) 65;
Z. Hioki, Prog. Theo. Phys. 73 (1985) 1283;
J. A. Grifols and J. Sola, Nucl. Phys. B 253 (1985) 47;
B. Lynn, M. Peskin and R. Stuart, CERN Report 86-02, p. 90;
R. Barbieri, M. Frigeni, F. Giuliani and H.E. Haber, Nucl. Phys. B 341 (1990)
309;
M. Drees and K. Hagiwara, Phys. Rev. D 42 (1990) 1709.

[7] M. Drees, K. Hagiwara and A. Yamada, Phys. Rev. D 45 (1992) 1725;
P. Chankowski, A. Dabelstein, W. Hollik, W. Mösle, S. Pokorski and J. Rosiek,
Nucl. Phys. B 417 (1994) 101;
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in Physics Research 2, ed. D. Perret-Gallix (World Scientific, Singapore, 1992),
p. 617.

[15] S. Heinemeyer, BNL–HET–00/48, hep-ph/0102318, to appear in the proceedings
of the ACAT2000, Fermilab, Oct. 2000.

[16] G. ’t Hooft and M. Veltman, Nucl. Phys. B 153 (1979) 365.

[17] A. Davydychev und J. B. Tausk, Nucl. Phys. B 397 (1993) 123;
F. Berends und J. B. Tausk, Nucl. Phys. B 421 (1994) 456.

[18] R. Barbieri, M. Beccaria, P. Ciafaloni, G. Curci and A. Vicere, Nucl. Phys. B
409 (1993) 105;
J. Fleischer, F. Jegerlehner and O.V. Tarasov, Phys. Lett. B 319 (1993) 249.

[19] S. Heinemeyer, W. Hollik and G. Weiglein, Phys. Rev. D 58 (1998) 091701, hep-
ph/9803277; Phys. Lett. B 440 (1998) 296, hep-ph/9807423; Eur. Phys. Jour.
C 9 (1999) 343, hep-ph/9812472.

12

http://www-itp.physik.uni-karlsruhe.de/prep/phd/
http://arXiv.org/abs/hep-ph/9901317
http://arXiv.org/abs/hep-ph/9710313
http://arXiv.org/abs/hep-ph/9903211
http://arXiv.org/abs/hep-ph/0002134
http://arXiv.org/abs/hep-ph/0012260
http://www.feynarts.de
http://arXiv.org/abs/hep-ph/9310358
http://arXiv.org/abs/hep-ph/9310358
http://arXiv.org/abs/hep-ph/0102318
http://arXiv.org/abs/hep-ph/9803277
http://arXiv.org/abs/hep-ph/9803277
http://arXiv.org/abs/hep-ph/9807423
http://arXiv.org/abs/hep-ph/9812472


ar
X

iv
:h

ep
-p

h/
01

01
20

6 
v1

   
18

 J
an

 2
00

1

CERN-TH/2001-007
October 10, 2001
hep-ph/0101206

Quantum corrections for the MSSM Higgs
couplings to SM fermions

David Garcia∗

CERN, Theory Division
CH-1211 Geneva 23, Switzerland

Higgs Yukawa couplings to down-type fermions receive, in the MSSM,
supersymmetric quantum corrections that can be of order 1 for large val-
ues of tanβ, provided |µ| ∼ MSUSY. Therefore, a sensitive prediction for
observables driven by any of these couplings can only be obtained after an
all-order resummation of the large corrections. We perform this necessary
step and show, as an example, the effect of the resummation on the com-
putation of the pp, pp → tbH− + X cross-section and on the branching
ratio BR(b→ sγ) at the next-to-leading order.

Presented at the

5th International Symposium on Radiative Corrections

(RADCOR–2000)

Carmel CA, USA, 11–15 September, 2000

∗Work supported by the European Commission TMR programme under the grant ERBFMBICT
983539.



1 Introduction

The full experimental confirmation of the Standard Model (SM) still requires the
finding of the Higgs boson. The last LEP results, suggesting a light Higgs of about
115 GeV [1], are encouraging, but we will have to wait for the upgraded Tevatron or
the LHC to see this result either confirmed or dismissed. In any case, there is room
for a extended Higgs sector of various kinds (extra doublets, singlets, even triplets).

The Higgs sector of the Minimal Supersymmetric Standard Model (MSSM), well-
known nowadays (see [2], for instance), still deserves further studies. In particular, an
interesting topic is the effect of supersymmetric corrections on the Yukawa interaction,
because many production and decay channels are mediated by these couplings, some
of them at the one-loop level (such as H → γγ or gg → H).

For large tanβ values, one expects deviations of order 1 of the Yukawa couplings to
down-type fermions from their tree-level values, due to gluino (SUSY-QCD) and, to
a lesser extent, higgsino (SUSY-EW) radiative effects. This can be seen, for instance,
in the computation of the one-loop correction to the t→ bH+ partial decay rate [3],
which grows with tanβ as (αs,w/4π) tanβ. With contributions of order (αs/4π)n tannβ
arising at higher orders in perturbation theory, the one-loop result can only be mean-
ingful for small tanβ values. Let us recall that large tanβ scenarios, such as those
derived from supersymmetric SO(10) models with unification of the top and bot-
tom Yukawa couplings at high energies [4,5], have become more appealing since LEP
searches for a light neutral Higgs boson, h, started to exclude the low-tanβ region of
the MSSM parameter space. The latest analyses rule out the MSSM for tanβ in the
range 0.52 < tanβ < 2.25, even with maximal stop mixing [6].

In this talk we present the resummation of such corrections into the definition of
the bottom Yukawa as a function of the bottom mass, restoring the reliability of the
perturbative series for large tanβ. This “improved” formula for the Yukawa is then
used in the evaluation of the pp, pp → tbH− + X cross-section and of the branching
ratio for b → sγ at the next-to-leading order (NLO), comparing the result with the
case in which no resummation is made.

2 Resummation of SUSY corrections

Let us briefly explain how such large corrections could arise. The starting point
is the MSSM superpotential. Supersymmetry constrains it to be holomorphic in the
chiral superfields, implying that the left-handed components of down-type quarks and
leptons only couple to the H1 Higgs doublet, while the left-handed up-type quarks
and leptons only couple to H2. For the third-generation quarks, one has

L = −hb bbH0
1 − ht ttH0

2 + · · · (1)

1



Soft-SUSY-breaking operators induce the forbidden couplings, bbH0
2 and ttH0

1 , radia-
tively. After integrating out all R-odd particles in the MSSM, one obtains an effective
two-Higgs-doublet model (2HDM) lagrangian

Leff = −(hb + ∆h1
b) bbH

0
1 − (0 + ∆h2

b) bbH
0
2 + · · · (2)

As we have argued above, there is a clear motivation for studying the large tanβ
regime of the MSSM. If tanβ is large, and after electroweak symmetry breaking, the
∆h2

b term can induce corrections of order 1 to down-type fermion masses:

mb = hb v1

(
1 + ∆h1

b/hb + ∆h2
b/hb tanβ

)
, (3)

or conversely, one can express the renormalized bottom Yukawa coupling as a function
of the bottom mass through

hb v1 =
mb

1 + ∆h1
b/hb + ∆h2

b/hb tanβ
∼ mb

1 + ∆mb

. (4)

The set of quantum corrections included in (4) are universal, in the sense that
they equally affect all amplitudes proportional to the bottom Yukawa. To derive (4),
one matches the MSSM to a generic 2HDM at a scale MSUSY of the order of the
relevant soft-SUSY-breaking parameters. Alternatively, within the MSSM, and using
an on-shell renormalization scheme, these corrections are absorbed into the bottom
mass counterterm, δmSUSY

b ∼ −∆mSUSY
b .

The quantity ∆mb is dominated by SUSY-QCD virtual effects,1 and at the one-
loop level can be cast into the simple expression [5]

∆mb ∼ ∆mSQCD
b =

2αs

3π
µmg̃ tanβ I(mb̃1

,mb̃2
,mg̃) , (5)

where the function I is the limit of Passarino–Veltman’s C0 for vanishing external
momenta.

An interesting property of ∆mb is that it does not vanish for MSUSY/mW → ∞.
The SUSY-QCD contribution, for instance, evaluates to αs/(3π) tanβ in this limit.
This should never be understood as a non-decoupling behaviour of the MSSM, because
the tree-level hb is not an observable. If the masses of both the SUSY partners and
the non-standard higgses (H, A, H±) become large, the SUSY radiative corrections
to hb are cancelled out exactly by one-loop process-dependent corrections. If mA is
not too large with respect to mW , one can expect large deviations from the rule

ghbb/ghττ = mb/mτ , (6)

1An analogous quantity, ∆mτ , can be defined for the τ -Yukawa. ∆mτ , though, receives (gener-
ally) smaller SUSY-EW contributions.
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+
b̃a

+

g̃

+

Figure 1: Complete set of Feynman diagrams contributing at order αns tannβ to the inverse

bottom propagator, in SUSY-QCD with no virtual gluons. Dashed and solid internal lines
represent sbottom quarks and gluinos, respectively. A cross denotes, in the second diagram,

the insertion of a bottom mass-counterterm, and in the last diagram, the counterterm for
the b̃Lb̃RH

0
2 coupling.

which holds not only in the SM, but also in 2HDM of types I and II [2]. For the H,
A, neutral higgses, eq. (6) can be violated even in the decoupling limit, their masses
being of the order of mA. This feature could help in distinguishing the MSSM Higgs
sector from a generic type II 2HDM, specially if correlations among various Higgs
couplings were checked.

Remarkably enough, it can be shown that, in mass-independent renormalization
schemes such as the MS, the whole set of SUSY-QCD corrections of the form2 αns tannβ
are resummed into the above definition for hb [7] in eq. (4). The proof involves the
consideration of the perturbative series for the inverse bottom propagator, which can
be used to determine the functional relation between hb and the bottom pole mass.
In a first step one restricts the analysis to the set of diagrams with no gluons: only
those in fig. 1 contribute at order αns tannβ, higher-loop diagrams being suppressed
either by inverse powers of tanβ or by mb/MSUSY factors. Requiring the inverse
propagator to vanish on-shell, one arrives at (4), apart from 1/ tanβ and mb/MSUSY

suppressed quantities. The full proof, that is, after allowing for diagrams containing
virtual gluons, is more delicate. It requires, for instance, a careful analysis of the
infrared behaviour of the extra diagrams, as 1/mb mass singularities would invalidate
the counting of mb/MSUSY powers used in the proof.

3 Prospects for H± searches at hadron colliders

As a first example of the use of eq. (4), we are going to consider the MSSM
associated production of a charged Higgs boson, H±, with top and bottom at hadron
colliders, presenting results for both the Tevatron and the LHC [8]. From our point
of view, the relevance of this channel is due to its ability to test the charged Higgs
coupling to the third-generation quarks and leptons. Any information obtained about

2The only exception being, for n = 1, the process-dependent one-loop effects that restore the SM
low-energy limit of the theory for mA/mW →∞.
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Figure 2: The pp, pp→ tbH− + X cross-section at the Tevatron Run II (left) and at the
LHC (right), for µ = −200 GeV, tanβ = 30 and mg̃ = mt̃1

= mb̃1
= Ab = At = 500 GeV.

The dashed curve corresponds to the qq annihilation channel, the dotted curve to the sum
of the gg-initiated and gb-initiated channels, after subtracting double counting in the gb

channel. The solid curve is the sum of all channels, qq, gg and gb.

these couplings could provide valuable hints on the exact nature of the Higgs sector.
After the LEP shutdown, charged Higgs searches concentrate on the Tevatron

results. Both direct and indirect Tevatron analyses have been limited to the region
mH+ < mt − mb, placing constraints on the mH+–BRt→bH+ plane [9], which are
usually translated to the mH+–tanβ plane once the relevant MSSM parameters are
fixed [10].

Beyond the kinematical limit for t→ bH+, apart from the one considered in this
talk, there are two other promising production channels: pair production [11] and
associated production with a W boson [12]. The work presented here on pp, pp →
tbH− +X adds, with respect to previous analyses [13,14,15,16,17], a resummation of
the leading —in powers of αstanβ, for tanβ >∼ 10— SUSY radiative corrections (both
strong and electroweak) and a estimation of the off-shell effects. It will be presented
in full detail in [8], including a complete signal and background analysis.

3.1 Cross-section computation and results

At the parton level, the reactions pp, pp → tbH−+X proceed through three main
channels3: i) qq→ tbH−, with q = u, d (the s contribution can be safely neglected), a
channel only relevant to the Tevatron [14,15]; ii) gg → tbH−, dominant at the LHC,

3We shall omit the charge-conjugate process, pp, pp→ tbH++X, for the sake of brevity. Including
this process just amounts to multiplying our cross-section by a factor of 2.
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and also at the Tevatron for increasing H± masses [14,15]. Since the bottom mass,
mb, is small with respect to the energy of the process, parton distribution functions
(PDFs) for b-quarks have to be introduced, allowing for the resummation of collinear
logs [18]. This provides an extra bg → tH− channel contributing to the cross-section.
Contrary to i) and ii), in this case the final state contains at most three high-pT
b-quarks and, therefore, bg-initiated processes cannot be detected by using four high-
pT b-tagging. Once a PDF for the b-quarks is used, there is some amount of overlap
between bg- and gg-initiated amplitudes, which has to be removed [18,19]. To this
end, we follow here the method described in ref. [19], straightforwardly translated
to the tbH− final state case (see also [14]). Figure 2 shows the relative relevance of
the various channels to both the Tevatron Run II and the LHC, as explained above.
The solid curve can be used to get a rough estimate of the reach of the process
pp, pp → tbH−+X in the search for a MSSM charged Higgs boson in these machines
for the given parameters (see the caption).

The amplitude for pp, pp → tbH− + X is, for large tanβ, approximately propor-
tional to the Yukawa coupling of the bottom quark and, as explained above, receives
supersymmetric quantum corrections that can be of order 1. An analysis of the reach
of pp, pp → tbH−+X in H± searches demands the appropriate inclusion and resum-
mation (using (4)) of such corrections in the computation of the cross-section. For
the present work we have also included the full off-shell SUSY-QCD and SUSY-EW
corrections to the H+tb vertex and to the fermion propagators, although ∆mb in (4) is
the only correction contributing at order (αs/4π)n tannβ and thus dominates for large
tanβ. In fact, the approximation of neglecting vertex and propagator corrections in
the cross-section, which we call “improved Born” approximation, is really justified in
that region (see fig. 3).

We disregard virtual supersymmetric effects on the gqq and ggg vertices and on
the gluon propagators. We expect those to be of order (αs/4π) · (√s/MSUSY), with no
tanβ enhancement, and thus suppressed both by a loop factor (any reasonable choice
for αs(Q) will be small) and by a MSSM form factor coming from the loop integrals.
Therefore, we can neglect these contributions as we are only considering large tanβ
values. Besides, the cross-section for the signal is much smaller for tanβ close to 1,
so our approximation is well justified.

The only other source of potentially large radiative corrections is, of course, stan-
dard QCD. At least one group is currently addressing the NLO QCD correction to
pp, pp → bbH+X, which can provide a good guess for the sign and size of the correc-
tions in pp, pp → tbH− +X. In the meantime, we can parametrize our ignorance by
using a K-factor ranging between 1.2 and 1.5 [22,16,20]. Once the exact value of K
will be known, it will be easy to conveniently rescale our plots to take into account the
effect of the gluon loops. The only QCD corrections we do incorporate to the cross-
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section are those related to the running of αs(Q) and mb(Q).4 We choose to work with
equal renormalization, µR, and factorization, Q, scales fixed at µR = Q = mt +mH+.

Concerning the method employed to compute the squared matrix elements, we
have made intensive use of the package CompHEP [24], for both the signal and
background processes. Although CompHEP is only able to deal with tree-level calcu-
lations, we have managed to add the supersymmetric corrections to the tbH− vertex
and to the fermion propagators in the following way: first, we have modified Com-
pHEP’s Feynman rules to allow for the most general off-shell tbH− vertex, then we
have let CompHEP reckon the squared matrix elements and dump the result into
REDUCE code. At this point, we have inserted expressions for the coefficients of the
off-shell tbH− vertex that include the one-loop off-shell supersymmetric corrections
to the vertex itself and to the off-shell fermion propagators and fermionic external
lines.5 Only half the renormalization of an internal fermion line has to be included,
the other half being associated to the gqq vertex. This procedure has allowed us to
estimate the relative size of the off-shell effects in the signal cross-section, which never
exceeds the few per cent level.

In fig. 3, we compare the above various approximations to the pp → tbH− + X
cross-section at the Tevatron Run II. The curves correspond to the total cross-section,
as a function of tanβ, for a centre-of-mass energy of 2 TeV and a charged Higgs
mass of 250 GeV. The tree-level result is given by the dotted line; it grows almost
quadratically with tanβ. After including the MS off-shell one-loop supersymmetric
corrections in the tbH− vertex, in the internal fermion propagators and in the external
fermion lines, one obtains the dashed line. For the chosen parameters, that is µ =
−200 GeV, mg̃ = mt̃1 = mb̃1

= Ab = At = 500 GeV, the overall correction turns out
to be positive, as it is driven by the SUSY-QCD correction in (4), which is positive
for negative µ. The resummation of the order αns tannβ supersymmetric corrections
further increases the result up to the top solid curve, labelled “improved” MS. The
effect is not dramatic because µ is sizeably smaller than the rest of the relevant soft-
SUSY-breaking parameters, namely the gluino and sbottom masses. To illustrate the
possibility of a suppression of the cross-section due to virtual supersymmetric effects,
we also plot the resummed result for the same parameters but taking µ = 200 GeV
and At = −500 GeV, which corresponds to the bottom (red) solid line. It does
not differ much from the tree-level because of a partial cancellation of the correction
due to the effect of the resummed high-order terms in (4). Finally, the dot-dashed
curve is obtained by just replacing the mb(Q) in the tree-level approximation to the
cross-section with mb(Q)/(1 + ∆mb), as suggested by (4). This “improved” tree-level

4In the t → bH+ decay rate, this actually accounts for most of the QCD virtual effects (for
Q = mt) [23].

5We shall not write down here the analytic expressions for the renormalized vertex and propa-
gators. They can easily be derived by just generalizing previous on-shell calculations, such as those
for t→ bH+ [3].
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Figure 3: Various approximations to σ(pp → tbH− + X) at the Tevatron Run II, as a
function of tanβ, for a charged Higgs mass of 250 GeV. The remaining MSSM parameters

are set as in fig. 2. Shown are the tree-level (dotted line), the one-loop MS (dashed line),
the improved or resummed MS (top solid line and bottom red solid line, the latter for

µ = 200 GeV and At = −500 GeV) and the improved tree-level (dot-dashed line) results.

constitutes a fairly good approximation to the complete resummed MS result (top
solid curve). Similar conclusions apply for pp → tbH− +X at the LHC.

4 b→ sγ and supersymmetry with large tanβ

The computation of the b → sγ branching ratio at the NLO in the MSSM is
clearly a complicated matter [25,26], and completely general expressions have not yet
been derived. Nevertheless, it turns out that the leading αns tann+1β corrections can
be calculated and resummed to all orders in perturbation theory by replacing the
tree-level Yukawa of the bottom quark by eq. (4) in the Wilson coefficients of the
leading-order (LO) computation [27].

To show how this procedure works, let us start by identifying the dominant one-
loop Feynman diagrams. In a type II 2HDM, the diagram contributing to the highest
tanβ power is that in fig. 4, with the exchange of a virtual charged Higgs in the loop,
which is proportional to hb · ht cosβ and, therefore, of order tan0β. Substituting a
chargino by the charged Higgs, one obtains the leading diagram in the MSSM, which
is proportional to hb · ht and of order tanβ. We have checked, using the formulae
in [25], that the leading —in tanβ— NLO corrections follow from the replacement
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Figure 4: Dominant, in powers of tanβ, LO contribution to the b→ sγ branching ratio in
the 2HDM.

hb → −hb∆mb (expanding and truncating at first order in αs) in the LO contribu-
tions associated to the above-mentioned diagrams. These NLO corrections are to be
associated with the insertion of the counterterm for the bottom Yukawa in the LO,
and thus have their origin in a one-loop diagram. The resulting effect is of order
αstan2β for the chargino loop, and αstanβ for the H− loop.

There is one additional source of tanβ-enhanced corrections in the charged Higgs
diagrams, which is not related to the bottom mass counterterm [25]: while the tree-
level H+tRsL vertex is suppressed by 1/ tanβ, this suppression is absent at the one-
loop level, so that the NLO charged-Higgs contribution to BR(b → sγ) is tanβ-
enhanced with respect to the LO one. No enhancement occurs in higher-loop dia-
grams, which are suppressed either by 1/ tanβ powers or by mb/MSUSY factors [7].

Now that all sources of tanβ-enhanced terms have been identified, it is an easy
matter to proceed with the improvement of the NLO expressions, that is, to resum all
terms of order αns tann+1β. Just replace, in the LO expressions, hb by hb/(1 + ∆mb),
and remove double counting, i.e. −hb∆mb terms, in the NLO formulae (see ref. [27]
for a detailed description of the procedure). This is enough to extend the validity of
the calculation presented in ref. [25] to large values of tanβ.

The quantitative effect of the improvement can be assessed from fig. 5, where
we compare the NLO theoretical prediction for BR(b → sγ) of ref. [25] with (solid
line) and without (dashed line) including the all-order resummation of the dominant
tanβ-enhanced radiative corrections, for typical values of the supersymmetric param-
eters. We use a negative value of At = −500 GeV at low energies, with mg̃At < 0.
This choice is inspired in supergravity models, where this sign relation holds unless
the boundary value of At at the high-energy input scale is one order of magnitude
larger than the gaugino soft-supersymmetry-breaking mass parameters [4,28]. For
the experimental measurement of the b → sγ branching ratio, we use the combined
result of CLEO [29] and ALEPH [30], BR(b→ sγ) = (3.14± 0.48)× 10−4. Owing to
cancellations among the various contributions, the relative size of the effect turns out
to be sizeable only for µAt < 0: for the set of parameters used in fig. 5, it decreases
the NLO result by 20% at tanβ ' 30.
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Figure 5: Comparison of the NLO theoretical prediction for BR(b→ sγ) of ref. [25] before
(solid line) and after (dashed line) performing a resummation of the dominant supersym-

metric corrections of order αns tann+1β, as explained in the text. The charged-Higgs boson
mass is 200 GeV and the light stop mass is 250 GeV. The values of µ and At are indicated

in the plot, while M2, the gluino, heavy-stop and down-squark masses are set at 800 GeV.

Notice that, with our sign conventions, positive values of µ are necessary in order
to obtain correct values for BR(b → sγ), even after considering higher-order effects,
within minimal supergravity models, for which, as explained in the above paragraph,
the sign of At at low energies tends to be negative. This is in contradiction with
the results of ref. [31]. We believe sign errors in the charged Goldstone and Higgs
couplings to stop and down-like squarks in the published version of [25] are at the
origin of this discrepancy (see [27]).6

5 Conclusions

Motivated by the latest LEP analyses ruling out tanβ values around 1 [6] and by
large tanβ supersymmetric SO(10) models, we have analysed the Yukawa couplings
of down-type fermions in the MSSM, which receive potentially large supersymmetric
corrections when tanβ is large. We claim that, in observables where these couplings
are relevant, a resummation of the leading —in powers of tanβ— subset of correc-
tions is needed if the observables are to be computed for large tanβ. We perform
such resummation, which is essentially independent of the particular process under
consideration, and explore its numerical impact on two exemplary processes: the
pp, pp → tbH− +X cross-section and the branching ratio of b→ sγ.

6The authors of [25] have independently detected these sign errors, and posted a corrected version
of the paper to the hep-ph archive.
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Note added

After presentation of this talk, and concerning the b→ sγ branching ratio, similar
formulae for the improvement of the NLO computation in the MSSM with large tanβ
have been given in [32].
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[3] J. Guasch, R.A. Jiménez and J. Solà, Phys. Lett. B360 (1995) 47; J.A. Coarasa,
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1 Introduction

The study of radiative corrections to Standard Model (SM) couplings may provide
crucial clues in exploring new physics beyond the reach of present accelerators. In
particular, suppose that a light Higgs boson, h0, were discovered in the mass range
predicted by the minimal supersymmetric extension of the Standard Model (MSSM),
but supersymmetric (SUSY) particles were not found. Then, a precise measurement
of Higgs couplings to SM particles, which are sensitive to radiative corrections, could
provide indirect information about the existence of SUSY in Nature and some indi-
cation of the preferred region of the SUSY parameter space. For example, one could
predict (in the context of the MSSM) whether the data favored a SUSY spectrum
below the 1 TeV energy scale. Similar studies can be performed by considering alter-
native observables as, for instance, the partial widths of top and Higgs decays into
SM particles, and by comparing their predictions in the MSSM and the SM.

In this comparison of the MSSM and SM predictions for observables involving
SM particles in the external legs, it is interesting to consider some particular limiting
situations. The first one is when the genuine SUSY spectrum is very heavy as com-
pared to the electroweak scale, MSUSY � MZ , where MSUSY represents generically
the masses of the SUSY particles. This situation corresponds to the decoupling of
SUSY particles from the rest of the MSSM spectrum, namely, the SM particles and
the MSSM Higgs sector containing h0, H0, A0 and H±. The second one is when the
extra Higgs bosons, H0, A0 and H± are very heavy, but h0 and the genuine SUSY
particles are closer to the electroweak scale. This decoupling limit can be reached by
considering MA �MZ, where MA is the mass of the CP-odd neutral Higgs boson of
the MSSM. In addition, there is the limiting situation where both MSUSY and MA

are large, and the decoupling of all non-standard particles from the SM physics is
expected. This decoupling is known to occur in tree-level physics and in some one-
loop physics. In particular, the tree-level couplings of h0 to fermion pairs and gauge
bosons tend to their SM values if MA �MZ [1]. As a consequence of this decoupling,
distinguishing the lightest MSSM Higgs boson in the large MA limit from the Higgs
boson of the SM will be very difficult.

Formally, the decoupling of all non-standard MSSM particles implies that in the
effective low-energy theory, all observables involving SM particles in the external legs
tend to their SM values in the limit of large SUSY masses and large MA. It has
been shown that all the genuine SUSY particles in the MSSM and the heavy Higgs
bosons H0, A0 and H±, decouple at one-loop order from the low-energy electroweak
gauge boson physics [2]. In particular, the contributions of the SUSY particles to low-
energy processes either fall as inverse powers of the SUSY mass parameters or can be
absorbed into counterterms for the tree-level couplings of the low-energy theory and,
therefore, they decouple in the same spirit as established in the Appelquist-Carazzone
Theorem [3]. As a result, the radiative corrections involving SUSY particles go to
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zero in the asymptotic large SUSY mass limit.
Our purpose here is to determine the decoupling behaviour in the previous limiting

situations of several observables, including radiative corrections at one-loop, with the
hope that for some of them either the decoupling does not occur totally or, in case
it occurs, it proceeds slowly such that there may remain significant signals of new
physics beyond SM, even for a heavy SUSY spectra.

In this paper we focus on the partial widths of h0 → bb, H+ → tb and t → W+b
decays, with special emphasis on the first one, whose corresponding branching ratio
will be crucial for the experimental Higgs boson searches at the upcoming Tevatron
Run 2 [4,5]. We study the MSSM radiative corrections to these observables at the
one-loop level and to leading order in αs, and we analyze in detail their behavior in the
previously mentioned decoupling limits. These corrections are due to the SUSY-QCD
(SQCD) sector and arise from gluinos and third generation-squark exchange. Because
of the dependence on the strong coupling constant, these are expected to be the most
significant one-loop MSSM contributions over much of the MSSM parameter space.
We will show that in the limit of large MA (in this limit one also has MH0 ,MH± �
MZ) and large sbottom and gluino masses (Mb̃i

,Mg̃ � MZ), the SM expression for

the h0 → bb one-loop partial width is recovered [6]. That is, the SQCD corrections to
the Γ(h0 → bb) partial width decouple in the limit of large SUSY masses and large
MA. In particular, we examine the case of large tanβ, for which the SQCD corrections
are enhanced. This enhancement can delay the onset of decoupling and give rise to a
significant one-loop correction, even for moderate to large values of the SUSY masses.
This decoupling, however, does not occur, if either MSUSY (characterizing a common
mass scale for gluino and sbottom masses) or MA are kept fixed while the other is
taken large. A similar non-decoupling phenomenon of the SQCD corrections to one-
loop when MA is fixed and the sbottom, stop and gluinos masses are considered large
is found in the H+ → tb decay [7]. The SQCD corrections to one-loop in the t→ W+b
decay, however, do decouple and this decoupling proceeds fast. We present here just
a summary of the main results and refer the reader to refs. [6,7] for more details.

2 Decoupling limit in the Higgs sector

The decoupling limit in the Higgs sector of the MSSM was first studied in ref. [1].
In short, it is defined by considering the CP-odd Higgs mass much larger than the
electroweak scale, MA �MZ , and leads to a particular spectrum in the Higgs sector
with very heavy H0, H± and A0 bosons, and a light h0 boson. For a review of the
MSSM Higgs sector, see ref. [8].

At tree level, if MA �MZ, the Higgs masses are,

MHo 'MH± 'MA �MZ , Mho 'MZ|cos2β| .
That is, at tree-level there exists a CP-even Higgs, h0, lighter than the Z boson.
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Concerning the neutral Higgs couplings, their tree-level values in the MSSM nor-
malized to SM couplings and for arbitrary MA, are given in table 1.

φ gφtt gφbb gφV V

SM H 1 1 1

MSSM ho cosα/ sin β − sinα/ cos β sin(β − α)

Ho sinα/ sin β cosα/ cos β cos(β − α)

Ao 1/ tan β tan β 0

Table 1: Higgs couplings in the MSSM normalized to SM couplings

Notice that by expanding in inverse powers of MA, we get:
cosα
sinβ
' 1 +O(M2

Z/M
2
A) , − sinα

cosβ
' 1 +O(M2

Z/M
2
A)

sin(β − α) ' 1 +O(M4
Z/M

4
A).

Therefore, the h0 tree-level couplings in the decoupling limit, MA �MZ , tend to
their SM values, as expected.

Beyond tree level, it has been shown [9] that, in this same decoupling limit, the
Higgs masses keep a similar pattern as at tree level, that is, very heavy H 0, H± and
A0 bosons, and a light h0 boson. The particular values of their masses depend of
course on the MSSM parameters, but for MA �MZ,

MHo 'MH± 'MA �MZ ,

Mho ≤ 130 − 135GeV .

In this work we will go beyond tree level and study the decoupling behaviour of
heavy SUSY particles and heavy Higgses, at one-loop level, in Higgs bosons and top
quark decays.

3 Decoupling limit in the SUSY-QCD sector

The sbottom and stop mass matrices, in the MSSM, are given respectively by:

M̂2
b̃

=

(
M2

Q̃
+m2

b −M2
Z(1

2
+Qbs

2
W

) cos 2β mb(Ab − µ tan β)
mb(Ab − µ tan β) M2

D̃
+m2

b +M2
ZQbs

2
W

cos 2β

)

and

M̂2
t̃ =

(
M2

Q̃ +m2
t +M2

Z(1
2
−Qts

2
W ) cos 2β mt(At − µ cot β)

mt(At − µ cot β) M2
Ũ

+m2
t +M2

ZQts
2
W

cos 2β

)
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In order to get heavy squarks and heavy gluinos, we need to choose properly the
soft SUSY breaking parameters and the µ-parameter. Since here we are interested in
the limiting situation where the whole SUSY spectrum is heavier than the electroweak
scale, we have made the following assumptions for the soft breaking squark mass
parameters, trilinear terms, µ-parameter and gluino mass (see ref. [6] for more details),

MSUSY ∼MQ̃ ∼MD̃ ∼MŨ ∼Mg̃ ∼ µ ∼ Ab ∼ At �MZ,

where MSUSY represents generically a common SUSY large mass scale.
Besides, we have considered two extreme cases, maximal and minimal mixing,

which, for the large mass limit we are studing, imply certain constraints on the squark
mass differences. Thus, given the generic mass matrix,

M̂2
q̃ ≡

(
M2

L mqXq

mqXq M2
R

)
,

the two limiting cases are reached by choosing the relative size of ML,R and Xq as
follows,

A.-Close to maximal mixing: θq̃ ∼ ±45◦

|M2
L −M2

R| � mqXq ⇒ |M2
q̃1
−M2

q̃2
| � |M2

q̃1
+M2

q̃2
|

B.-Close to minimal mixing: θq̃ ∼ 0◦

|M2
L −M2

R| � mqXq ⇒ |M2
q̃1
−M2

q̃2
| ∼ O|M2

q̃1
+M2

q̃2
|

Here we have included the corresponding implications for the squark mass differences.

4 SUSY-QCD corrections to ho → bb in the decoupling limit

In this section we study the SUSY-QCD corrections to the partial decay width
Γ(ho → bb) at the one-loop level and to leading order in perturbative QCD, that is
O(αS). We will then explore the decoupling behaviour of these corrections for large
SUSY masses, MSUSY , and/or large MA. Both numerical and analytical results will
be presented [6].

For the h0 mass range predicted by the MSSM, the decay channel ho → bb is
by far the dominant one (except in some special regions of parameter space at large
tan β), and the precise value of its branching ratio will be crucial for the h0 final
experimental reach at the Tevatron.

Among the various contributions to this decay width, the QCD corrections are
known to be the dominant ones. At the one-loop level and to order αS these can be
written as,

Γ1(ho → bb) ≡ Γ0(ho → bb)(1 + 2∆QCD + 2∆SQCD),
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where, Γ0(ho → bb) is the tree level width, ∆QCD is the one-loop contribution from
standard QCD and, ∆SQCD is the one-loop contribution from the SUSY-QCD sector
of the MSSM. The QCD correction, ∆QCD, gives a ∼ 50% reduction in the Γ(ho → bb)
decay rate for Mh0 in its MSSM range [10] . This correction has the same form in the
MSSM as in the SM, so that it gives no information in distinguishing the MSSM from
the SM. The SQCD correction, ∆SQCD, was first computed in the on-shell scheme by
using a diagrammatic approach in ref. [11] and later studied in detail in [12]. The
SQCD corrections to the h0bb coupling were also computed in an effective Lagrangian
approach in ref. [4], using the SUSY contributions to the b-quark self energy [13,14]
and neglecting terms suppressed by inverse powers of SUSY masses. The size of
the SQCD correction, ∆SQCD, and the QCD correction, ∆QCD, are comparable for a
wide window of the MSSM parameter space. In some regions of the MSSM parameter
space, the SQCD corrections become so large that it is important to take into account
higher-order corrections. The two-loop SQCD corrections have been studied in a
diagrammatic approach in ref. [15]. A higher-order analysis has also been carried
out in refs. [16,17] by resumming the leading tan β contributions to all orders of
perturbation theory and by using an effective Lagrangian approach. However, this
resummation is not important in our present work because we are interested in the
decoupling limit, in which the one-loop corrections to the h0bb coupling are small.
Thus, for the present analysis we will just keep the one-loop corrections.

���

��

����
�

��
	

�����
 

���

��
�

Figure 1: One-loop SUSY diagrams contributing to O(αS) to ho → bb decay

To one-loop and O(αS) there are two type of diagrams, shown in Fig. 1, that
contribute to

∆SQCD = ∆loops
SQCD + ∆CT

SQCD .

The triangle diagram, with exchange of sbottoms and gluinos, contributes to
∆loops
SQCD, whereas the bottom self-energy diagram contributes to the counter-terms

part ∆CT
SQCD. The exact results in the on-shell scheme are summarized by,
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∆loops
SQCD = αs

3π

{[
2M2

Z

mb

cosβ sin(α+β)
sinα

(Ib3 cos2 θb̃ −Qbs
2
W cos 2θb̃) + 2mb + Yb sin 2θb̃

]

×
[
mbC11 +Mg̃ sin 2θb̃C0

]
(m2

b,M
2
ho ,m

2
b;M

2
g̃ ,M

2
b̃1
,M2

b̃1
)

+
[

2M2
Z

mb

cosβ sin(α+β)
sinα

(Ib3 sin2 θb̃ +Qbs
2
W cos 2θb̃) + 2mb − Yb sin 2θb̃

]

×
[
mbC11 −Mg̃ sin 2θb̃C0

]
(m2

b,M
2
ho ,m

2
b;M

2
g̃ ,M

2
b̃2
,M2

b̃2
)

+
[
−M2

Z

mb

cosβ sin(α+β)
sinα

(Ib3 − 2Qbs
2
W ) sin 2θb̃ + Yb cos 2θb̃

]

×
[
2Mg̃ cos 2θb̃C0(m

2
b ,M

2
ho ,m

2
b;M

2
g̃ ,M

2
b̃1
,M2

b̃2
)
]}
,

∆CT
SQCD = −αs

3π

{
Mg̃

mb
sin 2θb̃

[
B0(m

2
b ;M

2
g̃ ,M

2
b̃1

)−B0(m2
b;M

2
g̃ ,M

2
b̃2

)
]

−2m2
b

[
B ′1(m2

b;M
2
g̃ ,M

2
b̃1

) +B ′1(m
2
b ;M

2
g̃ ,M

2
b̃2

)
]

−2mbMg̃ sin 2θb̃
[
B ′0(m2

b ;M
2
g̃ ,M

2
b̃1

)−B ′0(m2
b;M

2
g̃ ,M

2
b̃2

)
]}
,

where we have used the standard notation for masses, couplings and mixing angles,
and we have followed the definitions and conventions for the one-loop integrals B0,
B ′0, B ′1, C0 and C11 of ref. [18]. Notice that

Yb ≡ Ab + µ cotα

appears in hob̃Rb̃L coupling and, therefore, will be responsible for sizeable contribu-
tions in the large Ab and/or µ limit. Our results agree with those of refs. [11,12].

In order to compute ∆SQCD in the decoupling limit of very heavy sbottoms and
gluinos, we have considered the following simple assumption for the MSSM parame-
ters,

MSUSY ∼MQ̃ ∼MD̃ ∼Mg̃ ∼ µ ∼ Ab �MZ

where the symbol ’∼’ means ’of the order of’ but not necessarily equal. We have
performed a systematic expansion of the one-loop integrals and the mixing angle θb̃
in inverse powers of the large SUSY mass parameters. The resulting formulas of these
expansions can be found in ref. [6]. Thus, by defining

M̃2
S ≡

1

2
(M2

b̃1
+M2

b̃2
) , R ≡ Mg̃

M̃S

, Xb ≡ Ab − µ tan β

and including terms up to O(M2
Z,ho/M̃

2
S) in the expansion, we get the following result

for the maximal mixing case, θb̃ ∼ ±45◦:

∆SQCD = αs
3π

{
−µMg̃

M̃2
S

(tan β + cotα) f1(R)− YbMg̃m
2
h

12M̃4
S

f4(R)

+ 2
3

M2
Z

M̃2
S

cosβ sin(α+β)
sinα

Ib3

(
f5(R) +

Mg̃Xb
M̃2
S

f2(R)
)

+O
(
m2
b

M̃2
S

)}
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where the functions fi(R) are defined in ref. [6] and have been normalized as fi(1) = 1.
Notice that the first term is the dominant one in the limit of large MSUSY mass pa-

rameters and does not vanish in the asymptotic limit of infinitely large M̃S, Mg̃ and µ.
The second and third terms are respectively of O(M 2

ho/M
2
SUSY ) and O(M2

Z/M
2
SUSY )

and vanish in the previous asymptotic limit. Therefore the first term gives a non-
decoupling SUSY contribution to the Γ(ho → bb) partial width which can be of
phenomenological interest. Moreover, since this term is enhanced at large tan β it
can provide important corrections to the branching ratio BR(ho → bb), even for a
very heavy SUSY spectrum. The sign of these corrections are fixed by the sign of
µMg̃. The previous result when expressed in terms of the h0 effective coupling to bb
agrees with the result in ref. [4] based on the zero external momentum approximation
or, equivalently, the effective Lagrangian approach.

From our previous result, we conclude that there is no decoupling of sbottoms
and gluinos in the limit of large SUSY mass parameters for fixed MA. Notice that
this result is at first sight surprising, since most numerical studies done so far on
this subject indicate decoupling of heavy SUSY particles from SM physics1. How
do we then recover decoupling of the heavy MSSM spectra from the SM low energy
physics? The answer to this question relies in the fact that in order to converge to
SM predictions we need to consider not just a heavy SUSY spectra but also a heavy
Higgs sector. That is, besides large MSUSY , the condition of large MA is also needed.
Thus, if MA �MZ the light Higgs h0 behaves as the SM Higgs boson, and the extra
heavy Higgses A, H± and H0 decouple. The decoupling of SUSY particles and the
extra Higgs bosons in ∆SQCD is seen explicitely once the large MA limit of the mixing
angle α is considered,

cotα = − tan β − 2
M2

Z

M2
A

tanβ cos 2β +O
(
M4

Z

M4
A

)
.

By substituting this into our previous result we see that the non-decoupling terms
cancel out and we get finally,

∆SQCD = αs
3π

{
2µMg̃

M̃2
S

f1(R)tan β cos 2β
M2
Z

M2
A
−Xb

Mg̃m
2
ho

12M̃4
S

f4(R)

+ 2
3

M2
Z

M̃2
S

cos 2βIb3

(
f5(R) +

Mg̃Xb
M̃2
S

f2(R)
)

+O
(
m2
b

M̃2
S

)}

which clearly vanishes in the asymptotic limit of MSUSY and MA →∞.
In conclusion, we get decoupling of the SQCD sector in h0 → bb decays, if and

only if, both MSUSY and MA are large. In this limit, the dominant terms go as,

∆SQCD ∼ C1
M2

Z

M2
A

+ C2

M2
Z,h0

M2
SUSY

,

1It should also be noticed that, strictly speaking, the decoupling theorem [3] is not applicable to
the MSSM case, since it is a theory that incorporates the SM chiral fermions and the SM electroweak
spontaneous symmetry breaking. For a more detailed discussion on this, see ref. [2]
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and, since both C1 and C2 are enhanced by tanβ, we expect this decoupling to be
delayed for large tanβ values. Last but not least, we see that the sign of ∆SQCD is
given by the sign of µ and Mg̃. All these results are similar for the near zero mixing
case, θb̃ ∼ 0◦; for brevity we do not show these here (see ref. [6]).

200 250 300 350 400 450 500
MS HGeVL

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

DSQCD

MA = MS

tan b = 30

tan b = 8

tan b = 35

tan b = 50

MA = MS

tanb = 35

tanb = 8

tanb = 30

tanb = 50

Figure 2: Exact numerical results for ∆SQCD in h0 → bb decay as a function of a common
MSSM scale MS and for several values of tanβ

Finally, in order to show this decoupling numerically, we have studied a simple
example where there is just one relevant MSSM scale, MS . More specifically, we have
chosen,

MS = MQ̃ = MD̃ = µ = Ab = Mg̃ = MA,

which, in the limit MS � MZ , gives maximal mixing, θb̃ ∼ 45◦. In Fig. 2 we show
the numerical results for the exact one-loop SQCD corrections, as a function of this
common MSSM mass scale MS , and for several values of tan β. We can see in this
figure clearly the decoupling of ∆SQCD with MS . This decoupling goes as 1/M 2

S ,
in agreement with our analytical result, and is delayed for large tanβ values. The
typical size of this correction is ∆SQCD ≤ −10% for MS ≥ 250GeV . Notice that the
sign of ∆SQCD here is negative because of our choice of positive µ and Mg̃.

5 Comparing the decoupling behaviour of the various MSSM
sectors in ho → bb decay

In this section we study and compare the decoupling behaviour of the different
MSSM sectors that are relevant in the one-loop SQCD corrections to ho → bb decay.
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As we have discussed in the previous section, these are: the extra Higgs bosons, H 0,
A0, H±, gluinos g̃ and sbottoms b̃1,2. As regard to the Higgs sector, we have seen
that there is no independent decoupling of these heavy H0, A0, H± Higgs bosons
in ∆SQCD, unless the SQCD sector is also considered heavy. To illustrate this, we
have ploted in Fig. 3 the numerical results of ∆SQCD as a function of MA for several
fixed values of the common SUSY scale MS = MQ̃ = MD̃ = µ = Ab = Mg̃ and
for tanβ = 8. The fact that ∆SQCD does not tend to zero for large MA but to a

200 400 600 800 1000
MA HGeVL

-0.05

-0.04

-0.03

-0.02

-0.01

0

DSQCD

MA = MS

tan b = 30

tanb=8

tan b = 35

tan b = 50

tanb = 8

M A = 200 GeV

M S = 200 GeV

M S = 500 GeV

exact result

large M S expansion

Figure 3: ∆SQCD in h0 → bb decay as a function of MA for fixed MS

non-vanishing constant is a clear indication of a non-decoupling behaviour with MA

for fixed MS . Similarly, we have shown that there is no independent decoupling of
the SQCD particles. That is, if we consider large values of the common SQCD scale
MS, while keeping MA fixed, ∆SQCD approaches to a non-vanishing constant. This
is illustrated clearly in Fig. 4. In these Figs. 3 and 4 we also show a comparison of
the exact formula with our asymptotic expansion, valid for large MS . We have seen
that the large MS expansion provides a very good approximation to the exact result
for most of the (MS, tan β) parameter space, except for sufficiently low MS and large
tan β values.

Next, we consider the independent decoupling of gluinos. By performing a second
expansion in inverse powers of the gluino mass Mg̃, which is relevant in the heavy
gluino limit Mg̃ � M̃S ∼ µ ∼ Ab �MZ , we get:

∆SQCD = αs
3π

{
2µ
Mg̃

(tan β + cotα)
(

1− log
(
M2
g̃

M̃2
S

))

+2Xb
Mg̃

M2
Z

M̃2
S

cosβ sin(α+β)
sinα

Ib3 − Yb
3Mg̃

m2
h

M̃2
S

+O
(
M2

M2
g̃

)}
.
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Figure 4: ∆SQCD in h0 → bb decay as a function of MS for fixed MA

This yields a very slow decoupling with Mg̃, due to the logarithmic dependence,
and agrees with the previous exact numerical results of ref. [12]. For illustration we
show in Fig. 5 our exact numerical results for ∆SQCD as a function of Mg̃, for fixed
MA = MS value and for several tan β values. This very slow decoupling with Mg̃ may
have important phenomenological consequences, in the large tan β regime, because
the SQCD correction can reach sizeable values, even for large gluino masses. For
instance, for tan β = 30 and Mg̃ = 1TeV we get ∆SQCD = −12%, which is not a
small effect.

Finally, we have studied the independent decoupling of sbottoms. By performing
an expansion in inverse powers of the average sbottom mass M̃S , which is relevant in
the heavy sbottoms limit, M̃S �Mg̃ ∼ µ ∼ Ab �MZ we find the following result:

∆SQCD =
αs
3π

{
−2µMg̃

M̃2
S

(tan β + cotα) +
M2

Z

M̃2
S

cos β sin(α + β)

sinα
Ib3 +O

(
m2
b

M̃2
S

)}

It shows a fast decoupling behaviour as M̃S is taken large. This same behaviour is
also manifest in our exact numerical results shown in Fig. 6

6 SUSY-QCD corrections to H+ → tb in the decoupling limit

In this section we study the SUSY-QCD corrections to the partial decay width
Γ(H+ → tb) at the one-loop level and to O(αS). We will then analyze these correc-
tions in the decoupling limit of large SUSY masses. We will present here just a short

10
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Figure 5: ∆SQCD in h0 → bb decay as a function of Mg̃

summary of the main numerical and analytical results, and refer the reader to ref. [7]
for a more detailed study.

If all SUSY particles are heavy enough, H+ decays dominantly into tb above the tb
threshold. As in the case of h0 → bb, the dominant radiative corrections to H+ → tb
decay are the QCD corrections. At the one-loop level and to O(αS) the corresponding
partial width can be written as,

Γ1(H+ → tb) ≡ Γ0(H+ → tb)(1 + 2∆QCD + 2∆SQCD),

where Γ0(H+ → tb) is the tree-level width, ∆QCD is the correction from standard
QCD, and ∆SQCD is the correction from SUSY-QCD. The standard QCD corrections
were computed in ref. [19] and can be large (+10% to −50%). The SUSY-QCD
corrections were computed by using a diagrammatic approach in refs. [20,21] and can
be comparable or even larger than the standard QCD corrections in a large region of
the SUSY parameter space.

At the one-loop level and to O(αS) there are two type of diagrams that contribute
to

∆SQCD = ∆loops
SQCD + ∆CT

SQCD,

as shown in Fig. 6. The triangle diagram, with exchange of sbottoms, stops and
gluinos, contributes to ∆loops

SQCD, whereas the bottom and top self-energy diagrams
contribute to the counter-terms part ∆CT

SQCD. The exact results in the on-shell scheme
are summarized by,

11
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Figure 6: ∆SQCD in h0 → bb decay as a function of M̃S

∆loops
SQCD = Ut

D
Ht + Ub

D
Hb ,

∆CT
SQCD = Ut

D

(
δmt
mt

+ 1
2
δZb

L + 1
2
δZ t

R

)
+ Ub

D

(
δmb
mb

+ 1
2
δZ t

L + 1
2
δZb

R

)
,

where,

D = (M2
H+ −m2

t −m2
b) (m2

t cot2 β +m2
b tan2 β)− 4m2

tm
2
b ,

Ut = (M2
H+ −m2

t −m2
b)m

2
t cot2 β − 2m2

tm
2
b ,

Ub = (M2
H+ −m2

t −m2
b)m

2
b tan2 β − 2m2

tm
2
b ,

Ht = −2αs
3π

G∗ab
mt cotβ

[mtR
(t)
1bR

(b)∗
1a (C11 − C12) +mbR

(t)
2bR

(b)∗
2a C12

+Mg̃R
(t)
2bR

(b∗)
1a C0](m2

t ,m
2
H+,M2

g̃ ,M
2
t̃b
,M2

b̃a
) ,

Hb = −2αs
3π

G∗ab
mb tan β

[mtR
(t)
2bR

(b)∗
2a (C11 − C12) +mbR

(t)
1bR

(b)∗
1a C12

+Mg̃R
(t)
1bR

(b)∗
2a C0](m2

t ,m
2
H+,M2

g̃ ,M
2
t̃b
,M2

b̃a
) ,

and the counter-terms are given in the on-shell scheme by,

δm(t,b)

m(t,b)

+
1

2
δZ

(b,t)
L +

1

2
δZ

(t,b)
R = Σ

(t,b)
S (m2

(t,b)) +
1

2
Σ

(t,b)
L (m2

(t,b))−
1

2
Σ

(b,t)
L (m2

(b,t))
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Figure 7: One-loop SUSY diagrams contributing to O(αS) to H+ → tb decay

−m
2
t

2

[
Σt′
L(m2

t ) + Σt′
R(m2

t ) + 2Σt′
S (m2

t )
]
− m2

b

2

[
Σb′
L(m2

b) + Σb′
R(m2

b) + 2Σb′
S (m2

b)
]

where,

Σq
L(p2) = −2αs

3π
|R(q)

1a |2B1(p2,m2
g̃,m

2
q̃a) ,

Σq
R(p2) = −2αs

3π
|R(q)

2a |2B1(p2,m2
g̃,m

2
q̃a) ,

Σq
S(p2) = −2αs

3π

mg̃

mq
Re(R

(q)
1a R

(q)∗
2a )B0(p2,m2

g̃,m
2
q̃a) .

The Gab parametrize the H+ b̃a t̃b couplings, and the R(q) are the rotation matrices
that relate the interaction-eigenstate squarks to the mass-eigenstates. Their values
in the MSSM can be found, for instance, in ref. [7]. The above result agrees with the
original computation of refs. [20,21].

In order to compute ∆SQCD in the decoupling limit of large SUSY masses, we
have considered all the soft-SUSY-breaking mass parameters and the µ parameter
to be of the same order (collectively denoted by MSUSY ) and much heavier than the
electroweak scale,

MSUSY ∼MQ̃ ∼MŨ ∼MD̃ ∼Mg̃ ∼ µ ∼ At ∼ Ab �MEW ,

and we have performed a systematic expansion in inverse powers of the large SUSY
mass parameters. Notice that in this case it does not make sense to consider the
alternative limit of large MA, since this parameter provides the charged Higgs mass
value and, therefore, it must be fixed. We have obtained analytical expansions for
∆SQCD that include up toO(M2

EW/M
2
SUSY ) corrections, for all the interesting limiting

cases of maximal and minimal mixing, in both the stop and the sbottom sectors.
For brevity, we do not present here the complete results, which can be found in
ref. [7], and we just show the most relevant result, that is, the dominant term in
this expansion for the particular choice of maximal mixing. Thus, for θb̃,t̃ ∼ 45o and
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M̃2
S ≡ 1

2
(M2

b̃1
+M2

b̃2
) ≡ 1

2
(M2

t̃1
+M2

t̃2
) we get:

∆SQCD = αs
3π

{
−µMg̃

M̃2
S

(tan β + cotβ) f1(R) +O
(
M2
EW

M̃2
S

)}

This leading term does not vanish in the heavy SUSY particle limit and, therefore,
there is no decoupling of stops, sbottoms and gluinos in the Γ(H+ → tb) decay width
to one-loop level. This can be seen clearly, for instance, for the simplest case of equal
mass scales, µ = Mg̃ = M̃S, where f1(R) = 1. This leading term, when expressed in
terms of an effective coupling of H+ to bt is in agreement with the previous results
of refs. [16,17] that were obtained in the zero external momentum approximation by
using an effective Lagrangian approach. We see in this result the enhancement of
∆SQCD by tanβ, so that this non-decoupling effect can be numerically important for
large tan β values. As in the case of h0, the sign of the SQCD correction is determined
by the sign of Mg̃ and µ. We have obtained similar results for the case of minimal
mixing, as can be seen in [7].

Finally, in order to illustrate this non-decoupling behaviour numerically, we present
in Fig. 8 the ∆SQCD correction as a function of a common SUSY mass scale MS =
MQ̃ = MŨ = MD̃ = Mg̃ = Ab = At = µ. The Higgs mass has been fixed to
mH+ = 250GeV , and several values of tan β have been considered. The fact that
∆SQCD tends to a non-vanishing value for very large MS shows precisely this non-
decoupling effect. The correction is quite sizeable, even for a very heavy SUSY
spectrum. This is particularly noticeable for large tanβ.

200 400 600 800 1000
MSUSY HGeVL

-0.6

-0.4

-0.2

0

0.2

0.4

DSQCD

M Q
é =M D

é = M U
é =M g

é = Ab = A t = m= M SUSY HGeVL

tanb = 50

tanb = 30

tanb = 8

M H+ = 250 GeV

Figure 8: ∆SQCD in H+ → tb decay as a function of the common SUSY scale MS

In addition, we have proved the independent decoupling of the gluinos and squarks
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whenever they are considered separately very heavy as compared to the electroweak
scale. Futhermore, the decoupling of gluinos is much slower than the decoupling of
squarks due again to the logarithmic dependence on the gluino mass. In Fig. 9 we
show the exact numerical results for ∆SQCD as a function of the gluino mass and for
MQ̃ = MŨ = MD̃ = Ab = At = µ = 1TeV and mH+ = 250GeV . We see clearly
the very slow decoupling of the correction with the gluino mass and notice the large
size of ∆SQCD, specially for large tan β. For instance, if tanβ = 30 and Mg̃ = 2 TeV
we get ∆SQCD = −40%. Notice that the size can be so large that the validity of the
perturbative expansion can be questionable. We refer the reader to refs. [16,17] where
this subject is studied and some techniques of resummation for a better convergence
of the series are proposed.
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Figure 9: ∆SQCD in H+ → tb decay as a function of Mg̃

7 SUSY-QCD corrections to t→W+b in the decoupling limit

In this section we briefly comment on the SUSY-QCD corrections to t→ W +b at
the one-loop level and to O(αS), and we study them in the decoupling limit. These
radiative corrections were studied in the context of the MSSM in ref. [22] and are
known to be important for some regions of the MSSM parameter space. The standard
QCD corrections are also known to be important and give a ∼ −10% reduction in
Γ(t → W+b) [23]. The Feynman diagrams that contribute to the SQCD corrections
are shown in Fig. 10. The size of the SQCD corrections has been estimated to range
between −5% and −10% and are quite insensitive to tan β [22]. In contrast, the
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Figure 10: One-loop SUSY diagrams contributing to O(αS) in t→ W+b decay

SUSY-Electroweak corrections that range between −1% and −10% are known to
grow with tan β [24].

In order to analyze the decoupling limit in this observable we have chosen the sim-
plest case with just one SUSY scale, MS , which is considered very large as compared
to the electroweak scale, MEW ,

MQ̃ = MŨ = MD̃ = At = Ab = µ = Mg̃ = MS �MEW .

After performing an expansion of ∆SQCD (we use here an analogous notation as
in previous sections) in inverse powers of MS we have obtained the following result
for the dominant contribution,

∆SQCD = −αs
3π

m2
t

M2
S

(
1

6
+

1

24
(1− cot β)2 +

1

6
(1− cot β)

)
+O

(
mtmW ,m

2
W , ...

M2
S

)

From this result, we conclude that there is decoupling as MS becomes large in the
SQCD corrections to the dominant top decay, t → W+b, and this decoupling which
behaves as (m2

t/M
2
S ) is not delayed. Indeed, we see in the previous equation that

these corrections are not enhanced by tan β. Thus, we do not expect relevant indirect
signals from a heavy SUSY-QCD sector in this decay channel.

8 Conclusions

In this work we have studied the one-loop SQCD corrections to the partial widths
of h0 → bb, H+ → tb and t → W+b decays, in the limit of large SUSY masses. In
order to understand analytically the behavior of the SQCD corrections in this limit,
we have performed expansions of the one-loop partial widths that are valid for large
values of the SUSY mass parameters compared to the electroweak scale. We have
shown that for the SUSY mass parameters and MA large and all of the same order,
the SQCD corrections in h0 → bb decay decouple like the inverse square of these
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mass parameters, and the one-loop partial width Γ(h0 → bb) tends to its SM value.
In this case the effective low energy theory that one obtains after integrating out all
the heavy non-standard modes of the MSSM is precisely the SM. However, if the
mass parameters are not all of the same size, then this behavior can be modified.
If MA is light, then the SQCD corrections to the Γ(h0 → bb) decay width do not
decouple in the limit of large SUSY mass parameters. We have also presented and
discussed here a similar non-decoupling SQCD correction to the Γ(H+ → tb) decay
width. Given the closely related structure of the various Higgs bosons couplings to
the SM fermions, one expects that similar SUSY non-decoupling effects will appear
as well in other decay channels such as H0 → bb, A0 → bb and t → H+b. In the
limit of large SUSY mass parameters and light MA the effective low-energy theory,
valid at the electroweak scale, should contain two full Higgs doublets with Higgs-
fermion couplings of the general type-III model [25] that have no restrictions (other
than those imposed by the SM symmetries), since supersymmetry is not anymore a
symmetry of this low-energy theory. The particular values of the couplings in this
low-energy effective Lagrangian are generated by integrating out all the heavy SUSY
particles from the original MSSM Lagrangian, and they can be computed [26]. These
non-decoupling SQCD corrections can be of phenomenological interest at present and
future colliders. In particular they can provide some clues in the indirect search of a
heavy SUSY spectrum at the LHC [27].

We have also examined, in Higgs decays, some special cases in which there is a
hierarchy among the SUSY mass parameters. In the case of maximal squark mixing
with MS large and the other SUSY mass parameters and MA of order a common
mass scale M (chosen such that MEW �M �MS), the SQCD corrections decouple
like M2/M2

S . Second, we examined the case of a large gluino mass with the other
SUSY mass parameters of order a common mass scale M (chosen such that MEW �
M � Mg̃). In this case we found that the SQCD corrections decouple more slowly,
like (M/Mg̃) log(M2

g̃ /M
2
S).

Finally we have studied the dominant decay of the top quark, in the decoupling
limit of large SUSY mass parameters, and we have found that the SQCD corrections

decouple as O(
m2
t

M2
S
). It will be, therefore, very difficult to look for indirect heavy

SUSY signals in this channel.
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1 Introduction

At the tree-level there are no Flavor Changing Neutral Current (FCNC) processes
in the Standard Model (SM), and at one-loop they are induced by charged-current
interactions, which are GIM-suppressed. In particular, FCNC decays of the top quark
into gauge bosons (t → c V ; V ≡ γ, Z, g) are very unlikely (BR(t → c γ, Z) ∼ 10−13

and BR(t → c g) ∼ 10−11) [1]. These are much smaller than the FCNC rates of a
typical low-energy meson decay, e.g. B(b → s γ) ∼ 10−4. The reason is simple: for
FCNC top quark decays in the SM, the loop amplitudes are controlled by down-type
quarks, mainly by the bottom quark. Therefore, the scale of the loop amplitudes is
set by m2

b and the partial widths are of order

Γ(t→ V c) ∼ |V ∗tbVbc|2αG2
F mtm

4
b F ∼ |Vbc|2α2

emαmt

(
mb

MW

)4

F, (1)

where α is αem for V = γ, Z and αs for V = g. The factor F ∼ (1−m2
V /m

2
t )

2 results,
upon neglecting mc, from phase space and polarization sums. The fourth power mass
ratio, in parenthesis in eq. (1), stems from the GIM mechanism and is responsible
for the ultralarge suppression beyond naive expectations based on pure dimensional
analysis, power counting and CKM matrix elements. From that simple formula, the
approximate orders of magnitude mentioned above ensue immediately.

Even more dramatic is the situation with the top quark decay into the SM Higgs
boson, t → cHSM : BR(t → cHSM ) ∼ 10−13 − 10−15 (mt = 175GeV ; MZ ≤ MH ≤
2 MW ) [2]. This extremely tiny rate is far out of the range to be covered by any
presently conceivable high luminosity machine. On the other hand, the highest FCNC
top quark rate in the SM, namely that of the gluon channel t → c g, is still 6 orders
of magnitude below the feasible experimental possibilities at the LHC. All in all the
detection of FCNC decays of the top quark at visible levels (viz. BR(t → cX) >
10−5) by the high luminosity colliders round the corner seems doomed to failure in
the absence of new physics. Unfortunately, although the FCNC decay modes into
electroweak gauge bosons Vew = γ, Z may be enhanced a few orders of magnitude,
it proves to be insufficient to raise the meager SM rates mentioned before up to
detectable limits, and this is true both in the 2HDM – whereBR(t→ Vew c) < 10−6 [1]
– and in the MSSM – where BR(t→ Vew c) < 10−7 [3]. In this respect it is a lucky fact
that these bad news need not to apply to the gluon channel, which could be barely
visible (BR(t → g c) <∼ 10−5) both in the MSSM [4,5] and in the general 2HDM [1].
But, most significant of all, they may not apply to the non-SM Higgs boson channels
t→ (h0,H0, A0) + c either. As we shall show, these Higgs decay channels of the top
quark could lie above the visible threshold for a parameter choice made in perfectly
sound regions of parameter space.

A systematic discussion of these “gifted” Higgs channels has been made in Ref. [5]
for the MSSM and more recently in Ref. [6] for the general 2HDM. Here we will present
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the results in the 2HDM and the MSSM, and make a close comparison between them.
We believe that this study is necessary, not only to assess what are the chances to
see traces of new physics in the new colliders but also to clear up the nature of the
virtual effects; in particular to disentangle whether the origin of the hypothetically
detected FCNC decays of the top quark is ultimately triggered by SUSY or by some
alternative renormalizable extension of the SM such as the 2HDM or generalizations
thereof. Of course the alleged signs of new physics could be searched for directly
through particle tagging, if the new particles were not too heavy. However, even if
accessible, the corresponding signatures could be far from transparent. In contrast,
the indirect approach based on the FCNC processes has the advantage that one deals
all the time with the dynamics of the top quark. Thus by studying potentially new
features beyond the well-known SM properties of this quark one can hopefully uncover
the existence of the underlying new interactions [7].

2 Relevant fields and interactions

We will mainly focus our interest on the loop induced FCNC decays

t→ c h (h = h0,H0, A0) , (2)

in which any of the three possible neutral Higgs bosons from a general 2HDM can be
in the final state. However, as a reference we shall compare throughout our analysis
the Higgs channels with the more conventional gluon channel t→ c g.

Although other quarks could participate in the final state of these processes, their
contribution is negligible. The lowest order diagrams entering these decays are one-
loop diagrams in which Higgs, quarks, gauge and Goldstone bosons – in the Feynman
gauge – circulate around. In the MSSM also the SUSY-parters of the above fields,
namely squarks and charginos, circulate in the loops. In addition there exists the
possibility that the squark-squared-mass-matrix is not simultaneously diagonal to
the quark-mass-matrix. In this latter case there exist tree-level FCNC couplings in
the interactions quark-squark-gluino and quark-squark-neutralino. This possibility
is not unnatural. If one computes the evolution of the squark-squared-mass-matrix
using the Renormalization Group Equations, assuming alignment at a certain scale
(e.g. a supposed Unification Scale), one finds that non-diagonal terms for the squark-
left–squark-left entries are generated [8]. We have computed the MSSM decay widths
under two different approximations: in the first one we assume alignment, and the
only induced FCNC are generated through the charged sector of the model with the
same mixing matrix as in the SM – the CKM-matrix; in the second approach we
give up the alignment hypothesis, and assume a free – though restricted by experi-
ment [9]– squark-mass-matrix and compute the SUSY-QCD induced FCNC partial
decay widths, which are the leading ones under this approximation.
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Here we follow the standard notation [10], namely h0,H0 are CP-even Higgs bosons
and A0 is a CP-odd one. When the quark mass matrices are diagonalized in non-
minimal extensions of the Higgs sector of the SM, the Yukawa couplings do not in
general become simultaneously diagonalized, so that one would expect Higgs mediated
FCNC’s at the tree-level. These are of course unwanted, since they would lead to large
FCNC processes in light quark phenomenology, which are stringently restricted by
experiment. One has two canonical choices to get rid of them, called Type I 2HDM
and Type II 2HDM [10]. The Higgs sector of the MSSM is that of a Type II 2HDM,
with restrictions between the parameters due to the SUSY constraints.

When analyzing the 2HDM I, II cases we will use the following set of free param-
eters:

(mh0 ,mH0,mA0,mH±, tanα, tan β) , (3)

where mH± is the mass of the charged Higgs companions H±, tanα defines the mixing
angle α in the diagonalization of the CP-even sector, and tanβ gives the mixing angle
β in the CP-odd sector. The latter is a key parameter in our analysis. It is given
by the quotient of the vacuum expectation values (VEV’s) of the two Higgs doublets
Φ2,1, viz. tan β = v2/v1 [10]. The most general (Type I or Type II) 2HDM Higgs
potential subject to hermiticity, SU(2)×U(1) and gauge invariance involves six scalar
operators with six free (real) coefficients λi (i = 1, ..., 6) and the two VEV’s [10]. We
will furthermore assume that λ5 = λ6 in the general 2HDM Higgs potential [6]. The
alternative set (3) is just a (more physical) reformulation of this fact after diagonal-
ization of the mass matrices and imposing the aforementioned set of constraints. The
constraints imposed by SUSY reduce the number of free parameters in eq. (3) to two,
which we take to be (mA0 , tanβ), since the radiative corrections to the rest of param-
eters (3) are large we make use of the one-loop expressions to compute them [11]1.

The two canonical types of 2HDM’s only differ in the couplings to fermions but
they share the rest of Feynman rules. Of particular relevance are the rules for the
trilinear Higgs vertices in the 2HDM case, which depend on the Higgs boson mass
differences and can be enhanced for large and small tan β – see Ref. [6]. In the
MSSM, however, the mass differences are correlated and one can further simplify
their form to a combination of trigonometric functions of α and β, using the relations
between the parameters (3) – see Ref. [10]. We refrain from giving here the interaction
Lagrangian [5,6,10,13].

Both in the generic 2HDM II and in the MSSM, the Feynman rules for the lightest
CP-even Higgs, h0, go over to the SM Higgs boson ones in the limit sin(β − α)→ 1.
In the particular case of the MSSM, this limit is equivalent to mA0 →∞. Moreover,
in the MSSM one has mh0

<∼ 135GeV [12] whereas in the general Type II model there

1The two-loop corrections to the Higgs sector of the MSSM have also recently become avail-
able [12]. Their effect, however, cannot significantly modify our one-loop results.
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is no upper bound on mh0, and by the same token the corresponding lower bound is
considerably less stringent – see Ref. [6].

Since we shall perform our calculation in the on-shell scheme, we understand that
the physical inputs are given by the electromagnetic coupling and the physical masses
of all the particles. It should be clear that, as there are no tree-level FCNC decays
of the top quark, there is no need to introduce counterterms for the physical inputs.
In fact, the calculation is carried out in lowest order with respect to the effective tch
and tcg couplings and so the sum of all the one-loop diagrams (as well as of certain
subsets of them) should be finite in a renormalizable theory, and indeed it is.

From the interaction Lagrangians and Feynman rules it is straightforward to com-
pute the loop induced FCNC rates for the decays (2) and t → c g [5,6]. We shall
refrain from listing the lengthy analytical formulae. The computation in the MSSM
was reported in great detail in Ref. [5], and the one in the 2HDM [6] is very similar.
Therefore, we will limit ourselves to exhibit the final numerical results. The fiducial
ratio on which we will apply our numerical computation is the following:

Bj(t→ h+ c) =
Γj(t→ h+ c)

Γ(t→W+ + b) + Γj(t→ H+ + b)
, (4)

for each Type j = I, II of 2HDM and the MSSM and for each neutral Higgs boson
h = h0, H0, A0. While this ratio is not the total branching fraction, it is enough for
most practical purposes and it is useful in order to compare with previous results in
the literature. We define the fiducial branching ratio for t→ g + c in a similar way.

We have performed a fully-fledged independent analytical and numerical calcula-
tion of Γj(t→ g+ c) at one-loop in the context of 2HDM I, II and the MSSM. Where
there is overlapping, we have checked the numerical results of Ref. [1]2.

Charged Higgs bosons from Type II models are subject to an indirect bound
from the experimental measurement by CLEO of the branching fraction BR(B →
Xs γ) [14]. From the various analysis in the literature one finds mH± > (165 −
200)GeV for virtually any tanβ >∼ 1 [15,16]. This bound does not apply to Type I
models. Therefore, in principle the top quark decay t → H+ + b is still possible in
2HDM I; but also in 2HDM II, if mH± lies near the lowest end of the previous bound,
and in this case that decay can contribute to the denominator of eq. (4). In SUSY
models this limit does not apply provided µAt < 0 – see e.g. [17].

3 t→ ch and t→ cg in the MSSM

Under the alignment hypothesis FCNC’s are generated at the one-loop level through
the charged interactions of quarks with Higgs bosons and squarks with charginos, that

2In Ref. [1] B(t→ g + c) is defined without including the charged Higgs channel contribution in
the fiducial branching ratio. The agreement is achieved, however, only if it is included.
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Figure 1: Evolution of the SUSY-QCD contributions to the ratio (4) with (a) the mixing
parameter δ23 between the 2nd and 3rd squark generations; (b) tanβ; (c) the gluino mass
mg̃; and (d) the pseudoscalar Higgs mass MA0 . The rest of inputs are given in eq. (6)

is, they are of electroweak (EW) nature. In this case the largest rates are driven by
the trilinear scalar coupling d̃ad̃bh, although the down-type-quark loops contributions
are non-negligible. As a consequence the largest FCNC decay rates are obtained at
large tan β.

Giving up alignment the leading FCNC rates are driven by means of the SUSY-
QCD tree-level vertex uaũbg̃ for a 6= b. The mixing terms between generations are
encoded in the parameter

δij ≡
(M2

LL)ij
mimj

(i 6= j) , (5)

where (M2
LL)ij is the non-diagonal squared-mass-matrix element between the ith and

jth generations, and mi is the mass parameter of the ith generation. Low energy
experiments are used to give upper bounds to the δij, but, whereas the mixing between
the 1st and 2nd generation are strongly restricted, the one between the 2nd and the
3rd turns out to be basically free [9], and this is the one which has a greatest impact
in the process under study. We assume that inter-generational mixing only exists
between the left-handed squarks, since this is the most natural scenario [8]. A detailed
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analysis showed that the presence of mixing in the right-handed squark sector does
not lead to a significant increase of the computed branching ratios [4,5].

Since the EW contributions lie about two orders of magnitude below the SUSY-
QCD ones [5], we will concentrate in the latter ones. In Fig. 1 we present the fiducial
ratio (4) as a function of the most important parameters: the mixing parameter
between the 2nd and the 3rd generation δ23, eq. (5); the gluino mass mg̃; tanβ; and
the mass of the pseudoscalar Higgs mA0. The set of reference parameters used is:

tan β = 35 , mA0 = 100GeV , µ = −200GeV , At = Aq = −Ab = 300GeV ,
mt̃1 = 150GeV , mq̃ ' 200GeV , mg̃ = 180GeV , δ12 = δ13 = 0.03 , δ23 = 0.5 .

mt = 175GeV , mb = 5GeV , αs(mt) = 0.11 , Vcb = 0.040 ,
(6)

and the remaining ones are as in [18].
As anticipated, the most important parameter is δ23. In Fig. 1a we see that an

increase in three orders of magnitude on δ23 corresponds to a change in six orders of
magnitude on B(t → ch), a fact that can be traced down to the quadratic depen-
dence of the latter on δ23. The dependence on tan β is rather mild since it enters the
amplitude through the ũαũβh coupling as 1/ tan β, and also indirectly through the
determination of the squark masses. For the chosen set of parameters (6) it has a
non-negligible impact on the H0 channel (Fig. 1b). Although all Feynman diagrams
proceed through gluino exchange, the gluino mass turns out not to be a critical quan-
tity. In Fig. 1c we see that the decoupling of the gluino is slow, a fact observed also in
other Higgs bosons observables related to the top quark [13]. This fact can be traced
back to the presence of chirality-changing couplings, which imply a corresponding
gluino mass-insertion in the amplitude. Finally in Fig. 1d we see that the smallest
value for the H0 branching ratio is not due to the smaller phase space available, but
to the value of the couplings. In fact B(t → cH0) grows with mA0 (and thus with
mH0), until it dies out near the phase space kinematical limit.

In Fig. 2 we display the theoretical prediction for B(t → cg) as a function of
the gluino mass and δ23, assuming mH± > mt. The values for the ratio are below
that of the neutral Higgs bosons channels, but still some orders of magnitude above
the SM expected value for experimentally allowed values of mg̃ > 180GeV . Again
the branching ratio grows quadratically with the mixing parameter δ23 (Fig. 2a). In
contrast with the Higgs bosons channels (Fig. 1c), the gluon channel B(t→ cg) shows
a fast decoupling with the gluino mass (Fig. 2b).

In Fig. 3 we present the maximum rates for B(t→ ch) and B(t→ cg) – eq. (4) –
in the MSSM. We have made a comprehensive scan of the MSSM parameter space,
taking into account present constraints from experiment. Perhaps the most noticeable
result is that the decay into the lightest MSSM Higgs boson (t→ c h0) is the one that
can be maximally enhanced, and reaching values of order BMSSM(t → c h0) ∼ 10−4

that stay fairly stable all over the parameter space. The FCNC top quark decay
into the lightest Higgs scalar can have an observable ratio in a large portion of the
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Figure 2: Evolution of the SUSY-QCD effects on B(t→ c g) as a function of (a) the mixing
parameter δ23, and (b) the gluino mass mg̃.

parameter space, and in particular for almost all the range of Higgs boson masses.
Needless to say, not all of the maxima can be simultaneously attained as they are
obtained for different values of the parameters. The maximum FCNC rate of the
gluon channel in the MSSM reads (Fig. 3b) BMSSM(t→ c g) <∼ 10−5, but it never
really reaches the critical value 10−5, which can be considered as the visible threshold
for the next generation of colliders (see Sec. 5).

4 t→ ch and t→ cg in the general 2HDM

In the 2HDM case a highly relevant parameter is tan β, which must be restricted
to the approximate range

0.1 < tan β <∼ 60 (7)

in perturbation theory. It is to be expected from the various couplings involved in the
processes under consideration that the low tan β region could be relevant for both the
Type I and Type II 2HDM’s. In contrast, the high tanβ region is only potentially
important for the Type II. However, the eventually relevant regions of parameter
space are also determined by the value of the mixing angle α, as we shall see below.

Of course there are several restrictions that must be respected by our numerical
analysis. First, the one-loop corrections to the ρ-parameter from the 2HDM sector
cannot deviate from the reference SM contribution in more than one per mil [18]:
|δρ2HDM| 6 0.001. From the analytical expression for δρ in the general 2HDM we
have introduced this numerical condition in our codes.

For both models we have imposed the condition that the (absolute value) of the
trilinear Higgs self-couplings do not exceed the maximum unitarity limit tolerated for

the SM trilinear coupling: |λHHH| 6
∣∣∣λ(SM)
HHH(mH = 1TeV )

∣∣∣ = 3 g (1TeV )2/(2MW ).
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Figure 3: Maximum value of B(t → c h) in the MSSM, obtained by taking into account

only the SUSY-QCD contributions, as a function of mA0 ; (b) maximum value of B(t →
c g) as a function of the intergenerational mixing parameter δ23 in the LH sector. In all

cases the scanning for the rest of parameters of the MSSM has been performed within the
phenomenologically allowed region.

In the MSSM case it was not necessary to impose this restriction because the Higgs
self-couplings are purely gauge. As for the δρ constraint in the MSSM, we have
checked that it is satisfied. It is in the 2HDM case that one has to keep an eye
very seriously on δρ because it grows with the Higgs boson mass squared differences,
whereas in the MSSM the mass differences are much more tamed in all sectors of the
theory.

The combined set of independent conditions turns out to be quite effective in
narrowing down the permitted region in the parameter space, as can be seen in
Figs. 4-7 where we plot the fiducial FCNC rate (4) and the corresponding one for the
gluon channel versus the parameters (3). The cuts in some of these curves just reflect
the fact that at least one of these conditions is not fulfilled.

After scanning the parameter space, we see in Figs. 4-5 that the 2HDM I (resp.
2HDM II) prefers low values (resp. high values) of tanα and tan β for a given channel,
e.g. t → h0 c. Therefore, the following choice of mixing angles will be made to
optimize the presentation of our numerical results:

2HDM I : tanα = tan β = 1/4 ; 2HDM II : tanα = tan β = 50 . (8)

We point out that, for the same values of the masses, one obtains the same max-
imal FCNC rates for the alternative channel t → H0 c provided one just substitutes
α→ π/2−α. Equation (8) defines the eventually relevant regions of parameter space
and, as mentioned above, depend on the values of the mixing angles α and β, namely
β ' α ' 0 for Type I and β ' α ' π/2 for Type II. Despite naive expectations, and
due to the structure of the Yukawa couplings of Type II models, there is a cancellation
of the contributions in the low tan β end. This is in contrast to Type I models where
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Figure 4: Evolution of the FCNC top quark fiducial ratio (4) – and the corresponding one
for B(t → g + c) – in Type I 2HDM versus: (a) the mixing angle α in the CP-even Higgs

sector, in units of π; (b) tan β. The values of the fixed parameters are as in eqs. (8) and
(9).

the maximal ratios occur. So the most favoured region of Type II models definitely
is the high tan β one.

Due to the α → π/2 − α symmetry of the maximal rates for the CP-even Higgs
channels, it is enough to concentrate the numerical analysis on one of them, but one
has to keep in mind that the other channel yields the same rate in another region
of parameter space. Whenever a mass has to be fixed, we choose conservatively the
following values for both models:

mh0 = 100GeV , mH0 = 150GeV , mA0 = mH± = 180GeV . (9)

The variation of the results with respect to the masses is studied in Figs. 6-7. In
particular, in Fig. 6 we can see the (scanty) rate of the channel t → A0 c when it is
kinematically allowed. This is easily understood as it is the only one that does not
have trilinear couplings with the other Higgs particles. While it does have trilinear
couplings involving Goldstone bosons, these are not enhanced. The crucial role played
by the trilinear Higgs self-couplings in our analysis cannot be underestimated as they
can be enhanced by playing around with both (large or small) tan β and also with the
mass splittings among Higgses. This feature is particularly clear in Fig. 6a where the
rate of the channel t → h0 c is dramatically increased at large mA0, for fixed values
of the other parameters and preserving our list of constraints.

From Figs. 4a and 4b it is pretty clear that the possibility to see FCNC decays of
the top quark into Type I Higgs bosons is plainly hopeless even in the most favorable
regions of parameter space – the lowest (allowed) tan β end. In fact, the highest rates
remain neatly down 10−6, and therefore they are (at least) one order of magnitude
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Figure 5: As in Fig. 4, but for the 2HDM II. The plot in (b) continues above the bound in
eq. (7) just to better show the general trend.

below the threshold sensibility of the best high luminosity top quark factory in the
foreseeable future (see Section 5).

Fortunately, the meager situation just described does not replicate for Type II
Higgs bosons. For, as shown in Figs. 5a and 5b, the highest potential rates are of
order 10−4, and so there is hope for being visible. In this case the most favorable
region of parameter space is the high tan β end in eq. (7). Remarkably, there is no
need of risking values over and around 100 to obtain the desired rates. But it certainly
requires to resort to models whose hallmark is a large value of tanβ of order or above
mt/mb

>∼ 35. As for the dependence of the FCNC rates on the various Higgs boson
masses (Cf. Figs. 6-7) we see that for large mA0 the decay t → h0 c can be greatly
enhanced as compared to t→ g c. We also note (from the combined use of Figs. 5b, 6a
and 6b) that in the narrow range where t→ H+ b could still be open in the 2HDM II,
the rate of t→ h0 c becomes the more visible the larger and larger is tan β and mA0.
Indeed, in this region one may even overshoot the 10−4 level without exceeding the
upper bound (7) while also keeping under control the remaining constraints. Finally,
the evolution of the rate (4) and B(t→ g+ c) with respect to the two CP-even Higgs
boson masses is shown in Figs. 7a and 7b.

5 Discussion and conclusions

In the near and middle future, with the upgrades of the Tevatron (Run II, TeV33),
the advent of the LHC, and the construction of an e+e− linear collider (LC), new
results on top quark physics, and possibly also on Higgs physics, will be obtained.
With datasets from LHC and LC increasing to several 100fb−1/year in the high-
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Figure 6: Evolution of the FCNC top quark fiducial ratios (4) – and the corresponding one
for B(t → g + c) – in Type II 2HDM versus: (a) the CP-odd Higgs boson mass mA0 ; (b)

the charged Higgs boson mass mH± . The values of the fixed parameters are as in eqs. (8)
and (9). The plot in (b) starts below the bound mH± > 165GeV mentioned in the text to

better show the general trend.

luminosity phase, one should be able to pile up an enormous wealth of statistics on
top quark decays. Therefore, these machines should be very useful to analyze rare
decays of the top quark, viz. decays whose branching fractions are extremely small
(<∼ 10−5).

The sensitivities to FCNC top quark decays for 100 fb−1 of integrated luminosity
in the relevant colliders are estimated to be [19]:

LHC :B(t→ cX) >∼ 5 × 10−5 , LC :B(t→ cX) >∼ 5× 10−4 ,
TEV33 :B(t→ cX) >∼ 5 × 10−3 .

(10)

This estimation has been confirmed by a full signal-background analysis for the hadron
colliders and also for the LC in the case of gauge boson decays [20]. From these
experimental expectations and our numerical results it becomes patent that whilst
the Tevatron will remain essentially blind to this kind of physics, the LHC and the
LC will have a significant potential to observe FCNC decays of the top quark beyond
the SM. Above all there is a possibility to pin down top quark decays into neutral
Higgs particles, eq. (2), within the framework of the general 2HDM II provided tan β >∼
mt/mb ∼ 35, and within the MSSM provided δ23–eq. (5)– is large. The maximum rates
are of order 10−4 in both models and correspond to the two CP-even scalars. In the
MSSM the lightest Higgs boson is highlighted all over the mA0 range. This conclusion
is remarkable from the practical (quantitative) point of view, and also qualitatively
because the top quark decay into the SM Higgs particle is the less favorable top quark
FCNC rate in the SM. On the other hand, we deem practically hopeless to see FCNC
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Figure 7: As in Fig. 6, but plotting versus: (a) the lightest CP-even Higgs boson mass mh0 ;
(b) the heaviest CP-even Higgs boson mass mH0 .

decays of the top quark in a general 2HDM I for which the maximum rates are of order
10−7. This order of magnitude cannot be enhanced unless one allows tanβ � 0.1,
but the latter possibility is unrealistic because perturbation theory breaks down and
therefore one cannot make any prediction within our approach.

We have made a parallel numerical analysis of the gluon channel t → c g. We
confirm that this is another potentially important FCNC mode of the top quark in
extensions of the SM [1,4,5,6] but, unfortunately, it still falls a bit too short to be
detectable. The maximum rates for this channel lie below 10−6 in the 2HDM I (for
tan β > 0.1) and in the 2HDM II (for tan β < 60), and below 10−5 for the MSSM,
and so it will be hard to deal with it even at the LHC.

We are thus led to the conclusion that the Higgs channels (2), more specifically
the CP-even ones, give the highest potential rates for top quark FCNC decays in a
general 2HDM II and the MSSM. Most significant of all: they are the only FCNC
decay modes of the top quark, within the simplest renormalizable extensions of the
SM, that have a real chance to be seen in the next generation of high energy, high
luminosity, colliders.

Although the 2HDM II and the MSSM show similar behaviour, there exist some
conspicuous differences on which we wish to elaborate a bit in what follows. First, in
the general 2HDM II the two channels t→ (h0,H0) c give the same maximum rates,
provided we look at different (disjoint) regions of the parameter space. The t→ A0 c
channel is, as mentioned, negligible with respect to the CP-even modes. Hereafter we
will discard this FCNC top quark decay mode from our discussions within the 2HDM
context. On the other hand, in the MSSM there is a most distinguished channel,
viz. t → h0 c, which can be high-powered by the SUSY stuff all over the parameter
space. In this framework the mixing angle α becomes stuck once tanβ and the rest of
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the independent parameters are given, and so there is no possibility to reconvert the
couplings between h0 and H0 as in the 2HDM. Still, we must emphasize that in the
MSSM the other two decays t→ H0 c and t→ A0 c can be competitive with t→ h0 c
in certain portions of parameter space. For example, t→ H0 c becomes competitive
when the pseudoscalar mass is in the range 110GeV < mA0

<∼ 170GeV –Cf. Fig. 1d.
The possibility of having more than one FCNC decay (2) near the visible level is a
feature which is virtually impossible in the 2HDM II. Second, the reason why t→ h0 c
in the MSSM is so especial is that it is the only FCNC top quark decay (2) which
is always kinematically open throughout the whole MSSM parameter space, while in
the 2HDM all of the decays (2) could be, in the worst possible situation, dead closed.
Nevertheless, this is not the most likely situation in view of the fact that all hints
from high precision electroweak data seem to recommend the existence of (at least)
one relatively light Higgs boson [21,22]. This is certainly an additional motivation for
our work, as it leads us to believe that in all possible (renormalizable) frameworks
beyond the SM, and not only in SUSY, we should expect that at least one FCNC decay
channel (2) could be accessible. Third, the main origin of the maximum FCNC rates
in the MSSM traces back to the tree-level FCNC couplings of the gluino [5]. These
are strong couplings, and moreover they are very weakly restrained by experiment. In
the absence of such gluino couplings, or perhaps by further experimental constraining
of them in the future, the FCNC rates in the MSSM would boil down to just the
EW contributions, to wit, those induced by charginos, squarks and also from SUSY
Higgses. The associated SUSY-EW rate is of order 10−6 at most [5], and therefore it
is barely visible, most likely hopeless even for the LHC. In contrast, in the general
2HDM the origin of the contributions is purely EW and the maximum rates are two
orders of magnitude higher than the full SUSY-EW effects in the MSSM. It means that
we could find ourselves in the following situation. Suppose that the FCNC couplings
of the gluino get severely restrained in the future and that we come to observe a few
FCNC decays of the top quark into Higgs bosons, perhaps at the LHC and/or the LC.
Then we would immediately conclude that these Higgs bosons could not be SUSY-
MSSM, whilst they could perhaps be CP-even members of a 2HDM II. Fourth, the
gluino effects are basically insensitive to tan β, implying that the maximum MSSM
rates are achieved equally well for low, intermediate or high values of tanβ, whereas
the maximum 2HDM II rates (comparable to the MSSM ones) are attained only for
high tan β.

The last point brings about the question of whether it would be possible to discern
between different models if these decays are detected. The answer is, most likely yes.
There are many possibilities and corresponding strategies, but we will limit ourselves
to point out some of them. For example, let us consider the type of signatures
involved in the tagging of the Higgs channels. In the favorite FCNC region (8) of
the 2HDM II, the combined decay t → h c → cbb is possible only for h0 or for H0,
but not for both – Cf. Fig. 5a – whereas in the MSSM, h0 together with H0, are
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highlighted for 110GeV < mA0 < mt, with no preferred tan β value. And similarly,
t → A0 c is also non-negligible for mA0

<∼ 120GeV –Cf. Fig. 1d. Then the process
t → h c → cbb gives rise to high pT charm-quark jets and a recoiling bb pair with
large invariant mass. It follows that if more than one distinctive signature of this kind
would be observed, the origin of the hypothetical Higgs particles could not probably
be traced back to a 2HDM II.

One might worry that in the case of h0 and H0 they could also (in principle)
decay into electroweak gauge boson pairs h0,H0 → VewV ew, which in some cases
could be kinematically possible. But this is not so in practice for the 2HDM II [6].
Again, at variance with this situation, in the MSSM case H0 → VewV ew is perfectly
possible – not so h0 → VewV ew due to the aforementioned upper bound on mh0 –
because tanβ has no preferred value in the most favorable MSSM decay region of
t → H0 c. Therefore, detection of a high pT charm-quark jet against a VewV ew pair
of large invariant mass could only be advantageous in the MSSM, not in the 2HDM.
Similarly, for tan β >∼ 1 the decay H0 → h0 h0 (with real or virtual h0) is competitive
in the MSSM in a region where the parent FCNC top quark decay is also sizeable.
Again this is impossible in the 2HDM II and therefore it can be used to distinguish
the two (SUSY and non-SUSY) Higgs frames.

Finally, even if we place ourselves in the high tanβ region both for the MSSM and
the 2HDM II, then the two frameworks could still possibly be separated provided that
two Higgs masses were known, perhaps one or both of them being determined from
the tagged Higgs decays themselves, eq. (2). Suppose that tan β is numerically known
(from other processes or from some favorable fit to precision data), then the full spec-
trum of MSSM Higgs bosons would be approximately determined (at the tree level)
by only knowing one Higgs mass, a fact that could be used to check whether the other
measured Higgs mass becomes correctly predicted. Of course, the radiative correc-
tions to the MSSM Higgs mass relations can be important at high tan β [12], but these
could be taken into account from the approximate knowledge of the relevant sparticle
masses obtained from the best fits available to the precision measurements within
the MSSM. If there were significant departures between the predicted mass for the
other Higgs and the measured one, we would probably suspect that the tagged FCNC
decays into Higgs bosons should correspond to a non-supersymmetric 2HDM II.

At the end of the day we see that even though the maximum FCNC rates for the
MSSM and the 2HDM II are both of order 10−4 – and therefore potentially visible –
at some point on the road it should be possible to disentangle the nature of the Higgs
model behind the FCNC decays of the top quark. Needless to say, if all the recent
fuss at CERN [21] about the possible detection of a Higgs boson would eventually
be confirmed in the future (e.g. by the LHC), this could still be interpreted as the
discovery of one neutral member of an extended Higgs model.

We emphasize our most essential conclusions in a nutshell: i) Detection of FCNC
top quark decay channels into a neutral Higgs boson would be a blazing signal of

14



physics beyond the SM; ii) There is a real chance for seeing rare events of that sort
both in generic Type II 2HDM’s and in the MSSM. The maximum rates for the
leading FCNC processes (2) and t→ c g in the 2HDM II (resp. in the MSSM) satisfy
the relations

BR(t→ g c) < 10−6(10−5) < BR(t→ h c) ∼ 10−4 , (11)

where it is understood that h is h0 or H0, but not both, in the 2HDM II; whereas
h is most likely h0, but it could also be H0 and A0, in the MSSM ; iii) Detection of
more than one Higgs channel would greatly help to unravel the type of underlying
Higgs model.

The pathway to seeing new physics through FCNC decays of the top quark is thus
potentially open. It is now an experimental challenge to accomplish this program
using the high luminosity super-colliders round the corner.
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1 Introduction

Recently there has been interest in a specific and predictive framework for the ori-
gin of soft supersymmetry breaking within the MSSM, known as Anomaly Mediated
Supersymmetry Breaking (AMSB). The basic AMSB solution is given by[1]:

M = M0
βg
g

hijk = −M0β
ijk
Y

(m2)ij = 1
2
|M0|2µdγ

i
j

dµ
. (1)

where M is the gaugino mass, hijk the φ3 coupling Y ijk the superpotential Yukawa
coupling and (m2)ij the φφ∗-mass. They are all given in terms of the gravitino mass,
M0, and the RG functions βg and γij of the unbroken theory. It is interesting that two
of these relations were first developed in an attempt to construct RG trajectories[2];
the results for M,h,m2 satisfy exactly the formulae for the corresponding β-functions
given, for example in [2]).

Direct application of the AMSB solution to the MSSM leads, unfortunately, to
negative (mass)2 sleptons: in other words, to a theory without a vacuum preserving
the U1 of electromagnetism. We explore two distinct resolutions[3][4] of this dilemma,
both based on generalising the AMSB solution, while retaining the crucial property
of RG invariance, which makes the low energy theory insensitive to the nature of
new physics at high scales. (For some other approaches see Refs. [5]-[14]). Both our
ideas are based on extending the MSSM with an extra U1; in the second case this U1

being associated with an R-symmetry. In both cases it transpires that requiring RG
invariance of the generalised AMSB solution means that the U1 must have no mixed
anomalies with the MSSM gauge group. Also in both cases, a distinguishing feature
of the results is the existence of sum rules for the sparticle masses.

2 Fayet-Iliopoulos D-terms

A modification of the AMSB solution which has been studied in some detail is the
simple replacement m2 → m̂2 where

(m̂2)ij = (m2)ij +m2
0δ
i
j . (2)

Here m2 is the basic AMSB solution form Eq. (1) and m2
0 is constant. This is not RG

invariant (for constant m2
0), but if instead we have

(m̂2)ij = (m2)ij +m2
0

N∑

a=1

ka(Ya)
i
j (3)
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then m̂2 is RG invariant, as long as each Ya corresponds to a U1 invariance of the
superpotential W and also has vanishing mixed anomaly with each MSSM gauge
group factor. This apparent miracle occurs because in fact the modification to m2

proposed in Eq. (3) is precisely that introduced by a set of Fayet-Iliopoulos (FI)
D-terms.

In the MSSM, there is a non-zero FI-term, but this cannot alone solve the slepton
problem because its (mass)2 contributions to the LH and RH sleptons have opposite
signs, being dictated by the hypercharge of the relevant field. The minimal solution
we proposed was the introduction of a single extra U1, which we denote U ′1. The
MSSM does not admit such a generation independent) anomaly-free U1 so we need to
introduce some new fields to cancel the associated anomalies. However cancellation of
the mixed anomalies can be achieved within the MSSM itself; the hypercharges of the
quark and Higgs multiplets are determined in terms of the lepton hypercharges, so
that the MSSM admits two independent mixed-anomaly-free U1 groups, the existing
UY

1 and another (which could be chosen to be UB−L
1 [14]). If we also require absence

of (U ′1)3 and U ′1-gravitational anomalies this can be achieved by introducing a set of
MSSM singlets with U ′1 charges si and imposing the constraints[15]

N∑

i=1

si = −3(2Y ′L + Y ′τc), and

N∑

i=1

s3
i = −3(2Y ′L + Y ′τc)

3, (4)

where the existing MSSM U1 corresponds of course to si = 2Y ′L + Y ′τc = 0.
The classification of rational solutions to Eq. (4) is an interesting Diophantine

problem; but as explained in [3], all we require for the RG invariance of Eq. (3) is
the existence of the sets of charges Ya; there need be no relic of the associated gauge
symmetry (or the singlets Si) in the low energy theory. This is the point of view we
will take from now on.

In Table (1) we give a possible set of U ′1 charges with the UY
1 ones for comparison.

This set of Y ′ charges correspond to requiring Tr(Y Y ′) = 0; of course the result is
a linear combination of UY

1 and UB−L
1 . The outcome is that the squark and slepton

masses are given by

m2
Q = m2

Q +
1

6
ζ1 + ζ2Y

′
Q, m2

tc = m2
tc −

2

3
ζ1 + ζ2Y

′
tc,

m2
bc = m2

bc +
1

3
ζ1 + ζ2Y

′
bc, m2

L = m2
L −

1

2
ζ1 + ζ2Y

′
L,

m2
τc = m2

τc + ζ1 + ζ2Y
′
τc (5)

where dependence on the FI coefficients, the Higgs vevs and the singlet sector is
subsumed into the parameters ζ1,2. There is a substantial region of the ζ1,2-plane
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Table 1: Table of U1 and U ′1 hypercharges.

Q L tc bc τ c H1 H2 Si

Y 1
6

−1
2
−2

3
1
3

1 −1
2

1
2

0

Y ′ 7
3

−7 5
3

−19
3

3 4 −4 si

such that all the above m2 parameters are positive (the precise region depending on
the input tan β). The result is interesting phenomenology. The gaugino spectrum is
the same as in previous AMSB scenarios, with a near degenerate wino and neutralino,
the latter being (in some regions of parameter space) the LSP.

For a choice ofm0 = 40TeV, tan β = 5, ζ1 = 0.2, ζ2 = −.02, we find |µs| = 645GeV
and (choosing µs > 0) a mass spectrum given by:

mt̃1 = 575, mt̃2 = 861, mb̃1
= 825, mb̃2

= 1040, mτ̃1 = 137, mτ̃2 = 339,

mũL = 931, mũR = 851, md̃L
= 935, md̃R

= 1045, mẽL = 139, mẽR = 339,

mν̃ = 112, mh,H = 110, 455, mA = 453, mH± = 461, mχ̃±1,2
= 104, 649

mχ̃1···4 = 103, 366, 648, 658, mg̃ = 1007, (6)

where all masses are given in GeV.
A characteristic feature of the present setup is the existence of sparticle mass sum

rules such as
m2
t̃1

+m2
t̃2

+m2
b̃1

+m2
b̃2
− 2(m2

t +m2
b) = 2.75m2

g̃. (7)

The numerical coefficient here depends only on the input tan β (here taken to be
tan β = 5), and also (weakly) on m0, here taken to be 40TeV.

3 R-symmetry and Yukawa textures

There is an alternative generalisation of the AMSB solution for m2 from Eq. (1)
as follows:

(m2)ij =
1

2
|m0|2µ

dγij
dµ

+m2
0(γij + qiδij). (8)

This is also RG invariant to all orders as long as qi satisfy the following constraints:
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(qi + qj + qk)Yijk = 0

2 Tr [qC(R)] +Q = 0, (9)

where Q is the one loop βg coefficient and C(R) is the quadratic matter Casimir. It
is easy to show[5][6] that Eq. (9) corresponds precisely to requiring that the theory
have a non-anomalous R-symmetry (which we denote R, to avoid confusion with our
notation R for group representations). If we set

qi = 1 − 3

2
ri, (10)

then we see that Eq. (9) corresponds to (ri + rj + rk)Yijk = 2Yijk, which is the
conventional R-charge normalisation.

Turning to the MSSM we find that, as in the previous section, our solution will
retain the crucial RG invariance as long as all the mixed anomalies of theR-symmetry
with the MSSM gauge group vanish. The MSSM does not admit such a generation
independentR-symmetry; however it does admit one that permits only 3rd generation
Yukawa couplings and has identical R-charges for the first two generations. We find
that this can be achieved for for arbitrary values of the leptonic charges with the
quark and Higgs charges determined as follows (we work with the fermionic charges,
related to the R-charges by qf = r − 1):

q3 =
4

9
− 1

3
l3 −

1

9

κ

κ

u3 = −22

9
− 2

3
l3 − e3 +

1

9

κ

κ

d3 = −4

9
+

4

3
l3 + e3 +

1

9

κ

κ

q1 = −101

90
− 1

3
κ+

1

15
l3 +

1

5
e3 +

1

30
κ+

1

18

κ

κ

u1 = −79

90
− 2

3
κ− 16

15
l3 −

6

5
e3 −

1

30
κ− 1

18

κ

κ

d1 =
101

90
+

4

3
κ+

14

15
l3 +

4

5
e3 −

1

30
κ− 1

18

κ

κ
h2 = −h1 = l3 + e3 + 1, (11)

where κ = l1− l3 + e1− e3−3, and κ = −12l3−16e3 + 10e1−23. As explained above,
we have imposed q1 = q2 etc.

Thus for any set of rational values for the leptonic charges there exist rational
values for all the charges. it is clear therefore that we can potentially resolve the
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Table 2: The fermionic R-charges for the case ∆d = ∆L

q3 l3 u3 d3 e3 q1

e
6
− 2

9
− e

2
− 1

6
−2e

3
− 29

18
e
3

+ 1
18

e e
6
− 43

72

l1 u1 d1 e1 H1 H2

− e
2

+ 5
24

−2e
3

+ 19
72

e
3
− 77

72
e+ 9

8
− e

2
− 5

6
e
2

+ 5
6

tachyonic slepton problem, since we can choose the lepton R-charges so that all the
q contributions to Eq. (8) are positive for the sleptons. Of course we will need to
check that the corresponding contributions for the squarks and Higgses do not cause
problems.

We can get a different handle on the R-charge assignments by relating them to
a possible origin of the light quark and lepton masses. Suppose[17] there are higher-
dimension terms in the effective field theory of the form (for the up-type quarks)

H2Qiu
c
j(

θ
MU

)aij or H2Qiu
c
j(

θ
MU

)aij , where θ, θ is a pair of MSSM singlet fields with
R-charges ±rθ that get equal vacuum expectation values, and MU represents some
high energy new physics scale (with similar terms for the light down quarks and
leptons). Evidently the R-charge assignments will then dictate the texture of the
Yukawa couplings, via the relation h2 + q1 + u1 + a11rθ = −1 and similar identities.
if we suppose identical textures for the down quarks and leptons then we find

κ = −3

2
, κ = −21

2
− 9

4
λ, (12)

where λ = 2l3 + e3. The only value of λ we have found which leads to nice textures
with only one pair of θ, θ fields is λ = − 1

3
, which leads to the set of fermionic

R-charges shown in Table (2).
With this charge assignment we find, (for arbitrary e) but setting rθ = 3

8
, Yukawa

textures of the form

∆u =



ε4 ε4 ε
ε4 ε4 ε
ε5 ε5 1


 , ∆d = ∆L =



ε4 ε4 ε
ε4 ε4 ε
ε3 ε3 1


 (13)
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The quark and lepton mass hierarchies and the CKM matrix can be produced with
matrices of these generic structures, see [4]. The phenomenology of Flavour Changing
Neutral Currents (in both hadronic and leptonic sectors) and CP-violation effects
clearly deserve a detailed investigation.

It is easy to show that as long as − 1
3
< e < 1

3
and m2

0 < 0, the contribution to
each slepton mass term due to the q term in Eq. (8) will be positive, and we may
expect to achieve a viable spectrum; however, it turns out that it is still non-trivial
to obtain an acceptable minimum because, for example, if e = 0 and m2

0 < 0, the
m2

0q contributions to Eq. (8) from u3, q1 and d1 are negative. We find in fact that we
need to have e < 0.

A variety of mass spectra for m0 = 40TeV (corresponding to a gluino mass of
around 1TeV), but with different values of tanβ, e and m2

0, is presented in table 3; we
were unable to find any values of e and m2

0 corresponding to an acceptable spectrum
for tanβ significantly larger than 10. The heaviest sparticle masses scale with m0

and are given roughly by MSUSY = 1
40
m0. A characteristic feature of AMSB models

is the near-degenerate light charged and neutral winos; this prediction, as in the FI
case, is preserved in the scenario presented here. The main distinction from the FI
case is the large splitting between the third generation and the other two, caused by
the generation-dependent R-charge assignments. Moreover, unusual is the possibility
(exemplified in the first three columns of table 3) that the ν̃τ is the LSP. As is well
known, radiative corrections give a sizeable upward contribution to the mass of the
light CP-even Higgs, and so we have included the one-loop calculation.

As in the FI case, however, a salient feature of the model is the existence of sum
rules for the sparticle masses. These sum rules follow from Eq. (11); and thus for
the particular solution exhibited in table 3, they are independent of e. We find for
example the following relation:

m2
t̃1

+m2
t̃2

+m2
b̃1

+m2
b̃2
− 2(m2

t +m2
b)− 2.75m2

g̃ = 0.92m2
0TeV2, (14)

where we have again taken tan β = 5 and m0 = 40TeV.
Note the similarity with the corresponding one in the FI scenario described in the

previous section, Eq. (7); the distinction lies in the non-zero RHS in Eq. (14), which
can be traced back to the dependence on γ in Eq. (8).

4 Conclusions

We have shown that by extending the MSSM with a U1 or a UR
1 (which may or may

not be associated with a physical vector boson), it is possible to construct solutions to
the running equations for m2, M and h that are completely RG invariant, and leads to
a phenomenologically acceptable theories, resulting in a distinctive spectrum with sum

6



Table 3: The sparticle masses (given in GeV) for the UR1 case

tan β(sign µs) 2(+) 2(−) 5(+) 5(+) 10(+)

e −1/9 −1/9 −1/9 −2/9 −2/9

m2
0(TeV2) −0.1 −0.1 −0.1 −0.25 −0.2

t̃1,2 652, 882 615, 908 567, 876 302, 879 404, 875

b̃1,2 865, 977 865, 977 843, 974 853, 1009 843, 987

τ̃1,2 94, 110 87, 116 75, 127 136, 289 86, 251

ũL,R 918, 997 918, 997 917, 997 880, 1084, 892, 1057

d̃L,R 920, 887 920, 887 921, 887 884, 776 896, 814

ẽL,R 260, 423 260, 423 261, 423 473, 664 418, 590

ν̃τ 83 83 73 277 234

ν̃e 251 251 249 467 410

h 96 105 119 114 124

H 598 598 585 121 308

A 593 593 584 110 307

H± 599 599 590 137 318

χ̃±1 98 116 104 101 106

χ̃±2 628 625 663 449 530

χ̃1 98 115 103 99 103

χ̃2 364 372 367 357 365

χ̃3 619 620 662 446 532

χ̃4 637 628 672 470 544

g̃ 1008 1008 1008 1008 1008

rules for the sparticle masses. In both cases the additional source of supersymmetry-
breaking may be provided by the vacuum expectation value of a D-term.

In a recent paper[14], it was shown how our first scenario can be compatible with
currently fashionable braneworld scenarios, with breaking of both supersymmetry
and the extra U1 occurring on a hidden brane; the incorporation of massive neutrinos

7



was also considered. It would be interesting to perform a similar construction for the
R-symmetry case.
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1 The Standard Model

The most important and immediate goal in our quest to understand nature at
the microscopic level is the determination of the mechanism by which elementary
particles acquire mass. One very attractive approach is to hypothesize the existence
of a Higgs sector (for a review, see [1]) of scalar fields (some of which must have non-
zero quantum numbers under the weak SU(2)×U(1) electroweak gauge group). The
Higgs potential must be such that one or more of the neutral components of the Higgs
fields spontaneously acquires a non-zero vacuum expectation value, thereby giving
masses to the W± and Z gauge bosons. In the minimal Standard Model (SM), mass
generation is accomplished through the existence of a Higgs sector containing a single

complex scalar field doublet (under weak isospin), φ =

(
φ+

φ0

)
. When Reφ0 acquires

a vacuum expectation value ( v√
2
), the φ± and Imφ0 fields are absorbed by the hitherto

massless W± and Z fields which thereby acquire mass. At the same time, Yukawa
couplings λfffφ lead to the generation of mass for the fermions, mf ∝ λfv. The
quantum fluctuations of the remaining field Reφ0, correspond to a physical particle,
the neutral Higgs boson, denoted hSM. The couplings of the hSM to other SM particles
are completely constrained. However, the mass of the hSM is completely unconstrained
in the SM context without referencing physics at higher energy scales.

Figure 1: Triviality and (meta)stability bounds for the SM Higgs boson as a function of the
new physics scale Λ. From [2].

If the SM is the correct description of electroweak symmetry breaking at current
energies, it could still be that the SM is only an effective theory valid below some
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higher energy scale Λ. Above Λ, new physics enters and a more complete/fundamental
theory would emerge. One possibility is that there is no new physics between elec-
troweak scales and the Planck scale, MP. Or it could be that a theory such as
supersymmetry emerges at a lower scale. Fig. 1 (from [2]) shows that the SM could
remain valid as an effective theory all the way up to MP only for a very limited range
of mhSM

, roughly 140 < mhSM
< 180 GeV. For mhSM

outside this range, new physics
would have to enter at a much lower scale. For example, if a mhSM

∼ 115 GeV SM
Higgs boson is discovered, then Λ <∼ 1000 TeV. The upper bound shown in Fig. 1
derives from requiring that the coupling λ appearing in the Higgs field quartic self-
coupling term in the Higgs potential, ∝ λφ4, remain perturbative when ‘probed’ at
energy scale Λ. Since λ grows with energy scale, this bounds λ(mhSM

), thereby bound-
ing mhSM

∼ 2v2λ(mhSM
). The lower bound shown derives from requiring stability of

the potential. In particular, λ is not allowed to be driven negative at energy scales
below Λ (by the large top quark contribution to the running of λ); i.e. we require
λ(Λ) > 0. Without this constraint the universe would ultimately prefer to tunnel
to a state in which the Higgs field φ has values with |φ| >∼ Λ, yielding large nega-
tive V (Λ) ∝ λ(Λ)|φ ∼ Λ|4 if λ(Λ) < 0. The meta-stability condition, that the time
scale for such tunneling be longer than the age of the universe, is only slightly less
constraining.

Precision electroweak data suggests [3] the presence of a light SM-like h, the best
single SM-like Higgs boson fit being obtained for mh <∼ 100 GeV. Recent LEP data [4]
contain hints (at the roughly 2.9σ level) that a SM-like Higgs boson might be present
with mass mh ∼ 115 GeV. This same data could also be interpreted as providing
weak evidence for a somewhat spread-out Higgs signal in the region mh <∼ 115 GeV,

Figure 2: Prospects for SM Higgs discovery at the Tevatron.
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such as might arise if there were a number of Higgs bosons with overlapping resonance
shapes, each one having ZZ coupling-squared that is a small fraction of the strength
expected for the hSM.

If the precision electroweak and LEP hints for a single light SM-like Higgs boson
are correct, the Tevatron will have an excellent chance of detecting such an h with
L = 15 fb−1 of accumulated luminosity (per experiment). This is illustrated in Fig. 2,
from [5]. If 90 GeV <∼ mhSM

<∼ 130 GeV one employs q′q → W ∗ → WhSM → `νbb
and qq → Z∗ → ZhSM → ννbb and `+`−bb. If 130 GeV <∼ mhSM

<∼ 190 GeV one
uses gg,W ∗W ∗ → hSM as well as q′q → W ∗ → WhSM and qq → Z∗ → ZhSM, all
with hSM → WW ∗, ZZ∗. Relevant final states for hSM decay would be `±`±jjX and
`+`−νν. Currently, it is believed that L = 15 fb−1 can be accumulated by 2006-2007,
i.e. just as LHC will start producing physics results.

1
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 H  →  γ γ   +   WH, ttH (H  →  γ γ )
 ttH (H  →  bb)
 H   →  ZZ(*)   →  4 l

 H   →  ZZ   →  llνν
 H   →  WW   →  lνjj

 H   →  WW(*)   →  lνlν

Total significance

 5 σ

 ∫ L dt = 100 fb-1

 (no K-factors)

ATLAS

Figure 3: The statistical significance in various channels for a Standard Model Higgs signal

with L = 100 fb−1 of accumulated luminosity for the ATLAS detector at the LHC. Also
shown is the net statistical significance after combining channels. From [6]. The CMS

detector finds similar results [7].
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The LHC and its detectors have been specifically designed to discover the hSM for
any mhSM

<∼ 1 TeV or to see signs of a strongly interacting W sector if the effective
Higgs mass is even larger. The discovery modes are the following. For mhSM

<∼
130 GeV, one employs gg,W ∗W ∗ → hSM → γγ, qiqj → W±hSM and gg → tthSM

with hSM → γγ and hSM → bb. For mhSM
> 130 GeV, the best signal is gg,W ∗W ∗ →

hSM → ZZ(∗) → 4` (gg,W ∗W ∗ → hSM → WW ∗ → `ν`ν for mhSM
∼ 2mW ). If

mhSM
> 300 GeV (400 GeV) the gg,W ∗W ∗ → hSM →WW → `νjj (→ ZZ → ``νν)

modes are very robust. The statistical significances for various channels are shown in
Fig. 3. For L = 100 fb−1, a signal of at least 10σ is achieved for all mhSM

< 1 TeV.
A future linear e+e− collider would also be certain to detect the SM hSM unless

mhSM
>
√
s. Comprehensive reviews are found in [8] and [9]. If mhSM

<
√
s −mZ,

e+e− → Z∗ → ZhSM production would allow both an inclusive recoil mass determi-
nation of σ(ZhSM) and exclusive final state determinations of σ(ZhSM)B(hSM → X)
for various final states X. The ratio of the latter to the former gives a result for
B(hSM → X). The power of this approach and of the LC detectors to separate the
various channels X is illustrated by the fact that for L = 500 fb−1 of accumulated
luminosity (1 or 2 years of operation) one can even obtain an accurate determination
of B(hSM → WW ∗) if mhSM

>∼ 120 GeV and of B(hSM → γγ) if mhSM
<∼ 130 GeV.

Even the very narrow width of the light Higgs can be determined quite accurately by
indirect means. For instance, by isolating e+e− → e+e−W ∗W ∗ → e+e−hSM events
one can extract Γtot

hSM
= σ(W ∗W ∗→hSM→WW ∗)

[B(hSM→WW ∗)]2 . The γγ collider option at the LC can
also play an important role. In particular, the γγ → hSM coupling can be determined
from the ratio σ(γγ → hSM → bb)/B(hSM → bb) (the latter determined using the
ZhSM techniques). This coupling is very sensitive to the presence of loops containing
heavy particles whose mass is acquired via the Higgs mechanism. In addition, at
low masses such that the W ∗W ∗ technique for total width determination is not very

accurate, γγ → hSM allows [10] extraction of Γtot
hSM

= σ(γγ→hSM→bb)
B(hSM→γγ)B(hSM→bb)

. The process

γγ → hSM also allows determination of the CP nature of the hSM by studying the
cross section dependence upon relative orientation of the (transverse) polarizations of
the colliding γ’s [11,12,13]. CP=+ (−) implies γγ → hSM cross section proportional
to ~ε1 · ~ε2 (~ε1 × ~ε2). Finally, by studying angular distributions of the t, t and h in
e+e− → tth it is possible to determine the CP of the resonance eigenstate [14,15].

2 Non-Exotic Extensions of the SM Higgs Sector

Even within the SM effective field theory context, the Higgs sector need not con-
sist of just a single doublet; one should consider extended Higgs sector possibilities.
Indeed, typical models in which the Higgs sector is the result of a new strong inter-
action at a higher scale Λ produce an effective field theory below Λ that contains
at least two doublets and/or extra singlets [16]. Higher representations are also a
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possibility. String models also often yield quite a number of Higgs representations at
low energy [17]; singlets, doublets and higher representations are all possible.

Addition of singlets poses no particular theoretical problems (or benefits). Addi-
tion of one or more extra doublet representation(s) has both attractive and unattrac-
tive aspects. On the unattractive side is the fact that the squared-mass(es) of the
additional charged Higgs boson(s) become new parameter(s) that must be chosen to
be positive definite in order to avoid breaking of electromagnetic symmetry. This
unfavorable aspect is, in the view of many, more than compensated by the fact that
a multi-Higgs-doublet model allows for the possibility of explaining all CP-violation
phenomena as a result of explicit or spontaneous CP violation in the Higgs sector.
Triplet representations and higher are deemed ‘exotic’ in that ρ is no longer com-
putable when they participate in EWSB (i.e. when the vev of the neutral member of
the representation is non-zero); instead, ρ becomes infinitely renormalized and must
be treated as an input parameter to the model [18]. In this section, we focus our
attention on singlet and doublet extensions. In both cases, detection and simulation
considerations change dramatically. Triplets will be discussed very briefly in the next
section.

The new considerations that arise for an extended SM Higgs sector are brought
most immediately into focus by discussing the discovery prospects for Higgs bosons
at an e+e− collider; other colliders will encounter even greater difficulty in ensuring
discovery of at least one Higgs boson of an extended sector.

2.1 A Continuum Signal

As stated above, it is not entirely unreasonable to consider a case in which there
are many singlets and/or extra doublets, possibly even triplets, in addition to the
original doublet Higgs field φ. Each complex neutral field results in an extra scalar
and extra pseudoscalar degree of freedom. The former will generally mix with Reφ0

and the interesting question is the extent to which this could make Higgs discovery
difficult. The worst case scenario is that in which the physical eigenstates share
the WW/ZZ coupling-squared and are spread out in mass in such a way that their
separation is smaller than the ∼ 10 GeV or so mass resolution of the detector. The
result could be a very spread out and diffuse signal that could only be searched for
as a broad excess in the MX recoil mass spectrum in e+e− → ZX production, where
MX is computed from pX = pe+ + pe− − pZ for events in which the Z decays to e+e−,
µ+µ− (and possibly jets). As noted earlier, LEP2 data is consistent with a small
spread-out excess of events at high MX (in the MX ∼ 100− 110 GeV region) beyond
the number predicted by background computations; this excess could be interpreted
in terms of such a diffuse spread-out signal.

Fortunately, there are constraints on this scenario. First, defining Ci to be the
strength of the hiV V coupling relative to that of the hSM, unitarity for WW scat-
tering, as well as the general structure of the theory, imply the sumrule

∑
iC

2
i ≥ 1;
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if only singlet and doublet representations are present
∑
i C

2
i = 1. Second, precision

electroweak constraints imply that the value of 〈M 2〉 appearing in

∑

i

C2
im

2
hi

= 〈M2〉 . (1)

hould not exceed about (200 GeV)2. For the most general supersymmetric model
Higgs sector, imposing the requirement of perturbativity of couplings after evolving
up to the GUT scale yields this same result for the maximum possible 〈M 2〉 [19].

To illustrate the consequences [20], assume C2
i is constant from mmin

h to mmax
h ;

using continuum notation, C2(mh) ≥ 1/(mmax
h −mmin

h ) for
∫
dmhC

2(mh) ≥ 1, while
Eq. (1) implies 1

3
([mmax

h ]2 + mmax
h mmin

h + [mmin
h ]2) ≤ 〈M2〉. Let us also suppose that

LEP data can be used to show that C2(mh) is very small for mh < 70 GeV (this is
being examined currently). Then if C2(mh) is constant from mmin

h = 70 GeV out to
mmax
h = 300 GeV the sumrule will be saturated.

Clearly, LEP2 would have had great difficulty confirming the presence of such
a broad excess. One needs to have e+e− collisions at high enough energy to avoid
kinematic suppression over the bulk of the MX region in question. A

√
s = 500 GeV

collider would be more or less ideal. In Ref. [21], the backgrounds in the recoil MX

spectrum for ZX production were examined for
√
s = 500 GeV over the interval

70 GeV to 200 GeV. For the mmin
h = 70,mmax

h = 300 GeV case described, a fraction
f ∼ 0.57 of the continuum signal resides in this region. In order to avoid the large ZZ
background, it is actually best to restrict consideration to the 100 − 200 GeV range
in which a fraction f ∼ 0.43 of the signal resides. For L = 500 fb−1, the excess signal
event rate after cuts would be S ∼ 1350f ∼ 580 with a background of B = 2700.
The resulting ∼ 50%f ∼ 22% excess over background would be readily detected, and
would yield S/

√
B ∼ 26f ∼ 11. Allowing for some extra weighting of the signal into

the MX = mZ region, it still seems safe to say that S/
√
B > 5 would be achieved for

L >∼ 200 fb−1.
Obviously, detection of this type of signal would be very difficult, if not impossible,

at a hadron collider due to the inability to reconstruct the recoil mass in a ZX or
WX event (the energies of the colliding quarks being unknown). In this scenario, the
LHC would have good evidence that WW scattering at high-mWW was perturbative,
but the continuum of Higgs bosons responsible for this perturbativity would probably
not be directly detected. Detection of the Higgs bosons would require that only a
few of the Higgs bosons decayed to some particular identifiable final state (e.g. bb)
and that these same Higgs bosons were sufficiently well separated in mass that the
individual mass peaks could be reconstructed. This latter is a possibility if some of
the Higgs bosons give mass to some fermions and not others, rather than all Higgs
bosons contributing roughly equally to the various fermionic masses. Of course, this
type of channel separation would make resonance peak reconstruction possible at the
LC as well.
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2.2 The General Two-Higgs-Doublet Model

This is a particularly useful model to consider since it already displays many
features that would be present in still more complex Higgs sectors (see [1] for a
review and references). We will confine our attention to a type-II two-doublet model
(in which one Higgs doublet, φu, gives mass to up quarks while the second, φd,
gives mass to down quarks and leptons). Of course, the MSSM Higgs sector is a
constrained type-II two-doublet model. If CP is conserved in the Higgs sector, then
there are two CP-even eigenstates, h0 and H0, one CP-odd eigenstate, A0 and a
charged Higgs pair, H±. If CP is violated, the h0,H0, A0 would mix to form a trio
of mixed-CP eigenstates, hi=1,2,3. One of the most important parameters of a 2HDM
model is tan β = vu/vd, the ratio of vacuum expectation values for the neutral field
components of φu and φd; v

2
u + v2

d = v2
SM is required to obtain the correct W and Z

masses.
The most pressing question is again whether or not we are guaranteed that there

should be at least one light Higgs boson with properties such that we can detect it
at the various colliders. The answer is model dependent.

As we shall review later, in the general 2HDM context (i.e. without the constraints
of supersymmetry), it is possible to satisfy precision electroweak constraints even if
the only Higgs boson that has substantial WW/ZZ coupling is quite heavy (but, at
most ∼ 1 TeV). Precision constraints are most easily satisfied if there is one light
Higgs boson (with no WW/ZZ coupling), all others being quite heavy. Would we
discover this light ĥ?

Again we use the e+e− collider to illustrate. There the relevant production pro-
cesses would be e+e− → ttĥ, e+e− → bbĥ, e+e− → Z∗ → Zĥĥ and e+e− → ννĥĥ. As
regards the fermion processes, there are sumrules that guarantee that the bbĥ and ttĥ
couplings cannot both be suppressed [22]. In particular, for a ĥ of a general type-II
2HDM with no V V coupling one finds g

tt̂h
/gtthSM

= cotβ and g
bbĥ
/gbbhSM

= tan β. The

Z∗ → Zĥĥ and WW → ĥĥ processes are dominated by the quartic coupling which
is determined purely by the covariant gauge derivative structure, (DµΦ)†(DµΦ), re-
sponsible for the relevant interactions. We will now outline why these processes are
not necessarily sufficient to guarantee ĥ discovery.

Yukawa processes

Because of the tan β dependence of the couplings, e+e− → ttĥ will always yield
an observable event rate if tan β is small enough (and the process is kinematically
allowed) while bbĥ will be observable for large enough tanβ. However, even for
L = 2500 fb−1 there is a wedge of tanβ, beginning at m

ĥ
∼ 50 GeV (80 GeV) for√

s = 500 GeV (800 GeV), for which neither process will have as many as 50 events
[22,23], deemed the absolute minimum number of events for which detection would
be possible at the LC. Of course, the upper limit limit for the wedge illustrated up to
400 GeV rises further for still larger m

ĥ
values, while the lower line deliminating the
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Figure 4: For
√
s = 500 GeV (dashes) and

√
s = 800 GeV (solid), we plot the maximum

and minimum tanβ values between which ttĥ and bbĥ both have fewer than 50 events
assuming (a) L = 1000 fb−1 or (b) L = 2500 fb−1.

wedge disappears once ttĥ is kinematically forbidden. In short, the fermionic coupling
sum rules do not yield any guarantees. They only restrict the problematical region.

Double Higgs production processes

In Fig. 5 we [24] plot the cross section for e+e− → Z? → Zĥĥ. We see that
this process can probe up to m

ĥ
= 150 GeV (250 GeV) for a 20 event signal with

L = 1000 fb−1 (50 events for L = 2500 fb−1). Similar results are obtained for
WW → ĥĥ fusion production. Thus, even after combining these process with the
Yukawa processes, there is a large range of m

ĥ
and tan β values for which the only

Higgs boson light enough to be produced in e+e− collisions cannot be detected.

Precision electroweak constraints in the 2HDM

In this subsection, we demonstrate how a 2HDM can give good agreement with
precision electroweak constraints, even if there is only one Higgs boson with V V
decoupling and it has mass ∼ 1 TeV [23]. As noted earlier, a heavy SM-like h gives a
large ∆S > 0 and large ∆T < 0, as illustrated by the locations of the stars in Fig. 6.
The key is to compensate the negative ∆T from the 1 TeV SM-like Higgs with a large
∆T > 0 from a small mass non-degeneracy (weak isospin breaking) of heavier Higgs.
For example, for a light ĥ = A0, the h0 would be taken heavy and SM-like and the
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Figure 5: For
√
s = 500 GeV and 800 GeV and for ĥ = h0 and ĥ = A0, we plot as a

function of m
ĥ

the maximum and minimum values of σ(e+e− → ĥĥZ) found after scanning

1 < tan β < 50 taking all other Higgs masses equal to
√
s. For ĥ = h0, we require

sin(β − α) = 0 during the scan. The 20 event level for L = 1 ab−1 is indicated.

value of ∆ρ would be approximately given by:

∆ρ =
α

16πm2
W c

2
W

{
c2
W

s2
W

m2
H± −m2

H0

2
− 3m2

W

[
log

m2
h0

m2
W

+
1

6
+

1

s2
W

log
m2
W

m2
Z

]}
(2)

rom this formula, it is clear that one can adjust mH± −mH0 ∼ few GeV (both mH±

and mH0 being large) so that the S, T prediction moves to the location of the blobs
shown.

Possible evidence from a� for a light ĥ = A0

The latest BNL result [25] for aµ differs by 2.6σ from the SM prediction (for a
standard set of inputs for low energy σ(e+e− → hadrons)):

∆aµ ≡ aexp
µ − aSM

µ = 426(165) × 10−11 . (3)
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Figure 6: The outer ellipses indicate the current precision electroweak 90% CL region in

the S, T plane for U = 0 and mhSM
= 115 GeV. The innermost (middle) ellipse show the

size of the 90% (99.9%) CL region for mhSM
= 115 GeV after new precision electroweak

measurements (especially of sin2 θleptonic at a Giga-Z factory and a ∆mW <∼ 6 MeV threshold
scan measurement. The blobs indicate the S, T predictions for points with tanβ > 2 that
lie within the no-discovery wedges illustrated in Fig. 5, adjusting other model parameters

so that the ∆χ2 of the precision electroweak fit is minimized while keeping all but one Higgs
boson heavier than

√
s. Stars show S, T predictions for the SM taking mhSM

= 500 or 800

GeV.

Taking the above numbers at face value, the range of ∆aµ at 95% C.L. (±1.96σ) is
given by 10.3×10−10 < ∆aµ < 74.9×10−10 . A light A0 (h0) gives a positive (negative)
contribution to aµ dominated (for all but a very light Higgs boson) by the two-loop
Bar-Zee graph. If we use a light A0 as the entire explanation for ∆aµ, Fig. 7 shows
that this leads to constraints such that tanβ > 15 is required with mA0 < 100 GeV
(smaller values for smaller tan β) [26]. For tanβ > 17 and mA0 < 100 GeV, the A0

10



will be found at a LC for sure, but discovery of such a light state primarily decaying
into two (soft) jets will be hard at the LHC. If the size of ∆aµ should decline with
analysis of the final data set, or with alternative input for σ(e+e− → hadrons) at low
energy, higher mA0 and/or smaller tan β would be needed to explain ∆aµ. Thus, for
smaller ∆aµ the A0 might not be observable at either the LC or the LHC. Of course,
there are many other new-physics explanations for ∆aµ. Possibly a piece could come
from the Higgs sector and a piece from these other sources.

10 100
mA    (GeV)

10
−9

5.10
−9

10
−8

∆a
µA

tanβ=60
tanβ=45
tanβ=30
tanβ=15

1−loop + 2−loop
pseudoscalar A

ALLOWED

Figure 7: Explanation of new BNL aµ value via light 2HDM A0. (Cheung, Chou, Kong)

3 Triplet Representations

It is certainly easy to construct models in which the Higgs sector contains one or
more triplet representations (see [1] for a review of models). Most interesting would
be the presence of a complex |Y | = 2 triplet representation. One can use a 2 × 2
matrix notation for such a representation:

∆ =
(

∆+/
√

2 ∆++

∆0 −∆+/
√

2

)
. (4)
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The most dramatic new features of Higgs representations containing a complex triplet
are the presence of the doubly-charged Higgs bosons, ∆−− and ∆++ and the possibility
of lepton-number-violating Majorana-like couplings which take the form

LM = ihijψ
T
i Cτ2∆ψj + h.c. , (5)

where i, j = e, µ, τ are generation indices. This coupling will give rise to a see-saw
mass term if 〈∆0〉 ≡ v∆ 6= 0. However, if v∆ 6= 0, then we lose predictivity for ρ; ρ
is renormalized and becomes an input parameter for the model [18]. Whether or not
v∆ 6= 0, LM gives rise to e−e− → ∆−− and µ−µ− → ∆−− couplings. Left-right (L-R)
symmetric models combine the best of both worlds. They introduce right-handed
electroweak isospin in addition to the left-handed isospin of the SM and contain a
left-triplet ∆L with 〈∆0

L〉 = 0 (so that ρ = 1 is natural) and a right-triplet ∆R with
〈∆0

R〉 6= 0 so as to generate a Majorana neutrino mass. L-R symmetry requires that
if the Majorana LM is present for ∆R, then it must also be present for ∆L. In what
follows, we discuss the phenomenology of the ∆L; that for the Higgs in ∆R is very
different [27]. We will drop the L subscript in the following. Limits on the hij by
virtue of the ∆−− → `−`− couplings include: Bhabha scattering, (g − 2)µ, muonium-
antimuonium conversion, and µ− → e−e−e+. Writing

|h∆−−
`` |2 ≡ c``m

2
∆−−( GeV) , (6)

cee < 10−5 (Bhabha) and
√
ceecµµ < 10−7 (muonium-antimuonium) are the strongest

of the limits. There are no limits on cττ .
If v∆ is small or 0, the ∆−− width would be quite small, which can lead to very

large s-channel production rates for ∆−− in e−e− and µ−µ− collisions [28]. The
strategy for ∆−− detection is the following. For small or zero v∆, we would discover
the ∆−− in pp, pp → ∆−−∆++ with ∆−− → `−`−,∆++ → `+`+ (` = e, µ, τ ) at the
Tevatron or LHC for m∆−− <∼ 1 TeV [29]. This is precisely the mass range for which
s-channel production of the ∆−− would be possible at a

√
s ≤ 1 TeV e−e− LC or

µ−µ− collider. Event rates can be enormous for c`` near the current upper limits [28].
Equivalently, e−e− and µ−µ− collisions probe very small c``. For small beam energy
spread (δE/E ≡ R), the number of ∆−− produced in `−`− collisions is

N(∆−−)L=50 fb−1 ∼ 3 × 1010
(
c``

10−5

)(
0.2%

R

)
, (7)

where R ∼ 0.2% is reasonable in e−e− collisions and R <∼ 0.01% is possible in µ−µ−

collisions. If 100 events (of like sign dilepton pairs of definite known invariant mass)
constitute a viable signal, Eq. (7) implies we can probe

c``|100 events ∼ 3.3 × 10−14
(

R

0.2%

)(
50 fb−1

L

)
, (8)
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independent of m∆−− . This is dramatic sensitivity — at least a factor of 108 − 109

improvement over current limits at an e−e− collider. If ∆−− → µ−µ− primarily, then
10 events might constitute a viable signal and sensitivity would be further improved.

As a final remark, we note that if triplets are present in a SUSY model, the triplet
Higgs field(s) will destroy coupling constant unification if intermediate scale matter
is not included; but, this is not a severe problem since such matter is natural in L-R
symmetric supersymmetric models.

4 Extra Dimensions and Higgs Physics

This is a very large are of recent research and I will say only a few words about a
variety of interesting possibilities.

The first important point is that large extra dimensions are associated with much
lower Planck scales, possibly as low as MS ∼ 1 TeV [30]. This reduces and can
even eliminate the naturalness and hierarchy problems. In particular, the quadratic
divergence in the Higgs mass loop calculation would be cutoff at MS . As a result, this
particular motivation for low-energy supersymmetry is greatly reduced. (Of course,
in most such models one must view the MSSM unification of gauge couplings at the
GUT scale in the usual four-dimensional theories as being totally accidental.) Other
useful possibilities with large extra dimensions include various explanations of the
small size of most Yukawa couplings. In one approach [31], the brane on which the
SM particles live has significant width, and the Higgs is centered at one location while
the weakly coupled fermions are located with significant separations from the Higgs
centrum.

Extra dimensions can also provide new contributions to the precision electroweak
observables [32]. These can shift expectations for the mass of the SM-like Higgs,
in particular allowing it to be much heavier than the light mhSM

∼ 100 GeV values
required in the pure SM context. Just as in the general 2HDM case, the extra
dimension theory only needs to give a small ∆S contribution and a large ∆T > 0
contribution.

Extra dimensions can also be the source of electroweak symmetry breaking. In
one approach [33], the Kaluza Klein (KK) modes mix with Higgs in such a way that
the full effective potential takes the form V tot = V (φ) − DV 2(φ), with D < 0 from
the KK summation. If D < 0, as for instance if the number of extra dimension
is δ = 1, then the minimum of this potential is at V (φ) = 1

2D
, independent of

the form of V (φ). In fact, even if V (φ) has no quartic term, the −DV 2(φ) term
generates the quartic interactions and EWSB takes place. The physical Higgs boson
is a complicated mixture of the usual Higgs field and a sum of KK modes. The main
phenomenological implication is that such a Higgs might not have significant Yukawa
couplings and invisible decays into KK modes could be dominant.
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It is also the case that the Lagrangian could contain a term of form − ζ
2
R(g)φ†φ,

where R(g) is the usual Ricci scalar. This term introduces mixing between the Higgs
bosons and the KK excitations associated with the extra dimensions. The result is a
large invisible decay width of the Higgs boson [34].

In the Randall-Sundrum model, there is only one graviscalar. It mixes with the
Higgs boson, yielding two mixed physical states with properties that are intermediate
between those of the radion and of the Higgs boson [34].

5 Detecting an Invisible Higgs Boson

Aside from invisible KK mode decays, there are also the possibilities of Higgs
decays to Majorans, to χ̃0

1χ̃
0
1 (in supersymmetric models), and to 4th generation neu-

trinos (with mν4 > mZ/2 to avoid Z invisible width limits). If the Higgs decays
are dominated by the invisible channel(s), alternative Higgs detection strategies are
necessary. At a LC, there is no difficulty in seeing an invisibly decay Higgs in Hig-
gsstrahlung production, e+e− → Z? → Zh, by looking for a peak in the recoil mass
MX in the ZX final state, with Z → e+e− and Z → µ+µ−.

At hadron colliders, detection will be more difficult. The key is to be able to tag
the Higgs event using particle(s) produced in association with the Higgs boson. The
modes tth production [35] and Wh,Zh production [36,37] were identified early on
as being very promising, but detailed experimental evaluation/simulation has only
recently been begun. The latter modes might even be useful at the Tevatron [38].
More recently, WW → h fusion using double tagging of highly energetic forward jets
at the LHC has been proposed [39]. It should be noted that the Wh, Zh and WW
fusion modes all rely on the V V coupling of the Higgs boson, whereas the tth mode
relies on the fermionic couplings and would be relevant even for the Higgs bosons of
an extended Higgs sector that have small or zero tree-level V V couplings.

For a SM-like Higgs, it was estimated that the Wh + Zh and tth modes have
discovery reach at the LHC up to about 200 GeV and 250 GeV, respectively, with
L = 100 fb−1 of accumulated luminosity. At the Tevatron, the Wh + Zh modes
will only exceed the limits for an invisibly decaying SM-like Higgs boson already
established at LEP2 (mh > 100 GeV) when L > 5 fb−1. These discovery reaches
are substantially less than those for the hSM with normal decays. A roughly equal
mixture of invisible and normal decays would reduce the reach of both the invisible
decay and normal decay detection techniques and possibly make Higgs detection all
but impossible at the hadron colliders. A careful study is needed.
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6 Supersymmetric Model Higgs Bosons

A good summary of the MSSM Higgs sector is found in [1]. At least two doublets
are required in supersymmetry in order to give mass to both up quarks and down
quarks and leptons. An even number of doublets, plus their higgsino partners, are
also required for cancellation of anomalies. The MSSM contains exactly two doublets
(Y = +1 and Y = −1) with type-II Yukawa couplings. TeV scale supersymmetry as
embodied in the MSSM is the most popular cure for the naturalness and hierarchy
problems for good reason. First, for two (and only two) doublets one finds perfect
coupling constant unification at the GUT scale if the SUSY scale is mSUSY ∼ 1 TeV
(actually, a significant number of sparticles with masses nearer 10 TeV gives better αs
unification with α2 and α1). If there are more doublets, triplets, etc. then coupling
unification generally requires intermediate scale matter between the TeV and MU

scales. If there are extra dimensions, unification would not necessarily be relevant
(although it can be maintained by putting the SM particles in the bulk [40]). In
short, the MSSM without extra large dimensions has very strong motivation.

The only extension to the MSSM Higgs sector that does not destroy gauge unifica-
tion is to add one or more singlet Higgs fields. The model in which one singlet Higgs
field is included is called the NMSSM (next-to-minimal supersymmetric model) [41]
(see [1] for a review). This is an extremely attractive model in that it provides the
most natural explanation for having a µ parameter that has TeV scale magnitude.
The parameter µ is that appearing in the MSSM superpotential µφ̂uφ̂d, where the
φ̂u,d are the superfields containing the scalar φu,d Higgs fields of the type-II Higgs sec-

tor. In the NMSSM, this interaction is replaced by the superpotential form λS Ŝφ̂uφ̂d,
which generates an electroweak scale effective µ = λSs when the scalar component of
Ŝ acquires an electroweak scale vacuum expectation value, s ≡ 〈S0〉, as is easily and
naturally arranged. In addition, the NMSSM can contain a superpotential piece of
the form 1

3
κŜ3.

As is well known, there is a strong bound on the mass of the lightest Higgs boson
h0 of supersymmetric models. In the MSSM, if mt̃ ≤ 1 TeV then mh0 <∼ 130−135 GeV
after including stop loop corrections with At 6= 0. (At is the magnitude of the trilinear
soft supersymmetry breaking term.) This bound is so strong because at tree-level one
finds mh0 ≤ mZ due to the fact that all Higgs self couplings are given in terms of
gauge couplings, g and g′. However, the choice above of mt̃ ≤ 1 TeV is a bit arbitrary.
As noted earlier, having some SUSY matter nearer 10 TeV actually improves coupling
constant unification. For stop masses in this latter range, the upper bound on mh0

would be larger. Also, increasing the top mass within the current experimental error
increases the upper limit on mh0. In the NMSSM, the upper bound is less constrained
because of the new λS parameter introduced. One finds mh0 ≤ 150 GeV assuming
perturbativity for λS up to MU . If one adds more doublet Higgs superfields, this
actually lowers the mass bound. Adding triplet Higgs superfields increases the mass
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bound (assuming perturbativity up to MU again) to mh0 ≤ 200 GeV [42]. This is the
maximal value employed earlier in the sum rule of Eq. (1).

6.1 Experimental limits from LEP2 on MSSM Higgs bosons

Limits from LEP2 in the MSSM context are quite significant. Roughly, mh0,mA0 <∼
91 GeV are excluded [43] for maximal mixing in the stop squark sector (a cer-
tain choice of Xt ≡ At − µ cot β) and mSUSY = 1 TeV. Using the theoretical up-
per bound on mh0 as a function of tanβ, this translates to exclusion of the region
0.5 < tan β < 2.4 at 95% CL. Higher mSUSY means that Higgs masses at a given tan β
increase with the result that less of the [mA0, tan β] parameter space is excluded.

The above limits on mh0,mA0 assume absence of CP violation in the Higgs sector
and invisible decays of the h0, A0 are not allowed for. CP violation arises in the MSSM
through phases of the µ and At parameters. This CP violation leads to CP violation in
the MSSM two-doublet Higgs sector brought in via the one-loop corrections sensitive
to these phases. The two new parameters are: φµ+φA and θ, the latter being the phase
of one of the Higgs doublet fields relative to the other. Studies [44,45] suggest that
MSSM Higgs mass limits will be weakened significantly, implying that the disallowed
tan β region is still allowed when CP violation is present.

Allowing for h0 and A0 to have some, perhaps substantial, invisible decays would
considerably weaken the constraints on the h0A0 cross section. As a result, the ZX
recoil mass analysis would have to be relied upon more heavily. I would guess that
the limits on mh0 and mA0 deteriorate substantially. This deserves study by the LEP
experimental groups.

6.2 Discovery prospects for MSSM Bosons at the Tevatron

We recall that the H0 (h0) has most of the WW,ZZ coupling when mA0 <∼ mZ

(mA0 >∼ 150 GeV). For, mZ <∼ mA0 <∼ 150 GeV, the h0 and H0 will share the
WW,ZZ coupling strength to a greater or lesser extent depending upon other details
of the input parameters. The useful production processes are qq → V h0, V H0 with
h0,H0 → bb being dominant for mA0 values such that h0,H0 has substantial V V
coupling, respectively. The decoupled Higgs boson, h0 at low mA0 or H0 at high
mA0, will have bb coupling that is enhanced by a factor of tan β (relative to the SM-
like value) and the processes gg, qq → bbh0 or bbH0, respectively, will be enhanced;
gg, qq → bbA0 is always enhanced at high tan β. Obviously, a Higgs which decouples
from V V and has enhanced bb coupling will decay primarily to bb. A careful study,
including a parameterized simulation of detector effects, was performed to study
prospects at the Tevatron using these channels [5]. Except for some very special
parameter configurations, the results are summarized by Fig. 8. One sees that L >
15 fb−1 is needed to guarantee 5σ discovery at lower mA0. For larger mA0 , as typically
needed for successful generation of EWSB via the RGE running, much higher L will
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be needed. Except in the upper left corner of low mA0 and high tan β, only the h0

is observed. The small white region is where the h0 and H0 are sharing the V V
coupling and neither is produced strongly enough for detection. If the root-mean
squark mass, mSUSY, is increased above 1 TeV, the h0 mass increases and discovery
prospects deteriorate.
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Figure 8: (a) 95% CL exclusion regions and (b) 5σ discovery regions in the [mA0 , tanβ]
plane, for the maximal mixing scenario (using mSUSY = 1 TeV) and two different search

channels: qq → V φ [φ = h0, H0], φ → bb (shaded regions) and gg, qq → bbφ [φ = h0, H0,
A0], φ → bb (region in the upper left-hand corner bounded by the solid lines). The region

below the solid black line is excluded by no e+e− → Zφ events at LEP2.

6.3 Discovery Prospects for MSSM Higgs Bosons at the LHC

Focusing on large mA0, discovery of the SM-like h0 will typically be possible using
the same production/decay modes as for a light hSM at the LHC. At high tanβ and
large mA0 , the decoupled H0 and A0 can be found using gg, qq → bbH0, bbA0, with
H0, A0 → τ+τ− or µ+µ− and gb → H±t with H± → τ±ν. These are the main
modes of importance since LEP2 limits pretty much exclude tan β < 2.5, for which
other modes could be dominant. The contours for 5σ discovery are shown in Fig. 9.
Discovery of at least one of the MSSM Higgs bosons is guaranteed for L = 300 fb−1. If
mA0 >∼ 200 GeV and tan β is not large enough, it could happen that only the SM-like
h0 will be observable.
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Figure 9: 5σ discovery contours for MSSM Higgs boson detection in various channels are
shown in the [mA0 , tanβ] parameter plane, assuming maximal mixing, mSUSY = 1 TeV and

an integrated luminosity of L = 300 fb−1 for the ATLAS detector. This figure is preliminary
[46].

6.4 Discovery Prospects for MSSM Higgs Bosons at the LC

Recent reviews of this topic include [8] and [9]. Any Higgs boson with even very
modest V V coupling can be detected using the Higgsstrahlung e+e− → Z? → Zh
process. For mA0 >∼ 150 GeV (as probable for RGE driven EWSB), decoupling has
set in and it is the h0 that will be detected in this way. In particular, the upper
limit of mh0 <∼ 135 GeV guarantees that a

√
s = 350 GeV LC would suffice. For the

H0, A0,H±, the production mechanisms e+e− → H0 + A0 and e+e− → H+ + H−

would be full strength. However, at large mA0, one finds mH0 ∼ mA0 ∼ mH± so
that pair production requires mA0 <

√
s/2. If mA0 exceeds

√
s/2, then one must

turn to e+e− → bbA0, bbH0, btH±. As we have already discussed, the event rates
for these processes are not large enough for observation unless tan β is quite large.
In the problematical moderate tan β wedge, where the LHC will also not find the
H0, A0,H±, observation might be possible using γγ → H0, A0. In particular, this
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will be possible if the value of mA0 is constrained to within ±50 GeV, since then the
expected yearly luminosity would be such that an appropriately designed scan, using
a peaked γγ luminosity spectrum, would reveal a H0, A0 signal when Epeak

γγ ∼ mA0

[49].
A model-dependent constraint on mA0 of this type might be possible. If one as-

sumes a non-conspiratorial MSSM parameter scenario, h0 vs. hSM branching ratio
differences reflect the value of mA0 rather accurately. Further, expected LC preci-
sions for the branching ratios are such that these differences could be measured with
sufficient accuracy to determinemA0 within ±50 GeV if mA0 <∼ 400 GeV [47,48]. This
is precisely the range of relevance for a γγ collisions at a

√
s = 500 GeV LC. Alter-

natively, if the properties of the observed light Higgs are found not to deviate from
those predicted for the hSM, then the most natural conclusion would be that mA0 is
substantially heavier than 500 GeV. In this case, a γγ scan over the Eγγ <∼ 400 GeV
range would not be useful. However, if one does not accept this model-dependent in-
direct determination of the magnitude of mA0, a full scan, say from mA0 ∼ 250 GeV
up to mA0 ∼ 400 GeV would be called for. However, luminosity expectations for the
NLC design might not suffice [49] to find the H0, A0 if one has to scan such a large
range of mass. Much higher Lγγ luminosity is claimed by TESLA. This might be a
rather crucial difference [49,50]. Once the mass of any of the h0,H0, A0 is known,
we can run with Epeak

γγ equal to the Higgs mass and determine the CP nature of
the Higgs boson by adjusting the linear polarization orientations of the initial laser
beams [11,12,13]. In particular, we can separate A0 from H0 when these are closely
degenerate (as typical for tan β >∼ 4 and mA0 > 2mZ).

6.5 Special Cases in the MSSM

As already noted, the above summaries assume relatively canonical MSSM pa-
rameter choices and absence of CP violation in the Higgs sector. These expectations
need not apply. If there are substantial h0 → χ̃0

1χ̃
0
1 decays, as still possible even given

LEP2 lower bounds on mχ̃0
1
, observation of the h0 at hadron colliders (but not the

LC) would be more difficult. For low stop masses, corrections to the one-loop induced
ggh0 and γγh0 couplings would be substantial. The stop and top loops negatively in-
terfere leading to reduction of gg fusion production and some increase in B(h0 → γγ)
[1,51].

There can be substantial radiative corrections to the tree-level couplings. This
would be especially important for bb decays of the h0 when the h0 is SM-like. In
particular, after including radiative corrections, for the bb Yukawa Lagrangian one
obtains L ' λbφ

0
dbb + ∆λbφ

0
ubb. The coupling ∆λb is one-loop and arises from b̃ − g̃

and t̃− φ̃u,d loops. Typically, ∆λb
λb
∼ 0.01 (either sign). Further, ∆λb

λb
does not vanish

in the limit of large SUSY masses (there is no decoupling). The result for the full
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h0 → bb coupling takes the form:

λh
0

b ' −
mb sinα

v cos β

1

1 + ∆λb
λb

tan β


1 −

∆λb
λb

tanα


 , (9)

implying that if tanα ' ∆λb
λb

then λh
0

b ' 0 . In particular, this can happen when

mA0 →∞ if ∆λb/λb < 0, since, at large mA0, α→ π/2− β and tanα→ −1/ tan β is
small. Conversely, for ∆λb/λb > 0, substantial enhancement of λh

0

b is possible.
If parameters are such that the h0 decouples from b’s (i.e. h0 ' Reφ0

u), discovery
strategies could not rely on the bb decay mode. However, since Γ(h0 → γγ) is domi-
nated by W and t loops, small or vanishing λh

0

b will affect the h0 → γγ partial width
very little. There is also little impact on the gg partial width. Thus, suppressed
Γ(h0 → bb) implies enhanced B(h0 → γγ), B(h0 → WW ∗). In fact, the γγ mode
can be viable for some range of mh0 at the Tevatron if h0 ∼ φu [52]. More generally,
allowing for either suppressed or enhanced λh

0

b , LHC gg → h0 → γγ and Tevatron
Wh0[→WW ∗] modes improve when LHC, Tevatron W,Zh0[→ bb] modes deteriorate.
One also finds that the Tevatron and the LHC are complementary as λh

0

b and mh0

vary in that h0 discovery will occur at one or the other machine, even if not both [53].
Turning next to the H0, A0,H±, discovery will typically become more difficult if

these Higgs bosons have substantial branching ratios for decay to pairs of neutralinos,
or charginos or sleptons, . . .. Such decays will, however, only be significant if tan β is
in the low to moderate range, a significant part of which has already been excluded
by LEP2 data. For larger tan β, the H0, A0 → bb and H+ → tb decay modes and
their τ analogues are sufficiently enhanced that sparticle pair channels will have small
branching ratios.

6.6 Discovery of NMSSM Higgs Bosons

The addition of the singlet superfield results in a third CP-even Higgs boson
and a second CP-odd Higgs boson. The CP-even bosons mix, as do the CP-odd
bosons. There is still a strong constraint of mh0

1
≤ 150 GeV on the mass of the

lightest CP-even physical state. If it does not have substantial coupling to V V ,
then it can be shown that one of the other two states (h0

2 or h0
3) must have at least

moderate V V coupling and must be relatively light. As a result, discovery of one
(or more) of the CP-even Higgs bosons of the NMSSM is guaranteed at a LC with√
s > 350 GeV [54]. An important question is whether the sharing of the V V coupling

that is possible in the NMSSM means that discovery of one of the NMSSM Higgs
bosons at the LHC cannot be guaranteed. A study for Snowmass 96 [55] showed that
parameters could be chosen so that no Higgs boson would be observed employing
the experimentally verified modes available at that time, even for L = 600 fb−1. For
example, for mh0

1
= 105 GeV and tan β = 5, event rates in the h1,2,3 → γγ, ZZ?,
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WW ?, etc. final states could all be suppressed by virtue of a shared V V coupling
configuration, while tan β was too small to sufficiently enhance the bbh1,2,3 and bba1,2

(with h1,2,3, a1,2 → τ+τ−) modes to the 5σ level. What was missing in 1996 was a
discovery mode based on the bb decays, especially those of the lightest Higgs bosons,
h1,2. Recently, the tth → ttbb mode (originally discussed in [56]) has been shown
to be viable for a SM-like Higgs by the ATLAS and CMS groups [57]. Rescaling
these results to the NMSSM, a preliminary study [58] finds that all points for which
discovery was found to be impossible without this mode would allow > 5σ discovery of
h1 or h2 in the ttbb final state. Further study is needed, but it now appears that there
is a ‘no-lose’ theorem for NMSSM Higgs discovery at the LHC once both ATLAS and
CMS have each accumulated L ≥ 300 fb−1 of luminosity.

7 Conclusions

This brief overview of discovery prospects for Higgs bosons necessarily omitted
many interesting topics, and almost completely ignored the very interesting programs
for precision measurements of the properties of the Higgs bosons at the LHC and LC
and how such measurements impact our ability to determine, for instance, the MSSM
or NMSSM soft-supersymmetry-breaking parameters. It is these latter which are
needed to connect TeV scale physics to the GUT scale physics that we ultimately
hope to probe.
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Padé approximations appear to be a powerful tool to extend the valid-
ity range of expansions around certain kinematical limits and to combine
expansions of different limits to a single interpolating function. After a
brief outline of the general method, we will review a number of recent ap-
plications and describe the modifications that have to be applied in each
case. Among these applications are the MS/on-shell conversion factor for
quark masses and the top decay rate at NNLO in QCD.

Presented at the

5th International Symposium on Radiative Corrections

(RADCOR–2000)

Carmel CA, USA, 11–15 September, 2000

∗Supported by Deutsche Forschungsgemeinschaft.



1 Introduction

The field of radiative corrections in quantum field theory has always been exciting
and rapidly developing. At this conference various new methods were presented that
allow us to keep up with the ever increasing complexity of the problems posed by
modern particle physics. Some of these methods are concerned with the analytic
evaluation of certain classes of Feynman diagrams (see, e.g., [1]). Equally important,
however, is the development of systematic approximations for complex problems. As
demonstrated in various physical applications, asymptotic expansions of Feynman
diagrams prove to be a very efficient tool for this purpose: they provide recipes to
reduce the number of dimensional scales (masses, momenta) that a diagram depends
on (see, e.g., [2]). The result is a series (possibly asymptotic) in terms of ratios of
these dimensional parameters.

However, the validity of an expansion is restricted to a certain – in general finite
– region of convergence. As we will see, Padé approximations have been used to
enlarge the validity range of these expansions. In some of the cases described below,
expansions from different limits could be combined to construct an interpolating
function which connects the individual, often non-overlapping regions of convergence.1

The outline of this review is as follows: we will begin by describing the general method
on the basis of the hadronic R ratio. This quantity is extremely important in particle
physics: not only is it directly measurable at e+e− colliders, but it also influences
other quantities, for example the running of the electro-magnetic coupling constant
αQED(s) or the anomalous magnetic moment of the muon. The continuous efforts for
an accurate evaluation of this quantity have presently reached an accuracy of order
α3
s, even though only in the high energy limit. At order α2

s, due to the successful
application of the Padé procedure described below, the full energy dependence is
known. At first, the method was applied to non-singlet diagrams which clearly give
the major contribution to R (cf. Sect. 2). Sect. 3 will describe the generalizations
that were necessary to evaluate the singlet contributions. Let us note that recently
also non-diagonal currents have been taken into account. This opens a new field of
applications related to charged current reactions, like single top production at hadron
colliders.

The sections that follow are concerned with a different class of applications of the
Padé procedure, namely the evaluation of on-shell quantities. First we describe a
recent calculation of the conversion factor from the quark mass in the MS scheme
to the on-shell scheme at order α3

s. Due to the progress in the field of heavy quark
and top threshold physics, the evaluation of this factor was of utmost importance.

1It might be appropriate to remark that Padé approximations have also been used in the literature
to estimate higher order corrections in perturbation theory (e.g. [3]). These considerations are of
completely different nature than the fixed-order predictions which will be discussed in this talk.
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The second application is the determination of NNLO QCD corrections to the top
quark decay rate which is a necessary input for a precise experimental determination
of the top quark properties at future colliders. Closely related is the evaluation of
the muon decay rate at second order in QED, as well as Γ(b → ueν̄e) to O(α2

s).
Each of the on-shell quantities above has been calculated by two independent groups
with complementary methods. The agreement of the results once again confirms the
validity and accuracy of the Padé method.

2 General procedure

We are not going to describe all the details of the procedure for constructing Padé
approximants, because this has been done in the literature to a sufficient extent (see
in particular [4,5,6,7,8,9]). Nevertheless, for the sake of a closed presentation, let us
give the main ideas by considering the by now “classic” example of the hadronic R
ratio:

R(s) =
σ(e+e− → hadrons)

σ(e+e− → µ+µ−)
. (1)

The leading two orders in αs for R(s) are known in analytic form. An analytic
evaluation of the complete corrections at O(α2

s) currently seems to be excluded. The
exact answer is known only for certain contributions, in particular the terms involving
a light fermion pair [10].

For the other contributions one has to rely on approximations. There are two obvious
limiting cases for which this can be achieved: On the one hand, if the center-of-mass
energy is very large, one may set the quark masses m to zero. One may then use the
equation

R(s) = 12π ImΠ(s/(4m2) + i0+) (2)

which relates R(s) to the imaginary part of the polarization function Π(z) along the
upper branch of the cut z ∈ [1,∞] in the complex plane. Sample diagrams for Π(z)
are shown in Fig. 1. For the moment we will restrict the discussion to diagrams where
the external currents are connected by a single massive quark line (Fig. 1 (a) and
(b)). Contributions where the external currents are connected by a massless quark
line and where the massive quarks couple only to gluons (“gluon-splitting diagrams”)
are numerically unimportant and shall not be addressed here. The modifications for
diagrams where each of the external currents is connected to a separate Fermion line
(“singlet diagrams”, Fig. 1 (c)) will be discussed in the next section.

Taking m = 0 leads to massless propagator diagrams which can be calculated us-
ing the integration-by-parts algorithm [11] as implemented in the FORM program [12]

2



(a) (b) (c)

Figure 1: Diagrams contributing to the polarization function Π(z). The solid lines
are quarks, the springy ones are gluons. The wavy lines represent the external
currents. (a) and (b) are non-singlet, (c) is a singlet diagram.

MINCER [13]. One obtains

R(s) = 3

{
1 +

αs
π

+
(αs
π

)2
[

365

24
− 11ζ3 + nf

(
−11

12
+

2

3
ζ3

)]}
+ . . . , (3)

where the ellipse indicates higher order terms in αs and in m2/s.

On the other hand, the leading behavior in the opposite limit, where the center-of-
mass energy is close to threshold, i.e. v ≡

√
1 − 4m2/s � 1, can be deduced from

the Sommerfeld-Sakharov formula and the two-loop result of the QCD potential (for
details see [6,7]). In general, these considerations allow one to deduce the terms that
are singular for v → 0 (cf. Coulomb singularity) as well as the constant term.

In both limits, however, one can do better. There are well-defined methods to obtain
expansions around the exact limits m = 0 and s = 4m2 (for reviews see [2,14]).
These methods reduce the original diagrams that depend on the two scales m2 and
q2 to single-scale integrals which can be solved analytically. In this way one obtains
approximations that are valid in certain ranges away from the actual limits. Fig. 2
shows the behavior of these expansions as dashed and dotted lines. It immediately
becomes clear that their validity is restricted to a finite kinematical region. It is the
purpose of this section to outline the procedure that leads to the solid lines in this
figure, i.e. the construction of an approximation which is valid over the full v range.

The limits discussed above are the only two kinematically distinguished points for
R(s) at O(α2

s) (we disregard the four-particle threshold at s = 16m2 here). Con-
sidering its connection to the polarization function Π(z), however, (cf. Eq. (1)) there
clearly is another interesting point, namely z = 0. The coefficients of an expansion of
Π(z) around z = 0 are called “moments”. Because of the cut at z = 1, this expansion
is expected to converge only for |z| < 1, and at first it seems to be impossible to
extract any information on R(s) from it. However, one has to recall that Π(z) is
analytic everywhere in the complex plane, except along the cut. A mapping of the

3
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form

ω =
1 −
√

1 − z
1 +
√

1− z
(4)

transforms the whole z-plane into the unit circle of the ω-plane, such that the upper
(lower) branch of the cut gets mapped to the upper (lower) semi-circle. The points
at |z| = ∞ go to ω = −1, while z = 0 and z = 1 correspond to ω = 0 and ω = 1,
respectively.

In order to arrive at a smooth function that is easy to approximate, one subtracts
the threshold singularities from Π(z) (see above) as well as the logarithms of the
asymptotic high-energy expansion (this has to be done in a suitable way in order not
to generate logarithms for z → 0). After some more manipulations one arrives at a
function P (ω) whose value at ω = −1 and whose first few Taylor coefficients around
ω = 0 are in one-to-one correspondence to the expansion coefficients of Π(z) around
z = 0 and z =∞.

P (ω) is analytic within |ω| < 1 and thus its Taylor series around ω = 0 converges
inside this region. However, we need the values of Π(z) on the cut, or equivalently,
P (|ω| = 1). Thus one has to make sure that convergence of P (ω) is given not only
for |ω| < 1, but also for |ω| = 1.

This is the point where Padé approximants come into play. The definition of an
[n/m]-Padé approximant on a function P (ω) is

P[n/m](ω) =
a0 + a1ω + · · ·+ anω

n

1 + b1ω + · · · + bmωm
. (5)
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It has been demonstrated in [4,5] that such an approximant extends the convergence
region of the Taylor expansion to its border |ω| = 1. Performing the mapping back
to the z-plane, and applying the inverse operations that led from Π(z) to P (ω), we
thus have constructed a function that approximates Π(z) all over the complex plane,
including the branches of the cut from z = 1 to z = ∞. The imaginary part of this
function gives rise to the solid lines in Fig. 2.

A nice feature of Padé approximation is that one has the freedom in varying the
parameters n and m in Eq. (5). If convergence of the Padé approximants was not
given, this would manifest itself in strong variations of the result for different values
in n and m. For Π(z), for example, this dependence is so weak that different Padé
approximants produce curves that would be hardly distinguishable from one another
in Fig. 2 (see, e.g., [9]).

As it was mentioned above, this procedure was applied for the first time in [5] to
the three-loop QED vacuum polarization. It was later on generalized to the QCD

case [6] for various external currents [7] (vector, axial-vector, scalar, pseudo-scalar).
In all of these papers, only the leading two terms in the asymptotic expansion around
z → ∞ were taken into account. After higher order terms in this limit became
available [16], the method was extended to include them [8] and a further stabilization
of the Padé predictions was observed [17,9]. Recently [18] the method has been applied
to non-diagonal currents in order to derive the dominant contributions to single top
production at hadron colliders.

3 Padé approximation for singlet diagrams

Above we described in some sense the “optimal case”: information on both the limits
z → 0 and z → ∞ was available, and the leading threshold behavior was known.
Furthermore, the analytic structure of Π(z) was such that the expansion around z = 0
had the form of a plain Taylor expansion as opposed to an asymptotic series, i.e., it
did not contain any logarithms of z. This is due to the fact that the discussion was
restricted to the non-singlet contributions. The corresponding diagrams (cf. Fig. 1 (a)
and (b)) do not have massless cuts: the external currents are connected by a single
massive quark line, and cutting the diagram in halves always involves a cut through
this line.

In the remaining part of this review we will be concerned with exceptions to this
“optimal procedure.” The first case we will consider are the singlet contributions
to Π(z). They are distinguished from the non-singlet diagrams in the sense that
the external currents are each connected to separate Fermion lines which in turn are
connected to each other by gluons (cf. Fig. 1 (c)). If the external currents are vector-
like, these diagrams vanish at O(α2

s) due to Furry’s theorem. If, however, one is

5



concerned with axial-vector, scalar, or pseudo-scalar currents, massless cuts occur.2

These massless cuts spoil the analyticity of P (ω) (see Sect. 2) within |ω| < 1, and
thus also the convergence of its expansion around ω = 0. Luckily, for the singlet
diagrams the analytic expressions of the massless cuts are known. Thus, denoting
these massless cuts as Rml(s), we may employ the dispersion relation to write

ΠS(z) = Πml(z) + Π̂(z) , with Π̂(z) = C−1

∫ ∞

1

ds
RS(s)

s− 4m2z

and Πml(z) = C−1

∫ 1

0

ds
RS(s)

s− 4m2z
= C−1

∫ 1

0

ds
Rml(s)

s− 4m2z

(6)

(C = 12π for external vector and axial-vector currents, C = 8π for scalar and pseudo-
scalar currents). Here, ΠS(z) is the singlet contribution to the polarization function
and

RS(s) = C ImΠS(s/(4m2) + i0+) . (7)

Π̂(z) is analytic in the complex plane cut along z ∈ [1,∞]. It can be obtained by
evaluating Πml(z) through Eq. (6) and subtracting it from ΠS(z), i.e., the result for
the singlet diagrams (see Fig. 1 (c)). One can then apply the Padé procedure outlined
in Sect. 2 to Π̂(z).

For details on the evaluation of the integral for Πml(z) in Eq. (6) and the results we
refer to [8]. At this point it shall be sufficient to mention that the combination of [7,19]
(non-singlet) and [8] (singlet) provides the current knowledge of R(s) at O(α2

s). Some
contributions are known analytically, and the accuracy of the approximations in all
the other cases is extremely good. Let us also remark that at O(α3

s), Π(z) is known
in its high-energy expansion up to the terms ∝ m4/s2 [20,21,22]. No moments for
z → 0 are available yet, and therefore a Padé approximation along the lines of the
previous section is still out of reach.

As another application of the methods described above let us note that the results at
O(α2

s) were combined with the one-loop electro-weak corrections in order to predict
the total cross section for e+e− → tt̄ at a linear collider [23].

4 Relation between MS and on-shell quark mass

The MS scheme is a very convenient renormalization scheme, in particular from the
technical point of view. Renormalization constants in the MS scheme do not depend

2 In the axial-vector case, the purely gluonic cuts are zero according to the Landau-Yang theorem;
but in order to avoid the axial anomaly, it is convenient to consider a full SU(2) doublet like (t, b).
Taking mb = 0, the massless cuts arise from cuts involving b quarks.
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Figure 3: Diagrams contributing to (a) zm, (b) Γ(t→ bW ), and (c) Γ(µ→ eν̄eνµ).

on any masses or momenta, which means that their evaluation provides a certain
freedom in choosing the particular set of diagrams to calculate. For example, the
four-loop quark anomalous dimension was computed using two completely different
approaches [24].

However, comparison of the theoretical results to experimental data often requires
to express the involved quantities in terms of their on-shell values. This is why the
conversion factor

zm =
M

m̄
(8)

that relates the on-shell to the MS quark mass is of great importance. In order to
obtain this quantity, one has to evaluate the quark propagator

Σ(q) = q/ΣV(q2) +mΣS(q2) (9)

at the on-shell point q2 = m2, where q is the external momentum and m is the quark
mass. A sample diagram that contributes to Σ(q) at order α3

s is shown in Fig. 3 (a).

Technically, these diagrams carry only a single scale and should be accessible through
the integration-by-parts algorithm [11]. However, it turns out that the level of com-
plexity for n-loop on-shell diagrams is comparable to (n + 1)-loop massive tadpole
diagrams, for example. At the two-loop level, the problem of finding the recurrence
relations was solved in [25].

The three-loop case seemed to be out of reach for quite some time. This is why the
first calculation of the conversion factor was performed using a different, semi-analytic
approach with the help of Padé approximants [26]. Looking at the Fermion propagator
as a function of z = q2/m2 in the complex z plane, we find a similar structure as for
the polarization function Π(z) in Sect. 2. ΣS,V(q2) is analytic in the complex plane
cut along z ∈ [1,∞]. Thus, in principle one can follow the same strategy as for Π(z):
based on the expansions around q2 = 0 and q2 =∞ one constructs an approximation
for ΣS,V(q2) in the whole q2 plane, including q2 = m2 (z = 1), the point of interest.

A complication one has to face here is that the functions ΣS,V(q2) depend on the

7
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Figure 4: Gauge parameter dependence of −g(z). (g(z) is constructed from ΣS,V(q2)

in such a way that g(1) = −zm — for details see [26]). “F” denotes the O(αs)
contribution, “FF” the C2

F term at O(α2
s). The solid line corresponds to ξ = −2, the

others to ξ = −5, 0,+2,+5 (from short to long dashes) [Figures taken from [26]].

strong gauge parameter ξ in general.3 Only at the on-shell point q2 = m2 are they
gauge independent. Thus, the expansions around z = 0 and z =∞ explicitly contain
ξ. If they could be re-summed exactly, ξ would drop out in the limit z → 1. But here
the exact re-summation will be replaced by a Padé approximation and thus the result
depends on ξ even for z = 1. However, the argumentation is that the dependence
on ξ is weak at z = 1, in the sense that any “reasonable” choice of ξ leads to valid
predictions, with the spread among different choices being within the error of the
Padé approximation. The question of what a “reasonable” choice is can be answered
by making the natural assumption that a smooth curve gets better reproduced by
Padé approximants than a strongly varying one. Looking at Fig. 4, it is not hard to
decide that the favored values for ξ are within a few units around ξ = 0.

Following the outlined procedure, the authors of [26] were able to deduce the value
of zm with an uncertainty of around ±3%. Shortly after this result was presented, a
second group published the analytical result for the conversion factor zm [27]. They
managed to establish the recurrence relations for three-loop on-shell diagrams derived
by integration-by-parts, which provides an extremely useful tool for various other
applications (see also [28]).

3We define the gluon propagator in Rξ gauge as i(−gµν + ξqµqν/q
2)/(q2 + i0+).
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5 Top decay to α2
s and second order QED corrections to muon

decay

The decay rate of the top quark is expected to be measured at future colliders with
about 10% accuracy. This is roughly the size of the O(αs) corrections to this quantity,
which is why the evaluation of the α2

s contribution was necessary. One option to
evaluate this decay rate is to calculate the on-shell top quark propagator to the
appropriate order and to take the imaginary part. A typical diagram whose imaginary
part contributes to the rate Γ(t → bW ) at order α2

s is shown in Fig. 3 (b). In a first
approximation, one may take the bottom quark and theW boson to be massless. Then
the lowest order diagram is a massless propagator. Starting from O(αs), however,
one is again faced with proper on-shell diagrams. In contrast to the problem of the
MS/on-shell conversion factor (see Sect. 4) the diagrams for t→ bW contain massless
cuts due to the presence of the b and the W . The solution of [29] (see also [30]) to this
problem was to evaluate the expansion around q2/m2

t = 0 and to take the imaginary
part before evaluating a Padé approximation. It is therefore not possible to take
information from the limit q2 → ∞ into account, because otherwise one receives
contributions to the imaginary part coming from the cut starting at q2 = m2

t .

Nevertheless, the Padé approximants constructed from the expansion around q2 = 0
alone give a fairly accurate result (judging from the spread of the different approx-
imants). In addition, it agrees well with an earlier result [31] which relied on an
expansion around 1 − m2

b/m
2
t = 0. Considering the fact that these approaches are

based on expansions around two completely different limits – which, in addition, are
both far from the physical point – their agreement within very small error bars is a
clear demonstration of the power of the applied methods.

Another example of this kind is the decay rate of the muon. Following a strategy
closely related to the one described above for top decay, it was possible to evaluate
the second order QED corrections to this quantity in a semi-analytical way [32].
Note, however, that the corresponding diagrams contain four closed loops here (cf.
Fig. 3 (c)), even though one of them (made up by the neutrino lines) is always a
massless self-energy insertion. Also in this case the Padé approximants agree nicely
with the previously known analytical result [33] which provides an important check
on the latter.

Along the same lines one can also obtain the corrections of order α2
s to the decay rate

Γ(b→ ueν̄e), the only technical difference being the presence of non-Abelian diagrams.
Also here the semi-analytical result [32] approximates the analytical formula [34] to
high accuracy.
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6 Conclusions

We reviewed the method and recent applications of Padé approximation to fixed order
calculations in QCD. Originally developed for the hadronic e+e− cross section, the
approach proved to be useful also for a completely different class of problems related
to on-shell phenomena, for example in heavy quark physics. Let us conclude by
pointing out that the continuously refining field of expansion techniques for Feynman
diagrams (see [2]) should pave the way to numerous new applications for the Padé
method.

Acknowledgments. I would like to thank the organizers of the RADCOR-2000

symposium for the invitation, and all the participants for the pleasant and fruitful
atmosphere during the conference. Travel support from the High Energy Group at
BNL, DOE contract number DE-AC02-98CH10886, is acknowledged.

References

[1] T. Gehrmann and E. Remiddi, these proceedings [hep-ph/0101147].

[2] V.A. Smirnov, these proceedings [hep-ph/0101152].

[3] M.A. Samuel, J. Ellis, and M. Karliner, Phys. Rev. Lett. 74 (1995) 4380;
J. Ellis, M. Karliner, and M.A. Samuel, Phys. Lett. B 400 (1997) 176.

[4] D.J. Broadhurst, J. Fleischer, and O.V. Tarasov, Z. Phys. C 60 (1993) 287;
J. Fleischer and O.V. Tarasov, Z. Phys. C 64 (1994) 413.

[5] P.A. Baikov and D.J. Broadhurst, Proc. of the 4th International Workshop on
Software Engineering and Artificial Intelligence for High Energy and Nuclear
Physics (AIHENP95), Pisa, Italy, 3-8 April 1995; [hep-ph/9504398].
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330; A.H. Hoang, J.H. Kühn, and T. Teubner, Nucl. Phys. B 452 (1995) 173;
A.H. Hoang and T. Teubner, Nucl. Phys. B 519 (1998) 285.

[20] S.G. Gorishny, A.L. Kataev, and S.A. Larin, Phys. Lett. B 259 (1991) 144;
L.R. Surguladze and M.A. Samuel, Phys. Rev. Lett. 66 (1991) 560; (E) ibid.,
2416;
K.G. Chetyrkin, Phys. Lett. B 391 (1997) 402.
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1 Introduction

Precision applications of particle physics phenomenology often demand theoretical
predictions at the next-to-next-to-leading order in perturbation theory. Corrections
at this order are known for many inclusive observables, such as total cross sections
or sum rules, which correspond from a technical point of view to propagator-type
Feynman amplitudes. For 2 → 2 scattering and 1 → 3 decay processes, the cal-
culation of next-to-next-to-leading order corrections is a yet outstanding task. One
of the major ingredients for these calculations are the two-loop virtual corrections
to the corresponding four-point Feynman amplitudes. Depending on the process
under consideration, these calculations require two-loop four-point functions with
massless internal propagators and all legs on-shell (high energy limit of Bhabha scat-
tering, hadronic two-jet production) or one leg off-shell (three-jet production and
event shapes in electron–positron annihilation, two-plus-one-jet production in deep
inelastic scattering, hadronic vector-boson-plus-jet production).

During the past two years, many new results on two-loop four-point functions
became available, thus enabling the first calculations of two-loop virtual corrections
to 2 → 2 scattering processes. A variety of newly developed techniques made this
progress possible. In this talk, we describe these new techniques and their applica-
tions, and we summarise recent results. In an outlook, we discuss the remaining steps
to be taken towards the completion of next-to-next-to-leading order calculations of
2→ 2 scattering and 1 → 3 decay processes.

2 New technical developments

Using dimensional regularization [1,2] with d = 4 − 2ε dimensions as regulator
for ultraviolet and infrared divergences, the integrals appearing in the calculation of
two-loop corrections take the generic form

I(p1, . . . , pn) =
∫

ddk

(2π)d
ddl

(2π)d
1

Dm1
1 . . .Dmt

t

Sn1
1 . . . Snqq , (1)

where the Di are massless scalar propagators, depending on k, l and the external mo-
menta p1, . . . , pn while Si are scalar products of a loop momentum with an external
momentum or of the two loop momenta. The topology (interconnection of propa-
gators and external momenta) of the integral is uniquely determined by specifying
the set (D1, . . . ,Dt) of t different propagators in the graph. The integral itself is
then specified by the powers mi of all propagators and by the selection (S1, . . . , Sq) of
scalar products and their powers (n1, . . . , nq) (all the mi are positive integers greater
or equal to 1, while the ni are greater or equal to 0). Integrals of the same topol-
ogy with the same dimension r =

∑
imi of the denominator and same total number
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s =
∑
i ni of scalar products are denoted as a class of integrals It,r,s. The integra-

tion measure and scalar products appearing the above expression are in Minkowskian
space, with the usual causal prescription for all propagators. The loop integrations
are carried out for arbitrary space-time dimension d, which acts as a regulator for
divergences appearing due to the ultraviolet or infrared behaviour of the integrand.
For each topology appearing in the calculation, a sizable number of different scalar
integrals has to be computed.

Recent progress in the computation of two-loop corrections to four-point ampli-
tudes was based on three technical developments: an efficient procedure to reduce
the large number of different scalar integrals to a very limited number of so-called
master integrals, new techniques for the computation of these master integrals, and a
new class of functions (harmonic polylogarithms), which can be extended to suit the
needs of a particular calculation. We discuss these developments in the following.

2.1 Reduction to master integrals

The number N(It,r,s) of the integrals grows quickly as r, s increase, but the in-
tegrals are related among each other by various identities. One class of identities
follows from the fact that the integral over the total derivative with respect to any
loop momentum vanishes in dimensional regularization

∫
ddk

(2π)d
∂

∂kµ
J(k, . . .) = 0, (2)

where J is any combination of propagators, scalar products and loop momentum
vectors. J can be a vector or tensor of any rank. The resulting identities [2,3] are
called integration-by-parts (IBP) identities.

In addition to the IBP identities, one can also exploit the fact that all integrals
under consideration are Lorentz scalars (or, perhaps more precisely, “d-rotational”
scalars) , which are invariant under a Lorentz (or d-rotational) transformation of the
external momenta [4]. These Lorentz invariance (LI) identities are obtained from:

(
pν1

∂

∂p1µ
− pµ1

∂

∂p1ν
+ . . .+ pνn

∂

∂pnµ
− pµn

∂

∂pnν

)
I(p1, . . . , pn) = 0 . (3)

In the case of two-loop four-point functions, one has a total of 13 equations (10 IBP
+ 3 LI) for each integrand corresponding to an integral of class It,r,s, relating integrals
of the same topology with up to s + 1 scalar products and r + 1 denominators, plus
integrals of simpler topologies (i.e. with a smaller number of different denominators).
The 13 identities obtained starting from an integral It,r,s do contain integrals of the
following types:

• It,r,s: the integral itself.
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• It−1,r,s: simpler topology.

• It,r+1,s, It,r+1,s+1 : same topology, more complicated than It,r,s.

• It,r−1,s, It,r−1,s−1: same topology, simpler than It,r,s.

Quite in general, single identities of the above kind can be used to obtain the reduction
of It,r+1,s+1 or It,r+1,s integrals in terms of It,r,s and simpler integrals - rather than to
get information on the It,r,s themselves.

If one considers the set of all the identities obtained starting from the integrand
of all the N(It,r,s) integrals of class It,r,s, one obtains (NIBP + NLI)N(It,r,s) identities
which contain N(It,r+1,s+1) + N(It,r+1,s) integrals of more complicated structure. It
was first noticed by S. Laporta [5] that with increasing r and s the number of identities
grows faster than the number of new unknown integrals. As a consequence, if for
a given t-topology one considers the set of all the possible equations obtained by
considering all the integrands up to certain values r∗, s∗ of r, s, for large enough
r∗, s∗ the resulting system of equations, apparently overconstrained, can be used
for expressing the more complicated integrals, with greater values of r, s in terms
of simpler ones, with smaller values of r, s. An automatic procedure to perform this
reduction by means of computer algebra using FORM [6] and MAPLE [7] is discussed
in more detail in [4].

For any given four-point two-loop topology, this procedure can result either in a
reduction towards a small number (typically one or two) of integrals of the topology
under consideration and integrals of simpler topology (less different denominators),
or even in a complete reduction of all integrals of the topology under consideration
towards integrals with simpler topology. Left-over integrals of the topology under
consideration are called irreducible master integrals or just master integrals.

2.2 Computation of master integrals

The IBP and LI identities allow to express integrals of the form (1) as a linear
combination of a few master integrals, i.e. integrals which are not further reducible,
but have to be computed by some different method.

For the case of massless two-loop four-point functions, several techniques have
been proposed in the literature, such as for example the application of a Mellin–Barnes
transformation to all propagators [8] or the negative dimension approach [9]. Both
techniques rely on an explicit integration over the loop momenta, with differences
mainly in the representation used for the propagators.

A method for the analytic computation of master integrals avoiding the explicit
integration over the loop momenta is to derive differential equations in internal prop-
agator masses or in external momenta for the master integral, and to solve these
with appropriate boundary conditions. This method has first been suggested by
Kotikov [10] to relate loop integrals with internal masses to massless loop integrals.
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It has been elaborated in detail and generalized to differential equations in exter-
nal momenta in [11]; first applications were presented in [12]. In the case of four-point
functions with one external off-shell leg and no internal masses, one has three inde-
pendent invariants, resulting in three differential equations.

The derivatives in the invariants sij = (pi + pj)
2 can be expressed by derivatives

in the external momenta:

s12
∂

∂s12
=

1

2

(
+pµ1

∂

∂pµ1
+ pµ2

∂

∂pµ2
− pµ3

∂

∂pµ3

)
,

s13
∂

∂s13
=

1

2

(
+pµ1

∂

∂pµ1
− pµ2

∂

∂pµ2
+ pµ3

∂

∂pµ3

)
,

s23
∂

∂s23
=

1

2

(
−pµ1

∂

∂pµ1
+ pµ2

∂

∂pµ2
+ pµ3

∂

∂pµ3

)
. (4)

It is evident that acting with the right hand sides of (4) on a master integral It,t,0
will, after interchange of derivative and integration, yield a combination of integrals of
the same type as appearing in the IBP and LI identities for It,t,0, including integrals of
type It,t+1,1 and It,t+1,0. Consequently, the scalar derivatives (on left hand side of (4))
of It,t,0 can be expressed by a linear combination of integrals up to It,t+1,1 and It,t+1,0.
These can all be reduced (for topologies containing only one master integral) to It,t,0
and to integrals of simpler topology by applying the IBP and LI identities. As a result,
we obtain for the master integral It,t,0 an inhomogeneous linear first order differential
equation in each invariant. For topologies with more than one master integral, one
finds a coupled system of first order differential equations. The inhomogeneous term
in these differential equations contains only topologies simpler than It,t,0, which are
considered to be known if working in a bottom-up approach.

The master integral It,t,0 is obtained by matching the general solution of its dif-
ferential equation to an appropriate boundary condition. Quite in general, finding a
boundary condition is a simpler problem than evaluating the whole integral, since it
depends on a smaller number of kinematical variables. In some cases, the boundary
condition can even be determined from the differential equation itself.

To solve the differential equations for two-loop four-point functions with one off-
shell leg [4,13], we express the system of differential equations for any master integral
in the variables s123 = s12 + s13 + s23, y = s13/s123 and z = s23/s123. We obtain a
homogeneous equation in s123, and inhomogeneous equations in y and z. Since s123 is
the only quantity carrying a mass dimension, the corresponding differential equation
is nothing but the rescaling relation obtained by investigating the behaviour of the
master integral under a rescaling of all external momenta by a constant factor. The
master integral can be determined by solving one of the inhomogeneous equations,
the second equation can then serve as a check on the result.

In the y differential equation for the master integral under consideration, the co-
efficient of the homogeneous term as well as the full inhomogeneous term (coefficients
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and subtopologies) are then expanded as a series in ε. From the leading coefficient
of the homogeneous term, one can determine a rational prefactor R for the master
integral. Rescaling the master integral by this prefactor, one obtains a differential
equation in which the coefficient of the homogeneous term is of O(ε). This equation
can then be solved order by order in ε by direct integration. The remaining con-
stants of integration, which correspond to the boundary condition of the equation,
are subsequently determined by using the fact that the master integral is regular in
the whole kinematic plane with the exception of a few (at most three) branch cuts.

For each master integral, we obtain a result of the form
∑

i

Ri(y, z; s123, ε)Hi(y, z; ε) , (5)

where the prefactorRi(y, z; s123, ε) is a rational function of y and z, which is multiplied
with an overall normalization factor to account for the correct dimension in s123, while
Hi(y, z; ε) is a Laurent series in ε. The coefficients of its ε-expansion are then written
as the sum of two-dimensional harmonic polylogarithms up to a weight determined
by the order of the series:

Hi(y, z; ε) =
εp

ε4

4∑

n=0

εn


Tn(z) +

n∑

j=1

∑

~mj∈Vj(z)
Tn,~mj (z)H(~mj; y)


 , (6)

where the H(~mj; y) are two-dimensional harmonic polylogarithms (2dHPL), which
were introduced in [13] and Tn(z), Tn,~mj(z) are z-dependent coefficients.

2.3 Harmonic polylogarithms

Harmonic polylogarithms (HPL) were introduced in [14] as an extension of the
generalized polylogarithms of Nielsen [15,16]. They are constructed in such a way
that they form a closed, linearly independent set under a certain class of integrations.
We observe that the class of allowed integrations on this set can be extended à la
carte by enlarging the definition of harmonic polylogarithms in order to suit the
needs of a particular calculation. We made use of this feature by generalizing the
one-dimensional HPL of [14] to two-dimensional harmonic polylogarithms (2dHPL),
which appear in the solution of the differential equations for the three-scale master
integrals discussed in[13]. We briefly recall the HPL formalism [14]:

1. The one-dimensional HPL H(~mw;x) is described by a w-dimensional vector ~mw

of parameters and by its argument x. w is called the weight of H.

2. The HPL of parameters (+1, 0,−1) form a closed set under the class of integra-
tions ∫ x

0
dx′

(
1

x′
,

1

1− x′ ,
1

1 + x′

)
H(~b;x′) . (7)
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3. The HPL fulfil an algebra, such that a product of two HPL (with weights w1

and w2) of the same argument x is a combination of HPL of argument x with
weight w = w1 + w2.

4. The HPL fulfil integration-by-parts identities.

5. The HPL are linearly independent.

The generalization from one-dimensional to two-dimensional HPL starts from (7),
which defines the class of integrations under which the HPL form a closed set. By
inspection of the various inhomogeneous terms of the y differential equations for
the three-scale master integrals discussed in this paper, we find that, besides the
denominators 1/y and 1/(1 − y), also 1/(1 − y − z) and 1/(y + z) appear. It is
therefore appropriate to introduce an extension of the HPL, which forms a closed set
under the class of integrations

∫ y

0
dy′

(
1

y′
,

1

1− y′ ,
1

1 − y′ − z ,
1

y′ + z

)
H(~b; y′) . (8)

Allowing (z, 1 − z) as components of the vector ~mw of parameters does then define
the extended set of HPL, which we call two-dimensional harmonic polylogarithms
(2dHPL). They retain all properties of the HPL, in particular the algebra and the
linear independence.

Two-dimensional harmonic polylogarithms can be expressed in terms of Nielsen’s
generalized polylogarithms up to weight 3, which is the maximum weight appearing in
the divergent terms of two-loop four-point functions with one leg off-shell. These rela-
tions are tabulated in [13]. At weight 4, only some special cases relate to generalized
polylogarithms.

3 Summary of recent results

For two-loop four-point functions with massless internal propagators and all legs
on-shell, which are relevant for example in the next-to-next-to-leading order calcula-
tion of two-jet production at hadron colliders, all master integrals have been calculated
over the past two years. The calculations were performed using the Mellin–Barnes
method [8] and the differential equation technique [17]. The resulting master integrals
can be expressed in terms of Nielsen’s generalized polylogarithms. Very recently, these
master integrals were already applied in the calculation of two-loop virtual corrections
to Bhabha scattering [18] in the limit of vanishing electron mass and to quark–quark
scattering [19].

In [13], we have used the differential equation approach to compute all master in-
tegrals for two-loop four-point functions with one off-shell leg. Earlier partial results
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on these functions were obtained in [9,20], and a purely numerical approach to these
functions was presented in [21]. Our results [13] for these master integrals are in terms
of two-dimensional harmonic polylogarithms. All 2dHPL appearing in the divergent
parts of the master integrals can be expressed in terms of Nielsen’s generalized poly-
logarithms of suitable non-simple arguments, while the 2dHPL appearing in the finite
parts are one-dimensional integrals over generalized polylogarithms. An efficient nu-
merical implementation of these functions is currently being worked out. Our results
correspond to the kinematical situation of a 1→ 3 decay, their analytic continuation
into the region of 2→ 2 scattering processes requires the analytic continuation of the
2dHPL, which is outlined in [13].

These four-point two-loop master integrals with one leg off-shell are a crucial
ingredient to the virtual next-to-next-to-leading order corrections to processes such
as three-jet production in electron–positron annihilation, two-plus-one-jet production
in deep inelastic scattering and vector-boson-plus-jet production at hadron colliders.

4 Outlook

Owing to numerous technical developments in the past two years, virtual two-loop
corrections to four-point amplitudes are now becoming available for a variety of phe-
nomenologically relevant processes. One must however keep in mind that these cor-
rections form only one part of a full next-to-next-to-leading order calculation, which
also has to include the one-loop corrections to processes with one soft or collinear real
parton [22] as well as tree-level processes with two soft or collinear partons [23]. Only
after summing all these contributions (and including terms from the renormalization
of parton distributions for processes with partons in the initial state), the divergent
terms cancel among one another. The remaining finite terms have to be combined
into a numerical programme implementing the experimental definition of jet observ-
ables and event-shape variables. A first calculation involving the above features was
presented for case of photon-plus-one-jet final states in electron–positron annihilation
in [23], thus demonstrating the feasibility of this type of calculations.
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1 Introduction

The problem of asymptotic1 expansions of Feynman integrals in momenta masses
is very important and has been analyzed in a large number of papers. For limits
typical for Euclidean space, an adequate solution has been found [2] (see a brief
review in [3]) and mathematically proven. It is expressed by a simple formula with
summation in a certain family of subgraphs of a given graph so that let us refer to
it as ‘the strategy of subgraphs’. For limits typical for Minkowski space, the strategy
of subgraphs has not yet been rigorously developed.

Quite recently a new method for expanding Feynman integrals in limits of mo-
menta and masses has been suggested [1]. It is based on the analysis of various
regions in the space of loop momenta of a given diagram and denoted as ‘the strategy
of regions’. The purpose of this talk is to review and illustrate this strategy through
numerous examples. First, the problem of asymptotic expansion in limits of momenta
and masses is characterized. Then the two basic strategies are formulated and com-
pared for limits typical for Euclidean space. For regimes typical for Minkowski space,
the strategy of regions is checked through typical examples, up to two-loop level, in
the case of threshold limit, Sudakov limit and Regge limit. Finally, the present status
of the strategy of regions is characterized.

2 Limits of momenta and masses

Let Γ be a graph and FΓ(m1,m2, . . . , q1, q2, . . .) the corresponding Feynman in-
tegral constructed according to Feynman rules and depending on masses mi and
external momenta qj. It can be represented as a linear combination of tensors com-
posed of the external momenta with coefficients which are scalar Feynman integrals
that depend on the masses and kinematical invariants sij = qi ·qj.

The problem of asymptotic expansion of Feynman integrals in some limit of mo-
menta and masses is of the physical origin and arises quite naturally. If one deals
with phenomena that take place at a given energy scale it is natural to consider large
(small) all the masses and kinematical invariants that are above (below) this scale.
Therefore a limit (regime) is nothing but a decomposition of the given family of these
parameters into small and large ones.

1The word ‘asymptotic’ is also usually applied to perturbative series with zero radius of conver-
gence. For expansions of Feynman integrals in momenta and masses, this word just means that the
remainder of an asymptotic expansion satisfies a desired estimate provided we pick up a sufficiently
large number of first terms of the expansion. It should be stressed that the radius of convergence of
any series in the right-hand side of any expansion in momenta and masses is non-zero. This is not a
rigorously proven mathematical theorem but at least examples where such a radius of convergence
is zero are unknown for the moment.
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For limits typical for Euclidean space, an external momentum is called large if at
least one of its components is large and small if all its four components are large. Thus
such a limit is characterized by a decomposition {mi}, {qi} → {mi}, {qi}; {Mi}, {Qi},
with mi, |qj| �Mi′, |Qj′|, where |qj| is understood in the Euclidean sense.

For limits typical for pseudo-Euclidean space, it is impossible to characterize the
external momenta in this way and one turns to a decomposition written through
kinematical invariants: {mi}, {sjj′} → {mi}, {sjj′}; {Mi}, {Sjj′}, with mi, |sjj′ | �
Mi′, |Sjj′ |. However, instead of the kinematical invariants themselves, some linear
combinations can be used (for example, in the case of the threshold limit).

Feynman integrals are generally quite complicated functions depending on a large
number of arguments. When a given Feynman integral is considered in a given limit
it looks natural to expand it in ratios of small and large parameters and then re-
place the initial complicated object by a sufficiently large number of first terms of
the corresponding asymptotic expansion. Experience shows that Feynman integrals
are always expanded in powers and logarithms of the expansion parameter which
is a ratio of the large and the small scales of the problem. In particular, when a
given Feynman integral depends only on a small mass squared and a large external
momentum squared, m2 � −q2, we have

FΓ(q2,m2) ∼ (−q2)ω
∞∑

n=n0

2h∑

j=0

Cnj

(
m2

−q2

)n
lnj

(
m2

−q2

)
, (1)

where h is the number of loops of Γ and ω ultraviolet (UV) degree of divergence. The
maximal power of the logarithm equals the number of loops for typically Euclidean
limits and is twice the number of loops for limits typical for Minkowski space.

To expand Feynman diagrams one can either

1. Take a given diagram in a given limit and expand it by some special technique,
or,

2. Formulate prescriptions for a given limit and then apply them to any diagram
(e.g. with 100 loops).

Of course, the second (global) solution is preferable because

• no analytical work is needed when applying it to a given diagram: just follow
formulated prescriptions and write down a result in terms of Feynman integrals
(with integrands expanded in Taylor series in some parameters);

• a natural requirement can be satisfied: individual terms of the expansion are
homogeneous (modulo logs) in the expansion parameter.

Two kinds of such global prescriptions are known:
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* Strategy of Subgraphs and

* Strategy of Regions

We shall now formulate both strategies in the case of limits typical for Euclidean
space.

3 Strategy of subgraphs and strategy of regions for limits
typical for Euclidean space

For limits typical for Euclidean space, the solution of the problem of asymptotic
expansion is described [2] by the following simple formula, with summation in sub-
graphs, supplied with some explanations:

FΓ ∼
∑

γ

FΓ/γ ◦ TγFγ , (2)

where the sum runs in a certain class of subgraphs γ of Γ. For example, in the off-shell
(Euclidean) limit m2 �−q2 (when q is considered large in Euclidean sense), one can
distribute the flow of q through all the lines of γ. (This is a ‘physical’ definition.)
Moreover Fγ and FΓ/γ are the Feynman integrals respectively for γ and Γ/γ (the
reduced graph Γ/γ is obtained from Γ by collapsing γ to a point). The operator Tγ
expands the integrand of Fγ in Taylor series in its small masses and small external
momenta which are either the small external momenta of Γ, or loop momenta of the
whole graph that are external for γ (they are by definition small). The symbol ◦
denotes insertion of the second factor (polynomial) into FΓ/γ (like an insertion of a
counterterm within dimensional renormalization).

All quantities are supposed to be dimensionally regularized [4] by d = 4−2ε. Even
if the initial Feynman integral is UV and IR finite, the regularization is necessary
because individual terms in the right-hand side become divergent starting from some
minimal order of expansion. The necessity to run into divergences is a negligible
price to have the simplest prescription for expanding Feynman integrals. Moreover
the cancellation of divergences in the right-hand side of expansions of finite Feynman
integrals is a very crucial practical check of the expansion procedure.

Operator analogs of limits typical for Euclidean space (the off-shell large momen-
tum limit and the large mass limit) are operator product expansion and large mass
expansion described by an effective Lagrangian — see a review with applications in
[5].

Consider, for example, the scalar diagram shown in Fig. 1 in the off-shell limit
m2 � −q2 which can treated as a Euclidean limit with the external momentum
q large in the Euclidean sense. The propagator of the dashed line is massless and
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the dot on the solid line denotes the second power of the massive propagator. The
corresponding Feynman integral is

FΓ(q2,m2; ε) =
∫

ddk

(k2 −m2)2(q − k)2
. (3)

The causal i0 in the propagators k2 −m2 + i0, etc. are omitted for brevity.
According to (2) two subgraphs give non-zero contributions. The graph Γ itself

generates Taylor expansion of the integrand in m, with resulting massless integrals
evaluated (e.g. by Feynman parameters) in gamma functions for general ε:

∫
ddk

(q − k)2
Tm

1

(k2 −m2)2
=

∫
ddk

(k2)2(q − k)2
− 2m2

∫
ddk

(k2)3(q − k)2
+ . . .

=
iπd/2

(−q2)1+ε

Γ(1 − ε)2Γ(ε)

Γ(1 − 2ε)

[
1 + 2ε

m2

q2
+ . . .

]
. (4)

The second contribution originates from the subgraph γ1 which is the upper line.
It is given by Taylor expansion of its propagator in the loop momentum k which is
external for this subgraph, with resulting massive vacuum integrals also evaluated in
gamma functions for general ε:

∫
ddk

(k2 −m2)2
Tk

1

(q − k)2
=

1

q2

∫
ddk

(k2 −m2)2
+

1

(q2)2

∫
(2q ·k − k2)ddk

(k2 −m2)2
+ . . .

=
iπd/2

q2(m2)ε
Γ(ε)

[
1 +

ε

1 + ε

m2

q2
+ . . .

]
. (5)

The contribution of another subgraph consisting of two lower lines generates a
zero contribution because this is a massless vacuum diagram:

∫
ddk

k2
Tk,m

1

((q − k)2 −m2)2
=

1

(q2)2

∫
ddk

k2
+ . . . = 0 .

This contribution would be however non-zero in the case of a non-zero mass in the
lower lines.

Figure 1: One-loop propagator diagram
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When ε → 0, infrared (IR) poles in the first non-zero contribution are canceled
against ultraviolet (UV) poles in the second one, with the finite result

FΓ(q2,m2; 0) ∼ iπ2

q2

[
ln

(
−q2

m2

)
− m2

q2
+ . . .

]
. (6)

It turns out that at present there are no simple generalizations of the strategy of
subgraphs to typical Minkowskian regimes.2 Before formulating what the strategy of
regions is let us remind that a (standard) strategy of regions was used for many years
for analyzing leading power and (sub)leading logarithms. It reduces to the following
prescriptions:

• Consider various regions of the loop momenta and expand, in every region, the
integrand in a Taylor series with respect to the parameters that are considered
small in the given region;

• pick up the leading asymptotic behaviour generated by every region.

Let us stress that cut-offs that specify the regions are not removed within this strategy.
In fact, it was sufficient to analyze rather limited family of regions because the leading
asymptotics are generated only by specific regions.

The (generalized) strategy of regions has been suggested in [1] (and immediately
applied to the threshold expansion):

• Consider various regions . . .

• Integrate the integrand expanded, in every region in its own way, over the whole
integration domain in the loop momenta;

• Put to zero any integral without scale.

Let us stress that, for typically Euclidean limits, integrals without scale (tadpoles)
are automatically put to zero. For general limits, this is an ad hoc prescription.

An experimental observation tell us that this strategy of regions gives asymp-
totic expansions for any diagram in any limit. In particular, it has been checked in
numerous examples when comparing results of expansion with existing explicit an-
alytical results. We have also an indirect confirmation because, for limit typical for
Euclidean space, the strategy of regions leads to the same prescriptions as the strat-
egy of subgraphs. To see this it is in fact sufficient to take any loop momentum to be
either

large : k ∼ q , or

small : k ∼ m
2 With the exception of the large momentum off-shell limit and one of the versions of the Sudakov

limit — see [6].
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and then observe that one obtains eq. (2).
Still to see how the strategy of regions works let us consider the previous example

of Fig. 1. We consider the loop momentum k to be either large or small and obtain

k large: → Tm
1

(k2 −m2)2
↔ Γ

k small: → Tk
1

(q − k)2
↔ γ1

Thus the region of the large momenta reproduces the contribution of the subgraph Γ
and the region of the small momenta reproduces the contribution of the subgraph γ1

present according to the strategy of subgraphs (2).
From now on we turn to various examples of limits typical for Minkowski space.

4 Strategy of regions for limits typical for Minkowski space

4.1 Threshold expansion [1]

Consider first the threshold limit when an external momentum squared tends to
a threshold value. Our primary task is to see what kinds of regions are relevant here.
Let us consider the same example of Fig. 1 but in the new limit, q2 → m2. In this
case, it is reasonable to choose the loop momentum in another way to make explicit
the dependence on the expansion parameter:

FΓ(q2, y; ε) =
∫

ddk

k2((q − k)2 −m2)2
=
∫

ddk

k2(k2 − 2q ·k − y)2
. (7)

So we have turned to the new variables (q2,m2)→ (q2, y) with y = m2 − q2 → 0 the
expansion parameter of the problem.

Let us look for relevant regions. The region of large (let us from now on use the
term hard instead) momenta, k ∼ q, always contributes. It gives

∫ ddk

k2
Ty

1

(k2 − 2q ·k − y)2
=
∫ ddk

k2(k2 − 2q ·k)2
+ . . . =

iπd/2

(q2)1+ε

Γ(1 + ε)

2ε
+ . . . , (8)

where each integral is evaluated in gamma functions for general ε.
If we consider the region of small loop momenta, k ∼ √y (which from now on we

will call soft) we shall obtain an integral without scale which we put to zero according
to one of the prescriptions of the strategy of regions:

∫
ddk

k2(−2q ·k)2
+ . . . = 0 .
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It is the ultrasoft (us) region, k ∼ y/
√
q2, which gives here the second non-zero

contribution:
∫

ddk

k2
Tk2

1

(k2 − 2q ·k − y)2
=
∫

ddk

k2(−2q ·k − y)2
+ . . . = −iπd/2Γ(1 − ε)Γ(2ε)

(q2)1−εy2ε
. (9)

Only the leading term survives because, in the next terms the factor k2 resulting from
expansion cancels the massless propagator so that a scaleless integral appears.

If we combine the hard and ultrasoft contributions we shall obtain, in the limit
ε→ 0, the known explicit result for the given diagram expanded at threshold:

iπd/2

q2

[
ln
y

q2
− y

q2
+ . . .

]
.

It turns out that for diagrams consisting of massless and massive (with the same
mass m) lines and having thresholds only with one massive line, i.e. at q2 = m2, only
hard and ultrasoft regions are relevant. To find other characteristic regions we turn
to an example with two massive lines — see Fig. 2. We have

FΓ(q2, y; ε) =
∫ ddk

(k2 −m2)((q − k)2 −m2)
=
∫ ddk

(k2 + q ·k − y)(k2 − q ·k − y)
, (10)

where the loop momentum in again chosen in another way, and we have turned to the
new variables: (q2,m2)→ (q2, y) where y = m2− q2/4→ 0 is the small parameter of
the problem. Keeping in mind the non-relativistic flavour of the problem we choose
the frame q = {q0,~0}.

Let us look for relevant regions. The hard region, k ∼ q, gives
∫

ddkTy
1

(k2 + q0k0 − y)(k2 − q0k0 − y)
+ . . . =

∫
ddk

1

(k2 + q0k0)(k2 − q0k0)
+ . . .

= iπd/2
(

4

q2

)ε
Γ(ε)

1 − 2ε
+ . . . (11)

�

���������

�����	�
�

Figure 2: One-loop propagator diagram with two non-zero masses in the threshold
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The soft and ultrasoft regions generate zero contributions because of the appear-
ance of scaleless integrals:

− 1

q2

∫
ddk

k2
0

+ . . . = 0 , − 1

q2

∫
dk0dd~k

(q0k0 − y + i0)(q0k0 + y − i0)
+ . . . = 0 . (12)

It turns out that the missing non-zero contribution here comes from the potential
(p) [1] region, k0 ∼ y/q0 , ~k ∼ √y. It generates Taylor expansion in k2

0 and is
evaluated by closing the integration contour in k0 and taking a residue, e.g. in the
upper half-plane, and then evaluating (d−1)-dimensional integral in ~k using Feynman
parameters. Here again only the leading term survives because the next terms involve
scaleless integrals:

∫
dk0dd−1~kTk2

0

1

(k2 + q0k0 − y + i0)(k2 − q0k0 − y + i0)

=
∫

dk0dd−1~k

(~k2 − q0k0 + y − i0)(~k2 + q0k0 + y − i0)
+ . . . = iπd/2Γ(ε− 1/2)

√
πy

q2
y−ε . (13)

The sum of the hard and potential contributions successfully reproduces the known
analytical result for the given diagram.

The next example is given by the triangle diagram with two non-zero masses in the
threshold — see Fig. 3. It is considered at q = p1 +p2, p = (p1−p2)/2, p

2
1 = p2

2 = m2

and is given by the following Feynman integral:
∫

ddk

(k2 + q ·k− y)(k2 − q ·k − y)(k − p)2
, (14)

where again y = m2 − q2/4 → 0 and q = {q0,~0}.
The situation is quite similar to the previous diagram. There are two non-zero

contributions generated by the hard and potential regions [1]: the (h) contribution

∫
ddk

1

(k2 + q0k0)(k2 − q0k0)(k − p)2
= −iπd/2

(
4

q2

)1+ε
Γ(ε)

2(1 + 2ε)
+ . . . (15)

�

���

���

�����
	��

��������

Figure 3: Triangle diagram with two non-zero masses in the threshold
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and the (p) contribution

∫
dk0dd−1~k

(~k2 − q0k0 + y − i0)(~k2 + q0k0 + y − i0)(−(~k − ~p)2)
= iπd/2

y−ε√
q2y

√
πΓ(ε+ 1/2)

2ε
.

(16)
One can check that their sum equals the whole analytical result for the given diagram.

It turns out that we have already seen the whole list of regions relevant to the
threshold expansion, with the qualification that soft regions did not yet contribute
in the examples. We refer for two-loop examples to [1]. For example, the threshold
expansion of Fig. 4 at y = m2 − q2/4 → 0 consists of contributions generated by
the following regions: (h-h), (h-p)=(p-h), (p-p), (p-us) (where two loop momenta
are characterized, and the ultrasoft momentum in the last contribution refers to the
momentum of the middle line).

Similarly, the threshold expansion of Fig. 5 at y = m2 − q2/4 → 0 consists of
(h-h), (h-p), (p-h), (p-p), (p-s) (where the loop momentum of the box subgraph is
soft) and (p-us) (where the momentum of the middle line is ultrasoft) contributions
— see details in [1].

It should be stressed that the knowledge about expansions of individual Feyn-
man diagram gives the possibility to derive expansions at the operator level. The
threshold expansion with one zero (small) and one non-zero mass in the threshold
leads to HQET (see [7] for review), while the situation with two non-zero masses in

Figure 4: Two-loop master self-energy diagram with two non-zero masses in the threshold

Figure 5: Two-loop vertex diagram with two non-zero masses in the threshold
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the threshold provides the transition from QCD to NRQCD [8] and then further to
pNRQCD [8]. Historically, the development of HQET was performed without the
knowledge of the corresponding diagrammatical expansion. This can be explained by
the combinatorial simplicity of HEQT with the structure similar to that of the large
mass expansion, where there are only two scales in the problem.

The case of the threshold expansion with two non-zero masses in the threshold
is much more complicated. At the diagrammatical level, this is described by the
multiplicity of relevant regions in the problem which correspond to three different
scales: m (mass of the quark), the momentum mv, where v is relative velocity of the
quarks (straightforwardly expressed through the variable y in the above examples),
and the energy mv2. An adequate description of the transition from NRQCD (which
is obtained from QCD by ‘integrating out’ the hard scale, m) to pNRQCD has been
obtained not so easily (see a discussion from the point of view of 1997 in [1]), and
the development of the diagrammatical threshold expansion helped to unambiguously
identify all relevant scales in the problem and the form of the corresponding terms in
the effective Lagrangian.

The threshold expansion resulted in a number of applications. The first of them
was analytical evaluation of the two-loop matching coefficients of the vector current
in NRQCD and QCD [10]. Another class of important results was the two-loop
description of the tt production in e+e− annihilation near threshold — see [11].

4.2 Sudakov limit

There are three different versions of the Sudakov limit m2 � Q2 ≡ −s = −(p1 −
p2)2 or M2 � −s which are exemplified by scalar triangle diagram in Fig. 6, where
dashed lines denote massless propagators. Within the ‘standard’ strategy of regions,
summing up (sub)leading logarithms (at the leading power) using evolution equations

��������

� ��
���

�
	��

�����������

� ��
���� �

�����

����������

� ��
��� �

�����

Figure 6: Triangle diagram in the Sudakov limit
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has been analyzed in a large number of papers [12].
Let us expand the triangle diagram in Limit A by the strategy of regions. With

the standard choice p1,2 = (Q/2, 0, 0,∓Q/2), we have

∫
ddk

(k2 − 2p1 ·k)(k2 − 2p2 ·k)(k2 −m2)

=
∫

dk+dk−dd−2k

(k+k− − k2 −Qk+)(k+k− − k2 −Qk−)(k+k− − k2 −m2)
,

where k± = k0 ± k3, k = (k1, k2), with 2p1,2·k = Qk±.
Let us look for relevant regions. The hard region, k ∼ q, generates Taylor expan-

sion of the integrand in m2

∫
ddk

(k2 − 2p1 ·k)(k2 − 2p2 ·k)k2
+ . . . = −iπd/2 1

(Q2)1+ε

Γ(1 + ε)Γ(−ε)2

Γ(1 − 2ε)
+ . . . . (17)

The soft (k ∼ m) and ultrasoft ( k ∼ m2/Q) regions generate scaleless integrals which
are zero:

∫
ddk

(−2p1 ·k)(−2p2 ·k)k2
+ . . . = 0 ,

∫
ddk

(−2p1 ·k)(−2p2 ·k)(−m2)
+ . . . = 0 . (18)

What is yet missing is the contribution of collinear regions3:

1-collinear (1c): k+ ∼ m2/Q, k− ∼ Q , k ∼ m,

2-collinear (2c): k+ ∼ Q, k− ∼ m2/Q , k ∼ m.

The (1c) region generates Taylor expansion of propagator 2 in k2:

∫
ddk

(k2 − 2p1 ·k)(−2p2 ·k)(k2 −m2)
+ . . . , (19)

and the (2c) contribution is symmetrical. These contributions are not however indi-
vidually regularized by dimensional regularization. A natural way to overcome this
obstacle is to introduce an auxiliary analytic regularization [14], calculate (1c) and
(2c) contributions and switch it off in the sum. Then the (1c) and (2c) regions give,
in the leading power,

− iπd/2 Γ(ε)

Q2(m2)ε

[
ln(Q2/m2) + ψ(ε)− γE − 2ψ(1− ε)

]
+ . . . (20)

3introduced within the ‘standard strategy of regions’ [13]
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Figure 7: Two-loop vertex diagram in Limit A

After we combine the (h) and (c) contributions we shall see that IR/collinear poles
in the (h) contribution and UV/collinear poles in (c) contribution are canceled, and
at ε→ 0 we obtain

iπ2

Q2

[
Li2(x)− 1

2
ln2 x+ lnx ln(1− x)− π2

3

]
, (21)

where Li2(x) is dilogarithm and x = m2/Q2.
The triangle diagrams of Fig. 5 in Limits B and C are similarly expanded. In

Limit B one meets (h), (1c), (2c) and (us) regions, and, in Limit C, one has (h), (1c)
and (2c) regions.

Two-loop examples for the Sudakov limit, within the strategy of regions, can be
found in [15]. For example, the following regions contribute to the expansion of Fig. 7
in Limit A: (h-h), (1c-h)+(2c-h), (1c-1c)+(2c-2c), and (h-s) where the soft momentum
refers to the middle line. For Limit B, one has (h-h), (1c-h)=(2c-h), (1c-1c)=(2c-2c),
(us-h), (us-1c), (us-2c), (us-us).

For the diagram of Fig. 5 (considered above in the threshold limit), with p1,2 =
p̃1,2 + (m2/Q2)p̃2,1 , with p̃1,2 = (Q/2, 0, 0,∓Q/2), obvious regions (h-h), (1c-h)=(2c-
h), (1c-1c)=(2c-2c) are not sufficient because the poles of the fourth order do not
cancel. It turns out that it is necessary to consider also ultracollinear regions:

(1uc): k+ ∼ m4/Q3, k− ∼ m2/Q , k ∼ m3/Q2 ,

(2uc): k+ ∼ m2/Q, k− ∼ m4/Q3 , k ∼ m3/Q2 .

After one adds contributions of the (1uc-2c) and (1c-2uc) regions the leading power
of expansion satisfies the check of poles [15].

The (generalized) strategy of regions combined with evolution equations derived
within the ‘standard’ strategy of regions has been applied to summing up next-to-
leading logarithms for Abelian form factor and four-fermion amplitude in the SU(N)
gauge theory [16].
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4.3 Regge limit

The Regge limit for scattering diagrams is characterized as |t| � |s|, where s =
(p1 + p2)2 and t = (p1 + p3)2 are Mandelstam variables.

Let us expand, using the strategy of regions, the box diagram shown in Fig. 8.
The Feynman integral is

∫
ddk

(k2 + 2p1 ·k)(k2 − 2p2 ·k)k2(k + p1 + p3)2
. (22)

Let s = −Q2, t = −T , and let us choose p1,2 = (∓Q/2, 0, 0, Q/2), and p1 + p3 =

(T/Q, 0,
√
T + T 2/Q2, 0). It turns out that in the Regge limit one meets contributions

of (h) and (c) regions. The collinear regions are now characterized as

(1(2)c): k± ∼ T/Q, k∓ ∼ Q , k ∼
√
T .

The sum of (1c) and (2c) gives, in the leading power, 1/t,

iπd/2
Γ(−ε)2Γ(1 + ε)

Γ(−2ε)s(−t)1+ε
[ln(t/s) + ψ(−ε)− 2ψ(1 + ε) + γE] . (23)

The hard contribution starts from the NLO. If we sum up the (h) and (c) contributions
we shall see that, at ε→ 0, only the LO (c) contribution survives and gives

iπd/2e−γEε

st

[
4

ε2
− (ln(−s) + ln(−t)) 2

ε
+ 2 ln(−s) ln(−t)− 4π2

3

]
. (24)

In the case of on-shell massless double box, p2
i = 0, given by the integral

∫ ∫
ddkddl

(l2 + 2p1 ·l)(l2− 2p2 ·l)(k2 + 2p1 ·k)(k2 − 2p2 ·k)

× 1

k2(k − l)2(l+ r)2
≡
(
iπd/2e−γEε

)2

(−s)2+2ε(−t) K(t/s; ε) , (25)

��� ���

��� ���

Figure 8: Box diagram
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Figure 9: Double box

there are (h-h), (1c-1c) and (2c-2c) contributions in the Regge limit. The (h-h)
contribution starts from the NLO, t0, and the (c-c) contribution from LO, t−1. This
is a result for the sum of the LO and NLO contributions [17]

K(x, ε) = − 4

ε4
+

5 ln x

ε3
−
(

2 ln2 x− 5

2
π2
)

1

ε2

−
(

2

3
ln3 x+

11

2
π2 lnx− 65

3
ζ(3)

)
1

ε
+

4

3
ln4 x+ 6π2 ln2 x− 88

3
ζ(3) ln x+

29

30
π4

+2x
[

1

ε

(
ln2 x− 2 ln x+ π2 + 2

)
− 1

3

(
4 ln3 x+ 3 ln2 x

+(5π2 − 36) ln x+ 2(33 + 5π2 − 3ζ(3))
)]

+O(x2 ln3 x) . (26)

The on-shell double box has provided a curious example of a situation when the
evaluation of large number terms of the expansion is rather complicated while an
explicit analytical result4 [18] is known:

K(x, ε) = − 4

ε4
+

5 ln x

ε3
−
(

2 ln2 x− 5

2
π2
)

1

ε2

−
(

2

3
ln3 x+

11

2
π2 lnx− 65

3
ζ(3)

)
1

ε
+

4

3
ln4 x+ 6π2 ln2 x− 88

3
ζ(3) lnx+

29

30
π4

−
[
2Li3 (−x)− 2 ln xLi2 (−x)−

(
ln2 x+ π2

)
ln(1 + x)

] 2

ε
−4 (S2,2(−x)− lnxS1,2(−x)) + 44Li4 (−x)− 4 (ln(1 + x) + 6 lnx) Li3 (−x)

+2
(

ln2 x+ 2 lnx ln(1 + x) +
10

3
π2
)

Li2 (−x)

+
(
ln2 x+ π2

)
ln2(1 + x)− 2

3

(
4 ln3 x+ 5π2 lnx− 6ζ(3)

)
ln(1 + x) . (27)

Still the evaluation of those first two terms of the expansion was used as a very crucial
check of (27). Observe that the asymptotic expansion within the strategy of regions
was successfully applied in [20] also to double boxes with one leg off shell.

4See [19] for a review of recent results on the evaluation of double box diagrams.
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5 Present status of the strategy of regions

To characterize the present status of the strategy of regions let us first point out
that at present there are no mathematical proofs, similar to the case of the strategy
of subgraphs (applied only to the limits typical for Euclidean space), although this
looks to be a very good mathematical problem. (Moreover, the very word ‘region’ is
understood in the physical sense so that one does not bother about ‘the decomposition
of unity’.) Its solution is expected to be specific for each concrete regime typical for
Minkowski space. Another reasonable problem is to develop the strategy of regions
for phase space integrals arising in evaluation of real radiation processes.

Let us conclude with advice that could be useful when studying a new limit:

• Look for regions, typical for the limit (probably, they are similar to regions
connected with known limits5);

• Test one- and two-loop examples by comparison with explicit results;

• Check poles in ε; if this check is not satisfied look for missing regions;

• Check expansion numerically;

• Use the strategy of regions formulated in α-parameters [15], e.g., to avoid double
counting;

• Stay optimistic because, up to now, the strategy of regions successfully worked
in all known examples!
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5As a recent example of using the strategy of regions in a new situation let us refer to ref. [21]
where non-relativistic integrals describing bound states within NRQCD were further expanded in the
ratio of the small and the large mass m/M . The relevant regions turned out to be (non-relativistic)
hard and soft regions of three-dimensional momenta.
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1 Introduction

There is an important class of computer programs that do calculations in quan-
tum chromodynamics (QCD) in which the calculation is performed at next-to-leading
order in perturbation theory and allows for the determination of a variety of char-
acteristics of the final state. This talk reviews a program of this class in which a
“completely numerical” integration algorithm is used.

I consider the calculation of “three-jet-like” observables in e+e− annihilation. A
program that does this can be used to calculate a jet cross section (with any in-
frared safe choice of jet definition) or observables like the thrust distribution. Such
a program generates random partonic events consisting of three or four final state
quarks, antiquarks, and gluons. Each event comes with a calculated weight. A sepa-
rate routine then calculates the contribution to the desired observable for each event,
averaging over the events with their weights.

The weights are treated as probabilities. However, these weights can be both
positive or negative. This is an almost inevitable consequence of quantum mechanics.
The calculated observable is proportional to the square of a quantum amplitude
and is thus positive. However, as soon as one divides the amplitude into pieces for
purposes of calculation, one finds that, while the square of each piece is positive,
the interference terms between different pieces can have either sign. Thus the kind
of program discussed here stands in contrast to the tree-level event generators in
which, by simplifying the physics, one can generally arrange to have all the weights
be positive, or, even, all be equal to 1.

To understand the algorithms used in the class of programs described above, it is
best to think of the calculations as performing integrations over momenta in which the
quantum matrix elements and the measurement functions form the integrand. There
are two basic algorithms for performing the integrations. The older is due to Ellis,
Ross, and Terrano (ERT) [1]. In this method, some of the integrations are performed
analytically ahead of time. The other integrations are performed numerically by the
Monte Carlo method. The integrations are divergent and are regulated by analytical
continuation to 3 − 2ε space dimensions and a scheme of subtractions or cutoffs.
The second method is much newer [2,3,4]. In this method, all of the momentum
integrations are done by Monte Carlo numerical integration. With this method,
the integrals are all convergent (after removal of the ultraviolet divergences by a
straightforward renormalization procedure).

In its current incarnation, the numerical method is not as good as older programs
in analyzing three jet configurations that are close to being two jet configurations.
On the other hand, the numerical method offers evident advantages in flexibility to
modify the integrand. Since this method is quite new, one cannot yet say for what
problems it might do better than the now standard ERT method.

The numerical integration method exists as computer code with accompanying
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technical notes [4] and many of the basic ideas behind it have been described in two
papers [2,3]. In this talk, I briefly review the basics of the numerical integration
method. Then, I display some graphs that illustrate the cancellation of singularities
that occurs inside the integrand in the numerical method. Finally, I discuss some
avenues for future research.

2 Review of the numerical method

Let us begin with a precise statement of the problem. We consider an infrared
safe three-jet-like observable in e+e− → hadrons, such as a particular moment of the
thrust distribution. The observable can be expanded in powers of αs/π,

σ =
∑

n

σ[n], σ[n] ∝ (αs/π)n . (1)

The order α2
s contribution has the form

σ[2] =
1

2!

∫
d~p1d~p2

dσ
[2]
2

d~p1d~p2
S2(~p1, ~p2)

+
1

3!

∫
d~p1d~p2d~p3

dσ
[2]
3

d~p1d~p2d~p3
S3(~p1, ~p2, ~p3) (2)

+
1

4!

∫
d~p1d~p2d~p3d~p4

dσ
[2]
4

d~p1d~p2d~p3d~p4
S4(~p1, ~p2, ~p3, ~p4).

Here the dσ[2]
n are the order α2

s contributions to the parton level cross section, cal-
culated with zero quark masses. Each contains momentum and energy conserving
delta functions. The dσ[2]

n include ultraviolet renormalization in the MS scheme. The
functions S describe the measurable quantity to be calculated. We wish to calculate
a “three-jet-like” quantity. That is, S2 = 0. The normalization is such that Sn = 1
for n = 2, 3, 4 would give the order α2

s perturbative contribution the the total cross
section. There are, of course, infrared divergences associated with Eq. (2). For now,
we may simply suppose that an infrared cutoff has been supplied.

The measurement, as specified by the functions Sn, is to be infrared safe, as
described in Ref. [5]: the Sn are smooth, symmetric functions of the parton momenta
and

Sn+1(~p1, . . . , λ~pn, (1− λ)~pn) = Sn(~p1, . . . , ~pn) (3)

for 0 ≤ λ < 1. That is, collinear splittings and soft particles do not affect the
measurement.

It is convenient to calculate a quantity that is dimensionless. Let the functions
Sn be dimensionless and eliminate the remaining dimensionality in the problem by

2



Figure 1: Two cuts of one of the Feynman diagrams that contribute to e+e− → hadrons .

dividing by σ0, the total e+e− cross section at the Born level. Let us also remove the
factor of (αs/π)2. Thus, we calculate

I =
σ[2]

σ0 (αs/π)2
. (4)

Let us now see how to set up the calculation of I in a convenient form. We note
that I is a function of the c.m. energy

√
s and the MS renormalization scale µ. We

will choose µ to be proportional to
√
s: µ = AUV

√
s. Then I depends on AUV . But,

because it is dimensionless, it is independent of
√
s. This allows us to write

I =
∫ ∞

0
d
√
s h(
√
s) I(AUV ,

√
s), (5)

where h is any function with

∫ ∞

0
d
√
s h(
√
s) = 1. (6)

The quantity I can be expressed in terms of cut Feynman diagrams, as in Fig. 1.
The dots where the parton lines cross the cut represent the function Sn(~p1, . . . , ~pn).
Each diagram is a three loop diagram, so we have integrations over loop momenta
lµ1 , lµ2 and lµ3 . We first perform the energy integrations. For the graphs in which
four parton lines cross the cut, there are four mass-shell delta functions δ(p2

J). These
delta functions eliminate the three energy integrals over l01, l02, and l03 as well as the
integral (5) over

√
s. For the graphs in which three parton lines cross the cut, we

can eliminate the integration over
√
s and two of the l0J integrals. One integral over

the energy E in the virtual loop remains. We perform this integration by closing the
integration contour in the lower half E plane. This gives a sum of terms obtained
from the original integrand by some simple algebraic substitutions. Having performed
the energy integrations, we are left with an integral of the form

I =
∑

G

∫
d~l1 d~l2 d~l3

∑

C

g(G,C;~l1,~l2,~l3). (7)
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Here there is a sum over graphs G (of which one is shown in Fig. 1) and there is a
sum over the possible cuts C of a given graph. The problem of calculating I is now
set up in a convenient form for calculation.

If we were using the Ellis-Ross-Terrano method, we would put the sum over cuts
outside of the integrals in Eq. (7). For those cuts C that have three partons in the
final state, there is a virtual loop. We can arrange that one of the loop momenta, say
~l1, goes around this virtual loop. The essence of the ERT method is to perform the
integration over the virtual loop momentum analytically ahead of time. The integra-
tion is often ultraviolet divergent, but the ultraviolet divergence is easily removed by
a renormalization subtraction. The integration is also typically infrared divergent.
This divergence is regulated by working in 3 − 2ε space dimensions and then taking
ε → 0 while dropping the 1/εn contributions (after proving that they cancel against

other contributions). After the ~l1 integration has been performed analytically, the

integrations over ~l2 and ~l3 can be performed numerically. For the cuts C that have
four partons in the final state, there are also infrared divergences. One uses either
a ‘phase space slicing’ or a ‘subtraction’ procedure to get rid of these divergences,
cancelling the 1/εn pieces against the 1/εn pieces from the virtual graphs. In the end,

we are left with an integral
∫
d~l1 d~l2 d~l3 in exactly three space dimensions that can be

performed numerically.
In the numerical method, we keep the sum over cuts C inside the integrations. We

take care of the ultraviolet divergences by simple renormalization subtractions on the
integrand. We make certain deformations on the integration contours so as to keep
away from poles of the form 1/[EF − EI + iε]. Then the integrals are all convergent
and we calculate them by Monte Carlo numerical integration.

Let us now look at the contour deformation in a little more detail. We denote
the momenta {~l1,~l2,~l3} collectively by l whenever we do not need a more detailed
description. Thus

I =
∑

G

∫
dl

∑

C

g(G,C; l). (8)

For cuts C that leave a virtual loop integration, there are singularities in the integrand
of the form EF − EI + iε (or EF − EI − iε if the loop is in the complex conjugate
amplitude to the right of the cut). Here EF is the energy of the final state defined by
the cut C and EI is the energy of a possible intermediate state. These singularities do
not create divergences. The Feynman rules provide us with the iε prescriptions that
tell us what to do about the singularities: we should deform the integration contour
into the complex l space so as to keep away from them. Thus we write our integral
in the form

I =
∑

G

∫
dl

∑

C

J (G,C; l) g(G,C; l+ iκ(G,C; l)). (9)

Here iκ is a purely imaginary nine-dimensional vector that we add to the real nine-
dimensional vector l to make a complex nine-dimensional vector. The imaginary part
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κ depends on the real part l, so that when we integrate over l, the complex vector l+iκ
lies on a surface, the integration contour, that is moved away from the real subspace.
When we thus deform the contour, we supply a jacobian J = det(∂(l+ iκ)/∂l). (See
Ref. [3] for details.)

The amount of deformation κ depends on the graph G and, more significantly, the
cut C. For cuts C that leave no virtual loop, each of the momenta ~l1, ~l2, and ~l3 flows
through the final state. For practical reasons, we want the final state momenta to be
real. Thus we set κ = 0 for cuts C that leave no virtual loop. On the other hand,
when the cut C does leave a virtual loop, we choose a non-zero κ. We must, however,
be careful. When κ = 0 there are singularities in g on certain surfaces that correspond
to collinear parton momenta. These singularities cancel between g for one cut C and
g for another. This cancellation would be destroyed if, for l approaching the collinear
singularity, κ = 0 for one of these cuts but not for the other. For this reason, we
insist that for all cuts C, κ→ 0 as l approaches one of the collinear singularities. The
details can be found in Ref. [3].

Much has been left out in this brief overview, but we should now have enough
background to see how the method works.

3 Example

I present here a simple example, taken from Ref. [3]. Instead of working with
QCD at three loops with many graphs, let’s work with one graph for φ3 theory at
two loops, as shown in Fig. 2.

Figure 2: Sample graph in φ3 theory.

This graph has four final state cuts, as shown in Fig. 3. We will fix the incoming
momentum ~q and integrate over the incoming energy q0. For a measurement function,
we take S(p) =

∑ |~pT,i|, where ~pT is the part of ~p orthogonal to ~q. We make a choice
of contour deformations and of the density ρ of Monte Carlo integration points as
described in [3]. Then we can plot the integrand f divided by the density of points ρ
versus the loop momentum. In a Monte Carlo integration, large f/ρ corresponds to
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Figure 3: Cuts of the sample graph.

large fluctuations, so f/ρ should never be too large. In the two figures that follow,

I plot f/ρ versus the momentum in the left hand loop. Specifically, using the ~kn
defined in Fig. 2, I plotf/ρ versus ~l ≡ ~k2 at fixed ~k4 for ~l in the {~k4, ~q} plane.

Figure 4: Integrand divided by the density of points for the three parton cuts. The collinear
singularities are visible.

In Fig. 4, I show f/ρ summed over the two cut Feynman graphs that have three
partons in the final state, leaving no virtual loop. Evidently, there are singularities.
There is a soft parton singularity (at ~l = 0) that I have cut out of the diagram
and there are collinear parton singularities that are visible in the picture. In the
Ellis-Ross-Terrano method, these cut graphs would be calculated using a numerical
integration. But first a cutoff or other method for eliminating the singularities would
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be needed to eliminate the singular region. The two cuts that leave virtual subgraphs
also lead to singularities along the collinear lines in the space of the loop momentum.
I omit displaying a graph of f/ρ for these two cut Feynman graphs because the
result simply looks like an upside down version of Fig. 4. In the Ellis-Ross-Terrano
method, one takes care of the singularities in the virtual loop by integrating in 3− 2ε
space dimensions. In the numerical method, one combines the integrands for all of the
cuts. Then the collinear singularities disappear, while the soft singularity is weakened
enough that it can be eliminated in f/ρ by building a suitable singularity into ρ. As
suggested by the title for this talk, the cancellation of singularities between real and
virtual graphs happens by itself because it is built into the Feynman rules. The result
for f/ρ summed over all four cuts is shown in Fig. 5. The collinear singularities are
gone, while the soft parton singularity in f has been weakened enough that it is
cancelled by a corresponding singularity in ρ. Thus a Monte Carlo integration of f
using a density of integration points ρ can converge nicely because f/ρ is not singular.

What remains visible in Fig. 5 is a ridge in f/ρ for ~l lying on the ellipsoidal surface

defined by |~k1|+ |~k3| = |~k4|+ |~k5|, where the intermediate state energy in the virtual
graphs matches the final state energy. This ridge is related to an energy denominator
factor 1/[EF−EI+iε] in old fashioned perturbation theory. The numerical integration
method has taken advantage of the iε prescription in the Feynman rules to deform
the integration contour and avoid the singularity.

-2

-1

0

1

Figure 5: Integrand divided by the density of points for all cuts together. The collinear
singularities disappear while the soft parton singularity in f is weakened so that it can be

cancelled by a singularity in ρ.
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4 Prospects

There are a number of promising areas for further research along these lines.
The current program, beowulf [4], does e+ + e− → 3 jets at next-to-leading or-

der. The partons are all massless. With some modifications, the partons could have
masses. Then one could include massive quarks and one could extend the theory to
the complete Standard Model with its massive vector bosons. Furthermore, one could
add supersymmetry interactions.

The current program is confined to processes with no hadrons in the initial state.
Presumably the same idea can be applied to processes with initial state hadrons,
that is electron-proton collisions and proton-proton or proton-antiproton collisions.
Again, one should be able to make the particles massive so that one can extend the
calculations to the complete Standard Model and supersymmetry.

It should also be possible to have more final state partons. That is, one could
attempt to calculate e+ + e− → 4 jets or p+ p → 3 jets at next-to-leading order.

The challenge of the legendary hero Beowulf was to kill the monster Grendel. The
monsters listed above are already dead or at least gravely injured. In particular, all
that beowulf can do could already have been accomplished by the program of Kunszt
and Nason eleven years ago [6]. However, the challenge of calculating e+ +e− → 3 jets
at next-to-next-to-leading order remains unmet, and it may be that a completely
numerical attack would be successful.

A less difficult goal is to use the flexibility inherent in the numerical method to go
beyond fixed order perturbation theory. For instance, one could use running couplings
inside the next-to-leading order graphs as a method for investigating power suppressed
(“renormalon”) contributions to the theory. More importantly, one could put a next-
to-leading order calculation inside a parton shower event generator (or attach parton
showers to the outside of the next-to-leading order calculation) in order to have a full
parton shower event generator that is correct at next-to-leading order for three jet
quantities in e+e− annihilation. This is, of course, not quite trivial [7]. As far as I can
see, the first step is to convert the current algorithms so that they operate in Coulomb
gauge instead of Feynman gauge. In this way, the partons propagating into the final
state have physical polarizations only. Then these physically polarized partons can
split many times to make parton showers. One simply has to avoid counting the same
splittings twice.
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1 Introduction

In perturbative multi-loop calculations, the subtraction of UV-divergences in quantum
field theory generally leads to Green functions which fail to respect the symmetries
of the theory. With the exception of the well-known γ5 problem, the method of
dimensional regularization is compatible with the gauge symmetry but it breaks the
supersymmetry. In these cases a practical method is needed to restore the symmetry
identities of the gauge symmetry or of the supersymmetry. Here the method of
algebraic renormalization [1] supplies a complete solution. However, this method has
rarely been used in practical calculations although it has been applied intensively in
order to demonstrate the renormalizability of various models.

In a recent papers [2, 3], we reviewed the method of algebraic renormalization from
a practical point of view and proposed an algebraic method combining the advantages
of the background field method (BFM) and the simplification of (intermediate) Taylor
subtractions. The method is independent of the regularization scheme; since the local
breaking terms are under control, one can use the most convenient regularization
scheme in a specific application. After a straightforward analysis of the corresponding
(Ward-Takahashi Identities) WTIs and (Slavnov-Taylor Identities) STIs, the spurious
anomalies introduced by a non-invariant regularization scheme were shown to reduce
to a few universal breaking terms which depend only on finite Green’s functions. The
method was already applied to several phenomenologically relevant examples in the
SM, such as the two-loop contributions to the processes H → γγ, to B → Xsγ and
to the three-gauge boson vertices [2, 4, 3].

Because of the experimental precision of standard model observables at LEP
(CERN, Geneva), at SLC (SLAC, Stanford) and at TEVATRON (FERMILAB), cal-
culations of quantum corrections on the two-loop level are necessary; and the γ5 play
a critical role here. The purpose of this note is to offer a theoretical analysis of the
electroweak two-loop contribution to the muon decay using our algebraic method,
and to show its efficiency.

Since a detailed self-contained discussion of the fundamental symmetry constraints
for the SM, of the algebraic renormalization procedure in the BFM, and of our specific
subtraction method can be found in [2, 3], we restrict ourselves here to reviewing
briefly the basic steps of our method (Sec. 2). Then we discuss the muon-decay
amplitude, in particular the gauge-invariant subset of two-loop diagrams which is
sensitive to the γ5 problem (Sec. 3). It is well-known that there is a physical infrared
divergence present in the muon-decay amplitude. For this purpose, we propose an IR
regulator that is manifestly compatible with all the symmetries of the SM (Sec. 4).
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2 General Strategy

In the following, we briefly review the main steps elaborated in [2, 3] to renormalize
a gauge model with a non-invariant regularization technique. The BFM turns out
to be very important for our purposes and, therefore, we quantize the SM in the ‘t
Hooft background gauge [5, 6, 7].

The use of a non-invariant regularization scheme induces breaking terms into the
STIs

S
(
Γ(n)

)
= h̄n∆(n),S +O(h̄n+1) , (1)

which implement the Becchi-Rouet-Stora-Tyutin (BRST) symmetry, and into the
WTIs

W(λ)

(
Γ(n)

)
= h̄n∆(n),W +O(h̄n+1) , (2)

which implement the background gauge invariance of the SM. The definition of S and
W(λ) is given in [2].

The local breaking terms are denoted by ∆(n),S and ∆(n),W . Note that the locality
is a consequence of the Quantum Action Principle. Here and in the following, Γ(n) de-
notes the n-loop order regularized and (minimally) subtracted one-particle-irreducible
(1PI) function. Γ(n) includes the renormalization of all subdivergences. The STIs and
the WTIs are not able to fix the Green functions completely. Indeed it is possible
to add invariant local terms to the action changing the normalization conditions of
the Green functions. A complete analysis on the normalization conditions for the SM
can, for instance, be found in [7].

Acting on the broken WTIs (2) with the Taylor operator (1− T δ) one gets

(1 − T δ)W(λ)

(
Γ(n)

)
= 0 , (3)

where δ has to be chosen in such a way that (1− T δ)∆(n),S/W = 0. After commuting
the Taylor operator (1 − T δ) with W(λ), we obtain

W(λ)

[
(1 − T δ′)Γ(n)

]
=

[
T δW(λ) −W(λ)T

δ′
]

Γ(n) ≡ h̄nΨ(n),W (λ) , (4)

where δ′ is the naive power-counting degree of Γ(n). In general, one has δ ≥ δ′, hence
the commutation of the Taylor operator with W(λ) leads to over-subtractions of Γ(n)

and, thus, to the new breaking terms Ψ(n),W (λ) occurring on the r.h.s. of Eq. (4) (for
more details see [2, 3]). The breaking terms Ψ(n),S(λ) for the STIs are defined in the
same way. Therefore, the application of the Taylor subtraction on Eqs. (1) and (2)
transforms them into

S
(
Γ̂(n)

)
= h̄nΨ(n),S +O(h̄n+1) and W(λ)

(
Γ̂(n)

)
= h̄nΨ(n),S +O(h̄n+1) , (5)

where Γ̂(n) = (1− T δ)Γ(n).
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The breaking terms Ψ(n),S and Ψ(n),W can be expressed in terms of a linear com-
bination of ultra-violet (UV) finite Green functions. Here we assumed that up to
the (n − 1)-loop order the Green functions are already correctly renormalized. The
main difference between Ψ(n),S and Ψ(n),W is due to the linearity of the corresponding
operators S and W(λ). In the former case one has to consider non-linear terms aris-
ing from lower loop orders. On the contrary, the linearity of the WTIs enormously
simplifies the evaluation of the breaking terms and of counterterms.

Finally, we introduce

IΓ(n) = Γ̂(n) − Ξ(n) = (1− T δ)Γ(n) − Ξ(n) , (6)

where Ξ(n) is chosen in such a way that the following identities are fulfilled:

S
(
IΓ(n)

)
= 0 , W(λ)

(
IΓ(n)

)
= 0 . (7)

In general, it is quite simple to compute the counterterm, ΓC.T. = T δΓ(n) + Ξ(n),
as it can be expressed in terms of Green functions expanded around zero external
momenta.

As already mentioned above, there is still the freedom to add invariant counter-
terms. In other words, we have the freedom to impose normalization conditions that
lead in addition to Eqs. (7) to the following equation being fulfilled:

Ni
(
IΓ(n)

)
= 0 , (8)

where the index i runs over all independent parameters of the SM. As the Green
function Γ(n) also has to fulfill this condition we have for the counterterm

Ni
(
T δΓ(n) + Ξ(n)

)
= 0 , (9)

which is a local equation. This means that, whenever the effort to impose the nor-
malization conditions is done the changes due to the subtraction are only a local
changes which can be easily compensated. For clarity let us consider an example: for
the condition on the W boson mass we could choose N1(Γ

(n)

Ŵ+Ŵ−
) = Γ

(n),T

Ŵ+Ŵ−
(p∗) = 0

where the superscript T stands for the transverse part and Re(p∗) = MW . Notice
that the imposition of normalization conditions is a very important ingredient for the
computation in order to compare with other schemes and in order to simplify the
breaking terms themselves.

The procedure described so far is heavily based on the Taylor operator T δ. In the
presence of massless particles this may introduce infra-red (IR) divergences. In [4] we
presented a modified procedure which resolves this spurious IR problem generally.
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νµ

µ− νe

e−

νµ
µ−

νe

e−

νµ

µ− νe

e−

Figure 1: Example ofO(Nfα
2) contributions to the muon decay amplitude with a two-loop

three-point, two-loop two-point function and with box contribution

3 Muon Decay Amplitude

3.1 General settings

• Muon decay amplitude

We want to focus on the O(Nfα
2) contributions including the two-loop three-

point functions ΓŴ+
µ νe

(pν , pe)
∗ with a Ŵ and an electron (muon) and electron-

(muon-) neutrino. This subgroup of O(Nfα
2) contributions to the muon decay

amplitude is the most delicate one regarding the γ5-problem. An example is
given in Fig. 1.

There are further contributions at the two-loop level such as the diagrams in-
cluding the two-loop-two-point function ΓŴ+

µ Ŵ
−
ν

(p) (Fig. 1). These have already

been discussed within our approach in [4], but there are no problems with γ5

there. Moreover, there are two-loop box diagrams with a gauge-boson self-
energy inside (as shown in the last diagram of Fig. 1).

Thus, let us focus on contributions like the one shown in the first picture of
Fig. 1. We have to consider the complete gauge-invariant subset of two-loop
contributions to the three-point function ΓŴ+

µ νe
(pν , pe). Actually, there are

various types of diagrams shown in Fig. 2. Here we note that only the first two
diagrams in Fig. 2 change when switching from a conventional gauge to the ‘t
Hooft-background gauge.

∗All momenta are considered as incoming. In the Green functions Γφ1...φn they are assigned to
the corresponding fields starting from the right. The momentum of the most left field is determined
via momentum conservation. Ŵ denotes the background field corresponding to the quantum field
W .

4



νe

e−

WWµ

Z, γ
Z, γ

νe

e−
Wµ Z, γ

W
W

νe

e−

W
Wµ

Z, γ

W
Wµ

Z, γ
e−

νe

νe

e−

Wµ

Z, γ

Z, γ

νe

e−

Wµ

Z, γ

W
νe

e−

Wµ

W

W

W

Z, γ
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Figure 2: Gauge-invariant subset of O(Nfα
2) contributions to the muon decay including

vertex and external leg corrections.

• IR problems

Among the O(Nfα
2) gauge-invariant subset of diagrams (see Fig. (2)), one has

to consider those with a virtual photon. Those diagrams are potentially IR
divergent and only the O(Nfα

2) contributions to the physical amplitude, after
the inclusion of the Bremsstrahlung radiation of the external electron and muon,
turn out to be finite.

Historically [8], the virtual photon contributions, namely the pure QED cor-
rections, are analysed separately from the electroweak corrections by using a
suitable decomposition of massless propagators. In that spirit, the pure QED
corrections have been computed in [9, 10, 11] and the remaining complete elec-
troweak corrections are IR finite. In paper [12] the O(Nfα

2) corrections are
computed in the MS scheme and the massless quark approximation has been
used. In [13, 14] the exact fermionic contributions, in on-shell scheme, are taken
into account. However, since we are not interested in the explicit evaluation of
the muon amplitude, but only to present a procedure to handle the γ5 prob-
lem in the present process, we will not disentangle the QED corrections in our
considerations.

As a consequence, we have to keep the possible IR divergences under control,
namely we have to be sure that all the steps of the computation are IR regu-
lated. The situation is worsened by the fact that, according to our procedure,
the Taylor expansion in Eqs. (4) is performed at zero momentum. For those
purposes, we propose a BRST invariant IR regularization for the photon within
the SM (see Sec. 4). This method regulates both physical and spurious IR
divergences simultaneously.
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An alternative approach to IR problems is the following: regarding γ5, the
delicate diagram is shown in the first picture of Fig. (1) which belong to the
pure vertex corrections ΓŴ+

µ νe
(pν , pe). Luckily, this vertex Green function is

the simplest one – compared to box and external-leg corrections – from the IR
perspective. This is because its physical IR singularities are induced only by
the on-shell wave-function renormalization.

Therefore, we can also avoid the physical IR problems by choosing an off-shell
renormalization procedure. There are two ways of doing this: i) either one
imposes an on-shell renormalization for the neutrino and, as a consequence of
WTIs, an off-shell renormalization prescription of the electron is automatically
provided (see next section), ii) or one can also choose a MS wave-function
renormalization for external fermions which is infrared finite and compatible
with the background gauge invariance.

Finally, to handle the spurious IR problems generated by means of the Tay-
lor subtraction, a modification of the procedure is discussed in [4]. Here, the
modified breaking terms Ψ(2),W , occurring in the WTI for the Green function
ΓŴ+

µ νe
(pν , pe), is written explicitly.

• Kinematic approximations

The specific kinematic situation allows for some simplifications: in ΓŴ+
µ νe

(pν , pe)
the W is off-shell, while both the electron and the electron-neutrino are on-shell.
We can make the approximation p2

W = 0 and neglectmmuon/mW -terms, because
the muon is almost at rest. All momenta squared are zero, and hence

pW = pν = pe = 0 . (10)

In the following we will derive all symmetry constraints for the general kinematic
case and then specify to the zero-momentum setting (10).

• Subdivergences

Considering only the O(Nfα
2) contributions to the two-loop three-point ver-

tex function Γ
(2)

Ŵ+
µ νe

(pν , pe), we have to take into account three kinds of one-

loop subdivergences: the three-gauge boson vertices with one background and
two quantum fields (they have been largely discussed in [4] within the BFM
framework), the quantum gauge boson self-energies (they have been analysed
in [2, 3] without and with the BFM; in particular, in [3] the conversion from
background field amplitudes to quantum ones is completely exploited) and the

one-loop Γ
(1)

Ŵ+νe
(pν , pe) amplitude together with their corresponding scalar ver-

tices where the gauge boson is replaced by the Goldstone boson (notice that
this amplitude appears also as subdivergence for two-loop three-gauge boson
vertices and it is extensively discussed in [4]).
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Moreover, the renormalization of one-loop amplitudes can be quite easily han-
dled within different regularization techniques, therefore we can assume, for
the time being, that the one-loop Green functions already satisfy the WTIs (or
the STIs) and fulfill certain normalization conditions. Nevertheless, to apply
our procedure, we have to compute the one-loop counterterms which must be
inserted in one-loop graphs. By using the notation of the introduction, these
counterterms are given by

IΓ(n) = Γ̂(n) − Ξ(n) = Γ(n) −
[
T δΓ(n) + Ξ(n)

]

= Γ
(n)
bare − Γ

(n)
UV −

[
T δΓ

(n)
bare + T δΓ

(n)
UV + Ξ(n)

]
. (11)

In the second line we have introduced the bare Green function Γ
(n)
bare in addition.

This quantity is defined by Γ(n) = Γ
(n)
bare−Γ

(n)
UV where Γ

(n)
UV denotes the necessary

UV counterterms computed in the specific regularization used in the calculation.
Of course, the complete one-loop counterterms, namely IΓ(n)−Γ

(n)
bare, have to be

taken into account at the two-loop level.

For instance, in the case of charged gauge-boson self-energies, given IΓ
(1)

W+
µ W

−
ν

(p)

(which satisfy the normalization conditions and the corresponding STIs) and

given Γ
(1)

W+
µ W

−
ν

(p), computed in the same regularization as will be used in the

two-loop computation of Γ
(2)

Ŵ+
µ νe

(pν , pe), the counterterms are

Γ
(1),C.T.

W+
µ W

−
ν

(p) = T 2
p

(
Γ

(1)

W+
µ W

−
ν

(p)
)

+ Ξ
(1)

W+
µ W

−
ν

(p) ,

Ξ
(1)

W+
µ W

−
ν

(p) = ξ
(1)
W,1 p

2gµν + ξ
(1)
W,2 pµpν + ξ

(1)
MW

gµν , (12)

where

ξ
(1)
W,1 =

1

144

(
5 ∂2

p IΓ
(1)

W+
µ W

−
µ

(p)
∣∣∣∣
p=0
− 2 ∂pµ∂pν IΓ

(1)

W+
µ W

−
ν

(p)
∣∣∣∣
p=0

)
,

ξ
(1)
W,2 =

1

72

(
−∂2

p IΓ
(1)

W+
µ W

−
µ

(p)
∣∣∣∣
p=0

+ 4 ∂pµ∂pν IΓ
(1)

W+
µ W

−
ν

(p)
∣∣∣∣
p=0

)
,

ξ
(1)
MW

=
1

4
IΓ

(1)

W+
µ W

−
µ

(p)
∣∣∣∣
p=0

. (13)

In the same way, all the other possible one-loop divergences can be computed
once the renormalized Green functions IΓ(1) are known.

In some cases, the BFM does not achieve great advantages (for instance, in the
cases of amplitudes with external fermions only) at the practical level and, on
the other hand, it could be convenient to use the conventional gauge fixing.
However, the Green functions computed with external background fields can
be easily related to those with external quantum fields by using the extended
versions of the BRST symmetry.
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3.2 Two-loop vertex function

Working in the framework of the BFM, there is only one WTI for the vertex function
Γ

(2)

Ŵ+
µ νe

(pν , pe) that has to be evaluated at two loops (cf. [2]):

i (pν + pe)ρ Γ
(2)

Ŵ+
ρ νe

(pν , pe) + iMWΓ
(2)

Ĝ+νe
(pν , pe)

+
ie

sW
√

2

[
Γ

(2)
νν (−pν)PL − PRΓ

(2)
ee (pe)

]
= ∆

(2),W
λ+νe

(pν , pe) .

(14)

Here ∆
(2),W
λ+νe (pν , pe) is a polynomial of the external momenta pν and pe of max-

imum degree 1. We define the weak mixing angle through the on-shell relation
cW = MW /MZ as we want to maintain the form of the WTIs to be the same to
all orders. PL/R = (1∓ γ5)/2 are the chiral projectors.

The breaking terms in (14) are generated by a non-invariant regularization pro-
cedure, for instance by using the ‘t Hooft-Veltman definition of γ5 [15]. To remove
them, according to the procedure described in [2, 4], we apply the Taylor operator
(1− T 1

pν ,pe), obtaining

i (pν + pe)ρ

[(
1− T 0

pν ,pe

)
Γ

(2)

Ŵ+
ρ pνpe

(pν , pe)
]

+ iMW

[(
1 − T 0

pν ,pe

)
Γ

(2)

Ĝ+νe
(pν , pe)

]

+
ie

sW
√

2

{[(
1− T 1

pν

)
Γ

(2)
νν (−pν)

]
PL − PR

[(
1− T 1

pe

)
Γ

(2)
ee (pe)

]}
= Ψ

(2),W
λ+νe

(pν , pe) .

(15)

where

Ψ
(2),W
λ+νe

(pν , pe) = iMW

(
pρν∂pρν + pρe∂pρe

)
Γ

(2)

Ĝ+νpe
(pν , pe)

∣∣∣∣∣
pν=pe=0

, (16)

are finite and are generated by means of the over-subtraction.
Notice that the computation of Ψ

(2),W
λ+νe can be also performed without encountering

any UV divergences. For that purpose, it is sufficient to implement the subtraction
of UV subdivergences directly in such a way that all the diagrams are always finite.
Technically, we suggest the use of Zimmermann’s subtraction formula [16]. Since all

the integrals involved can be performed analytically, Ψ
(2),W
λ+νe

can be evaluated exactly.
In this way, we use the Dirac algebra in 4 dimensions without any ambiguities.

Notice that the zero momentum subtraction in Eq. (15) removes exactly the con-
tribution that we would like to evaluate to compute the muon decay amplitude in the
approximation (10). However, this contribution can be computed as a counterterm.
Notice in fact that, the local part of the muon decay amplitude is totally fixed when
the normalization conditions for fermion two-point functions and the WTIs are used.
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By using the parametrization

Ξ
(2)

ψψ
(p) = ξ

(2)
2,ψ (6p−mψ) + ξ

(2)
ψ mψ , ψ = ν, e

Ξ
(2)

Ŵ+
µ νe

(pν , pe) = ξ
(2)

L,Ŵ+νe
γµPL + ξ

(2)

R,Ŵ+νe
γµPR , (17)

for two- and three-point functions, and decomposing the breaking terms into scalar
functions

Ψ
(2),W
λ+νe

(pν , pe) = i
(
ψ

(2)
1 6pνPL + ψ

(2)
2 6pνPR + ψ

(2)
3 6pePL + ψ

(2)
4 6pePR

)
, (18)

we have the solution

ξ
(2)

R,Ŵ+νe
= ψ

(2)
2 = ψ

(2)
4 ,

ξ
(2)

L,Ŵ+νe
=

e

sW
√

2
ξ

(2)
2,ν + ψ

(2)
1 ,

ξ
(2)
2,e = ξ

(2)
2,ν +

sW
√

2

e

(
ψ

(2)
1 − ψ(2)

3

)
, (19)

for the coefficients. Notice that the equality ψ
(2)
2 = ψ

(2)
4 follows from the consistency

conditions (see, for example, the discussion in [2]) and it provides a check of the
computation of the breaking terms. In addition, from Eqs. (19), it emerges that

ξ
(2)
2,e = ξ

(2)
2,ν in the case of invariant regularization techniques, namely when ψ

(2)
i =

0, ∀i. This means that we are not allowed to impose any arbitrary normalization
conditions for fermion residues. If the neutrino is renormalized in such a way that
its residues is equal to 1, the electron residue will be clearly different from 1. In this
way, we have a partial on-shell scheme, we maintain the background gauge symmetry
and we can avoid the physical IR divergences for the vertex amplitude.

The final result, namely diagram computation plus counterterms, can be written
in the following way

IΓ
(2)

Ŵ+
µ νe

(pν , pe) = Γ
(2)

Ŵ+
µ νe

(pν , pe)

−
[
T 0
pν ,peΓ

(2)

Ŵ+
µ νe

(pν , pe) + ξ
(2)

L,Ŵ+νe
γµPL + ξ

(2)

R,Ŵ+νe
γµPR

]
. (20)

The parameters ξ(2)
ν and ξ(2)

e are used to impose mass renormalization conditions on
the fermion self-energies.

From this we learn that the symmetric amplitude IΓ
(2)

Ŵ+
µ νe

at zero momentum is

just given by the universal counterterm:

IΓ
(2)

Ŵ+
µ νe

(pν = 0, pe = 0) = −ξ(2)

L,Ŵ+νe
γµPL − ξ(2)

R,Ŵ+νe
γµPR . (21)

The proposed procedure allows for an efficient computation of the amplitude IΓ
(2)

Ŵ+
µ νe

at two-loop order avoiding the γ5 problem. In the literature, different techniques
with different prescription of γ5 have been used to evaluate the Feynman diagrams of
IΓ

(2)

Ŵ+
µ νe

, however we believe that a rigorous check of these result is desirable.
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4 Massive U(1) BRST symmetry within the SM

It is a well-known problem that in the computation of Green’s function there are IR
divergences due to the vanishing photon mass. In this brief section, we will describe
how to perform a regularization of the photonic IR divergences in a way that is
consistent with the BRST symmetry of the SM and, thus, preserves the unitarity of
the model (see also [18]). The choice of such a regulator is motivated essentially by
the fact that it regulates both the physical and spurious IR divergences.

We will refer to the Stueckelberg method (see [19, 20] and references therein). This
method gives rise to unsolvable renormalization problems in the case of Yang-Mills
fields, which only can only be resolved through the Higgs mechanism. However, in
the abelian case it provides a manifestly BRST (and the background gauge) invariant
model of massive QED.

For pedagogical purposes, we present a short digression regarding the Stueckelberg
formalism in QED. The Lagrangian is given by

L = − 1

4g2
Fµν

2 +
m2

2g2
(Aµ −

1

m
∂µϕ)2 + s(cF) + Lmatter ,

Lmatter = Ψ(i 6∂ −M)Ψ + Ψγµ(Aµ −
1

m
∂µϕ)Ψ , (22)

where Fµν = ∂µAν − ∂νAµ.
The apparent non-renormalizable derivative coupling Ψγµ∂µϕΨ can be absorbed

by a field redefinition

ψ = e
i
m
ϕΨ, Lmatter = ψ(γµ(i∂µ +Aµ)−M)ψ. (23)

Notice that in the non-abelian case a redefinition of fields of type (23) will generate
new non-eliminable non-renormalizable terms [20].

The BRST transformations of the fundamental fields are given by

sÂµ = 0 , Âµ = Aµ −
1

m
∂µϕ ,

sϕ = mc , sc = 0 , (24)

sc = b , s b = 0 .

Thus, the BRST multiplets consist of two trivial pairs (ϕ, c), (c, b) and one singlet
Âµ = Aµ − 1

m
∂µϕ. This means that the physical spectrum will be independent of

(ϕ, c) and (c, b).
In the gauge-fixing-ghost term s(cF), F is a real bosonic function of all the fields

and their derivatives. For example, the ‘t Hooft-Feynman gauge fixing

F =
1

g2
(
1

2
b− ∂µAµ −mϕ) , (25)
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leads directly to noninteracting ghosts c and c. Moreover, the Â − ϕ sector does
not contain higher derivatives or dipoles. The field strengths Fµν calculated from A

and from Â coincide. The field b is auxiliary with the algebraic equation of motion
b = ∂µAµ +mϕ Thus, the L defines a massive abelian gauge field coupled to matter
fields.

To extend the Stueckelberg formalism to the SM quantized in the background
gauge, the scalar field ϕ transforms under the BRST symmetry† and under the back-
ground gauge transformations in the following way

sϕ = µ c , δ(λ)ϕ = µλ , (26)

where λ is the infinitesimal parameter of the background gauge transformations. µ is
the IR regulator and c is the U(1) ghost. The latter can be written in terms of the
combination c = cW cA + sW cZ, where cA and cZ are the photon ghost and the ghost
associated with the Z boson, respectively. It follows that a term like

ΓStu =
∫
d4x

(
1

2
∂µϕ∂

µϕ− µ∂µϕBµ +
µ2

2
BµBµ

)
, (27)

is BRST and background gauge invariant for all the values of the parameter µ and
the last term provides a mass term for the Bµ fields. Other ϕ-dependent invariant
terms can be constructed, however it is easy to show that all of them, but (27), can
be reabsorbed by a simple redefinition of the field Bµ (cf. [20]). In addition, in order
to deal with diagonal two-point functions the ‘t Hooft gauge fixing

ΓStu,g.f . = s
∫
d4x c

(
∂µBµ − ρµϕ + ξ0b

)

=
∫
d4x

[
b (∂µBµ − ρµϕ + ξ0b)− c ∂2c+ ρµ2c c

]
, (28)

is used. Here ξ0 is the conventional gauge fixing parameter of the U(1) sector and ρ
is the ‘t Hooft parameter. With this gauge fixing, it is easy to see that the gauge field
Bµ, the scalar field ϕ and the ghosts c, c (with masses µ2, ρ2µ2/ξ0 and ρµ2) form a
quartet which ensures the unitarity of the model. Notice that the BRST variation of ϕ
says that this field corresponds to a would-be-Goldstone boson, and the spontaneous
symmetry breaking mechanism – in the abelian case – can be implemented without
the Higgs counterpart.

In the SM framework, the field Bµ does not coincide with the physical photon
field, but the mixing with the third component of SU(2) gauge boson triplet W 3

µ has
to be considered. We have to cancel this term by modifying the gauge fixing function
FB (cf. [2], Eq. (A.3)) for the abelian field in the following way

FB = ∂µBµ + ρ0(Φ̂ + v)it0ij (Φ + v)j +
ξ0

2
b −→ FB − ρµϕ , (29)

†Notation, definitions, and quantum numbers can be found in [2].
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where ρ is the t’Hooft parameter for the ϕ field. By eliminating the Lagrange multi-
plier b, we have the gauge fixing terms

Lg.f . = − 1

2ξ0

[
∂µBµ − ρµϕ+ ρ0(Φ̂ + v)it0ij (Φ + v)

j
]2

= − 1

2ξ0
(∂µBµ)2 − ρ2µ2

2ξ0
ϕ2 − ρ0g

′2v2

2ξ0
G2 +

ρρ0µvg
′

2ξ0
ϕG

+
ρµ

ξ0
∂µBµ ϕ−

ρ0vg
′

ξ0
∂µBµG

−ρvg
′

2ξ0
(∂µBµ − µρϕ)

(
H Ĝ − Ĥ G

)
− ρ2g′2v2

2ξ0

(
H Ĝ − Ĥ G

)2
, (30)

where g′ is the U(1) gauge coupling, v is the vacuum expectation value, G and H
are the Goldstone boson and the Higgs field, respectively, while Ĝ and Ĥ are their
background partners. The first line contains the contribution to the quadratic part
of the action, this shows that also the masses of the Goldstone boson G are modified
by the introduction of the Stueckelberg field ϕ. The mixed terms ϕ∂µBµ and G∂µBµ

are cancelled (in the restricted ‘t Hooft gauge) by the mixing terms coming from the
covariant derivatives of the kinetic terms (i.e. from Eq. (27)). Finally the last terms
describe the interactions between ϕ and the other fields. As can be noticed all the
interaction terms depend on the background fields. Therefore, the Stueckelberg ϕ field
can be generated only if the fields Ĝ or Ĥ appear as external vertices of the amplitude
or due to the mixing with the neutral Goldstone boson. This is the only difference
between the Stueckelberg formalism and its application to the SM quantized in the
background gauge.
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Because of the level of experimental precision attained in measuring the elec-
troweak parameters at LEP, SLC, and Tevatron, a full two-loop analysis is desirable.
This will be even more necessary in view of the precision envisioned at future colliders
such as the LHC, NLC, and the GigaZ.

While several two-loop quantities are already included in standard electroweak
fitting programs such as ZFITTER [1], they are often obtained within certain ap-
proximations where one can neglect certain masses or can perform a mass expansion
of Feynman graphs. These approximation techniques, while ingenious, were used
because the exact Feynman integrals typically lead to complicated scalar functions
which often cannont be evaluated analytically, in a closed form, in terms of usual
special functions. During the past decade, the existing work on massless [2] and mas-
sive [3]–[11] two-loop graphs made it clear that for the general mass case, a certain
amount of numerical work is unavoidable.

Here we discuss the status of a hybrid, analytical-numerical approach to two-
loop radiative corrections with arbitrary masses. The aim is to treat any two-loop
graph, of any topology, by using the same algorithm, so that the general recipe can
be encoded in a computer program. Such an approach was developed in ref. [5], and
was successfully applied to several physical processes [6]–[8].

At the center of this approach is the introduction of a set of ten basic functions,
h1—h10, defined by the following one-dimensional integral representations:

h1(m1,m2,m3; k
2) =

∫ 1

0
dx g̃(x)

h2(m1,m2,m3; k
2) =

∫ 1

0
dx [g̃(x) + f̃1(x)]

h3(m1,m2,m3; k
2) =

∫ 1

0
dx [g̃(x) + f̃1(x)] (1− x)

h4(m1,m2,m3; k
2) =

∫ 1

0
dx [g̃(x) + f̃1(x) + f̃2(x)]

h5(m1,m2,m3; k
2) =

∫ 1

0
dx [g̃(x) + f̃1(x) + f̃2(x)] (1− x)

h6(m1,m2,m3; k
2) =

∫ 1

0
dx [g̃(x) + f̃1(x) + f̃2(x)] (1− x)2

h7(m1,m2,m3; k
2) =

∫ 1

0
dx [g̃(x) + f̃1(x) + f̃2(x) + f̃3(x)]

h8(m1,m2,m3; k
2) =

∫ 1

0
dx [g̃(x) + f̃1(x) + f̃2(x) + f̃3(x)] (1− x)

h9(m1,m2,m3; k
2) =

∫ 1

0
dx [g̃(x) + f̃1(x) + f̃2(x) + f̃3(x)] (1− x)2

h10(m1,m2,m3; k
2) =

∫ 1

0
dx [g̃(x) + f̃1(x) + f̃2(x) + f̃3(x)] (1− x)3 , (1)
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where:

g̃(m1,m2,m3; k
2;x) = Sp(

1

1− y1
) + Sp(

1

1− y2
) + y1 log

y1

y1 − 1
+ y2 log

y2

y2 − 1

f̃1(m1,m2,m3; k
2;x) =

1

2

[
−1 − µ2

κ2
+ y2

1 log
y1

y1 − 1
+ y2

2 log
y2

y2 − 1

]

f̃2(m1,m2,m3; k
2;x) =

1

3


− 2

κ2
− 1 − µ2

2κ2
−
(

1 − µ2

κ2

)2

+y3
1 log

y1

y1 − 1
+ y3

2 log
y2

y2 − 1

]

f̃3(m1,m2,m3; k
2;x) =

1

4


− 4

κ2
−
(

1

3
+

3

κ2

)(
1− µ2

κ2

)
− 1

2

(
1 − µ2

κ2

)2

−
(

1− µ2

κ2

)3

+y4
1 log

y1

y1 − 1
+ y4

2 log
y2

y2 − 1

]
. (2)

Here we use the following notations:

y1,2 =
1 + κ2 − µ2 ±

√
∆

2κ2

∆ = (1 + κ2 − µ2)2 + 4κ2µ2 − 4iκ2η , (3)

and

µ2 =
ax+ b(1− x)

x(1− x)

a =
m2

2

m2
1

, b =
m2

3

m2
1

, κ2 =
k2

m2
1

. (4)

The evaluation of these ten functions is best done by numerical integration.
By using an adaptative deterministic numerical integration algorithm, these one-
dimensional integrals can be calculated fast and very precisely. By numerical inte-
gration, we plot these ten basic functions in figure 1 for a range of their kinematic
variables.

Within the method we discuss here, any two-loop diagram with arbitrary masses is
first reduced to multi-dimensional scalar integrals involving these ten basic functions
hi. In ref. [5] we have shown that this can always be done for any two-loop diagrams
occuring in renormalizable theories. We note in passing that for the case of non-
renormalizable theories this set of ten functions hi in general needs to be extendeed
to include additional functions.
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Figure 1: Plots of the ten basic functions hi(m
2
1, m

2
2, m

2
3;−k2) as a function of the external

momentum variable k2. The plots given here are for m2
1 = m2

2 = m2
3 = 1.

� ���� ���������� ����
	��

Figure 2: Expressing generic massive two-loop Feynman diagrams as integrals over sunset-

type functions.

This reduction procedure starts by introducing Feynman parameters in the orig-
inal Feynman graph in order to relate the integral to sunset-type integrals. This is
illustrated in figure 2.

At his point, the Feynman graph is written as a multi-dimensional integral over
tensor integrals of the following type:

∫
dnp dnq

pµ1 . . . pµiqµi+1 . . . qµj

[(p+ k)2 +m2
1]
α1 (q2 +m2

2)
α2 (r2 +m2

3)
α3

. (5)

In the following step, these tensor integrals are decomposed into scalar integrals,
whereby the Lorentz structure is constructed from the vector kµ and the metric tensor
gµν . This can be carried out systematically by decomposing the loop momenta p an
q into components parallel and orthogonal to kµ. For instance, the decomposition of
all tensor integrals up to rank three is the following:

3



1

[211]
= 1A1 ,

pµ

[211]
= kµ2A1 ,

qµ

[211]
= kµ3A1

pµpν

[211]
= τµν4A1 + gµν4A2 ,

pµqν

[211]
= τµν5A1 + gµν5A2 ,

qµqν

[211]
= τµν6A1 + gµν6A2

pµpνpλ

[211]
= (τµνkλ + τµλkν + τ νλkµ)7A1 + (gµνkλ + gµλkν + gνλkµ)7A2

qµpνpλ

[211]
= (τµνkλ + τµλkν + τ νλkµ)8A1 + (gµνkλ + gµλkν + gνλkµ)8A2

pµqνqλ

[211]
= (τµνkλ + τµλkν + τ νλkµ)9A1 + (gµνkλ + gµλkν + gνλkµ)9A2

+(gµνkλ + gµλkν − 2gνλkµ)9A3

qµqνqλ

[211]
= (τµνkλ + τµλkν + τ νλkµ)10A1 + (gµνkλ + gµλkν + gνλkµ)10A2 (6)

In the formulae above, a loop integration
∫
dnp dnq is understood, and we used the

following notations:

[211] = [(p+ k)2 +m2
1]2 (q2 +m2

2) (r2 +m2
3) , τµν = gµν − kµkν

k2
(7)

In ref. [5] we have shown that all the scalar coefficients iAj involved in this tensor
decomposition are directly expressible in terms of the ten basic functions hi, up to
trivial one-loop tadpole integrals. In all the formulae above, we have considered only
integrals with a special combination of propagator powers, namely [211] of eq. 6.
Where integrals with higher powers are needed, they can be obtained directly by
mass diferentiation. The only two-loop combination with lower power, [111], can be
obtained from [211] by a recursion formula obtained by partial integration [5].

After performing these steps, the Feynman graph is decomposed into scalar inte-
grals expressed essentially as multiple integrals over hi functions, plus trivial one-loop
tadpole-type contributions. All necessary formulae to perform this reduction are given
in ref. [5]. They were encoded into computer algebra programs for automatizing the
reduction.

Once this standard integral representation is obtained for all Feynman graphs in-
volved in a physical process, the final step consists in a numerical multi-dimensional
integration of these expressions. The numerical integration uses an adaptative de-
terministic algorithm, similar to the numerical integration for the hi functions. This
ensures an efficient and precise evaluation of the integrals.

Several physical calculations have been performed so far by using this method.
As a two-point example to test the reduction algorithm and the reliability of the
numerical integration, in figure 3 we show the mixed electroweak-QCD Feynman

4
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Figure 3: The two-loop Feynman graphs which contribute to the b-mass dependent correction

of O(αsg
2) to the top self-energy. Only the counterterm diagrams are shown which are

needed for subtracting the infinities of the imaginary part of the self-energy, which gives the

O(αs) correction to the t→ W + b decay.

mt [GeV] 160 165 170 175 180

Γtreet [GeV] 1.127 1.260 1.402 1.553 1.712

δΓ1−loop
t [GeV] -.092 -.104 -.117 -.132 -.149

Table 1: The O(αs) correction to the top decay t→ W + b as obtained from the imaginary

part of the two-loop top self-energy of figure 1, integrated numerically. We took GF =
1.16637 · 10−5 GeV−2, mW = 80.41 GeV, mb = 4.7 GeV, and αs(mt) = .108.

graphs which contribute to the top quark self-energy at two-loop. By calculating the
self-energy function Σ(p ·γ) = Σ1(p ·γ)+γ5 ·Σγ5(p ·γ) at two-loop, from its imaginary
part one can extract the top decay width up to O(αs), as Γt = 2 · ImΣ1(p · γ = mt).
Since this correction is known in an analytic form, this provides a good check on our
two-loop algorithm. The results for the correction to the width, obtained from the
imaginary part of the two-loop self-energy, are given in table 1. They agree with the
existing analytic results.

As a three-point example, in figure 4 we show the diagrams which contribute to
the top-dependent decay process Z → bb.

A point which deserves special attention in this case is the presence of IR di-
vergences. Because the general formulae of the hi functions are derived for general,
finite masses, IR divergences in our method are not automatically extracted as poles
in the space-time regulator, as is costumary in QCD calculations. IR divergences

5
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Figure 4: Two-loop three-point diagrams contributing to Z → bb at O(αsg
2).

in our approach usually appear as end-point singularities in the Feynman parameter
integration over hi functions, and therefore require a special treatment.

For both cases at hand – the top quark self-energy and the Z → bb decay – one
possible approach is to use a mass regulator for the gluon. While in general this is
not possible for non-abelian theories becaus it does not preserve the Slavnov-Taylor
identities, in the particular case of these mixed electroweak-QCD corrections this is a
correct procedure because at this order the IR structure is the same as in the abelian
case.

Another approach is to extract the IR structure of the graphs analytically before
numerical integration. This can be done in the form of one-loop integrals which can
be handled separately in an analytical way, by usual dimensional regularization. This
is illustrated in fig. 5. Once the IR divergences are extracted in the form of one-loop
integrals, the two-loop integration can be carried out numerically.

We give in table 2 numerical results for all two-loop Feynman graphs involved in
this process. The numerical results are after the extraction of the UV poles. The IR
singularities are subtracted as shown in figure 5. The numerical integration accuracy

6
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Figure 5: Extracting the infrared divergent pieces of the two-loop diagrams analytically. The
infrared divergency of the two-loop diagram is the same as the infrared divergency of the

product of the two one-loop diagrams obtained by “freezing” the common line in the loop
momenta integration.
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diagram mt = 165 GeV mt = 175 GeV mt = 185 GeV

V1 −1.009 · 10−3 −7.187 · 10−4 −4.057 · 10−4

V2 − V (IR)
2 (−2.873 + i2.122) · 10−3 (−2.490 + i1.147) · 10−3 (−2.087 + i.09274) · 10−3

V3 1.545 · 10−3 2.255 · 10−3 3.034 · 10−3

V4 − V (IR)
4 (1.215 − i2.481) · 10−2 (1.242 − i2.570) · 10−2 (1.266 − i2.660) · 10−2

V5 2.107 · 10−2 2.469 · 10−2 2.861 · 10−2

V6 − V (IR)
6 (3.089 − i4.257) · 10−2 (3.500 − i4.824) · 10−2 (3.950 − i5.445) · 10−2

V7 − V (IR)
7 (−.7778 + i1.281) · 10−2 (−.8001 + i1.349) · 10−2 (−.8232 + i1.420) · 10−2

V8 −1.059 · 10−3 −1.474 · 10−3 −1.942 · 10−3

V9 6.289 · 10−2 6.703 · 10−2 7.143 · 10−2

V10 −1.402 · 10−2 −1.389 · 10−2 −1.380 · 10−2

Table 2: Numerical values for the two-loop diagrams shown in figure 4. V1–V10 are the sums
of the corresponding W and φ exchange graphs. An overall color and coupling constant

factor of iγµ(1−γ5)αs(g
3/12 cosθW ) is understood. The UV and IR divergences are removed

as discussed in the text.

is 10−3. The evaluation of a total of 78 Feynman graph evaluations with this precision
required 100 hours computing time on a 600 MHz Pentium machine.

To conclude, we developed an algorithm for the tensor reduction of massive two-
loop diagrams. It applies in principle to any massive two-loop graph, and it can be
automatized in the form of a computer algebra program. The tensor decomposition
algorithm results in a multi-dimensional integral over a set of ten basic functions hi,
which are defined in terms of one-dimensional integral representations. We described
the numerical methods which we used for carrying out the remaining integrations.

We have shown how these techniques work in the case of two realistic calculations
of mixed electroweak-QCD radiative corrections. The first example is the two-loop
top quark self-energy from which the O(αs) correction to the top quark decay width
can be extracted and compared with the analytical result. The second example is
a three-point calculation involving all two-loop diagrams which contribute to the
top-dependent decay process Z → bb. Thus we have shown that the techniques
we described can be used in realistic calculations, where several internal mass and
external momenta scales are involved.

This approach works for any such combination of kinematic variables, apart from
possible infrared complications. In the context of the Z → bb example, we discussed
the analytical separation of the infrared divergencies. Within our two-loop methods,
if a process involves infrared singularities, these have to be dealt with in a special
way because the numerical nature of our methods.
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1 Introduction

Renormalization (see [1] for a classical textbook treatment) has been settled
as a self-consistent approach to the treatment of short-distance singularities
in the perturbative expansion of quantum field theories thanks to the work
of Bogoliubov, Parasuik, Hepp, Zimmermann, and followers. Nevertheless, its
intricate combinatorics went unrecognized for a long time. In this review we
want to describe the results in a recent series of papers devoted to the Hopf
algebra structure of quantum field theory (QFT) [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, 14, 15, 16]. These results were obtained during the last three years, starting
from first papers on the subject [2, 3, 4] and flourishing in intense collaborations
with Alain Connes [5, 6, 7, 8, 9] and David Broadhurst [10, 11, 12].

We will review the results obtained so far in a fairly informative style, empha-
sizing the underlying ideas and concepts. Technical details and mathematical
rigor can be found in the above-cited papers, while it is our present purpose
to familiarize the reader with the key ideas. Furthermore, we intend to spell
out lines for further investigation, as it more and more becomes clear that this
Hopf algebra structure provides a very fine tool for a better understanding of a
correct mathematical formulation of QFT as well as for applications in particle
and statistical physics.

Nevertheless, we will use one concept for the first time in this paper: we
will introduce an operad of Feynman graphs, as it is underlying many of the
operations involved in the Hopf and Lie algebras built on Feynman graphs.

2 The Hopf algebra structure: trees and graphs

Let us start right away with the consideration of how rooted trees and Feynman
graphs are connected in perturbative QFT.

2.1 Basic considerations

There are two basic operations on Feynman graphs which govern their combina-
torial structure as well as the process of renormalization. The question to what
extent they also determine analytic properties of Feynman graphs is one of these
future lines of investigations, with first results in [13, 14]. We will comment in
some detail on this aspect later on.

These two basic operations are the disentanglement of a graph into sub-
graphs, and the opposite operation, plugging a subgraph into another one. Let
us consider the disentanglement of a graph first.

We consider the following three-loop vertex-correction Γ

Γ = .

2



We regard it as a contribution to the perturbative expansion of φ3 theory in

six spacetime dimensions, where this theory is renormalizable.1 Γ contains one

interesting subgraph, the one-loop self-energy graph

γ = .

We are interested in it because it is the only subgraph which provides a diver-

gence, and the whole UV-singular structure comes from this subdivergence and

from the overall divergence of Γ itself. Let

Γ0 := Γ/γ =

be the graph where we shrink γ to a point. From the analytic expressions corre-
sponding to Γ, to Γ0 and to γ we can form the analytic expression corresponding
to the renormalization of the graph Γ. It is given by

Γ− R(Γ)− R(γ)Γ0 + R (R(γ)Γ0) , (1)

where we still abuse, in these introductory remarks, notation by using the same

symbol Γ for the graph and the analytic expression corresponding to it. We do

so as we want to emphasize for the moment that the crucial step in obtaining this

expression is the use of the graph Γ and its disentangled pieces, γ and Γ0 = Γ/γ.

The analytic expressions will come as characters on these Hopf algebra elements,

and we will discuss these characters in detail below. Diagrammatically, the

above expression reads

−R( )−R( ) +R
(
R( )

)
.

The unavoidable arbitrariness in the so-obtained expression lies in the choice
of the map R which we suppose to be such that it does not modify the short-
distance singularities (UV divergences) in the analytic expressions corresponding
to the graphs. This then renders the above combination of four terms finite. If
there were no subgraphs, a simple subtraction Γ−R(Γ) would suffice to eliminate
the short-distance singularities, but the necessity to obtain local counterterms
forces us to first subtract subdivergences, which is achieved by Bogoliubov’s
famous R̄ operation [1], which delivers here:

Γ→ R̄(Γ) = Γ− R(γ)Γ0. (2)

1External lines are amputated, but still drawn, in a convenient abuse of notation. In the
massless case considered here no further notation is needed for insertions into propagators. In
the general case (massive theories, spin) the external structures defined in [5] are a sufficient
tool.
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This provides two of the four terms above. Amongst them, these two are free of
subdivergences and hence provide only a local overall divergence. The projection
of these two terms into the range of R provides the other two terms, which
combine to the counterterm

ZΓ = −R(Γ) + R(R(γ)Γ0) (3)

of Γ, and subtracting them delivers the finite result above by the fact that the
UV divergences are not changed by the renormalization map R.2

The basic operation here is the disentanglement of the graph Γ into pieces γ
and Γ/γ, and this very disentanglment gives rise to a Hopf algebra structure, as
was first observed in [2]. This Hopf algebra has a role model: the Hopf algebra
of rooted trees. We first want to get an idea about this universal Hopf algebra
after which all the Hopf algebras of Feynman graphs are modeled.

Consider the two graphs

Γ1 = , Γ2 = .

They have one common property: both of them can be regarded as the graph

Γ0 = Γ1/γ = Γ2/γ =

into which the subgraph

γ =

is inserted, at two different places though. But as far as their UV-divergent

sectors go they both realize a rooted tree of the form given in Fig.(1), in the

language of [2] both graphs Γ1,Γ2 correspond to a parenthesized word of the

form

(( ) ).

In [2] such graphs were considered to be equivalent, as the combinatorial process
of renormalization produces exactly the same terms for both of them. We will
formulate this equivalence in a later section using the language of operads.

The combinatorics of renormalization is essentially governed by this book-
keeping process of the hierarchies of subdivergences, and this bookkeeping is
what is delivered by rooted trees. They are just the appropriate tool to store
the hierarchy of disjoint and nested subdivergences. Another example given in
Fig.(2) might be better suited than any formalism to make this clear.

2Locality is connected to the absence of subdivergences: if a graph has a sole overall
divergence, UV singularities only appear when all loop momenta tend to infinity jointly.
Regarding the analytic expressions corresponding to a graph as a Taylor series in external
parameters like masses or momenta, powercounting establishes that only the coefficients of
the first few polynomials in these parameters are UV singular. Hence they can be subtracted
by a counterterm polynomial in fields and their derivatives. The argument fails as long as one
has not eliminated all subdivergences: their presence can force each term in the Taylor series
to be divergent.
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Figure 1: A decorated rooted tree with two vertices, each decorated by a graph
without subdivergences (assuming this is an example in φ3 theory in six dimensions).
The root (by our convention the uppermost vertex) is decorated by the graph Γ0 =
Γ1/γ = Γ2/γ which we obtain when we shrink the subdivergence γ to a point in
either Γ1 or Γ2 . The vertex decorated by the one-loop self-energy γ corresponds to
this subdivergence, and the rooted tree stores the information that this divergence is
nested in the other graph. The information at which place the subdivergence is to be
inserted is not stored in this notation. The hierarchy which determines the recursive
mechanism of renormalization is independent of this information. It can easily be
restored allowing marked graphs as decorations, or one could directly formulate the
Hopf algebra on graphs as we do below.

Figure 2: This graph has a hierarchy of divergences given by two disjoint subdi-
vergences, the self-energy γ and a one-loop vertex-correction γ̃, so that its divergent
structure represents the decorated rooted tree indicated. As a parenthesized word,
the graph corresponds to ((γ)(γ̃)Γ0). There are, by the way, 5× 6 = 30 graphs which
are all equivalent in the sense that they represent this rooted tree or parenthesized
word, generated by the 5 internal vertices and 6 internal edges which provide places
for insertion in Γ0.
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Figure 3: Finding the two ways of getting the overlapping graph Ω. There are two
vertices in the one-loop self-energy into which the one-loop vertex correction can be
inserted. Both result in the same graph. The short-distance singularities in Ω arise
from two sectors, described by two decorated rooted trees.

At this stage, the reader should wonder what to make out of graphs which

have overlapping divergences. This can be best understood when we turn to

the other basic operation on graphs: plugging them into each other. On the

one hand, for the non-overlapping graphs Γ1,Γ2 above there is a unique way to

obtain them from

Γ0 = Γ1/γ = Γ2/γ =

and the self-energy γ. We plug γ into the vertex-correction at an appropriate
internal line to obtain these graphs. This operation will be considered in some
more detail in a later section. On the other hand, for a graph which contains
overlapping divergences we have typically no unique manner, but several ways
instead, how to obtain it. For example,

Ω =

can be obtained in the two ways indicated in Fig.(3).
Each of these ways corresponds to a rooted tree [4], and the sum over all

these rooted trees bookkeeps the subdivergent structures of a graph with over-
lapping divergences correctly. The resolution of overlapping divergences into
rooted trees corresponds to the determination of Hepp sectors, and amounts to
a resolution of overlapping subsets into nested and disjoint subsets generally
[4].3

3The remarks above are specific to theories which have trivalent couplings. In general,
the determination of divergent sectors still leads to rooted trees [4]. A concrete example how
the Hopf algebra structure appears in φ4-theory can be found in [20]. Also, resolving the
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One remark is in order: the very fact that overlapping divergences can be
reduced to divergences which have a tree-hierarchy has a deeper reason: the
short-distance singularities of QFT result from confronting products of distri-
butions which are well-defined on the configuration space of vertices located at
distinct space-time points, but which become ill-defined along diagonals [17, 18].
But then, the various possible ways how an ensemble of distinct points can col-
lapse to (sub-)diagonals is known to be stratified by rooted trees [19], and this
is what essentially ensures that the Hopf algebra structure of these trees can
reproduce the forest formulas of perturbative QFT. Let us then have a closer
look at the connection between graphs and rooted trees.

2.2 Sector decomposition and rooted trees

Consider the Feynman graph Ω once more, as given in Fig.(4). It corresponds
to a contribution to the perturbative expansion in the coupling constant g of the
theory to order g4. It has short-distance (UV) singularities which are apparent
in the following sectors

I1 := {1, 2, 3}, I2 := {2, 3, 4}, I = {1, 2, 3, 4},

which give the label of the vertices participating in the divergent (sub-)graphs.
Note that the sectors overlap: I1 ∩ I2 6= ∅. The singularities are stratified so
that they can be represented as rooted trees, as described in Fig.(4). In this
stratification of sectors each node at the rooted tree corresponds to a Feynman
graph which connects the vertices attached to the node by propagators in a
manner such that it has no subdivergences. We call such graphs primitive
graphs. Each primitive graph is only overall divergent.

Now, where do singularities reside? Typically, if we write down analytic
expressions in terms of momentum integrals, UV-divergences appear when the
loop momenta involved in a primitive graph tend to infinity jointly, and this
can be detected by powercounting over edges and vertices in the graph. On the
other hand, we can consider Feynman rules in coordinate space. Then, the UV-
singular integrations over momenta become short distance singularities. Again,
they creep in from the very fact that closed loops, cycles in the graph, force
the integration over the positions of vertices to produce ill-defined products of
distributions with coinciding support. Powercounting amounts to a check of
the scaling degree of the relevant distributions and ultimately determines the
appearance of a short distance singularity at the diagonal under consideration.

The short distance singularities of Feynman graphs then come solely from
regions where all vertices are located at coinciding points. One has no problem
to define the Feynman integrand in the configuration space of vertices at distinct
locations, while a proper extension to diagonals is what is required.

overlapping divergences in terms of decorated rooted trees determines the appropriate set of
primitive elements of the Hopf algebra, which can for example be systematically achieved by
making use of Dyson–Schwinger equations [2, 15], see also [21].
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1

2

3

4

1      2   3    41      2   3    4

Figure 4: A different way of looking at the graph Ω. We label its vertices by 1, . . . , 4.
Then, the set of vertices {1, 2, 3} belongs to a vertex subgraph, as does the set {2, 3, 4}.
The fact that both are proper subsets of the set of all vertices {1, 2, 3, 4} is again
reflected in a tree-like hierarchy. A short distance singularity appears when these
labelled vertices of a divergent graph collapse to a point. This point (a diagonal)
constitutes one vertex of a rooted tree, with the root corresponding to the collapse of all
vertices to the overall diagonal jointly. Again, the graph gives rise to two rooted trees,
which corresponds to the two divergent sectors along two different diagonals. When
we blow up the vertices {1, 2, 3, 4} of the graph to vertical lines, we can represent the
edges of the Feynman graph as horizontal chords, and we regain the graph by shrinking
the vertical lines to a point. The Hopf algebra structure operates on the bold black
rooted trees, as they store the information which diagonals contain short-distance
singularities in the graph under consideration.

8



In the above, the two divergent subgraphs are ill-defined along the diagonals
x1 = x2 = x3 and x2 = x3 = x4 while the overall divergence corresponds to the
main diagonal x1 = x2 = x3 = x4.

Due to the Hopf algebra structure of Feynman graphs we can define the
renormalization of all such sectors without making recourse to any specific an-
alytic properties of the expressions (Feynman integrals) representing those sec-
tors. The only assumption we make is that in a sufficiently small neighborhood
of such an ultralocal region (the neighborhood of a diagonal) we can define the
scaling degree, –the powercounting–, in a sensible manner.

Apart from this assumption our approach is purely combinatorial and in
particular independent of the geometry of the underlying spacetime manifold.

Fig.(4) also gives a first idea why the Hopf algebra of undecorated rooted
trees is the universal object underlying the Hopf algebras of Feynman graphs.
The essential combinatorics needed to obtain local counterterms will solely use
cuts on these rooted trees which are drawn in bold black lines in the figure, with
no further operation on decorations. Different theories just differ by having
different types of chords and vertices, while to each chord and vertex in the
figure we assign the appropriate scaling degree, the weight with which they
contribute to the powercounting.

One further remark is in order: the existence of a purely combinatorial so-
lution coincides with the result of Brunetti and Fredenhagen [22], who showed
that the renormalization mechansism is indeed unchanged in the context of
curved manifolds in a detailed local analysis using the Epstein–Glaser mech-
anism. To my mind, quite generally, the Hopf algebra can be used to make
sense out of extensions of products of distributions to diagonals of configuration
spaces even before we decide by which class of (generalized) functions we want
to realize these extensions. While consistency of the Hopf algebra approach to
renormalization with the Epstein–Glaser formalism was settled once the Hopf
algebra was directly formulated on graphs [4, 8], it was also addressed at a nota-
tional level making use of configuration space Feynman graphs in [20]. Still, one
should regard the splitting of distributions itself as the first instance where a
representation of the Hopf algebra is realized, so that properties like Lorentz co-
variance appear as properties of the representation alone, maintaining a proper
separation of the combinatorics of the Bogoliubov recursion from the analytic
properties of the functions defined over the configuration space, enabling also
a direct formulation on the level of time-ordered products instead of Feynman
graphs.

Once more, that the Hopf algebra structure coming in is the one of rooted
trees should be no surprise: limits to diagonals in configuration spaces are strat-
ified by rooted trees [19], and it is the Hopf algebra structure of these rooted
trees which describes the combinatorics of renormalization, as we will see. The
Hopf algebra of rooted trees will be the role model for all the Hopf algebras of
Feynman graphs for a specifically chosen QFT, a classifying space in technical
terms (see Theorem 2, section 3 in [5]), while each such chosen QFT probes

9
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Figure 5: The action of B− on an undecorated rooted tree.

the short distance singularities according to its Feynman graphs. The resulting
iterative procedure gives rise to the Hopf algebra of rooted trees which was first
described, in the equivalent language of parenthesized words, in [2] and then in
its final notation in [5]. It is now time to describe this Hopf algebra of rooted
trees in some detail.

2.3 The Hopf algebra of undecorated rooted trees

We follow section II of [5] closely. A rooted tree t is a connected and simply-
connected set of oriented edges and vertices such that there is precisely one
distinguished vertex which has no incoming edge. This vertex is called the root
of t. Further, every edge connects two vertices and the fertility f(v) of a vertex
v is the number of edges outgoing from v. The trees being simply-connected,
each vertex apart from the root has a single incoming edge (we could attach, if
we like, an extra edge to the root as well, for a more common treatment). Each
vertex in such a rooted tree corresponds to a divergent sector in a Feynman
diagram. The rooted trees store the hierarchy of such sectors. We will always
draw the root as the uppermost vertex in figures, and agree that all edges are
oriented away from the root.

As in [5], we consider the (commutative) algebra of polynomials over Q in
rooted trees, where the multiplicationm(t, t′) of two rooted trees is their disjoint
union, so we can draw them next to each other in arbitrary order, and the unit
with respect to this multiplication is the empty set.4 Note that for any rooted
tree t with root r which has fertility f(r) = n ≥ 0, we have trees t1, . . ., tn
which are the trees attached to r.

Let B− be the operator which removes the root r from a tree t, as in Fig.(5):

B− : t→ B−(t) = t1t2 . . . tn. (4)

We extend the action of B− to a product of rooted trees by a Leibniz rule,
B−(XY ) = B−(X)Y + XB−(Y ). We also set B−(t1) = 1, B+(1) = t1, where
t1 is the rooted tree corresponding to the root alone.

Let B+ be the operation which maps a monomial of n rooted trees to a new
rooted tree t which has a root r with fertility n which connects to the n roots

4We restrict ourselves to one-particle irreducible diagrams for the moment. Then, the
disjoint union of trees corresponds to the disjoint union of graphs. One could also set up
the Hopf algebra structure such that one-particle reducible graphs correspond to products of
rooted trees [2].
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Figure 6: The action of B+ on a monomial of trees.

of t1, . . . , tn:
B+ : t1 . . . tn → B+(t1 . . . tn) = t. (5)

This is clearly the inverse to the action of B− on single rooted trees. One has

B+(B−(t)) = B−(B+(t)) = t (6)

for any rooted tree t. Fig.(6) gives an example.
All the operations described here have a straightforward generalization to

decorated rooted trees, in which case the operator B+ carries a further label
to indicate the decoration of the root [5]. We will not use decorated rooted
trees later, as we will directly formulate the Hopf algebras of specific QFTs on
Feynman graphs. The Hopf algebra of undecorated rooted trees is the universal
object [5] for all those Hopf algebras, and hence we describe it here in some
detail.

Note that while [B+, B−](t) = 0 for any single rooted tree t, this commutator
is non-vanishing on products of trees. Obviously, one always has id = B−B+,
while B+B− acts trivially only on single rooted trees, not on their product.5

We will introduce a Hopf algebra on our rooted trees by using the possibility
to cut such trees in pieces. For the reader not familiar with Hopf algebras, let us
mention a few very elementary facts first. An algebra A is essentially specified
by a binary operation m : A × A → A (the product) fulfilling the associativity
m(m(a, b), c) = m(a,m(b, c)) so that to each two elements of the algebra we can
associate a new element in the algebra, and by providing some number field K
imbedded in the algebra via E : K → A, k → k1. In a coalgebra we do the
opposite, we disentangle each algebra element: each element a is decomposed
by the coproduct ∆ : A → A × A in a coaasociative manner, (∆ × id)∆(a) =
(id × ∆)∆(a). Further, the unit 1 of the algebra, m(1, a) = m(a, 1) = a, is
dualized to the counit ē in the coalgebra, (ē× id)∆(a) = (id× ē)∆(a) = a. If the
two operations m,∆ are compatible (the coproduct of a product is the product
of the coproducts), we have a bialgebra, and if there is a coinverse, the celebrated
antipode S : H → H, as well, we have a Hopf algebra. While in the algebra the

5This has far reaching consequences and is closely connected to the fact that logarithmic
derivatives (with respect to the log of some scale say) of Z-factors are finite quantities. Indeed,
Z-factors can be regarded as formal series over Feynman diagrams graded by the loop number
starting with 1, and their logarithm defines a series in graphs which typically demands that
commutators like [B+, B−](t1t1) are a primitive element in the Hopf algebra, and hence
provide only a first order pole [16, 12]. This is a first instance of a t’Hooft relation to which
we turn later when we review the results of [9].

11



=

Figure 7: An elementary cut c splits a rooted tree t into two components. We remove
the chosen edge and get two components. Both are rooted trees in an obvious manner:
one contains the vertex which was the old root and the root of the other is provided
by the vertex which was at the endpoint (edges are oriented away from the root) of
the removed edge.

unit, the inverse and the product are related by m(a, a−1) = m(a−1, a) = 1, the
counit, the coproduct and the coinverse are related by m(S × id)∆ = E ◦ ē. A
thorough introduction can be found for example in [23].

To define a coproduct for rooted trees we are hence looking for a map which
disentangles rooted trees. We start with the most elementary possibility. An
elementary cut is a cut of a rooted tree at a single chosen edge, as indicated in
Fig.(7). By such a cutting procedure, we will obtain the possibility to define a
coproduct, as we can use the resulting pieces on either side of the coproduct. It
is this cutting operation which corresponds to the disentanglements of graphs
discussed before.

Still before introducing the coproduct we introduce the notion of an admis-
sible cut, also called a simple cut [5]. It is any assignment of elementary cuts to
a rooted tree t such that any path from any vertex of the tree to the root has
at most one elementary cut, as in Fig.(8). An admissible cut C maps a tree to
a monomial in trees. If the cut C contains n elementary cuts, it induces a map

C : t→ C(t) =

n+1∏

i=1

tji . (7)

Note that precisely one of these trees tji will contain the root of t. Let us denote
this distinguished tree by RC(t). The monomial which is delivered by the n− 1
other factors is denoted by PC(t). In graphs, PC(t) corresponds to a set of
disjoint subgraphs ∪iγi which we shrink to a point and take out of the initial
graph Γ corresponding to t, while RC(t) corresponds to the remaining graph
Γ/(∪iγi). Admissibility means that there are no further disentanglements in
the set ∪iγi. Hence, a sum over all such sets provides a sum over all unions of
subgraphs, as we will discuss below. Arbitrary non-admissible cuts correspond
to the notion of forests in the sense of Zimmermann [2, 5].

Let us now establish the Hopf algebra structure. Following [2, 5] we define
the counit and the coproduct. The counit ē: H → Q is simple:

ē(X) = 0
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Pc(t) Rc(t)
Figure 8: An admissible cut C acting on a tree t. It produces a monomial of trees.
One of the factors, RC(t), contains the root of t.

∆(  ) =

∆(  ) =

∆(  ) =

∆(  ) =

1+1

1+1       +

1+1       +        +

1+1        +2        +

Figure 9: The coproduct. We work it out for the trees t1, t2, t31 , t32 , from top to
bottom.

for any X 6= 1,
ē(1) = 1.

The coproduct ∆ is defined by the equations

∆(1) = 1⊗ 1,

∆(t1 . . . tn) = ∆(t1) . . .∆(tn),

∆(t) = t⊗ 1 + (id ⊗B+)[∆(B−(t))], (8)

which defines the coproduct on trees with n vertices iteratively through the
coproduct on trees with a lesser number of vertices.

The coproduct can be written in a non-recursive manner as [2, 5]

∆(t) = 1⊗ t+ t ⊗ 1 +
∑

adm. cuts C of t

PC(t)⊗ RC(t). (9)

Up to now we have established a bialgebra structure. It is actually a Hopf
algebra. Following [2, 5] we find the antipode S as

S(1) = 1,
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S( )= −

S( )= −  +

S( )= −   + 2     −

S( )= −     + 2     −

Figure 10: The antipode. Again we work it out for the trees t1, t2, t31 , t32 .

S(t1 . . . tk) = S(t1) . . .S(tk),

S(t) = −t−
∑

adm. cuts C of t

S[PC(t)]RC(t). (10)

Fig.(10) gives examples for the antipode.
Let us give yet another formula to write the antipode, which one easily

derives using induction on the number of vertices [2, 5]:

S(t) = −
∑

all cuts C of t

(−1)nCPC(t)RC(t), (11)

where nC is the number of elementary cuts in C. This time, we have a non-
recursive expression, summing over all cuts C, relaxing the restriction to admis-
sible cuts.

By now we have established a Hopf algebraH on rooted trees, using the set of
rooted trees, the commutative multiplicationm for elements of this set, the unit
1 and counit ē, the coproduct ∆ and antipode S. Still following [2, 5] we allow
to label the vertices of rooted trees by Feynman graphs without subdivergences,
in the sense described before. Quite general, if Y is a set of primitive elements
providing labels, we get a similar Hopf algebra H(Y ). The determination of all
primitive graphs which can appear as labels corresponds to a skeleton expansion
and is discussed in detail in [4]. Instead of using the language of a decorated
Hopf algebra we use directly the corresponding Hopf algebra of graphs below.

Let us also mention again that

m[(S ⊗ id)∆(t)] = E ◦ ē(t) (= 0 for any non-trivial t 6= 1). (12)

As the divergent sectors in Feynman graphs are stratified by rooted trees, we can
use the Hopf algebra structure to describe the disentanglement of graphs into
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pieces, and it turns out that this delivers the forest formulas of renormalization
theory.

Let us now come back to the graph Ω and its representation in Fig.(4). We
want to look at the relevant Hopf algebra operations in some detail, which we
describe in Fig.(11). The operations described in this figure go through for any
QFT whose ultraviolet divergences are local, stratified by rooted trees that is. A
renormalizable field theory will only demand a finite number of counterterms in
the action, while an effective theory is finite in the number of needed countert-
erms only for a finite loop order, but the number will actually increase with the
loop order. A superrenormalizable theory gives only a truncated representation
of rooted trees: higher orders in the perturbative expansion do not deliver new
short-distance singularities, and hence the existent divergences are stratified by
rooted trees with a restricted number of vertices.

Each short-distance singularity corresponds to a sector which can be de-
scribed by a rooted tree, which itself notates the hierarchy of singularities. We
have a coproduct which describes the job-list [10] of renormalization: we use it
to disentangle the singularities located at (sub-)diagonals. The Feynman rules
are then providing a character φ : H → V on this Hopf algebra. They map a
Hopf algebra element to an analytic expression, typically evaluating in a suit-
able ring V of Feynman integrands or Laurent polynomials in a regularization
parameter. These maps being characters, we have

φ(γ1γ2) = φ(γ1)φ(γ2). (13)

Then, renormalization comes from the very simple Hopf algebra property
Eq.(12), as we now explain. Let us describe carefully how to use the Hopf
algebra structure in the example of Fig.(11). The first thing which we have
to introduce, together with our Feynman rules, is a map R : V → V which is
essentially determined by the choice of a renormalization scheme. The freedom
in this choice is essentially what makes up the renormalization group.

The presence of the antipode S allows to consider, for each φ, its inverse
character φ−1 = φ ◦ S. Actually, we have a group structure on characters: to
each two characters φ, ψ we can assign a new character

φ ? ψ = mV ◦ (φ⊗ ψ) ◦∆,

and a unit of the ?-product is provided as

φ ? η = η ? φ = φ

and the inverse is indeed provided by the antipode:

φ−1 ? φ = φ ? φ−1 = η,

where η comes from the counit and is uniquely defined as η = ψ ◦E ◦ ē so that
η(1) = 1V , η(X) = 0, ∀X 6= 1, and for any arbitrarily chosen character ψ (any
character fulfills ψ(1) = 1V ).
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PC(t)PC(t)RC(t) RC(t)

Figure 11: The graph Ω gives rise to two rooted trees corresponding to its two (over-
lapping) divergent sectors. Each of the two rooted trees allows for a single admissible
cut. We implement it in each case by the gray curve which encircles the one vertex
which constitutes PC(t) and the whole chord diagram attached to this subtree. It
hence corresponds to a subgraph which is a three-point graph, as three chords are
crossed by this gray curve. The cut at the rooted tree then corresponds to shrinking
the subgraph to a point, which is a vertex in the remaining graph (a one-loop self-
energy). This vertex we have decorated by {2, 3, 4} or {1, 2, 3}. It amounts to a local
polynomial insertion in the self-energy. If the vertices so-generated always give rise to
polynomial insertions which are part of the action already, we have a renormalizable
theory. For a general theory, one will have a variety of different chords represented by
different propagators, and a variety of vertices as well. For a renormalizable theory
there will be only a finite number of each. It may happen that there are various differ-
ent vertices into which a graph can shrink, in which case a sum over the corresponding
external structures is involved [8].
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The next thing to do is to use φ and R to define a further character SR :
H → V by

SR = −R[φ(t) +
∑

SR(t′)φ(t′′)],

where we used the notation ∆(t) = t ⊗ 1 + 1 ⊗ t+
∑
t′ ⊗ t′′. By construction,

if we choose R = idV , the identity map from V → V , we have SidV = φ ◦ S.
Now, consider SR ? φ. We have

SidV ? φ = φ ◦m ◦ (S ⊗ id) ◦∆ = η

by the Hopf algebra property Eq.(12) above. This guarantees that from regions
where R becomes the identity map idV : V → V , we get a vanishing contribution
from any non-trivial sector t realized in a Feynman graph Γ, as η(t) = 0. So if
we demand that R leaves short distance singularities unaltered, so that R = idV
for large loop momenta, we automatically have a vanishing contribution of those
singularities to SR ? φ.6

What we see at work here is a general principle of multiplicative subtraction
[5]: while for a primitive Hopf algebra element t, ∆(t) = t ⊗ 1 + 1 ⊗ t, SR ? φ
amounts simply to the additive operation

φ(t)− R[φ(t)],

for a general Hopf algebra element the coproduct provides a much more refined
multiplicative subtraction mechanism, which can obviously be considered for a
wide class of Hopf algebras. This principle can certainly be applied in the future
not only in the problem of short distance singularities, but in a much wider class
of problems, with asymptotic expansions coming to mind immediately.

Fig.(12) describes how the Hopf algebra is realized on the sectors of the
graph Ω and how this relates to the Hopf algebra of Feynman graphs to which
we now turn.

2.4 The Hopf algebra of graphs

As we already have emphasized the Hopf algebra of rooted trees is the role
model for the Hopf algebras of Feynman graphs which underly the process of
renormalization when formulated perturbatively at the level of Feynman graphs.
The following formulas should be of no surprise after our previous discussions.

First of all, we start considering one-particle irreducible graphs as the linear
generators of the Hopf algebra, with their disjoint union as product. We then
define a Hopf algebra by a coproduct

∆(Γ) = Γ⊗ 1 + 1⊗ Γ +
∑

γ⊂Γ

γ ⊗ Γ/γ, (14)

6That R leaves short-distance singularities unaltered typically requires that the first few
Taylor coefficients in the Feynman integrands, as determined by powercounting, are left
unaltered.
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Figure 12: The result of the operation SR ? φ(Ω) graphically, where an application
of the operation R is indicated by encircling the graph whose corresponding analytic
expression is to be mapped to the range of R by a thick grey line. In the upper row,
we see the result in terms of the decorated rooted trees of Fig.(11) while in the second
row we see the result directly expressed in terms of Feynman integrals. Again, the
map φ is not explicitly written out. The grey boxes indicate the full and normal forests
of classical renormalization theory [1] and are in one-to-one correspondence with the
cuts at the corresponding rooted trees if we incorporate the empty and the full cut in
the sum over cuts, so that the two terms T ⊗ 1 + 1⊗T which appear in any coproduct
∆(T ) = T ⊗ 1 + 1⊗T +

∑
adm.C

PC(T )⊗RC(T ) can be regarded as generated by the
full (T ⊗ 1) and the empty cut (1⊗ T ) [5].
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where the sum is over all unions of one-particle irreducible (1PI) superficially
divergent proper subgraphs and we extend this definition to products of graphs
so that we get a bialgebra [8]. The above sum should, when needed, also run
over appropriate external structures to specify the appropriate type of local
insertion [8] which appear in local counterterms, which we omitted in the above
sum for simplicity.7

The counit ē vanishes, as before, on any non-trivial Hopf algebra element. At
this stage we have a commutative, but typically not cocommutative bialgebra.
It actually is a Hopf algebra as the antipode in such circumstances comes almost
for free as

S(Γ) = −Γ−
∑

γ⊂Γ

S(γ)Γ/γ. (15)

The next thing we need are Feynman rules, which we regard as maps φ : H → V
from the Hopf algebra of graphs H into an appropriate space V .

Over the years, physicists have invented many calculational schemes in per-
turbative quantum field theory, and hence it is of no surprise that there are
many choices for this space. For example, if we want to work on the level of
Feynman integrands in a BPHZ scheme, we could take as this space a suitable
space of Feynman integrands (realized either in momentum space or configu-
ration space, whatever suits). An alternative scheme would be the study of
regularized Feynman integrals, for example the use of dimensional regulariza-
tion would assign to each graph a Laurent-series with poles of finite order in a
variable ε near ε = 0, and we would obtain characters evaluating in this ring.
In any case, we will have φ(Γ1Γ2) = φ(Γ1)φ(Γ2).

Then, with the calculational scheme chosen and the Feynman rules providing
a canonical character φ, we will have to make one further choice: a renormal-
ization scheme. This is is a map R : V → V , and we demand that is does
not modify the UV-singular structure: in BPHZ language, it should not modify
the Taylor expansion of the integrand for the first couple of terms divergent
by powercounting. In dimensional regularization, we demand that it does not
modify the pole terms in ε.

Finally, the principle of multiplicative subtraction works as before: we define
a further character SR which deforms φ◦S slightly and delivers the counterterm
for Γ:

SR(Γ) = −R[φ(Γ)]− R


∑

γ⊂Γ

SR(γ)φ(Γ/γ)


 (16)

which should be compared with the undeformed

φ ◦ S = −φ(Γ) −
∑

γ⊂Γ

φ ◦ S(γ)φ(Γ/γ). (17)

7A simple example exhibited in [8] is the self-energy in massive φ3 theory in six dimensions.
It provides two external structures, corresponding to local insertions of counterterms for the
m2φ2 and for the (∂µφ)2 term.
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Then, the classical results of renormalization theory follow suit [2, 4, 5]. We
obtain the renormalization of Γ by the application of a renormalized character

Γ→ SR ? φ(Γ)

and the R̄ operation as

R̄(Γ) = φ(Γ) +
∑

γ⊂Γ

SR(γ)φ(Γ/γ), (18)

so that we have
SR ? φ(Γ) = R̄(Γ) + SR(Γ). (19)

In the above, we have given all formulas in their recursive form. Zimmer-
mann’s original forest formula solving this recursion is obtained when we trace
our considerations back to the fact that the coproduct of rooted trees can be
written in non-recursive form, and similarly the antipode. It is not difficult to
see that the sum over all cuts corresponds to a sum over all forests, and the
notion of full and normal forests of Zimmermann [1] gives rise to appropriate
sums over cuts [2, 5], making use of the graphical implementation of cuts as for
example in Fig.(12).

3 Rescalings and renormalization schemes

Let us come back to unrenormalized Feynman graphs, and their evaluation by
some chosen character φ, and let us also choose a renormalization scheme R.
The group structure of such characters on the Hopf algebra can be used in an
obvious manner to describe the change of renormalization schemes. This has
very much the structure of a generalization of Chen’s Lemma [3].

3.1 Chen’s Lemma

Consider SR?φ. Let us change the renormalization scheme from R to R′. How is
the renormalized character SR′ ?φ related to the renormalized character SR ?φ?
The answer lies in the group structure of characters:

SR′ ? φ = [SR′ ? SR ◦ S] ? [SR ? φ]. (20)

We inserted a unit η with respect to the ?-product in form of η = SR ◦ S ?
SR ≡ S−1

R ?SR, and can now read the rerenormalization, switching between the
two renormalization schemes, as composition with the renormalized character
SR′ ? S

−1
R .8

8SR′ ? SR ◦ S is a renormalized character indeed: if R,R′ are both self-maps of V which
do not alter the short-distance singularities as discussed before, then in the ratio SR′ ?SR ◦S
those singularities drop out.
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Similar considerations apply to a change of scales which determine a charac-
ter [3]. If ρ is a dimensionful parameter which appears in a character φ = φ(ρ),9

then the transition ρ → ρ′ is implemented in the group by acting on the right
with the renormalized character ψφρ,ρ′ := φ(ρ) ◦ S ? φ(ρ′) on φ(ρ),

φ(ρ′) = φ(ρ) ? ψφρ,ρ′ . (21)

Let us note that this Hopf algebra structure can be efficiently automated as an
algorithm for practical calculations exhibiting the full power of this combina-
torics [10].

Now, assume we compute Feynman graphs by some Feynman rules in a given
theory and decide to subtract UV singularities at a chosen renormalization point
µ. This amounts, in our language, to saying that the map SR is parametrized
by this renormalization point: SR = SR(µ). Then, let Φ(µ, ρ) be the ratio
Φ(µ, ρ) = SR(µ) ? φ(ρ). We then have the groupoid law generalizing the before-
mentioned Chen’s lemma [3]

Φ(µ, η) ? Φ(η, ρ) = Φ(µ, ρ). (22)

While this looks like a groupoid law, the product of two unrelated ratios Φ(µ1, µ2)
?Φ(µ3, µ4), as any other product of characters, is always well-defined in the
group of characters of the Hopf algebra.

3.2 Automorphisms of the Hopf algebra

In the set-up discussed so far, the combinatorics of renormalization was at-
tributed to a Hopf algebra, while characters of this Hopf algebra took care of
the specific Feynman rules and chosen renormalization schemes. Renormalized
quantities appear as the ratio of two characters, while divergences drop out in
this ratio SR ? φ.

Typically, such characters introduce a renormalization scale (cut-off, the ’t
Hooft mass µ in dimensional regularization), and we can use these parameters
to describe the change of schemes in a fairly unified manner, as discussed in [3].

These considerations of changes of renormalization schemes are related to
another interesting aspect discussed in [3]. So far, we regarded the map R
as a self-map in a certain space V . We will not have R(XY ) = R(X)R(Y )
(for example, minimal subtraction cannot possibly fulfill that the poleterms of
a product is the product of the poleterms), but R obeys the multiplicativity
constraints

R(XY ) + R(X)R(Y ) = R(XR(Y )) +R(R(X)Y ), (23)

which ensure that SR(Γ1Γ2) = SR(Γ1)SR(Γ2) [3, 8]. This leads to the Riemann–
Hilbert problem to be discussed below.

9Typically, it could be a scale which dominates the process under consideration.
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We now want to investigate to what extent the map R : V → V can be lifted
to an automorphism ΘR : H → H of the Hopf algebra. We regard V as the
space in which Feynman graphs evaluate by the Feynman rules, as discussed
above. Let again the Feynman rules be implemented by φ. The map SR is then
a character constructed with the help of φ, so we should write SR ≡ SφR to be
exact.

The question is if one can construct, for any R, an automorphism ΘR : H →
H of the Hopf algebra such that one has

φ ≡ SφR ◦ S = φ ◦ΘR, (24)

so that (using S2 = id which is true in any commutative Hopf algebra)

SR ? φ = φ ◦ S ? φ = φ ◦ΘR ◦ S ? φ = φ ◦ [Θ−1
R ? id]. (25)

The answer is affirmative [3]. Following [3] and the use of one-parameter group
of automorphisms in the renormalization group [9] to be discussed below, we
make the following Ansatz for ΘR:

ΘR(Γ) = Γe−εdeg(Γ)ρR(Γ), (26)

where, in the context of dimensional regularization or any other analytic regu-
larization, ρR(Γ) will be a character evaluating in the ring of Taylor series in ε
regular at ε = 0 and deg(Γ) = n if Γ has n loops.10 Then, one determines

ρR(Γ) =
−1

εdeg(Γ)
log

(
SφR ◦ S(Γ)

φ(Γ)

)
, (27)

so that indeed ρR(Γ) is free of poleterms, as one easily shows

SφR ◦ S(Γ)

φ(Γ)
= 1 +O(ε),

for arbitrary graphs Γ. This gives a unifying approach to the treatment of
renormalization schemes and changes between them.11

4 The insertion operad of Feynman graphs

In this section, we want to describe an operad structure on Feynman graphs.
This operad was implicitly present in many results in [5, 8, 9], and so it is worth

10It is convenient but not necessary to work with dimensional regularization here. In BPHZ,
one could work for example with the ratio of Taylor series in external parameters.

11From here, one can start considering categorical aspects of renormalization theory and in
particular address the question posed in [2] if a modified coproduct ∆R = (ΘR ⊗ id) ◦∆ is
(weak-)coassociative in dependence of R, with first results upcoming in a recent thesis [24].
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to describe it shortly at this stage, also with regard to the fact that it will prove
to be a useful construct to investigate the number-theoretic aspects of Feynman
graphs [13, 14] to be discussed below.

While the previous two sections discussed the process of disentangling a
Feynman graph into subgraphs according to the presence of UV singularities,
we now turn to the process of plugging graphs into each other. This will lead
us in the next section to Lie algebras of Feynman graphs. Here, we want to
study the most basic operation: plugging one graph Γ1 into another graph Γ2.
Typically, there are various places in Γ2, provided by edges and vertices of Γ2,
which can be replaced by Γ1. To obtain a sensible notion of this operation we
should fulfill operad laws in this process. These operad laws can be described
as follows. Operad laws are concerned with rules which should be fulfilled when
we insert several times. First, assume we have graphs γ1, γ2 and want to plug
both of them into different places of a graph Γ. Then, the result should be
independent of the order in which we do it. Next, when we plug γ1 into γ2

at some place, and insert the result into Γ, the result should be the same as
inserting γ2 at the same place in Γ, and then γ1 into the corresponding relabelled
place of γ2. Finally, the permutation of places should be compatible with the
composition (see for example [25] for a formal definition of these requirements).

We only describe the operad in the context of massless φ3 theory in six
dimensions, the generalizations to more general cases are obvious and will be
discussed elsewhere.

A Feynman graph provides vertices and edges connecting these vertices. The
operad essentially consists of regarding these vertices and edges as places into
which other graphs can be inserted. Naturally, a vertex correction can replace
a vertex of a similar type, and a propagator-function can replace a line which
represents a free propagator of a similar type. In massless φ3 theory, we only
have one type of lines and one type of vertices.

First, we note that the overall divergent Feynman graphs in this theory are
given by 1PI graphs with two or three amputated external lines. Thus, ver-
tices in the graphs are either internal three-point vertices, or two-point vertices
resulting from the amputation of an external leg from a three-point vertex.
Hence, self-energies can be described as graphs which precisely have two two-
point vertices, while three-point graphs, –vertex corrections–, have precisely
three two-point vertices. Propagator-functions then have two external edges.

When we want to replace an internal vertex, we just replace it by a vertex
correction. When we want to replace an internal edge, a free propagator, we
replace it by a propagator-function, as described by Figs.(13,14).

How many places are there? Let Γ(p1, p2) be a 1PI vertex function given
by a three point graph Γ with l loops, which then provides 2l + 1 vertices and
3l internal lines, hence 5l + 1 places for insertion altogether. Let Π(p) be a
propagator function given by a (not necessarily one-particle irreducible) two-
point graph Π with l loops, it then provides 2l vertices and 3l + 1 lines, hence
again 5l + 1 places (we not necessarily have to label all edges and vertices, for
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example dropping the label at an external edge of the propagator function takes
into account quite naturally the fact that self-energies are proportional to an
inverse propagator, and, in a massless theory, cancel one of the external lines).

We label all edges and vertices in arbitrary order, and the composition laws
described in the figure captions of Figs.(13,14) fulfill the operad laws (the before-
mentioned requirements are fulfilled), so that Figs.(13,14) define this operad by
way of example.

So, with these rules for insertion (we also understand that insertion of a
propagator-function at a vertex place or a vertex-function at an edge vanishes
trivially by definition), one gets indeed an (partial) operad. Note further that
insertion of a free propagator or vertex leaves the result unchanged.

One easily extends this construction to the case that one has vertices of other
valencies and with different sorts of lines coming in.

This operad can be conveniently used to study the Lie algebraic structure
of diagrams as well as for the investigation of number-theoretic aspects as we
will see below. Also, the operad viewpoint is helpful in understanding the
equivalence classes discussed in [2]. For example, the two graphs Γ1 and Γ2

of section 2.1 belong to the same equivalence class, Γ1 ∼ Γ2, given by the
parenthesized word ((γ)Γ0), and are distinguished only by the place into which
we insert γ. In general, two graphs are equivalent if one is obtained via a
permutation of concatenation labels of the other, while maintaining the tree
structure of its subdivergences: all Feynman graphs which represent the same
rooted tree or parenthesized word can be obtained from each other by the change
of labels of places where we insert the primitive graphs into each other.

Also, typical equations in field theory like Schwinger-Dyson equations are
naturally formulated by this operad, using the fact that the sum over all dia-
grams can be written as a sum over all primitive ones into which all diagrams
are plugged in all possible places. Details will be given in future work.

5 The Lie algebra structure

In [5, 8, 9] the reader finds various Lie algebra structures which appear in the
dual of the Hopf algebra which is the universal enveloping algebra of a Lie
algebra. Here, we describe the Lie algebra of Feynman graphs. There is also
one for rooted trees, which can be found in [5].

Study of these Lie algebras is a very convenient way of understanding the
structure of Feynman graphs. These Lie algebras play a crucial role when one
wants to understand the connection between the group of diffeomorphisms of
physical parameters like coupling constants with the group of characters of the
Hopf algebra, to which we will turn in the next section.

It is also quite useful in determining the Hopf algebra structure of a chosen
QFT correctly, because, once it is found, the corresponding enveloping algebra
will be the dual of a commutative non-cocommutative Hopf algebra (by the
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Figure 13: We consider a propagator-graph γ and a vertex-function Γ and as an
example their concatenation Γ ?6 γ. The propagator function replaces the line with
label 6 in the vertex-function. The propagator-function provides four vertices (labelled
1,3,4,8) and seven edges (labelled 2,5,6,7,9,10,11). Two of the edges, 10 and 11, are
external. The vertex-function provides five vertices (labelled 1,3,5,7,9) and six edges
(labelled 2,4,6,8,10,11). The vertices 1,5,9 are external, they connect to edges which
are not part of the vertex function. We still indicated them by open-ended lines at
those vertices, but one should regard vertices 1,5,9 as two-point vertices.
Note that each internal edge ends in two labelled vertices. We replace the edge labelled
6 by the propagator-function, connecting the external edges 10 and 11 of the latter to
the vertices 5 and 7 of the vertex-function. We glue the edge with the lower label (10)
to the vertex with the lower label (5). Relabelling is done in the obvious way: labels
1 to 5 in the vertex-function remain unchanged, the labels at the inserted propagator
function become labels 6 to 16, and labels 7 to 11 become labels 17 to 21, increasing
their labels by 4 + 7− 1 = 10.
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Figure 14: To explain the insertion of a vertex-function, we replace in this example
vertex 3 of a vertex-function by the very same vertex-function, so we describe Γ ?3 Γ.
We do it by connecting edges 2,4,8 which are attached to vertex 3 to the three two-
point vertices 1,5,9, respecting the order: edge 2 connects to vertex 1, edge 4 to vertex
5, edge 8 to vertex 9. Relabelling is done in the obvious way: labels 1 and 2 in the
vertex-function remain unchanged, the labels at the inserted vertex-function become
labels 3 to 13, and labels 4 to 11 become labels 14 to 21.
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celebrated Milnor–Moore theorem [5, 8]) whose coproduct gives us the forests
formulas of renormalization.12 To find these Lie algebras, one defines a Lie-
bracket of two 1PI graphs Γ1,Γ2 by plugging Γ1 into Γ2 in all possible ways and
subtracts all ways of plugging Γ2 into Γ1.

These Lie algebras all arise from a pre-Lie structure which we can describe
in Fig.[15]. The operation of inserting one graph Γ1 in another graph Γ2 in all
possible ways is a pre-Lie operation Γ2 ? Γ1 , which means that it fulfills

Γ3 ? (Γ2 ? Γ1)− (Γ3 ? Γ2) ? Γ1 = Γ3 ? (Γ1 ? Γ2)− (Γ3 ? Γ1) ? Γ2.

Antisymmetrization then gives automatically a bracket [Γ1,Γ2] = Γ1 ?Γ2−Γ2 ?
Γ1, which fulfills the Jacobi identity. This operation of inserting one graph in
another in all possible ways can obviously written with the help of the operad
structure of the previous section as a sum over all places where to insert (plus
a sum over all permutations of the labels of identical external vertices of the
graph which is to be inserted) and the operad laws then guarantee that the pre-
Lie property is fulfilled, making use of the intimate connection between rooted
trees, operads and pre-Lie algebras [28].

Once this Lie algebra is found, one knows that dually one obtains a commu-
tative, non-cocommutative Hopf algebra which is the basis of the forest formulas
of renormalization as discussed in the previous section.

It is not difficult to work out the corresponding pre-Lie structure for QED
for example, and indeed, reading the graphs of Fig.(15) as QED graphs in the
obvious possible manners only demands to cancel a few of the terms in that
figure, because a photon propagator can only replace a photon line, and not a
fermion line. Similarly, for any local QFT, one can determine the corresponding
Hopf and Lie algebras, incorporating external structures whenever necessary as
in [8].

The resulting Lie algebras of Feynman graphs play a fundamental role in
understanding how the combinatorial properties of renormalization connect to
the renormalization group, to the running of physical parameters. We now turn
to study these results of [7, 8, 9].

6 The Birkhoff decomposition and the renor-

malization group

In [7, 8, 9] the reader finds an amazing connection between the Riemann–Hilbert
problem and renormalization. This result was first announced in [7]. It is

12For example one easily determines the Lie algebra of QED, having one type of vertex
connecting to two different type of lines for fermion and photon propagators. This then
confirms the corresponding Hopf algebra structure of 1PI graphs to be commutative non-
cocommutative. One-particle reducible graphs can be treated as in [16]. In the literature,
there are other attempts to describe the renormalization of QED by binary rooted trees [26].
But the singularities of QED are stratified along diagonals as in any local QFT, and the rather
artificial restriction to binary rooted trees ultimately runs into trouble [27].
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Figure 15: The (pre-)Lie algebra structure of Feynman graphs. The fact that the
operation of plugging a graph into another one in all possible ways is pre-Lie is es-
sentially due to the fact that the ways of plugging (in all possible ways) Γ1 into Γ2,
and the result into Γ3, subtracted from the ways of plugging (in all possibly ways) Γ1

into the result of plugging (in all possible ways) γ2 into Γ3 is the sum over all possible
ways to plug Γ1,Γ2 disjointly into Γ3.
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based on the use of a complex regularization parameter. Typically, dimensional
regularization provides such a parameter as the deviation ε from the relevant
integer dimension of spacetime, but for example analytic regularization would
do as well.

With such a regularization parameter, the Feyman rules map a Feynman
graph to a Laurent series with poles of finite order in this regularization pa-
rameter, hence the Feynman rules provide a character from the Hopf algebra of
Feynman graphs to the ring of Laurent polynomials with poles of finite order in
ε.

As mentioned before, the multiplicativity constraints [3, 7, 8]

R[xy] +R[x]R[y] = R[R[x]y] + R[xR[y]]

ensure that the corresponding counterterm map SR is a character as well,

SR[xy] = SR[x]SR[y], ∀x, y ∈ H.

We now study how this set-up leads to the Riemann–Hilbert problem and the
Birkhoff decomposition.

6.1 Minimal subtraction: the Birkhoff decomposition

To make contact with the Riemann–Hilbert problem, the crucial step is to rec-
ognize that, for R = MS being chosen to be projection onto these poles of finite
order (the minimal subtraction scheme MS), φ = SMS◦S?[SMS?φ] is a decompo-
sition of the character φ into a part which is holomorphic at ε = 0: SMS?φ ≡ φ+

is a character evaluating in the ring of functions holomorphic at ε = 0, while
SMS ≡ φ− maps to polynomials in 1/ε without constant term, it delivers, when
evaluated on Feynman graphs, the MS counterterms for those graphs. This cor-
responds to a Birkhoff decomposition φ = φ−1

− φ+. For an introduction to the
Riemann–Hilbert problem and the associated Birkhoff decomposition we refer
the reader to [29]. Suffices it here to say that the Riemann–Hilbert problem is
a type of inverse problem. For a given complex differential equation

y′(z) = A(z)y(z), A(z) =
∑

i

Ai
z − zi

with given regular singularities zi and matrices Ai, one can determine mon-
odromy matrices Mi integrating around curves encircling the singularities. The
inverse problem, finding the differential equation from knowledge of the singu-
lar places and monodromy matrices, is the Riemann–Hilbert problem. A crucial
role in its solution plays the Birkhoff decomposition: for a closed curve C in
the Riemann sphere, and a matrix-valued loop γ : z → γ(z) well-defined on C,
decompose it into parts γ± well-defined in the interior/exterior of C.

Thus, renormalization in the MS scheme can be summarized in one sentence:
with the character φ given by the Feynman rules in a suitable regularization
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scheme and well-defined on any small curve around ε = 0, find the Birkhoff
decomposition φ+(ε) = φ−φ, where now and in the following the product in
expressions like φ−φ is meant to be just the convolution product φ− ? φ of
characters used before.

The unrenormalized analytic expression for a graph Γ is then φ[Γ](ε), the
MS-counterterm is SMS(Γ) ≡ φ−[Γ](ε) and the renormalized expression is the
evaluation φ+[Γ](0). Once more, note that the whole Hopf algebra structure of
Feynman graphs is present in this group: the group law demands the application
of the coproduct, φ+ = φ−φ ≡ SMS ? φ.

The transition from here to other renormalization schemes can be achieved
in the group of characters in accordance with our previous considerations in
section 3.

But still, one might wonder what a huge group this group of characters really
is. What one confronts in QFT is the group of diffeomorphisms of physical pa-
rameter: low and behold, changes of scales and renormalization schemes are just
such (formal) diffeomorphisms. So, for the case of a massless theory with one
coupling constant g, for example, this just boils down to formal diffeomorphisms
of the form

g → ψ(g) = g + c2g
2 + . . . .

The group of one-dimensional diffeomorphisms of this form looks much more
manageable than the group of characters of the Hopf algebras of Feynman graphs
of this theory.

Thus, it would be very nice if the whole Birkhoff decomposition could be
obtained at the level of diffeomorphisms of the coupling constants, and this is
what was achieved in [9].

6.2 The β-function

Following [8] in the above we have seen that perturbative renormalization is a
special case of a general mathematical procedure of extraction of finite values
based on the Riemann-Hilbert problem. The characters of the Hopf algebra of
Feynman graphs form a group whose concatenation, unit and inverse are given
by the coproduct, the counit and the antipode. So we can associate to any given
renormalizable quantum field theory an (infinite dimensional) complex Lie group
G of characters of its Hopf algebra H of Feynman graphs. Passing from the un-
renormalized theory to the renormalized one corresponds to the replacement of
the loop ε→ γ(ε) ∈ G (obtained by restricting the character φ to an arbitrarily
chosen curve C around ε = 0) of elements of G obtained from dimensional regu-
larization (still, ε 6= 0 is the deviation from the integer dimension of space-time)
by the value γ+(ε) of its Birkhoff decomposition, γ(ε) = γ−(ε)−1 γ+(ε).

In [9] it was shown how to use the very concepts of a Hopf and Lie algebra
of graphs to lift the usual concepts of the β-function and renormalization group
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from the space of coupling constants of the theory to the complex Lie group G.
We now exhibit these results.

The original loop ε→ γ(ε) not only depends upon the parameters of the the-
ory but also on the additional unit of mass µ, –the ’t Hooft mass in dimensional
regularization–, required by dimensional analysis.

But although the loop γ(ε) does depend on the additional parameter µ,

µ→ γ(ε;µ) ,

the negative part γµ− in the Birkhoff decomposition, the character delivering
the MS counterterms,

γ(ε;µ) = γ−(ε;µ)−1 γ+(ε;µ)

is actually independent of µ,

∂

∂µ
γ−(ε;µ) = 0 . (28)

This is a remnant of the fact that our Hopf algebra is constructed so as to
achieve local counterterms: φ is a character which can be easily shown to be
a series in log(q2/µ2) so that a remaining µ2 dependence in MS counterterms
would be accompanied by a remaining q2 dependence, and would hence violate
locality.13

The Lie group G turns out to be graded, with grading,

θρ ∈ AutG , ρ ∈ R ,

inherited from the grading of the Hopf algebra H of Feynman graphs given by
the loop number,

deg(Γ) = loop number of Γ (29)

for any 1PI graph Γ, so that θρ(Γ) = eρdeg(Γ)Γ.14

This leads to
γ(ε; eρµ) = θρε(γ(ε;µ)) ∀ ρ ∈ R ,

13A similar argument applies when the Feynman rules provide a character parametrized by
several scales. Again, by a group action which is a finite rerenormalization, we can reduce the
unrenormalized theory to a dependence on a single scale. This reduction can constrain the
renormalization group flow to a submanifold though, in which case an explicit group action is
needed to switch from mass-independent to mass-dependent renormalization group functions,
as it is well-known [30].

14Here ρ is to be regarded as a constant. If we promote it to a character evaluating in the
ring of functions holomorphic at ε = 0 we obtain the automorphisms used in section 3 to
lift the renormalization map R to automorphisms of the Hopf algebra. Note that a constant
ρ is sufficient to describe momentum schemes for example, using that one only has to use
ρ = ε log(µ2/q2) to compensate for the canonical q2-dependence [2, 3, 16, 10].
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so that the loops γ(µ) associated to the unrenormalized theory have the prop-
erty that the negative part of their Birkhoff decomposition is unaltered by the
operation,

γ(ε) → θρε(γ(ε)) :

if we replace γ(ε) by θρε(γ(ε)) we do not change the negative part of its Birkhoff
decomposition. A complete characterization of the loops γ(ε) ∈ G fulfilling this
invariance can be found in [9]. This characterization only involves the negative
part γ−(ε) of their Birkhoff decomposition which by hypothesis fulfills,

γ−(ε) θρε(γ−(ε)−1) is convergent for ε→ 0 . (30)

It is then easy to see that this defines in the limit ε → 0 a one parameter
subgroup,

Fρ ∈ G , ρ ∈ R. (31)

Now, the role of the β-function is revealed: the generator β :=
(
∂
∂ρ Fρ

)
ρ=0

of

this one parameter group is related to the residue of the loop γ

Res
ε=0

γ = −
(
∂

∂u
γ−

(
1

u

))

u=0

(32)

by the simple equation,
β = Y Res γ , (33)

where Y =
(
∂
∂ρ
θρ

)
ρ=0

is the grading. In a moment, we will see how this

generator β relates to the common β-function of physics.
All this is a simple consequence of the set-up described so far and is worked

out in detail in [9] (essentially, at the moment we quote a summary of the
results of that paper), while the central result of [9] gives γ−(ε) in closed form
as a function of β. Let us use an additional generator in the Lie algebra of G
(i.e. primitive elements of H∗) implementing the grading such that [Z0, X] =
Y (X)∀X ∈ Lie G. Then, the loop γ−(ε) corresponding to the MS counterterm
evaluated on any close curve around ε = 0 can be written by a scattering type
formula for γ−(ε) as

γ−(ε) = lim
t→∞

e−t(
β
ε+Z0) etZ0 . (34)

Both factors in the right hand side belong to the semi-direct product,

G̃ = G >/
θ
R

of the group G by the grading, but their product belongs to the group G.
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As a consequence the higher pole structure of the divergences is uniquely
determined by the residue and this gives a strong form of the t’Hooft relations,
which come indeed as an immediate corollary.15

The most fundamental result of [9] is obtained though when considering
two competing Hopf algebra structures: diffeomorphisms of physical parameters
carry, being formal diffeomorphisms, with them the Hopf algebra structure of
such diffeomorphisms. This structure was recognized for the first time by Alain
Connes and Henri Moscovici in [31]. On the other hand, a variation of physical
parameters induced by a variation of scales is a rerenormalization, which directly
leads to the Hopf algebra of Feynman graphs. Let us first describe the Hopf
algebra structure of the composition of diffeomorphisms in a fairly elementary
way, while mathematical detail can be found in [31].

Assume you have formal diffeomorphisms φ, ψ in a single variable

x→ φ(x) = x+
∑

k>1

cφkx
k, (35)

and similarly for ψ. How do you compute the Taylor coefficients cφ◦ψk for the

composition φ ◦ψ from the knowledge of the Taylor coefficients cφk , c
ψ
k ? It turns

out that it is best to consider the Taylor coefficients

δφk = log(φ′(x))(k)(0) (36)

instead, which are as good to recover φ as the usual Taylor coefficients. The
answer lies then in a Hopf algebra structure:

δφ◦ψk = m ◦ (ψ̃ ⊗ φ̃) ◦∆CM(δk),

where φ̃, ψ̃ are characters on a certain Hopf algebra HCM (with coproduct ∆CM )

so that φ̃(
∏
i δi) =

∏
i δ
φ
i . Thus one finds a Hopf algebra with abstract generators

δn such that it introduces a convolution product on characters evaluating to
the Taylor coefficients δφn, δ

ψ
n , such that the natural group structure of these

characters agrees with the diffeomorphism group.
It turns out that this Hopf algebra of Connes and Moscovici is intimately

related to rooted trees in its own right [5], signalled by the fact that it is linear
in generators on the rhs, as are the coproducts of rooted trees and graphs.16

15The explicit formulas in [9] allow to find the combinations of primitive graphs into which
higher order poles resolve. The weights are essentially given by iterated integrals which pro-
duce coefficients which generalize the tree-factorials obtained for the undecorated Hopf algebra
in [3, 16, 10]. Iterated application of this formula allows to express inversely the first-order
poles contributing to the β-function as polynomials in Feynman graphs free of higher-order
poles.

16Taking the δn as naturally grown linear combination of rooted trees imbeds the commu-
tative part of the Connes-Moscovici Hopf algebra in the Hopf algebra of rooted trees, which
on the other hand allows for extensions similar to the ones needed by Connes and Moscovici.
Details are in [5].
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This initiated the collaboration of Alain Connes and the author, when, in a
lucky accident, we both stumbled over similar Hopf algebras at about the same
time.

Now, following [9], let us specialize to the massless case. Then the formula
for the bare coupling constant,

g0 = g Z1 Z
−3/2
3 (37)

(where both g Z1 = g + δg and the field strength renormalization constant Z3

are thought of as power series (in g) of elements of the Hopf algebra H) does
define a Hopf algebra homomorphism,

HCM
g0−→ H ,

from the Hopf algebra HCM of coordinates on the group of formal diffeomor-
phisms of C (ie such that ϕ(0) = 0 , ϕ′(0) = id as in Eq.(35)) to the Hopf algebra
H of the massless theory.17 Having this Hopf algebra homomorphism fromHCM

to H, dually one gets a transposed group homomorphism ρ, a homomorphism
from the huge group of characters of the Hopf algebra to the group of diffeomor-
phism of physical parameters [9]. We finally recover the usual β-function: the
image by ρ of the previously introduced generator β = Y Res γ is then the usual
β-function of the coupling constant g. While this might sound rather abstract,
it can be easily translated into the standard notions of renormalization theory
(see, for example, [32]).

While in [9] the physical parameter under consideration was a single cou-
pling, similar considerations apply to other physical parameters which run under
the renormalization group, making use of the Hopf algebraic description of com-
position of diffeomorphisms in general.

As a corollary of the construction of ρ one gets an action by (formal) diffeo-
morphisms of the group G on the space X of (dimensionless) coupling constants
of the theory. One can then in particular formulate the Birkhoff decomposition
directly in the group Diff (X) of formal diffeomorphisms of the space of coupling
constants.

The unrenormalized theory delivers a loop

δ(ε) ∈ Diff (X) , ε 6= 0,

whose value at ε 6= 0 is simply the unrenormalized effective coupling constant.
The Birkhoff decomposition δ(ε) = δ+(ε) δ−(ε)−1 of this loop gives directly

δ−(ε) = bare coupling constant

17We restrict ourselves to the massless theory so that we can deal with one-dimensional
diffeomorphisms. We can regard a mass as a further coupling constant of a two-point vertex
which leads to formal diffeomorphisms of higher dimensional spaces.
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Figure 16: The geometric picture of [9] allows for the construction of a complex
bundle, P = (S+ × X) ∪δ (S− × X) over the sphere S = P1(C) = S+ ∪ S−, and

with fiber X, X −→ P
π−→ S , where X is a complex manifold of physical parameters.

The transition in this fiber are diffeomorphisms. δ(ε) delivers a diffeomorphism of X
for any ε ∈ C, where C is the boundary of the two half-spheres S+, S−. It extends
to the interiors of the half-spheres via its Birkhoff decomposition. The meaning of
this Birkhoff decomposition, δ(ε) = δ+ (ε) δ−(ε)−1 is then exactly captured by an
isomorphism of the bundle P with the trivial bundle, S × X. Note that δ−(∞) is
well-defined due to the fact that SMS has no constant term in ε, which characterizes
a minimal subtraction scheme.

and
δ+(ε) = renormalized effective coupling constant.

This result is now stated in a manner independent of our group G or the Hopf
algebra H, its proof makes heavy use of these ingredients though.

Finally, the Birkhoff decomposition of a loop, δ(ε) ∈ Diff (X) admits a beau-
tiful geometric interpretation [9], described in Fig.(16).

6.3 An example

In [9] the reader can find explicit computational examples up to the three-loop
level, and a complete proof to all loop orders, for the group and Hopf algebra
homomorphisms described above. We only want to check the Hopf algebra
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homomorphism HCM → H up to two loops here. We regard g0 as a series in
a variable x (which can be thought of as a physical coupling) up to order x4,

making use of g0 = xZ1Z
−3/2
3 and the expression of the Z-factors in terms of

1PI Feynman graphs. The challenge is then to confirm that the coordinates δg0
n ,

implicitly defined by [31]

log [g0(x)′]
(n)

,

as expected from Eq.(36), commute with the Hopf algebra homomorphism: cal-
culating the coproduct ∆CM of δn and expressing the result in terms of Feynman
graphs with the help of the character corresponding to g0, g̃0(δn) = δg0

n , must
equal the application of the coproduct ∆ applied to δg0

n .

We write g0 = xZ1Z
−3/2
3 ,

Z1 = 1 +

∞∑

k=1

z1,2kx
2k,

Z3 = 1−
∞∑

k=1

z3,2kx
2k,

and
Zg = Z1Z

−3/2
3 , zi,2k ∈ Hc, i = 1, 3,

as formal series in x2. Using

log

(
∂

∂x
xZg

)
=

∞∑

k=1

δg0

2k

(2k)!
x2k,

which defines δg0

2k, we find

1

2!
δg0

2 ≡ δ̃2
g0

= 3z1,2 +
9

2
z3,2, (38)

1

4!
δg0

4 ≡ δ̃4
g0

= 5[z1,4 +
3

2
z3,4]− 9

2
z2

1,2 − 6z1,2z3,2 −
3

4
z2

3,2, .

The algebra homomorphism HCM → H is effected by expressing the zi,2k in
Feynman graphs, with 1PI graphs with three external legs contributing to Z1,
and 1PI graphs with two external legs, self-energies, contributing to Z3.

Explicitly, we have

z1,2 = ,

z3,2 =
1

2
,

z1,4 = + + +
1

2

[
+ +

]
+

1

2
,

z3,4 =
1

2

[
+

]
.
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On the level of diffeomorphisms, we have the coproduct

∆CM [δ4] = δ4 ⊗ 1 + 1⊗ δ4 + 4δ2 ⊗ δ2, (39)

where we skip odd gradings (in φ3 theory, adding a loop order increases the
order in the coupling by g2).

We have to check that the coproduct ∆ of Feynman graphs reproduces these
results.

Applying ∆ to the rhs of (39) gives, using the expressions for zi,k in terms

of Feynman graphs,

∆(δ̃4) = 6 ⊗ +
9

2

[
⊗ + ⊗

]

+
27

8
⊗ + δ̃4 ⊗ 1 + 1⊗ δ̃4.

This has to be compared with δ̃4 ⊗ 1 + 1 ⊗ δ̃4 + 2!2!
4! 4δ̃2 ⊗ δ̃2, which matches

nicely, as

δ̃2 ⊗ δ̃2 = 9 ⊗ +
27

4

[
⊗ + ⊗

]

+
81

16
⊗ .

7 Conclusions and Outlook

In this final section we mainly want to comment on some more future lines of
investigation, which in part are already work in progress. We start with the
connection between Feynman diagrams and the numbers which we see in their
coefficients of ultraviolet divergence, which is a rich source of structure [15].

7.1 Numbers and Feynman diagrams

There is an enormous amount of interesting number theory in Feynman diagrams
[33, 34, 15]. In particular, the primitive elements in the Hopf algebra, those
graphs which have no subdivergences and provide a renormalization scheme
independent coefficient of ultraviolet divergence, show remarkable and hard to
explain patterns. These coefficients evaluate in Euler–Zagier sums (generalized
polylogs evaluated at (suitable roots of) unity so that they generalize multiple
zeta values (MZVs) [15, 33, 34]), numbers which have remarkably fascinating
algebraic structure [35, 36, 37, 38].
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These algebraic structures are believed to be governed by shuffle algebras,
and by the much more elusive Grothendieck–Teichmüller group (see, for exam-
ple, [39] for an introduction to the Grothendieck Teichmüller group which is
close in spirit to the consideration of short-distance singularities).

The coefficients of UV-divergence in Feynman diagrams typically evaluate,
up to the six loop level, in terms of these Euler–Zagier sums, but the question
if this will always be so remains open in light of the failure to identify all these
coefficients in this number class at the seven loop level [33, 34, 15]. While
the embarrassingly successful heuristic approach summarized in [15], providing
a knot-to-number dictionary for those numbers, only emphasizes the need for
a more thorough understanding, the algebraic structures in Feynman graphs
hopefully lead to such an understanding in the future. It is already remarkable
that shuffle products can be detected in Feynman graphs [13], but their are hints
for much more structure [14].

But while the existence of shuffle algebras in Feynman graphs can essentially
be straightforwardly addressed due to the fact that a shuffle algebra makes use of
the B+, B− operators in a natural way [13], these remaining algebraic relations
between Feynman graphs will be harder to address.18 But the very fact that
Feynman graphs realize their short-distance singularities in tree-like hierarchies
suggests that they can be understood along lines similar to what is known for
Euler–Zagier sums.

In particular, Feynman graphs whose subdivergences realize the same rooted
tree but with subgraphs inserted at different internal lines provide remarkable
number-theoretic features [40]. As mentioned before, in the operad picture, such
differences are given by permutations σ(i) = j of places i at which we compose:

Γ ◦i γ → Γ ◦σ(i) γ.

Note that, if we let U be the difference of the two expressions, we get a primitive
element in the Hopf algebra (if the two graphs Γ and γ are both primitive),
∆(U ) = U ⊗ 1 + 1⊗ U .

Quite often, one finds that these differences are even finite, which means
that the coefficients of ultraviolet divergence are the same and drop out in the
difference: short distance singularities are invariant under the above permuta-
tions. Fig.(17) gives an example of such an invariance observed in [40]. We
insert a one-loop bubble at different places i, j in the graph. We do not have
to worry that in one case it is a one-loop fermion self-energy, in the other case
a one-loop boson self-energy. In massless Yukawa theory, they both evaluate to
the same analytic expression. This makes it very easy to study the effect of a
subdivergence being inserted at different places in a larger graph. In this four-
loop example, the difference becomes a primitive element and hence delivers
only a first order pole ∼ ζ(3)/ε, signalling the difference in topology between

18But note that these shuffle algebras and shuffle identities only hold for the coefficients of
ultraviolet singularity: they hold up to finite parts, up to finite rerenormalizations that is.
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Figure 17: These two Feynman graphs (with their distinct topologies indicated on
the rhs of each: the topology of the upper graph is that of disjoint one-loop insertions,
the lower is a ladder topology) in massless Yukawa theory have a remarkable relation:
their difference is a primitive Hopf algebra element. When evaluating the character
SMS on both, one finds a Laurent series with poles of fourth order from both of them.
In the difference, the highest three-pole terms drop out, and the remaining term is
∼ ζ(3)/ε. Similar phenomena happen at higher loop orders [40]: higher poleterms are
invariants under the permutation of places where we insert subgraphs.

the two diagrams [15]. The ladder diagram evaluates to rational coefficients
in the poleterms of its MS counterterm, while the other diagram has the same
rational part, but also has ζ(3) in the 1/ε pole. In the difference, only this first
order pole ∼ ζ(3)/ε remains.

Comparing the two three-loop subgraphs of each diagram, one finds their
difference to be finite and ∼ ζ(3), so that the three coefficients

∑3
i=1 ci/ε

i are
invariant under an exchange of the place where we insert the subgraph: the
morphism sending one graph to the other, and thus sending one configuration
of internal vertices with its characteristic short-distance singularities to another,
is a finite one. Similar observation hold for higher loop orders [40].

A systematic understanding of such phenomena, and a possible relation to
finite-type invariants, seems crucial to understand the algebraic relations in
Feynman graphs completely. Ultimately, one hopes for a geometric understand-
ing of the analytic challenge posed by Feynman diagrams. Meanwhile, similar
relations have been observed in QED [41].

A requirement on the way to such an understanding is the question how in
the geometric picture of Fig.(16) one can relate an infinitesimal variation in the
base space to a variation in the fiber, ie the quest for a connection?

For the δ− part of the Birkhoff decomposition, this leads to an investigation

39



as to how a derivative with respect to the regularization parameter ε is related to
the insertion of a further graph. First results at low loop orders to be discussed
elsewhere indicate that this is a source for relations between the coefficients of
ultraviolet divergence similar but not quite like the four-term relations discussed
in the study of finite-type invariants [15]. This is not impossible: while all higher
poleterms are fixed in terms of the residue by the scattering type formula Eq.(34)
of the previous section, this formula can by its very nature not deliver relations
between residues of graphs.

7.2 Gauge symmetries

Clearly, one of the most urgent and fascinating questions is the role of sym-
metries in quantum field theories. Having, with the Hopf algebra structures
reported here, discovered such a wonderful machinery which encapsulates the
quest for locality, one should expect interesting structure when considering local
gauge symmetries, in particular also with respect to the role which foliations
play naturally in noncommutative geometry [31, 42].

There are many aspects which can hopefully be addressed in the near future.

• To what extent can Ward- and Slavnov-Taylor identities be incorporated
in this picture? Do these identities form something like an ideal in the
algebra of graphs? Note that the language of external structures allows
nicely to formulate concepts like the longitudinal and transversal part of a
vertex-correction for example, and is hence well-adopted to address such
questions.

• Has BRST cohomology a natural formulation in this context?

• Gauge theories provide number-theoretical miracles in abundance, with
the most significant observation being Jon Rosner’s observation [43] of the
vanishing of ζ(3) from the β-function of quenched QED. While this can
be understood heuristically [44, 15], eventually the role between internal
symmetries and number-theoretic properties must be properly understood.

For the practitioner of quantum field theory, the real challenge lies in the treat-
ment of the perturbative expansion in circumstances when there is no regulariza-
tion available which preserves the symmetries of the initial theory. A notorious
and famous problem at hand is the γ5 problem in dimensional regularization
[45]. In realistic circumstances like the Standard Model this already demands a
formidable effort at the one-loop level if one uses a calculational scheme which
violates the BRS symmetry even in the absence of anomalies (see [46] for such
an example), which then is an unavoidable effort dictated by the demand to
restore the BRS symmetry using the quantum action principle. There is one
obvious useful role for the Hopf algebra: the analysis at the one-loop level would
in many ways not change when extended to any other primitive element of the

40



Hopf algebra, which, being primitive, all share with the one-loop graphs that
they have no subdivergences. From there, the Hopf algebra structure governs
the iteration of graphs into each other.

But then, the prominent role and natural role which field-theoretic ingredi-
ents like the Dirac propagator and γ5 itself, a volume form on four-dimensional
space essentially, play in non-commutative geometry [6, 42], gives hope for a
more profound understanding of this problem in the future.

7.3 The exact renormalization group and the non-pertur-
bative regime

Ultimately, the renormalization group is a non-perturbative object, and can
indeed be addressed without necessarily making use of the usual concepts of
graph-theoretic expansions [47, 48]. This is nicely reflected by the fact that
the transition from the perturbative to the non-perturbative just amounts, in
the picture outlined here, to a Birkhoff decomposition of an actual instead of a
formal diffeomorphism. Integrationg out high frequency modes in the functional
integral step-by-step produces a sequence of diffeomorphisms of the correlation
function under consideration.19

The Hopf algebra of rooted trees, thanks to its universality, provides the
relevant backbone in any case, and indeed rooted trees underly any iterative
equation, like, for example, the Wilson equation

∂Sλ
∂λ

= F(Sλ),

for some action parametrized by some cut-off λ and some suitable functional
F . Integrating this functional F now plays the role of the operator B+ in the
universal setting of the Hopf algebra of rooted trees [5]. Rooted trees are deeply
built into solutions of (integro-) differential equations [49, 50]. It is no miracle
then that on the other hand one finds that the understanding of the Hopf- and
Lie algebras of Feynman graphs not only enables high-loop order calculations
[10, 11, 51] which allow to analyze Padé-Borel resummations [11, 51, 52] but
also allows to find exact non-perturbative solutions in new problems. A first
result can be found in [51].

7.4 Further aspects

Combinatorially, rooted trees are very fundamental objects, and their Hopf and
Lie algebra structure underlies not only the combinatorial process of renormal-
ization, but can hopefully be used in the future in other expansions in per-
turbation theory, starting from a disentanglement of infrared divergent sectors

19The fact, emphasized by Polchinski [47], that in such an approach one does not see the
graph-theoretical notions emphasized in textbook approaches to renormalization theory is a
mere reflection of the fact that one can formulate the Birkhoff decomposition directly on the
level of diffeomorphisms of physical observables [9], as exhibited in the previous section.
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[53] to more general applications in asymptotic expansions [54]. Its universal
nature already allowed to use it in a straightforward formulation of block spin
transformations, coarse graining and the renormalization of spin networks [55].
Eventually, one hopes, this basic universal combinatorial structure finds its way
into other approaches to QFT, from the constructive approach [56] which in its
nature is very tree-like from a start [57], to the algebraic school [58, 59], which
all have to handle the basic combinatorial step that we can address a problem
only after we addressed its subproblems.20 Note also that applications of forest
formulas in the context of noncommutative field theory and string field theory
(see [62] for a detailed graphical analysis) naturally change the criteria for the
subgraphs γ over which a sum

∆(Γ) = Γ⊗ 1 + 1⊗ Γ +
∑

γ

γ ⊗ Γ/γ

runs, while the results in [4] underline that a Hopf algebra structure can still be
established when we vary these criteria.

There is no space here to comment in detail on some other mathematical
developments which are related to the discovery of the Hopf algebra structure of
renormalization. We can only address the interested reader to [63, 64, 65, 28].
But note that such mathematical investigations are often very useful for a prac-
titioner of QFT: clearly, the classification of all primitive Hopf algebra elements
is of importance even for the case of the undecorated Hopf algebra of rooted
trees, and leads for example to the notion of a bigrading which characterizes
potential higher divergences algebraically [12, 65].

7.5 Conclusions

Rooted trees and Feynman graphs are familiar objects for anybody working on
the perturbative expansion of a functional integral, and as familiar are forest
formulas and the Bogoliubov recursion.

What is new is that there is a universal Hopf algebra on rooted trees, de-
voted to the problem of singularities along diagonals in configuration spaces and
providing a principle of multiplicative subtraction, which reproduces just these
recursions and forest formulas. That Feynman graphs, with all their external
structure, form a Lie algebra is a very nice consequence which hopefully gives
a new and strong handle for the understanding of QFT in the future. The con-
sequences of the connection to the Riemann–Hilbert problem and the Birkhoff
decomposition of diffeomorphisms, the connection between short-distance sin-
gularities in perturbation theory and polylogarithms, all this indicates what a
rich source of mathematical structure and beauty is imposed on a quantum field
theory by its infinities.

20The universality of the Hopf algebra can be used to describe effective actions in a unifying
manner, which was indeed one of the main points of [8, 9], while the connection to integrable
models promoted in [60, 61] can hopefully be substantiated further in the future.

42



Acknowledgments

A large body of the work presented here was done in past and ongoing collabo-
rations with David Broadhurst and Alain Connes. Helpful discussions with Jim
Stasheff on operads are gratefully acknowledged. This work was done in part
for the Clay Mathematics Institute. Also, the author thanks the DFG for a
Heisenberg fellowship.

References

[1] Collins, Renormalization, Cambridge Univ. Press 1984.

[2] D. Kreimer, On the Hopf algebra structure of perturbative quantum field
theories, Adv. Theor. Math. Phys. 2 (1998) 303[q-alg/9707029].

[3] D. Kreimer, Chen’s iterated integral represents the operator product expan-
sion, Adv. Theor. Math. Phys. 3 (2000) 627[hep-th/9901099].

[4] D. Kreimer, On overlapping divergences, Commun. Math. Phys. 204 (1999)
669[hep-th/9810022].

[5] A. Connes and D. Kreimer, Hopf algebras, renormalization and noncommu-
tative geometry, Commun. Math. Phys. 199 (1998) 203[hep-th/9808042].

[6] A. Connes and D. Kreimer, Lessons from quantum field theory: Hopf
algebras and spacetime geometries, Lett. Math. Phys. 48 (1999) 85[hep-
th/9904044].

[7] A. Connes and D. Kreimer, Renormalization in quantum field theory and
the Riemann-Hilbert problem, JHEP 9909 (1999) 024[hep-th/9909126].

[8] A. Connes and D. Kreimer, Renormalization in quantum field theory and
the Riemann-Hilbert problem. I: The Hopf algebra structure of graphs and
the main theorem, Commun. Math. Phys. 210 (2000) 249[hep-th/9912092].

[9] A. Connes and D. Kreimer, Renormalization in quantum field theory
and the Riemann-Hilbert problem. II: The beta-function, diffeomorphisms
and the renormalization group, Commun. Math. Physs. in press, hep-
th/0003188.

[10] D. J. Broadhurst and D. Kreimer, Renormalization automated by Hopf
algebra, J. Symb. Comput. 27 (1999) 581[hep-th/9810087].

[11] D. J. Broadhurst and D. Kreimer, Combinatoric explosion of renormaliza-
tion tamed by Hopf algebra: 30-loop Pade-Borel resummation, Phys. Lett.
B475 (2000) 63[hep-th/9912093].

43

http://arXiv.org/abs/q-alg/9707029
http://arXiv.org/abs/hep-th/9901099
http://arXiv.org/abs/hep-th/9810022
http://arXiv.org/abs/hep-th/9808042
http://arXiv.org/abs/hep-th/9904044
http://arXiv.org/abs/hep-th/9904044
http://arXiv.org/abs/hep-th/9909126
http://arXiv.org/abs/hep-th/9912092
http://arXiv.org/abs/hep-th/0003188
http://arXiv.org/abs/hep-th/0003188
http://arXiv.org/abs/hep-th/9810087
http://arXiv.org/abs/hep-th/9912093


[12] D. J. Broadhurst and D. Kreimer, Towards cohomology of renormalization:
Bigrading the combinatorial Hopf algebra of rooted trees, Commun. Math.
Phys. in press, hep-th/0001202.

[13] D. Kreimer, Shuffling quantum field theory, Lett. Math. Phys. 51 (2000)
179[hep-th/9912290].

[14] D. Kreimer, Feynman diagrams and polylogarithms: Shuffles and pen-
tagons, Nucl. Phys. Proc. Suppl. 89 (2000) 289[hep-th/0005279].

[15] D. Kreimer, Knots and Feynman Diagrams, Cambridge Univ. Press 2000.

[16] D. Kreimer and R. Delbourgo, Using the Hopf algebra structure of QFT in
calculations, Phys. Rev. D60 (1999) 105025[hep-th/9903249].

[17] H. Epstein and V. Glaser, The role of locality in perturbation theory, Ann.
Inst. H. Poincaré 19 (1973) 211.
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1 Introduction

In this talk we review work [1,2,3,4,5] that exploits perturbative relations between
gravity and gauge theories. Although both theories have a local symmetry, their
dynamical behaviors are quite different. Nevertheless, in the context of perturba-
tion theory, it turns out that tree-level gravity amplitudes can, roughly speaking,
be expressed as a sum of products of gauge theory amplitudes. These tree-level re-
lations between gravity and gauge theory S-matrices are rather remarkable from a
conventional Lagrangian or Hamiltonian point of view but can be most easily under-
stood from the Kawai, Lewellen and Tye (KLT) [6] relations between open and closed
string tree amplitudes. When combined with the D-dimensional unitarity methods
described in refs. [7,8], it provides a new tool for investigating the ultra-violet be-
havior of quantum gravity. (The unitarity methods have also been applied to QCD
loop computations of phenomenological interest and to supersymmetric gauge theory
computations [7,9,10].)

Ultraviolet properties are a central issue for perturbative gravity. Although gravity
is non-renormalizable by power counting, no divergence has, in fact, been established
by a direct calculation for any four-dimensional supersymmetric theory of gravity.
Explicit calculations have established that non-supersymmetric theories of gravity
with matter generically diverge at one loop [11,12,13], and pure gravity diverges
at two loops [14]. However, in any supergravity theory in D = 4, supersymmetry
Ward identities [15] forbid all possible one-loop [16] and two-loop [17] counterterms.
Thus, at least a three-loop calculation is required to directly address the question
of divergences in four-dimensional supergravity. There is a candidate counterterm
at three loops for all supergravities including the maximally extended version (N =
8) [18,19]. However, no explicit three loop (super) gravity calculations have appeared.
It is in principle possible that the coefficient of a potential counterterm can vanish,
especially if the full symmetry of the theory is taken into account. Based on explicit
calculation, we shall argue that this is indeed the case for the potential three-loop
counterterm of N = 8 supergravity.

With traditional perturbative approaches [20] to performing explicit calculations,
as the number of loops increases the number of algebraic terms proliferates rapidly
beyond the point where computations are practical. We will take a different approach,
relying instead on a new formalism for perturbatively quantizing gravity.

2 Method for Investigating Perturbative Gravity

Our reformulation of quantum gravity is based on two ingredients:

1. The Kawai, Lewellen and Tye relations between closed and open string tree-level
S-matrices [6].
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2. The observation that the D-dimensional tree amplitudes contain all informa-
tion necessary for building the complete perturbative S-matrix to any loop
order [7,8].

2.1 The KLT tree-level relations.

In the field theory limit (α′ → 0) the KLT relations for the four- and five-point
amplitudes are [6,21]

M tree
4 (1, 2, 3, 4) = −is12A

tree
4 (1, 2, 3, 4)Atree

4 (1, 2, 4, 3) ,

M tree
5 (1, 2, 3, 4, 5) = is12s34A

tree
5 (1, 2, 3, 4, 5)Atree

5 (2, 1, 4, 3, 5)

+ is13s24A
tree
5 (1, 3, 2, 4, 5)Atree

5 (3, 1, 4, 2, 5) ,

(1)

where the Mn’s are the amplitudes in a gravity theory stripped of couplings, the
An’s are the color-ordered gauge theory sub-amplitudes also stripped of couplings
and sij ≡ (ki + kj)

2. We suppress all εj polarizations and kj momenta, but keep the
‘j’ labels to distinguish the external legs. Full gauge theory amplitudes are given in
terms of the partial amplitudes An, via

Atree
n (1, 2, . . . n) = g(n−2)

∑

σ∈Sn/Zn
Tr (T aσ(1) · · ·T aσ(n))Atree

n (σ(1), . . . , σ(n)) ,

where Sn/Zn is the set of all permutations, but with cyclic rotations removed, and
g is the gauge theory coupling constant. The T ai are fundamental representation
matrices for the Yang-Mills gauge group SU(Nc), normalized so that Tr(T aT b) = δab.
For states coupling with the strength of gravity, the full amplitudes including the
gravitational coupling constant are,

Mtree
n (1, . . . n) =

(
κ

2

)(n−2)

M tree
n (1, . . . n) ,

where κ2 = 32πGN . The KLT equations generically hold for any closed string states,
using their Fock space factorization into pairs of open string states.

Berends, Giele and Kuijf [21] exploited the KLT relations (1) and their n-point
generalizations to obtain an infinite set of maximally helicity violating (MHV) gravi-
ton tree amplitudes, using the known MHV Yang-Mills amplitudes [22]. Cases of
gauge theory coupled to gravity have recently been discussed in ref. [5]. Interestingly,
the color charges associated with any gauge fields appearing in gravity theories are
represented through the KLT equations as flavor charges carried either by scalars or
fermions. For example, by applying the KLT equations the three-gluon one-graviton
amplitude may be expressed as

Mtree
4 (1−g , 2

−
g , 3

+
g , 4

+
h ) = −igκ

2
s12A

tree
4 (1−g , 2

−
g , 3

+
g , 4

+
g )×Atree

4 (1s, 2s, 4
+
g , 3s)

= g
κ

2

〈1 2〉4
〈1 2〉 〈2 3〉 〈3 4〉 〈4 1〉 ×

√
2fa1a2a3

[4 3] 〈3 2〉
〈2 4〉 ,
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where the ± superscripts denote the helicities and the subscripts h, g and s denote
whether a given leg is a graviton, gluon or scalar. On the right-hand side of the
equation, the group theory indices are flavor indices for the scalars. On the left-hand
side they are reinterpreted as color indices for gluons. For simplicity, the amplitudes
have been expressed in terms of D = 4 spinor inner products (see e.g. ref. [23]),
although the factorization of the amplitude into purely gauge theory amplitudes holds
in any dimension. The spinor inner products are denoted by 〈i j〉 = 〈i−|j+〉 and
[i j] = 〈i+|j−〉, where |i±〉 are massless Weyl spinors of momentum ki, labeled with
the sign of the helicity. They are antisymmetric, with norm | 〈i j〉 | = | [i j] | = √sij.

2.2 Cut Construction of Loop Amplitudes

We now outline the use of the KLT relations for computing multi-loop gravity
amplitudes, starting from gauge theory amplitudes. Although the KLT equations hold
only at the classical tree-level, D-dimensional unitarity considerations can be used to
extend them to the quantum level. The application of D-dimensional unitarity has
been extensively discussed for the case of gauge theory amplitudes [7,8], so here we
describe it only briefly.

The unitarity cuts of a loop amplitude can be expressed in terms of amplitudes
containing fewer loops. For example, the two-particle cut of a one-loop four-point
amplitude in the channel carrying momentum k1 + k2, as shown in fig. 1, can be
expressed as the cut of,

∑

states

∫
dDL1

(4π)D
i

L2
1

Mtree
4 (−L1, 1, 2, L3)

i

L2
3

Mtree
4 (−L3, 3, 4, L1)

∣∣∣
cut
, (2)

where L3 = L1− k1 − k2, and the sum runs over all states crossing the cut. We label
D-dimensional momenta with capital letters and four-dimensional ones with lower
case. We apply the on-shell conditions L2

1 = L2
3 = 0 to the amplitudes appearing in

the cut even though the loop momentum is unrestricted; only functions with a cut in
the given channel under consideration are reliably computed in this way.

Complete amplitudes are found by combining all cuts into a single function with
the correct cuts in all channels. If one works with an arbitrary dimension D in

�

��

� ���

�	�

Figure 1: The two-particle cut at one loop in the channel carrying momentum k1 + k2.
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eq. (2), and takes care to keep the full analytic behavior as a function of D, then the
results will be free of subtraction ambiguities that are commonly present in cutting
methods [24,7,8]. (The regularization scheme dependence remains, of course.) An
advantage of the cutting approach is that the gauge-invariant amplitudes on either
side of the cut may be simplified before attempting to evaluate the cut integral [8].

3 Recycling Gauge Theory Into Gravity Loop amplitudes

As a relatively simple example, consider the one-loop amplitude with four identical
helicity external gravitons and a scalar in the loop [2,3]. The cut in the s12 channel is

∫
dDL1

(2π)D
i

L2
1

M tree
4 (−Ls1, 1+

h , 2
+
h , L

s
3)

i

L2
3

M tree
4 (−Ls3, 3+

h , 4
+
h , L

s
1)
∣∣∣
cut
, (3)

where the superscript s indicates that the cut lines are scalars and the subscript h
indicates that the external particles are gravitons. Using the KLT expressions (1) we
may replace the gravity tree amplitudes appearing in the cuts with products of gauge
theory amplitudes. The required gauge theory tree amplitudes, with two external
scalar legs and two gluons, are relatively simple to obtain using Feynman diagrams
and are,

Atree
4 (−Ls1, 1+

g , 2
+
g , L

s
3) = i

µ2 [1 2]

〈1 2〉 [(`1 − k1)2 − µ2]
,

Atree
4 (−Ls1, 1+

g , L
s
3, 2

+
g ) = −iµ

2 [1 2]

〈1 2〉
[

1

(`1 − k1)2 − µ2
+

1

(`1 − k2)2 − µ2

]
,

where L1 = `1 + µ, where the subscript g means the lines are gluons. The gluon
momenta are four-dimensional, but the scalar momenta are allowed to have a (−2ε)-
dimensional component ~µ, with ~µ · ~µ = µ2 > 0. The overall factor of µ2 appearing
in these tree amplitudes means that they vanish in the four-dimensional limit, in
accord with a supersymmetry Ward identity [15]. In the KLT relation (1), one of the
propagators cancels, leaving

M tree
4 (−Ls1, 1+

h , 2
+
h , L

s
3) = −i

(
µ2 [1 2]

〈1 2〉
)2[ 1

(`1 − k1)2 − µ2
+

1

(`1 − k2)2 − µ2

]
.

By symmetry, the tree amplitudes appearing in any of the other cuts are the same
up to relabelings. We then inserting these trees, with appropriate leg labels, into the
cut (3).

After combining all three cuts into a single function that has the correct cuts in
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all channels one obtains the one-loop graviton amplitude with a scalar in the loop,

M1-loop
4 (1+

h , 2
+
h , 3

+
h , 4

+
h ) = 2

[1 2]2 [3 4]2

〈1 2〉2 〈3 4〉2
(
I1-loop

4 [µ8](s, t) + I1-loop
4 [µ8](s, u)

+ I1-loop
4 [µ8](t, u)

)
,

(4)
where s = s12, t = s14, u = s13 are the usual Mandelstam variables and

I1-loop
4 [P](s, t) =

∫
dDL

(2π)D
P

L2(L− k1)2(L − k1 − k2)2(L+ k4)2
(5)

is the scalar box integral depicted in fig. 2 with the external legs arranged in the
order 1234. In eq. (4) the numerator P is µ8. The two other scalar integrals that
appear correspond to the two other distinct orderings of the four external legs. The
spinor factor [1 2]2 [3 4]2 /(〈1 2〉2 〈3 4〉2) in eq. (4) is actually completely symmetric,
although not manifestly so. By rewriting this factor and extracting the leading O(ε0)
contribution from the integral, the final one-loop D = 4 result after reinserting the
gravitational coupling is

M1-loop
4 (1+

h , 2
+
h , 3

+
h , 4

+
h ) = − i

(4π)2

(κ
2

)4
(

st

〈1 2〉 〈2 3〉 〈3 4〉 〈4 1〉
)2s2 + t2 + u2

120
, (6)

in agreement with a previous calculation [25].

4 Maximal Supergravity

Maximal N = 8 supergravity can be expected to be the least divergent of the
four-dimensional supergravity theories due to its high degree of symmetry. Moreover,
from a technical viewpoint maximally supersymmetric N = 8 amplitudes are by
far the easiest to deal with in our formalism because of spectacular supersymmetric
cancellations. For these reasons it is logical to re-investigate the divergence properties
of this theory first [1]. It should be possible to apply similar methods to theories with
less supersymmetry.

�

� �

�

Figure 2: The one loop box integral.
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4.1 Cut Construction

Again we obtain supergravity amplitudes by recycling gauge theory calculations.
For the N = 8 case, we factorize each of the 256 states of the multiplet into a tensor
product of N = 4 super-Yang-Mills states. The key equation for obtaining the two-
particle cuts is,

∑

N=8
states

M tree
4 (−L1,1, 2, L3)×M tree

4 (−L3, 3, 4, L1)

= s2
∑

N=4
states

Atree
4 (−L1, 1, 2, L3)×Atree

4 (−L3, 3, 4, L1)

×
∑

N=4
states

Atree
4 (L3, 1, 2,−L1)×Atree

4 (L1, 3, 4,−L3) ,

(7)

where we have suppressed the particle labels. The external labels are those for any
particles in the supermultiplet, while the sum on the left-hand side runs over all states
in the N = 8 super-multiplet. On the right-hand side the two sums run over the states
of the N = 4 super-Yang-Mills multiplet: a gluon, four Weyl fermions and six real
scalars. Given the corresponding N = 4 Yang-Mills two-particle sewing equation [9],

∑

N=4
states

Atree
4 (−L1, 1,2, L3)×Atree

4 (−L3, 3, 4, L1)

= −istAtree
4 (1, 2, 3, 4)

1

(L1 − k1)2

1

(L3 − k3)2
,

it is a simple matter to evaluate eq. (7), yielding

∑

N=8
states

M tree
4 (−L1, 1,2, L3)×M tree

4 (−L3, 3, 4, L1)

= istuM tree
4 (1, 2, 3, 4)

[
1

(L1 − k1)2
+

1

(L1 − k2)2

]

×
[

1

(L3 − k3)2
+

1

(L3 − k4)2

]
.

(8)

The sewing equations for the t and u channels are similar.
A remarkable feature of the cutting equation (8) is that the external-state depen-

dence of the right-hand side is entirely contained in the tree amplitude M tree
4 . This

fact allows us to iterate the two-particle cut algebra to all loop orders! Although this
is not sufficient to determine the complete multi-loop four-point amplitudes, it does
provide a wealth of information.

Applying eq. (8) at one loop to each of the three channels yields the one-loop four
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graviton amplitude of N = 8 supergravity,

M1-loop
4 (1, 2, 3, 4) = −i

(κ
2

)4
stuM tree

4 (1, 2, 3, 4)

×
(
I1-loop

4 (s, t) + I1-loop
4 (s, u) + I1-loop

4 (t, u)
)
,

in agreement with previous results [26]. We have reinserted the gravitational coupling
κ in this expression. The scalar integrals are defined in eq. (5) with P = 1.

At two loops, the two-particle cuts are given by a simple iteration of the one-loop
calculation. The three-particle cuts can be obtained by recycling the corresponding
cuts for the case of N = 4 super-Yang-Mills. It turns out that the three-particle cuts
introduce no other functions than those already detected in the two-particle cuts.
Combining all the cuts into a single function yields the N = 8 supergravity two-loop
amplitude [1],

M2-loop
4 (1, 2, 3, 4) =

(κ
2

)6
stuM tree

4 (1, 2, 3, 4)

×
(
s2 I2-loop,P

4 (s, t) + s2 I2-loop,P
4 (s, u)

+ s2 I2-loop,NP
4 (s, t) + s2 I2-loop,NP

4 (s, u) + cyclic
)
,

(9)

where ‘+ cyclic’ instructs one to add the two cyclic permutations of legs (2,3,4), and

I2-loop,P/NP
4 are depicted in fig. 3.

We comment that using the two-loop amplitude (9), Green, Kwon and Van-
hove [27] provided an explicit demonstration of the non-trivial M theory duality
between D = 11 supergravity and type II string theory.

4.2 Divergence Properties of N = 8 Supergravity

Though a momentum cutoff scheme leads to a one-loop divergence for N = 1,
D = 11 supergravity, in dimensional regularization there are no one-loop divergences

�

� �

�
�����

�

� �

�
��	
�

Figure 3: The planar (a) and non-planar (b) scalar integrals, I2-loop,P
4 (s, t) and

I2-loop,NP
4 (s, t), appearing in the two-loop N = 8 amplitudes. Each internal line represents

a scalar propagator.
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in D = 11, so the first potential divergence in this theory is at two loops. Dimen-
sional regularization is a rather convenient way to extract divergence properties as an
analytic function of dimension, allowing us to directly relate properties of the N = 1,
D = 11 supergravity to N = 8 D = 4 supergravity. (Some care is needed, however,
to preserve supersymmetry [28].)

Since the two-loop N = 8 supergravity amplitude (9) has been expressed in terms
of scalar φ3 loop momentum integrals, it is straightforward to extract the divergence
properties. The scalar integrals diverge only for D ≥ 7; hence the two-loop N = 8
amplitude is manifestly finite in D = 5 and 6, contrary to earlier expectations based
on superspace power-counting arguments [19]. The discrepancy between the above
explicit results and the earlier superspace power counting arguments is due to a
previously unaccounted higher dimensional gauge symmetry. Once this symmetry is
accounted for, superspace power counting gives the same degree of divergence as the
explicit calculation [29].

The manifest D-independence of the cutting algebra allowed us to extend the
calculation to D = 11, though there is no corresponding D = 11 super-Yang-Mills
theory. The result (9) then explicitly demonstrates that N = 1 D = 11 supergravity
diverges even when using dimensional regularization. The D = 11 two-loop diver-
gence may be extracted from the amplitude in eq. (9) yielding [1] a non-vanishing
counterterm. Further work on the structure of the D = 11 counterterm has been
carried out in refs. [30].

Since the two-particle cut sewing equation iterates to all loop orders, one can
compute all contributions which can be assembled solely from two-particle cuts [1].
Counting powers of loop momenta in these contributions suggests the simple finiteness
formula,

L <
10

(D − 2)
, (with L > 1), (10)

where L is the number of loops. This formula indicates that N = 8 supergravity
is finite in some other cases where the previous superspace bounds suggest diver-
gences [19], e.g. D = 4, L = 3. The first D = 4 counterterm detected via the
two-particle cuts of four-point amplitudes occurs at five, not three loops. Further
evidence that the finiteness formula is correct stems from the maximally helicity
violating contributions to m-particle cuts, in which the same supersymmetry cancel-
lations occur as for the two-particle cuts [1]. Moreover, a recent superspace power
counting analysis taking the appropriate symmetries into account confirms the finite-
ness bound [29]. Further work would, however, be required to prove that there are no
additional hidden cancellations which could improve the finiteness condition beyond
eq. (10). Interestingly, there has been a suggestion by Chalmers that dualities might
accomplish this [31].
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5 Concluding Comments

There are also a number of other interesting open questions. For example, the
methods described here have been used to investigate only maximal supergravity. It
would be interesting to systematically re-examine the divergence structure of non-
maximal theories. (Some interesting recent work on this may be found in ref. [32].)
Using the methods described in this talk it might, for example, be possible to system-
atically determine finiteness conditions order-by-order in the loop expansion. A direct
derivation of the Kawai-Lewellen-Tye decomposition of gravity amplitudes in terms
of gauge theory ones starting from the Einstein-Hilbert Lagrangian perhaps might
lead to a useful reformulation of gravity. Some initial steps to gain an understanding
of the Kawai-Lewellen-Tye relations, starting from the Lagrangian was presented in
ref. [4]. (See also ref. [33].) Connected with this is the question of whether the heuris-
tic notion that gravity is the square of gauge theory can be given meaning outside of
perturbation theory. In particular, an intriguing question is whether it is possible to
relate more general solutions of the classical equations of motion for gravity to those
for gauge theory.
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1 Introduction

In 1995, LEP finished taking large samples of data on the Z0 resonance and
began a program of increasing the beam energy in order to study in detail
known phenomena at higher energies and to search for new particles and
interactions. The very highest beam energies were reached in 2000, and in
that year each experiment collected ≈ 150 pb−1 of e+e− annihilation data at
an average

√
s of approximately 205.9 GeV for inclusion in the results pre-

sented at the September 5, 2000 meeting of the LEP Experiments Committee
(LEPC). In addition, the searches for the SM and MSSM Higgs bosons were
combined by the LEP Higgs Working Group and shown at the LEPC meeting
and are summarized here. The search for a neutral Higgs boson produced
in association with a Z0 boson is emphasized here because of recent inter-
est generated by excess events observed by the ALEPH collaboration in the
summer of 2000. In addition, a brief selection of searches for supersymmetric
particles is given, and a summary of the running strategy for the rest of 2000
is presented.

The main Standard Model backgrounds for the searches described here
are

• Two-photon processes, e+e−→e+e−ff̄ , where the ff̄ pair has a very low
invariant mass and is produced in t-channel exchange of two photons.

• Radiative returns to the Z0. Initial state radiation (ISR) reduces the
effective

√
s to the Z0 pole energy and produces boosted Z0 events.

The photon usually escapes down the beampipe, but may be observed,
and the probability of two hard photons increases with increasing

√
s.

These events are backgrounds to analyses requiring missing energy, and
electromagnetic coverage is needed very close to the beam axis in order
to suppress this background to searches requiring missing transverse
momentum.

• W-pair production e+e−→W+W−. These produce four-jet final states,
or jets+a lepton+missing energy, or two leptons and missing energy.
The last is classified as an “acoplanar dilepton” because the plane con-
taining the two leptons does not in general contain the beam axis. Very
few b quarks are produced in W decay and so this background can be
suppressed in Higgs searches with b-tags with good background rejec-
tion. Searches for acoplanar dileptons have W+W− production as an
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irreducible background in some kinematic regions, while the two-photon
background dominates in other regions.

• Z-pair production, e+e−→Z0Z0. These events may have four jets, two
jets and missing energy, two jets and two like-flavor but opposite-sign
leptons, four leptons, or two leptons and missing energy. They have a
high b quark content and constitute a primary irreducible background
to Higgs boson searches.

• Single W production, e+e−→W+e−νe. This can produce jets+missing
energy (“acoplanar dijets”), jets+a forward electron, or a lepton+missing
energy or a lepton+a forward electron+missing energy.

• Single Z production e+e−→Z0e+e−. This process can produce acopla-
nar dijets or acoplanar dileptons if the electrons are not detected. One
or both of the electrons may be detected however.

2 Statistical Procedure

A single procedure is used by the four experiments and by the LEP Higgs
and SUSY working groups to determine whether a model of new physics is
excluded by LEP search data or if the background hypothesis is disfavored
relative to a particular signal hypothesis. The procedure begins with a full
specification of the model to test, with the masses, production cross-sections,
and decay branching ratios specified. If the model under test allows many
possibilities for the parameters, then in general the parameters are scanned
and excluded regions are given in the parameter space that is allowed. For
a specific model with a specific choice of its free parameters, histograms of
the expected signal, background, and data events are formed in variables
that separate the expected signal from the expected background. Then all
possible experimental outcomes are considered, and they are ordered accord-
ing to those that are more signal-like (more candidate events in bins where
a signal is expected), and those that are more background-like (fewer such
candidates). The variable used for ordering the outcomes is the “likelihood
ratio,” the ratio of the probability of observing the particular outcome in
the signal+background hypothesis to the probability of observing the same
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outcome in the background-only hypothesis:

Q =
Ppoiss(data|signal+ background)

Ppoiss(data|background)
. (1)

Each bin of each histogram may be considered as an independent counting
experiment, and the Poisson probabilities multiply. The expression for logQ
is convenient for combinations of many bins in many experiments:

logQ =
∑

i

(
ndatai log

(
1 +

si
bi

)
− si

)
, (2)

where si is the signal estimation for a bin of a search channel, bi is the
background estimation, ndatai is the number of observed data events, and
the sum runs over all bins in all search channels. Some searches may have
just one bin in them, while others may have some regions of histograms of
measured variables with good separation of the signal from the background
and other regions with poorer separation. Because logQ reduces to a sum of
event weights, events may be classified by the s/b in the bins in which they
appear.

A particular value of logQ will be obtained for each model hypothesis and
the available data and background estimates. In order to determine whether
an outcome is sufficient to exclude that model, the probability of obtaining
that outcome in the signal+background hypothesis is computed:

CLs+b = P (Q ≤ Qobs|signal+ background). (3)

If CLs+b < 0.05 then the signal+background hypothesis is ruled out at the
95% confidence level. Another important confidence level to compute is the
consistency of the observation with the background hypothesis:

CLb = P (Q ≤ Qobs|background), (4)

which is the probability of having observed no more than was observed, if only
background processes contribute. This variable is used as the “discovery”
variable, requiring 1 − CLb < 5.7 × 10−7 in order to claim a 5σ discovery.
These confidence levels may be computed using Monte Carlo techniques [1],
or by various convolution methods [2], [3].

One defect of the CLs+b variable is that it is a test of the signal+background
hypothesis and not of just the signal hypothesis. A consequence of this is that
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a deficit of selected events relative to the background estimation can rule out
the background hypothesis alone, and therefore also any signal+background
hypothesis, even if the signal is vanishingly small. In fact, this is expected
to happen 5% of the time at the 95% confidence level. In order not to pro-
duce misleading limits or exclusions of parts of parameter space to which the
experiments are not sensitive, the following quantity is used [1]:

CLs = CLs+b/CLb, (5)

which is expected to approach unity in the absence of sensitivity to a partic-
ular signal.

3 Standard Model Higgs Boson Searches

The Standard Model Higgs boson is expected to be produced in e+e− col-
lisions mainly by the Higgs-strahlung process when it is kinematically al-
lowed, and to a lesser extent by the W+W−-fusion process. The main at-
traction of the latter process is that its cross-section does not drop rapidly
near

√
s − mZ, although its total rate is very small. The total production

cross-section near the kinematic edge is of the order of 50 to 500 fb, depend-
ing on how close mH is to

√
s − mZ. The Standard Model Higgs boson is

expected to decay predominantly into bb̄ pairs in the mass range of interest,
with a branching ratio of 78% at mH=110 GeV and a branching ratio of 74%
at mH=115 GeV. The second most important decay mode is to tau pairs,
with a branching ratio of approximately 7%, and the W+W− decays take
8%, which rises quickly with mH. Decays to charm and gluons account for
the remainder. Efficient and pure b-tagging is therefore important for search
for Higgs bosons at LEP2. The Standard Model Higgs search channels are
differentiated by the Z0 decay mode that they select. There is the four-jet
channel (H0→bb̄, Z0→qq̄), the missing-energy channel (H0→bb̄, Z0→νν̄),
the tau channels (H0→bb̄,Z0→τ+τ− and H0→τ+τ−,Z0→qq̄), and the lepo-
ton channels (H0→bb̄, Z0→e+e− or Z0→µ+µ−).

Precision electroweak measurements may be used to estimate the value of
the Higgs boson mass, assuming the Standard Model framework for radiative
corrections. The combined prediction of mH is 62+53

−39 GeV, where the errors
are symmetric and Gaussian in the variable logmH, as reported at ICHEP
2000 [4]. This prediction changes, however, when αEM(mZ) is computed
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differently or computed using additional low-energy e+e−→qq̄ cross-section
data from BES.

In the absence of new particles and interactions, the mass of the Standard
Model Higgs boson can be from approximately 140 GeV to 180 GeV, where
the lower bound arises from a vacuum stability argument, and the upper
bound from the requirement that the Higgs self- coupling remains finite at
all energies. For new physics interactions with a scale of the order of a TeV,
the Higgs boson mass is much less constrained by these arguments, lying
between 50 to 800 GeV [5]. Fine tuning arguments [6], requiring that the
magnitude of the radiative corrections to mH are not too many orders of
magnitude larger than mH itself, further restrict the possible ranges of mH

although these restrictions are relaxed if new physics appears on the 1–10 TeV
scale.

The combined distribution of the reconstructed masses in the four ex-
periments’ Standard Model Higgs boson searches is shown in Figure 1 for
a fairly tight set of selection requirements [7]. Along with the background
expectation and the observed data counts is shown the expected signal from
a Higgs boson of mass 114 GeV. The contributions to the histogram are given
by experiment in Table 1.

The distribution of the reconstructed mass and the the total number of
selected events may be uninformative or misleading in several ways. The
distribution of the reconstructed mass is summed over different experiments,
and over different search channels at different center-of-mass energies. The
reconstructed mass resolutions are different and depend on how close mH is to
the kinematic limit which changes with

√
s, and the relative amounts of the

signal and background are different from channel to channel, depending on
the background rates and signal branching ratios. In a summed histogram of
the reconstructed mass, candidates in relatively clean channels are included
in the same bins as signal and background estimates from other channels with
poorer performance. Additional cuts have been applied after the standard
analysis cuts in order that the contributions from the different experiments
are roughly equal in their total size. If an experiment has a large amount
of the expected signal just failing the cut needed to make the reconstructed
mass distribution plot, it may be more sensitive than another experiment
with more expected signal on its side of its cut. Because all bins of all
histograms in all variables (each search channel from each experiment at
each center of mass energy has its own histogram, and the variables can
be the reconstructed mass, the b-tags, or combinations of these and other
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information) can be combined using the uniform procedure outlined above,
there is no loss of sensitivity in the confidence level calculations, but an
amount of information is necessarily lost when producing a histogram of the
reconstructed mass and tables listing its contents.

The full amount of information in the searches is retained and displayed
in a compact form if the histograms are rebinned in the variable s/b. For
each bin of each histogram to be combined, the s/b is uniquely determined.
Because the test-statistic logQ is additive and depends only on the s/b in
the bins where the candidates are found and also on the total signal sum,
the contents of bins with the same s/b may be simply added. The result is
shown in Figure 2 along with its integral from the high s/b side [7]. The
integral of this distribution at a particular cut in s/b is the optimal answer
to “How many events are observed” and “How many are expected in the
signal+background and the background-only hypotheses,” for each possible
setting of the cuts.

One observes in this distribution three events with rather high values
of the local s/b. These three are all four-jet candidates from ALEPH, with
strong b-tags and high reconstructed masses [8]. The selection of these events
and the stability of their assigned significance has been checked in several
ways. A cut-based analysis is used to cross-check the primary neural-net-
based analysis and similar results are obtained. All lower-energy data have
been analyzed to look for biases in the reconstructed mass distribution to-
wards a peak at the maximum kinematically allowed value, and no such bias
is seen. The b-tag and neural net distributions also are modeled well [8].
One feature however, is that if all possible jet pairings are considered and
events are removed if even one of these pairings yields jet-pair masses within
10 GeV of either mW or mZ, then the excess vanishes. It was found in a
Monte Carlo study, however, that the signal efficiency drops by 50% by re-
moving such events, and that this procedure does not enhance the separation
of signal from background.

There is a small excess observed in the DELPHI four-jet channel, but
not in the L3 or OPAL four-jet channels. Also, no excesses are observed in
the combined missing-energy (Z0→νν̄) channels, the lepton channels, or the
tau channels. Combining all missing-energy, lepton, and tau channels to-
gether has about the same statistical power of all four-jet channels combined
together.

The combined test-statistic is shown in Figure 3. It has a minimum at
mH=114–115 GeV, and is the most compatible with the median expected
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signal at mH=114 GeV. The confidence levels are used to quantify how sig-
nificant this observation is.

The exclusion limit is computed by finding the lowestmH for which CLs =
0.05. It is computed for each experiment separately, and for each search
channel separately, combining the results of the experiments. The expected
limit is the median in a large ensemble of possible experiments in which only
Standard Model background processes contribute. The value of CLs and its
expectation for the all channels combined from all experiments is shown in
Figure 4. The exclusion limits are listed in Table 2. The branching ratios
of the Z0 are well known and hence the separation by channel is not that
interesting, except for the tau channel, which covers also Higgs boson decays
to tau leptons.

In order to test for the compatibility of the observation with the expected
background, 1 − CLb is shown as a function of the tested mH in Figure 5.
1 − CLb reaches its minimum at mH=115 GeV, with a probability of con-
sistency of the data with the background of 7 × 10−3, for a significance of
approximately 2.6σ, due mainly to the excess four-jet events in ALEPH, but
also to events with lower values of s/b which also contribute.

In the case that there is no signal truly present, the excess would take
approximately 60 pb−1 per experiment at

√
s = 206.6 GeV to fade away to a

2σ excess for test mass hypotheses near 115 GeV. On the other hand, if the
Higgs boson does have Standard Model couplings and branching fractions,
then one would expect the significance of the excess to increase as more
data are collected. As can be seen in Figure 6, it would take approximately
100 pb−1 of data at

√
s = 206.6 GeV to obtain a 4σ effect for mH=113 GeV,

and around 140 pb−1 for mH=114 GeV. On the other hand, significances of
3σ can be obtained within 60 pb−1 for mH all the way up to 115 GeV, and
that amount can be collected in approximately 60 days of running.

4 Searches for Non-Standard Higgs Bosons

4.1 Neutral Higgs Bosons in the MSSM

One of the simplest extensions to the Higgs sector of the Standard Model is to
add a second Higgs field doublet. The Minimal Supersymmetric Extension
of the SM (MSSM) requires this structure. One field couples to up-type
quarks and the other to down-type quarks, and there is a mixing angle α
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between these two fields in order to produce the physical Higgs states, which
number five: the h0, the A0, the H0, and two charged Higgs bosons H+ and
H−. The ratio of the vacuum expectation values of the two fields is denoted
tan β. In the CP-conserving, low-energy effective MSSM studied here [9], the
remaining parameters are the mass of the A0, the CP-odd Higgs boson (the
other two neutral bosons are CP even), the mass scale of the sfermions MSUSY

(here set to 1 TeV), the Higgs mass matrix parameter µ (here set to -200
GeV), the gaugino mass parameterM2 (here set to 200 GeV), and the amount
of stop mixing, chosen here to be zero or maximal. Recent calculations of mh

including the dominant 2-loop terms are used [10]. The gluino mass is also
a free parameter; it affects the Higgs masses and branching ratios through
radiative corrections.

For the case of maximal stop mixing, and the choices of the other param-
eters given above, the value of mh assumes its maximal value1 as a function
of tan β and is used to set conservative limits on tan β. This scenario is called
the mh-max scenario.

The searches used to set limits in this space are the same searches for
the h0Z0 final state used in the Standard Model section, but in addition,
searches for h0A0 are performed in the bb̄bb̄ and bb̄τ+τ− final states. The
production cross-section for e+e−→h0A0 is proportional to cos2(β−α), which
is largest for mh ≈ mA while the cross-section for e+e−→h0Z0 is proportional
to sin2(β − α). The cross-section for h0A0 production grows more slowly
along the diagonal mh = mA than the h0Z0 cross-section does for large mA.
Therefore, the absolute lower limits on mh will come from the case in which
h0Z0 production is suppressed, and the limits for mA→∞ are those obtained
in the Standard Model, as can be seen from Figure 7.

For the case of no stop mixing, the maximal value of mh as a function
of tan β is much less, although a second problem opens up at low tan β:
the branching ratio for h0→bb̄ can be suppressed by a larger decay width for
h0→A0A0, and for low tan β or low mA, the decay rate of the A0 to bb̄ pairs is
suppressed either by the coupling strength or the kinematics ifmA < 10 GeV.
In this case, an ”L”-shaped unexcluded region opens up for low tan β and
low mA, shown in Figure 8. Additional flavor-independent searches, and
searches specifically targeted at this region are being developed and will

1Another calculation [11] using a renormalization-group improved one- loop calculation,
does in fact give slightly higher values of mh for tan β < 1, but also smaller values of mh

for tan β > 1 – we choose the calculation which gives the lowest upper end of the excluded
tan β region.
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soon be included in the combination. The limits on mh and mA presented
in Table 3 ignore this unexcluded region, although the limits on tanβ in the
no-stop-mixing scenario include its effects. In both the mh-max scenario and
the no stop mixing scenario, tan β is considered only up to 30, because for
larger values of tan β the h0 decay width can exceed the experimental mass
resolution, and additional Monte Carlo signal samples are needed to assess
the effect of lower s/b in these channels.

A third scenario has been proposed, called the “large-µ” scenario [9], in
which MSUSY is taken to be 400 GeV, M2 = 400 GeV, µ = 1 TeV, and the
gluino mass is 200 GeV. This setting of parameters is designed to highlight
loop effects which can suppress the decay h0→bb̄, without a corresponding
enhancement of h0→τ+τ−. In this case, the h0 decays rather into gluons,
charmed quarks, or W pairs, but only for high tan β. The decay widths of
the h0 and the A0 remain much smaller than the experimental mass res-
olution up to tan β = 50. The maximum value of mh in this scenario is
approximately 108 GeV, and for the region where sin2(β − α) is low and
mh + mA is kinematically out of reach at LEP2, the process e+e−→H0Z0 is
accessible with a cross-section proportional to cos2(β− α). Nearly all model
points except those with difficult decay branching fractions can therefore be
excluded. These difficult regions are at tan β > 10 and 80 < mA < 180, as
seen in Figure 9.

4.2 Charged Higgs Bosons

At LEP, charged Higgs bosons are expected to be pair-produced via the s-
channel exchange of a γ or a Z0, and the production cross-section depends
only on the mass of the H± and on well-measured electroweak parameters.
The decay modes of the H± are considered for the purpose of these searches to
be limited to qq′ and τντ . The mass limits are produced therefore as a func-
tion of Br(H+→τ+ντ). The search channels include a four-jet search without
b-tagging, a semileptonic search, and a fully leptonic search, in which the fi-
nal state consists of an acoplanar pair of taus. The predominant background
is e+e−→W+W−, which can produce all of the available final states, although
the acoplanar tau pair rate is significantly lower than the four-jet rate due to
the branching ratios of the W. The large W+W− background sets the scale for
the limits in the hadronic and semileptonic searches. The limits are shown
in Figure 10. For Br(H+→τ+ντ )=0, the observed mass limit is 80.5 GeV
and the median expected limit is 79.8 GeV. For Br(H+→τ+ντ )=1, the ob-
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served mass limit is 89.2 GeV and the median expected limit is 90.9 GeV.
The lowest limit obtained at any branching ratio is 78.7 GeV, with a median
expectation of 78.5 GeV. A small excluded “island” appears in Figure 10 for
Br(H+→τ+ντ)=0, where the search sensitivity above the W+W− background
peak is beginning to become sufficient to exclude a small region. More data
would allow this island to grow and eventually connect with the main ex-
cluded region, leaving a hole near mW which can be excluded only with a
larger amount of integrated luminosity.

4.3 Searches for H0→γγ
The final states qq̄γγ, `+`−γγ, and γγ+missing energy are sought by the four
LEP experiments and combined. Because the branching ratio Br(H0→γγ)
is small in the Standard Model (of the order 10−3), mass limits cannot be
set on the SM Higgs from this search only. This search is more interest-
ing when considering models in which the H0 decays are non-standard. In
particular, if the H0 fails to couple to fermions entirely, then the available
decay modes are into γγ and W+W−, the first of which proceeds only at the
one-loop level mediated by a W boson. As the mass of the H0 increases, the
W+W− branching fraction gradually becomes more important and the mass
limits obtained at LEP2 are mainly determined by this behavior than by the
power of the searches. The limits are expressed in Figure 11 by assuming
the SM production cross-section for e+e−→H0Z0, and by ignoring the results
of searches for other decays of the H0 to set limits on the branching ratio
Br(H0→γγ). Alternatively, this can be interpreted as a limit on the produc-
tion cross-section as a fraction of the SM cross-section, with Br(H0→γγ)=1.
In the fermiophobic model, the observed mass limit is 107.7 GeV, with a
median expected limit of 105.8 GeV.

4.4 h0→ Invisible Particles

The Higgs boson may decay invisibly in the MSSM if the lightest neutralino
has a mass of less than half the mass of the Higgs. Two important advantages
of an e+e− collider are that the center-of-mass energy of each interaction is
known with a high degree of precision, and that the total momentum is zero.
These features can be used to search for the process e+e−→h0Z0, where the
h0 decays invisibly, because the Z0 decay products can be measured and the
missing mass can be inferred. In this case, Z0 decays to quarks are exploited
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for the search. Neutrino decays are not useful, and the leptonic decays have
a low relative branching ratio. Tau decays in particular pollute the leptonic
sample because the neutrinos in such events carry a large amount of missing
energy.

The limits are shown in Figure 12 assuming the Standard Model produc-
tion cross-section and are limits on the invisible branching ratio of the Higgs,
ignoring the results of searches for visible Higgs decays. Alternatively, these
limits can be interpreted as limits on the production cross-section divided
by the Standard Model production cross-section, assuming 100% invisible
decays of the h0. For the SM cross-section and 100% invisible decays, the
mass limits obtained are 113.7 GeV (observed) and 112.8 GeV (median ex-
pectation).

5 Gaugino, Squark, Slepton Searches

Charginos may be produced either in the s-channel via photon or Z0 ex-
change, or in the t-channel via exchange of an electron sneutrino. These di-
agrams interfere destructively, although the t-channel diagram is important
only for light electron sneutrinos. The chargino may decay into a W and a
neutralino, or into a slepton and a neutrino, where the slepton decays into a
neutralino and a lepton, or directly into a lepton and a sneutrino. All of these
decay modes produce similar final states – two leptons (or jets) and missing
energy. The branching ratios for these processes depend on the slepton and
sneutrino masses, and the mass difference ∆M between the chargino and
the LSP (either the neutralino or sneutrino) strongly affects the final state
kinematic distributions. For a small mass difference, the visible decay prod-
ucts of the chargino have low visible energies. These final states are similar
to the two-photon background processes which have large cross-sections in
e+e− collisions at high energies. For very large ∆M , the final states resemble
W+W− production. The search analyses are therefore optimized in separate
regions of ∆M due to the different makeup of the signal and background
estimations.

An important feature of the chargino searches is that the limits ob-
tained approach the maximum possible kinematic limits rapidly due to the
high expected production cross-sections, and so the extra data taken at√
s ≥ 208 GeV is very useful in these searches. OPAL presents limits on

the chargino production cross section in Figure 13. No evidence for a signal
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is observed, although for the search with ∆M ≈ 10 GeV, there is an ex-
cess observed [12] in the OPAL experiment: five events are counted in the
data, while 0.74 events are expected from the sum of all Standard Model
backgrounds. None of the other experiments sees a similar excess, and the
significance is diluted by the fact that many different search regions in four
experiments were independently investigated and that a fluctuation can hap-
pen in any of them.

Neutralinos may also be produced via s-channel Z0 exchange, or via t-
channel selectron exchange, and the lightest neutralino χ̃0

1 is assumed to
be the lightest supersymmetric particle (LSP). Pair production of χ̃0

1χ̃
0
1 is

impossible to detect aside from the signature of the residual initial state ra-
diation. Instead, associated production of χ̃0

2χ̃
0
1 is sought, where χ̃0

2→χ̃0
1Z0,

and the Z0 decay products are observed. The observable final states are then
two jets and missing energy, or two leptons and missing energy, with simi-
lar backgrounds to the chargino searches. OPAL’s limits on the neutralino
production cross-section are shown in Figure 13.

Searches for sleptons similarly focus on the final state of two like-flavored,
opposite-signed leptons with missing energy, produced by the process e+e−→˜̀+ ˜̀−

followed by ˜̀+→χ̃0
1`

+. In the 1999 data, there was an excess of events pass-
ing the requirements of the stau searches in all four detectors – no single
experiment had a significant effect, but in combination the signinficance was
greater: 1 − CLb = 0.001 when 1998 and 1999 data were combined [13],
with a stau mass hypothesis of 85 GeV and a neutralino mass hypothesis of
22 GeV. However, the excess did not persist in the 2000 data collected by
the four experiments, and the particular hypothesis mentioned above is now
excluded at the 95% CL [14].

After the July 20 LEPC presentation by ALEPH reporting an excess in
a preliminary search [15] for a very light sbottom (of mass between 3 and
4 GeV), the DELPHI and OPAL collaborations performed similar searches.
OPAL sees a deficit of events, with 15 events observed and 20.5 events ex-
pected from Standard Model background processes [16]. DELPHI similarly
does not see an excess [17]. The ALEPH experiment updated the search
with an improved Monte Carlo and a lepton identification algorithm which
is more appropriate for identifying leptons inside dense jets and does not
report a significant excess, with 24 events observed and 20 events expected
from Standard Model backgrounds [8].
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6 The Photon Recoil Spectrum

Events containing a single high-energy photon are valuable for searching for
non-interacting new particles, such as LSP neutralinos (already mentioned),
or χ̃0

2→χ̃0
1γ. In Gauge-mediated SUSY-breaking models, the gravitino can

be the LSP, and χ̃0
1→G̃γ is possible. An excited neutrino may decay radia-

tively. In general, any invisible process may also be accompanied by initial
state radiation which may be detected, giving a sign for new physics. Un-
fortunately, no excess is observed in the recoil mass spectrum to single and
multiple photons, as shown in Figure 14, which combines [14] the four LEP
experiments’ results for all data taken with

√
s ≥ 130 GeV.

7 Prospects for Further LEP Running

The hint of an excess in the Standard Model Higgs searches near with
mH=115 GeV has generated a good deal of interest in extending the LEP
run through 2001 with an energy upgrade.

Since the RADCOR2K conference, there have been two additional up-
dates of the significance of the SM Higgs search results, at the LEPC presen-
tations of October 10, 2000 [18] and on November 3, 2000 [19], with signifi-
cances reported of 2.5σ and 2.9σ, respectively. Some variation is expected in
both the signal and background cases due to statistical fluctuations – large
jumps in the significance occur with the discrete arrival of candidates with
large local values of s/b.

At the November 3 LEPC open session, the ALEPH, DELPHI, L3 and
OPAL collaborations and the LEP Higgs Working Group jointly recom-
mended running LEP in 2001. On the same day, the LEP Experiments
Committee met in a closed session and was undecided on the recommenda-
tion, balancing the construction schedule, the cost, and the staffing of the
LHC against the LEP run request. The research board also failed to make
a recommendation, and on November 8, 2000, a press release was issued
that LEP was closed, and on November 15, 2000 a committee of the CERN
council was convened, which also failed to endorse the run extension request.
Dismantling LEP began in early December, 2000.
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Experiment Data Background Signal
ALEPH 7 3.3 1.0
DELPHI 5 5.4 1.3
L3 4 4.0 0.3
OPAL 11 9.6 0.9
LEP 27 22.2 3.6

Table 1: Numbers of observed events and the expected event counts from a
114 GeV Higgs boson signal and the Standard Model background processes.

Experiment Observed (GeV) Expected (GeV)
ALEPH 109.1 112.5
DELPHI 110.5 110.9
L3 108.8 110.2
OPAL 109.5 111.7

Channel Observed (GeV) Expected (GeV)
Leptons 109.9 108.8
Neutrinos 112.1 110.7
Taus 105.4 104.2
Four Jets 109.0 113.5
LEP 112.3 114.5

Table 2: Limits on the mass of the Higgs boson, assuming the Standard
Model production cross-section and branching fractions, by experiment, by
channel, and combined. These have been computed with a uniform procedure
and may vary by small amounts from the ones quoted by the individual
experiments. In the lepton channel, there is a small unexcluded region below
100.7 GeV.

Scenario mh limit mh limit mA limit mA limit tanβ limit tanβ limit
obs (GeV) exp (GeV) obs (GeV) exp (GeV) obs exp

mh-max 89.5 93.8 90.2 94.1 0.53–2.25 0.48–2.48
No stop mix 89.4 94.3 89.6 94.6 0.9–7.2 0.8–15

Table 3: Limits on mh, mA, and tan β in the mh-max and no-mixing scenar-
ios. The limits obtained by the combination of the four LEP experiments’
data are indicated with “obs,” while the median limits expected to be ob-
tained in a large ensemble of background-only experiments are labeled “exp.”
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Figure 1: Distribution of the reconstructed masses of candidates selected by
the Higgs search analyses summed over the four LEP experiments, summed
over all search channels for the data taken in 2000. The selection cuts have
been chosen such that the integrated signal divided by the integrated back-
ground for reconstructed masses above 109 GeV, for a SM signal hypothesis
of 114 GeV, is roughly 2.0, in order to keep the contributions from the four
experiments roughly similar. Each bin contains contributions from several
sources with different s/b. The light histogram shows the sum of all SM back-
ground expectations, the dark histogram shows the expected signal from a
114 GeV Higgs boson, and the points show the data.
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Figure 2: Distribution of the s/b for all bins of all search channels in all
experiments at all energies. The signal is shown with a hatched histogram
and the background with the open histogram. The data are shown with the
points with error bars. The most significant candidates from the ALEPH ex-
periment’s four-jet channels are the three rightmost data points. The lower
graphs show the integral of the s/b distribution shown in the upper panel,
from the high s/b side. The background integral is the solid curve, the sig-
nal+background is the dashed curve, and the observed data are the points
with error bars. Neighboring points are highly correlated because of the cu-
mulative sum. The two lower panes show the same integrals, but on different
horizontal scales.
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Figure 3: The value of the likelihood ratio test statistic -2lnQ as a func-
tion of the test mass mH. Values below zero indicate a preference of the
data for the signal hypothesis. The solid curve shows the observation in the
combined LEP data, the dashed curve shows the median expectation in an
ensemble of background experiments, and the dotted curve shows the median
expectation in an ensemble of experiments in which the background and a
signal originating from a SM Higgs boson of mass equal to the test mass. The
dark band around the median background expectation is the 68% probability
interval for the background ensemble, centered on the median expectation,
and the light bands indicate the 95% interval. The minimum of the observed
-2lnQ curve is at mH=115 GeV and has a value below zero, indicating that
the signal hypothesis is preferred. The median expectation from a 115 GeV
Higgs boson is very close to the observed value.
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a function of the amount of luminosity collected, assuming a beam energy
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test mass. This quantifies the rapidity with which a background fluctuation
should disappear with additional data accumulated. The lower pane indi-
cates the speed with which the significance of an excess will grow with time
if the signal were actually present, for different choices of the Higgs boson
mass hypothesis mH. A 113 GeV Higgs boson would be discoverable with a
few months of extra running, but to extend the sensitivity out to 115 GeV
requires a run in 2001. LEP typically collects in excess of 1 pb−1 per day.
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scenario, described in the text. The limits are shown in the (mh, mA) plane
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(lower plot). The excluded regions are shown with diagonal hatching, and the
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dashed lines. The mh-max scenario is designed to give the most conservative
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Figure 8: Exclusions in the no-stop-mixing MSSM benchmark scenario,
described in the text. The limits are shown in the (mh, mA) plane (up-
per left), the (mh, tan β) plane (upper right), and in the (mA, tan β) plane
(lower plot). The excluded regions are shown with diagonal hatching, and
the regions which are not allowed by the theory are shown with dark hatch-
ings. The median expected boundaries of the excluded regions are shown
with dashed lines. In this scenario, the limits are similar for mH≈mAand
also the same for mH at low tanβ as they are in the mh-max scenario, but
the limits on tan β from the intersection on the right-hand side of the (mh,
tan β) plot are much more stringent. On the other hand, more parameter
space is opened up at low tan β for values of mh between 60 and 85 GeV.
In this region, the h0 decays into A0A0 and/or charm and gluons, because
the bb̄ decay is suppressed by the low value of tanβ, and the bb̄ decays of
the A0 are also suppressed. In this region, flavor-independent searches, un-
der development, will be used to search for possible signals, and if none are
found, to exclude the remaining part.
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are all zero is shown with the dashed line. In such a fermiophobic model, a
lower mass limit of 107.7 GeV is obtained.
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1Z
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which mχ̃0
2
+mχ̃0

1
< mZ is not considered in this analysis. The limits use only

the data taken in 2000.
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1 Introduction

The LEP accelerator has provided since its start in 1989 many possibilities to
check Standard Model [1,2] (SM) predictions. During the first years the accelerator
was operated at the Z-pole (LEP1) and the four LEP experiments, ALEPH, DELPHI,
L3 and OPAL collected some 15 million hadronic and 2 million leptonic Z decays.
These data allowed a precise determination of the properties of the Z boson [3]. In the
second phase of LEP, LEP2, the centre-of-mass energy,

√
s, was successively increased

up to
√

s = 209 GeV allowing the production of W+W− and ZZ pairs. More than
8000 W-pair events have been collected per experiment and are used to determine
in particular the mass and width of the W boson [4]. Combining the LEP results
with other electroweak precision measurements allows thorough consistency tests of
the SM and to constrain the mass of the Higgs boson [5,6].

To match the statistical accuracy of the large data samples collected at LEP –
especially at energies above the Z-pole – the corresponding theory programs have
been improved. For 2-fermion processes the programs ZFITTER [7], TOPAZ0 [8]
and KKMC [9] have now a precision better than 0.2% for the total hadronic and lep-
tonic1 cross sections at high energies. The KKMC program covers the entire energy
range from τ– and b–factories over LEP to linear colliders. Also for 4-fermion pro-
cesses adequate precision has been reached. Using the double-pole approximation [10]
RacoonWW [11] and YFSWW3 [12] calculate the W+W− cross section within 0.4%
above the production threshold. The cross section for the process e+e− → Weν is
calculated within 4-5% accuracy by WPHACT [13], grc4f [14] and WTO [15] using
the fermion loop scheme [16]. The programs YFSZZ [17] and ZZTO [18] predict the
Z-pair production cross section within 2%. Details can be found in the proceedings of
the LEP2MC workshop [19,20]. Generally there is now an excellent match in precision
between theoretical predictions and experimental measurements.

2 Fermion Pair Production

At centre-of-mass energies well above the Z-pole photon radiation becomes impor-
tant. The effects to consider are initial and final state photon radiation, interference
between these and the production of additional fermion pairs by a photon or Z boson.
The main interest is in events where the annihilation took place at a high effective
centre-of-mass energy,

√
s ′, which is defined as the mass of the outgoing lepton pair

or of the γ∗/Z propagator. Results are given by all four experiments for events with√
s ′ > 0.85 · √s. The results for the reactions e+e− → hadrons(γ), e+e− → µ+µ−(γ)

and e+e− → τ+τ−(γ) are combined taking properly into account the statistical and
systematical uncertainties and their correlations [21].

1For Bhabha scattering the precision is estimated to 2% for an angular range of 30◦ < ϑ < 150◦.
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Figure 1: The measured cross sections of fermion pair production and the differential cross
section for muon pair production at LEP2.

The combined results for the total cross sections are in Figure 1 compared to
the SM predictions for all three processes. The measurements agree well with the
theoretical expectations. For muon and tau pair production also the differential cross
sections, dσ/d cos(ϑ), have been determined. The result for muon pair production
is also shown in Figure 1 for centre-of-mass energies from 183 GeV to 202 GeV .
Also the forward-backward asymmetries for these processes are in good agreement
with the SM. For hadronic final states the ratios of cross sections for b quarks and c
quarks to the total hadronic cross section, Rb and Rc, as well as the forward-backward
asymmetries for these flavours are determined. Within the limited statistics of the
measurements good agreement with the SM is observed.

The reaction e+e− → ff has contributions from photon exchange, from Z boson
exchange and from γ/Z interference. Within the S-Matrix approach [22] the lowest–
order total cross sections and forward–backward asymmetries are parametrised in the
following way:

σ0
a(s) =

4

3
πα2

[
gaf
s

+
jaf (s−m2

Z) + raf s

(s−m2
Z)2 +m2

ZΓ
2

Z

]
, for a = tot, fb,

A0
fb(s) =

3

4

σ0
fb(s)

σ0
tot(s)

, with σ0
fb =

4

3
(σf − σb) .
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The S–Matrix ansatz defines the Z resonance using a Breit–Wigner denominator with
an s–independent width. In other approaches, a Breit–Wigner denominator with an
s–dependent width is used, which implies the following transformation of the values
of the Z boson mass and width: MZ = mZ + 34.1 MeV and ΓZ = ΓZ + 0.9 MeV .
In the following, the fit results are quoted after applying these transformations. The
S–Matrix parameters rf , jf and gf give the Z exchange, γ/Z interference and photon
exchange contributions for fermions of type f , respectively. For hadronic final states
the parameters rtot

had, jtot
had and gtot

had are sums over all produced quark flavours.
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mZ [GeV]

j ha
d
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t

68% CL

SM
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Figure 2: Contours in the (MZ, jtot
had)

plane at 68% confidence level under the
assumption of lepton universality. The

dashed line is obtained from Z data only;
the inclusion of 130 GeV to 189 GeV data

gives the solid line. The circle (Z data)
and the cross (all data) indicate the cen-
tral values of the fits. The SM prediction

for jtot
had is shown as the horizontal band.

The vertical band corresponds to the 68%

confidence level interval on MZ in a fit as-
suming the Standard Model value for γ/Z

interference. The smallest contour shows
the result of a fit to all LEP and TRIS-

TAN data.

While in the standard fits to determine the Z boson mass the γ/Z interference
is fixed to its SM expectation in S-matrix fits it is left free leading to an additional
uncertainty on MZ. Figure 2 shows the 68% confidence level contours in the (MZ,
jtot
had) plane for the L3 data taken at the Z–pole and after including the 130–189 GeV

measurements [23]. The improvement resulting from the inclusion of the high energy
measurements is clearly visible. The S-matrix fit agrees well with the results from
the standard fit indicated by the vertical band. Figure 2 also shows the potential 2

result when combining all LEP data [21] and the Tristan [24] results. The total error
on MZ is expected to be 2.3 MeV showing that it is possible to remove the additional
uncertainty from the γ/Z interference on MZ almost completely.

The measured fermion pair cross sections and asymmetries can also be used to
set limits on contact interactions, fermion sizes, extra space dimensions, TeV strings,
gravitons and other new physics effects. For example, contact interactions setting

2Only some preliminary LEP1 results within the S-Matrix framework are available and systematic
errors are not fully taken into account.
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Table 1: Preliminary limits on contact interactions from LEP combined data collected at
centre-of-mass energies from 130 GeV to 202 GeV.

Helicity configuration Energy scale [TeV]

ηRR ηLL ηLR ηRL Λ− Λ+

AA ±1 ±1 ∓1 ∓1 13.9 17.6

VV ±1 ±1 ±1 ±1 17.2 20.4

RR ±1 0 0 0 9.7 12.3

LL 0 ±1 0 0 10.2 12.8

in at an energy scale Λ can be described by the following Lagrangian [25] where by
convention the couplings g are normalised by g2/4π = 1 and the helicity amplitudes
obey |ηij | = 0, 1:

L =
1

1 + δef

∑

i,j=L,R

ηij
g2

Λ2
ij

(eiγ
µei)(f jγµfj),

δef is the Kronecker symbol being one for Bhabha scattering and zero otherwise. A
contact interaction, even at very high energy scales, can be detected at LEP2 by its
interference effects with the SM by modifications to the differential cross sections.

dσ

d cos θ
=

dσSM

d cos θ
+ cint(s, cos θ)

1

Λ2
+ cci(s, cos θ)

1

Λ4
.

Such fits are done to the LEP combined measurements [21] and the resulting limits
on the energy scale are in the range from 10 TeV to 20 TeV depending on the helicity
configuration. The results are summarised in Table 1.

3 Boson Production Cross Sections

The high centre-of-mass energies obtained at LEP2 allow the production not only
of fermion pairs but also of boson pairs, W+W−and ZZ, and the production of single
W bosons.

The production of Z boson pairs tests the SM in the neutral-current sector and
is sensitive to scenarios for new physics like extra space dimensions or couplings
between neutral gauge bosons. All experiments have measured the ZZ cross section
at
√

s up to 208 GeV. The results are combined using the expected statistical error
and systematic uncertainties [26]. They are compared to predictions from YFSZZ and
ZZTO in Figure 3 and show no significant deviation from these theoretical models.

No new measurement for single W production (e+e− →Weν) has been provided
above

√
s = 202 GeV but the fermion loop scheme [16] has been introduced as an
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Figure 3: The measured cross sections for Z pair production and for single W production.

additional theoretical model. The data are compared with the updated, slightly lower
theoretical predictions in Figure 3 showing good agreement.

4 W+W−Production

At centre-of-mass energies above 160 GeV the production of W+W− pairs is pos-
sible. Both W bosons decay into two fermions each producing three different types of
final states. About 45.6% of the events decay fully hadronically. These are balanced
events of high multiplicity. In 3 × 14.6% one W decays hadronically while the other
one decays leptonically resulting in 2 jets and a high energetic lepton. A τ lepton can
decay into a third, narrow jet instead of an electron or muon. Fully leptonic decays
are characterised by low multiplicity and a lot of missing energy. The leptons are
typically acoplanar.

Events of all three topologies are selected by the four LEP experiments to mea-
sure the total production cross section of W+W−pairs. The combined LEP cross
section [26] is shown in Figure 4 and compared to the predictions of the programs
Gentle 2.1 [27] (at centre-of-mass energies below 170 GeV ) and RacoonWW and
YFSWW 1.14 above threshold. Over the full energy range an excellent agreement
between the measurements and the SM is found.

From the selected events also the decay fractions of the W boson into hadrons
and the three lepton flavours are determined. DELPHI and L3 used data from
centre-of-mass energies of 161 GeV to 202 GeV while ALEPH and OPAL analysed
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data up to 207 GeV . The results are listed in Table 2. The branching fractions for
the three lepton flavours agree with each other and support the hypothesis of lep-
ton universality. The LEP combined leptonic branching fraction of the W boson is
Br(W → lν) = 10.74 ± 0.10 %. This direct measurement can be compared to the
indirect extraction at the TEVATRON where the combined results from CDF and
D0 [28] yield Br(W→ lν) = 10.43 ± 0.25 %.

From the hadronic branching fraction it is possible to determine the element |Vcs|

Table 2: Preliminary hadronic and leptonic branching fractions of the W boson measured

by the four LEP experiments and the combined results. All numbers are given in percent.

W→hadrons W→ eν W→ µν W→ τν

ALEPH 67.22± 0.53 11.19± 0.34 11.05± 0.32 10.53± 0.42

DELPHI 67.81± 0.61 10.33± 0.45 10.68± 0.34 11.28± 0.56

L3 68.47± 0.59 10.22± 0.36 9.87± 0.38 11.64± 0.51

OPAL 67.86± 0.62 10.52± 0.37 10.56± 0.35 10.69± 0.49

LEP 67.78± 0.32 10.62± 0.20 10.60± 0.18 11.07± 0.25
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of the Cabbibo-Kobayashi-Maskawa mixing matrix exploiting the formula:

Br(W→ hadrons)

1−Br(W → hadrons)
=
∑∣∣∣V 2

ij

∣∣∣
(

1 +
αs
π

)
.

With LEP data a value of |Vcs| = 0.989 ± 0.016 is obtained. This value is in good
agreement with the more direct determination using events with tagged charm of
|Vcs| = 0.95 ± 0.08 [26].

5 W Mass Measurement

The mass of the W boson is determined at LEP in two different ways. Close to
the production threshold the total cross section depends strongly on MW. For

√
s=

161 - 172 GeV the mass is determined from σWW to be MW = 80.40 ± 0.22 GeV [4].
At higher centre-of-mass energies where the dependence of MW on σWW is reduced
the mass is reconstructed directly from the W decay products.

Table 3: The values obtained for the mass and the width of the W boson obtained by the

four LEP experiments and their combination from data taken at
√

s= 172 - 202 GeV. All
numbers are preliminary.

MW [GeV ] ΓW [GeV ]

ALEPH 80.440± 0.064 2.17± 0.20

DELPHI 80.380± 0.071 2.09± 0.15

L3 80.375± 0.077 2.19± 0.21

OPAL 80.485± 0.065 2.04± 0.18

LEP 80.427± 0.046 2.12± 0.11

From the three possible final states, qqqq, qqlν and lνlν, the fully leptonic is not
used because the two undetectable neutrinos inhibit the complete determination of
the event kinematics. For the other events leptons and jets are reconstructed and
MW is determined in a kinematic fit to the measured fermion energies and angles.
Constraints from energy and momentum conservation – one for semileptonic and four
for hadronic decays – are imposed to improve the resolution. In some analyses the
two reconstructed W masses are required to be equal as an additional constraint. For
hadronic decays choosing the correct jet pairing poses an additional problem. The
pairing giving the best χ2 in the fit is choosen. Possible gluon radiation is taken into
account by splitting the hadronic events into a 4- and 5-jet sample improving the
mass resolution (DELPHI, OPAL).
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Table 4: Breakdown of the systematic and statistical errors on MW for the different decay
topologies in the LEP combined measurement.

Source Systematic Errors on MW in MeV

qq`ν qqqq Combined

Colour Reconnection – 50 13

Bose-Einstein Correlations – 25 7

LEP Beam Energy 17 17 17

ISR / FSR 8 10 8

Hadronisation 26 23 24

Detector Systematics 11 8 10

Other 5 5 4

Total Systematic 35 64 36

Statistical 38 34 30

Total 51 73 47

The invariant mass distributions obtained from data taken at
√

s = 192−202 GeV
are shown in Figure 5. The W boson mass is extracted from these spectra by compar-
ing reweighted Monte-Carlo event samples corresponding to different mass hypotheses
to data (ALEPH, L3, OPAL). Alternativly, the differential cross sections are convo-
luted with resolution functions (DELPHI, OPAL) or the mass is determined from a
Breit-Wigner fit to the measured mass spectrum (OPAL).

The results for MW are listed in Table 3. The LEP value is a combination of indi-
vidual measurements performed at 172 - 202 GeV from the experiments for different
channels and years taking errors and correlations into account. The resulting χ2/dof
is 27.1/29. The statistical contribution to the error is 30 MeV, that from systematic
uncertainties amounts to 36 MeV.

Currently, the systematic uncertainties dominate the total error on MW. A part
common to all measurements comes from the LEP beam energy determination and
amounts to 17 MeV at highest energies [29]. A new beam energy spectrometer that
has been installed in 1999 is expected to reduce this error to 7 - 12 MeV [30]. Other
systematic uncertainties relevant for all decay channels are hadronisation effects, de-
tector related systematics and effects of initial state and final state radiation.

The fully hadronic decays suffer from specific uncertainties due to hadronic final
state interactions (FSI). They occur because the distance between the two decaying
W bosons of about 0.1 fm is much smaller than the typical hadronic interactions
length of 1 fm. This can give rise to colour reconnection effects [31] or Bose-Einstein
correlations [32]. Both can affect the reconstruction of the invariant masses by mo-
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mentum transfers between particles that stem from different W bosons. Combining
the results from the four experiments common uncertainties of 50 MeV for colour
reconnection and 25 MeV for Bose-Einstein effects are estimated by comparing differ-
ent Monte-Carlo models. FSI effects may also show up in the difference between MW

values measured from semi-leptonic or from fully hadronic events. The difference,
determined removing systematic errors due to possible FSI effects, amounts to

∆MW = MW(qqqq)−MW(qqlν) = +5 ± 50 MeV

and is compatible with zero. Recently, possible effects of FSI are also studied in other
observable than the W mass which are sensitive to FSI [33], e.g. the particle flow
in the overlap region between two jets and particle correlation functions. In future
it may be possible to exclude some of the FSI models in a combined LEP analysis,
which should reduce the systematic uncertainty on MW.

Table 4 shows a breakdown of all systematic errors for semileptonic and hadronic
final states. Due to the uncertainties related to FSI effects the contribution of hadronic
final states to the combined MW measurement is only 27% while the weight of the
semileptonic events is 73%.

The W boson mass MW = 80.427 ± 0.046 GeV measured at LEP is in striking
agreement with its determination at pp colliders [34] of MW = 80.452 ± 0.062 GeV .
The resulting average from direct measurements is

MW = 80.436 ± 0.037 GeV .

The method of direct reconstruction is also adequate to measure the width of the
W boson, ΓW. The results of the four LEP experiments are shown in Table 3. The
combination of the individual measurements is done in the same way as for the de-
termination of MW. The resulting LEP value is ΓW = 2.12 ± 0.11 GeV and is in
agreement with the direct determination by CDF [35] of ΓW = 2.06 ± 0.13 GeV .

6 Standard Model Fits

Many SM parameters are measured at LEP1 and SLD like the mass and width of
the Z boson, MZ and ΓZ, the hadronic pole cross section, σ0

had, the ratios of leptonic to
hadronic widths, Rl, the asymmetry parameters for leptons and b and c− quarks, A0

FB,
the τ polarisation and quark charge asymmetry, QFB. At SLD the measurement of
left-right forward-backward asymmetry and recently the asymmetry for s quarks [36]
are done. Finally, the result for the on-shell value of sin2 ϑW = 0.2255 ± 0.0021
measured by NuTEV/CCFR in ν-nucleon scattering [37] and the value of α(M2

Z) are
added. The latter can be expressed as

α(s) =
α(0)

1−∆αlep(s)−∆α
(5)
had(s) −∆αtop

had(s)
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where all terms except the contribution from the five light quark flavours, ∆α
(5)
had(s),

are know with high accuracy. Here a value ∆α
(5)
had(s) = 0.02804 ± 0.00065 [38] is

used. A fit within the Standard Model is performed to these inputs to determine the
parameters MZ,mt,MH, αs and ∆α

(5)
had(s).

In Figure 6 the result of the fit is shown in the MW-mt plane and compared to
the direct measurements of MW at LEP and pp colliders and of mt at the TEVA-
TRON [39]. The measurements are nicely consistent with the indirect determination
from the SM fit. A similar fit using all data except the direct measurement of the
top quark mass result in mt = 179+13

−10 GeV and when using all data except direct
MW determinations MW = 30.386 ± 0.025 GeV is obtained. Again, these results are
in good agreement with the respective direct measurements. This demonstrates the
compatibility and the internal consistency of the SM within the existing precision and
confirms the SM parameter relations at 1-loop level.

The SM fits can also be used to estimate the mass of the Higgs boson. To do
this a series of fits with fixed values of MH is performed and the difference in the χ2

values as shown in Figure 6 is considered. Since the leading radiative correction terms
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depend on log(MH) the constraints that can be obtained are not very stringent. The

result using ∆α
(5)
had(s) = 0.02804 ± 0.00065 is

MH = 60+52
−29 GeV ; log(MH/ GeV ) = 1.78+0.27

−0.28.

The slight decrease with respect to the previous result [40] is mainly caused by the
change in MW. The central value depends strongly on the top quark mass and the
value of ∆α

(5)
had(s) used.

The value of ∆α
(5)
had(s) is obtained by integrating the Rhad distribution measured

in e+e−annihilation or calculated in perturbative QCD:

∆α
(5)
had(s) ∝

∞∫

4M2
π

R(s′) ds′

s′(s′ − s)

Recent results obtained at BES [41] have been used to extract the more precise value

∆α
(5)
had(s) = 0.02755 ± 0.00046 [6] yielding a higher value for MH:

MH = 88+60
−37 GeV ; log(MH/ GeV ) = 1.94+0.22

−0.24

Relying on perturbative QCD the error on ∆α
(5)
had(s) is further reduced. With the

value ∆α
(5)
had(s) = 0.02738 ± 0.00020 [42] one obtains MH = 104+59

−39 GeV .

Depending on the value of ∆α
(5)
had(s) used in the fit upper limits on the Higgs boson

mass of 162 – 215 GeV are obtained at 95% confidence level. The fits suggest that
the Standard Model Higgs is light. They are compatible with the results from direct
searches for the Higgs that exclude values of MH below 113.5 GeV at 95% C.L. and
strongly indicate the observation of a Higgs with a mass [43] of

MH = 115+1.3
−0.9 GeV .

7 Conclusions

Since its start in 1989 the energy range studied at LEP has more than doubled. Up
to
√

s= 209 GeV the measurements of fermion pair production are in good agreement
with the Standard Model predictions. The data taken above the Z pole allow to
improve the determination of MZ and the γ/Z interference within the S-Matrix ansatz
significantly. It also allows to exclude new (contact) interactions below energy scales
of 10 TeV to 20 TeV.

The cross sections for single W production, W+W−and ZZ production agree with
the SM predictions as well.

From the large number of selected W+W−pairs the mass and width of the W
boson can be directly reconstructed. The values
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MW = 80.427 ± 0.046 GeV
ΓW = 2.12 ± 0.11 GeV

are in perfect agreement with the indirect determination of these quantities in fits to
electroweak data. The impressive consistency between all direct measurements and
indirectly determined parameters confirms the Standard Model at 1-loop level. Fits
to all electroweak data profit from the recent progress in the determination of α(M2

Z)
and predict the mass of the Higgs boson to be

MH = 88+60
−37 GeV

which is consistent with the possible direct observation at LEP at MH ≈ 115 GeV .
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1 Introduction

At present, the investigation of W-pair production at LEP2 plays an important
role in the verification of the Electroweak Standard Model (SM). Apart from the direct
observation of the triple-gauge-boson couplings in e+e− →W+W−, the increasing
accuracy in the W-pair-production cross-section and W-mass measurements has put
this process into the row of SM precision tests [ 1]. The W-pair cross section is
measured at the per-cent level, and the W-boson-mass determination aims at a final
accuracy of 30 MeV. Experiments at a future e+e− linear collider (LC) with higher
luminosity and higher energy will even exceed this precision.

To account for the high experimental accuracy on the theoretical side is a great
challenge: the W bosons have to be treated as resonances in the full four-fermion
processes e+e− → 4f , and radiative corrections need to be included. While sev-
eral lowest-order predictions are based on the full set of Feynman diagrams, only
very few calculations include radiative corrections beyond the level of universal radia-
tive corrections (see Refs. [ 2, 3] and references therein). These universal corrections
comprise the leading process-independent effects; for e+e− → WW → 4f these in-
clude universal renormalization effects (running or effective couplings), the Coulomb
singularity at the W-pair-production threshold, and initial-state radiation (ISR) in
leading-logarithmic approximation. The remaining corrections are usually viewed as
non-universal and can only be included by an explicit diagrammatic calculation. In
this article we describe the structure of the universal corrections in detail and discuss
the size of the non-universal corrections for LEP2 und LC energies. This issue is not
only theoretically interesting, it is also important in practice, since many Monte Carlo
generators for W-pair production that are in use neglect non-universal electroweak
corrections.

The size of non-universal corrections was already estimated by inspecting the pair
production of stable W bosons quite some time ago [ 2, 4, 5]. For LEP2 energies these
effects reduce the total W-pair cross section at the level of 1–2%, but for energies in
the TeV range the impact grows to O(10%). For differential distributions the size of
the non-universal corrections is usually much larger. In the following we investigate
the corresponding corrections to off-shell W-pair production, e+e− → WW → 4f ,
by inspecting total cross sections as well as angular and invariant-mass distributions
with the Monte Carlo generator RacoonWW [ 6].

2 Radiative corrections to off-shell W-pair production —
state of the art

Fortunately, to match the experimental precision for W-pair production a full
one-loop calculation for the four-fermion processes is not needed for most purposes,
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in particular for LEP2 physics. Instead it is sufficient to take into account only those
radiative corrections that are enhanced by two resonant W bosons. For centre-of-
mass (CM) energies ECM not too close to the W-pair-production threshold, say for
ECM

>∼ 170 GeV, the neglected O(α) corrections are of the order (α/π)(ΓW/MW),
i.e. below 0.5% even if possible enhancement factors are taken into account. The
theoretically clean way to carry out this approximation is the expansion about the two
resonance poles, which is called double-pole approximation (DPA). A full description
of this strategy and of different variants used in the literature (some of them involving
further approximations) can be found in Refs. [ 6, 7, 8, 9].

At present, two Monte Carlo programs include O(α) corrections to e+e− →
WW → 4f in DPA and further numerically important higher-order effects:
YFSWW3 [ 7] and RacoonWW [ 6]. The salient features of the two approaches,
which are conceptually very different, as well as detailed comparisons of numerical
results are summarized in Ref. [ 3]. Further numerical results of the two programs
can be found in Refs. [ 10, 11]. Both programs have reached an accuracy of roughly
∼ 0.5% for CM energies between 170 GeV and 500 GeV. For higher energies also
leading electroweak two-loop effects become important (see also below).

Figure 1 shows a comparison of the results of RacoonWW and YFSWW3 with
recent LEP2 data, as given by the LEP Electroweak Working Group [ 12] for the
Summer 2000 conferences. The data are in good agreement with the predictions of
the two programs, which differ by about 0.3% at LEP2 energies. Below a CM energy
of 170 GeV, the prediction in Figure 1 is continued by GENTLE [ 13], which does
not include the non-universal electroweak corrections. In its new version GENTLE
is tuned to reproduce the DPA prediction of RacoonWW and YFSWW3 on the
total cross section at LEP2 within a few per mill (see Ref. [ 3]).

3 Universal electroweak corrections — improved Born ap-
proximation

3.1 Preliminaries

Universal radiative corrections are those parts of the full correction that are con-
nected to specific subprocesses, such as collinear photon emission or running cou-
plings, and lead to characteristic enhancement factors. Owing to their universality
such corrections are often related to the lowest-order matrix element of the under-
lying process. In the following we construct an improved Born approximation (IBA)
for the processes e+e− →WW→ 4f that is based on universal corrections only. For
the production subprocess the IBA closely follows the approximation formulated in
Ref. [ 4] for on-shell W-pair production. For the W decay the IBA is identical with
the lowest-order prediction in the Gµ scheme, as suggested in Ref. [ 14].
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Figure 1: Total WW production cross section at LEP2 as given by the LEPEWWG [ 12]

In order to define the IBA, we first need the lowest-order matrix element of the
process

e+(p+, σ+) + e−(p−, σ−) → W+(k+, λ+) + W−(k−, λ−)

→ f1(k1, σ1) + f2(k2, σ2) + f3(k3, σ3) + f4(k4, σ4). (3.1)

The arguments label the momenta p±, ki and helicities σi = ±1/2, λj = 0,±1 of
the corresponding particles. The cross section that is defined by including only the
so-called signal diagrams for W-pair-mediated four-fermion production, which are
shown in Figure 2, is called CC03 cross section1. Note that the masses of the exter-
nal fermions (not the ones in closed fermion loops) are neglected whenever possible.
In the absence of photon radiation this, in particular, implies that we have helicity
conservation for the initial e+e− system, i.e. only the combination σ− = −σ+ con-

1Of course, the CC03 cross section is a non gauge-invariant quantity. However, evaluated in the
‘t Hooft–Feynman gauge it approximates the full cross sections for W-pair-mediated 4f production
very well, as long as no electrons or positrons are in the final state. Therefore, the CC03 cross
section is widely used in the literature (see also Refs. [ 2, 3]).
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Figure 2: Lowest-order signal diagrams for e+e− →WW→ 4f

tributes, and we can define σ = σ− = −σ+. For definite electron helicity σ, the
lowest-order CC03 matrix element is given by

Me+e−→WW→4f,σ
Born,CC03 (p+, p−, k+, k−, k

2
+, k

2
−) =

3∑

n=1

F σ
n,Born(s, t)Mσ

n(p+, p−, k+, k−, k
2
+, k

2
−),

(3.2)
whereMσ

n are so-called standard matrix elements (SME) containing the spinor chains
of the external fermions, and F σ

n,Born(s, t) are invariant functions containing couplings
and propagator factors. In lowest order only three SME and invariant functions
contribute. Following the notation and conventions of Ref. [ 6], these read (ω± =
(1± γ5)/2)

Mσ
1 = v(p+)/ε∗+(/k+ − /p+)/ε∗−ωσu(p−),

Mσ
2 = v(p+)1

2
(/k+ − /k−)ωσu(p−)(ε∗+ε

∗
−),

Mσ
3 = v(p+)/ε∗+ωσu(p−)(ε∗−k+)− v(p+)/ε∗−ωσu(p−)(ε∗+k−) (3.3)

with “effective W-polarization vectors”

ε∗,µ+ =
e√
2sw

1

k2
+ −M2

W + iMWΓW
u(k1)γµω−v(k2),

ε∗,µ− =
e√
2sw

1

k2
− −M2

W + iMWΓW

u(k3)γµω−v(k4), (3.4)

and

F σ
1,Born(s, t) =

e2

2s2
wt
δσ−,

F σ
3,Born(s, t) = −F σ

2,Born(s, t) =
2e2

s
− 2e2

s−M2
Z

(
1− δσ−

2s2
w

)
. (3.5)

The actual values of the input parameters e, MW, MZ, and sw depend on the input-
parameter scheme. In the Gµ-scheme the electromagnetic coupling e is deduced from
the Fermi constant Gµ using the tree-level relation e2 = 4

√
2GµM

2
Ws

2
w, and the weak
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mixing angle is fixed by the gauge-boson masses, which are independent input pa-
rameters, s2

w = 1−M2
W/M

2
Z.

Before we define the IBA we comment on the calculation of the full factorizable
one-loop correction in DPA2, which is described in Ref. [ 6], and its relation to the
decomposition (3.2). In this case six independent SME contribute for each value of σ,
and the functions F σ

n contain standard loop integrals. Moreover, in order to guarantee
the gauge invariance of the corrections, which is mandatory for consistency, it is
necessary to perform an on-shell projection of the external fermion momenta ki. This
means that the ki are changed to related momenta k̂i in such a way that k̂2

± = M2
W.

The off-shell values k2
± are kept only in the propagator factors of (3.4).3

3.2 Improved Born approximation

The first step in the construction of the IBA consists in a modification of the Born
matrix element in such a way that the universal renormalization effects induced by
the running of α and by ∆ρ are absorbed. This is achieved [ 4] by the replacements

e2

s2
w

→ 4
√

2GµM
2
W, e2 → 4πα(s) (3.6)

in the lowest-order functions F σ
i,Born of (3.5), which implies that weak-isospin exchange

involves the coupling GµM
2
W and pure photon exchange the coupling α(s). The run-

ning of the electromagnetic coupling is induced by light (massless) charged fermions
only, i.e. we evaluate α(s) by

α(s) =
α(M2

Z)

1 − α(M2
Z)

3π
ln(s/M2

Z)
∑
f 6=tN

c
fQ

2
f

(3.7)

with the value α(M2
Z) = 1/128.887 taken from the fit [ 15] of the hadronic vacuum

polarization to the empirical ratio R = σ(e+e− → hadrons)/σ(e+e− → µ+µ−). Thus,
the basic matrix element for the IBA reads

Me+e−→WW→4f,σ
IBA (p+, p−, k+, k−, k

2
+, k

2
−) =

3∑

n=1

F σ
n,IBA(s, t)Mσ

n(p+, p−, k+, k−, k
2
+, k

2
−)

(3.8)

2 In DPA the virtual one-loop correction consists of factorizable and non-factorizable contri-
butions. The factorizable corrections are the ones that are related to the W-pair-production and
W-decay subprocesses. The non-factorizable corrections comprise the remaining doubly-resonant
virtual corrections and include all diagrams with photon exchange between the production and
decay subprocesses.

3This on-shell projection also renders the CC03 cross section gauge-invariant, leading to the so-
called DPA Born cross section. However, the DPA Born cross section is a much worse approximation
for the 4f cross section than the CC03 variant (see also Refs. [ 3, 8]).
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with

F σ
1,IBA(s, t) =

2
√

2GµM
2
W

t
δσ−,

F σ
3,IBA(s, t) = −F σ

2,IBA(s, t) =
4
√

2GµM
2
W

s− M̂2
Z

δσ− −
8πα(s)M̂2

Z

s(s− M̂2
Z)
. (3.9)

Note that we have used the complex Z-boson mass M̂2
Z = M2

Z − iMWΓZ in order to
regularize the Z resonance below the W-pair-production threshold; otherwise the ISR
convolution over the reduced CM energy would lead to complications (see below).

Another important virtual correction is induced by the Coulomb singularity near
the W-pair-production threshold. We include this effect in the calculation of the

“hard” IBA cross section σ̂e+e−→WW→4f
IBA ,

∫
dσ̂e+e−→WW→4f

IBA (p+, p−) =
1

2s

∫
dΦ4f |Me+e−→WW→4f

IBA |2
[
1 + δCoul(s, k

2
+, k

2
−) g(β)

]
,

(3.10)
where the correction factor δCoul is given by [ 16, 17]

δCoul(s, k
2
+, k

2
−) =

α(0)

β
Im

{
ln

(
β − β + ∆M

β + β + ∆M

)}
,

β =

√
s2 + k4

+ + k4
− − 2sk2

+ − 2sk2
− − 2k2

+k
2
−

s
,

β =

√

1 − 4(M2
W − iMWΓW)

s
, ∆M =

|k2
+ − k2

−|
s

(3.11)

with the fine-structure constant α(0). The auxiliary function

g(β) =
(
1− β2

)2
(3.12)

restricts the impact of δCoul to the threshold region where it is valid. Its actual form
(and its occurrence) is somewhat ad hoc but justified by a numerical comparison to the
fullO(α) correction. Omitting this factor would lead to a constant positive correction
of a few per mill above threshold, although the correct non-universal correction is even
negative.

The last ingredient in the IBA is the leading-logarithmic contribution induced by
initial-state radiation (ISR). We follow the structure-function approach [ 18], where
the full IBA cross section σIBA reads

∫
dσIBA =

∫ 1

0
dx1

∫ 1

0
dx2 ΓLL

ee (x1, Q
2)ΓLL

ee (x2, Q
2)
∫

dσ̂e+e−→WW→4f
IBA (x1p+, x2p−).

(3.13)
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The structure functions ΓLL
ee (x,Q2) include the leading logarithms [α ln(Q2/m2

e)]n up
to order n = 3, and the soft-photon effects are exponentiated; the explicit expressions
can also be found in Refs. [ 2, 6]. The QED splitting scale Q2 is not fixed in leading-
logarithmic approximation and has to be set to a typical momentum scale of the
process. It can be used to adjust the IBA to the full correction, but also to estimate
the intrinsic uncertainty of the IBA by choosing different values for Q2.

Finally, we have to fix the W-boson width ΓW in the evaluation of the IBA. In order
to avoid any kind of mismatch with the decay, ΓW should be calculated in lowest order
using the Gµ scheme. This choice guarantees that the “effective branching ratios”,
which result after integrating out the decay parts, add up to one when summing
over all channels. Of course, if naive QCD corrections are taken into account by
multiplying with (1 + αs/π) for each hadronically decaying W boson, these QCD
factors also have to be included in the calculation of the total W width.

Note that unlike the full one-loop calculation in DPA, the IBA is also applicable
near the W-pair production threshold, since no pole expansion is involved.

4 Comparison of the improved Born approximation with
state-of-the-art results

4.1 Total cross section

In order to investigate the reliability of the IBA defined in (3.13), we have im-
plemented this IBA in the Monte Carlo program RacoonWW, which provides
state-of-the-art predictions for the full O(α) corrections in DPA, as discussed above.
For the following numerical evaluations we have adopted the input-parameter set of
Refs. [ 3, 6].

Figure 3 compares different predictions for the total cross section (without any
phase-space cuts) for the semileptonic process e+e− → udµ−νµ(γ) for CM energies
ECM up to 1 TeV. The IBA is evaluated for the two different scales Q2 = s =

E2
CM and Q2 = |tmin| = E2

CM

(
1−

√
1− 4M2

W/E
2
CM

)
/2 − M2

W, and “best” labels
the RacoonWW prediction including all universal and non-universal corrections as
described in detail in Ref. [ 6]. The motivation for Q2 = s is obvious; Q2 = |tmin| is
motivated by the fact that tmin corresponds to the minimal momentum transfer in the
t-channel diagrams for forward scattering of on-shell W bosons, which dominates the
cross section. The comparison of the corresponding relative corrections (normalized
to the CC03 Born cross section in Gµ scheme) is shown in Figure 4.

For LEP2 energies, i.e. energies below 210 GeV, the difference between the two
IBA versions reflects the typical uncertainty of 1–2% inherent in all predictions that
neglect non-universal electroweak corrections. It turns out that the IBA with Q2 = s
is closer to the “best” prediction, with a maximal deviation at the upper LEP2

7
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energies: ∼ 0.6% at 200 GeV and ∼ 0.8% at 210 GeV. Note that the “best” prediction
is not included below 170 GeV, since the uncertainty of all predictions based on a
DPA formally runs out of control near the W-pair-production threshold. On the
other hand, the IBA does not suffer from this constraint. Since the IBA with Q2 = s
agrees with the “best” prediction near 170 GeV at the per-mill level this IBA version
is an appropriate extrapolation of the “best” RacoonWW prediction down to the
W-pair-production threshold. Of course, the theoretical uncertainty below 170 GeV
is then of the order of one to a few per cent.

For LC energies the IBA becomes more and more uncertain; for 1 TeV the two
IBA versions differ already by ∼ 5%. This signals that non-leading electroweak cor-
rections become more and more important. The dominant effects are due to Sudakov
logarithms [ 19] of the type α ln2(s/M2

W) which originate from the exchange of soft
and collinear massive gauge bosons, i.e. W and Z bosons. The IBA does not account
for these effects. Nevertheless the IBA with Q2 = |tmin| follows the “best” predic-
tion within ∼ 1–2% even for high energies. This is plausible, because the total cross
section is strongly dominated by the t-channel pole for forward scattering for high
energies, and this contribution is well approximated by the IBA. Note, however, that
the good agreement could not be predicted without a comparison with the full DPA
correction including non-universal electroweak corrections. On the other hand, it can
be expected that the quality of the IBA with Q2 = |tmin| also becomes worse if for-
ward scattering is excluded or suppressed by phase-space cuts; this issue is further
discussed below in the context of differential distributions.

4.2 Differential distributions

In order to define differential distributions, the kinematic information on the
fermion momenta in e+e− →WW→ 4f(γ) is required. In the presence of photon ra-
diation, a consistent treatment of photons that are soft or collinear to charged fermions
is crucial. If such photons are not recombined with the nearest charged fermion, i.e.
if these photon–fermion systems are not treated as single “quasi-particles”, the bare
fermion momenta in general lead to distributions that are not IR-safe, i.e. they in-
volve mass-singular logarithms of the form α lnmf . For fermions other than muons
such effects are definitely unphysical. In order to avoid such artifacts, we recombine
soft and collinear photons according to the procedure4 described in Refs. [ 3, 6].

4In this approach, first photons close to the beams are dropped in events, i.e. their momenta are
set to zero. If the photon survives the cut to the beam, it is recombined with the charged fermion f
if Mfγ < Mrec, where f is the fermion with the smallest invariant mass M 2

fγ = (pf + kγ)2 with the
photon. Finally, events are discarded in which charged fermions are close to the beam. The size of
the recombination cut Mrec, thus, determines how many photons are recombined with the charged
fermions. In Refs. [ 3, 6] the two values Mrec = 5 GeV and 25 GeV are chosen, defining a “bare” and
a “calo(rimetric)” setup, respectively.
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In Figures 5 and 6 the full RacoonWW and IBA predictions for the W+-produc-
tion-angle distribution are compared for the process e+e− → udµ−νµ at the typical
LEP2 energy of ECM = 200 GeV and the LC energy ECM = 500 GeV. The uncertainty
of the IBA predictions induced by the QED splitting scale Q is about 1–2% and
∼ 5% for LEP and LC energies, respectively. The deviation of the IBA prediction
from the full result is up to ∼ 5% and ∼ 5–10%, where the agreement is best for
forward scattering (cos θW+ → 1), as anticipated above. The IBA uncertainty and the
deviation from the full result further grow with increasing energy. This comparison
is performed using the “calo” setup for the photon recombination of photons, but the
sensitivity of the W-production-angle distribution to the recombination procedure is
very weak (see Refs. [ 3, 6]).

The sensitivity to photon recombination is maximal in the invariant-mass distri-
butions of the reconstructed W bosons, which can be seen by comparing Figures 7
and 8. The full correction shows a very strong dependence on the recombination pro-
cedure, which was discussed in Ref. [ 10] in detail. The more inclusive recombination
(“calo”) leads to large positive corrections above resonance and thus to a shift of the
resonance to the right, which can be of the order of some 10 MeV [ 10]. Since this
distortion of the W line shape is mainly induced by final-state radiation and radiation
off the W bosons, the IBA, as defined above, does not account for this effect. It is
obvious that the W-invariant-mass distributions can only be properly described if
photon radiation from the W-decay processes is taken into account properly. Figures
7 and 8 refer to the LEP energy ECM = 200 GeV, but this conclusion is, of course,
valid for all energies.

5 Conclusions

Electroweak radiative corrections to e+e− → WW → 4f typically amount to
O(10%) at LEP2 energies and further increase for higher energies. We have ex-
plicitly given analytical results for the universal process-independent corrections,
which include effective coupling constants, the Coulomb singularity near the W-pair-
production threshold, and leading ISR effects. They have been implemented in the
Monte Carlo generator RacoonWW, which calculates the full O(α) corrections in
double-pole approximation. Using this program a comparison between universal ef-
fects and the full correction has been presented.

For LEP2 energies the universal corrections are dominant, and the remaining non-
universal contributions reduce the total W-pair cross section by 1–2%. In angular
distributions non-universal effects can reach several per cent, mainly in regions where
the cross section is small. The radiative corrections to W-invariant-mass distributions
lead to a distortion of the W resonance, which is mainly due to photon radiation off
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the charged final-state fermions and off the W bosons. This line-shape distortion is
not accounted for by the above-mentioned universal effects.

For LC energies, i.e. energies up to the TeV range, non-universal effects become
more and more important. While the universal effects still describe W-pair production
in the forward region within some per cent, non-universal corrections reach the order
of several 10% for intermediate and large W-production angles.
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1 Introduction

At the eve of LEP shutdown it is of some importance to summarize the present
status of high precision physics [1]. For e+e− → ff all one-loop terms are known,
including re-summation of leading terms. At the two-loop level leading and next-
to-leading terms have been computed and included in codes like TOPAZ0 [2,3] and
ZFITTER [4]. For realistic observables initial state QED radiation is included via
the structure function method, or equivalent ones. Final state QED is also available
as well as the interference between initial and final states [5]. Fine points in QED
for 2 → 2 are as follows. For s-channel all the O (α2Ln) , n = 0, 1, 2 terms are
known from explicit calculations, the leading O (α3L3) is also available and they are
important for the studies of the Z lineshape.

Differences and uncertainties amount to at most ±0.1 MeV on M
Z

and ΓZ and
±0.01% on σ0

h (MIZA, TOPAZ0 and ZFITTER) [6] For non-annihilation processes
(Bhabha) both structure-function and parton-shower methods have been analyzed
and the uncertainty is estimated to be 0.061% from BHLUMI [7]. Certainly, full
two-loop electroweak corrections are needed for GigaZ (109Z events) with a quest for
a fast numerical evaluation of the relevant diagrams.

For e+e− → 4 fermions all tree-level processes are available and O (α) electroweak
corrections are known only for the WW -signal and in double-pole approximation
(DPA) [8] and [9]. e+e− → 4f + γ in Born approximation is also available for all
processes [10].

Fine points in QED for 2 → 4 are as follows For e+e− → WW → 4 f DPA
gives the answer but, for a generic process e+e− → 4 f QED radiation is included by
using s-channel structure-functions, i.e. in leading-log approximation. The latter
are strictly applicable only if ISR can be separated unambiguously. Otherwise their
implementation may lead to an excess of radiation. Preliminar investigations towards
non–s SF by GRACE and by SWAP [10] gives an indication on how to implement
the bulk of the non-annihilation effect but still represent ad hoc solutions. These
methods, which are essentially based on a matching with the soft photon emission,
still contain an ambiguity on the energy scale selection with consequences on the
predicted observables.

2 Non-Annihilation processes

There are several processes, namely those with t-channel photons that are not
dominated by annihilation. Typical examples are single-W production and two-
photon processes. The main question can be summarized as follows: how to include
the bulk of radiative corrections?

At the Born level we still require the notion of input parameter set (IPS, i.e. the

1



choice of some set of input parameters (improperly called renormalization scheme
(RS) in the literature) and of certain relations among them, e.g.

s2
θ = 1 − M2

W

M2
Z

, α ≡ αGF = 4
√

2
GFM

2
W
s2
θ

4π
, (1)

Roughly speaking the theoretical uncertainty associated with the choice of the RS is
most severe whenever low-q2 photons dominate.

The first step in getting the right scales is represented by the Complex-Mass
Renormalization in the Fermion-Loop approximation which gives [11]

Couplings =⇒ Running Couplings

Transitions =⇒ Diagonal Propagator-Functions

showing a pole in the 2nd sheet, and

Born Vertices =⇒ one fermion-loop corrected Vertices

A typical example is shown by the following identities among diagrams:

γ
=

γγ
+

γZ
,

Z
=

Zγ
+

ZZ
.

Here open circles denote re-summed propagators and the dot a vertex.
Running of coupling constants is shown in Fig. 2. In Fig. 2 the running of e2(q2)

is shown for q2 → 0+, compared with the fixed value in the GF -scheme. Furthermore,
the evolution of g2(q2) is shown for q2 time-like or space-like.

The sizeable difference that one gets between e2 running in tchannel and e2 fixed
in the GF -scheme is one of the major improvements induced by the FL-scheme in
non-annihilation, Born processes.

However, the original formulation of the FL-scheme works only for conserved
external currents. The extension to external massive fermions exists [13] and requires
one additional replacement: one perform the calculation in the ξ = 1 gauge, neglects
contributions from unphysical scalars and uses

δµν (in propagators) =⇒ δµν +
pµpν
M2(p2)

, (2)
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where M(p2) is the (complex) running mass. The connection with complex-poles,
p
W
, p

Z
(here only for a massless internal world) is simple

W =⇒ M2(p2) =
g2(p2)

g2(p
W

)
p
W
,

Z =⇒ 1

M2
0
(p2)

=
g2(p

Z
)

g2(p2)

c2(p2)

c2(p
Z

)

1

p
Z

=⇒ 1

M2
0
(p2)

=
c2(p2)

M2(p2)
(3)

and gives the M(assive)FL-scheme, where gauge invariance is respected and collinear
regions, e.g. outgoing electrons at zero scattering angle, are accessible for safe theo-
retical predictions.

3 Applications to single-W

The single-W production mechanism is represented in the following figure.

e+

e−

νe

f2

f1

e−

+

e+

e−

νe

f2

f1

e−

Q2

The CC20 family of diagrams with the explicit component
containing a t-channel photon.

The main consequences of applying the MFL-scheme are as follows:

• there is a maximal decrease of about 7% in the result if we compare with the
GF -scheme predictions but,

• the effect is rather sensitive to the relative weight of multi-peripheral contribu-
tions and is process and cut dependent [12].
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4 QED radiation for arbitrary processes

Here the relevant question can be formulated as follows: is multi-photon radiation
a one-scale or a multi-scale convolution phenomenon?

σ (p+p− → q1 . . . qn + QED)
?
=

∫
dx+ dx−D(x+, ?)D(x−, ?)

× σ (x+p+x−p− → q1 . . . qn) (4)

In the above equation the question mark means that the corresponding scale has to be
guessed. We need to understand how the standard SF-method is related to the exact
YFS exponentiation. In the standard YFS treatment of multiple photon emission we
have

σ


p+ + p− →

∑

i=1,2l

qi +
∑

j=1,n

kj


 ∼

∫
dPSq |M0 |2 E

(
p+ + p− −

∑

i

qi

)
, (5)

where E is the spectral function defined by

E(K) =
1

(2π)4

∫
d4x exp(iK · x)E(x),

E(x) = exp
{
α

2π2

∫
d4keik·xδ+(k2) | jµ(k) |2

}
(6)

At this point we choose an alternative procedure were we do not separate the soft
component from the hard one and compute some exact result valid for an arbitrary
number of dimensions n and for on-shell photons, i.e. k2 = 0,

I =
∫
dnk eik·x

δ+(k2)

pi · k pj · k
(7)

In dimensional-regularization one has the following result, valid ∀x2:

I(x) = −π ρ
∫ 1

0

du

P 2

(
1

ε̂
+ 2 ln 2− lnx2 − ξ ln

ξ + 1

ξ − 1

)
, (8)

where we have defined a variable ξ as the ratio

ξ =
|x0|
r
, (9)

with an infinitesimal imaginary part attributed to x0,

x0 → x0 + iδ. δ → 0+. (10)
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Furthermore, P is the linear combination

P = pj + (ρpi − pj) u,
(11)

where we have defined ρ to satisfy

(ρpi − pj)2
= 0, (12)

and x0, r are rewritten in covariant form as follows:

x0 = − P · x√
−P 2

, r2 = x2
0 + x2. (13)

The last integral shows the infrared pole
1

ε̂
and a collection of Li2-functions. There-

fore, E(K) is not available in close form. The scheme that we want to propose defines
a coplanar approximation [14] to the exact spectral function,

Icij
def
= −2

3
πρij Fcp

1

p2
j − ρ2

ij p
2
i

ln
ρ2
ijp

2
i

p2
j

,

Icii
def
= −2

3
πρij Fcp

1

m2
i

,

Fcp = ln

{
e−∆IR

pi · x pj · x
mimj

}
,

∆IR =
1

ε̂
+ constants. (14)

Within the coplanar approximation we have

Epair<ij>(K)
cp→ 1

(2π)2

{
e−∆IR

mimj

}−αAij 1

Γ2(αAij)

×
∫ ∞

0
dσdσ′ (σσ′)αAij−1

δ4 (σpi + σ′pj −K) . (15)

This results explains why we have introduced the term coplanar. Note that αA ∼ β
only when the corresponding invariant is much larger than mass2 but the above
expression is valid for all regimes and it is easily generalized to n emitters with the
result that 1 in a process 2 → n any external charged leg i talks to all other charged
legs, each time with a known scale sij and with a known total weight proportional to

x
α(Ai1+...+AiI)−1

i /Γ
(
α
(
Ai

1 + . . .+Ai
I

))
, 0 ≤ xi ≤ 1 (16)

1A.Ballestrero, G.P. work in progress
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Note that each A has the appropriate sign, in/out, part/antp. Furthermore, I(i) is
the number of pairs < ij > with i fixed. The IR exponent is given by

αA =
2α

π

{
1 + r2

1 − r2
ln

1

r
− 1

}
,

m2
e

|t| =
r

(1 − r)2
(17)

For Bhabha scattering we will have the following combination:

−A(s,me)−A(t,me) +A(u,me) =
2

π

[
ln

st

m2
eu
− 1

]
, (18)

obtained as an exact result, not a guess.

5 Conclusions for QED

The structure-function language is still applicable but initial state structure func-
tions evaluated for one scale is, quite obviously, not enough. In any process each
external leg brings one structure function; since all charged legs talk to each other,
each SF is not function of one ad hoc scale but all < ij > scales enter into SFi. The
exact spectral-function is a convolution of SF

Epair<ij>(K) =
∫
d4K ′Φ(K ′)Epair<ij>

cp (K −K ′),

Φ(K) =
1

(2π)4

∫
d4x exp {iK · x+ α (I − Icp)}

= δ(K) +O (α) (19)

Furthermore, IR-finite reminders and virtual parts can be added according to the
standard approach of reorganizing the perturbative expansion.
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We present precision calculations of the processes e+e− → 4-fermions
in which the double resonant W+W− and ZZ intermediate states occur.
Referring to these latter intermediate states as the ’signal processes’, we
show that, by using the YFS Monte Carlo event generators YFSWW3-1.14
and KoralW-1.42 in an appropriate combination, we achieve a physical
precision on the WW signal process, as isolated with LEP2 MC Workshop
cuts, below 0.5%. We stress the full gauge invariance of our calculations
and we compare our results with those of other authors where appropri-
ate. In particular, sample Monte Carlo data are explicitly illustrated and
compared with the results of the program RacoonWW of Denner et al.. In
this way, we cross check that the total (physical⊕technical) precision tag
for the WW signal process cross section is 0.4% for 200 GeV, for example.
Results are also given for 500 GeV with an eye toward the LC. For the
analogous ZZ case, we cross check that our YFSZZ calculation yields a
total precision tag of 2%, when it is compared to the results of ZZTO and
GENTLE of Passarino and Bardin et al., respectively.

Presented at the

5th International Symposium on Radiative Corrections
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1 Introduction

The theoretical paradigm affirmed by the award of the 1999 Nobel Prize to G. ’t
Hooft and M. Veltman for the success of the predictions of their formulation [1] of the
renormalised non-Abelian quantum loop corrections for the Standard Model [2] of the
electroweak interaction focuses our efforts on the need to continue to test this theory
at the quantum loop level in the gauge boson sector itself. This then emphasises
the importance of the on-going (the data are under analysis and will be for some
time even though the LEP2 accelerator was recently shutdown) precision studies of
the processes e+e− → W+W−(ZZ) + n(γ)→ 4f + n(γ) at LEP2 energies [3,4,5], as
well as the importance of the planned future higher energy studies of such processes
in LC physics programs [6,7,8,9]. We need to stress also that hadron colliders also
have considerable reach into this physics and we hope to come back to their roles
elsewhere [10].

In what follows, we present precision predictions for the event selections (ES) of
the LEP2 MC Workshop [11] for the processes e+e− → W+W− + n(γ) → 4f + n(γ)
based on our new exact O(α)prod YFS exponentiated LL O(α2) FSR leading pole
approximation (LPA) formulation as it is realized in the MC program YFSWW3-
1.14 [12,13] in combination with the all four-fermion processes MC event generator
KoralW-1.42 [14] so that the respective four-fermion background processes are taken
into account in a gauge invariant way. In addition, we also present the current status
of the predictions of our YFS MC approach to the processes e+e− → ZZ + n(γ) →
4f + n(γ) as it was also illustrated in the 2000 LEP2 MC Workshop [11] using the
MC event generator YFSZZ [15], which realizes YFS exponentiated LL O(α2) ISR
in the LPA in a gauge invariant way. Indeed, gauge invariance is a crucial aspect
of our work and we stress that we maintain it through-out our calculations. Here,
ISR denotes initial state radiation, FSR denotes final-state radiation and LL denotes
leading-log as usual.

This realization which we present of the YFS MC approach is the exclusive expo-
nentiation (EEX) [16] and it is already well established in its applications to the MC
event generators for LEP1 physics calculations in the MC’s KORALZ/YFS3 [17,18],
BHLUMI [19,20] and KoralW [14]. In our applications in YFSWW3-1.14 and in
KoralW-1.42, the FSR is implemented using the program PHOTOS [21], so that not
only is the FSR calculated to the LL O(α2) but the FSR photons have the correct
finite pT in the soft limit to O(α). We always use the ratio of branching ratios (BR’s)
to correct the respective decay rates through O(α) accordingly. Recently, we have
introduced the coherent exclusive exponentiation (CEEX) [22] approach to the YFS
MC event generator calculation of radiative corrections and we will present the ap-
plication of this new approach to the 4f production processes elsewhere [10]. For a
description of its application to the 2f production processes see Ref. [23].

Recently, the authors in Refs. [24,25] have also presented MC program results for

1



the processes e+e− → W+W− + n(γ) → 4f + n(γ), n = 0, 1 in combination with
the complete background processes which feature the exact LPA O(α) correction, the
complete O(α) result for e+e− → 4f + γ, and soft photon KF [26] exponentiation for
the LL O(α3) ISR via structure functions. Thus, we will compare our results where
possible with those in Refs. [24] in an effort to check the over-all precision of our
work. As we argue below, the two sets of results should agree at a level below 0.5%
on observables such as the total cross section. The authors in Refs. [5] have used semi-
analytical methods to compute the exact LPA O(α) correction e+e− → W+W− → 4f
with no higher order resummation. Thus, while we have compared our results with
theirs in Ref. [13] for example, here we do not present such comparisons because the
expected precision tag of their results is larger than the desired 0.5% needed by the
LEP2 experiments [11].

For the processes e+e− → ZZ + (nγ) → 4f + (n′γ), the authors in Refs. [27,28]
have presented calculations in the LEP2 MC Workshop [11] at the NC02 and all-4f
level [28] as well. The calculations in Ref. [27] are done with the program ZZTO
and feature universal ISR corrections, O(α) FSRQED corrections, O(αs) FSRQCD

corrections, and running masses in the fermion loop scheme of Ref. [29]. The results
in Ref. [28] feature the structure function approach to the ISR QED corrections and
the O(α) FSRQED corrections. We will compare our YFSZZ results with these two
sets of results as well, as the three approaches should agree at the level of the 2%
precision needed by the LEP2 experiments [11] on observables such as the total cross
section.

Our presentation is organised as follows. In the next Section, we discuss the cur-
rent status YFSWW3-1.14. In Section 3, we present the current status of KoralW-1.42
from the standpoint of its use to calculate the 4f background processes in combina-
tion with YFSWW3-1.14. In Section 4, we present the current status of YFSZZ. In
Sections 5 , 6 and 7, we illustrate the results we have obtained with our calcula-
tions for YFSWW3, KoralW-1.42 and YFSZZ, respectively, for the ES of the LEP2
MC Workshop [11], wherein we include comparisons with the respective results in
Refs. [24,27,28]. Section 8 contains our summary remarks.
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2 YFSWW3-1.14

In this section we present the current status of YFSWW3-1.14. We start with the
process of interest and its cross section,

e−(p1) + e+(p2)→ f1(r1) + f2(r2) + f ′1(r′1) + f
′
2(r
′
2) + γ(k1), ..., γ(kn),

σn =
1

flux

∫
dτn+4(p1 + p2; r1, r2, r

′
1, r
′
2, k1, ..., kn)

∑

ferm. spin

∑

phot. spin

|M(n)
4f (p1, p2, r1, r2, r

′
1, r
′
2, k1, ..., kn)|2,

(1)

and the corresponding expressions for the W+W− production and decay in
the leading pole approximation (LPA),

e−(p1) + e+(p2)→ W−(q1) +W+(q2),

W−(q1)→ f1(r1) + f2(r2), W+(q2)→ f ′1(r
′
1) + f

′
2(r
′
2),

σn =
1

flux

∫
dτn+4(p1 + p2; r1, r2, r

′
1, r
′
2, k1, ..., kn)

∑

ferm. spin

∑

phot. spin

|M(n)
LPA(p1, p2, r1, r2, r

′
1, r
′
2, k1, ..., kn)|2.

(2)

Here, we realize the LPAa,b as follows:

M(n)
4f (p1, p2, r1, r2, r

′
1, r
′
2, k1, ..., kn)

LPA

=>
M(n)

LPA(p1, p2, r1, r2, r
′
1, r
′
2, k1, ..., kn)

=
∑

Phot. Partitions

M(n),λ1λ2

Prod (p1, p2, q1, q2, k1, ..., ka)

× 1

D(q1)
M(n)

Dec1,λ1
(q1, r1, r2, ka+1, ..., kb)

× 1

D(q2)
M(n)

Dec2,λ2
(q2, r

′
1, r
′
2, kb+1, ..., kn),

D(qi) = q2
i −M2, M2 = (MW

2 − iΓWMW )(1− ΓW
2/MW

2 + O(α3)),

q1 = r1 + r2 + ka+1 + ...+ kb; q2 = r′1 + r′2 + kb+1 + ...+ kn,

(3)

where the two formulations of the LPA, LPAa,b, are based on the results in
Eden Refs. [30,31] as one can see from the representation of our amplitudes
M as

M =
∑

j

`jAj ({qkql}). (4)

Here, the {`j} are a complete set of spinor covariants and the {Aj} are
the respective scalar functions. For LPA(a)b, we do (not) evaluate the
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spinor covariants on-pole in realizing the respectiveM(n)
LPA. We do both in

YFSWW3-1.14.
We use standard YFS methods(EEX-Type)to write

dσ = e2<αB′+2αB̃ 1

(2π)4

∫
d4yeiy(p1+p2−q1−q2)+D[β0 +

∞∑

n=1

d3kj
k0
j

e−iykjβn(k1, ..., kn)]

× d3r1

E1

d3r2

E2

d3r′1

E
′
1

d3r′2

E
′
2

,

(5)

where

D =

∫
d3k

k0
S̃
[
e−iy·k − θ(Kmax − |~k|)

]

2αB̃ =

∫
d3k

k0

θ(Kmax − |~k|)S̃(k).

(6)

Here, Kmax is a dummy parameter of which eq.(5) is independent. In
realizing eq.(5) in YFSWW3, we employ the following schemes, which are
related by the renormalization group:

• Version 1.13: Gµ-Scheme of Fleischer et al. [32]

• Version 1.14: Scheme A – only the hard EW correction has αGµ;
Scheme B – the entire O(α) correction has α(0)

As it was shown in the LEP2 MC Workshop [11], there is a ⇒ −0.3÷−0.4%
shift of the normalisation of version 1.14 relative to that of version 1.13.
This can be seen as follows. The universal LL ISR O(α) soft plus virtual
correction is

δv+sISR,LL=β ln k0 +
α

π

(
3

2
L+

π2

3
− 2

)
, (7)

with β=2α
π

(L− 1) and with k0 equal to the usual soft cut-off and L = ln s/m2
e. From

eq.(7), we get the estimate of the shift in normalisation between version 1.13 and
version 1.14 at 200 GeV as

(α(0) − αGµ)(
3

2
L− 2)∼ −0.33%. (8)

This is consistent with what is observed as reported in Ref. [11]. See Dittmaier’s
talk [25] for more details and references.
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3 KoralW-1.42

For the process of interest, e−(p1) + e+(p2)→ f1(r1) + f2(r2) + f ′1(r′1) + f
′
2(r′2)+

γ(k1), ..., γ(kn), we use KoralW-1.42 which realizes the O(α3) LL YFS expo-
nentiated ISR. The respective input Born matrix elements are the GRACE
v. 2 [33] all 4f library of Born matrix elements and our independent CC03
Born matrix elements. This allows us to combine YFSWW3-1.14 and
KoralW-1.42 to correct for background diagram effects: using LPAa in
YFSWW3-1.14, whose cross section we denote by σ(Ya), we get

σY/K = σ(Ya) + ∆σ(K), (9)

where ∆σ(K) is defined by

∆σ(K) = σ(K1)− σ(K3). (10)

Here, σ(K1) is the 4-f KoralW-1.42 result and σ(K3) is the CC03 KoralW-
1.42 result. This means that σY/K is accurate to O(α

π
ΓW
MW

).
Alternatively, using LPAi, i = a, b in YFSWW3-1.14, whose cross sec-

tion we denote by σ(Yi), we get

σK/Y = σ(K1) + ∆σ(Y ) (11)

where

∆σ(Y ) = σ(Y i)− σ(Y 4), (12)

and σ(Y 4) is the respective YFSWW3-1.14 result with NL O(α) corrections
to βn, n = 0, 1, switched off. This means that σK/Y is also accurate to
O(α

π
ΓW
MW

).
Above WW threshold, σK/Y and σY/K

agree to the 0.1% level. We advocate the latter as our best result in the
following.

Note that we sometimes identify σ(Y1) = σ(Ya), σ(Y2) = σ(Yb), σ(Y3) =
σ(K3) with σ(K2) equal to the cross section from KoralW-1.42 with the
on-pole CC03 Born level matrix element with YFS exponentiated O(α3)
LL ISR – this σ(K2) should be available soon. It is useful for further cross
checks on our work.

4 YFSZZ

In our calculation in YFSZZ-1.02 [15] the process of interest is e−(p1) + e+(p2)

→ Z(q1)Z(q2) + (γ(k1), ..., γ(km))→f1(r1) + f 1(r2) + f ′1(r′1) + f
′
1(r′2)+γ(k1), ..., γ(kn).

We proceed as follows in realizing the MC YFSZZ-1.02:

5



• We use LPAa as described above for the NC02 process to calculate
O(α2) LL YFS exponentiated ISR for the input NCO2 Born matrix
elements of Ref. [34].

• Anomalous couplings are supported following the conventions of Ref. [34]
– this is also true for YFSWW3/KORALW.

We stress that YFSZZ is in wide use at LEP and that it was tested in
the LEP2 MC Workshop, just as YFSWW3-1.14 was tested. We now turn
to such results.

5 Results-YFSWW3-1.14

In this section we illustrate the effects of the NL O(α) correction as it is calculated
in YFSWW3-1.14. We do this with the hardest photon angular distribution. Similar
calculations of other observables can be found in Ref. [13,11].

Specifically, in Fig. 1, we show the distribution of the cosine of the production
angle of the hardest photon in the cms system with respect to the e+ beam. We see
that away from the beams the NL O(α) correction is important for precision studies
of this photonic observable. Similar conclusions follow from the more complete set of
observables studied in Refs. [13,11].

Indeed, in the LEP2 MC Workshop, we compared our results with those of
RacoonWW by the authors in Ref. [24]. For a complete description of these compar-
isons we refer the reader to Ref. [11]. Here, we show in Table 1 the comparison of the
total cross sections at 200 GeV with no cuts as defined Ref. [11].

Hardest Photon Angular Distribution
ECM = 200GeV ECM = 500GeV
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Figure 1: cosθγ w.r.t. the e+ beam in the cms system for e+e− −→ W+W− −→ udµ−νµ.
We see that NL corrections are important away from the beams, for example.
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Comparison with RacoonWW
no cuts σtot[fb]

final state program Born best

YFSWW3 219.770(23) 199.995(62)
νµµ

+τ−ντ RacoonWW 219.836(40) 199.551(46)
(Y–R)/Y −0.03(2)% 0.22(4)%

YFSWW3 659.64(07) 622.71(19)

udµ−νµ RacoonWW 659.51(12) 621.06(14)
(Y–R)/Y 0.02(2)% 0.27(4)%

YFSWW3 1978.18(21) 1937.40(61)

udsc RacoonWW 1978.53(36) 1932.20(44)
(Y–R)/Y −0.02(2)% 0.27(4)%

Table 1: Total cross sections, CC03 from RacoonWW, YFSWW3,
√
s = 200 GeV without cuts.

Statistical errors correspond to the last digits in ( ).

From the results in Table 1 and the related results given in Ref. [11] we conclude
that the TU of the calculations is 0.4% at 200 GeV for the total signal cross section.
This is a considerable improvement over previously quoted precision of 2% in Ref. [35].

6 Results-YFSWW3/KoralW

One of the important aspects of the isolation and study of theWW signal processes
is the control of the corresponding background 4f processes. This we do with our
all-4f MC KoralW-1.42 as we described above. Here, we illustrate the size of the
corresponding 4f background corrections to the YFSWW3-1.14 cross sections.

Specifically, in Tabs. 2 and 3, we show the size of this 4f background correction
in comparison to the NL correction of YFSWW3-1.14 for the total cross section, for
example, both for the case of no cuts and the case of cuts, respectively, as defined in
Ref. [11]. These results show that the 4f background correction at 200 GeV to the
total YFSWW3-1.14 cross section is below 0.1%.

7 Results-YFSZZ

In this section we show the results of our comparison with ZZTO for the total
ZZ pair signal processes as carried out in Ref. [11]. In that same set of comparisons,
ZZTO was also compared with the results of GENTLE by the authors in Refs. [28].
In this way, a cross check was made on all three calculations.
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WW/4f Cross Section

NO CUTS σWW [fb] δ4f [%]
δNLWW [%]

Final state Program Born ISR Born ISR

YFSWW3 219.793 (16) 204.198 (09) — — −1.92 (4)
νµµ

+τ−ντ KoralW 219.766 (26) 204.178 (21) 0.041 0.044 —
(Y−K)/Y 0.01 (1)% 0.01 (1)% — — —

YFSWW3 659.69 (5) 635.81 (3) — — −1.99 (4)
udµ−νµ KoralW 659.59 (8) 635.69 (7) 0.073 0.073 —

(Y−K)/Y 0.02 (1)% 0.02 (1)% — — —

YFSWW3 1978.37 (14) 1978.00 (09) — — −2.06 (4)

udsc KoralW 1977.89 (25) 1977.64 (21) 0.060 0.061 —
(Y−K)/Y 0.02 (1)% 0.02 (1)% — — —

Table 2: Total WW YFSWW3 and KoralW cross sections: Born and ISR level, KoralW
4f correction, YFSWW3 O(α) NL correction, at 200GeV , no cuts. The last digits in (· · ·)
correspond to the statistical errors.

Specifically, we show in Table 4 the ZZ signal cross section at 188.6 GeV as
predicted by YFSZZ and ZZTO for the case of no cuts as defined in Ref. [11]. For
ZZTO, results are shown for two schemes, the Gµ and α schemes [27]. The agreement
between
the programs in this comparison and between the programs in the other related
comparisons carried out in Ref. [11] show that the TU for the respective NC02 signal
process is 2% at the respective LEP2 energies.

8 Conclusions

We are currently at an exciting point in the tests of the EW Theory in gauge
boson physics. The WW pair production is an important aspect of these tests. The
radiative corrections which we realize in YFSWW3-1.14 play a significant role in these
tests as follows:

• Mass distributions: these are affected by FSR, yielding peak position and height
shifts

• W Angular distributions: these are affected by LL and NL corrections

• ` Angular distributions: these are affected by LL and NL corrections

• Photon Angular distributions: these are affected by LL and NL corrections

8



WW/4f Cross Section

WITH CUTS σWW [fb] δ4f [%]
δNLWW [%]

Final state Program Born ISR Born ISR

YFSWW3 210.938 (16) 196.205 (09) — — −1.93 (4)
νµµ

+τ−ντ KoralW 210.911 (26) 196.174 (21) 0.041 0.044 —
(Y−K)/Y 0.01 (1)% 0.02 (1)% — — —

YFSWW3 627.22 (5) 605.18 (3) — — −2.00 (4)
udµ−νµ KoralW 627.13 (8) 605.03 (7) 0.074 0.074 —

(Y−K)/Y 0.01 (1)% 0.02 (1)% — — —

YFSWW3 1863.60 (15) 1865.00 (09) — — −2.06 (4)

udsc KoralW 1863.07 (25) 1864.62 (21) 0.065 0.064 —
(Y−K)/Y 0.03 (2)% 0.02 (1)% — — —

Table 3: Total WW YFSWW3 and KoralW cross sections: Born and ISR level, KoralW 4f
correction, YFSWW3 O(α) NL correction, at 200GeV , with cuts. The last digits in (· · ·)
correspond to the statistical errors.

Comparison with ZZTO
channel YFSZZ ZZTO GF -scheme ZZTO α-scheme
qqqq 294.6794(490) 298.4411(60) 294.5715(59)
qqνν 175.4404(302) 175.5622(35) 174.9855(35)
qqll 88.1805(134) 88.7146(18) 87.9881(18)
llνν 26.2530(463) 26.0940(5) 26.1342(5)
llll 6.5983(15) 6.5929(1) 6.5706(1)
νννν 26.1080(71) 25.8192(5) 25.9868(5)
total 617.2596(755) 621.2241(124) 616.2366(123)

Table 4: NC02 cross sections, YFSZZ vs ZZTO, 188.6 GeV, in fb. The statistical errors
correspond to the last digits in ( ).

• Photon Energy distributions: these are affected by LL corrections

• Normalisation: this is affected by LL AND NL corrections;
the current 200 GeV TU is 0.4% from the {YFSWW3/RacoonWW} results.

Concerning our results on calculating the 4f background to YFSWW3-1.14 using
KoralW-1.42, we have shown the following:

• Two different combinations of YFSWW3 and KoralW-1.42 cross sec-
tions reach the total precision O(α

π
ΓW
MW

).
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• The size of the 4f correction to YFSWW3-1.14 is . 0.1%, as expected.

• The future extension to a single platform is possible.

It follows that YFSWW3/KoralW is a complete MC event generator
solution for precision WW/4f production at LEP2 ( and LC’s).

From our studies of the NC02 signal process we conclude that YFSZZ, a multiple
photon MC event generator for NC02 with β0 level LPA YFS exponentiation (EEX),
is tested in the LEP2 MC Workshop vs ZZTO and GENTLE to 2% TU. An upgrade
to higher precision is possible but is not needed, apparently?
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1 Introduction

At the end of LEP2 operation the total cross section for the process e−e+ →
ff + nγ has to be calculated with the precision 0.2% − 1%, depending on the event
selection. The arbitrary differential distributions have to be calculated with the corre-
sponding precision. Even now, this is not always the case [1] and the calculations are
still continuing. In the future, for linear colliders (LC’s), the precision requirement
can be even more demanding. These requirements necessitate development of the
appropriate calculational schemes for the QED corrections and the construction of
new dedicated MC programs. We present here an effort in this direction. Our report
is based on refs. [2,3,4] and the Monte Carlo program is described in ref. [5]. The
pedagogical introduction to some concepts necessary in understanding exponentiation
can be found e.g. in [6].

Feature KORALB KORALZ KK 4.13 KK 2000+?

QED type O(α) EEX CEEX, EEX CEEX, EEX

CEEX(ISR+FSR) none none {α, αL; α2L2, α2L1} {...α2L1; α3L3}

EEX(ISR*FSR) none {α, αL, α2L2} {α, αL, α2L2, α3L3} {...α2L2, α3L3}

ISR-FSR int. O(α) O(α) {α, αL}
CEEX

{α, αL}
CEEX

Exact bremss. 1 γ 1, 2coll. γ 1, 2, 3coll. γ up to 3 γ

Electroweak No Z-res. DIZET 6.x DIZET 6.x New version?

Beam polar. long+trans. longit. long+trans. long+trans.

τ polar. long+trans. longit. long+trans. long+trans.

Hadronization — JETSET JETSET PYTHIA

τ decay TAUOLA TAUOLA TAUOLA TAUOLA

Inclusive mode — No Yes Yes

Beamstrahlung — No Yes Yes

Beam spread — No Yes Yes

νν channel — Yes No Yes

ee channel — No No Yes

tt channel — No No yes?

WW channel — No No yes?

Table 1: Overview of the KKMC event generator as compared with KORALZ and KO-

RALB.

2 What is precision calculation

New results from high energy particle experiments are obtained as a result of the
huge effort of hundreds of experimental physicists over many years. In the cases when
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theoretical calculations are needed to interpret the results, it is fair to require, when-
ever possible, the uncertainty of the calculations to be smaller at least by a factor of 3
than the experimental error. Once the condition is fulfilled, in the final interpretation
of experimental data for quantities such as coupling constants, total cross sections or
particle masses, the final combined theoretical and experimental uncertainty would
not increase more than 10 % with respect to experimental uncertainty alone. This
rule of thumb is motivated in cases when the theoretical calculations are possible and
require an effort much smaller than that of the experiments.

The crucial requirement of the high precision calculation is however not only that
its results agree with the measured data, but also, that the relation of the results with
the foundation of the Standard Model field theory is fully controlled. At present,
requirements for precision, as defined by experiments, do not exceed the 0.1 % tag.
That is why, in general, predictions including complete Standard Mode corrections
of O(αQED), are sufficient. Only those terms of the higher orders which include
enhancement factors such as ln s

m2
f
, ln MZ

ΓZ
, mt
mW

etc., have to be taken into account.

Thanks to this, one can define schemes of calculation where QED calculations can
be separated from the rest, and dealt with to large degree individually1. As it was
presented in [1,7] this was indeed the solution successful for LEP2 e+e− → 2f and
e+e− → 4f processes. Exponentiation is a convenient way of dealing with the QED
corrections, which are large, and depend on the detection conditions (cuts).

3 What is coherent exclusive exponentiation CEEX?

The exponentiation is generally a method of summing up real and virtual pho-
ton contributions to infinite order such that infrared (IR) divergences cancel. The
exclusivity means that the procedure of exponentiation, that is summing up the in-
frared (IR) real and virtual contribution, within the standard perturbative scheme of
quantum field theory, is done at the level of the fully differential (multiphoton) cross
section, or even better, at the level of the scattering matrix element (spin amplitude),
before any phase-space integration over photon momenta is done. The other popular
type of the exponentiation is inclusive exponentiation (IEX), which is done at the
level of inclusive distributions, structure functions, etc. see discussion in ref. [8]. The
classical work of Yennie-Frautschi-Suura [9] (YFS) represents the best example of the
exclusive exponentiation and we nickname it as EEX. Finally, why do we use word
coherent? In CEEX the essential part of the summation of the IR real and virtual
photon contributions is done at the amplitude level. Of course, IR cancellations occur
as usual at the probability level, however, the transition from spin amplitudes to dif-

1Even further separation is possible: emission of additional real fermion pairs can be calculated
separately. At the same step, the appropriate virtual corrections have to be included into predictions
for 2f-processes.
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ferential cross sections, and the phase space integration are done entirely numerically!
As a consequence of the above coherent approach it follows that CEEX is friendly to
coherence among Feynman diagrams, narrow resonances, interferences, etc. This is
a great practical advantage. In our many previous works which led to the develop-
ment of the Monte Carlo event generators like YFS2, YFS3, KORALZ, KORALW,
YFS3WW, BHLUMI, BHWIDE, see refs. [10,11,12,13,14,15], we have generally em-
ployed EEX, which is closely related to the YFS work [8]. The CEEX is a recent
development and is so far used only in the new KKMC program [5].

Let us now show in a very simplified schematic way what is the the main difference
between the old EEX/YFS and the CEEX for the fermion pair production the process:

e−(p1, λ1) + e+(p2, λ2)→ f(q1, λ
′
1) + f(q2, λ

′
2) + γ(k1, σ1) + ...+ γ(kn, σn). (1)

The EEX total cross section is

σ =

∞∑

n=0

∫

mγ

dΦn+2 e
Y (mγ)Dn(q1, q2, k1, ..., kn), (2)

where in the O(α1) the distributions for nγ = 0, 1, 2 are

D0 = β0

D1(k1) = β0S̃(k1) + β1(k1)

D2(k1, k2) = β0S̃(k1)S̃(k2) + β1(k1)S̃(k2) + β1(k2)S̃(k1) (3)

and the real soft factors are defined as usual

4πS̃(k) =
∑

σ

|sσ(k)|2 = |s+|2(k) + |s−(k)|2 = −α
π

( q1

kq1
− q2

kq2

)2

. (4)

What is important for our discussion is that the IR-finite building blocks

β0 =
∑

λ |Mλ|2,
β1(k) =

∑
λσ

|M1−phot
λσ |2 −∑

σ

|sσ(k)|2∑
λ

|MBorn
λ |2 (5)

in the multiphoton distributions are all in terms of
∑
spin

|...|2!! We denoted: λ = fermion

helicities and σ = photon helicity.
The above is to be contrasted with the analogous O(α1) case of CEEX

σ =
∞∑

n=0

∫

mγ

dΦn+2

∑

λ,σ1,...,σn

|eB(mγ)Mλ
n,σ1 ,...,σn

(k1, ..., kn)|2, (6)

3



where the differential distributions for nγ = 0, 1, 2 photons are the following:

Mλ
0 = β̂λ0 , λ = fermion helicities,

Mλ
1,σ1

(k1) = β̂λ0 sσ1(k1) + β̂λ1,σ1
(k1),

Mλ
2,σ1,σ2

(k1, k2) = β̂λ0 sσ1(k1)sσ2(k2) + β̂λ1,σ1
(k1)sσ2(k2) + β̂λ1,σ2

(k2)sσ1(k1) (7)

and the IR-finite building blocks are

β̂λ0 = (e−BMBorn+Virt.
λ )|O(α1),

β̂λ1,σ(k) = Mλ
1,σ(k)− β̂λ0 sσ(k). (8)

As shown explicitly, this time everything is in terms of M-spin-amplitudes! This
is the basic difference between EEX/YFS and CEEX. The complete expressions for
spin amplitudes with CEEX exponentiation, for any number of photons, are shown
in ref. [2] for the O(α1) case and in ref. [4] for the O(α2) case.

.25 .50 .75 1.00
−.005

−.002

.000

.002

.005
KK MC 1999, S.Jadach, Z. Wa̧s, B.F.L. Ward

← Strong Cut No Cut →

σ
MC
−σ

Sem

σ
Sem

1− s′
min

/s

EEX0 − Sem.An.Best

Figure 1: Baseline test of the technical precision.

4 Monte Carlo numerical results

The O(α2) CEEX-style matrix element is implemented in KKMC which simulates
the production of muon, tau and quark pairs. Electrons (Bhabha scattering) and
neutrino channels are not available. The program includes for the optional use the
older, EEX-style matrix element. It is then functionally similar to KORALZ [11] and
the older KORALB [16] programs. In Table 1 we provide the complete comparison
of the features of KKMC and the older programs.
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Figure 2: Test of the technical precision of KKMC.

4.1 Technical precision

For the new MC program of the high complexity like KKMC it is important
to check very precisely the overall normalisation. This is the cornerstone of the
evaluation of the technical precision of the program, especially for KKMC which is
aimed at the end of testing at the total precision of 0.1%. In Fig. 1 we present
the comparison of the KKMC with simple semi-analytical integration for the total
cross section, as a function of the minimum mass

√
s′min of the final muon pair. It is

done for muon-pair final state at
√
s = 200GeV . For

√
s′min →

√
s, when emission

of hard photons is suppressed, there is an agreement < 0.02% between KKMC and
the analytical calculation. For

√
s′min < MZ the on-shell Z-boson production due

to emission of the hard initial state radiation (ISR), the so called Z radiative return
(ZRR), is allowed kinematically. Even in this case (more sensitive to higher orders)
the agreement < 0.02% is reached. For the above exercise we used the simplified
O(α0) CEEX matrix element, because in this case the precise phase-space analytical
integration is relatively easy.

4.2 Physical precision

The equally important component of the overall error is the physical error which
we estimate conservatively as the half of the difference O(α2)−O(α1). In Fig. 2 we
show the corresponding result for the total cross section and charge asymmetry for√
s = 189GeV as a function of the cut on energies of all photons (s′min < s limits

the total photon energy.) We obtain in this way the estimate 0.2% for the physical
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precision of the total cross section and 0.1% for the charge asymmetry. Both plots in
Fig. 2 show as expected a strong variation at the position of the ZRR. The quoted
precision is good enough for the LEP2 combined data.
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Figure 3: The effect of the initial-final state QED interference in total cross-section and

charge asymmetry.

4.3 Initial-final state QED interference

One important benefit from CEEX with respect to the older EEX is the inclusion
of the Initial-Final state QED Interference (IFI). The effect of the IFI is comparable
with the precision of the LEP2 combined data and should be under good control.
Results of our analysis of the size of the IFI at LEP2 energies (

√
s = 189GeV ) are

shown in Fig. 3. In this figure we compare the CEEX result of KKMC first of all with
the result of KORALZ which is run in the O(α1) mode without exponentiation (The
IFI is neglected for KORALZ with the EEX matrix element.) The O(α1) IFI contri-
bution from KORALZ was extensively cross-checked in the past with the dedicated
semi-analytical calculations [17]; it is therefore a good reference and starting point.
As we see the IFI contribution of CEEX differs slightly from the pure O(α1) result. It
is related to exponentiation which makes the angular dependence (in the muon scat-
tering angle) of the IFI contribution less sharp and it is also due to the convolution of
the IFI with the O(α2) ISR. The expected modification of the interference correction
due to higher orders is about 20% for the cross section and asymmetry, if the ZRR is
excluded, (the size of the ISR correction in the cross section) and it is indeed of this
size. Apparently, this principle works also in the case of ZRR included, remembering
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that in this case the ISR correction is 100% or more. However, we feel that this case
requires further study. We have also included results of the semianalytical program
ZFITTER [18] in our plots2. They agree well with the O(α1) IFI of KORALZ. This
is expected because they are without exponentiation.

5 Outlook and summary

The most important new features in the present CEEX are the ISR-FSR interfer-
ence, the second-order subleading corrections, the exact matrix element for two hard
photons, and the full density matrix treatment for the spin states of initial and final
state fermions3. This makes CEEX already a unique source of SM predictions for the
LEP2 physics program and for the LC physics program. Note that for these the elec-
troweak correction library has to be reexamined at LC energies. The most important
omission in the present version is the lack of neutrino and electron channels. Let us
stress that the present program is an excellent starting platform for the construction
of the second-order Bhabha MC generator based on CEEX exponentiation. We hope
to be able to include the Bhabha and neutrino channels soon, possibly in the next
version4. The other important directions for the development are the inclusion of the
exact matrix element for three hard photons, together with virtual corrections up to
O(α3L3) and the emission of the light fermion pairs. The inclusion of the W+W−

and tt final states is still in a farther perspective.
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1 Introduction

Between 1989 and 1995 the LEP collaborations collected more than 200 pb−1 per
experiment, which resulted in more than 17 million recorded Z decays. The LEP data
included almost 50 pb−1 of off-peak data, which is needed to determine the mass and
width of the Z. The SLD at the SLC recorded collisions with a polarized electron
beam and an unpolarized positron beam from 1992 until 1998, achieving electron
polarizations as high 80% and a total data sample of more than 500,000 recorded
Z decays. These large data samples provide the basis for well-known tests of the
Standard Model.

Almost all of the precision measurements made at the Z resonance have now been
published and the LEP and SLD electroweak working groups have almost completed
a comprehensive review of these measurements which will shortly appear in Physics
Reports[1]. Furthermore, several very complete reviews of the theory necessary for
the interpretation of these measurements already exist, see, for example, References
[2,3,4]. Rather than attempting to summarize this entire work in a few pages, I will
briefly review changes in theory and measurement since the last RADCOR meeting
and then consider three areas where some controversy exists: the determination of
strong coupling constant, αs, the possible discrepancy between the Standard Model
and measurements of forward-backward asymmetries in bb final states, and finally
the impact on Higgs mass limits of the contribution of hadronic vacuum polarization
to the running value of the electromagnetic coupling constant at the Z resonance,
α(m2

Z).

2 Changes since RADCOR 1998

The LEP and SLD collaborations present their measurements in terms of pseudo-
observables which are closely related to the actual measurements, but include correc-
tions for effects such as electromagnetic radiation and interference between photon
mediated and Z mediated processes. These variables, together with other variables
commonly used in electroweak fits are summarized in Table 1. The values of the
Z mass, mZ, the Z width, ΓZ and the peak hadronic cross section σpole

had require quite
large corrections as illustrated in Figure 1 taken from Reference [9]. Large correc-
tions are also needed to the forward-backward asymmetries of leptons and quarks.
The largest corrections of all are for electron final states, where t-channel effects
dominate in many regions of phase space. Radiative corrections for the left-right
asymmetries measured by SLD and for polarized forward-backward asymmetries are
much smaller, but nevertheless important. For example, the largest change between
the preliminary SLD measurement of the left-right asymmetry (ALR) and the final
published value of ALR came from a correction to the beam energy which was based
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Table 1: The summary of measurements included in the combined analysis of Standard
Model parameters used by the LEP and SLD electroweak groups reproduced from Ref-

erences [5] and [6]. The electroweak measurements from pp̄ colliders, νN scattering, and
LEP2 mW are described elsewhere in the RADCOR 2000 proceedings [7,8].

2000 Result 1998 Result Standard 2000

Model fit Pull

∆α
(5)
had(m2

Z) 0.02804± 0.00065 0.02804± 0.00065 0.02804 0.0

LEP

mZ [GeV] 91.1875± 0.0021 91.1867± 0.0021 91.1874 0.0

ΓZ [GeV] 2.4952± 0.0023 2.4939± 0.0024 2.4962 −0.4

σ
pole
had [nb] 41.540± 0.037 41.491± 0.058 41.480 1.6

R` 20.767± 0.025 20.765± 0.026 20.740 1.1

A0
FB 0.0171± 0.0010 0.0169± 0.0010 0.0164 0.8

τ polarization:

Aτ 0.1439± 0.0042 0.1431± 0.0045 0.1480 −1.0

Ae 0.1498± 0.0048 0.1479± 0.0051 0.1480 0.4

qq charge asym.:

sin2θlept
eff 0.2321± 0.0010 0.2321± 0.0010 0.23140 0.7

mW [GeV] 80.427± 0.046 80.37± 0.09 80.402 0.5

SLD

sin2θlept
eff (A`) 0.23098± 0.00026 0.23109± 0.00029 0.23140 −1.6

Heavy Flavor

Rb 0.21653± 0.00069 0.21656± 0.00074 0.21578 1.1

Rc 0.1709± 0.0034 0.1735± 0.0044 0.1723 −0.4

A0,b
FB 0.0990± 0.0020 0.0990± 0.0021 0.1038 −2.4

A0,c
FB 0.0689± 0.0035 0.0709± 0.0044 0.0742 −1.5

Ab 0.922± 0.023 0.867± 0.035 0.935 −0.6

Ac 0.631± 0.026 0.647± 0.040 0.668 −1.4

pp̄ and νN

mW [GeV] 80.452± 0.062 80.41± 0.09 80.402 0.8

sin2θW 0.2255± 0.0021 0.2254± 0.0021 0.2226 1.2

mt [GeV] 174.3± 5.1 173.8± 5.0 174.3 0.0

on a scan of the Z resonance [10].
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Figure 1: Illustration of LEP line-shape parameter definitions[9].

For the five Z line-shape parameters (assuming lepton universality) as measured
at LEP[11,12,13,14], the total error and the theoretical error on the determination of
the pseudo-observables is shown in Table 2. In terms of the effective vector and axial
and vector couplings of a given fermion to the Z, gAf and gVf :

Γff =
GFNcm

3
Z

6π
√

2

(
Rf

VgVf
2 +Rf

AgAf
2
)

+ ∆QCD (1)

Af = 2
gVfgAf

g2
Vf + g2

Af

. (2)

Here, Rf
V and Rf

A give corrections for final-state QED and QCD effects as well as
quark masses, ∆QCD for non-factorizable QCD effects. Note that Af depends only on
the ratio of couplings.

In almost all cases the theory error on the extraction of the pseudo-observables
is at least five times smaller than the experimental error. The exceptions occur for
theory corrections involving electron final states where t-channel photon mediated
processes are important. For example, the theoretical error on luminosity determined
with small angle Bhabha scattering drives the error on σpole

had [15,16] and the effects of

interference corrections on Re ≡ Γhad

Γe
, and on A0,e

FB ≡ 3
4
A2

e give a theoretical error which

is of the same order as the total error on these quantities when lepton universality is
assumed.
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Table 2: The total and theoretical errors for the five parameters in a fit assuming lepton
universality. If lepton universality is not assumed, the theory errors for electrons are larger,

i.e. 0.024 for Re and 0.0014A0
FB.

Quantity Total Error Theory Error

mZ 2.1 MeV 0.3 MeV

(0.2× 10−4) (0.03× 10−4)

ΓZ 2.3 MeV 0.2 MeV

(9.2× 10−4) (0.8× 10−4)

σ0
had ≡ 12π

m2
Z

Γe+e−Γhad

Γ2
Z

0.037nb 0.022nb

(8.9× 10−4) (5.3× 10−4)

R` ≡ Γhad

Γ̀
0.025 0.004

(12 × 10−4) (1.9× 10−4)

A0
FB ≡ 3

4
AeAf 0.0010 0.0001

(5.6%) (0.6%)

It should be stressed that because of the complexity of the fitting procedure used
to extract the pseudo-observables from the several hundred cross section and asym-
metries of each of the LEP experiments, it will be extremely difficult to incorporate
any future improvements in the theory needed to determine the pseudo-observables.
It is encouraging that, in general, these theory errors are quite small. The theory used
to extract the pseudo-observables from the raw measurements has been very stable
since RADCOR 1998 (also shown in Table 1) with two exceptions. The inclusion
of third order initial state radiation correction shifted σ0

had by 0.023 nb or 70% of
its present total error[17], and also led to a ∼ 0.5 MeV. shift on mZ. Inclusion of
initial-state radiation of e+e− pairs gave rise to a ∼ 0.5 MeV shift on mZ and ∼ 0.8
MeV shift on ΓZ [18].

The largest change in the experimental handling of the data was due to improved
treatment of the errors on the determination of the beam energy. A lower energy
systematic error was obtained for the 1995 LEP run than for the 1993 LEP run[19].
To properly take this into account, the four experiments combined should give more
weight to the 1995 data than each do individually. To test the effects of this reweight-
ing, separate values of mZ were determined for each year as shown in Figure 2. Be-
cause of the consistency of mZ for the different periods, the numerical effect of this
new procedure was small[9].
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In terms of the parameters derived from the LEP line shape, the largest change
between RADCOR 1998 and these results is that the ratio of the invisible width to
the width for a single generation of charged leptons,

Γinv

Γ̀
, is now slightly less than the

Standard Model prediction giving a value for the number of neutrinos,

Nν = 2.984 ± 0.008,

approximately 2 σ smaller than expected. In 1998, the Nν value was almost exactly
3. The change in the central value is largely due to an improved treatment of initial-
state radiation that changed the value of σpole

had . The error has also been significantly
reduced because of a reduction in the luminosity theoretical error [15] since RADCOR
1998.

As is apparent from Table 1 there have been big improvements in the heavy quark
measurements made by SLD. These are discussed in detail in Section 4.

3 Theoretical errors in the determination of αs

The LEP line-shape data allows a precise determination of αs from the effect of
QCD final state corrections to the hadronic width. To lowest order, the hadronic
width scales as Γhad ∝ 1 + αs

π
which leads to the following dependences of LEP

1990-1992

91.1904±0.0065

1993-1994

91.1882±0.0033

1995

91.1866±0.0024

average

91.1874±0.0021

mZ [GEV]
91.185 91.19 91.195

Figure 2: The value of mZ determined in separate running periods of the LEP accelerator.
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pseudo-observables on αs:

ΓZ = Γhad + 3Γ̀ + 3Γν ∝ 1 + 0.7αs

π

R` =
Γhad

Γ̀
∝ 1 + αs

π

σ0
had = 12π

m2
Z

Γ̀ Γhad

Γ2
Z

∝ 1 − 0.4αs

π

σ0
` = 12π

m2
Z

Γ2
`

Γ2
Z

∝ 1 − 1.4αs

π

Here charged lepton universality has been assumed and the invisible width of the Z has
been assumed to consist of the contribution from the three generations of neutrinos
(3Γν). Theoretically, the dependence of these quantities on αs comes from the same
contribution to Γhad. (There are additional small top mass (mt) contributions to the
partial widths from αsm

2
t and α2

sm
2
t corrections to the couplings gAf and gVf . The

uncertainty on these corrections correspond to less than a 1.0 GeV uncertainty in
the top mass and can therefore be ignored. This is discussed in more detail below.)
The cleanest measurements of αs come from quantities which depend on the ratio of
partial widths such as R`, σ

0
had and σ0

` where additional uncertainties from mt and
from the Higgs mass (mh) cancel.

The parameters R`, σ
0
had , and σ0

` are not independent since R` =
σ0

had

σ0
`

. The

LEP parameter set includes R` and σ0
had, hiding the constraint imposed by σ0

` in the
correlation matrix. The value of αs determined using R` alone is (for mh = 100 GeV)

αs(mZ) = 0.1228 ± 0.0038
+0.0033(mh=900 GeV)

−0.0000(mh=100 GeV)

which can be compared to that obtained from σ0
` alone

αs(mZ) = 0.1183 ± 0.0030
+0.0026(mh=900 GeV)

−0.0000(mh=100 GeV)

The discrepancy between these two values is another manifestation of the small value
of Nν determined from these data. The result of the grand electroweak fit that uses
other electroweak data to constrain the unknown Higgs mass and includes information
from ΓZ is

αs(mZ) = 0.1183 ± 0.0027.

The error does not include any theoretical error from the QCD calculation of Γhad.
The line-shape value of αs(mZ) is comparable to the recent world averages, such

as the PDG average[20], αs(mZ) = 0.1181 ± 0.002 and an average of measurements
based on NNLO calculations[21] αs(mZ) = 0.1178±0.0034. There is some controversy
concerning the theoretical error for the line-shape αs(mZ). Values in the literature
differ by nearly an order of magnitude ranging from 0.0005 [22] to 0.003 [21]. Given
the statistical precision of the line-shape αs(mZ) measurement it is worth examining
the errors in some detail.
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The most complete analysis of the error on αs(mZ) is given in Reference [23] which
gives a detailed examination of the QCD calculations presently implemented in the
commonly used programs TOPAZ0[24] and ZFITTER[25]. The treatment here closely
follows that of Reference [23], however, calculations which were not available at the
time that this work was completed are also considered here. The effects of QCD on
Γhad can be divided into 4 different categories: the dominant non-singlet terms which
have the same effect on axial and vector neutral currents; corrections due to quark
masses, dominated by uncertainties in the b-quark mass; singlet contributions and
finally propagator corrections associated with the top mass mt.

3.1 Uncertainties in massless non-singlet terms

The non-singlet axial and vector QCD corrections for massless quarks in Rf
V and

Rf
A are equal (see Equation 1). This correction is known to third order and is given[22]

by:

1 +
αs

π
+ 1.40932(

αs

π
)2 − 12.76706(

αs

π
)3. (3)

One way to assess the errors due to missing higher order terms is by changing the
QCD renormalization scale, which is explained in some detail in Reference [21]. In
Reference [22] the renormalization scale µ is varied in the interval e−2(0.14) < µ/mZ <
e2(7.4). The total fractional variation of Γhad for this range of renormalization scales
corresponds to a variation in αs of 2.6%, giving errors of approximately ±1.3%. A
similar study has been done in Reference [23] and a total variation in αs of 1.0% is
obtained when µ is varied in the smaller interval 0.5 < µ/mZ < 2.0.

An alternative method, employed in Reference [23], is simply to estimate the
possible error due to missing higher orders as equal to the last evaluated term. When
this is applied to Equation 3, the cubic term corresponds to an estimated error on αs

of ±1.8%.
These uncertainties can be reduced by summing a large class of “π2-terms”, as is

done in Reference [22]. For the measurement of αs from the Z line shape, considering
scale variations (e−2(0.14) < µ/mZ < e2(7.4)) and scheme dependence, Reference [22]
suggests an error ±0.4% from QCD theory and that the value of αs be scaled by

αs
improved = 1.006αs

ZFITTER. (4)

In Reference [26] a similar technique is applied to e+e− → hadrons at
√
s = 31.6GeV.

In this case the improved value of αs was 0.8% greater than the standard one, in
agreement with Equation 4. Reference [26] does criticize Reference [22] for not having
varied the scheme dependence sufficiently, but this would appear to be a technical
objection as opposed to a practical one, as the variation in the scheme dependence
made only a small contribution to the error.

The main controversy surrounding the αs error centers on the validity of the sum-
mation of the higher order terms such as done in Reference [22]. This summation
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has also been applied to the determination of αs using information from hadronic
decays of the tau lepton, Rτ . Given the much larger value of αs at this scale, it
might be expected that any problems in the summation procedure would be am-
plified. Using a method called Contour Improved Fixed Order Perturbation The-
ory (CIPT) [27], which is similar to the π2 summation of Reference [22], OPAL[33]
obtains αs(m

2
τ ) = 0.348 ± 0.010(exp) ± 0.019(theory). However, it has also been

found that when “renormalon” effects refered to as “renormalon chain resummation”
(RCPT) [29] are included, αs(m

2
τ )0.306 ± 0.005(exp)± 0.011(theory) is obtained.

Since these two methods of determining αs with Rτ marginally disagree by more
than the theoretical error estimates, it is important that an error due to renormalon
effects be included in any analysis of αs from the Z line shape. Fortunately, the effects
of renormalons were also included in the calculations of Reference [22] for Γhad and
were found to have almost no effect.

Since these renormalon effects are small at the Z resonance, I conclude that the
studies of Rτ give no evidence for additional QCD uncertainties in the non-singlet
term and the 0.4% error estimate is appropriate. Of course, it cannot be excluded
that there are other unknown effects, but this is true for all of the theoretical errors
in the Z resonance studies as well.

3.2 Mass correction

The only significant contribution from the uncertainty in the mass corrections is
from the b-quark mass. The uncertainties associated with these corrections can be
significantly reduced if the running b-quark mass, mb(mZ) ' 2.77 GeV is used.

These corrections are known to O(α3
s ) for RV (vector current), but only to O(α2

s )
for RA (axial-vector current). In Reference [23] uncertainties from missing orders are
evaluated using scale variations (0.5 < µ/mZ < 2.0) and from the size of the O(α2

s )
terms. The scale variation gave a total variation in αs of 0.04%. The size of the axial-
vector O(α2

s ) term dominates the uncertainty, and corresponds to 0.05%. I adopt
±0.05% as the error estimate from unknown higher orders in the mass corrections.

Propagating the error of the pole mass of the b-quark, Mb = 4.7 ± 0.2 GeV, an
error on αs(mZ) of ±0.31% is obtained.

3.3 Singlet contributions

The error on the singlet contribution is due to uncertainties from the top quark
mass and from possible missing higher orders. The error due to the top-quark mass
is evaluated using ZFITTER or TOPAZ0 and is not included in the QCD error
estimate. The QCD singlet contribution (including top mass dependent contributions
with mt = 174 GeV) scales Γhad by

1− 0.63(αs/π)2 − 2.69(αs/π)3. (5)
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Varying the renormalization scale in the range (0.5 < µ/mZ < 2.0) in this expression
gives a total variation of αs of 0.26%, whereas dropping the third term changes αs by
0.38%. The larger value is taken as the error.

3.4 Propagator corrections

The behavior of the widths themselves, such as ΓZ or Γhad, will differ from observ-
ables that depend on the ratio of widths, R`, σ

0
had and σ0

` . Since the αs correction
to the propagator affects all partial widths equally, its effects will cancel in these
observables. This correction is parameterized[30] by

δρmt
=

3
√

2GFm
2
t

16π2
(1 − 2.8599

αs

π
− 14.594(

αs

π
)2) (6)

where mt is the top pole mass and αs = αs(mt) ' 0.11. For mt = 175 GeV the partial
widths of leptonic and neutrino final states scale with αs as

1 + δρQCD
mt

= 1 − 0.027
αs

π
− 0.140(

αs

π
)2. (7)

Although this propagator correction is only a few percent of the QCD hadronic final-
state correction, its theoretical uncertainty can be disproportionately large. Mea-
surements of αs through quantities in which the propagator effects cancel, such as R`,
σ0

had and σ0
` are therefore favored. Such observables also benefit from the cancelation

of other effects in the propagator, such as mh and mt dependence, which are in fact
much larger than the QCD effects.

The scheme and renormalization dependence of the QCD propagator correction
has been evaluated in Reference [30] and is less than 5 × 10−5. Taking into account
the Z branching ratio to hadrons (∼ 70%), the corresponding additional error on αs

determined from ΓZ is 0.21%.
This renormalization scale uncertainty could also be viewed as an error on mt.

For mt = 175 GeV, this corresponds to an uncertainty of 0.4 GeV, which is much
smaller than the corresponding experimental uncertainty of 5 GeV.

In the extreme alternative approach of taking the last calculated term as the
error estimate, a fractional error on ΓZ of 17× 10−5 is obtained, corresponding to an
additional error on αs determined from ΓZ of 0.7%.

Effects from the uncertainties of the QCD corrections (also known to second order)
on the ratio of couplings for different fermions, gVf/gAf , or equivalently sin2θeffW , have
been justifiably neglected[31] in these error estimates. These corrections give rise to
slight differences in the αs dependence of the Standard Model predictions for Γν and
Γ̀ .
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Table 3: Summary of the QCD error on αs derived from various line shape observables
based on the ratio of partial widths, R`, σ

0
had and σ0

` and from the total width of the Z, ΓZ.

effect αs from ratio of widths αs from ΓZ

missing orders, massless, non-singlet 0.40% 0.40%
missing orders, singlet 0.38% 0.38%
missing orders, mass 0.05% 0.05%
b-quark mass 0.31% 0.31%
propagator effects - 0.21%
Total 0.84% 0.87%

3.5 αs summary

The effects discussed above are summarized in Table 3. I conservatively assume
that the singlet and non-singlet contributions could be 100% correlated and sum their
errors linearly. Another approach to possible correlation between theoretical uncer-
tainties in different parts of the QCD calculation is taken by Reference [21]. This
approach is based on an attempt to extract the overall dependence of R` on αs, in-
cluding all contributions to the running quark masses and any residual propagator
effects from a third order fit in αs to the ZFITTER output as a function of αs [32].
Note that because of the running quark masses and the propagator corrections the
expansion contains terms beyond the third-order. The effects of these terms are
included by the fit in the effective coefficients of the lower-order terms. The renor-
malization group equations are then applied to the resulting expansion. An error
from renormalization scale uncertainties of +2.4%, -0.3% is obtained which is com-
patible to the result one obtains from adding the errors of the singlet and non-singlet
contributions without the correction of Equation 4. Note that neither ZFITTER nor
TOPAZ0 presently include this correction.

The other effects in Table 3 are added in quadrature. The contribution of the
QCD uncertainty in the measurement of αs from R`, σ

0
had and σ0

` is slightly smaller
than that from ΓZ (or the derived quantity Γhad) because the propagator corrections
are smaller. Since the constraints on mt and mh are presently much looser than
the uncertainty on the QCD effect in the propagator, this additional source of error
could be ignored in the grand electroweak fit. However, at present this is numerically
unimportant. Rounding the QCD theoretical uncertainty to 0.9% and applying the
correction of Equation 4 gives an improved value of the strong coupling constant

αs(mZ) = 0.1190 ± 0.0027(Exp. + EW)± 0.0011(QCD)

where the first error includes statistical, systematic and electroweak errors and the
second error is due to QCD effects. This result is nearly as precise as the 2000
PDG[20] world average of αs(mZ) = 0.1181 ± 0.002.
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Figure 3: Comparison of sin2θlept
eff measured at SLC and LEP[36].

4 Measurements of sin2θlept
eff and Ab

The effective value of the weak mixing angle is given by ratio of effective vector
and axial couplings

sin2θlept
eff ≡

1

4
(1− gV`

gA`
) (8)

and is closely related to A` as given by Equation 2. The most accurate value of sin2θlept
eff

comes from the left-right asymmetry ALR = A` as measured by SLD[10]. Additional
constraints come from polarized forward-backward asymmetries of leptons measured
at SLD and from forward-backward asymmetries measured at LEP (see Table 2). LEP
can also probe Ae and Aτ directly using the tau polarization. The values presented
here include an improved preliminary measurement from OPAL [34] and a recent final
result from DELPHI [35]. The resulting values of sin2θlept

eff are given in Figure 3.
The forward-backward asymmetries of bb and cc events can also be used to de-

termine sin2θlept
eff through the relations A0,c

FB ≡ 3
4
AeAc and A0,b

FB ≡ 3
4
AeAb as long as

the Standard Model is used to calculate Ac and Ab. The figure shows that there is
a significant discrepancy between the quark based forward-backward measurements
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Table 4: Comparison of measured and Standard Model values of Ac and Ab. The LEP
values are extracted using the LEP/SLD average of A` = 0.1500± 0.0016

Ab Ac

SLD 0.922 ± 0.023 (-0.6 σ) 0.631 ± 0.026 (-1.4 σ)

LEP/SLD Average 0.898 ± 0.015 (-2.5 σ) 0.623 ± 0.020 ( -2.2 σ)

Standard Model 0.935 0.668

and those made in the leptonic sector alone.
Since the leptonic measurements agree well, a possible explanation for this effect

would be that the values of either or both Ac and Ab deviate from the Standard
Model prediction. Using the polarized forward-backward asymmetry for bb and cc
events Ac and Ab can be obtained directly [37]. The comparison of the SLD result
and Standard Model is given in Table 4. The precision of the preliminary SLD
result has been considerably improved since the 1998 RADCOR [37], (see Table 1
and Reference [5]) but the SLD data are not statistically precise enough to indict
the Standard Model by themselves. It is unfortunate that SLD was prevented from
running long enough to settle this issue.

Given that the SLD data cannot confirm a deviation in the values of Ac and Ab,
the remaining possibilities are a large statistical fluctuation or an unstated systematic
error in some of the measurements. The most economical solution would be a system-
atic error affecting the LEP heavy quark measurements. However, there is no obvious
source of such an error. On the experimental side, the total systematic error for A0,b

FB

would have to be inflated by more than a factor of 5 to account for the discrepancy.
The theoretical systematics are dominated by the correction to the observed asymme-
try for gluon radiation. For a completely inclusive selection, the total QCD correction
applied to the data is approximately 4%, of order the discrepancy between the LEP
A0,b

FB average and the expected value from the Standard Model. However, most ex-
perimental analyses tend to reject events strongly affected by gluon radiation so the
actual corrections are much smaller [38]. Furthermore, the experimental techniques
used in jet-charged measurements uses data driven correction which attenuate the
QCD effects still further. The residual QCD error on the LEP A0,b

FB measurements,
largely from missing higher orders in the QCD calculation and from hadronization,
is estimated to be 0.2%.

The LEP heavy quark results are not all published or final and it is expected that
some of the techniques developed for b-mixing studies will result in an increase in the
precision of some of the LEP results [39,40].
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Table 5: Limits and values for Higgs mass determined from fits with the “usual” experiment
driven value[41] of ∆α5

had(mZ
2) traditionally used by the LEP electroweak group and the

value of ∆α5
had(mZ

2) presented at ICHEP2000 including BES data [50].

∆α5
had 0.02804 ± 0.00065 0.02755 ± 0.00046

mh 60+52
−29 GeV 90+63

−39 GeV
mh 95% C.L. upper limit mHiggs < 170GeV mHiggs < 210GeV

5 Impact of uncertainties in hadronic vacuum polarization

The constraint given by the LEP and SLD asymmetry data on the Higgs mass is
strongly dependent on the running value of α parameterized by

α(mZ
2) =

α(0)

1 −∆α`(mZ
2)−∆α5

had(mZ
2)−∆αtop(mZ

2)

where ∆α`(mZ
2) is the contribution to vacuum polarization from leptons, ∆αtop(mZ

2)
the contribution from top quarks and ∆α5

had(mZ
2) the contribution from the five

lightest quarks. The value of ∆α5
had(mZ

2) is derived from the measured cross section
for the process e+e− → hadrons at low energies and currently limits the precision
with which α(mZ

2) can be determined.
The correlation between ∆α5

had(mZ
2) and the determination of the Higgs mass

from the electroweak data is shown in Figure 4. The value of the Higgs mass de-
termined from the fit is strongly correlated with the ∆α5

had(mZ
2) input. In Fig-

ure 5 various determinations [41,42,43,44,45,46,47,48,49,50] of the ∆α5
had(mZ

2) are
shown. The LEP Electroweak group has generally used the value from Eidelmann
and Jegerlehner [41] which is primarily data driven. It is interesting that the new de-
termination from Pietrzyk [50], based on new data from BES [51] presented at ICHEP
2000 agrees well with the result of theory driven results [43,44,45,46,47,48,49] which
makes use of perturbative QCD. In any case the result of using the Pietrzyk result is
to move the Higgs mass prediction of the grand electroweak fit towards higher values
(see Table 5). We can expect that the error on ∆α5

had(mZ
2) will continue to decline

in the future as more data is collected by BES and other low energy electron-positron
storage rings.
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band shows preliminary results using the new preliminary BES data from Reference [50]

14



0.025 0.026 0.027 0.028 0.029 0.03

Burkhardt, Jegerlehner, Verzegnassi,Penso 1989

with X-Ball

Jagerlehner 1992

Nevzorov 1994

Geshkenbein 1994

Martin, Zeppenfeld 1994

Swartz 1994

Eidelman, Jagerlehner 1995

Burkhardt, Pietrzyk 1995

Swartz 1995

Adel, Yndurain 1995

Alemany, Davier, Hocker 1998

Davier, Hocker 1998

Kuhn, Steinhauser 1998

Groote, Korner, Schilcher, Nasrallah 1998

Erler 1999

Jegerlehner 1999

Martin, Outhwaite, Ryskin 2000

Burkhardt, Pietrzyk 2001

Figure 5: Compilation of values of ∆α5
had(mZ

2) as a function of time. (See Refer-
ences [41,42,43,44,45,46,47,48,49], for older values see citation in Reference [42]). The last

two results incorportate the new BES data[51].
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6 Conclusions

The LEP results for the Z line shape and lepton asymmetries have been stable for
some time and are now final and published[9]. The theoretical error assigned to αs

determined from these data remains controversial. If the correction of Reference [22]
is applied,

αs(mZ) = 0.1190 ± 0.0027(Exp. + EW)± 0.0011(QCD)

is obtained. This is competive with the 2000 PDG[20] world average of αs(mZ) =
0.1181 ± 0.002.

The SLD measurement of sin2θlept
eff , based primarily on the left-right polarized

asymmetry, is also now final and published[10]. Its value agrees with that obtained
from lepton asymmetries and τ polarization at LEP. However, the average from these
lepton based results is in disagreement with the LEP heavy-quark measurements of
sin2θlept

eff . It is possible that the discrepancy could be explained by anomalous values
of Ab or Ac, but the direct measurements of these quantities by SLD are in agreement
with both the Standard Model and the LEP values, assuming a Standard Model value
for Ae.

The interpretation of these electroweak results in terms of limits on the Higgs bo-
son mass depends on the value of ∆α5

Had(mZ
2). New e+e− cross section measurements

from BES gives a data driven value ∆α5
had(mZ

2) which agrees with previous theory
driven determinations, resulting in a higher prediction for the Higgs boson mass.
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1 Introduction

The top quark was discovered in 1995 by the CDF [1] and D0 [2] experiments
at Fermilab, during Run I of the Tevatron pp collider (

√
S = 1.8 TeV,

∫ Ldt ≈ 100
pb−1). In Table 1 I briefly summarize the top-quark measurements made in Run I and
compare them with the expectations from the standard model. The standard model
does not predict the top-quark mass, but it can be inferred indirectly from precision
electroweak experiments [3], and this indirect mass is in good agreement with the
measured mass. The strong interaction of the top quark is probed by measuring the
top-quark cross section, which proceeds via the strong processes qq, gg → tt; this cross
section is in good agreement with next-to-leading-order QCD. The weak interaction of
the top quark is probed in a variety of ways. In the three-generation standard model,
top decays almost exclusively to bottom, as confirmed by experiment. The branching
ratios of top to longitudinal (zero-helicity) W bosons and to right-handed (positive-
helicity) W bosons are predicted to be approximately 0.7 and zero, respectively, in
agreement with experiment. The weak interaction of the top quark is also probed
indirectly by precision electroweak experiments and b-quark physics, as illustrated
in Figs. 1 and 2. All of these experiments are consistent with the three-generation
standard model. Thus, although the properties of the top quark have thus far been
measured only crudely, there is no evidence for physics beyond the standard model
in top-quark physics.

Table 1: Comparison of theory and experiment for top-quark physics from Run I of the
Fermilab Tevatron. [W0,+ denote a longitudinal (zero-helicity) and right-handed (positive-

helicity) W boson.] For discussion and references, see Refs. [4,5].

Experiment Theory

mt 174.3 ± 5.1 GeV 168.2+9.6
−7.4 GeV

σ(tt) 6.2 ± 1.7 pb 4.75 ± 0.5 pb

BR(t→Wb)/BR(t→Wq) 0.94+0.31
−0.24 ≈ 1

BR(t→W0b) 0.91 ± 0.39 ≈ 0.7

BR(t→W+b) 0.11 ± 0.15 ≈ 0

Let us assume that the top quark is indeed a standard quark. What parameters of
the top quark do we want to measure? There are only a few standard-model param-
eters associated with the top quark; its mass (mt), its Cabibbo-Kobayashi-Maskawa
matrix elements (Vtb, Vts, Vtd), and its Yukawa coupling to the Higgs field (yt). This
last parameter is not truly independent, as it is related to the top-quark mass (at
leading order) via yt =

√
2mt/v, where v ≈ 246 GeV is the vacuum-expectation value

of the Higgs field. However, this parameter is especially interesting, as it is related
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Figure 1: The weak interaction of the top quark is probed indirectly by the vector-boson
self energies.
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Figure 2: The weak interaction of the top quark is also probed indirectly by b physics.

to the electroweak-symmetry-breaking sector, which has yet to be directly probed
experimentally. A measurement of the top-quark Yukawa coupling therefore probes
the mechanism that generates the top-quark mass.

In this talk I discuss the measurement of the parameters mt, Vtb, and yt. I first
ask how accurately we desire these parameters. I then ask how accurately we can
measure them with present and future colliders. I consider the upgraded Fermilab
Tevatron (

√
S = 2 TeV), with an integrated luminosity of 2 fb−1 (Run IIa) and 15

fb−1 (Run IIb), the CERN Large Hadron Collider (LHC,
√
S = 14 TeV pp collider),

and the Linear Collider, an e+e− collider running at the tt threshold [as well as at
the W+W− threshold and at the Z mass (Giga Z)].

The standard-model parameters of the top quark are interesting in their own right.
Furthermore, any discrepancies between theory and experiment would indicate new
physics. Thus top-quark physics could serve to further solidify the standard model,
or to indicate physics beyond the standard model.
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Figure 3: The quark mass spectrum. The bands indicate the running MS mass, evaluated
at the quark mass (for c, b, t) or at 2 GeV (for u, d, s), and the associated uncertainty.

2 Top-quark mass

The top-quark mass has been measured by the CDF and D0 collaborations to be
[6]1

mt = 174.3 ± 5.1 GeV (CDF + D0) . (1)

To put this into context, I plot all the quark masses in Fig. 3, on a logarithmic scale.
The width of each band is proportional to the fractional uncertainty in the quark
mass. We see that, at present, the top-quark mass is the best-known quark mass,
with the b-quark mass a close second (mMS

b (mb) = 4.25 ± 0.15 GeV) [3].
An important question for the future is what precision we desire for the top-quark

mass. There are at least two avenues along which to address this question. One is
in the context of precision electroweak data. Fig. 4 summarizes the world’s precision
electroweak data on a plot of MW vs. mt. The solid ellipse is the 1σ contour. If the
standard electroweak model is correct, the predicted top-quark mass from precision
electroweak data is mt = 168.2+9.6

−7.4 GeV [3]. We conclude that the present uncertainty
of 5 GeV in the top-quark mass is sufficient for the purpose of precision electroweak
physics at this time.

There is one electroweak measurement, MW , whose precision will increase signif-
icantly. An uncertainty of 20 MeV is a realistic goal for Run IIb at the Tevatron
and the LHC [9,10,11]. Let us take this uncertainty and project it onto a line of

1This is the top-quark pole mass, which is defined to order ΛQCD ≈ 200 MeV [7]. The corre-

sponding MS mass is mMS
t (mMS

t ) = 165.2± 5.1 GeV [8].
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Figure 4: W mass vs. top-quark mass, with lines of constant Higgs mass. The solid el-
lipse is the 1σ (68% CL) contour from precision electroweak experiments. The dashed

ellipse is the 1σ (68% CL) contour from direct measurements. Only the shaded region is
allowed in the standard electroweak model. Figure from LEP Electroweak Working Group,

http://www.cern.ch/LEPEWWG/.

constant Higgs mass in Fig. 4. This is appropriate, because once a Higgs boson is
discovered, even a crude knowledge of its mass will define a narrow line in Fig. 3,
since precision electroweak measurements are sensitive only to the logarithm of the
Higgs mass. An uncertainty in MW of 20 MeV projected onto a line of constant
Higgs mass corresponds to an uncertainty of 3 GeV in the top-quark mass. Thus we
desire a measurement of mt to 3 GeV in order to make maximal use of the precision
measurement of MW at the Tevatron and the LHC.

Looking further ahead, a high-luminosity Linear Collider running at the WW
threshold could measure the W mass with an accuracy of 6 MeV [12]. This would
require a measurement of mt to 1 GeV. The same machine running at the Z mass
(Giga Z) could make a measurement of sin2 θW with an accuracy of 1 × 10−5 [12].
This would also require a measurement of mt with an uncertainty of order 1 GeV
[13].

Another avenue along which to address the desired accuracy of the top-quark
mass is to recall that the top-quark mass is a fundamental parameter of the standard
model. Actually, the fundamental parameter is the Yukawa coupling of the top quark
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to the Higgs field, given at leading order by

yt =
√

2
mt

v
≈ 1 (2)

where v ≈ 246 GeV is the vacuum-expectation value of the Higgs field. The fact that
this coupling is of order unity suggests that it may be a truly fundamental parameter.
We hope someday to have a theory that relates the top-quark Yukawa coupling to
that of its weak-interaction partner, the b quark.2 The b-quark mass is currently
known with an accuracy of 3.5% [3]. Since the uncertainty is entirely theoretical, it
is likely that it will be reduced in the future. If we assume that future work reduces
the uncertainty to 1%, the corresponding uncertainty in the top-quark mass would
be 2 GeV.

We conclude that both precision electroweak experiments and mt as a fundamental
parameter lead us to the desire to measure the top-quark mass with an accuracy of
1–3 GeV. This is well matched with future expectations. An uncertainty of 3 GeV
per experiment is anticipated in Run IIa [18,19], and 2 GeV per experiment in Run
IIb [9]. The LHC could potentially reduce the uncertainty to 1 GeV, although that
has not been established [10].

Recall that the need to reduce the uncertainty in the top-quark mass to 1 GeV
is driven by the precision measurement of MW and sin2 θW at the Linear Collider.
Such a machine, operating at the tt threshold, could make a much more accurate
determination of the top-quark mass. It is interesting to ask if there is any motivation
to go beyond 1 GeV in the accuracy of the measurement of mt.

No such motivation appears to exist solely within the context of the standard
model, but it is plausible that physics beyond the standard model could lead us to
desire mt with an accuracy much less than 1 GeV. I offer two examples. Imagine
that nature is supersymmetric, and the Higgs sector consists of two Higgs doublets,
as in the minimal supersymmetric standard model. There is an upper bound on the
mass of the lightest Higgs scalar, and this bound is saturated in the limit that the
pseudoscalar Higgs mass and the ratio of vacuum-expectation values, tan β, are large.
The mass of the lightest Higgs scalar is predicted to be [20,21,22]

m2
h = M2

Z +
3GF

π2
√

2
m4
t ln

M2
S

m2
t

(3)

where M2
S is the average of the two top-squark squared masses and I have assumed

no top-squark mixing, for simplicity. The second term is from loops of top quarks
and top squarks, as shown in Fig. 5, and since it depends on the top-quark mass

2A particularly compelling model that relates the b and t masses is SO(10) grand unifica-
tion [14,15]. This model may be able to account for the masses of all the third-generation
fermions, including the tau neutrino, whose mass is given by the “see-saw” mechanism [16] as
mντ ≈ m2

t/MGUT ≈ 10−2 eV [17].
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Figure 5: Corrections to the mass of the lightest supersymmetric Higgs boson from loops
of top quarks and top squarks.

to the fourth power, an uncertainty in the top-quark mass implies an uncertainty
in the predicted Higgs mass. The Higgs mass will be measured with an accuracy of
about 0.1% at the LHC [10]; this requires a measurement of mt to about 100 MeV
(where I have taken MS ≈ 1 TeV). However, there is an uncertainty in the predicted
Higgs mass due to the unknown three-loop contributions to Eq. (3), which has been
estimated to be about 3 GeV [23,24]. This corresponds to an uncertainty in the
top-quark mass of about 2 GeV. Thus the motivation to go beyond 1 GeV accuracy
hinges on the knowledge of higher-order terms in Eq. (3).

A second motivation for going beyond 1 GeV in the accuracy of the top-quark
mass measurement is a more model-independent one. The generation of mass is
related to the breaking of the electroweak symmetry. The electroweak interaction
has been measured with an accuracy of about 0.07% (the accuracy in our present
knowledge of sin2 θW ). If the mechanism that breaks the weak interaction is related
to the weak interaction itself, then a measurement of mt to 0.07%, i.e., 100 MeV,
may be warranted.

Both of these arguments, although speculative, lead to a goal of about 100 MeV
for the accuracy of the top-quark mass measurement. Such an accuracy may be
within the reach of a Linear Collider operating at the tt threshold. Recent next-
to-next-to-leading-order (NNLO) calculations of the tt threshold in a nonrelativistic
expansion yield a line shape with sufficient accuracy to extract the mass within 100
MeV [25]. It is essential to use a short-distance “threshold mass” in such calculations
[26,27]. The threshold mass has recently been related to the more commonly-used
MS mass to O(α3

s) [28,29], so the theoretical work required for a NNLO extraction of
the top-quark mass from the tt threshold is complete. However, at the time of this
symposium, there remained a mystery in the normalization of the line shape. Work
performed after this symposium has resolved that mystery via renormalization-group
improvement, as shown in Fig. 6, so the normalization is now also known with good
accuracy [30].
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Figure 6: Renormalization-group-improved NNLO calculation of the tt threshold at a Linear
Collider. The curves are leading log (dotted), next-to-leading log (dashed), and next-to-

next-to-leading log (solid), for three different renormalization scales. From Ref. [30].

3 Vtb

It is remarkable that, although it has not yet been directly measured, Vtb is the
best-known Cabibbo-Kobayashi-Maskawa (CKM) matrix element (as a percentage
of its value), if we assume three generations: Vtb = 0.9990 − 0.9993 [3]. This is
due to the small measured values of Vub and Vcb and the three-generation unitarity
constraint |Vub|2 + |Vcb|2 + |Vtb|2 = 1. Thus, if there are three generations, we desire
a measurement of Vtb with an accuracy of 0.0002. Unfortunately, there is no known
way to achieve such an accuracy.

If there are more than three generations, Vtb is almost completely unknown: Vtb =
0.07− 0.993 [3]. In this case, a measurement of Vtb with any accuracy is worthwhile.
The existence of a fourth generation is disfavored by precision electroweak data at
the 97% C.L., however [3]. If there are only three generations, then a measurement
of Vtb may be considered as a probe of physics beyond the standard model [31,32].

CDF has measured [33]

BR(t→Wb)

BR(t→ Wq)
=

|Vtb|2
|Vtd|2 + |Vts|2 + |Vtb|2

= 0.94+0.31
−0.24 (4)

and it is interesting to ask what this tells us about Vtb. If we assume that there are
just three generations of quarks, then unitarity of the CKM matrix implies that the
denominator of Eq. (4) is unity, and we can immediately extract

|Vtb| = 0.97+0.16
−0.12 (> 0.75 95% CL) (3 generations). (5)
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Figure 7: Single-top-quark production via (a) t-channel W exchange, (b) s-channel W

exchange, and (c) associated production with a W .

However, we already know that Vtb = 0.9990− 0.9993 if we assume three generations,
which is far more accurate than the above measurement. If we assume more than
three generations, then we lose the constraint that the denominator of Eq. (4) is unity.
All we can conclude from Eq. (4) is that |Vtb| >> |Vts|, |Vtd|; we learn nothing about
its absolute magnitude.

Fortunately, there is a direct way to measure |Vtb| at the Tevatron and the LHC,
which makes no assumptions about the number of generations. One uses the weak
interaction to produce the top quark; the three relevant processes are shown in Fig. 7.
The cross sections for these “single top” processes are proportional to |Vtb|2. The first
process involves a t-channel W boson [34,35,36], the second process involves an s-
channel W boson [37,38], and the third process is associated production of a single
top quark with a real W boson [39,40]. The cross sections for these processes are given
in Table 2, along with the cross section for tt pair production. The largest single-top
cross section comes from the t-channel process, which is about 1/3 of the cross section
for tt pair production. The s-channel process is relatively larger at the Tevatron than
the LHC, since it is a quark-antiquark initiated process. It has the advantage of small
theoretical uncertainty. The cross section for associated production is only significant
at the LHC.

Thus far there are only upper bounds on the cross sections from CDF and D0.
The upper bounds on the t-channel cross sections are [41,42]

σ(qb→ qt) < 13.5 pb (95% CL) (CDF) (6)

σ(qb→ qt) < 58 pb (95% CL) (D0) (7)

which is an order of magnitude away from the theoretical expectation. There is a
similar bound on the s-channel process [41,42]

σ(qq→ tb) < 12.9 pb (95% CL) (CDF) (8)

σ(qq→ tb) < 39 pb (95% CL) (D0) (9)
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Table 2: Total cross sections (pb) for single-top-quark production and top-quark pair pro-

duction at the Tevatron and LHC, for mt = 175 GeV. The NLO t-channel cross section is
from Ref. [45]. The NNLO s-channel cross section is from Refs. [46,47]. The cross section

for the Wt process is from Ref. [40]; it is leading order, with a subset of the NLO corrections
included. The uncertainties are due to variation of the factorization and renormalization
scales; uncertainty in the parton distribution functions; and uncertainty in the top-quark

mass (2 GeV).

Tevatron LHC

t-channel 2.12± 0.24 238 ± 27

s-channel 0.88± 0.06 10.2 ± 0.7

Wt 0.088 ± 0.023 51 ± 9

tt ≈ 6.5 ≈ 770

which is even further from the theoretical expectation. The t- and s-channel processes
will be first observed in Run II [9,43,44], while the associated-production process must
await the LHC [10,11,40].

The most accurate measurements of Vtb will come from the t- and s-channel pro-
cesses. Both the t-channel [45] and the s-channel [46] total cross sections have been
calculated at next-to-leading order (NLO) in QCD, with an uncertainty of about
5% from varying the factorization and renormalization scales. After this sympo-
sium, a calculation of the leading (in the large Nc limit) next-to-next-to-leading-order
(NNLO) QCD correction to the s-channel process appeared [47]; this essentially elim-
inates the uncertainty from varying the factorization and renormalization scales. It
is also desirable to have a calculation of the differential cross section at NLO; this
work is in progress [48]. Taking all uncertainties into account, it seems possible that
Vtb can be measured at the Tevatron and the LHC with an uncertainty of 5% [11,43].

At a Linear Collider, Vtb can be extracted by measuring the top-quark width from
a scan of the tt threshold. The anticipated uncertainty in Vtb from such a measurement
is about 10% [49]. The width is known with very good theoretical precision, thanks
to recent calculations at NNLO in QCD [50,51]. The recent renormalization-group-
improved calculation of the tt threshold (Fig. 6)), mentioned in the previous section,
removes any theoretical uncertainty in the normalization of the cross section that
would impede the extraction of the width [30].
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4 Yukawa coupling

As mentioned in the introduction, the top-quark Yukawa coupling is related to
the top-quark mass (at leading order) via yt =

√
2mt/v, where v is the vacuum-

expectation value of the Higgs field. However, it is the Yukawa coupling, not the
mass, which is the truly fundamental parameter. The Yukawa coupling transmits the
information that the Higgs field has acquired a vacuum expectation value to the top
quark, thereby generating its mass. Since the Yukawa coupling is associated both
with electroweak symmetry breaking and with fermion mass generation, it may be
the most interesting parameter in top-quark physics.

How accurately do we desire to measure the top-quark Yukawa coupling? Since it
is linearly related to the top quark mass, it would be desirable to measure it with the
same fractional precision as the top-quark mass. A measurement of the top-quark
mass with an accuracy of 1–2 GeV would correspond to a measurement of the Yukawa
coupling to about 1%. Unfortunately, there is no known way to make a measurement
with this accuracy.

The most direct way to measure the top-quark Yukawa coupling at a hadron
collider is via the associated production of the Higgs boson with a top-quark pair, as
shown in Fig. 8. If the Higgs boson decays to bb, there are four b quarks in the final
state, and tagging three or more of them reduces the background to an acceptable
level. It has recently been argued that this process can be used to discover the Higgs
boson in Run II of the Tevatron, given 15 fb−1 of integrated luminosity [52]. This
process would yield only a crude measurement of the Yukawa coupling, however, due
to the limited statistics. Even at the LHC, the anticipated accuracy is only about
16% via this process [10,11]. A next-to-leading-order calculation of the production
cross section is still needed. This calculation has thus far been performed only in the
limit mh � mt [53].

A less direct way to measure the top-quark Yukawa coupling at a hadron collider
is to produce the Higgs boson via gluon fusion, as shown in Fig. 9 [54]. In the
standard model this process is dominated by a top-quark loop, but if there are other
heavy colored particles that couple to the Higgs boson (such as squarks), they too
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Figure 9: Higgs-boson production from gluon fusion via a top-quark loop.

contribute to the amplitude, complicating the extraction of the top-quark Yukawa
coupling. Assuming only the top quark contributes substantially to this process, the
Yukawa coupling can be measured with an accuracy of about 10%. The next-to-
leading order calculation of this cross section is already in hand, but the remaining
scale dependence is significant, about 15% [55]. The gluon luminosity contributes
another 10% to the uncertainty in the cross section [56].

The top-quark Yukawa coupling can also be measured at a Linear Collider, using
the analogue of Fig. 8 with the initial quark-antiquark replaced by electron-positron
and the intermediate gluon replaced by γ, Z. The measurement is limited by statistics,
and depends on the machine energy. In Table 3 I list the accuracy of the measurement
of the Yukawa coupling at a 500 GeV and a 1 TeV Linear Collider for two Higgs masses
[57]. At the 500 GeV machine one is limited by phase space. One does much better
at the 1 TeV machine, but cannot achieve the desired 1% accuracy. The next-to-
leading-order calculation of this cross section is already available [58,59].

Table 3: Accuracy of the measurement of the top-quark Yukawa coupling from e+e− → tth

at a Linear Collider of energy 500 GeV and 1 TeV. From Ref. [57].

mh 500 GeV 1 TeV

110 GeV 12% 6%

130 GeV 44% 8%
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5 Conclusions

Thus far the properties of the top quark have been tested only crudely. This decade
will witness measurements of the top quark with increasing precision at the Tevatron
and the LHC, and perhaps eventually at a Linear Collider. These measurements
will either confirm that the top quark is an ordinary standard-model quark, or will
indicate the presence of new physics. In either case, the study of the top quark will
be rewarding.

In this talk I concentrated on the measurement of the fundamental parameters
associated with the top quark. I argued that the desire to measure the top-quark
mass to an accuracy of 1–3 GeV, the goal of the Tevatron and LHC, is well motivated
by precision electroweak analyses, and by comparison with the anticipated accuracy
in the b-quark mass. Although the Linear Collider can measure the mass with an
accuracy of 100 MeV, there is no compelling motivation within the standard model
to pursue such an accuracy. I considered two speculative motivations for pursuing
this accuracy from physics beyond the standard model.

The CKM matrix element Vtb will be measured with an accuracy of about 5% at
the Tevatron and the LHC via single-top-quark production. If there are only three
generations, this measurement is not nearly accurate enough to help determine the
CKM matrix. A Linear Collider cannot make a more accurate measurement.

The top-quark Yukawa coupling to the Higgs boson is perhaps the most interesting
parameter, since it is associated with electroweak symmetry breaking and fermion
mass generation. Since the Yukawa coupling is proportional to the top-quark mass,
it would be desirable to measure them both with the same percentage accuracy.
Unfortunately, this is well out of reach. Only a crude measurement of the top-quark
Yukawa coupling can be made at the LHC. A Linear Collider with energy significantly
above 500 GeV can measure the Yukawa coupling with an accuracy below 10%, but
cannot achieve the desired 1% accuracy.
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1 Introduction

Studies of bound-state properties in Quantum Electrodynamics (QED) are im-
portant on their own for a variety of practical applications, but also stimulate de-
velopment of theoretical tools useful in many other areas of physics. High-precision
QED calculations, including evaluation of high orders in the perturbation theory, are
necessary to match the precision of atomic physics experiments, particularly in the
spectroscopy of simple atoms. In those cases where theory and experiment can both
attain high accuracy, comparisons of measurements with predictions often enable
determination of various fundamental physical constants, such as the fine structure
constant, masses or mass ratios of the electron, muon, and proton, ratios of various
magnetic moments, proton charge radius, etc.

In other cases, when the relevant constants are known from other sources, one
can very precisely test theoretical understanding of bound states. An impressive
example, discussed at the previous RADCOR meeting [1], is the hyperfine splitting
in the positronium ground state. There, the two-loop effects change the leading order
prediction by about 12 MHz, or only 0.006%, but this effect is still larger than the
experimental error by more than an order of magnitude! Rarely is computing of high-
order loop effects more rewarding than it is in the spectroscopy of simple atoms like
the positronium or muonium.

Such high-precision comparisons of theory and experiment are possible in simple
atoms because on the one hand, measurements can be made very accurately with
the modern spectroscopic methods, and on the other there are hardly any principal
limitations of the theory. Since electrons are much lighter than any hadrons, the
computations are not hindered by non-perturbative QCD uncertainties. Spectra and
lifetimes of simple atoms can, in principle, be evaluated with any accuracy required
by current experiments within pure QED.

Theoretical tools developed in this way, such as the computational techniques for
the Feynman integrals or the machinery of non-relativistic effective theories [2], can
subsequently be applied to solve problems in other areas of physics, such as hadronic
properties or thermal field theory.

In this talk I would like to present some results obtained in the last couple of
years since the previous RADCOR meeting in Barcelona. Those results include the
positronium lifetime, bound electron gyromagnetic factor, and a new approach to
computing properties of bound states consisting of particles with widely different
masses.
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2 Positronium decay

Lifetimes of the singlet and triplet positronium ground-states, p-Ps and o-Ps, can
be measured with high precision [3]. For several years there was a very significant
discrepancy between the theoretical predictions for the o-Ps lifetime and the exper-
imental results. More recently, studies performed at the University of Tokyo gave
results consistent with the theory. The most accurate experimental results are sum-
marized in Table 1. Recently, the results obtained in gases were reexamined and new
corrections were taken into account. The preliminary updated central value for the
o-Ps decay rate measured in this method is approximately 7.047/µs [4], in very good
agreement with the vacuum measurement, but still significantly higher than the QED
prediction.

Table 1: Recent experimental results for the o-Ps lifetime. “Method” in the second column

refers to the medium in which the o-Ps decays. The last column shows the value of the
two-loop coefficient Bo, necessary to bring the theoretical prediction (4) into agreement
with the given experimental value. The last line gives the present theoretical prediction.

Reference Method Γ(o-Ps) [µs−1] Bo

Ann Arbor [5] Gas 7.0514(14) 338(36)

Ann Arbor [6] Vacuum 7.0482(16) 256(41)

Tokyo [7] SiO2 powder 7.0398(29) 41(74)

Tokyo (preliminary) [8] SiO2 powder 7.0398(15) 41(37)

QED prediction [9] 7.0399 44.87(26)

The gas and vacuum results led to the suspicion that the two-loop QED correc-
tions, which were not fully known, may be very large. The coefficient of (α/π)2 in
the correction relative to the lowest-order decay rate is denoted by Bo. Its value,
necessary to reconcile a given experimental result with the QED prediction, is given
in the last column of Table 1.

If such unusually enhanced effects existed, one would expect them to modify the
p-Ps decay rate as well. Since p-Ps decay is much simpler than that of o-Ps, we
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undertook a full two-loop QED study of this process [10,11].
The parapositronium decay rate into two photons agrees with predictions and

had previously attracted less theoretical attention. However, it is also measured
sufficiently precisely [12],

Γexp
p−Ps(gas) = 7990.9(1.7) µs−1, (1)

to warrant a calculation of O(α2
s) corrections. The prediction for this decay width

can be parameterized as

Γp−Ps =
mα5

2

[
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Our aim was the evaluation of the second order non-logarithmic correction Bp. It
receives contributions from both soft and hard scales, Bp = Bsoft

p +Bhard
p . We found

Bsoft
p + 2π2 ln

1

α
=
π2

2ε
+ 2π2 ln

1

mα
+

107π2

24
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and the final result is Bp = 5.1(3). There is a significant cancelation between soft and
hard pieces and the final result is almost eight times smaller than the magnitude of the
finite constant in the hard scale contribution computed in dimensional regularization.

Using the above result for Bp we arrive at the following result for the decay rate:

Γtheory
p−Ps = 7989.64(2)µs−1,

which agrees very well with the measured value, Eq. (1).
Most recently, the two-loop corrections were also computed for the o-Ps decay,

Γo−Ps = mα6 2(π2 − 9)
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= 7.03994(1)/µs, Ao = 10.286606(10). (4)

The non-logarithmic two-loop coefficient is (with the small light-by-light contribution
shown explicitly) Bo = 44.52(26) + 0.350(4) = 44.87(26) [9,13]. For both o-Ps and
p-Ps, the leading logs in the order α3 were found in [14] and the next-to-leading
logarithms were computed only recently [15,16,17].
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Can we claim that the positronium lifetime puzzle has been solved? It would
certainly be very valuable to have another measurement of the o-Ps lifetime, especially
that the powder measurement is somewhat controversial. An independent calculation
of the theoretical prediction would also be useful, although it is unlikely that any
unusually large effects are there to be uncovered.

3 Expansion of bound-state energies in the constituent mass

ratio

A new approach to computing energy levels of a non-relativistic bound-state of
two constituents with masses M and m, by a systematic expansion in powers of m/M ,
was described in [18].

Simple atoms of experimental interest often consist of two particles (constituents),
widely separated in mass. An extreme example is the hydrogen, where the ratio of
the proton and electron masses is of the order of 2000. Smaller ratios characterize
muonium, muonic hydrogen, and exotic hadronic atoms. The goal of [18] was to find
a practical algorithm which would allow evaluation of the bound-state energy levels
(in a given order of perturbation theory in α and Zα) as an expansion in powers and
logarithms of m/M with an arbitrary precision.

That algorithm is useful in finding the so-called “hard-scale corrections”. In the
language of an effective field theory, this corresponds to determining the Wilson co-
efficients of the short-distance operators, generated by virtual momenta much larger
than the characteristic momenta of the atomic constituents. In practical terms, what
is needed is the scattering amplitude of the two particles, with masses m and M ,
at the threshold, that is when the particles have vanishing velocities. The relevant
Feynman diagrams depend on only the two mass scales m and M (since the external
spatial momenta vanish). Since, however, at the two-loop level, which is of interest for
the current theoretical studies, such integrals cannot in general be evaluated exactly,
we need a method of expanding them in powers and logs of m/M .

As is already well known in the theory of asymptotic expansions (for reviews and
further references see e.g. [19,20,21]), such expansion consists first of all in expanding
the Feynman integrand in the small parameter m. In general, this gives rise to
non-integrable singularities at small values of some momenta for which, before the
expansion, the mass m provided a regulator. The difficulty in constructing a correct
algorithm is to find the necessary counterterms and to evaluate the resulting new
integrals.

Such a procedure was carried out in [18] with the example of radiative-recoil
corrections, such as the diagram shown in Fig. 1.

In the language of characteristic scales of the momenta in the counterterm inte-
grals, there are 3 “regions”. Fig. 2 depicts the Taylor expansion in m (2(a)) and the
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Figure 1: An example of a forward-scattering radiative-recoil diagram. The bold line rep-
resents the heavy constituent of the bound-state (e.g. proton if we consider hydrogen) and

the thin line — the light one (an electron).

(a) (b)

(c) (d)

Figure 2: Elements of the expansion of the diagram in Fig. 1 in powers and logs of m/M

(see text). Thick and thin solid lines denote propagators with M and m, respectively. Thin
dashed lines are massless, and the thick dashed line denotes a static (“eikonal”) propagator.

3 counterterms. In the diagram 2(b), the momentum flowing through one of the light
constituent lines is of the order of m, while the second loop momentum is O (M) (so
that the propagators along its flow can be Taylor-expanded in m and in the corre-
sponding small momentum). In 2(c) we have the same sizes of the loop momenta, but
now the large momentum takes a different route to flow through the upper part of
the diagram. The last contribution, 2(d), arises when both loop momenta are O (m).
In this case, the heavy propagator 1/(k2 +2k.P ) can be expanded in k2, and becomes
an “eikonal” [22] propagator 1/2k.P .

This last contribution was least easy to evaluate and a procedure for computing
the resulting integrals was described in [18]. It is interesting that the same integrals
arise in very different problems, for example in certain corrections to the radiative
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quark decays [23].

4 Anomalous magnetic moment of a bound electron

In [24] the binding corrections to the gyromagnetic factor ge of an electron in
hydrogen-like ions were studied. The interaction of an electron with an external
magnetic field B is described by the potential V = −µ ·B. The electron magnetic
moment µ is given by µ = ge

e
2m
s, with m, s = σ/2, and ge denoting the mass, spin

and the so-called gyromagnetic or Landé factor of the electron.
If the electron is bound in a ground state of a hydrogen-like ion, ge becomes a

function of the nuclear charge Z and its measurements [25,26,27] provide a sensitive
test of the bound-state theory based on the QED. The theoretical prediction can be
cast in the following form [28]

ge (Z) = gD + ∆grec + ∆grad. (5)

The first term corresponds to the lowest order expansion in α/π and has been calcu-
lated to all orders in Zα [29],

gD =
2

3

[
1 + 2

√
1 − (Zα)2

]
. (6)

∆grec denotes the recoil corrections [30], ∆grec = O
(
(Zα)2 m

mN

)
, where mN is the

nucleus mass. Further references to the studies of those effects can be found in [28].
Our main interest were the radiative corrections. They can be presented as an

expansion in two parameters, Zα and α/π,

∆grad

2
= C(2)

e (Zα)
(
α

π

)
+ C(4)

e (Zα)
(
α

π

)2

+ . . . (7)

Powers of α/π correspond to electron–electron interactions, while Zα governs binding
effects due to electron interactions with the nucleus. The first coefficient function in
(7), C(2)

e (Zα), has been computed numerically to all orders in Zα [31,32]. Its first
two terms in the Zα expansion are also known analytically [33,34]

C(2)
e (Zα) =

1

2

[
1 +

1

6
(Zα)2 +O

(
(Zα)4

)]
. (8)

The main theoretical uncertainty for ge in light ions is, at present, connected with
the unknown coefficient C ′ in the next coefficient function,

C(4)
e (Zα) = C(4)

e (0)
[
1 + C ′ · (Zα)2 +O

(
(Zα)4

)]
,

C(4)
e (0) = −0.328 478 444 00 . . . [35, 36, 28]. (9)
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At present, the most accurate experimental value of the bound electron gyromag-
netic factor has been obtained [37,38] with a hydrogen-like carbon ion 12C5+ (Z = 6),

ge(Z = 6; exp) = 2.001 041 596(5). (10)

The theoretical prediction is [39]

ge(Z = 6; theory) = 2.001 041 591(7) (11)

where 70% of the error is caused by the unknown coefficient C ′ of the
(
α
π

)2
(Zα)2

effects in (9) (for carbon, higher powers of Zα are assumed to be negligible).
The purpose of our paper [24] was to demonstrate that C ′ = 1/6, in analogy to

the corresponding coefficient in the lower order in α/π. In fact, we found that the
coefficient of (Zα)2 is the same in all coefficient functions C (2n)

e (Zα), so that the
theoretical prediction for ∆grad accurate up to (Zα)2 and exact in α/π reads

∆grad = (gfree − 2) ·
[
1 +

(Zα)2

6

]
, (12)

where gfree is the gyromagnetic factor of a free electron, presently known to O ((α/π)4)
[40] (the same result had been obtained in a different way in [41]). With this result,
the theoretical uncertainty in (11) is reduced from 7 · 10−9 to about 2 · 10−9.

5 Conclusions

Three examples of problems in the bound-state theory, solved since the last RAD-
COR meeting, were summarized in this talk. Of course, other groups have made
important progress in other aspects of bound-state physics, which was not reported
here. I would like to mention two examples. Important new corrections to the hy-
drogen Lamb shift were found in [42,43]. In [42], an algorithm was constructed to
compute a class of 3-loop propagator-type massive integrals (the so-called master
integrals had been computed in [44]).

Another class of recently studied problems is connected with the “velocity renor-
malization group” [45]. This approach allows better understanding and at least par-
tial resummation of large logarithms ln 1

α
arising in the non-relativistic bound-state

calculations. A review of the recent progress in this area can be found in [46].
Hopefully, the recent significant progress in the theory will be followed by new

measurements. It would be very important to re-measure the positronium hyper-
fine splitting, to resolve the present (more than 3 standard deviations) discrepancy
between the old measurements and the improved theory [1,47,48,49]. Similarly im-
portant would be an independent study of the ortho-positronium lifetime. Now that
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the theory has in most cases taken control of the two-loop quantum effects, it is
particularly exciting to test those predictions experimentally.
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1 Introduction

The interdependence between the W -boson mass, MW , and the Z-boson mass,
MZ, with the help of the Fermi constant GF and the fine structure constant α is
one of the most important relations for testing the electroweak Standard Model (SM)
with high precision. At present, the world-average for the W -boson mass is M exp

W =
80.434± 0.037 GeV [1]. The experimental precision on MW will be further improved
with the data taken at LEP2 in their final analysis, at the upgraded Tevatron and at
the LHC, where an error of δMW = 15 MeV can be expected [2]. At a high-luminosity
linear collider running in a low-energy mode at the W+W− threshold, a reduction
of the experimental error down to δMW = 6 MeV may be feasible [3]. This offers
the prospect for highly sensitive tests of the electroweak theory [4], provided that the
accuracy of the theoretical prediction matches the experimental precision. The basic
physical quantity for the MW–MZ correlation is the muon lifetime τµ, which defines
the Fermi constant GF according to

1

τµ
=
G2
F m

5
µ

192π3
F

(
m2
e

m2
µ

)(
1 +

3

5

m2
µ

M2
W

)
(1 + ∆QED) , (1)

with F (x) = 1−8x−12x2 lnx+8x3−x4. By convention, the QED corrections within
the Fermi Model, ∆QED, are included in this defining equation for GF . The one-loop
result for ∆QED [5], which has already been known for several decades, has recently
been supplemented by the two-loop correction [6], yielding

∆QED = 1− 1.81
α(mµ)

π
+ 6.7

(
α(mµ)

π

)2

, with α(mµ) ' 1

135.90
. (2)

The tree-level W -propagator effect giving rise to the (numerically insignificant) term
3m2

µ/(5M
2
W ) in (1), is conventionally also included in the definition of GF , although

not part of the Fermi Model prediction. From the precisely measured muon-decay
width the value [7] GF = (1.16637 ± 0.00001) 10−5 GeV−2 for the Fermi constant is
derived.

Calculating the muon lifetime within the SM and comparing the SM result with (1)
yields the relation

M2
W

(
1 − M2

W

M2
Z

)
=

πα√
2GF

(1 + ∆r) , (3)

where the radiative corrections are summarized in the quantity ∆r, first calculated
in [8] at one-loop. This relation can be used for deriving the prediction of MW within
the SM (or possible extensions), to be confronted with the experimental result for
MW .
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The one-loop result for ∆r within the SM can be decomposed as follows (with the
notation s2

W = 1 −M2
W /M

2
Z , c

2
W = 1 − s2

W),

∆r(α) = ∆α− c2
W

s2
W

∆ρ+ ∆rrem(MH), (4)

exhibiting the leading fermion-loop contributions ∆α and ∆ρ, which originate from
the charge and mixing-angle renormalization; the remainder part ∆rrem contains in
particular the dependence on the Higgs-boson mass, MH. The QED-induced shift ∆α
in the fine structure constant contains large logarithms of light-fermion masses. The
leading contribution to the ρ parameter from the top/bottom weak-isospin doublet,
∆ρ, gives rise to a term with a quadratic dependence on the top-quark mass, mt [9].

Beyond the one-loop order, resummations of the leading one-loop contributions
∆α and ∆ρ are known [10]. They correctly take into account the terms of the form
(∆α)2, (∆ρ)2, (∆α∆ρ), and (∆α∆rrem) at the two-loop level and the leading powers
in ∆α to all orders.

QCD corrections to ∆r are known atO(ααs) [11] andO(αα2
s) [12]. Concerning the

electroweak two-loop contributions, only partial results are available up to now. Ap-
proximative calculations were performed based on expansions for asymptotically large
values of MH [13] and mt [14,15,16]. The terms derived by expanding in the top-quark
mass of O(G2

Fm
4
t ) [14] and O(G2

Fm
2
tM

2
Z) [15] were found to be numerically sizeable.

The O(G2
Fm

2
tM

2
Z) term, involving three different mass scales, has been obtained by

two separate expansions in the regions MW ,MZ ,MH � mt and MW ,MZ � mt,MH

and by an interpolation between the two expansions. This formally next-to-leading
order term turned out to be of a magnitude similar to that of the formally leading
term of O(G2

Fm
4
t ), entering with the same sign. Its inclusion (both for MW and the

effective weak mixing angle) had important consequences on the indirect constraints
on the Higgs-boson mass derived from the SM fit to the precision data.

A more complete calculation of electroweak two-loop effects is hence desirable. As
a first step in this direction, exact results were derived for the Higgs-mass dependence
of the fermionic two-loop corrections to the precision observables [17]. They have been
compared with the results of expanding up to O(G2

Fm
2
tM

2
Z) [15], specifically analysing

the effects of the mt expansion, and good agreement has been found [18]. Beyond
the two-loop order, complete results for the pure fermion-loop corrections (i.e. contri-
butions containing n fermion loops at n-loop order) have recently been obtained up
to four-loop order [19]. These results contain in particular the contributions of the
leading powers in ∆α as well as the ones in ∆ρ and the mixed terms.

In this talk the complete fermionic electroweak two-loop corrections to ∆r are
discussed, as calculated exactly without an expansion in the top-quark or the Higgs-
boson mass [20]. These are all two-loop diagrams contributing to the muon-decay
amplitude and containing at least one closed fermion loop (except the pure QED
corrections already contained in the Fermi model result, according to (1)). Fig. 1
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displays some typical examples. The considered class of diagrams includes the po-
tentially large corrections both from the top/bottom doublet and from contributions
proportional to Nlf and N2

lf , where Nlf is the number of light fermions (a partial
result for the light-fermion contributions is given in [21]). The results presented here
improve on the previous results of an expansion in mt up to next-to-leading order [15]
in containing the full dependence on mt as well as the complete light-fermion contribu-
tions at the two-loop order, while in [15] higher-order corrections from light fermions
have only been taken into account via a resummation of the one-loop light-fermion
contribution.

µ−
νµ

νe

e−

µ−

νµ

νe

e−

µ−
νµ

νe

e−

Figure 1: Examples for various types of fermionic two-loop diagrams contributing to muon

decay.

2 Outline of the calculation

Since all possibly infrared (IR) divergent photonic corrections are already con-
tained in the definition (1) of the Fermi constant GF and mass singularities are
absorbed in the running of the electromagnetic coupling, MW represents the scale
for the electroweak corrections in ∆r. Therefore it is possible to neglect all fermion
masses except the top-quark mass and the momenta of the external leptons so that
the Feynman diagrams for muon decay reduce to vacuum diagrams.

All QED contributions to the Fermi Model have to be excluded in the computation
of ∆r since they have already been separated off in the definition of GF , see eq. (1).
Apart from the one-loop contributions, this comprises two-loop QED corrections and
mixed contributions of QED and weak corrections of each one-loop order, which
have to be removed from ∆r(α2). For fermionic two-loop diagrams it is possible
to find a one-to-one correspondence between QED graphs in Fermi-Model and SM
contributions.

After extracting the IR-divergent QED corrections, the generic diagrams con-
tributing to the muon-decay amplitude can be reduced to vacuum-type diagrams,
since the masses of the external particles and the momentum transfer are negligi-
ble. The renormalization of is performed in the on-shell scheme. Thus, the mass-

3



renormalization of the gauge bosons requires the evaluation of two-loop two-point
functions with non-zero external momentum, which is more involved from a technical
point of view regarding the tensor structure and the evaluation of the scalar integrals.
This complication cannot be avoided by performing the calculation within another
renormalization scheme, e.g. the MS scheme, since ultimately one is interested in
the relation between the physical parameters MW , MZ, α, GF , where the two-point
functions for non-zero momenta enter.

All diagrams and amplitudes for the decay and counterterm contributions have
been generated with the program FeynArts 2.2 [22]. The amplitudes are algebraically
reduced by means of a general tensor-integral decomposition for two-loop two-point
functions with the program TwoCalc [23], leading to a fixed set of standard scalar
integrals. Analytic expressions are known for the scalar one-loop [24] and two-loop
[25] vacuum integrals, whereas the two-loop self-energy diagrams can be evaluated
numerically by means of one-dimensional integral representations [26].

In order to apply an additional check the calculations were performed within a
covariant Rξ gauge, with individual gauge parameters ξi for each gauge boson. It has
been explicitly checked at the algebraic level that the gauge-parameter dependence
of the final result drops out.

At the subloop level, also the Faddeev-Popov ghost sector has to be renormalized.
The gauge-fixing part of the Lagrangian, in terms of the gauge fields Aµ, Zµ, W±µ

and the unphysical Higgs scalars χ, φ± given by

Lgf = −1

2

[
(F γ)2 + (FZ)2 + F+F− + F−F+

]
, with

F γ = (ξγ1 )
− 1

2 ∂µA
µ +

ξγZ

2
∂µZ

µ, (5)

FZ =
(
ξZ1
)− 1

2 ∂µZ
µ +

ξZγ

2
∂µA

µ −
(
ξZ2
) 1

2 MZ χ,

F± =
(
ξW1
)− 1

2 ∂µW
±µ ∓ i

(
ξW2
)1

2 MW φ± ,

does not need renormalization. Accordingly, one can either introduce the gauge-fixing
term after renormalization or renormalize the gauge parameters in such a way that
they compensate the renormalization of the fields and masses. Both ensure that no
counterterms arise from the gauge-fixing sector but they differ in the treatment of
the ghost Lagrangian, which is given by the variation of the functionals F a under
infinitesimal gauge transformations δθb,

LFP =
∑

a,b=γ,Z,±
ua
δF a

δθb
ub. (6)
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In the latter case, which was applied in our work for simplification of the automatized
treatment, additional counterterm contributions for the ghost sector arise from the
gauge-parameter renormalization. The parameters ξai in (5) are renormalized such
that their counterterms δξai exactly cancel the contributions from the renormalization
of the fields and masses and that the renormalized gauge parameters comply with the
Rξ gauge.

3 On the γ5–problem

In four dimensions the algebra of the γ5–matrix is defined by the two relations

{γ5, γα} = 0 for α = 1, . . . , 4 (7)

Tr{γ5γ
µγνγργσ} = 4iεµνρσ. (8)

It is impossible to translate both relations simultaneously into D 6= 4 dimensions
without encountering inconsistencies [27].

A certain treatment of γ5 might break symmetries, i.e. violate Slavnov-Taylor
(ST) identities which would have to be restored with extra counterterms. Even after
this procedure a residual scheme dependence can persist which is associated with
ε-tensor expressions originating from the treatment of (8). Such expressions cannot
be canceled by counterterms. If they broke ST identities this would give rise to
anomalies.

’t Hooft and Veltman [27] suggested a consistent scheme, formalized by Breiten-
lohner and Maison [28], as a separation of the first four and the remaining dimensions
of the γ-Matrices (HVBM-scheme). It has been shown [29] that the SM with HVBM
regularization is anomaly-free and renormalizable. This shows that ε-tensor terms do
not get merged with divergences.

The naively anti-commuting scheme, which is widely used for one-loop calcula-
tions, extends the rule (7) to D dimensions but abandons (8),

{γ5, γα} = 0 for α = 1, . . . ,D (9)

Tr{γ5γ
µγνγργσ} = 0. (10)

This scheme is unambiguous but does not reproduce the four-dimensional case.
In the SM, particularly triangle diagrams (like the ones in Figure 2) containing

chiral couplings are sensitive to the γ5–problem. In our context, the one-loop triangle
diagrams have been explicitly calculated in both schemes. While the naive scheme
immediately respects all ST identities the HVBM scheme requires the introduction
of additional finite counterterms. Even after this procedure finite differences remain
between the results of the two schemes, showing that the naive scheme is inapplicable
in this case.
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W−

W−

Z

e−

νe

W−

W−

γ,Z

e−

νe

Figure 2: Charged-current vertex diagrams with fermion-triangle subgraphs.

In the calculation of ∆r triangle diagrams appear as subloops of two-loop charged
current (CC) vertex diagrams (Fig. 2). One finds that for the difference terms be-
tween both schemes this loop can be evaluated in four dimensions without further
difficulties. This can be explained by the fact that renormalizability forbids diver-
gent contributions to ε-tensor terms from higher loops in the HVBM scheme. The
ε-tensor contributions from the triangle subgraph in the HVBM scheme meet a second
ε-tensor term from the outer fermion lines in Fig. 2, thereby resulting in a non-zero
contribution to ∆r.

Computations in the HVBM scheme can in general get very tedious because of the
necessity of additional counterterms. For our specific problem, however, it is possible
to apply another, simplified, method. One can consider a “mixed” scheme that uses
both relations (7) and (8) in D dimensions, despite their mathematical inconsistency,
to evaluate the one-loop triangle subgraphs. These results immediately respect all
ST identities. As checked explicitly, they differ from the HVBM results (with the
appropriate counterterms to restore the ST identities) only by terms of O(D − 4),

ΓHVBM
∆(1) = Γmix

∆(1) +O(D − 4). (11)

Inserting the one-loop expressions into the the two-loop diagrams one finds that the
second loop integration gives a finite result and hence can be performed in four
dimensions yielding

ΓHVBM
CC(2) = Γmix

CC(2) +O(D − 4). (12)

Thus the mixed scheme can serve in this case as a technically easy prescription for
the correct calculation of the CC two-loop contributions. Practical ways of treating
γ5 in higher-order calculations are also discussed in [30].

4 Two-loop renormalization

For the determination of the one-loop counterterms and renormalization constants
the conventions of [31] are adopted. Two-loop renormalization constants enter via the

6



counterterms for the transverse W propagator and the charged current vertex (the
counterterms for the transverse Z propagator are analogous):
[

W W
]

T
= δZW

(2)(k
2 −M2

W )− δM2
W (2) − δZW

(1)δM
2
W (1), (13)

W+ νe

e−

= i
e√
2sW

γµω−

[
δZe(2) −

δsW(2)

sW
+

1

2

(
δZeL

(2) + δZW
(2) + δZνL

(2)

)

+ (1-loop renormalization constants)
]
. (14)

δZW,eL,νL denote the field-renormalization constants, δM 2
W,Z theW - and Z-mass coun-

terterms, and δZe denotes the charge-renormalization constant. The lower indices in
parentheses indicate the loop order. The mixing-angle counterterm δsW(2) can be
derived from the gauge-boson mass counterterms. The two-loop contributions always
include the subloop renormalization.

The on-shell masses are defined as the position of the propagator poles. Starting at
the two-loop level, it has to be taken into account that there is a difference between the
definition of the mass M̃2 as the pole of the real part of the (transverse) propagator,

Re
{
(DT)−1(M̃2)

}
= 0, (15)

and the real part M
2

of the complex pole,

(DT)−1(M2) = 0, M2 = M
2 − iM Γ. (16)

The imaginary part of the complex pole is associated with the width Γ. The defining
condition (16) yields for the W -mass counterterm

δM
2

W (2) = Re{ΣW
T(2)(M

2

W )}−δZW
(1)δM

2

W (1)+Im{ΣW /

T(1)(M
2

W )}Im{ΣW
T(1)(M

2

W )}, (17)

whereas for the real-pole definition the last term of eq. (17) is missing. ΣW
T denotes

the transverse W self-energy and ΣW /

T its momentum derivative. Similar expressions
hold for the Z boson.

The W and Z mass countertermss determine the two-loop counterterm for the
mixing angle, δsW(2), which has to be gauge invariant since sW is an observable quan-
tity. With the use of a general Rξ gauge it has explicitly been checked that δsW(2)

is gauge-parameter independent for the complex-pole mass definition, whereas the
real-pole definition leads to a gauge dependent δsW(2). This is in accordance with the
expectation from S-matrix theory [32], where the complex pole represents a gauge-
invariant mass definition.

It should be noted that the mass definition via the complex pole corresponds to
a Breit-Wigner parameterization of the resonance shape with a constant width. For
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the experimental determination of the gauge-boson masses, however, a Breit-Wigner
ansatz with a running width is used. This has to be accounted for by a shift of the
values for the complex pole masses [33],

M = M − Γ2

2M
. (18)

which yields the relations

MZ = MZ − 34.1 MeV,
MW = MW − 27.4 (27.0) MeV for MW = 80.4 (80.2) GeV.

(19)

For MZ and ΓZ the experimental numbers are taken. The W mass is a calculated
quantity, and therefore also a theoretical value for the W -boson width should be
applied here. The results above are obtained from the approximate, but sufficiently
accurate expression for the W width,

ΓW = 3
GFM

3
W

2
√

2π

(
1 +

2αs
3π

)
. (20)

5 Results

In the previous sections the characteristics of the calculation of electroweak two-
loop contributions to ∆r have been pointed out. Combining the fermionic O(α2)
contributions with the one-loop and the QCD corrections yields the total result

∆r = ∆r(α) + ∆r(ααs) + ∆r(αα2
s) + ∆r(Nfα

2) + ∆r(N2
fα

2). (21)

Here Nf , N
2
f symbolize one and two fermionic loops, respectively. Fig. 3 shows that

both the QCD and electroweak two-loop corrections give sizeable contributions of
10–15% with respect to the one-loop result.

In Fig. 4 the prediction for MW derived from the result (21) and the relation
(3) is compared with the experimental value for MW . Dotted lines indicate one
standard deviation bounds. The main uncertainties of the prediction originate from
the experimental errors of mt = (174.3 ± 5.1) GeV [7] and ∆α = 0.05954 ± 0.00065
[34]. It is obvious that low Higgs masses are favored; the new results on ∆r strengthen
the tendency towards a lighter Higgs boson (according to the following comparison).

These results can be compared with the results obtained by expansion of the two-
loop contributions up to next-to-leading order in mt [15]. The predicted values for
MW for several values of MH are given in Tab. 1. For the input parameters the values
of [15] have been chosen, i.e. mt = 175 GeV, MZ = 91.1863 GeV, ∆α = 0.0594,
αs(MZ) = 0.118. Agreement is found between the results with maximal deviations of
less than 5 MeV in MW . The deviations in the last column of Tab. 1 can of course not
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Figure 3: Various stages of ∆r, as a function of MH . The one-loop contribution, ∆r(α), is

supplemented by the two-loop and three-loop QCD corrections, ∆r
(α)
QCD ≡ ∆r(ααs)+∆r(αα2

s),

and the fermionic electroweak two-loop contributions, ∆r(α2) ≡ ∆r(Nfα
2) + ∆r(N2

f α
2). For

comparison, the effect of the two-loop corrections induced by a resummation of ∆α, ∆r
(α2)
∆α ,

is shown separately.

be attributed exclusively to differences in the two-loop top-quark and light-fermion
contributions, because the results also differ by a slightly different treatment of those
higher-order terms that are not yet under control, such as purely bosonic two-loop
contributions, and effects from scheme dependence.

Similar to [35], a simple numerical parametrization of our result for MW can be
given by the following expression:

MW = M0
W − c1 dH− c5 dH2 + c6 dH4 − c2 dα+ c3 dt− c7 dH dt− c4 dαs, (22)

where

dH = ln
(

MH

100 GeV

)
, dt =

(
mt

174.3 GeV

)2

− 1,

dα =
∆α

0.05924
− 1, dαs =

αs(MZ)

0.119
− 1, (23)

with the coefficients M0
W = 80.3767 GeV, c1 = 0.05613, c2 = 1.081, c3 = 0.5235,

c4 = 0.0763, c5 = 0.00936, c6 = 0.000546, c7 = 0.00573. and with MZ = 91.1785
GeV. The quality of the approximation (22) to our full result for MW is within
0.4 MeV, allowing MH between 65 GeV and 1 TeV.
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Figure 4: The SM prediction for MW as a function of MH for mt = 174.3 ± 5.1 GeV is
compared with the current experimental value, M exp

W = 80.434± 0.037 GeV [1].

6 Conclusion

In this talk the realization of an exact two-loop calculation of fermionic contribu-
tions in the full electroweak SM and its application to the precise computation of ∆r
has been reviewed. Numerical illustrations were given for the results, which might
serve as ingredients for future SM fits.

Table 1: Comparison between MW –predictions from an NLO expansion in mt (M expa
W ) and

the full calculation (M full
W ). δMW denotes the difference.

MH M expa
W M full

W δMW

[GeV] [GeV] [GeV] [MeV]
65 80.4039 80.3997 4.2

100 80.3805 80.3771 3.4
300 80.3061 80.3051 1.0
600 80.2521 80.2521 0.0

1000 80.2129 80.2134 −0.5
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in Physics Research 2, ed. D. Perret-Gallix (World Scientific, Singapore, 1992),
p. 617.

[24] G. ’t Hooft and M. Veltman, Nucl. Phys. B153 (1979) 365.

[25] A.I. Davydychev and J.B. Tausk, Nucl. Phys. B397 (1993) 123.

[26] S. Bauberger, F.A. Berends, M. Böhm and M. Buza, Nucl. Phys. B434
(1995) 383;
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1 Introduction

Future colliders, such as the LHC [1] or an e+e− linear collider (LC) [2], will ex-
plore the energy range

√
s � MZ. It is known since many years (see, for instance,

Refs. [3,4]) that above the electroweak scale the structure of the leading electroweak
corrections changes and double logarithms of Sudakov type [5] as well as single loga-
rithms involving the ratio of the energy to the electroweak scale become dominating.
These logarithms arise from virtual (or real) gauge bosons emitted by the initial and
final-state particles. They correspond to the well-known soft and collinear singulari-
ties observed in QCD.

In the electroweak theory, unlike in massless gauge theories, the large logarithms
originating from virtual corrections are of physical significance. In fact, real Z-boson
and W-boson bremsstrahlung need not be included, since the masses of the weak
gauge bosons, Z and W, provide a physical cutoff, and the massive gauge bosons can
be detected as distinguished particles.

The typical size of double-logarithmic (DL) and single-logarithmic (SL) corrections
is given by

α

4πs2
w

log2 s

M2
W

= 6.6%,
α

4πs2
w

log
s

M2
W

= 1.3% (1.1)

at
√
s = 1 TeV and increases with energy. If the experimental precision is at the

few-percent level like at the LHC, both DL and SL electroweak contributions have
to be included at the one-loop level. In view of the precision objectives of a LC,
between the percent and the permil level, besides the complete one-loop corrections
also two-loop DL effects have to be taken into account.

Owing to this phenomenological relevance, the infrared (IR) structure of the elec-
troweak theory is receiving increasing interest recently. The one-loop structure and
the origin of the DL corrections have been discussed for e+e− → ff̄ [6,7] and are by
now well established. Recipes for the resummation of the DL corrections have been
developed [8,7,9,10] and explicit calculations of the leading DL corrections for the pro-
cesses g → ff̄ and e+e− → ff̄ have been performed [11,12,13]. On the other hand,
for the SL corrections complete one-loop calculations are only available for 4-fermion
neutral-current processes [14,9] and W-pair production [4]. The subleading two-loop
logarithmic corrections have been evaluated for e+e− → ff̄ in Ref. [9]. A general
recipe for a subclass of SL corrections to all orders has been proposed in Ref. [15],
based on the infrared-evolution-equation method.

Here, we summarize the results for all DL and SL contributions to the electroweak
one-loop virtual corrections published in Ref. [16]. The results apply to exclusive
processes with arbitrary external states, including transverse and longitudinal gauge
bosons as well as Higgs fields.

The paper is organized as follows: in Section 2 we introduce our notations and
discuss the origin of the leading electroweak logarithms. The leading logarithms orig-
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inating from the soft–collinear region, from the soft or collinear regions, and from
parameter renormalization are considered in Sections 3, 4, and 5, respectively. In
Section 6 we apply our general results to W-boson-pair production in e+e− annihila-
tion.

2 Form and origin of enhanced logarithmic corrections

We consider electroweak processes involving n arbitrary incoming1 particles (or
antiparticles) associated to the fields ϕik ,

ϕi1(p1) . . . ϕin(pn)→ 0. (2.1)

The indices ik correspond to the reducible representation of SU(2) ×U(1) including
all fields in the standard model, and we restrict ourselves to Born matrix elements
Mi1...in

0 (p1, . . . , pn) that are not suppressed in the limit where all invariants are much
larger than the gauge-boson masses,

rkl := (pk + pl)
2 ∼ 2pkpl �M2

W. (2.2)

In the high-energy limit (2.2), we split all enhanced DL and SL corrections into
a “symmetric electroweak” (ew) part given by logaritms of the ratio between the
energy and the electroweak scale (1.1) and a remaining part that we denote as “pure
electromagnetic contribution” (em), which involves logarithms of the light-fermion
masses and the infinitesimal photon mass λ used to regularize IR singularities. For
the symmetric electroweak logarithms we introduce the shorthands

L(s) :=
α

4π
log2 s

M2
W

, l(s) :=
α

4π
log

s

M2
W

. (2.3)

We assume that the masses MH, mt, MZ, and MW have the same order of magnitude
and neglect all logarithms of ratios of these masses.

In logarithmic approximation (LA) the one-loop corrections to (2.1) assume the
form

δMi1...in(p1, . . . , pn) =Mi′1...i
′
n

0 (p1, . . . , pn)δi′1i1...i′nin, (2.4)

i.e. they factorize into the lowest-order matrix element times an SU(2) × U(1) ma-
trix. For matrix elements that are not mass-suppressed the factorization formula is
universal. The matrix δi′1i1...i′nin can be expressed using the couplings ieIVa(ϕ) of the
external fields ϕik to the gauge bosons Va. These correspond to the generators of
infinitesimal global SU(2)×U(1) transformations of these fields,2

δVaϕi = ieIVaϕiϕi′ (ϕ)ϕi′ . (2.5)
1Usual scattering processes are obtained by crossing symmetry
2Details about the explicit form of the generators and other group theoretical quantities can be

found in the appendix of Ref. [16].
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In terms of the electric charge Q and weak isospin T a they are given by

IA = −Q, IZ =
T 3 − s2

wQ

swcw
, I± =

T 1 ± iT 2

√
2sw

(2.6)

and depend on the weak mixing angle, which is fixed by c2
w = 1− s2

w = M2
W/M

2
Z.

In general, large logarithms contributing to (2.4) are shared between the loop
diagrams and the coupling- and field-renormalization constants, depending on the
gauge-fixing and the renormalization scheme. We work within the ’t Hooft–Feynman
gauge and adopt the on-shell scheme [17] for field and parameter renormalization.
We use dimensional regularization and choose the regularization scale µ2 = s so that
the logarithms log (µ2/s) related to the UV singularities are not enhanced, and only
the mass-singular logarithms log (µ2/M2) or log (s/M2) are large. In this setup large
logarithms are distributed as follows:

• The DL contributions originate from those one-loop diagrams where soft–colline-
ar gauge bosons are exchanged between pairs of external legs. These double
logarithms are obtained with the eikonal approximation.

• The SL mass-singular contributions from loop diagrams originate from the emis-
sion of virtual collinear gauge bosons from external lines [18]. These SL con-
tributions are extracted from the loop diagrams in the collinear limit by means
of Ward identities, and are found to factorize into the Born amplitude times
“collinear factors” [19] .

• The remaining SL contributions originating from soft and collinear regions are
contained in the field renormalization constants (FRCs).

• The parameter renormalization (PR) constants, i.e. the charge- and weak-
mixing-angle renormalization constants, as well as the renormalization of dimen-
sionless mass ratios associated with the Yukawa and the scalar self-couplings,
involve the SL contributions of UV origin. These are the logarithms that are
controlled by the renormalization group.

The DL and SL mass-singular terms are extracted from loop diagrams by setting
all masses to zero in the numerators of the loop-integrals. For processes involving
external longitudinal gauge bosons, this approach is not directly applicable, owing to
the longitudinal polarization vectors

εµL(p) =
pµ

M
+O

(
M

p0

)
, (2.7)

which are inversely proportional to the gauge boson mass. However, since we are
only interested in the high-energy limit, we can use the Goldstone-boson equivalence
theorem [20] taking into account the correction factors from higher-order contributions
[21].
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3 Soft–collinear contributions

The DL corrections originate from loop diagrams where virtual gauge bosons
Va = A,Z,W± are exchanged between pairs of external legs (Figure 1), and arise
from the integration region where the gauge-boson momenta are soft and collinear
to one of the external legs. They are obtained using the eikonal approximation, and
result in a double sum over pairs of external legs

δDLMi1...in =
α

8π

n∑

k=1

∑

l6=k

∑

Va=A,Z,W±
IVai′kik

(k)IV ai′lil
(l)Mi1...i′k ...i

′
l
...in

0

×
[
log2

(
|rkl|
M2

Va

)
− δVaA log2

(
m2
k

λ2

)]
, (3.1)

where V a represents the charge conjugated of V a. Formula (3.1) applies to chiral
fermions, Higgs bosons, and transverse gauge bosons and depends on their gauge
couplings IVa(k). The DL corrections for external longitudinal gauge bosons ZL and
W±

L are obtained from the corrections (3.1) for the corresponding external would-be
Goldstone bosons χ and φ±, respectively, using the equivalence theorem

δDLM...W±L ... = δDLM...φ±...,

δDLM...ZL... = iδDLM...χ.... (3.2)

Leading soft–collinear contributions

The DL term in (3.1) containing the invariant rkl depends on the angle between
the momenta pk and pl. Writing

log2

(
|rkl|
M2

)
= log2

(
s

M2

)
+ 2 log

(
s

M2

)
log

(
|rkl|
s

)
+ log2

(
|rkl|
s

)
, (3.3)

one can isolate an angular-independent part proportional to L(s), and this part,
together with the additional contributions from photon loops in (3.1), gives the leading

n∑

k=1

∑

l<k

∑

Va=A,Z,W±
Va

ϕik

ϕil

Figure 1: Feynman diagrams leading to DL corrections
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soft–collinear (LSC) contribution. Using the invariance of the S matrix with respect
to global SU(2)×U(1) transformations, the LSC contribution in (3.1) can be written
as a single sum over external legs,

δLSCMi1 ...in =
n∑

k=1

δLSC
i′
k
ik

(k)Mi1...i′k ...in
0 , (3.4)

where the correction factors reads

δLSC
i′
k
ik

(k) = −1

2

[
Cew
i′
k
ik

(k)L(s) + δi′
k
ikQ

2
kL

em(s, λ2,m2
k)
]
. (3.5)

The first term represents the DL symmetric-electroweak part and is proportional to
the effective electroweak Casimir operator3

Cew :=
∑

Va=A,Z,W±
IVaIV a =

1

c2
w

(
Y

2

)2

+
1

s2
w

CSU(2), (3.6)

which depends on the weak hypercharge Y = 2(Q − T 3) and the SU(2) Casimir
operator CSU(2). The second term in (3.5) originates from photon loops and reads

Lem(s, λ2,m2
k) := 2l(s) log

(
M2

W

λ2

)
+

α

4π

[
log2 M

2
W

λ2
− log2 m

2
k

λ2

]
. (3.7)

Subleading soft–collinear contributions

The remaining part of (3.1) is a subleading soft–collinear (SSC) contribution,

δSSCMi1...in =
n∑

k=1

∑

l<k

∑

Va=A,Z,W±
δVa,SSC
i′
k
iki
′
l
il

(k, l)Mi1...i
′
k ...i
′
l...in

0 . (3.8)

This remains a sum over pairs of external legs with angular-dependent factors4

δVa,SSC
i′kiki

′
lil

(k, l) =

[
2l(s) + δVaA

α

2π
log

M2
W

λ2

]
log
|rkl|
s
IVai′kik

(k)IV ai′lil
(l). (3.9)

Owing to the non-diagonal matrices I±(k) (cf. appendix of Ref. [16]), the exchange of
soft charged gauge bosons involves SU(2)-transformed Born matrix elements on the
right-hand side of (3.8).

3 As explained in Ref. [16] care must be taken for reducible representations, where owing to
mixing, (3.6) can be non-diagonal.

4Double logarithms of rkl/s are neglected in the limit (2.2).
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4 Collinear and soft single logarithms

The collinear and soft SL corrections originate from field renormalization and from
mass-singular loop diagrams. On one hand the FRCs give the well-known factors
δZϕ/2 for each external leg, containing collinear as well as soft SL contributions.
On the other hand, mass-singular logarithms arise from the collinear limit of loop
diagrams where an external line splits into two internal lines [18], one of these internal
lines being a virtual gauge boson A,Z, or W. Both contributions factorize as a sum
over the external legs,

δCMi1...in =
n∑

k=1

δC
i′kik

(k)Mi1...i
′
k ...in

0 (4.1)

with

δC
i′
k
ik

(k) =
1

2
δZϕ

i′kik
+ δcoll

i′
k
ik

(k)
∣∣∣∣
µ2=s

. (4.2)

The factorization of the mass-singular loop diagrams will be presented in a forthcom-
ing publication [19]. Therein, we derive the factorization identities

∑

Va=A,Z,W±





Va

ϕik −
Va

ϕik
(4.3)

−
∑

l6=k




Va

ϕik

ϕil




eik. appr.





∣∣∣∣∣∣∣∣∣∣∣∣∣∣
coll.

=
∑

ϕi′
k

ϕi′
k

δcoll
ϕi′
k
ϕik
.

for fermions, gauge bosons and scalar bosons. These identities are obtained by
evaluation of the loop diagrams involving the collinear splitting processes ϕik(p) →
V a(q)ϕi′

k
(p− q), after subtraction of the contributions already contained in the FRCs

and the soft collinear corrections. In the limit of collinear gauge-boson emission, the
left-hand side of (4.3) is proportional to

∑

Va,ϕi′
k

∫
dqD

(2π)D

−ieIV
a

ϕi′
k
ϕik
qµ

(q2 −M2
Va)[(p− q)2 −M2

ϕi′
k

]
×





ϕi′
k

(p− q)

V aµ (q)

−
ϕi′
k

(p− q)

V aµ (q)





,

(4.4)
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where the diagrams between the curly brackets are contracted with the gauge-boson
momentum qµ. These contractions can be simplified using Ward identities resulting
from the BRS symmetry of the spontaneously broken SU(2)×U(1) gauge theory (cf.
Ref. [19]), and in the limit where qµ becomes collinear to the external momentum pµ

we obtain

lim
qµ→xpµ

qµ ×





ϕi′(p− q)

V aµ (q)

−
ϕi′ (p− q)

V aµ (q)





=
∑

ϕi′′

ϕi′′(p)

eIV
a

ϕi′′ϕi′
,

(4.5)
up to mass-suppressed terms. Combining (4.5) with (4.4) we obtain the factorization
identity (4.3) with the collinear factors

δcoll
ϕi′ϕi

=
α

4π
K

[
Cew
ϕi′ϕi

log
µ2

M2
W

+ δϕi′ϕiQ
2
ϕi

log
M2

W

M2
ϕi

]
, (4.6)

where K = 2 for fermions and K = 1 for Higgs bosons, would-be Goldstone bosons,
and gauge bosons.

In the following, we present the complete SL corrections (4.2) for the cases of
external fermions, transverse and longitudinal gauge bosons, and Higgs bosons.

Chiral fermions

For fermions fκσ with chirality κ = R,L and isospin indices σ = ±

δC
fσfσ′

(fκ) = δσσ′

{[
3

2
Cew
fκ −

1

8s2
w

(
(1 + δκR)

m2
fσ

M2
W

+ δκL

m2
f−σ

M2
W

)]
l(s) +Q2

fσ l
em(m2

fσ)

}
.

(4.7)
Besides the contribution of the Casimir operator (3.6), we have Yukawa terms propor-
tional to the masses of the fermion fσ and of its isospin partner f−σ. These are large
for fκσ = tR, tL, and bL, where one of the masses is mt. The pure electromagnetic
logarithms are given by

lem(m2
f ) :=

α

4π

[
1

2
log

M2
W

m2
f

+ log
M2

W

λ2

]
. (4.8)

Transverse physical gauge bosons A,Z,W±

The collinear corrections for external physical gauge bosons are related to the one-
loop coefficients of the electroweak beta functions. In the mass-eigenstate basis Va =
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A,Z,W± these coefficients generalize to a matrix bew
ab in the adjoint representation

(cf. appendix of Ref. [16]). The charged component reads

bew
WσWσ′ = δσσ′

19

6s2
w

, (4.9)

and determines the running of the SU(2) gauge coupling. In the neutral sector we
have

bew
AA = −11

3
, bew

AZ = bew
ZA = −19 + 22s2

w

6swcw

, bew
ZZ =

19 − 38s2
w − 22s4

w

6s2
wc

2
w

.(4.10)

The AA component determines the running of the electric charge, and the AZ com-
ponent is associated with the running of the weak mixing angle [cf. (5.3)]. The SL
corrections for transverse gauge bosons are given by

δC
VaVb

(VT) =
1

2

[
bew
VaVb

+ EVaVbb
ew
AZ

]
l(s) + δVaVbQ

2
Va
lem(M2

W)− 1

2
δVaAδVbA∆α(M2

W).

(4.11)
The first term corresponds to the result for a symmetric massless gauge theory like
QCD (see for instance Ref. [22]). The second term is proportional to the antisym-
metric matrix EVaVb, with non-vanishing components EAZ = −EZA = 1. This term
results from the on-shell renormalization condition [17] and ensures that the correc-
tion factor for external photons does not involve mixing with Z bosons,

δC
ZA(VT) = 0. (4.12)

The third term in (4.11) represents an electromagnetic contribution for charged ex-
ternal gauge bosons. Finally, the AA component receives a pure electromagnetic
contribution associated with the light-fermion loops,

∆α(M2
W) =

α

3π

∑

f,i,σ 6=t
Nf

CQ
2
fσ log

M2
W

m2
fσ,i

(4.13)

where the sum runs over the generations i = 1, 2, 3 of leptons and quarks f = l, q
with isospin σ and colour factor N f

C, omitting the top-quark contribution.

Longitudinally polarized gauge bosons Z, W±

The mass singular corrections for external longitudinal gauge bosons Z, W±, are
obtained from the corrections for the corresponding would-be Goldstone bosons χ,
φ± using the equivalence theorem. For renormalized amputated Green functions we
have the relations

pµ〈W±
µ (p) . . .〉 = ±MW(1 + δCφ)〈φ±0 (p) . . .〉,

pµ〈Zµ(p) . . .〉 = iMZ(1 + δCχ)〈χ0(p) . . .〉. (4.14)
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Besides the lowest-order contribution, (4.14) contains non-trivial higher-order correc-
tions owing to the mixing between gauge bosons and would-be Goldstone bosons [21].
These corrections correspond to the FRC’s for would-be Goldstone bosons in (4.2),
and combining them with the collinear factors for would-be Goldstone bosons one
obtains

δC
φ±φ±(Φ) = δCφ + δcoll

φ±φ±(Φ) =

[
2Cew

Φ −
3

4s2
w

m2
t

M2
W

]
l(s) +Q2

Wl
em(M2

W),

δC
χχ(Φ) = δCχ + δcoll

χχ (Φ) =

[
2Cew

Φ −
3

4s2
w

m2
t

M2
W

]
l(s). (4.15)

The result is written in terms of the eigenvalue of C ew for the scalar doublet Φ and
contains large Yukawa contributions.

Higgs bosons

The SL corrections (4.2) for Higgs bosons read

δC
HH(Φ) =

[
2Cew

Φ −
3

4s2
w

m2
t

M2
W

]
l(s). (4.16)

Note that up to pure electromagnetic contributions, longitudinal gauge bosons and
Higgs bosons receive the same collinear SL corrections.

5 Logarithms connected to parameter renormalization

The logarithms related to UV divergences originate from the renormalization of
the dimensionless parameters

e, cw =
MW

MZ
, ht =

mt

MW
, hH =

M2
H

M2
W

, (5.1)

i.e. the electric charge, the weak mixing angle, and the dimensionless mass ratios re-
lated to the top-quark Yukawa coupling and to the scalar self-coupling, respectively.
These SL corrections determine the running of the couplings, and in one-loop approx-
imation they are obtained from the Born matrix elementM0 = M0(e, cw, ht, hH) in
the high-energy limit by

δPRM =
δM0

δe
δe+

δM0

δcw
δcw +

δM0

δht
δht +

δM0

δhH
δheff

H

∣∣∣∣∣
µ2=s

. (5.2)
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The contribution from the tadpole renormalization to the renormalization of the scalar
self-coupling (cf. Ref. [23]) is included in the effective counterterm δheff

H . In the on-
shell scheme (and in LA) the counterterms read

δc2
w

c2
w

=
sw

cw

bew
AZl(µ

2),
δe2

e2
= −bew

AAl(µ
2) + ∆α(M2

W),

δht

ht
=

{
1

2
bew
WW −

3

2
(Cew

tR + Cew
tL ) +

9

8s2
w

m2
t

M2
W

}
l(µ2),

δheff
H

hH
=

{
bew
WW +

3

2s2
w

[
M2

W

M2
H

(
2 +

1

c4
w

)
−
(

2 +
1

c2
w

)
+
M2

H

M2
W

]

+
3

s2
w

m2
t

M2
W

(
1− 2

m2
t

M2
H

)}
l(µ2). (5.3)

In the case of processes with longitudinal gauge bosons, the renormalization (5.2)
must be performed in the matrix elements resulting from the equivalence theorem.

6 Application to W-boson-pair production

In this section, the above results for Sudakov DL, collinear or soft SL, and PR
corrections are applied to W-pair production. Similar results for neutral gauge-boson-
pair production and neutral current processes e+e− → ff can be found in Ref. [16].

We consider the polarized scattering process5 e+
κ e−κ → W+

λ+
W−

λ−, where κ = R,L
is the electron chirality, and λ± = 0,± represent the gauge-boson helicities. In the
high-energy limit only the following helicity combinations are non-suppressed [4,24]:
the purely longitudinal final state (λ+, λ−) = (0, 0), which we denote by W+

L W−
L , and

the purely transverse and opposite final states (λ+, λ−) = (±,∓), which we denote
by W+

TW−
T . The Mandelstam variables are s = (pe+ + pe−)2, t = (pe+ − pW+ )2 ∼

−s(1 − cos θ)/2, and u = (pe+ − pW−)2 ∼ −s(1 + cos θ)/2, where θ is the angle
between e+ and W+. The Born amplitude gets contributions of the s- and t-channel
diagrams in Figure 2 and reads

Me+
κ e−κ→W+

L W−L
0 = e2Re−κ φ−

As

s
, Me+

κ e−κ→W+
T W−T

0 = δκL
e2

2s2
w

At

t
(6.1)

up to terms of order M2
W/s, where Rϕiϕk := IAϕiI

A
ϕk

+ IZϕiI
Z
ϕk

is given by

Re−Rφ
− =

1

2c2
w

, Re−L φ
− =

1

4s2
wc

2
w

, Re−L W−T
=

1

2s2
w

. (6.2)

The amplitude for transverse gauge-boson production is is non-suppressed only for
left-handed electrons in the initial state. In the following we give the one-loop correc-

5The momenta and fields of the initial states are incoming, and those of the final states are
outgoing.
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tions as relative corrections to the Born matrix elements (6.1). The LSC contributions
(3.4) read

δLSC
e+
κ e−κ→W+

λ W−−λ
= −

∑

ϕ=eκ,Wλ

[
Cew
ϕ L(s) + Lem(s, λ2,m2

ϕ)
]
. (6.3)

Here and in the following formulas, the quantum numbers of the would-be Gold-
stone bosons φ± have to be used for longitudinally polarized gauge bosons W±

L . The
eigenvalues of the effective electroweak Casimir operator are

Cew
eR

=
1

c2
w

, Cew
eL

= Cew
Φ =

1 + 2c2
w

4s2
wc

2
w

, Cew
WT

=
2

s2
w

. (6.4)

The SSC corrections are obtained by applying (3.8) to the crossing symmetric process
e+
κ e−κW−

λ W+
−λ → 0. The contribution of the neutral gauge bosons Va = A,Z gives

∑

Va=A,Z

δVa,SSC

e+
κ e−κ→W+

λ
W−−λ

= −
[
4Re−κ W−λ

l(s) +
α

π
log

M2
W

λ2

]
log

t

u
, (6.5)

The contribution of soft W± bosons to (3.8) yields

∑

Va=W±
δVa,SSCMe+

κ e−κ φ−φ+

=
2l(s)δκL√

2sw

[
1

2sw

(
Mνκe−κHφ+

0 +Me+
κ νκφ

−H
0

)

+
i

2sw

(
Mνκe−κ χφ+

0 −Me+
κ νκφ

−χ
0

)]
log
|t|
s
,

∑

Va=W±
δVa,SSCMe+

L e−L W−TW+
T =

2l(s)√
2sw

[(
MνLe−LATW+

T
0 +Me+

L νLW−TAT

0

)

− cw

sw

(
MνLe−LZTW+

T
0 +Me+

L νLW−TZT

0

)]
log
|t|
s
, (6.6)

and after explicit evaluation of the SU(2)-transformed Born matrix elements on the
left-hand side of (6.6), we find the relative corrections

∑

Va=W±
δVa,SSC

e+
κ e−κ→W+

L W−L
= −l(s) δκL

s4
wRe−

L
φ−

log
|t|
s
,

e−

e+

φ−

φ+

A,Z

e−

e+

νe

W−
T

W+
T

Figure 2: Dominant lowest-order diagrams for e+e− → φ+φ− and e+e− →W+
TW−

T
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∑

Va=W±
δVa,SSC

e+
L e−L→W+

TW−T
= − 2

s2
w

(
1− t

u

)
l(s) log

|t|
s
. (6.7)

The collinear and soft SL corrections can be read off from (4.7), (4.11), and (4.15),

δC
e+
κ e−κ→W+

L W−L
=
[
3Cew

eκ + 4Cew
Φ

]
lC −

3

2s2
w

m2
t

M2
W

lYuk +
∑

ϕ=e,W

2lem(m2
ϕ),

δC
e+
L e−L→W+

TW−T
=
[
3Cew

eL
+ bew

WW

]
lC +

∑

ϕ=e,W

2lem(m2
ϕ). (6.8)

Here the Yukawa and non-Yukawa l(s) terms have been denoted by lYuk and lC,
respectively. Note that the (large) Yukawa contributions occur only for longitudinal
gauge bosons.

The PR logarithms are obtained from the renormalization of (6.1). The corre-
sponding l(s) terms are denoted by lPR, and according to (5.3) given by

δPR
e+
Re−R→W+

L W−L
= −

[
sw

cw
bew
AZ + bew

AA

]
lPR + ∆α(M2

W),

δPR
e+
L e−L→W+

L W−L
= −

[
(1− c2

w

s2
w

)
sw

cw
bew
AZ + bew

AA

]
lPR + ∆α(M2

W),

δPR
e+
L e−L→W+

TW−T
= −bew

WW lPR + ∆α(M2
W). (6.9)

In order to give an impression of the size of the correction, we give a numerical
evaluation of the symmetric electroweak part (ew) (2.3) of the above results. Using
the physical parameters

MW = 80.35 GeV, MZ = 91.1867 GeV, mt = 175 GeV, α =
1

137.036
,

(6.10)
we obtain

δew
e+
L e−L→W+

TW−T
= −12.6L(s) − 8.95

[
log

t

u
+
(

1 − t

u

)
log
|t|
s

]
l(s) + 25.2 lC − 14.2 lPR,

δew
e+
L e−L→W+

L W−L
= −7.35L(s) −

(
5.76 log

t

u
+ 13.9 log

|t|
s

)
l(s) + 25.7 lC − 31.8 lYuk

− 9.03 lPR,

δew
e+
R

e−
R
→W+

L
W−

L
= −4.96L(s) − 2.58

(
log

t

u

)
l(s) + 18.6 lC − 31.8 lYuk + 8.80 lPR. (6.11)

These correction factors are shown in Figures 3 and 4 as a function of the scattering
angle and the energy, respectively. If the electrons are left-handed, large negative DL
and PR corrections originate from the SU(2) interaction. Instead, for right-handed
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electrons the DL corrections are smaller, and the PR contribution is positive. For
transverse W bosons, there are no Yukawa contributions and the other contributions
are in general larger than for longitudinal W bosons. Nevertheless, for energies around
1 TeV, the corrections are similar. Finally, note that the angular-dependent contribu-
tions are very important for the LL and LT corrections: at

√
s ≈ 1 TeV they vary from

+15% to −5% for scattering angles 30◦ < θ < 150◦, whereas the angular-dependent
part of the RL corrections remains between ±2%.

7 Conclusion

We have considered general electroweak processes at high energies. We have given
recipes and explicit formulas for the extraction of the one-loop leading electroweak
logarithms. Like the well-known soft–collinear double logarithms, also the collinear
single logarithms can be expressed as simple correction factors that are associated
with the external particles of the considered process. Up to electromagnetic terms,
the collinear SL corrections for external longitudinal gauge bosons and for Higgs
bosons are equal. The subleading single logarithms arising from the soft–collinear
limit are angular-dependent and can be associated to pairs of external particles. Their
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Figure 3: Dependence of the electroweak correction factor δew
e+
κ e−κ→W+

λ W−−λ
on the scattering

angle θ at
√
s = 1 TeV for polarizations RL, LL, and LT
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Figure 4: Dependence of the electroweak correction factor δew
e+
κ e−κ→W+

λ W−−λ
on the energy

√
s

at θ = 90◦ for polarizations RL, LL, and LT

evaluation requires in general all matrix elements that are linked to the lowest-order
matrix element via global SU(2) rotations. Finally, the logarithms originating from
coupling-constant renormalization are associated with the explicit dependence of the
lowest-order matrix element on the coupling parameters. Our results are applicable
to general amplitudes that are not mass-suppressed, as long as all invariants are
large compared to the masses. As illustration, we have applied our general results to
W-boson-pair production.
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1 Introduction

The Brookhaven g-2 experiment E821 is designed to provide a precision test of the

standard model prediction for aµ which is dominated by the QED radiative corrections but

has sizeable contributions from hadronic loops, aHadµ = 6739(67) × 10−11 or 57.8(7) ppm

in aµ , as well as electroweak loops, aEWµ = 1.30(4) ppm. The theory of aµ is discussed in

detail in another contribution to these proceedings [1]. The goal of E821 is to reduce the

error in aµ to 0.35 ppm, a fraction of the electroweak contribution.

The experiment measures the muon anomaly aµ directly rather than the g-factor.

Therefore we commonly express contributions and errors in units of aµ . Any numbers

given in ppm here have to be multiplied by 1.165...×10−9 for comparison with the absolute

numbers found in [1] and most other theoretical papers on the muon g-factor.

2 The Brookhaven Experiment

The principle of the measurement is similar to the third CERN experiment [2]. Polar-

ized muons are stored in a uniform dipole magnetic field with electrostatic quadrupoles

providing weak vertical focussing. The muon spin precesses relative to the momentum

vector with the frequency

~ωa = − e

mµ

[
aµ ~B −

(
aµ −

1

γ2
µ − 1

)
~β × ~E

]
, (1)

where ~β = ~v/c, γ = 1/
√

1− v2/c2, and assuming that E
c
� B and ~β · ~B ≈ 0. The

dependence of ωa on the electric field ~E can be eliminated by storing muons with the

“magic” γµ=29.3, corresponding to a muon momentum pµ = 3.094 GeV/c. In this ideal

case, aµ−1/(γ2
µ−1) = 0, and the focussing electric field does not affect the spin precession

frequency. aµ is then extracted from ωa ≈ 2π × 230 kHz through

aµ =
ωa/ωp

µµ/µp − ωa/ωp
(2)

where ωp ≈ 2π × 62 MHz is the free proton precession frequency in the same magnetic

field seen by the muons. The ratio of muon to proton magnetic moments is µµ/µp =

3.18334539(10) [3,4].

The source of the stored muons is the Alternating Gradient Synchrotron (AGS) proton

beam, which delivers 6-12 bunches with a total of 40-60 × 1012 protons at 24 GeV/c onto

a nickel production target every 2.7 s. The individual bunches have a total width of about

100 ns and are spaced apart by 33 ms.

From each bunch about 4× 107 pions at ≈ 3.1 GeV/c are transported from the target

along a 116 m beam line. About 50 % of the pions decay along the transport line and

a momentum slit followed by a bending magnet near the downstream end selects either

pions or forward decay muons from a slightly higher momentum pion beam for injection
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1 m

edge shims

wedges

R = 711.2 cm

r  = 4.5 cm

Figure 1: Storage ring magnet cross section and detailed view of the magnet gap region.

into the storage ring. After passing through a hole in the back of the storage ring magnet

yoke and a field free region supplied by a superconducting inflector magnet [5], the pion

or muon beam enters the toroidal storage region which has a radius of 7.112 m and a 9

cm diameter cross section. The storage ring magnet is described in detail in [6].

One of the major improvements over the last CERN experiment is the use of direct

muon injection. In pion injection mode a small fraction of muons from pion decay, π+ →
µ+νµ, are launched onto a stable orbit and are stored. In muon injection mode, a total

kick of ≈ 11 mrad on the first one or two turns is needed to store the muons born in the

pion decay channel. The muon kicker is a pulsed magnet consisting of three sections of

pairs of current sheets, each 1.7 m long. The peak current through the plates during a

400 ns wide pulse is about 4100 A, providing a vertical field of 0.016 T superimposed on

the 1.45 T field of the storage ring magnet.

The continuous superferric ‘C’-shaped storage ring magnet, Fig. 1, is excited by su-

perconducting coils which carry a current of 5177 A. The yoke consists of twelve 30 degree

sections bolted together at the four corners, with azimuthal gaps of less than 1 mm. The

pole pieces are 10 degrees long and aligned with the yoke sectors. The azimuthal gap

between adjacent pole pieces of about 75µm is filled with insulating Kapton foils to avoid

irregular eddy current effects. The vertical gap between pole and yoke decouples the yoke

and pole pieces, which are fabricated from high quality steel, and allows the insertion of

iron wedges to compensate for the C-magnet quadrupole. The 10 cm wide wedges are

radially adjustable. This allows us to locally change the total air gap and thus the dipole

field component for better field homogeneity in azimuth. The four edge shims, 5 cm wide

and about 3 mm high, are the main tool for reducing field variations over the beam cross

section. Continuous current sheets glued to the pole pieces are used to further reduce

the fractional inhomogeneity in the integral field. The gradual improvement of the field

integral across the aperture is shown in Fig. 2.

During data taking an array of nuclear magnetic resonance (NMR) probes embedded

in the top and bottom plates of the twelve vacuum chambers is used to monitor and
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1ppm field contours
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Figure 2: Typical contour plot of the magnetic field integrated over azimuth during the 1997

run (top), 1998 (1999) run (middle), and the 2000 run (bottom). x denotes the radial and y the

vertical direction. Each contour line represents a fractional change of 1× 10−6. No efforts were

made to improve the field quality between the 1998 and 1999 run and the field quality was the

same for these runs. The most significant improvement for 2000 came from the installation of a

new inflector magnet.
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Figure 3: Difference between the field average measured by the trolley and the field average

predicted by the monitoring probes. It is assumed that the true difference is constant during

each magnet-on period and fluctuations are caused by the limited accuracy of the individual

measurements.

stabilize the magnetic field [7]. About one third of the 375 probes installed are typically

used in the field analysis. The field inside the storage region is mapped twice a week

using a hermetically sealed trolley operating in vacuum and containing a matrix of 17

NMR probes. The probes in the trolley are calibrated in place against a standard probe

[8]. The first trolley run in a magnet cycle establishes the offset between the average

field measured by the monitoring probes and the average field seen by the muon beam.

Subsequent trolley runs can then be used to determine the accuracy of the continuous

field “tracking” with the monitoring probes. The quality of the field tracking is shown in

Fig. 3 for the 1999 run.

The decay positrons from µ+ → e+νeνµ, which constitute our signal, range in energy

from 0 GeV to 3.1 GeV, and are detected with 24 Pb-scintillating fiber calorimeters placed

symmetrically around the inside of the storage ring. Because of the parity violating nature

of the weak decay, the high-energy positrons are preferentially emitted along the muon

spin direction. The muon spin precession is reflected in the decay positron spectrum,

N(t), where we expect

N(t) = N0(E)e−t/τµ [1−A(E) cos (ωat+ φ)] . (3)

The normalization constant N0 depends on the energy threshold E as does the asymmetry

parameter A. For E=2.0 GeV, A is ≈ 0.4.

The arrival times of the positrons are recorded in multi-hit time-to-digital converters

(TDCs), and the calorimeter pulses are also sampled by a 400 MHz waveform digitizer

(WFD). A laser and light emitting diode (LED) system are used to monitor potential time

4



and gain shifts. Several detector stations are outfitted with a finely segmented hodoscope

array of 20×32 small scintillating elements connected to a multianode phototube, which

provide position sensitive information on the muon decay positron. Additional event

information is derived from stations equipped with five scintillator paddles oriented hor-

izontally. Finally, a set of wire chambers in one section of the ring provides information

on the stored muon phase space by measuring the flight path of the decay electrons and

tracing them back to their origin. The distribution of the muon beam across the aperture

has to be convoluted with the magnetic field to determine the average field seen by the

muons. The mean radial distribution of the stored muons can also be obtained from the

fast rotation signal from the initial time structure of the injected beam.

3 Present Status of Results

In the first data taking run of the experiment in 1997 pion injection was used because

the muon kicker was still under construction. This mode suffers from a low efficiency -

only about 20 muons get stored per 106 pions injected into the storage ring - as well as

from a significant flash caused by hadronic interactions of pions that do not decay and

hit the inflector channel wall at the end of the first turn. The result from this run, aµ =

1 165 925(15) × 10−9, is discussed in [9]. In 1998 the muon kicker was commissioned and

first data were taken in muon injection mode. The run was cut short by a hardware failure

in the beamline. The analysis of the 1998 data, most of which taken during the last week

of running, resulted in a value of aµ = 11 659 191(59) × 10−10 (±5 ppm) [10]. Combining

all experimental data including the old CERN measurement, aCERNµ = 11 659 230(84) ×
10−10 (±7.2 ppm) [2], yields aexptµ = 11 659 205(46) × 10−9 (±4 ppm) for the world average.

This value agrees with the theoretical value aSMµ = 11 659 160(7)×10−10 (±0.6 ppm) found

in [1].

4 Status of the Analysis of the 1999 and 2000 Data

The experiment currently analyses the data collected in 1999 which is about 15 times

larger than the 1998 data set. In contrast to the old data, which could quite well be fitted

to the basic 5-parameter function in equation (3), the significant increase in statistical

power combined with a higher data taking rate revealed a number of subtle effects that

slowed down the analysis. Two of the most prominent effects can be illustrated by igno-

rantly fitting the data to the function in eq. (3), and then looking at the residuals, i.e.

the difference between the measured decay spectrum and the 5-parameter fit as shown

in Fig. 4. Clearly the fitting function does not describe the data well. The residual in

Fig. 4b,c has two prominent features. One is the excess of data at early times, and the

other an oscillation of the counts with respect to the fitting function, also decaying with

time. The former feature is caused by the high counting rate at early times. Our 400

MHz waveform digitizer does not allow us to distinguish between two decay positrons
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that hit the same detector within about 3.5 nsec. Such pairs of pulses pile up to one

larger pulse. If each of the single pulses exceed the energy threshold E, we lose a count.

On the other hand, two pulses below threshold can combine to form a larger pulse that

exceeds the threshold. Since our energy cuts are relatively high to benefit from the large

asymmetry at higher energies, the pulses gained outnumber the pulses lost, leading to

excessive counts at early times. An additional complication is that the g-2 phase of the

pulses lost is not the same as the phase of the pulses gained because higher energy decay

positrons have a larger bend radius in the ring magnet field and on average a longer flight

path and flight time before hitting one of the calorimeters. Choosing an energy threshold

where the pulses gained and pulses lost cancel does not eliminate the pile-up problem. As

the muons decay, the count rate and therefore the fraction of pile-up pulses goes down.

The simple 5-parameter fit to the data tries to accomodate the higher counts at early

times by increasing the normalization constant, leading to an overestimate of counts at

later times as seen in Fig. 4b.

An elegant way to extract the number of pile-up pulses from the data is to artificially

increase the deadtime of the pulse finder by a factor of two, see how many more pulses are

found above threshold, and then subtract these counts from the original decay positron

spectrum. This sample of pulses can also be used to study the phase of the pile-up pulses.

An alternative is to parametrize the pile-up fraction and include it in the fitting function.

Both methods are used and compared in the analysis.

The oscillations in the residuals are caused by a coherent motion of the stored muon

beam with a frequency that depends on the strength of the focusing electrostatic quadrupole

field, the betatron tune. Due to a mismatch between the narrow inflector channel aper-

ture, an 18 mm horizontal times 56 mm vertical rectangle, and the 90 mm diameter cir-

cular ring magnet aperture, we do not fill the available phase space in the storage ring

in muon injection mode. This leads to a modulation of the horizontal beam width at

the betatron oscillation frequency from the momentum spread, and a modulation of the

horizontal and vertical beam width at twice this frequency from the angular spread of the

incoming beam. In addition, our muon kicker runs reliably only a few percent below its

design value. The resulting incomplete kick, combined with the fact that we do not fill

the storage ring phase space, causes the beam centroid to oscillate about the central orbit

at the betatron frequency. This coherent beam motion is known as coherent betatron

oscillation or CBO. The dynamic behaviour of the stored muon beam was measured with

a set of fiber harps that plunge in and out of the beam. Fig. 5 shows the motion of the

beam centroid as an example.

The CBO is visible in the positron spectrum because the acceptance of our detectors

is slightly dependent on the radius of the muon at the time of decay. The frequency we

see is not the CBO frequency itself but its beating with the frequency of revolution, since

we detect the decays at fixed points along the storage ring magnet circumference.

Other effects that need to be studied in detail include the loss of muons before they

decay, the gain stability of the calorimeters and timing stability of the readout electronics,

background events caused by the loss of protons that we inevitably store together with

the muons, and background events called “flashlets”. The flashlets are caused by a small
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g-2 signal and residual from 5-par fit (1999 data)
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Figure 4: Positron spectrum from a large fraction of the 1999 data set (a), with an enlarged

view of the time between 100 and 150 µsec after beam injection in the top right corner. The

residuals from fitting the function in eq. (3) to the data show clear structure (b), particularly

at early times (c).

fraction of the halo of the primary beam still circulating in the accelerator being scattered

into the extraction line and transported to the production target. The resulting low

intensity secondary beam does not get kicked and is therefore not stored in our ring

magnet, but creates a small flash of background signals. The most troublesome secondary

beam component is positrons. Starting with the momentum of the stored muon beam,

the positrons spiral inwards due to energy loss in the inflector channel windows and give

a signal that cannot be distinguished from true decay positron counts near the upper

edge of the decay spectrum. We have developed a sensitive analysis method to detect

these flashlets utilizing the discrete time structure associated with the 2.7µsec revolution

time of the beam in the accelerator. The flashlet contamination is very sensitive to the

performance of the accelerator and we disregard data taken while there were elevated

levels of flashlet contamination. During the 2000 run we installed a sweeper magnet in
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Figure 5: Beam centroid as measured by a set of fibers plunged into the muon beam at two

different settings of the electrostatic quadrupoles. In normal running mode, the muon beam gets

scraped for the first 15-20 µsec after injection by an imbalance in the quadrupole plate voltages

which lowers the center of the electrostatic quadrupole field and therefore the beam centroid.

This also changes the betatron tune.

the secondary beam line that turns on microseconds after beam injection into the storage

ring and sweeps any late arrivals out of the beamline.

In the course of the data analysis all these effects have to be studied in detail, with

different analysis teams developing their own tools to correct for them, parametrize them

for inclusion into the fitting function, or estimate their impact on the fit parameters with

analytical and Monte Carlo methods in cases where the unwanted or missing counts do

not have unique characteristics but mix into other fitting parameters. This process is

nearing completion for the 1999 data.

5 Future

The experiment is looking forward to another run from February through April 2001.

Since the 2000 run we have reversed the polarity of the beam line and ring magnet to

store negative muon beam and measure aµ−. We expect a decay positron rate similar

to the 2000 run and hope to at least double our data set. Analysis of the 2000 data,

3-4 times larger than the 1999 data set, has started and initial checks e.g. for flashlet

contamination suggest that most of the data is of good quality.
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1 Introduction

Leptonic anomalous magnetic moments provide precision tests of the Standard
Model and stringent constraints on potential “New Physics” effects. In the case of
the electron, comparing the extraordinary measurements of ae ≡ (ge − 2)/2 at the
University of Washington [1]

aexp
e− = 0.001 159 652 188 4(43),

aexp
e+ = 0.001 159 652 187 9(43), (1)

with the prediction [2,3,4,5]

aSM
e =

α

2π
− 0.328 478 444 00

(
α

π

)2

+ 1.181 234 017
(
α

π

)3

−1.5098(384)
(
α

π

)4

+ 1.66(3) × 10−12(hadronic & electroweak loops) (2)

provides the best determination of the fine structure constant [6],

α−1(ae) = 137.035 999 58(52). (3)

To test the Standard Model requires an alternative measurement of α with comparable
accuracy. Unfortunately, the next best determination of α, from the quantum Hall
effect [2],

α−1(qH) = 137.036 003 00(270), (4)

has a much larger error. If one assumes that
∣∣∣∆aNew Physics

e

∣∣∣ ' m2
e/Λ

2, where Λ

is the scale of “New Physics”, then the agreement between α−1(ae) and α−1(qH)
currently probes Λ <∼ O (100 GeV). To access the much more interesting Λ ∼ O (TeV)
region would require an order of magnitude improvement in aexp

e (technically feasible
[7]), an improved calculation of the 4-loop QED contribution to aSM

e and a much
better independent measurement of α−1 by almost two orders of magnitude. The last
requirement, although difficult, is perhaps most likely to come [6] from combining the
already precisely measured Rydberg constant with a much better determination of
me.

We should note that for “New Physics” effects that are linear in the electron
mass, ∆aNP

e ∼ me/Λ, naively, one is currently probing a much more impressive Λ ∼
O (107 GeV) and the possible advances described above would explore O (109 GeV)!
However, we subsequently argue that such linear “New Physics” effects are misleading
or unlikely.

The measurement of the muon’s anomalous magnetic moment has also been im-
pressive. A series of experiments at CERN that ended in 1977 found [8]

aexp
µ = 116 592 300(840) × 10−11 (CERN 1977). (5)
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More recently, an ongoing experiment (E821) at Brookhaven National Laboratory has
been running with much higher statistics and a very stable, well measured magnetic
field in its storage ring. Based on data taken through 1998, combined with the earlier
CERN result in (5), it found [9]

aexp
µ = 116 592 050(460) × 10−11 (CERN’77+BNL’98). (6)

Ongoing analysis of E821’s 1999 data is expected to reduce the error in (6) to about
±140 × 10−11 before the end of this year (2000). The ultimate goal of the experi-
ment is ±40× 10−11, about a factor of 20 improvement relative to the classic CERN
experiments.

Although aexp
µ is currently about 1000 times less precise than aexp

e , it is much more
sensitive to hadronic and electroweak quantum loops as well as “New Physics” effects,
since such contributions [10] are generally proportional to m2

l . The m2
µ/m

2
e ' 40 000

enhancement more than compensates for the reduced experimental precision and
makes aexp

µ a more sensitive probe of short-distance phenomena. Indeed, as we later
illustrate, a deviation in aexp

µ from the Standard Model prediction, aSM
µ , could quite

naturally be interpreted as the appearance of “New Physics” such as supersymmetry,
an exciting prospect. Of course, before making such an interpretation, one must have
a reliable prediction for aSM

µ , an issue that we address in the next section.
Before leaving the comparison between aexp

e and aexp
µ , we should remark that for

cases where “New Physics” contributions to al scale as ml/Λ, roughly equal sensitivity
in Λ (∼ 107 GeV) currently exists for both types of measurements. However, as
previously mentioned, such examples are in our view artificial.

2 Standard Model Prediction For aµ

2.1 QED Contribution

The QED contribution to aµ has been computed through 5 loops [5,2]

aQED
µ =

α

2π
+ 0.765 857 376(27)

(
α

π

)2

+ 24.050 508 98(44)
(
α

π

)3

+126.07(41)
(
α

π

)4

+ 930(170)
(
α

π

)5

. (7)

Growing coefficients in the α/π expansion reflect the presence of large lnmµ/me ' 5.3
terms coming from electron loops. Employing the value of α from ae in eq. (3) leads
to

aQED
µ = 116 584 705.7(2.9) × 10−11. (8)

The current uncertainty is well below the ±40 × 10−11 ultimate experimental error
anticipated from E821 and should, therefore, play no essential role in the confrontation
between theory and experiment.
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2.2 Hadronic Loop Corrections

Starting at O (α2), hadronic loop effects contribute to aµ via vacuum polarization.
A first principles QCD calculation of that effect does not exist. Fortunately, it is
possible to evaluate the leading effect via the dispersion integral [11]

aHad
µ (vac. pol.) =

1

4π3

∫ ∞

4m2
π

dsK (s) σ0(s)e+e−→hadrons, (9)

where σ0(s)e+e−→hadrons means QED vacuum polarization and other extraneous ra-
diative corrections have been subtracted from measured cross sections, and

K(s) = x2

(
1− x2

2

)
+ (1 + x)2

(
1 +

1

x2

)[
ln(1 + x)− x+

x2

2

]
+

1 + x

1− x x
2 lnx

x =
1−

√
1− 4m2

µ/s

1 +
√

1 − 4m2
µ/s

. (10)

Detailed studies of eq. (9) have been carried out by a number of authors [12,13,14,15,16,17,18].
Here, we employ an analysis due to Davier and Höcker [13,14,15] which finds

aHad
µ (vac. pol.) = 6924(62) × 10−11. (11)

It used experimental e+e− data, hadronic tau decays, perturbative QCD and sum
rules to minimize the uncertainty in that result. The contributions coming from
various energy regions are illustrated in Table 1.

Table 1: Contributions to aHad
µ (vac. pol.) from different energy regions as found by Davier

and Höcker [13,14,15].

√
s (GeV) aHad

µ (vac. pol.)× 1011

2mπ − 1.8 6343 ± 60
1.8 − 3.7 338.7 ± 4.6
3.7 − 5 + ψ(1S, 2S) 143.1 ± 5.4
5 − 9.3 68.7 ± 1.1
9.3 − 12 12.1 ± 0.5
12 −∞ 18.0 ± 0.1

Total 6924 ± 62

It is clear from Table 1 that the final result and its uncertainty are dominated by
the low energy region. In fact, the ρ(770 MeV) resonance provides about 72% of the
total hadronic contribution to aHad

µ (vac. pol.).
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To reduce the uncertainty in the ρ resonance region, Davier and Höcker employed
Γ(τ → ντπ

−π0)/Γ(τ → ντ ν̄ee
−) data to supplement e+e− → π+π− cross-sections.

In the I = 1 channel they are related by isospin. Currently, tau decay data is
experimentally more precise.

An issue in the use of tau decay data is the magnitude of isospin violating correc-
tions due to QED and the md−mu mass difference. A short-distance QED correction
[19] of about −2% was applied to the hadronic tau decay data and the mπ± −mπ0

phase space difference is easy to account for. Other isospin violating differences are
estimated to be about ±0.5% and included in the hadronic uncertainty.

Although the error assigned to the use of tau decay data appears reasonable,
it has been questioned [20,21]. More recent preliminary e+e− → π+π− data from
Novosibirsk [20] seems to suggest a potential 1.5 sigma difference with corrected
hadronic tau decays which would seem to further reduce aHad

µ . It is not clear whether
the difference is due to additional isospin violating corrections to hadronic tau decays
or radiative corrections to e+e− → hadrons data which must be accounted for in
any precise comparison [22]. If that difference is confirmed by further scrutiny, it
could lead to a reduction in aHad

µ (vac. pol.). Resolution of this issue is extremely
important. However, we note that a reduction in aHad

µ would further increase the
aexp
µ − aSM

µ difference given in the abstract which is roughly 1 sigma at present.
Evaluation of the 3-loop hadronic vacuum polarization contribution to aµ has been

updated to [23,17]

∆aHad
µ (vac. pol.) = −100(6) × 10−11. (12)

Light-by-light hadronic diagrams have been evaluated using chiral perturbation the-
ory. An average [13,14,15] of two recent studies [24,25] gives

∆aHad
µ (light-by-light) = −85(25) × 10−11. (13)

Adding the contributions in Eqs. (11), (12), and (13) leads to the total hadronic
contribution

aHad
µ = 6739(67) × 10−11. (14)

The uncertainty in that result represents the main theoretical error in aSM
µ . It would

be very valuable to supplement the above evaluation of aHad
µ with lattice calculations

(for the light-by-light contribution) and improved e+e− data. A goal of ±40×10−11 or
smaller appears to be within reach and is well matched to the prospectus of experiment
E821 at Brookhaven which aims for a similar level of accuracy.
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2.3 Electroweak corrections

The one-loop electroweak radiative corrections to aµ are predicted in the Standard
Model to be [26,27,28,29,30,31,32]

aEW
µ (1 loop) =

5

3

Gµm2
µ

8
√

2π2

×
[
1 +

1

5
(1 − 4 sin2 θW )2 +O

(
m2
µ

M2

)]

≈ 195 × 10−11 (15)

where Gµ = 1.16637(1)×10−5 GeV−2, sin2 θW ≡ 1−M2
W /M

2
Z ' 0.223. and M = MW

or MHiggs. The original goal of E821 at Brookhaven was to measure that predicted
effect at about the 5 sigma level (assuming further reduction in the hadronic uncer-
tainty). Subsequently, it was pointed out [33] that two-loop electroweak contributions
are relatively large due to the presence of lnm2

Z/m
2
µ ' 13.5 terms. A full two-loop

calculation [34,35], including low-energy hadronic electroweak loops [36,35], found for
mH ' 150 GeV

aEW
µ (2 loop) = −43(4) × 10−11, (16)

where the quoted error is a conservative estimate of hadronic, Higgs, and higher-order
corrections. Combining eqs. (15) and (16) gives the electroweak contribution

aEW
µ = 152(4) × 10−11. (17)

Higher-order leading logs of the form (α lnm2
Z/m

2
µ)n, n = 2, 3, . . . can be computed

via renormalization group techniques [37]. Due to cancellations, they give a relatively
small +0.5 × 10−11 contribution to aEW

µ . It is safely included in the uncertainty of
eq. (17).

2.4 Comparison with Experiment

The complete Standard Model prediction for aµ is

aSM
µ = aQED

µ + aHad
µ + aEW

µ . (18)

Combining eqs. (8), (14) and (17), one finds

aSM
µ = 116 591 597(67) × 10−11. (19)

Comparing that prediction with the current experimental value in eq. (6) gives

aexp
µ − aSM

µ = 453 ± 465 × 10−11. (20)
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That still leaves considerable room for contributions from “New Physics” beyond the
Standard Model. At (one-sided [38]) 95% CL, one finds

− 310 × 10−11 ≤ aµ(New Physics) ≤ 1216 × 10−11. (21)

That constraint is already significant for theories which give additional negative con-
tributions to aµ. Soon, its range will be reduced by a factor of 3 when the new
E821 result is unveiled. Will a clear signal for “New Physics” emerge? As we show
in the next section, realistic examples of “New Physics” could quite easily lead to
aµ(New Physics) ∼ O (400 − 500 × 10−11) which would appear as about a 3 sigma
effect in the near term and increase to a 6 or 7 sigma effect as E821 is completed and
the hadronic uncertainties in aSM

µ are further reduced.

3 “New Physics” effects

In general, “New Physics” (i.e. beyond the Standard Model expectations) will
contribute to aµ via quantum loop effects. Indeed, whenever a new model or Standard
Model extension is proposed, aexp

µ −aSM
µ is employed to constrain or rule it out. Future

improvements in aexp
µ will make such tests even more powerful. Alternatively, they

may in fact uncover a significant deviation indicative of “New Physics”.
In this section we describe several generic examples of interesting “New Physics”

probed by aexp
µ −aSM

µ . Rather than attempting to be inclusive, we concentrate on two
general scenarios: 1) Supersymmetric loop effects which can be substantial and would
be heralded as the most likely explanation if a deviation in aexp

µ is observed and 2)
Models of radiative muon mass generation which predict aµ(New Physics) ∼ m2

µ/M
2

where M is the scale of “New Physics”. Other examples of potential “New Physics”
contributions to aµ are only briefly mentioned.

3.1 Supersymmetry

The supersymmetric contributions to aµ stem from smuon–neutralino and sneutrino-
chargino loops (see Fig. 1). They include 2 chargino and 4 neutralino states and could
in principle entail slepton mixing and phases.

Early studies of the supersymmetric contributions aSUSY
µ were carried out in the

context of the minimal SUSY standard model (MSSM) [39,40,41,42,43,44,45,46], in an
E6 string-inspired model [47,48], and in an extension of the MSSM with an additional
singlet [49,50]. An important observation was made in [51], namely that some of the
contributions are enhanced by the ratio of Higgs’ vacuum expectation values, tan β,
which in some models is large (of order mt/mb ≈ 40). The main contribution is
generally due to the chargino-sneutrino diagram (Fig. 1a), which is enhanced by a
Yukawa coupling in the muon-sneutrino-Higgsino vertex.
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Figure 1: Supersymmetric loops contributing to the muon anomalous magnetic moment.

The leading effect is approximately given in the large tanβ limit by

∣∣∣aSUSY
µ

∣∣∣ ' α(MZ)

8π sin2 θW

m2
µ

m̃2
tan β

(
1 − 4α

π
ln

m̃

mµ

)
, (22)

where m̃ represents a typical SUSY loop mass. (Chargino- and sneutrino-masses
are assumed degenerate in that expression [52].) Also, we have included a 7–8%
suppression factor due to 2-loop EW effects [34,37]. Numerically, one expects

∣∣∣aSUSY
µ

∣∣∣ ' 140 × 10−11
(

100 GeV

m̃

)2

tan β, (23)

where aSUSY
µ generally has the same sign as the µ-parameter in SUSY models.

Ref. [51] found that E821 will be a stringent test of a class of supergravity models.
In the minimal SU(5) SUGRA model, tan β is severely constrained by proton decay
lifetime and no significant aSUSY

µ is possible. However, extended models, notably
SU(5)×U(1) escape that bound and can induce large effects.

Supersymmetric effects in aµ were subsequently computed in a variety of mod-
els. Constraints on MSSM were examined in [52,53]. MSSM with large CP-violating
phases was studied in [54]. Ref. [55] examined models with a superlight gravitino.
Detailed studies of aSUSY

µ were carried out in models constrained by various assump-
tions on the SUSY-breaking mechanism: gauge-mediated [56,57], SUGRA [58,59,60],
and anomaly-mediated [61].

If we simply employ for illustration the large tan β approximate formula in eq. (23)
and the current constraint in eq. (20), then we find (for positive sgn(µ))

tanβ
(

100 GeV

m̃

)2

' 3.2 ± 3.3. (24)

For tan β ' 40, the non-trivial bound m̃ ≥ 215 GeV (95% one-sided CL) follows. It is
anticipated that the uncertainty in that constraint will soon be reduced to ±1 when
the E821 result is announced. One can imagine a variety of outcomes and inferences.
If the central value in (24) falls to near zero, then for tanβ ' 40, m̃ ≥ 500 GeV
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will result, a significant constraint. (Negative sgnµ models are already tightly con-
strained.) (Of course, in specific models with non-degenerate gauginos and sleptons, a
more detailed study is required, but here we only want to illustrate roughly the scale
of supersymmetry probed.) More interesting would be the case where the central
value in eq. (24) remains fixed and the error is reduced to ±1, thereby signaling at a
3 sigma level the presence of “New Physics”. A natural SUSY interpretation would
be that sgnµ is positive, tan β is large O (20− 40) and m̃ ' 250 − 350 GeV or that
tan β is moderate O (5− 10) and m̃ ' 125− 180 GeV. Either represents a very excit-
ing prospect with important implications for collider phenomenology as well as other
low energy experiments such as b → sγ, µ → eγ etc. Such scenarios are well within
the mainstream of SUSY models. Hence, we anticipate a clear deviation in aexp

µ from
Standard Model expectations to be heralded as strong evidence for supersymmetry.

3.2 Radiative Muon Mass Models

The relatively light masses of the muon and most other known fundametal fermions
suggest that they may be radiatively loop induced by “New Physics” beyond the Stan-
dard Model. Although no compelling model exists, the concept is very attractive as
a natural scenario for explaining the flavor mass hierarchy.

The basic idea is to start off with a naturally zero bare mass due to an underlying
chiral symmetry. The symmetry is broken by quantum loop effects. They lead to
a finite calculable mass which depends on the mass scales, coupling strengths and
dynamics of the underlying symmetry breaking mechanism. One generically expects
for the muon

mµ ∝
g2

16π2
MF , (25)

where g is some new interaction coupling strength and MF ∼ 100 − 1000 GeV is a
heavy scale associated with chiral symmetry breaking.

Whatever source of chiral symmetry breaking is responsible for generating the
muon’s mass will also give rise to non-Standard Model contributions in aµ. Indeed,
fermion masses and anomalous magnetic moments are intimately connected chiral
symmetry breaking operators. Remarkably, in such radiative scenarios, the additional
contribution to aµ is quite generally given by [62,63]

aµ(New Physics) ' C
m2
µ

M2
, C ' O (1) , (26)

where M is some physical high mass scale associated with the “New Physics” and C
is a model-dependent number roughly of order 1 (it can be larger). M need not be the
same scale as MF in eq. (25). In fact, M is usually a somewhat larger gauge or scalar
boson mass responsible for mediating the chiral symmetry breaking interaction. The
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result in eq. (26) is remarkably simple in that it is largely independent of coupling
strengths, dynamics, etc. Furthermore, rather than exhibiting the usual g2/16π2 loop
suppression factor, aµ(New Physics) is related to m2

µ/M
2 by a (model dependent)

constant, C, roughly of O (1).
To demonstrate how the relationship in eq. (26) arises, we consider a simple toy

model example [63] for muon mass generation which is graphically depicted in Fig. 2.

mµ '
µ µF

S

+

µ µF

P

Figure 2: Example of a pair of one-loop diagrams, which can induce a finite radiative muon

mass.

If the muon is massless in lowest order (i.e. no bare m0
µ is possible due to a

symmetry), but couples to a heavy fermion F via scalar, S, and pseudoscalar, P ,
bosons with couplings g and gγ5 respectively, then the diagrams give rise to

mµ '
g2

16π2
MF ln

(
m2
S

m2
P

)
. (27)

Note that short-distance ultraviolet divergences have canceled and the induced mass
vanishes in the chirally symmetric limit mS = mP .

If we attach a photon to the heavy internal fermion, F (assumed to have charge
−1), then a new contribution to aµ is also induced. For mS, mP � MF , one finds
[63]

aµ(New Physics) ' g2

8π2

mµMF

m2
P

(
m2
P

m2
S

ln
m2
S

M2
F

− ln
m2
P

M2
F

)
. (28)

It also vanishes in themS = mP chiral symmetry limit. Interestingly, aµ(New Physics)
exhibits a linear rather than quadratic dependence on mµ at this point. Recall, that
in section 1 we said that such a feature was misleading or artificial. Our subsequent
discussion should clarify that point.

Although eqs. (27) and (28) both depend on unknown parameters such as g and
MF , those quantities largely cancel when we combine both expressions. One finds

aµ(New Physics) ' C
m2
µ

m2
P

,

C = 2

[
1−

(
1− m2

P

m2
S

)
ln
m2
S

M2
F

/ ln
m2
S

m2
P

]
, (29)
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where C is very roughly O (1). It can actually span a broad range, depending
on the mS/mP ratio. A loop produced aµ(New Physics) effect that started out at
O (g2/16π2) has been promoted to O (1) by absorbing the couplings and MF factor
into mµ. Along the way, the linear dependence on mµ has been replaced by a more
natural quadratic dependence.

A similar relationship, aµ(New Physics) ' Cm2
µ/M

2, has been found in more
realistic multi-Higgs models [64], dynamical symmetry breaking scenarios such as
extended technicolor [62,63], SUSY with soft masses [65], etc. It is also a natural ex-
pectation in composite models [66,67,68] or some models with large extra dimensions
[69,70], although studies of such cases have not necessarily made that same connec-
tion. Basically, the requirement that mµ remain relatively small in the presence of new
chiral symmetry breaking interactions forces aµ(New Physics) to effectively exhibit a
quadratic m2

µ dependence.
For models of the above variety, where |aµ(New Physics)| ' m2

µ/M
2, the current

constraint in eq. (21) suggests (very roughly)

M >∼ O (1 TeV) , (30)

and that level of sensitivity will expand to about 4 TeV as experiment E821 improves.
Of course, a non-null finding of aµ(New Physics) ' 400 × 10−11 could be interpreted
as pointing to a source of muon mass generation characterized by a mass scale of
M ∼ 1− 2 TeV. Such a scale of “New Physics” could be quite natural in multi-Higgs
models and soft SUSY mass scenarios. It would be somewhat low for dynamical
symmetry breaking, compositeness and extra dimension models.

3.3 Other “New Physics” Examples

Many other examples of “New Physics” contributions to aµ have been considered
in the literature. General analysis in terms of effective interactions was presented in
[71]. Specific examples include effects due to anomalous W boson magnetic dipole
and electric quadrupole moments [72,73,74,75], muon compositeness [68], extra gauge
[76] or Higgs [77] bosons, leptoquarks [78,79], bileptons [80], 2-loop pseudoscalar
effects [81], compact extra dimensions [82,83] etc. If a non-Standard Model effect is
uncovered, all will certainly be revisited.

4 Outlook

After many years of experimental and theoretical toil, studies of the muon anoma-
lous magnetic moment are entering a new exciting phase. Experiment E821 at
Brookhaven will soon confront theory at the ±155 × 10−11 level. Such sensitivity
could start to unveil “New Physics” at the several sigma level without too much con-
cern about theoretical hadronic uncertainties. Future analysis and runs would then

10



confirm and refine the discovery. Theorists would have a field day. Alternatively, the
experiment could confirm Standard Model expectations and tighten the bounds on
“New Physics”, a more traditional role for aµ.

Stay tuned, the show is about to begin.
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1 Introduction

The three–generation Standard Model can accommodate CP violation through the presence of

a non-zero imaginary phase in the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrix.
However, existing measurements of CP violation in the neutral kaon system cannot prove that the

CKM phase is indeed the origin of CP violation in nature.
The primary goal of the BABAR experiment at PEP-II is to elucidate this question by a series

of observations and measurements of CP–violating effects in the B meson system. These measure-
ments allow the extraction of the angles α, β and γ of the Unitarity Triangle, whose non–zero
area [1] is a direct measure of CP violation.

BABAR can also access the sides of the Unitarity Triangle through measurements of |Vub|, |Vcb|
in semileptonic B decays and |Vtd| in B0B0 mixing. This allows to overconstrain the Unitarity

Triangle and perform stringent tests of the Standard Model.
Thus, high statistics, a clean environment and broad access to the rich phenomenology of the

B sector will allow BABAR to improve our knowledge of the overall B decay picture and probe
New Physics at higher energy scales. A broad heavy flavor physics programme is also ongoing in

BABAR.

2 PEP-II

The PEP-II B Factory [2] is an e+e− colliding beam storage ring complex at SLAC designed to

produce a luminosity of 3x1033 cm−2s−1 at a center–of–mass energy of 10.58 GeV (Υ (4S) resonance).
During the 2000 run PEP-II has exceeded this luminosity, while BABAR, with a logging efficiency

of >95%, has routinely accumulated data above its design daily rate of 135 pb−1.
The machine has asymmetric energy beams, with a High Energy Ring (HER, 9.0 GeV electrons)

and a Low Energy Ring (LER, 3.1 GeV positrons). These correspond to a center–of–mass boost of
βγ=0.56 and lead to an average separation of βγcτ=250µm between the two B mesons vertices,
allowing the measurement of time–dependent CP–violating decay rate asymmetries.

At the Υ (4S) resonance B mesons can only be produced as B+B− or coherent B0B0 pairs. The
time evolution of a coherent B0B0 pair is coupled in such a way that the CP or flavor of one B at

decay time t1 can be described as a function of the other B (Btag) flavor at its decay time t2 and
the signed time difference ∆t = t1 − t2.

3 BABAR

3.1 Detector description [2]

The volume within the 1.5T BABAR superconducting solenoid contains a five layer silicon strip

vertex detector (SVT), a central drift chamber (DCH), a quartz-bar Cherenkov radiation detector
(DIRC) and a CsI(Tl) crystal electromagnetic calorimeter (EMC). Two layers of cylindrical resistive

plate counters (RPCs) are located between the barrel calorimeter and the magnet cryostat. The
instrumented flux return (IFR) outside the cryostat is composed of 18 layers of radially increasing

thickness steel, instrumented with 19 layers of planar RPCs in the barrel and 18 in the endcaps
which provide muon and neutral hadron identification.
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3.2 Particle reconstruction and identification [2]

Charged particle tracking using the SVT and DCH achieves a resolution of (δpT /pT )2 = (0.0015 pT)2+
(0.005)2, where pT is the transverse momentum in GeV/c. The SVT with a typical resolution of
10µm per hit provides excellent vertex resolution both in the transverse plane and in z. The typical

fully reconstructed single B decay vertex resolution in z is 50µm. Photons are reconstructed in
the EMC, yielding mass resolutions of 6.9 MeV/c2 for π0 → γγ and 10 MeV/c2 for K0

S → π0 π0.

Leptons and hadrons are identified using a combination of measurements from all the BABAR

components, including the energy loss dE/dx in the helium-based gas of the DCH (40 samples

maximum) and in the silicon of the SVT (5 samples maximum). Electron identification is mainly
based on the characteristics of their shower in the EMC, while muons are identified in the IFR and

confirmed by their minimum ionising signal in the EMC. Excellent kaon identification in the barrel
region is provided by the DIRC, which achieves a separation of >3.4σ in the range 0.25–3.5 GeV/c.

4 B reconstruction

A variety of inclusive, semiexclusive and exclusive reconstruction methods are applied on the BABAR

data, covering semileptonic and pure hadronic decay modes. The corresponding B samples have

different sizes and purity levels and are used for different types of studies (Branching Fraction mea-
surements, studies of the dynamics of certain decay chains). We will focus here on the cases where

some information (final state(s), charge, CP or flavor content, decay vertex) can be reconstructed
for both B mesons in the event.

4.1 Exclusive B sample

B0 and B± mesons are reconstructed in the following hadronic modes of definite flavor: B0 →
D(∗)−π+, D(∗)−ρ+, D(∗)−a+

1 , J/ψ K∗0, B− → D0 π− and B− → D∗0 π− †. All final state particles

are reconstructed. The selections have been optimised for signal significance, using on–peak, off–
peak and simulated data. Charged particle identification, mass(or mass difference) and vertex
constraints are used wherever applicable. The signal for each decay mode is identified in the two-

dimensional distribution of the kinematical variables ∆E and mES: ∆E = E∗rec−E∗b is the difference

between the B candidate energy and the beam energy and mES =
√
E∗2b − p∗2rec is the mass of a

particle with a reconstructed momentum p∗rec =
∑
i p
∗
i assumed to have the beam energy, as is

the case for a true B meson. In events with several B candidates only the one with the smallest
∆E is considered. The ∆E and mES variables have minimal correlation. The resolution in mES is
≈3 MeV/c2 and is dominated by the beam energy spread. The resolution in ∆E is mode dependent

and varies in the range of 12–40 MeV. For each mode a rectangular signal region is defined by the
three standard deviation bands in mES (5.27 < mES < 5.29 GeV/c2) and ∆E (mode dependent

interval). For each mode the sample composition is determined by fitting the mES distribution
for candidates within the signal region in ∆E to the sum of a single Gaussian representing the

signal and a background function introduced by the ARGUS collaboration [3]. The purity of each
subsample is computed as the ratio of the area of the Gaussian in the ±3σ range over the total area

in this range. Figure 1 shows the mES distributions for the summed hadronic B0 and B± modes
with the fits superimposed.

†Throught this paper, conjugate modes are implied.
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Figure 1: mES distribution for all the hadronic modes for (a) B0 and (b) B±. The complete fit and
its ARGUS [3] background content are also shown. The number of signal events in all B0 and B±

modes are 2577± 59 and 2636± 56, with purity of ≈86% and ≈89% respectively.

4.2 Flavor tagging

After removal of the daughter tracks of the reconstructed Brec in an event, the remaining tracks

are used to determine the flavor of the other B meson (Btag), and this ensemble is assigned a tag
flavor, either B0 or B0.

For each of the tagging methods used we define an effective tagging efficiency Qi = εi ×
(1− 2wi)

2, where εi is the fraction of events tagged by this method i and wi is the mistag fraction,

i.e. the probability of incorrectly assigning the opposite tag to an event using this method. A
dilution factor is defined as D = 1− 2w and is extracted from the data for each method.

The Lepton category uses the presence and charge of a primary lepton from the decaying b

quark. Both electrons and muons are used, with a minimum center-of-mass momentum requirement
of 1.1 GeV/c. If both an electron and a muon candidate satisfy this requirement, only the electron

is taken into account. Mistag arises from (a) pions seen as leptons and (b) softer opposite-sign
leptons coming from charm semileptonic decays.

The Kaon category is based on the total charge of all identified Kaons. Events with conflicting
Lepton and Kaon tags are excluded from both categories.

For events not tagged with the previous methods, a variety of available particle identification
and kinematic variables are fed in a Neural Network whose design and training aims at exploiting

the information present in this set of correlated quantities. It is sensitive to the presence of primary
and cascade leptons, charged kaons and soft pions from D∗ decays. In addition, the charge of high-
momentum particles is exploited in a “jet-charge” type approach. This functionality has been

assigned to different sub–nets, to facilitate understanding of the network performance. The output
from the full neural network tagger xNT is mapped onto the interval [−1, 1]. The assigned flavor
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tag is B0 if xNT is negative, and B0 otherwise. Events with |xNT | > 0.5 are assigned to the NT1

tagging category and events with 0.2 < |xNT | < 0.5 to the NT2 tagging category. Events with

|xNT | < 0.2 have very little tagging power and are rejected.

4.3 ∆t calculation and resolution

Since no stable charged particle emerges from the Υ (4S) decay point, the production point of the

B mesons and thus their individual decay times cannot be determined. However the decay time
difference ∆t between the two is sufficient for the description of a coherent B meson pair (decay

length difference technique).
The event topology is sketched in Fig. 2. In the boost approximation used in BABAR the decay

time difference is calculated as : ∆t = ∆z/c < βγ >, where the small flight path of the B mesons

perpendicular to the z exis is ignored.
Actually, the small effects arising from the tilt of the PEP-II beams with respect to the BABAR z

axis (20 mr), fluctuations in the beam energies, the B meson transverse momentum in the Υ (4S) rest
frame, have been studied and are taken into account either in the calculations or in the systematic

errors as appropriate.

∆z

Y(4S)

Bopp

Brec

Beam spot

y

z

Figure 2: Event topology showing the two B production and decay points. The figure is not drawn

to scale; it has been expanded in the y direction.

The resolution σz for the fully reconstructed B is found in the simulation to be 45–65µm,

depending on the mode. The resolution σz for the tag side is ≈125µm, with a small bias of 25µm
due to forward–going charm decays that cannot be resolved. The resulting resolution in ∆t has
been parametrised as the sum of three gaussians. The core has a σ of 0.6 ps and contains 75% of

the events. The tail has a σ of 1.8 ps. Outliers are described by a gaussian with fixed σ of 8 ps, that
contains ≈1% of the total events. This resolution model is used for the lifetime, mixing and sin2β

fits. Two scale factors (multiplicative to the width of the core and tail gaussians) are included
in the fits to the real data for the first two cases, to account for eventual imperfections in the

modeling of D decays and multiple scattering in the simulation. Extensive studies on the different
event samples and with variations of the fits (free and fixed parameters) have been performed in

order to optimise and validate the method and to obtain reliable estimates of the systematic errors.
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5 B lifetime measurements

The observed ∆t distribution for a set of B pair events in the presence of the resolution function

R is :
F(∆t) = Γ exp(−Γ|∆t|)⊗R( ∆t ; â ) (1)

where â is the set of parameters describing the resolution function.
The B meson lifetimes are extracted with unbinned maximum likelihood fits that take individual

event ∆t errors into account. Our preliminary results are :

τB0 = 1.506± 0.052 (stat)± 0.029 (syst) ps

τB+ = 1.602± 0.049 (stat)± 0.035 (syst) ps

τB+/τB0 = 1.065± 0.044 (stat)± 0.021 (syst)

The only background source is combinatorial and it is estimated from the side-bands of the beam
energy substituted mass variable. The main systematic error comes from the resolution modeling
and parameters. The two proper time fits are shown in Figure 3.
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Figure 3: ∆t distributions for the B0 (right) and B± (left) candidates. The result of the lifetime
fit is superimposed. The hatched areas represent the background content of the event samples.

6 B0 mixing measurements

Mixing allows the two neutral B mesons in the B0B0 coherent state to decay with the same flavor
(mixed events) or the opposite flavor (unmixed events). In a perfect detector one would then observe

a time dependent oscillation in the rates of unmixed(+) and mixed(-) events :

f±(∆t; Γ, ∆md) =
1

4
Γ e−Γ|∆t| [ 1 ± cos ∆md ∆t ] (2)

where ∆md is the difference between the mass eigenstates B0
H and B0

L. Due to imperfect tagging
and vertex determination the observed rates become :

F±(∆t; Γ, ∆md, D, â ) =
1

4
Γ e−Γ|∆t| [ 1 ± D × cos ∆md ∆t ]⊗R( ∆t ; â ) (3)
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where D is the dilution factor (section 4.2) and R is the ∆t resolution (section 4.3)
An unbinned maximum likelihood fit that takes into account individual event ∆t errors and

tagging category is performed on events from the exclusively reconstructed B0 sample (section 4.1),
after tagging (section 4.2) has been performed. The value of ∆md is fitted simultaneously with

the individual dilution factors for each tagging category. This information is later used in the sin2β
extraction. Our preliminary result for ∆md is :

∆md = 0.516± 0.031(stat.)± 0.018(syst.)h̄ps−1

A sample of events where a semileptonic (D∗`ν) instead of a hadronic B0 decay has been recon-

structed (7517 events) are analysed using the same method and fit. The preliminary result for ∆md

from this sample is :

∆md = 0.508± 0.020(stat.)± 0.022(syst.)h̄ps−1

Combining the ∆md results from the hadronic and semileptonic B samples we obtain the prelimi-
nary result :

∆md = 0.512± 0.017(stat.)± 0.022(syst.)h̄ps−1

The main sources of systematic errors are the ∆t resolution function, Monte Carlo statistics and
the B± background in the semileptonic sample.

In an independent analysis a more abundant but less pure sample of dilepton events has been

used. In this inclusive approach the mistag arising from cascade leptons and the B± fraction are
extracted from the same fit as ∆md. Our preliminary result for ∆md is :

∆md = 0.507± 0.015(stat.)± 0.022(syst.)h̄ps−1

The results from the hadronic and dilepton samples are shown in Figure 4. The tagging performance
parameters for each tagging method (category) are extracted from the fully reconstructed sample

fits (hadronic and semileptonic) and are shown in Table 1.

Tagging Category ε (%) w (%) Q (%)

Lepton 11.2± 0.5 9.6± 1.7± 1.3 7.3± 0.7

Kaon 36.7± 0.9 19.7± 1.3± 1.1 13.5± 1.2
NT1 11.7± 0.5 16.7± 2.2± 2.0 5.2± 0.7
NT2 16.6± 0.6 33.1± 2.1± 2.1 1.9± 0.5

all 76.7± 0.5 27.9± 1.6

Table 1: Tagging preformance parameters measured from the mixing maximum-likelihood fit for

the fully-reconstructed B0 sample. The uncertainties on ε and Q are statistical only.

7 The sin2β measurement

If one of the neutral B mesons( Btag) of the coherent B0B0 pair decays to a definite flavor eigenstate
at time ttag and the other B decays to a CP–even eigenstate like J/ψK0

S or ψ(2S)K0
S at time tCP ,
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Figure 4: The observed time dependent asymmetries between unmixed and mixed events for the

fully reconstructed (left) and dilepton (right) B0 samples described in the text. The curves show
the fit results.

then in a perfect detector the following decay rates would be observed :

f±( ∆t ; Γ, ∆md, sin 2β) =
1

4
Γ e−Γ|∆t| [ 1 ± sin 2β × sin ∆md ∆t ] (4)

where ∆t = tCP − ttag and the (+) or (−) sign indicates whether the Btag is tagged as a B0 or a

B0 respectively. In the presense of the dilution factor D and ∆t resolution R the observed rates
become :

F±( ∆t ; Γ, ∆md, D sin 2β, â ) =
1

4
Γ e−Γ|∆t| [ 1 ± D sin 2β × sin ∆md ∆t ]⊗R( ∆t ; â ) (5)

The time dependent decay rate asymmetryACP (∆t) is a CP–violating observable which (neglecting

resolution effects) is approximately proportional to sin2β:

ACP (∆t) =
F+(∆t) − F−(∆t)

F+(∆t) + F−(∆t)
∼ D sin 2β × sin ∆md ∆t (6)

7.1 Analysis procedure

The extraction of sin2β from the data follows the following steps :

• Selection of the signal B0/B0 → J/ψK0
S and B0/B0 → ψ(2S)K0

S events, detailed in the

following section. Backgrounds and in particular any admixture with the “wrong” CP content
have to be kept at a minimum level.

• Measurement of ∆t. The resolution is studied using simulated events and its parameters are
actually extracted from real data, as described in section 4.3.

• Determination of the flavor of the Btag, as described in section 4.2. The dilution factors Di
for each tagging category are measured on real data, as described in section 6.
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• Extraction of the amplitude of the CP asymmetry and the value of sin2β with an unbinned
maximum likelihood fit, desribed in the following.

A blind analysis has been adopted for the extraction of sin2β. A technique that hides the result of
the fit by arbitrarily flipping its sign and adding an arbitrary offset, without affecting the error on
the fitted parameters or their correlations, was used. Moreover, the visual CP asymmetry in the

∆t distribution is hidden by multiplying ∆t by the sign of the tag and adding an arbitrary offset.
Such an approach allows to optimise and finalise the event selection and fitting strategy as well

as perform a variety of validation and stability checks without the posibility of any experimenter’s
bias.

7.2 Event samples

The CP sample contains B0 candidates reconstructed in the CP eigenstates J/ψK0
S or ψ(2S)K0

S.
The charmonium mesons are reconstructed through their decays to e+e− and µ+µ−, while the

ψ(2S) is also reconstructed through its decay to J/ψπ+π−. The K0
S is reconstructed through its

decays to π+π− and π0π0.

Utilisation of the exclusively reconstructed B samples (section 4.1) for the characterisation of
the tagging and vertexing performance and quality has already been described. In addition 570

B+ → J/ψK+ candidates and 237 B0 → J/ψ (K∗0 → K+π−) candidates have been reconstructed
and used extensively in validation analyses.

7.3 Selection of events in the CP sample

Events are required to have at least four reconstructed charged tracks, a vertex within 0.5 cm of
the average position of the interaction point in the transverse plane, total visible energy greater

than 5 GeV, and second-order normalized Fox-Wolfram moment[4] (R2 = H2/H0) less than 0.5.
For the J/ψ or ψ(2S)→ e+e− (µ+µ−) candidates, at least one of the decay products is required

to be positively identified as an electron (muon) in the EMC (IFR). Electrons outside the acceptance
of the EMC are accepted if their DCH dE/dx information is consistent with the electron hypothesis.
Looser particle identification criteria are applied on the second electron (muon) candidates. In the

muon case, a minimum ionising signature in the EMC is required.
J/ψ candidates are selected with an invariant mass greater than 2.95(3.06) GeV/c2 for e+e−

(µ+µ−) and smaller than 3.14 GeV/c2 in both cases. The ψ(2S) candidates in leptonic modes must
have a mass within 50 MeV/c2 of the ψ(2S) mass. The lower bound is relaxed to 250 MeV/c2 for the

e+e− mode. For the ψ(2S)→ J/ψπ+π− mode, mass-constrained J/ψ candidates are combined with
pairs of oppositely charged tracks considered as pions, and ψ(2S) candidates with mass between

3.0 GeV/c2 and 4.1 GeV/c2 are retained. The mass difference between the ψ(2S) candidate and the
J/ψ candidate is required to be within 15 MeV/c2 of the known mass difference.

K0
S candidates reconstructed in the π+π− mode are required to have an invariant mass, com-

puted at the vertex of the two tracks, between 486 MeV/c2 and 510 MeV/c2 for the J/ψK0
S selection,

and between 491 MeV/c2 and 505 MeV/c2 for the ψ(2S)K0
S selection.

For the J/ψK0
S mode we also consider the decay of the K0

S into π0π0. For pairs of π0 candi-
dates with total energy above 800 MeV we determine the most probable K0

S decay point along the

path defined by the K0
S momentum vector and the primary vertex of the event. The decay-point

probability is the product of the χ2 probabilities for each photon pair constrained to the π0 mass.

We require the distance from the decay point to the primary vertex to be between −10 cm and
+40 cm and the K0

S mass measured at this point to be between 470 and 536 MeV/c2.
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BCP candidates are formed by combining mass-constrained J/ψ or ψ(2S) candidates with mass-
constrained K0

S candidates. Cuts on the colinearity of flight vertex and momentum of the K0
S (for

π+π− decays), the cosine of the helicity angle of the J/ψ or ψ(2S) in the B candidate rest frame
(e+e− and µ+µ− modes) or the cosine of the angle between the BCP candidate three-momentum

vector and the thrust vector of the rest of the event (ψ(2S) → J/ψπ+π− mode) are applied to
achieve the required signal purity.

BCP candidates are identified in the mES–∆E plane (see section 4.1). Signal event yields and
purities, determined from a fit to the mES distributions after selection on ∆E, are presented
in Table 2. The CP candidate events are 168 with a purity of 95.6%. In 120 of these events

there is information on the flavor of the other B. These events are used in the final fit for sin2β.
Distributions of ∆E and mES are shown in Figures 5 and 6.

Final state All events Purity Tagged events

J/ψK0
S (K0

S → π+π−) 124 96% 85
J/ψK0

S (K0
S → π0π0) 18 91% 12

ψ(2S)K0
S 27 93% 23

Table 2: Event yields for the CP samples used in this analysis. The total number of events in the

mES–∆E signal box and their purity, as well as the size of the subsamples where the other B is
tagged, are shown.

7.4 Extracting sin2β

The ∆t of the 120 selected and tagged events is fitted to the expected time evolution (equation 5)
with an unbinned maximum likelihood fit. Individual event errors on ∆t are taken into account. The

resolution determined on the fully reconstructed sample and the mistag factor w i corresponding to
the tagging category for each event are used in the fit. The ∆md are fixed to the nominal PDG [5]
values of τB0 = 1.548 ps and ∆md = 0.472 h̄ps−1 respectively. The resulting errors on sin2β due

to these uncertainties are 0.002 and 0.015.

7.5 Fit validation, systematics studies and null CP tests

Knowledge of the mistag fractions, description of the ∆t resolution and backgrounds are (in that

order) the main sources of systematic errors. All these have been extracted from real data. Real
data, fully simulated Monte Carlo, and “Toy” Monte Carlo samples have been used to validate the

method and implementation of the fit, to rule out possible biases from the method itself, and to
assess the size of systematic errors.

The full CP analysis and fit were performed on data samples that have no CP asymmetry. No
significant apparent CP effect was measured, as shown in Table 3. The 1.9 σ asymmetry in the

J/ψK∗0 channel is interpreted as a statistical fluctuation.
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Figure 5: J/ψK0
S signal. Left: K0

S → π+π−, Right: K0
S → π0π0
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Figure 6: ψ(2S)K0
S (K0

S → π+π−) signal.

Sample Apparent CP -asymmetry

Hadronic charged B decays 0.03± 0.07

Hadronic neutral B decays −0.01± 0.08

J/ψK+ 0.13± 0.14

J/ψK∗0 (K∗0→ K+π−) 0.49± 0.26

Table 3: Results of fitting for apparent CP asymmetries in various charged or neutral flavor-
eigenstate B samples.
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7.6 Results

The maximum-likelihood fit for sin2β on the full tagged sample of B0/B0 → J/ψK0
S and B0/B0 →

ψ(2S)K0
S events yields the preliminary result :

sin2β = 0.12± 0.37 (stat)± 0.09 (syst) (7)

The results of the fit for each type of CP sample and for each tagging category are given in Table 4.

The contributions to the systematic uncertainty are summarized in Table 5. The ∆t distributions
for B0 and B0 tags are shown in Fig. 7 and the raw asymmetry as a function of ∆t is shown in

Fig. 8. The probability of obtaining a value of the statistical error larger than the one we observe
is estimated at 5%. Based on a large number of full Monte Carlo simulated experiments with the

same number of events as our data sample, we estimate that the probability of finding a lower value
of the likelihood than our observed value is 20%.

sample sin2β

CP sample 0.12±0.37

J/ψK0
S (K0

S → π+π−) events −0.10± 0.42

other CP events 0.87± 0.81

Lepton 1.6± 1.0
Kaon 0.14± 0.47

NT1 −0.59± 0.87
NT2 −0.96± 1.30

Table 4: sin2β fit results from the entire CP sample and various subsamples.

Source of uncertainty Uncertainty on sin2β

uncertainty on τ0
B 0.002

uncertainty on ∆md 0.015

uncertainty on ∆z resolution for CP sample 0.019
uncertainty on time-resolution bias for CP sample 0.047

uncertainty on measurement of mistag fractions 0.053
different mistag fractions for CP and non-CP samples 0.050
different mistag fractions for B0 and B0 0.005

background in CP sample 0.015

total systematic error 0.091

Table 5: Summary of systematic uncertainties on sin2β

12



(a)

en
tr

ie
s/

0.
4 

ps

∆t (ps)

(b)

BABAR

0

2.5

5

7.5

10

-5 0 5

0

2.5

5

7.5

10

-5 0 5

Figure 7: Distribution of ∆t for (a) the B0 tagged events and (b) the B0 tagged events in the
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Figure 8: The raw B0-B0 asymmetry (NB0 −NB0)/(NB0 +NB0) with binomial errors as function

of ∆t. The solid curve represents our central value of sin2β. The two dotted curves correspond
to one statistical standard deviation from the central value. The curves are not centered at (0, 0)

in part because the probability density functions are normalized separately for B0 and B0 events,
and our CP sample contains an unequal number of B0 and B0 tagged events (70 B0 versus 50 B0).

The χ2 between the binned asymmetry and the result of the maximum-likelihood fit is 9.2 for 7
degrees of freedom.
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8 Conclusions and prospects

The first BABAR measurement of the CP -violating asymmetry parameter sin2β has been presented :

sin2β = 0.12± 0.37 (stat)± 0.09 (syst) (preliminary) (8)

BABAR aims at collecting more than 20 fb−1 of data by the end of Run 1 in fall 2000. A measurement

of sin2β with a precision better than 0.2 is expected early in 2001.
Very competitive preliminary results have also been presented for the B meson lifetimes, as well

as the first measurements of B0B0 mixing at the Υ (4S). These measurements will also benefit in
the near future from the expected significant increase in statistics.
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1 Introduction

The Belle Experiment [1] at the KEK-B asymmetric e+ e− collider has completed
its first year of operation in July 2000 accumulating data equivalent to an integrated
luminosity of 6.2 fb−1 on the Υ(4S). This corresponds to about 6.3 ×106BB’s. Apart
from the early running period, the KEK-B machine operated quite well delivering a
record luminosity of 94 pb−1 per day and 504 pb−1 per week respectively and has
great prospects for further improvement towards its design goal of 100 fb−1 / Year.
We report on some of the new measurements that have been carried out using this
dataset with the emphasis on the measurement of the Standard Model CP violation
parameter sin(2φ1). The results being reported are all preliminary.

2 General Features of Data Analysis

B candidates are identified using Mb =
√
E2
beam − |

∑
P cms
i |2, the beam constrained

mass and ∆E = Ebeam−EB, where Ebeam = Ecms/2. While Mb expresses the momen-
tum conservation in the decay, ∆E expresses the energy conservation of the particles
in the decay and is sensitive to the missing particles and K/π misidentification.

In all the decay modes we consider here, the dominant source of background arises
from e+e− → qq(q = u, d, c, s) transitions. We exploit the difference between jetty
hadronization of continuum events and spherical decay of B’s at Υ(4S) center of
mass frame. Continuum background is reduced using R2 = H2/H0, where Hl =
∑
i,j
|~pi||~pj|
E2
cms

Pl(cos θi,j), the Fox-Wolfram moment [2], that measures the shape of an

event as a whole and Pl(cos θi,j) are Legendre Polynomials. In some decay modes, the
continuum background is reduced using modified Fox Wolfram moments [3] where
the tracks and showers coming from B and the rest of the tracks and showers in the
event are separated. These modified Fox-Wolfram moments are combined in a Fisher
Discriminant to form the Super Fox Wolfram (SFW). The SFW has approximately 2σ
separation between qq and BB events and provides a 22 % increase in the expected
significance for some modes as compared to R2. Another popular technique to remove
the continuum component in the data is to cut on cos(θthrust) variable, where θthrust
is the angle between the thrust axis of the signal B and the thrust axis of the rest of
the event. In some analyses, the continuum variables are combined with kinematic
variables in a likelihood fit to determine the signal yield.

3 Branching Ratio Measurement

We will highlight selected branching ratio measurements that were either first ob-
servation or important new measurements. The preliminary results reported in this
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section are based on the first 5.3 million BB events recorded on the Υ(4S) resonance
at KEK-B.

3.1 B → φK

This is the first observation of B decays involving a pure penguin transition, b→ sss.
Two charged tracks identified as kaons are combined to form a φ meson candidate
with an additional requirement that both tracks are from one vertex. The candidate
φ is then combined with a charged K or Ks to form a B candidate. Continuum
background is suppressed with cuts on cos(θthrust), the φ meson helicity angle which
is the angle between the direction of K+ and the momentum vector of φ(1020) and
the B flight direction. The final yield is obtained by fitting the Mb distribution
(Fig. 1). The binned likelihood fit yields 9.2+3.6

−2.9 (B → φK) events with a statistical
significance of 5.4σ and B(B+ → φ(1020)K±) = 1.72+0.67

−0.54(stat.) ±0.18(sys.) ×10−5.
We also observed two events of the type B → φKs in the 3σ signal box. These are
consistent with the fluctuation in the qq background. A more detailed description of
the analysis can be found in reference [4]. As statistics improve, this decay mode
will be used to determine the CKM angle φ1.
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Figure 1: B → φK signal yield. [left:] Beam constrained mass distribution [right:]
∆E distribution

3.2 B → Kπ,KK, ππ

The study of charmless hadronic B meson decays offers a variety of test of Standard
Model physics and beyond. Our immediate motivation was to measure the branch-
ing fraction of those decay modes which are either not measured or are limited by
statistics. We have summarized the current Belle branching fraction measurements
of charmless B → hh decays in Table 1. Thanks to the excellent performance of the
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Decay Modes Signal Yield B(×10−5) U.L(×10−5)
B0 → K+π− 25.6+7.5

−6.8 1.74+0.51
−0.46 ± 0.34

B0 → K+π0 32.3+9.4
−8.4 1.88+0.55

−0.49 ± 0.23
B0 → K0π+ 5.7+3.4

−2.7 1.66+0.98+0.22
−0.78−0.24 <3.4

B0 → K0π0 10.8+4.8
−4.0 2.10+0.93+0.25

−0.78−0.23

B0 → K+K− 0.8+3.1
−0.8 < 0.6

B0 → K+K0 0.0+0.5
−0.0 < 0.51

B0 → π+π− 9.3+5.3
−5.1 0.63+0.39

−0.35 ± 0.16 < 1.65
B0 → π+π0 5.4+5.7

−4.4 0.33+0.35
−0.27 ± 0.07 < 1.01

Table 1: Belle preliminary results for charmless B → PP decays. The first error is
statistical, the second error is systematic. Upper limits are given at the 90 % C.L.

high momentum particle identification system, we have seen very clear signals in some
of the decay modes. A detailed account of the analysis can be found in references
[5] and [6]. The measurements are all consistent with similar observations in other
experiments [7].

3.3 Radiative B Meson Decays

Flavor-changing neutral decays involving b → s or b → d transition have received
much attention in recent years. The inclusive decay B → Xsγ where Xs is a strange
hadronic state, is of particular interest to the experimentalist since the theoretical
description of the decay mode is rather clean and can be related to the partonic
weak decay b → sγ. A short term motivation in this direction was to measure the
branching fraction with a better particle identification device and a high resolution
electro-magnetic calorimeter. Table 2 summarizes the signal yield and corresponding
branching fraction measurement of radiative B meson decays at Belle. The results
are comparable to the recent CLEO results [8]. Our current 90 % C.L. upper limit on
the ratio is B(B → ργ)/B(B → K∗γ) <0.28. This is an important result because it
constrains |Vtd/Vts| within the Standard Model. A detailed description of the analysis
method can be found in reference [9].

3.4 B → D(∗)K

We report the observation of the Cabibbo-suppressed decay modes B
0 → D∗+K− and

B− → D∗0K− (Fig. 2). In addition, we also report a new measurement of B(B
+ →

D
0
K+). Thanks to the excellent particle identification at Belle, one can clearly

separate the signal from the background originating from the Cabibbo-favored decay
modes with more than 3σ significance. We measured the ratio R of the branching
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Decay Modes Signal Yield B(×10−5) U.L(×10−5)
b→ sγ 92 ± 14 33.4 ± 5.0+0.34+2.6

−0.37−2.8

B0 → K∗0γ 33.7± 6.9 4.94 ± 0.93+0.55
−0.52

B+ → K∗+γ 8.7± 4.2 2.87 ± 1.20+0.55
−0.40

B0 → ρ0γ < 0.56
B+ → ρ+γ < 2.27

Table 2: Belle preliminary results for radiative B meson decays. The first error is
statistical, the second error is systematic. Upper limits are given at the 90 % C.L.

Decay Modes Ratio
B(B− → D0K−)/B(B− → D0π−) 0.081 ± 0.014 ± 0.011
B(B− → D∗0K−)/B(B− → D∗0π−) 0.134+0.045

−0.038 ± 0.015
B(B− → D∗+K−)/B(B− → D∗+π−) 0.062+0.030

−0.024 ± 0.013

Table 3: Belle preliminary results for Cabibbo-suppressed B meson decays. The first
error is statistical, the second error is systematic.

fraction for the Cabibbo suppressed decay B → D(∗)K− normalized relative to the
Cabibbo allowed decay B → D(∗)π−. The observed ratios are summarized in Table 3.
The detailed description of the analysis method can be found in the reference [10]
As statistics improve, the analysis will shift towards the extraction of the CKM angle
φ3.

3.5 B → J/ψK1

Inclusive B → J/ψX decays are not saturated by the sum of observed exclusive
modes. This motivates the search for new exclusive modes that we are reporting
here. K1 candidates were reconstructed from K+π+π−,K+π−π0 and K0π+π−. We
have verified the signal is due to B → J/ψK1(1270) (Fig. 3) and determine the
branching fractions as summarized in Table 4.

4 Measurement of sin(2φ1)

Experimentally, CP asymmetry is observed in the distribution of the proper time
difference of two B decays produced in pairs in the decays of the Υ(4S), one to
CP eigenstate and another to any final state where the flavor is identified. For a B
decaying to a CP eigenstate, the time dependent asymmetry a(t) can be non-zero,
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Figure 2: ∆E distribution of (left) B0 → D∗−K+ (right) B− → D∗0K−. The signal
yield is obtained from the fit to the distribution with a double Gaussian signal function
and a MC determined background shape.

Decay Modes Branching Ratio (×103)
B(B0→ J/ψK0

1 (1270)) 1.5+0.5
−0.4 ± 0.4

B(B+ → J/ψK+
1 (1270)) 1.7+0.5

−0.4 ± 0.4

Table 4: Belle preliminary results for B → J/ψK1(1270). The first error is statistical,
the second error is systematic.

indicating CP violation :

a(t) =
N(B0(t) → f) −N(B0(t) → f)

N(B0(t) → f) +N(B0(t) → f)
=

(1 − |λf |2) cos(∆mdt)− 2Imλf sin(∆mdt)

(1 + |λf |2)
(1)

where λf = q
p
A(B0→f)
A(B0→f)

, ∆md is the Bd mixing frequency, Γ its width and Imλf =

sin(2φ1) that arises from the interference between the decays with and without mixing.
When B0 → f = B0 → f and assuming only one diagram dominates the decay

process, |λf |2=1. Then the time dependent asymmetry would be

a(t) ∼ ηCP sin(2φ1) sin(∆mdt) (2)

where ηCP = -1 for ψKs type modes and ηCP = 1 for J/ψKL and ψπ0 modes. One
of the important and immediate goal for the Belle experiment is to measure sin(2φ1)
to see if the CKM model is correct.
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Figure 3: Signal yield for the decay B → J/ψK1(1270)
(left) Mb distribution (right) ∆E distribution.

Modes CP S / N Tagged
J/ψ(l+l−)Ks(π

+π−) -1 70 / 3.4 40
J/ψ(l+l−)Ks(π

0π0) -1 4 / 0.3 4
ψ′(l+l−)Ks(π

+π−) -1 5 / 0.2 2
ψ′(J/ψπ+π−)Ks(π

+π−) -1 8 / 0.6 3
χc1(J/ψγ)Ks(π

+π−) -1 5 / 0.75 3
J/ψ(l+l−)π0 +1 10 / 1 4
Total 102 / 6.25 56
J/ψ(l+l−)KL +1 102 / 48 42

Table 5: Summary of Signal Yield of CP eigenstate B meson decays.

4.1 Event Reconstruction : B Decaying to CP Eigenstate

Table 5 summarizes the decay modes that are reconstructed for the CP analysis.
J/ψ and ψ(2S) candidate events were reconstructed from dileptons (µ+µ−, e+e−),
correcting for the final state radiation in the electron channel. For ψ(2S) candidates
we also used the J/ψπ+π− mode. χc1 candidates were reconstructed using only
the J/ψγ decay mode. Ks candidates were reconstructed in the π+π− and π0π0

modes. We reconstructed 102 CP eigenstate candidate with 6 estimated background
(Fig. 4(left)).

We also reconstructed 102 CP even B → J/ψKL candidate events (Fig. 4(right))
with 48 estimated background. Among the backgrounds which contain CP asymme-
try, major contributions come from physics events such as B decays to χc1KL, J/ψKs,
J/ψK∗ and J/ψ non-resonant KLπ

0.
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Figure 4: BCP signal yield. [left:] Beam constrained mass distribution of all the decays
modes except the KL channel. [right:] Momentum distribution of B candidate events
in CMS where B → J/ψKL

4.2 Measurement of B Life Time : A Benchmark Test

Extraction of CP asymmetry requires the knowledge of proper time distribution of
tagged and fully reconstructedBCP event. For CP eigenstate modes, the proper time,
∆t = ∆z/cβγ at βγ = 0.425, was calculated by measuring the difference between the
decay vertices of BCP decay vertex and tagging side Btag vertex. The vertex point
of BCP was established by the two tracks associated with the J/ψ decay. The vertex
position in the tagging side was determined from the tracks not assigned to BCP by
an algorithm that removes tracks from the secondary vertices or tracks which makes
a large increase in the χ2 of the vertex fit.

The proper time resolution function Rsig(∆t) was parameterized from MC simula-
tion studies and a multi-parameter fit to B → D∗lν data (Fig. 5). A double Gaussian
parameterization results from various detector characteristics, error in the event by
event vertex fit, error in the ∆t approximation, the scale factor and charm lifetime.

We measured the B life time in various decay modes to test the proper time
resolution function that we derived from MC studies. The B lifetime was extracted
from an event by event likelihood fit with a P.D.F given by

P (∆t) = fsig

∫ ∞

−∞
d(∆t′)

e−|∆t
′|/τsig

2τsig
Rsig(∆t−∆t′)

+(1− fsig)
∫ ∞

−∞
d(∆t′)[fλbg

λbg
2
e−|∆t

′ |λbg + (1− fλbg)δ(∆t′)]Rbg(∆t−∆t′)(3)

Minimization of the likelihood gives τB which is one of the free parameters determined
from the fit. It should be noted that Rbg(∆t) was parameterized in the same way
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Figure 5: (left):Average shape of the event by event resolution function. (right):
Lifetime fit results for B0 → D∗+l−ν.

Belle Particle Data group
τ
B0 1.50 ± 0.05± 0.07 ps 1.548 ± 0.032 ps
τB− 1.70 ± 0.06+0.11

−0.10 ps 1.653 ± 0.028 ps
τB−/τB0 1.14 ± 0.06+0.06

−0.05 1.062 ± 0.029

Table 6: Summary of the measured B lifetime at Belle.

as of Rsig(∆t) using background events from the sideband region of the ∆E and Mb

scatter plot.
The superimposed solid line on the data points in the right plot of Fig. 5 is the

result of the refit for B0 → D∗+l−ν. The measured τB agrees with the world average
value proving that the parameterization of the resolution function is correct. Table 6
summarizes the measured combined results for the B lifetime from various charged
and neutral B decays.

4.3 Flavor Tagging and Wrong Tag Fraction

To measure the CP asymmetry, we need to determine the flavor of theBCP candidates
from the remaining tracks of the event. We use the following algorithm in sequence
to tag a certain B in an event. (0) Require tight PID probability for lepton and
kaon selection, (1) Obtain the sign of the high momentum lepton (p∗l > 1.1 GeV)
→ positive lepton tags B0, (2) Obtain sum of K charges → positive sum tags B0,
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Method εtag w (%) εeff
High p∗ Lepton 14.2±2.1 7.1±4.5 10.5±2.7
Kaons 27.9±4.2 19.9±7.0 10.1±4.9
Mid p∗ Lepton 2.9± 29.2±15.0 0.5
Soft pion 7.0±3.5 34.1±15.0 0.7
Total 52.0 21.2

Table 7: Tagging efficiency and wrong tagging fraction at Belle

(3) Look for medium momentum leptons (0.6 < p∗l < 1.1 GeV) and large missing
momenta→ positive charged lepton tags B0, (4) Sign of slow pions from D∗+ decays
→ charge of slow pion and hence flavor of D∗ tags the flavor of B.

The algorithm was tested on a sample of self tagging exclusively reconstructed
B → D(∗)lν decays. We extract the wrong tag fraction (w) and ∆md from a maximum
likelihood fit to the ∆t distribution (eqn. 4) of OF (opposite flavor) and SF (same
flavor) events with a function that includes the effect of ∆t resolution and background.

Amix(∆t) =
N(∆t)OF −N(∆t)SF

N(∆t)OF +N(∆t)SF
= (1− 2w) cos(∆mdt) (4)

The measured value ∆md = 0.488 ± 0.026 (stat.) ps−1 verifies the consistency
of the tagging algorithm. In an independent approach, ∆md was determined from
the time evolution of dilepton yields in Υ(4S) decays. The proper-time difference
distribution for same-sign and opposite-sign dilepton events were simultaneously fitted
to an expression containing ∆md as a free parameter. Using both electrons and
muons, we obtain ∆md = 0.463 ± 0.008 (stat.)±0.016 (sys) ps−1 [11]. This is the
first determination of ∆md from time evolution measurements at the Υ(4S). Previous
measurements at the Υ(4S) only used time integrated distributions.

Table 7 summarizes the estimated tagging efficiency in each of the above steps.
The effective tagging efficiency εeff = εtag(1 − 2w)2 is found to be 21.2 %. We also
determined the tagging efficiency from the same test sample. Depending on the tag
type, we used the numbers in the table for the fit to extract sin(2φ1).

4.4 CP Fit : Extraction of sin(2φ1)

Using the tagging method described above, from a sample of 102 CP odd and J/ψπ0

events and 102 J/ψKL events, a total of 98 events were tagged. The likelihood for
each tagged event is calculated as

P (∆t) = fsig

∫ ∞

−∞
Sig(∆t′, ηCP )Rsig(∆t−∆t′)d(∆t′)

9



+(1− fsig)
∫ ∞

−∞
Bkg(∆t′)Rsig(∆t−∆t′)d(∆t′) (5)

where the P.D.F expected for the signal distribution with CP eigenvalue ηCP is:
Sig(∆t, ηCP ) = 1

τB0
exp(−|∆t|/τB0){1∓ ηCP (1 − 2w) sin(2φ1) sin(∆md∆t)}

and that of background distribution is: Bkg(∆t′) = 1
2τbkg

exp(−|∆t/τbkg) and w de-

pends on the method of flavor tagging for each event.
The values of ∆md and τB0 are fixed to the ones in the P.D.G. We use an unbinned

maximum likelihood fit to extract the possible CP asymmetry. Before doing a CP fit,
we wanted to make sure that the whole fitting procedure is bias free. We performed
the same analysis procedure including tagging to several non-CP eigenstate decay
modes, such as B0 → J/ψK∗0, B− → J/ψK−,D0π− and found sin(2φ1) is consistent
with zero within fitting errors. Our result from the likelihood fit to the fully tagged
sample is : sin(2φ1) = +0.45+0.43

−0.44(stat.)+0.07
−0.09(syst.) (Fig. 6).Clearly the measurement

is statistics limited. It should be noted that the uncertainty in determining the wrong
tag fraction is the largest contribution in the systematics.
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Figure 6: CP fit results for a combined CP even and CP odd events.

5 Conclusion and Prospect

Belle had a very successful and exciting first year run and is marching along a
well defined road to measuring sin(2φ1) with a very good precision. First pre-
liminary results were reported. We need a lot more data to constrain the CKM
triangle with small errors. We observed the first evidence of Cabibbo suppressed
B → D∗K− process, and made first measurements of B(B → J/ψK1(1270)) and
B(B+ → φK+). New results on many rare decays which will be used to search
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for direct CP violation have also been reported. The physics scope at Belle is
not limited to B physics only. We have reported five different τ and two-photon
physics related results at the ICHEP2000 conference. Please check out for more:
http://www.bsunsrv1.kek.jp/conferences/ichep2000.html.
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1 CLEO experiment and CLEO III upgrade

CLEO detector has been running at the Cornell Electron Storage Ring(CESR)
for 20 years, studies the B physics at the Υ(4S) energy region. The CLEO II and
II.V configurations are described in detail elsewhere [1,2]. It has one of the largest
data sample collected at the Υ(4S) region. The integrated luminosity is 13.5 fb−1,
among them 9.1 fb−1 taken at the Υ(4S) resonance, which corresponds to about 9.7
×106 BB pairs, and 4.4 fb−1 at the energies just below the BB threshold in order
to study backgrounds from light quark production(refered to as continuum events).
The results reviewed in this paper are based on this full data sample.

Recently the CESR and CLEO detector have been upgraded. The goal is to get
to a luminosity of 1.6− 2.2× 1033cm−2s−1, so as to collect 20-30 fb−1 data per year.
The new CLEO III detector consists of a new four layer double sided silicon drift
detector, a new 47 layer drift chamber, and a completely new barrel Ring Imaging
CHernkov (RICH) detector. The upgraded detector was completed in April of 2000
and started taking physics data in July of 2000.

CLEO analysis covers wide topics in B meson decay. In this talk, we will focus
on the CLEO measurements of the CKM matrix elements and CP violation.

2 The CKM matrix and Unitary Triangle

In the Standard Model, the Cabibbo-Kobayashi-Maskawa matrix(CKM) [3] de-
scribes the mixing between the 3 quark generations. The determination of all of
these parameters is required to fully define the Standard Model and may also re-
veal an underlying structure that will point to new physics. In the framework of the
Standard Model the CKM matrix must be unitary, which gives rise to the following
realtionships between the matrix elements:

VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0, (1)

VubV
∗
us + VcbV

∗
cs + VtbV

∗
ts = 0, (2)

VusV
∗
ud + VcsV

∗
cd + VtsV

∗
td = 0, (3)

Chau, Keung [4] and Bjorken have noted that the first equation can be visualized
as a triangle in the complex plane with vertices at (0,0), (0,1) and (ρ, η). Measure-
ments of the magnitudes of the CKM elements determine the lengths of the sides
of the triangle, while measurements of the CP asymmetries deterimine the interior
angles of the triangle. Fig. 1 shows the CKM triangle and the corresponding decay
channels by which we can measure the CKM elements. The red decay modes will be
discussed in this talk.
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3 |Vcb| from B
0 → D∗+`−ν

The decay B
0 → D∗+`−ν supplies us with a good channel to measure the CKM

element |Vcb|, which is vital to our understanding of the unitary triangle as it sets

the scale of the entire triangle. The partial width of B
0 → D∗+`−ν is proportional to

|Vcb|2:
dΓ

dw
=

G2
F

48π3
|Vcb|2 [F(w)]2 G(w), , (4)

where: w = vB · vD∗ is the relativistic γ of D∗ in the B rest frame; G(w) contains
kinematic factors and is known by theory; F(w) is the form factor describing B → D∗

transition.
At zero recoil of D∗ (i.e. w = 1), dΓ

dw
∝ (F(1)|Vcb|)2, F(1) can be calculated by

theory like HQET(Heavy Quark Effective Theory). This point is where our analysis
technique comes from.

3.1 The Analysis Technique

The technique is to measure dΓ/dw and extrapolate to w = 1 to extract F(1)|Vcb|.
For D∗`ν, w runs from 1 to 1.5. We divide it into ten bins. The signal event

is full reconstructed as : B
0 → D∗+`−ν, D∗+ → D0π+ and D0 → K−π+. The

B
0 → D∗+`−ν yield in each w bin is extracted from a likelihood fit to the cos θB−D∗`

distribution (the angle between the D∗` combination and B). The reason why we fit

to this angular distribution is that it can well distinguish between B
0 → D∗+`−ν and

B
0 → D∗+X`−ν background events, which include events like B

0 → D∗∗+`−ν and

B
0 → D∗+π`−ν. Because these background events don’t have zero missing mass as

the signal decay, so their cos θB−D∗` distribution will be much broader than the signal

B
0 → D∗+`−ν decay. Fig. 2 is a representative fit plot obtained in the first w bin.
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Figure 1: The unitary triangle
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We then do a χ2 fit on the overall w distribution taking into account backgrounds,
reconstruction efficiency and the w resolution. We use the dispersion relations [5,6]
to constrain the shapes of the form factor F(w) and fit for F(1)|Vcb| and a “slope”,
ρ2 (atw = 1), see fig. 3.

This analysis is systematic limited, the major source of uncertainty for the analysis
is the efficiency for reconstructing the slow π from D∗ decay( with systematic error
of 3.1%), which is due to the uncertainties in the amount of material in the inner
detector(2.3%) and the drift chamber hit efficiency(0.8%).

3.2 Preliminary results

We find

F(1)|Vcb| = (42.4 ± 1.8 ± 1.9)× 10−3,

1.000<w<1.051
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3



B(B
0 → D∗+`−ν) = (5.66 ± 0.29 ± 0.33)%,

Using F(1) = 0.913 ± 0.042 [7], we calculate

|Vcb| = (46.4± 2.0 ± 2.1 ± 2.1)× 10−3,

This result is consistent with our previous measurements, but somewhat higher. The
analysis benefits from small backgrounds and good resolution in w. A measurement
using D∗0`ν will come soon. Combining these two channels will give the best single
measurement of |Vcb| using the exclusive technique.

4 Charmless Hadronic Two-Body B Decays

The rare B decays can occur through two main types of diagrams: b → u spec-
tator diagrams (suppressed by Vub) and b → s penguin diagrams (suppressed by
loops). Usually for one decay mode, there is more than one contributing diagrams,
the interference between them gives rise to the CP violation in the B sector [8,9,10].

4.1 Analysis Technique

In CLEO experiment, candidates for B meson decays are distinguished from con-
tinuum background using the difference, ∆E, between the total energy of the two
tracks and the beam energy, and the beam-constrained mass, mB. The background
for rare B decays arises entirely from the continuum where the two-jet structure of
the events can produce high momentum, back-to-back tracks. We suppress the con-
tinuum background via event shape because the signal events are spherical while the
continuum backgrounds are jetty. Further discrimination between isotropic signal
and rather jetty continuum events is provided by a Fisher discriminant technique as
described in detail in Ref. [11], which is a linear combination of experimental observ-
ables.

We then perform an unbinned maximum-likelihood fit. In this fit the signal and
background distributions are defined by probability density functions derived from
Monte Carlo studies. The fit determines the relative contributions of the final track
combinations to the signal and background. At high momentum, it’s hard to seperate
charged K from charged π,so we simultaneously fit for both components, e.g. B →
K±π∓/π±π∓. Fig. 4 shows the fitting plots for the decay modes B → K±π∓/π±π∓.
From the contour plot(fig. 4(a)), we can see the best fit value(cross) is 4 or 5 σ away
from the point Nππ = NKπ = 0. The histograms in fig. 4 are projections of the fitting
result onto the variables of energy difference, ∆E, and beam constrained mass, M.

Following I will briefly review the CLEO results for the different decay modes of
the charmless hadronic B decays.

4



4.2 Two body B decays to Kaons and Pions: B → Kπ, ππ

Ratios of variousB → Kπ branching fractions were shown [12] to depend explicitly
on γ ≡ Arg(V ∗ub) with relatively modest model dependence. Within a factorization
model,braching fractions of a large number of rare B decays can be parametrized
by a small number of independent physical quantities, including γ, which can then
be extracted through a global fit [13] to existing data. Finally, measurement of the
time-dependent CP-violation asymmetry in the decay B0 → π+π− can be used to
determine the sum of γ and the phase β ≡ Arg(V ∗td).
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Figure 4: Illustration of Fit Results for B → K±π∓,π±π∓. Contours of the likelihood
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line) and Kπ cross-feed (dot-dashed line) shown.
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Table 1: Measurements on B → Kπ, ππ modes (All upper limits at 90% C.L.).

Mode ε(%) Yield Signif. B(10−6)

K±π∓ 48 80.2+11.8
−11.0 11.7σ 17.2+2.5

−2.4±1.2

K0π± 14 25.2+6.4
−5.6 7.6σ 18.2+4.6

−4.0±1.6

K±π0 38 42.1+10.9
−9.9 6.1σ 11.6+3.0

−2.7
+1.4
−1.3

K0π0 11 16.1+5.9
−5.0 4.9σ 14.6+5.9

−5.1
+2.4
−3.3

π±π∓ 48 20.0+7.6
−6.5 4.2σ 4.3+1.6

−1.4±0.5

π±π0 39 21.3+9.7
−8.5 3.2σ < 12.7

π0π0 29 6.2+4.8
−3.7 2.0σ < 5.7

K±K∓ 48 0.7+3.4
−0.7 0.0σ < 1.9

K±K0 14 1.4+2.4
−1.3 1.1σ < 5.1

K0K0 5 0 0.0σ < 17

Table 2: Measurements on η′ and η modes.

Mode Signif. B (10−6)

B+ → η′K+ 16.8σ 80+10
−9 ±7

B0 → η′K0 11.7σ 89+18
−16±9

B+ → ηK∗+ 4.8σ 26.4+9.6
−8.2±3.3

B0 → ηK∗0 5.1σ 13.8+5.5
−4.6±1.6

Table 1 summarizes the CLEO results on the B → Kπ, ππ modes. We finally
observed all four Kπ modes. For some decay modes, the significance of the signal
is not enough to claim an observation of the decay modes, so we just come up with
upper limits. B → π0π0 is a new result, while the other results are also improved
to the previous ones [14]. These results can be used to set new bound on the angle
γ of the unitary triangle [15]. They also indicate that the gluonic penguin diagram
contribution to the rare B decays is large.

4.3 Modes with η′ and η

An earlier search [16] found a large rate for the decay B → η ′K, and set upper
limits on other decays to two-body final states containing η ′ or η mesons. In table 2,
we summarize the latest CLEO measurements on these decay modes, we only observe
signals on these four modes shown in table 2, for other modes, there is just upper
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Table 3: B → PV Modes

Mode Yield Signif. B (10−6)

B− → π−ρ0 29.8+9.3
−9.6 5.4σ 10.4+3.3

−3.4±2.1

B− → π−ω 28.5+8.2
−7.3 6.2σ 11.3+3.3

−2.9 ± 1.4

B0 → π±ρ∓ 31.0+0.4
8.3 5.6σ 27.6+8.4

−7.4 ± 4.2

limits [17]. These results confirmed the previous observations that the η ′K signal is
larger than ηK. To explain this phenomenon, a substantial intrinsic charm component
of the η′ has been proposed [18,19], but the new CLEO results on B → ηcK [20]:

BR(B0 → ηcK
0) = (1.09+0.55

−0.42 ± 0.12 ± 0.31)× 10−3,

BR(B+ → ηcK
+) = (0.69+0.26

−0.21 ± 0.08± 0.20) × 10−3

shows no enhancement compared to the B → J/ψK decay.

4.4 B meson decays to Pseudoscalar-Vector final states

CLEO recently made the first observation of the decays B− → π−ρ0, B− →
π−ω and B0 → π±ρ∓(charge-conjugate modes are implied) [21], as summerized in
table 3. All of these ∆S=0 decay modes are expected to be dominated by hadronic
b → u transitions. We see no significant yields in any of the ∆S=1 transitions.
This is in contrast to the corresponding charmless hadronic B decays to two pseudo-
scalar mesons(B → PP ) B → Kπ,ππ,where ∆S=1 transitions clearly dominate. It
indicates that gluonic penguin decays play less of a role in B → PV decays than
in B → PP decays. This is consistent with theoretical predictions [22] that uses
factorization which predicts destructive(constructive) interference between penguin
operators of opposite chirality for B → Kρ(B → Kπ), leading to a rather small(large)
penguin contribution in these decays.

4.5 Observation of B → φK - Preliminary

The decay b→ sγ produced by the gluonic penguin can be uniquely tagged when
the gluon splits into an ss pair as no other b decay can produce this final state. The
mode B → φK is one such tag of the gluonic penguin and its rate is sensitive to sin 2β
in the CKM matrix. CLEO recently measured BR(B− → φK−) = (6.4+2.5+0.5

−2.1−2.0)×10−6

and BR(B0 → φK0) = (5.9+4.0+1.1
−2.9−0.9) × 10−6. Assuming that the branching ratio for

these two processes should be equal, we obtain

BR(B → φK) = (6.2+2.0+0.7
−1.8−1.7)× 10−6
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The first set of errors is statistical, whereas the second set is systematic, dominated
by systematics of the unbinned maximum likelihood fit. While statistical significance
of the signal in the B− → φK− mode is 4.4 σ, the statistical significance of the
B0 → φK0 signal is only 2.8σ. Thus, without any theoretical bias, we cannot claim
the signal in the B0 → φK0 mode with high confidence and therefore we calculate
the upper limit of < 1.2× 10−5 at 90% C.L. The signal significance in the combined
charged and neutral kaon data is well above 5 standard deviations.

4.6 CP Asymmetry Measurements

Direct CP asymmetry can result from interference of two amplitudes with different
strong and weak phases. The asymmetry,ACP is defined by the difference between
the rates for B → f and B → f as

ACP ≡
B(B → f)− B(B → f )

B(B → f) + B(B → f)
, (5)

Precise predictions for ACP are not feasible at present as both the absolute value and
the strong interaction phases of the contributing amplitudes are not calculable. How-
ever,numerical estimates can be made under well-defined model assumptions and the
dependence on both model parameters and CKM parameters can be probed.Recent
calculations of CP asymmetries under the assumption of factorization have been pub-
lished by Ali et al. [23].

In table 4, we present results [24] of searches for CP violation in decays of B
mesons to the three Kπ modes,K±π∓, K±π0,K0π±, the mode K±η′, and the vector-
pseudoscalar mode ωπ±. These decay modes are selected because they have well
measured branching ratios and significant signal yields in our data sample [17,14,21].
In the data analysis, these decays are self-tagging, the flavor of the parent b or b
quark is tagged simply by the sign of the high momentum charged hadron. The
asymmetry,ACP , is obtained from the maximum likelihood fit as a free parameter.

We see no evidence for CP violation in the five modes and set 90% CL intervals
that reduce the possible range of ACP by as much as a factor of four. While the
sensitivity is not yet sufficient to probe the rather small ACP values predicted by
factorization models, extremely large ACP values that might arise if large strong
phase differences were available from final state interactions are firmly ruled out. For
the cases of Kπ and η′K, we can exclude |ACP | greater than 0.30 and 0.23 at 90%
CL respectively.

5 Conclusions

Besides the results discussed above, CLEO has also many other physics results
for B decay at Υ(4S). However, the unambiguous observation of the gluonic penguin
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Table 4: CP asymmetry measurements from CLEO

Mode Yield ACP
K±π∓ 80.2+11.8

−11.0 −0.04± 0.16

K±π0 42.1+10.9
−9.9 −0.29± 0.23

K0π± 25.2+6.4
−5.6 +0.18 ± 0.24

K±η′ 100+13
−12 +0.03 ± 0.12

ωπ± 28.5+8.2
−7.3 −0.34± 0.25

and the best single measure of |Vcb| are undoubtedly the highlights in the last year.
As the CLEO III starts data taking and the asymmetric B factories gets their first
results, we can all look forward to much more exciting physics from the Υ(4S) in the
future.
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1 Introduction

In the Standard Model of the electroweak interactions [1,2,3], a 3 × 3 unitary
matrix describes the mixing of the quark mass eigenstates into the weak interaction
ones. This matrix is known as the Cabibbo-Kobayashi-Maskawa (CKM) matrix [4,5],
and can be written in terms of just four real parameters [6]:

VCKM =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb


 '




1− λ2

2
λ Aλ3(ρ− iη)

−λ 1 − λ2

2
Aλ2

Aλ3(1− ρ− iη) −Aλ2 1


 . (1)

A, ρ and η are of order unity and λ is the sine of the Cabibbo angle. The parameter
η is the complex phase of the matrix, directly related to the violation of the CP
symmetry in the weak interactions. The measurement of the parameters of the CKM
matrix is of fundamental importance for both the description of the weak interaction
of quarks and to shed light on the mechanism of CP violation.

The parameters A and λ are known with an accuracy of a few percent and this
work concentrates on the indirect determination of ρ and η. This is also described
as the study of the vertex or the angles of a triangle in the ρ − η plane, whose
other two vertices are located in (0,0) and (1,0). This triangle, called the unitarity
triangle, is depicted in Figure 1. This study follows the same procedure as a previous
publication [7] with an update of the input parameters, as described in the following.

A large number of physical processes are parametrised in terms of the values of
the elements of the CKM matrix. Among them, four present the largest sensitivity to
ρ and η, given the knowledge of the involved theoretical and experimental quantities.
These processes are discussed in the following and then used in a fit to derive ρ and
η. Conclusions are then drawn from the results of this fit.

(ρ,η)

β
(0,0) (1,0) ρ

η

α
γ

Figure 1: The unitarity triangle.

2 Constraints

2.1 λ and A

The value of the sine of the Cabibbo angle is measured as [8]:

λ = 0.2196 ± 0.0023.
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The study of inclusive semileptonic B decays by the CLEO [9] and the LEP [10]
experiments yields information on the value of |Vcb|. Further constraints are derived
from the study of the B0 → D∗+`ν decay, both at the Υ(4S) [11] and at the Z
pole [10]. From these measurements, a value |Vcb| = (40.9± 1.9)× 10−3 is extracted,
which yields:

A =
|Vcb|
λ2

= 0.83± 0.04.

2.2 CP Violation for Neutral Kaons

The mass eigenstates of the neutral kaons can be written as |KS〉 = p|K0〉+ q|K0〉
and |KL〉 = p|K0〉 − q|K0〉. The relation p 6= q implies the violation of the CP
symmetry that, in the Wu-Yang phase convention [12], is described by the parameter
εK defined as:

p

q
=

1 + εK
1− εK

.

The precise measurements of the KS → π+π− and KL → π+π− decay rates imply [8]:

|εK| = (2.280 ± 0.019) × 10−3.

The relation of |εK| to the CKM matrix parameters is [13,14]:

|εK| =
G2
F f

2
KmKm

2
W

6
√

2π2∆mK

BK

(
A2λ6η

)
(2)

× [yc (ηctf3(yc, yt)− ηcc) + ηttytf2(yt)A
2λ4 (1 − ρ) ].

The functions f3 and f2 of the variables yt = m2
t/m

2
W and yc = m2

c/m
2
W are given in

Reference [15]. The measured value of the top quark mass, 174.3 ± 5.1 GeV [8], is
scaled as proposed in Reference [16], giving:

mt(mt) = 167.3 ± 5.2 GeV,

while the mass of the charm quark is chosen as [8]:

mc(mc) = 1.25 ± 0.10 GeV.

The calculated QCD corrections in Equation (2) are described by the consistent set
of parameters [16,17,18,19]:

ηcc = 1.38 ± 0.53, ηtt = 0.574 ± 0.004, ηct = 0.47 ± 0.04.

Non-perturbative QCD contributions to this process are affected by a large uncer-
tainty and are summarised by the “bag” parameter BK, chosen as [20]:

BK = 0.87 ± 0.14.
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The other physical constants appearing in Equation (2) are reported in Table 1. The
measurement of |εK| constrains the vertex of the unitarity triangle onto an hyperbola
in the the ρ− η plane.

Recent measurements of direct CP violation in the neutral kaon sector from the
KTEV [21] and NA48 [22] experiments confirm the previous NA31 result [23]. These
measurements could result in a lower bound to η. Nonetheless they are not used
to constrain the CKM matrix owing to the large uncertainties that affect the corre-
sponding theoretical calculations [24,25].

2.3 Oscillations of B0
d Mesons

The behaviour of neutral mesons containing a b quark depends on the the mass
difference between the heavy and light mass eigenstates, BH and BL. These are

different from the CP eigenstates B0
d and B

0

d. The mass difference, ∆md = mBH
−mBL

,
is measured [26] at LEP, the Υ(4S) and the TEVATRON by means of the study of
the oscillations of one CP eigenstate into the other. A recent average is:

∆md = 0.487 ± 0.014 ps−1.

Recent results from the Babar [27] and Belle [28] collaborations are not yet included
in this average with which they are statistically comparable. The value of ∆md is
related to the CKM parameters as:

∆md =
G2
F

6π2
m2
WmB

(
fBd

√
BBd

)2
ηBytf2(yt)A

2λ6
[
(1 − ρ)2 + η2

]
. (3)

The calculated QCD correction ηB amounts to [16,17,18,19]:

ηB = 0.55 ± 0.01,

while non-perturbative QCD contributions are summarised by [29]:

fBd

√
BBd = 0.206 ± 0.029 GeV.

The vertex of the unitarity triangle is constrained by ∆md onto a circle in the
ρ− η plane, with centre in (1, 0).

2.4 Oscillations of B0
s Mesons

The B0
s mesons are predicted to mix like the B0

d mesons, but their larger mass
difference, ∆ms, results into faster oscillations. These have eluded direct observation
and the current 95% Confidence Level (CL) lower limit on ∆ms from the LEP, SLD
and CDF collaborations is [26]:

∆ms > 14.9 ps−1 (95% CL).
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The experiments, once combined, are sensitive to values of ∆ms up to 17.9 ps−1 and
a 2.5σ indication for the observation of B0

s oscillations is observed around ∆ms =
17.7 ps−1.

The expression for ∆ms as a function of the CKM parameters is similar to that
for ∆md, and taking their ratio, it follows:

∆ms = ∆md
1

λ2

mBs

mBd

ξ2 1

(1 − ρ)2 + η2
. (4)

All the theoretical parameters and their uncertainties are included in the quantity ξ,
known as [29]:

ξ =
fBd

√
BBd

fBs
√
BBs

= 1.16 ± 0.07.

The lower limit on ∆ms constrains the vertex of the unitarity triangle in a circle
in the ρ− η plane with centre in (1, 0).

2.5 Charmless Semileptonic b Decays

The constraints described so far suffer from the uncertainties in non-perturbative
QCD quantities entering their expressions. The determination of either |Vub| or the
ratio |Vub|/|Vcb| constitutes a constraint free from these uncertainties as:

|Vub|/|Vcb| = λ
√
ρ2 + η2. (5)

The CLEO collaboration has measured this ratio by means of the endpoint of in-
clusive [30] charmless semileptonic B decays as: |Vub|/|Vcb| = 0.08 ± 0.02. The
ALEPH [31], DELPHI [32] and L3 [33] collaborations have measured at LEP the
inclusive charmless semileptonic branching fraction of beauty hadrons; these are av-
eraged [10] as:

|Vub| = (4.13 +0.63
−0.75)× 10−3.

Using the quoted value of |Vcb|, a combination with the CLEO measurement yields:

|Vub|/|Vcb| = 0.089 ± 0.010.

This constraint is represented by a circle in the ρ − η plane with centre in (0,0),
shown in Figure 2, that also presents all the other constraints described so far.

3 The fit

The ρ and η parameters are determined from a fit to the constraints described
above. The experimental and theoretical quantities appearing in the formulae (2), (3),
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ρ

η ∆ms
∆md
|Vub|/|Vcb|
|εK|

0

0.5

1

-1 -0.5 0 0.5 1

Figure 2: Constraints in the ρ− η plane. B0
s oscillations are reported as a 95% CL limit,

while the other constraints represent a ±1σ variation of the experimental and theoretical
parameters entering in the formulae in the text. Central values are indicated by the dashed
lines. A darker area shows the overlap among the constraints.

Table 1: Physical constants and parameters of the fit. The values not discussed in the text

follow from Reference [8].

λ = 0.2196(23) A = 0.83(4)
GF = 1.16639(1) × 10−5 GeV−2 ηct = 0.47(4)
fK = 0.1598(15) GeV ηcc = 1.38(53)

∆mK = 0.5304(14) × 10−2 ps−1 mc(mc) = 1.25(10) GeV
mK = 0.497672(31) GeV mt(mt) = 167.3(5.2) GeV

mW = 80.419(38) GeV fBd
√
BBd = 0.206(29) GeV

mBd = 5.2792(18) GeV BK = 0.87(14)
mBs = 5.3692(20) GeV ξ = 1.16(7)
mB = 5.290(2) GeV |εK| = 2.280(19) × 10−3

ηB = 0.55(1) ∆md = 0.487(14) ps−1

ηtt = 0.574(4) |Vub|/|Vcb| = 0.089(10)

(4) and (5) are divided in two classes. Those whose uncertainties are below 2% are
fixed to their central value as listed in the left half of Table 1. The quantities affected
by a larger uncertainty and |εK| are considered as additional parameters of the fit,
constraining their values to the estimates summarised in the right half of Table 1.
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The following expression is then minimised:

χ2 =

(
Â−A

)2

σ2
A

+
(m̂c −mc)

2

σ2
mc

+
(m̂t −mt)

2

σ2
mt

+

(
B̂K −BK

)2

σ2
BK

+
(η̂cc − ηcc)2

σ2
ηcc

+

(η̂ct − ηct)2

σ2
ηct

+

( ̂
fBd

√
BBd − fBd

√
BBd

)2

σ2
fBd

√
BBd

+

(
ξ̂ − ξ

)2

σ2
ξ

+

( ̂|Vub|
|Vcb| −

|Vub|
|Vcb|

)2

σ2
|Vub|
|Vcb|

+

(
|̂εK| − |εK|

)2

σ2
|εK |

+

(
∆̂md −∆md

)2

σ2
∆md

+ χ2 (A (∆ms) , σA (∆ms)) .

The symbols with a hat represent the reference values and the corresponding σ denote
their uncertainties. The free parameters of the fit are ρ, η, A, mc, mt, BK, ηct, ηcc,

fBd
√
BBd and ξ, used to calculate the values of |εK|, ∆md, ∆ms and |Vub| |Vcb| by

means of the formulae (2), (3), (4) and (5).
As ∆ms is not yet measured, its experimental information has to be included in

the χ2 following a different approach [7]. The results of the search for B0
s oscillations

are combined [26] in terms of the oscillation amplitude A [34], a parameter that is
zero in the absence of any signal and compatible with one otherwise, as expressed by
the oscillation probability P :

P
[
B0

s → (B0
s ,B

0
s )
]

=
1

2τs
e−t/τs (1±A cos ∆ms) .

The results of different experiments are combined in terms of A (∆ms) and of its
uncertainty σA (∆ms). The 95% CL limit on ∆ms is the value for which the area
above one of the Gaussian distribution with mean A (∆ms) and variance σ2

A (∆ms)
equals 5% of its total area. In the fit, each value taken by the parameters ρ, η and ξ
is converted into a value of ∆ms by means of formula (4). A value of the CL for the
oscillation hypothesis is then calculated by integrating the Gaussian distribution with
mean A (∆ms) and variance σ2

A (∆ms). The value χ2 (A (∆ms) , σA (∆ms)) of a χ2

distribution with one degree of freedom corresponding to this CL is then calculated
and finally added to the χ2 of the fit.

The fit indicates the following values for the ρ and η parameters:

ρ = 0.18 ± 0.07 η = 0.35 ± 0.05

0.05 < ρ < 0.30 0.26 < η < 0.44 (95%CL).

No large change in these results is observed if the theory contribution constraints are
removed from the χ2 and a flat distribution within the uncertainties is used in their
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place. Figure 3 presents the confidence regions for the vertex of the unitarity triangle.
The value of the angles of the unitarity triangle are determined as as:

sin 2α = 0.14+0.25
−0.38 sin 2β = 0.73 ± 0.07 γ = 63+ 8

−11 degrees.

−0.77 < sin 2α < 0.50 0.59 < sin 2β < 0.87 44◦ < γ < 82◦ (95%CL)

The angles α and β are reported in terms of the functions sin 2α and sin 2β, to which
the studies of the CP symmetry usually refer.

ρ

η 68% CL 95% CL 99% CL
∆ms
∆md

|Vub|/|Vcb|
|εK|

S. Mele, winter 2001

0

0.5

1

-1 -0.5 0 0.5 1

Figure 3: The favoured unitarity triangle and the confidence regions for its vertex; the

∆ms limit and the central values of the other constraints are also shown.

Several direct measurements of sin 2β were recently reported, as listed in Table 2.
Their average, sin 2βexp. = 0.48 ± 0.16, is lower but in agreement with the present
estimate, that does not make use of this direct information.

4 Consequences of the fit

A strong experimental evidence for CP violation in the CKM matrix, described
by values of its complex phase, η, different from zero, comes from the neutral kaon
system. It is of interest [39] to investigate whether processes other than kaon physics
predict a value of η compatible with zero or not. Figure 4 presents the results of a
fit from which the information from the kaon system is removed.. The presence of a
CP violating phase in the matrix, i.e. its complex nature is strongly favoured.

7



Table 2: Measurements of sin 2β and their average, compared with the fit result.

Aleph [35] 0.93+0.64 +0.36
−0.88 −0.24

BaBar [36] 0.34 ± 0.20 ± 0.05

Belle [37] 0.58+0.32 +0.09
−0.34 −0.10

CDF [38] 0.79+0.41
−0.44

Average 0.48 ± 0.16

This fit 0.73 ± 0.07

The values of the parameters BK and fBd
√
BBd that describe non-perturbati-

ve QCD effects can be estimated by removing their constraint from the fit. This
procedure yields:

ρ = 0.17± 0.07 η = 0.38+0.05
−0.06 BK = 0.76+0.21

−0.15

in the first case and in the second:

ρ = 0.21+0.07
−0.08 η = 0.34 ± 0.05 fBd

√
BBd = 0.227+0.019

−0.015 GeV.

The fit indicates a value of BK with an uncertainty larger than the input one, yet

ρ

η 68% CL 95% CL 99% CL

ρ

η

ρ

η ∆ms
∆md

|Vub|/|Vcb|
|εK| sin 2β

S. Mele, winter 2001

0

0.5

1

-1 -0.5 0 0.5 1

Figure 4: The favoured unitarity triangle and the confidence regions for its vertex, no

information from the kaon system is used in the fit. The experimental measurements of CP
violation in the neutral kaon and neutral b meson systems are superimposed.
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of similar magnitude. The value of fBd
√
BBd is found to be well in agreement with

the predicted one with a smaller uncertainty, this implies that the high experimen-
tal precision of the ∆md constraint is not fully exploited by the fit, limited by the

uncertainty on the fBd
√
BBd parameter.

The ∆ms constraint heavily affects the ρ uncertainty. Indeed, a fit that does not
make use of the ∆ms information results in:

ρ = 0.09+0.10
−0.15 η = 0.40 ± 0.05.

This fit is used to estimate the favoured values of ∆ms as:

∆ms = 14.0+3.4
−3.3 ps−1

7.4 ps−1 < ∆ms < 21.0 ps−1 (95%CL).

5 Conclusions

The measurements of |εK|, ∆md and |Vub|, together with the lower limit on ∆ms,
effectively constrain the CKM matrix: from a fit to the experimental results and
theory parameters, the vertex and the angles of the unitarity triangle are determined
as:

ρ = 0.18 ± 0.07 η = 0.35 ± 0.05

sin 2α = 0.14+0.25
−0.38 sin 2β = 0.73 ± 0.07 γ = 63+ 8

−11 degrees.

These results are in agreement with those of recent similar analyses [40,41,42,43,44].
A coherent picture of the current understanding of the CKM matrix is presented

by a fit that does not use any constraint from the kaon system. Its results are displayed
in Figure 4. The favoured region for the vertex of the unitarity triangle corresponds to
that experimentally indicated by the measurement of the CP violation in the neutral
kaon system and overlaps with the one indicated by the recent measurements of sin 2β.
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Conceptual aspects of QCD factorization in hadronic B

decays∗
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Abstract: I review the meaning of “QCD factorization” in hadronic two-body B decays and then

discuss recent results of theoretical (rather than phenomenological) nature: the proof of factorization

at two loops; the identification of “chirally enhanced” power corrections; and the role of annihilation

contributions.

1. Introduction

Hadronic, two-body B decays are highly inter-

esting observables for flavour physics, since they

depend on CKM matrix elements, including the

CP-violating phase of the CKM matrix, and po-

tential other flavour-changing interactions. They

also present a formidable challenge for theory,

since they involve three fundamental scales, the

weak interaction scale MW , the b-quark mass

mb, and the QCD scale ΛQCD. From the point

of view of fundamental physics, the sensitivity

to the weak interaction scale, and potential new

phenomena at this scale, is probably most in-

teresting, but since this physics is weakly cou-

pled, it is straightforwardly computable, given a

particular model of flavour violation. Most theo-

retical work therefore concerns strong-interaction

corrections. The strong-interaction effects which

involve virtualities above the scale mb are well

understood. They renormalize the coefficients of

local operators Oi in the weak effective Hamil-

∗Talk presented at the UK Phenomenology Workshop

on Heavy Flavour and CP Violation, 17 - 22 Septem-

ber 2000, St John’s College, Durham, proceedings to ap-

pear in J. Phys. G. Also presented at: 5th International

Symposium on Radiative Corrections (RADCOR2000),

Carmel, California, September 11 - 15, 2000; 4th Work-

shop on Continuous Advances in QCD, Minneapolis,

U.S.A., 12-14 May 2000; Vth International Workshop on

Heavy Quark Physics, Dubna, Russia, 6-8 April 2000.

The phenomenological parts of some of the talks have

been omitted in this write-up. See Ref. [3] for those parts.

tonian. Assuming the Standard Model of flavour

violation, the amplitude for the decay B →M1M2

is given by

A(B →M1M2) =

GF√
2

∑

i

λi Ci(µ) 〈M1M2|Oi|B〉(µ), (1.1)

where GF is the Fermi constant. Each term

in the sum is the product of a CKM factor λi,

a coefficient function Ci(µ), which incorporates

strong-interaction effects above the scale µ ∼ mb,

and a matrix element of an operator Oi. In ex-

tensions of the Standard Model, there may be

further operators and different flavour-violating

couplings, but the strong-interaction effects be-

low the scale µ are still encoded by matrix ele-

ments of local operators.

The theoretical problem is therefore to com-

pute these matrix elements. Since they depend

on mb and ΛQCD, one should take advantage of

the fact that mb � ΛQCD and compute the short-

distance part of the matrix element. The remain-

der then depends only on ΛQCD, and – to leading

order in ΛQCD/mb – turns out to be much sim-

pler than the original matrix element. In this talk

I summarize some conceptual aspects of our re-

cent work [1, 2] on this problem. The discussion

of the phenomenology of some particular decay

modes is omitted here, but can also be found in

Refs. [1, 2, 3].

http://arXiv.org/abs/hep-ph/0009328
mailto:mbeneke@physik.rwth-aachen.de
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2. QCD Factorization

2.1 The Physical Picture

Factorization is a property of the heavy-quark

limit, in which we assume that the b quark mass

is parametrically large. The b quark is then de-

caying into a set of very energetic partons. How

these partons and what is left of the B meson

hadronize into two mesons depends on the iden-

tity of these mesons.

The simplest case is B̄d → D+π−, when the

D meson is also taken to be parametrically heavy.

The spectator quark and other light degrees of

freedom in the B meson have to rearrange them-

selves only slightly to form a D meson together

with the charm quark created in the weak in-

teraction. The other two light quarks are very

energetic and for them to form a pion they must

be highly collinear and in a colour-singlet con-

figuration. Soft interactions decouple from such

a configuration and this allows it to leave the

decay region without interfering with the D me-

son formation. The probability of such a special

configuration to form a pion is described by the

leading-twist pion light-cone distribution ampli-

tude (LCDA) Φπ(u). The B → D transition

is parameterized by a standard set of form fac-

tors. I have repeated essentially the argument

of Ref. [4] in favour of the conventional factor-

ization picture, but it is important that this can

be converted into a quantitative scheme to com-

pute higher order corrections. For example, if the

light quark-anti-quark pair is initially formed in

a colour-octet state, we can still show that soft

gluons decouple, if this pair is to end up as a

pion. This implies that the pair must interact

with a hard gluon, and hence this provides a cal-

culable strong-interaction correction to the ba-

sic mechanism discussed above. (A correction of

this type was computed already in Ref. [5], but it

seems to me that the generality and importance

of the result went unnoticed.) An important el-

ement in demonstrating the suppression of soft

interactions (except for those parameterized by

the B → D form factor) is the assumption that

the pion LCDA vanishes linearly as the longi-

tudinal momentum fraction approaches the end-

points u = 0, 1. This assumption can be justified

by the fact that it is satisfied by the asymptotic

distribution amplitude Φπ(u) = 6u(1−u), which

is the appropriate one in the heavy-quark limit.

As a consequence

∫ ΛQCD/mb

0

duunΦπ(u) ∼
(

ΛQCD

mb

)n+2

(n > −2).

(2.1)

This guarantees the suppression of soft endpoint

contributions.

Note that the above discussion relies cru-

cially on the spectator quark going to the heavy

meson in the final state. If, as in the case of a

D0π0 final state, the spectator quark must be

picked up by the light meson, the amplitude is

suppressed by the B → π form factor. But since

the D meson’s size is of order 1/ΛQCD, the D0

formation and B → π transition cannot be as-

sumed to not interfere and factorization is vio-

lated.

The case of two light final state mesons is

the most interesting one. The dominant decay

process is indeed the same as for the case of

the D+π− final state, but this implies that the

light meson that picks up the spectator quark

is formed in a very asymmetric configuration in

which the spectator quark carries a tiny fraction

ΛQCD/mb of the total energy. Such a configura-

tion is suppressed, see (2.1), and this suppression

is equivalent to the well-known (ΛQCD/mb)
3/2-

suppression [6] of heavy-to-light form factors at

large recoil. Owing to this suppression there ex-

ists a competing process, in which a hard gluon is

exchanged with the spectator quark, propelling

it to large energy, thus avoiding the penalty fac-

tor of (2.1). If the hard gluon connects to the

quark-antiquark pair emanating from the weak

decay vertex to form the other light meson, this

gives rise to another contribution to the factor-

ization formula. (If the gluon connects to the b

quark or the quark that forms the light meson

together with the spectator quark, we can con-

sider this as a hard-scattering contribution to the

heavy-to-light form factor.) This further contri-

bution, called “hard-spectator interaction”, can

be computed with standard methods for light-

cone-dominated reactions [7, 8].

There also exist “annihilation” contributions,

defined as those diagrams, in which the spectator

fermion line connects to the weak decay vertex.

2
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These contributions are suppressed by the factor

∫
dξ ΦB(ξ)∫
dξ ΦB(ξ)/ξ

≡ λB
MB

∼ ΛQCD

mb
, (2.2)

where ΦB(ξ) is the B meson LCDA and ξ ∼
ΛQCD/mb the light-cone momentum fraction of

the spectator quark. Hence annihilation contri-

butions can be neglected in the heavy-quark limit

(but see the later discussion).

2.2 The Factorization Formula

We consider weak decays B → M1M2 in the

heavy-quark limit. The formal expression of the

previous discussion is given by the following re-

sult for the matrix element of an operator Oi in

the weak effective Hamiltonian, valid up to cor-

rections of order ΛQCD/mb:

〈M1M2|Oi|B̄〉 =

∑

j

FB→M1

j (m2
2)

∫ 1

0

duT Iij(u) ΦM2(u)

+ (M1 ↔M2)

+

∫ 1

0

dξdudv T IIi (ξ, u, v) ΦB(ξ) ΦM1(v) ΦM2(u)

if M1 and M2 are both light, (2.3)

〈M1M2|Oi|B̄〉 =

∑

j

FB→M1

j (m2
2)

∫ 1

0

duT Iij(u) ΦM2(u)

if M1 is heavy and M2 is light. (2.4)

Here F
B→M1,2

j (m2
2,1) denotes a B → M1,2 form

factor, and ΦX(u) is the light-cone distribution

amplitude for the quark-antiquark Fock state of

meson X. T Iij(u) and T IIi (ξ, u, v) are perturba-

tively calculable hard-scattering functions; m1,2

denote the light meson masses. Eq. (2.3) is rep-

resented graphically in Fig. 1. (The fourth line

of (2.3) is somewhat simplified and may require

including an integration over transverse momen-

tum in the B meson starting from order α2
s.)

Eq. (2.3) applies to decays into two light me-

sons, for which the spectator quark in the B me-

son can go to either of the final-state mesons. An

example is the decay B− → π0K−. If the spec-

tator quark can go only to one of the final-state

mesons, as for example in B̄d → π+K−, we call

this meson M1 and the second form-factor term

B

Fj

T
I
ij

ΦM2

M1

M2

+ T
II
i

ΦM1

ΦM2

ΦB

B

M1

M2

Figure 1: Graphical representation of the factoriza-

tion formula. Only one of the two form-factor terms

in (2.3) is shown for simplicity.

on the right-hand side of (2.3) is absent. The fac-

torization formula simplifies when the spectator

quark goes to a heavy meson [see (2.4)], such as

in B̄d → D+π−. In this case the hard interac-

tions with the spectator quark can be dropped

because they are power suppressed in the heavy-

quark limit. In the opposite situation that the

spectator quark goes to a light meson but the

other meson is heavy, factorization does not hold

as discussed above.

As an example, consider the matrix element

〈π+π−|(ūb)V−A(d̄u)V−A|B̄〉. In leading order the

conventional factorization result ifπF
B→π
+ (0)M2

B

is obtained. It is convenient to introduce “factor-

ized operators” j1 ⊗ j2, whose matrix elements

are defined by 〈ππ|j1⊗ j2|B〉 ≡ 〈π|j1|B〉 〈π|j2|0〉.
The benefit of this notation is that the result

of the factorization formula can be expressed in

terms of these factorized operators, and this gives

a compact representation of the result for all ππ

final states. We then find, including the order-αs
corrections,

(ūb)V−A(d̄u)V−A = (ūb)V−A ⊗ (d̄u)V−A

+
1

3
(d̄b)V−A ⊗ (ūu)V−A

+
αs
9π

[
{V + H} (d̄b)V−A ⊗ (ūu)V−A

+P
∑

q=u,d

(q̄b)V−A ⊗ (d̄q)V−A

]
, (2.5)

where

V ≡
∫ 1

0

duΦπ(u)

[
6 ln

m2
b

µ2
− 18

+
3(1− 2u)

1− u lnu− 3πi

]
, (2.6)

3
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P ≡
∫ 1

0

duΦπ(u)

[
2

3
ln
m2
b

µ2
+

2

3
(2.7)

+ 4

∫ 1

0

dz z(1− z) ln[−z(1− z)u − iε]
]

correspond to the first line of (2.3), which in-

cludes vertex (V ) and penguin (P ) contractions

and

H ≡ 4π2

3

fBfπ

MBλBFB→π+ (0)

∫ 1

0

du

u
Φπ(u)

×
∫ 1

0

dv

v

[
Φπ(v) +

2µπ
mb

Φp(v)

]
, (2.8)

accounts for the hard spectator scattering, the

second line of (2.3). (I have included a certain

power correction, proportional to a twist-3 LCDA

Φp(v), which will be discussed in some detail

later.) After evaluating the matrix elements of all

operators in the weak effective hamiltonian, we

collect the coefficients of the factorized operators

into a set of numbers, conventionally denoted ai
and express the decay amplitude in terms of these

ai. In the past, these ai have been thought to be

uncalculable and have often been assumed to be

universal. We now see that they are calculable,

but non-universal to the extent that they depend

on the identity of the meson.

In the past there have been several attempts

at describing exclusive B decays in terms of hard

spectator scattering alone [9, 10, 11, 12, 13, 14,

15, 16] and recently these have been revived in

Refs. [17, 18]. The underlying assumption here is

that the B → π form factors are themselves com-

putable in this approach. The literature quoted

reaches different conclusions on the validity of

this assumption. The principal difficulty lies in

the appearance of an endpoint divergence in the

integration over the pion LCDA. This must either

be interpreted as an indication of a soft contribu-

tion to the form factor, in which case the starting

assumption is invalid; or the divergence must be

argued away (either by subtracting it into the

B meson wave function [13] or by suppressing it

with a Sudakov form factor [16]), in which case

the typical (but not unequivocal) result is an un-

acceptably small form factor at q2 = 0. In com-

parison the advantage of the approach presented

here is that it allows us to demonstrate a useful

factorization result independent of the validity

of the assumption that the form factor is domi-

nated by hard scattering. (I may mention that

form factors themselves obey a formula similar

to (2.3) and this may provide a useful framework

to investigate the role of hard scattering for form

factors [19].)

2.3 Implications of Factorization

The significance and usefulness of the factoriza-

tion formula stems from the fact that the non-

perturbative quantities which appear on the right-

hand side of (2.3) are much simpler than the

original non-leptonic matrix element on the left-

hand side. This is because they either reflect uni-

versal properties of a single meson state (light-

cone distribution amplitudes) or refer only to a

B → meson transition matrix element of a local

current (form factors). Factorization is a con-

sequence of the fact that only hard interactions

between the (BM1) system and M2 survive in

the heavy quark limit. As a result we can say

that

- conventional factorization gives the correct

limit, when αs and ΛQCD/mb corrections

are neglected, provided the spectator quark

does not go to a heavy meson;

- radiative corrections to conventional fac-

torization can be computed systematically,

the result is, in general, non-universal, i.e.

there is no reason to suppose that the pa-

rameters ai should be the same, say for Dπ

and ππ final states;

- the problem of scheme-dependence in the

conventional factorization ansatz is solved

in the same way as in any other next-to-

leading order computation with the weak

effective hamiltonian;

- all strong interaction phases are generated

perturbatively in the heavy quark limit, as

form factors have no imaginary parts;

- many observables of interest for CP viola-

tion become accessible in this way, the cur-

rent limiting factors being our poor knowl-

edge of λB and that of power corrections.
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3. Discussion

In this section I discuss some aspects that con-

cern factorization beyond the one-loop correction

to conventional factorization: the validity of fac-

torization in higher orders of perturbation theory

[Sect. 3.1], the issue of final state rescattering

[Sect. 3.2] and various sources of power correc-

tions [Sects. 3.3-3.5].

3.1 Factorization in higher orders

A proof of the factorization formula (2.4) for de-

cays into a heavy and a light meson has been

given at the two-loop order [2]. Some of the argu-

ments used there have straightforward extensions

to all orders, but a technical all-order “proof” has

not yet been accomplished. Nonetheless, the ar-

guments used to prove infrared finiteness at two-

loop order may be sufficiently convincing to make

infrared finiteness at all orders plausible.

It has to be demonstrated that the hard-

scattering kernels are infrared finite. To state

this more precisely, we write the factorization for-

mula for a heavy-light final state schematically as

A ≡ 〈π−D+|O|B̄d〉 = FB→D(0) · T ∗ Φπ , (3.1)

where the ∗ represents the convolution and O
represents a four-quark operator. In order to ex-

tract T , one computes A, FB→D and Φπ in per-

turbation theory and uses (3.1) to determine T .

We therefore rewrite (3.1) in perturbation the-

ory,

A(0) +A(1) + A(2) + · · · =
(
F

(0)
B→D + F

(1)
B→D + F

(2)
B→D + · · ·

)

·
(
T (0) + T (1) + T (2) + · · ·

)

∗
(

Φ(0)
π + Φ(1)

π + Φ(2)
π + · · ·

)
, (3.2)

where the superscripts in parentheses indicate

the order of perturbation theory, and then com-

pare terms of the same order. Thus up to two-

loop order

F
(0)
B→D · T (0) ∗ Φ(0)

π = A(0), (3.3)

F
(0)
B→D · T (1) ∗ Φ(0)

π = A(1) (3.4)

−F (1)
B→D · T (0) ∗ Φ(0)

π − F (0)
B→D · T (0) ∗ Φ(1)

π ,

F
(0)
B→D · T (2) ∗ Φ(0)

π = A(2)

−F (0)
B→D · T (1) ∗ Φ(1)

π − F (1)
B→D · T (1) ∗ Φ(0)

π

−F (2)
B→D · T (0) ∗ Φ(0)

π − F (0)
B→D · T (0) ∗ Φ(2)

π

−F (1)
B→D · T (0) ∗ Φ(1)

π . (3.5)

By perturbative expansion of the B → D form

factor, we mean the perturbative expansion of

the matrix element of c̄Γb, evaluated between

on-shell b- and c-quark states. By perturbative

expansion of the pion light-cone distribution am-

plitude, we mean the perturbative expansion of

the light-cone matrix element which defines the

LCDA, but with the pion state replaced by an on-

shell quark with momentum uq and an on-shell

antiquark with momentum ūq.

The zeroth order term in (3.3) is trivial. The

two terms that need to be subtracted from A(1)

at first order exactly cancel the “factorizable”

contributions to A(1). The first order term in

(3.5) therefore states that T (1) is given by the

“non-factorizable” diagrams. (Here we use “non-

factorizable” in the conventional sense, i.e. to de-

note the diagrams with gluon exchange between

the (BD) system and the pion.) If T (1) is to be

infrared finite, the sum of these diagrams must

be infrared finite, which is indeed the case as seen

by the explicit one-loop calculation.

The second order term (3.5) has a more com-

plicated structure. The last three terms on the

right-hand side exactly cancel the “factorizable”

corrections to the two-loop amplitude A(2). The

remaining two terms that need to be subtracted

from A(2) are non-trivial. The infrared diver-

gences in the sum of “non-factorizable” contri-

butions to A(2) must then be shown to have pre-

cisely the right structure to match the infrared

divergences in F
(1)
B→D and Φ

(1)
π , such that

A
(2)
non−fact. − F

(0)
B→D · T (1) ∗ Φ(1)

π

−F (1)
B→D · T (1) ∗ Φ(0)

π = infrared finite. (3.6)

Eq. (3.6) is verified by first identifying the regions

of phase space which can give rise to infrared sin-

gularities. In general these arise when massless

lines become soft or collinear with the direction of

q, the momentum of the pion. This requires that

one or both of the loop momenta in a two-loop

diagram become soft or collinear. Rather than

5
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computing the 62 “non-factorizable” two-loop di-

agrams (excluding self-energy insertions and field

renormalization), the Feynman integrands corre-

sponding to these diagrams in those momentum

configurations that can give rise to singularities

are then analyzed in all possible combinations:

one momentum soft or collinear, the other hard;

both momenta soft or collinear; one momentum

soft, the other collinear.

The analysis of Ref. [2] shows that infrared

divergences cancel in the soft-soft, collinear-col-

linear and soft-collinear region as required for the

validity of (3.6). The non-cancelling divergence

in the hard-soft region factorizes into the form

A
(2)
hard−soft = fB→D · T (1) ∗ Φ(0)

π , (3.7)

where fB→D is precisely the soft contribution

to the B → D form factor at the one-loop or-

der; this cancels the second of the two subtrac-

tion terms in (3.6). The infrared divergent hard-

collinear contributions sum up to the expression

A
(2)
hard−collinear = F

(0)
B→D ·CF

αs
π

ln
µUV
µIR

×
∫ 1

0

dwduT (1)(w)V (w, u) Φ(0)
π (u), (3.8)

with V (w, u) the ERBL evolution kernel [7, 8].

The infrared singular contribution to the (per-

turbative, one-loop) pion distribution amplitude

is determined by

Φ(1)
π (w) = CF

αs
π

ln
µUV
µIR

∫ 1

0

duV (w, u) Φ(0)
π (u),

(3.9)

and by combining the previous two equations we

find that A
(2)
hard−collinear is precisely equal to the

remaining subtraction term in (3.6). It follows

from (3.5) that T (2) is free of infrared singulari-

ties.

3.2 Rescattering and Parton-Hadron Du-

ality

Final-state interactions are usually discussed in

terms of intermediate hadronic states. This is

suggested by the unitarity relation (taking B →
ππ for definiteness)

ImAB→ππ ∼
∑

n

AB→nA∗n→ππ , (3.10)

where n runs over all hadronic intermediate states.

In many discussions of final state rescattering the

sum on the right hand side of this equation is

truncated by keeping only elastic rescattering. It

is clear that this approximation is incompatible

with the heavy-quark limit, in which the opposite

limit of an arbitrarily large number of interme-

diate states should be considered. Decays of B

mesons lie somewhere in between these limiting

cases, but only the heavy-quark limit provides a

controlled approximation to the problem. In my

opinion, in view of the factorization results, pro-

ponents of the elastic scattering limit and meth-

ods inspired by Regge physics now need to justify

better their motivation for choosing this partic-

ular ansatz.

The heavy-quark limit, and the dominance of

hard rescattering in this limit, suggest that the

sum in (3.10) is interpreted as extending over in-

termediate states of partons. In this picture the

sum over all hadronic intermediate states is ap-

proximately equal to the contribution of a quark-

anti-quark intermediate state of small transverse

extension. The approximation could be further

improved by including qq̄g intermediate states

etc. This is similar to the QCD description of

e+e− → hadrons at large energy; the total cross

section of this reaction is well represented by

the production cross section of a qq̄ pair, even

though the production of every particular final

state cannot be computed with perturbative (or

any known) methods. There is a limit to the ac-

curacy of such kinds of descriptions, which is dis-

cussed under the name of “parton-hadron” dual-

ity. Quantifying this accuracy is a formidable,

unsolved problem. The same assumption forms

the basis for the application of the operator prod-

uct expansion to inclusive non-leptonic heavy-

quark decays and there have been some quanti-

tative studies in this context, though in the two-

dimensional ’t Hooft model [20, 21, 22]. Parton-

hadron duality is also an implicit assumption in

applying perturbative QCD techniques to jet ob-

servables and hadron-hadron collisions at large

momentum transfer. It is probably safe to con-

clude that the accumulated experience suggests

that violations of parton-duality are subdomi-

nant effects in the heavy-quark limit, and this is

all we need to justify our theoretical framework.

6
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3.3 Higher Fock States and Non-factori-

zable Contributions

The factorization formula needs only the leading-

twist LCDAs of the mesons. Higher Fock com-

ponents of the mesons appear in higher orders of

the collinear expansion. The collinear expansion

is justified as long as the additional partons carry

a finite fraction of the meson’s momentum in the

heavy-quark limit. Under this assumption, it is

easy to see that adding additional partons to the

Fock state increases the number of off-shell prop-

agators in a given diagram. This implies power

suppression in the heavy-quark expansion.

Soft contributions are also power-suppressed,

but it seems difficult to classify them system-

atically. Again the decay B̄d → D+π− is the

simplest case, and I briefly consider the situ-

ation, where the “non-factorizable” gluon, i.e.

the gluon exchanged between the pion and the

(B̄D) system, is soft. In this case, the “qq̄g Fock

state” cannot be described by a light-cone wave

function, but such a contribution still receives a

power suppression in the heavy-quark limit. The

important point is that soft gluons couple very

weakly to the qq̄ pair. The coupling can be eval-

uated (the qq̄ pair being very energetic), and the

result is

〈D+π−|(c̄TAb)V−A(d̄TAu)V−A|B̄d〉nf =

−
∫ 1/ΛQCD

0

ds 〈D+ |c̄γµ(1− γ5)gsG̃µν(−sn)nνb|B̄d〉

×
∫ 1

0

du
fπΦπ(u)

8Ncuū
, (3.11)

where q = En is the momentum of the pion. This

depends on a non-local higher-dimension B → D

form factor, but comparing this with the leading

order, conventional factorization expression,

〈D+π−|(c̄b)V−A(d̄u)V−A|B̄d〉LO = (3.12)

〈D+|c̄γµ(1− γ5)b|B̄d〉 ifπEnµ
∫ 1

0

duΦπ(u),

we conclude on dimensional arguments that the

soft non-factorizable correction is suppressed by

one power of ΛQCD/mb. (Note that similar con-

siderations for the J/ψK final state [23] lead to

local B → K form factors, because the non-

locality is then cut off at a distance 1/mc.)

Note that power corrections come without a

factor of αs and we may expect them to be as

large as the computable perturbative corrections

in general. An important point, however, is that

there exists a systematic framework that allows

us to classify both effects as corrections.

3.4 “Chirally enhanced” Corrections

There are two reasons why the hard spectator

interaction in (2.3) is particularly sensitive to

power-suppressed corrections. The first reason

is that the short-distance scale is not mb (as is

the case for the form factor term in (2.3)), but

(mbΛQCD)1/2. To see this, note the gluon virtu-

ality is

k2
g = −v̄ξM 2

B + terms of order Λ2
QCD, (3.13)

which on average is around 1 GeV2. To arrive at

(2.8) I have neglected the terms of order Λ2
QCD

and this might not be a particularly good approx-

imation. However, there is no (known) system-

atic way of treating such terms, which amongst

other things are sensitive to the off-shellness of

the spectator quark in the B meson (and hence to

higher Fock components of the B meson), and so

we must neglect these terms together with many

other power corrections.

There is an enhancement of power-suppressed

effects for decays into light pseudoscalar mesons

connected with the curious numerical fact that

2µπ ≡
2m2

π

mu +md
= −4〈q̄q〉

f2
π

≈ 3 GeV (3.14)

is much larger than its naive scaling estimate

ΛQCD. (Here 〈q̄q〉 = 〈0|ūu|0〉 = 〈0|d̄d|0〉 is the

quark condensate.) These “chirally enhanced”

corrections have originally been discussed in con-

nection with V +A penguin operators in the weak

effective hamiltonian, but they affect the hard

spectator interaction more severely.

Consider first the contribution of the oper-

ator O6 = (d̄ibj)V−A(ūjui)V+A to the B̄d →
π+π− decay amplitude. The parameter µπ arises

already in the naively factorized matrix element:

〈π+π−|(d̄ibj)V−A(ūjui)V+A|B̄d〉 =

iM2
BF

B→π
+ (0)fπ ×

2µπ
mb

. (3.15)
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This is formally a ΛQCD/mb power correction but

numerically large due to (3.14). We would not

have to worry about such terms if they could all

be identified and the factorization formula (2.3)

applied to them, since in this case higher-order

perturbative corrections would not contain non-

factorizing infrared logarithms. However, this is

not the case.

After including radiative corrections, the ma-

trix element on the left-hand side of (3.15) is ex-

pressed as a non-trivial convolution with the pion

light-cone distribution amplitude. The terms in-

volving µπ can be related to two-particle twist-

3 (rather than leading twist-2) distribution am-

plitudes, conventionally called Φp(u) and Φσ(u).

The distribution amplitude Φp(u) does not van-

ish at the endpoint. As a consequence the hard

spectator interaction contains an endpoint diver-

gence. In other words, the “correction” relative

to (3.15) is of the form αs× logarithmic diver-

gence, which we interpret as being of the same

order as (3.15). It turns out, however, that the

αs correction to the V + A operator (giving rise

to the parameter a6 in conventional notation) is

free of this potential problem.

As a consequence the most important effect

of the chirally enhanced twist-3 LCDAs (with ex-

ception of the leading order result for a6) is on

the matrix elements that contribute to the coef-

ficients a1 to a5. An example of this is shown in

(2.8). Substituting the asymptotic LCDAs, H is

rewritten as

H =
12π2 fBfπ

MBλBFB→π+ (0)

[
1 +

2µπ
3mb

∫ 1

0

dv

v

]
,

(3.16)

which exhibits the problem of dealing with the

endpoint-divergent integral. I should emphasize

that this divergence is not in contradiction with

the factorization formula (2.3), in fact it is ex-

pected at the level of power-suppressed effects.

But from the phenomenological point of view it

is somewhat disappointing that these effects are

sizeable and can introduce a substantial uncer-

tainty into the hard spectator interaction. The

complete set of chirally enhanced terms has been

estimated up to now only in Ref. [3], where it

was assumed that the divergent integral can be

replaced by a universal constant. The variation

(a) (b) (c) (d)

Figure 2: Annihilation diagrams.

of this constant constitutes the largest theoret-

ical uncertainty, but it is also shown that the

predictivity of the approach is not lost. (Some

chirally enhanced terms have been included in

Refs. [24, 25], but the correction (2.8), (3.16)

to a1 to a5, which contains the endpoint diver-

gence, has been omitted [24] or computed incor-

rectly [25] in these papers.) As in a related sit-

uation for the pion form factor [26] one might

argue that the endpoint divergence is suppressed

by a Sudakov form factor. However, it is likely

that when mb is not large enough to suppress

these chirally enhanced terms, then it is also not

large enough to make Sudakov suppression ef-

fective especially since the short-distance scale is

not large enough to build up a strong logarithmic

evolution.

3.5 Annihilation Topologies

My final concern in this section are the annihila-

tion topologies (Fig. 2). The hard part of these

diagrams would amount to another contribution

to the second hard-scattering kernel, T IIi (ξ, u, v),

in (2.3). The soft part, if unsuppressed, would vi-

olate factorization. However, a straightforward

power-counting analysis shows that all annihila-

tion topologies are 1/mb corrections to the decay

amplitudes in the heavy-quark limit [2]. This

statement also applies to diagram d, in which

case the largest term comes from an endpoint

contribution.

As for the hard spectator interaction at lead-

ing power in the heavy-quark expansion, there

exist “chirally enhanced” contributions from the

annihilation topologies related to the correspond-

ing twist-3 light meson LCDAs. It has recently

been noted [17, 18] in the context of the hard-

scattering approach that these could be non-neg-

ligible. To illustrate this effect, I consider the an-

nihilation correction to the coefficient a6 in the

effective transition operator defined in Ref. [1].

Note that a6 is the coefficient of a power correc-
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tion (though chirally enhanced), and I am con-

sidering now a power correction to a6. For two

identical final state mesons, say two pions, only

the diagrams a and b contribute to a6. To sim-

plify the result, I assume the LCDAs to be the

asymptotic ones and obtain for the sum of lead-

ing order and annihilation contribution:

a6 '
(
C6 +

C5

Nc

)[
1 +

αs
9π

96π2fBfπ
M2
BF

B→π
+ (0)

×
(
X2
l −

Xl
2

)]
, (3.17)

where Xl is the divergent integral
∫ 1

0
dv/v. Al-

though power-suppressed, the correction is en-

larged by a numerical factor and a logarithmic

endpoint divergence from each of the two final

mesons. We can exhibit this more transparently

by comparing the annihilation correction to the

generic leading-power hard spectator correction

(2.8), (3.16). This gives the ratio

Hann

H
' λB
MB
× 8

(
X2
l −

Xl
2

)
, (3.18)

suggesting that in this particular case the anni-

hilation topologies are more important than the

generic hard spectator interaction. A complete

analysis of annihilation contributions to light-

light final states (extending the analysis [2] for

the Dπ case) is currently in progress.

4. Conclusion

The QCD factorization approach described in this

talk constitutes a powerful and systematic ap-

proach to non-leptonic decay amplitudes, based

on familiar methods of perturbative QCD, and

the assumption that the b quark mass is large. It

does not render trivial the problem of accurately

computing these amplitudes, but it appears to

me that the outstanding issues now are more

of numerical than of conceptual character: the

best way of dealing with chirally enhanced power

corrections; the role of annihilation; the size of

power corrections in general and their impact on

strong interaction phases; the role of hard scat-

tering in heavy-to-light form factors (and, related

to this, the importance of Sudakov form factors)

. . .. It is probable that experimental data will be

needed to shed light on some of these issues.
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Figure 1: Lowest order contribution to Bs−Bs mixing in the Standard Model.

1 Introduction

Currently the prime focus of experimental elementary particle physics is the investi-
gation of the flavor sector of the Standard Model. Transitions between different fermion
generations originate from the Higgs-Yukawa sector, which is poorly tested so far. The ex-
perimental effort is not only devoted to a precise determination of the Cabibbo-Kobayashi-
Maskawa (CKM) matrix [1], which parameterizes the flavor-changing couplings. Flavor-
changing neutral currents (FCNC) also provide an ideal testing ground to search for new
physics, because they are highly suppressed in the Standard Model: FCNC’s are loop-
induced, involve the weak coupling constant and the heavy W boson, are suppressed by
small CKM elements or the GIM mechanism [2] and further often suffer from a helicity-
suppression, because flavor-changing couplings only involve left-handed fields. Therefore
experiments in flavor physics are much more sensitive to new physics than the precision
tests of the gauge sector performed in the LEP/SLD/Fermilab-Run-I era. Decays of B
mesons are especially interesting: they allow us to determine three of the four CKM pa-
rameters, their rich decay spectrum helps to overconstrain the CKM matrix, they have the-
oretically clean CP asymmetries (as opposed toK → ππ decays), information fromBd,Bs

and B+ decays can be combined using SU(3)F symmetry, the large b quark mass permits
the use of heavy quark symmetries and the heavy quark expansion, and in many extensions
of the Standard Model third generation fermions are most sensitive to new physics.

While Bs mesons cannot be studied at the B factories running on the Υ(4S) resonance
[3], they are copiously produced at hadron colliders [4]. Bs mesons mix with their antipar-
ticles. Therefore the two mass eigenstates BH and BL (for “heavy” and “light”), which are
linear combinations of Bs and Bs, differ in their mass and width. In the Standard Model
Bs−Bs mixing is described in the lowest order by the box diagrams depicted in Fig. 1.
The dispersive part of the Bs−Bs mixing amplitude is called M12. In the Standard Model
it is dominated by box diagrams with internal top quarks. The absorptive part is denoted
by Γ12 and mainly stems from box diagrams with light charm quarks. Γ12 is generated
by decays into final states which are common to Bs and Bs. While M12 can receive siz-
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able contributions from new physics, Γ12 is induced by the CKM-favored tree-level decay
b → ccs and is insensitive to new physics. Experimentally Bs−Bs mixing manifests it-
self in damped oscillations between the Bs and Bs states. We denote the mass and width
differences between BH and BL by

∆m = MH −ML , ∆Γ = ΓL − ΓH .

By solving the eigenvalue problem ofM12− iΓ12/2 one can relate ∆m and ∆Γ toM12 and
Γ12:

∆m = 2 |M12|, ∆Γ = 2 |Γ12| cosφ, (1)

where φ is defined as

M12

Γ12
= −

∣∣∣∣
M12

Γ12

∣∣∣∣ e
iφ. (2)

∆m equals the Bs−Bs oscillation frequency and has not been measured yet. In deriving
(1) terms of order |Γ12/M12|2 have been neglected. φ in (2) is a CP-violating phase, which
is tiny in the Standard Model, so that ∆ΓSM = 2|Γ12|. Unlike in the case ofBd mesons, the
Standard Model predicts a sizable width difference ∆Γ in the Bs system, roughly between
5 and 30% of the average total width Γ = (ΓL + ΓH)/2. The decay of an untagged Bs

meson into the final state f is in general governed by two exponentials:

Γ[f, t] ∝ e−ΓLt |〈f |BL 〉|2 + e−ΓHt |〈f |BH 〉|2 . (3)

If f is a flavor-specific final state likeD−s π
+ orX`+ν, the coefficients of the two exponen-

tials in (3) are equal. A fit of the corresponding decay distribution to a single exponential
then determines the average width Γ up to corrections of order (∆Γ)2/Γ. In the Standard
Model CP violation in Bs−Bs mixing is negligible, so that we can simultaneously choose
BL andBH to be CP eigenstates and the b→ ccs decay to conserve CP. ThenBH is CP-odd
and cannot decay into a CP-even double-charm final state fCP+ like (J/ψφ)L=0,2, where L
denotes the quantum number of the orbital angular momentum. Thus a measurement of the
Bs width in Bs → fCP+ determines ΓL. By comparing the two measurements one finds
∆Γ/2. CDF will perform this measurement with Bs → D−s π

+ and Bs → J/ψφ in Run-II
of the Tevatron [5].

2 QCD corrections

Weak decays of B mesons involve a large range of different mass scales: first there is
the W boson mass MW , which appears in the weak b→ ccs decay amplitude. The second
scale in the problem is the mass mb of the decaying b quark. Finally there is the QCD scale
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parameter ΛQCD, which sets the scale for the strong binding forces in the Bs meson. QCD
corrections associated with these scales must be treated in different ways. To this end one
employs a series of operator product expansions, which factorize the studied amplitude into
short-distance Wilson coefficient and matrix elements of local operators, which comprise
the long-distance physics. Here in the first step the W -mediated b → ccs decay amplitude
is matched to matrix elements of local four-quark operators. We need the two |∆B| = 1
current-current operators

Q1 = c̄iγµ(1 − γ5)bj s̄jγ
µ(1− γ5)ci Q2 = c̄iγµ(1− γ5)bis̄jγ

µ(1 − γ5)cj , (4)

where i, j are color indices. Q2 is pictorially obtained by contracting the W line in the
b → ccs amplitude to a point. Q1 emerges, once gluon exchange between the two quark
lines is included. In the effective hamiltonian

Heff =
GF√

2
VcbV

∗
cs

2∑

r=1

CrQr (5)

the Wilson coefficientsCr are determined in such a way that the Standard Model amplitude
is reproduced by 〈 ccs |Heff | b 〉 up to terms of order m2

b/M
2
W . The Fermi constant GF

and the CKM elements have been factored out in (5). The Cr’s contain the short-distance
physics associated with the scale MW . QCD corrections to the Wilson coefficients can be
computed in perturbation theory. The renormalization group evolution of the Cr’s down to
the scale µ1 = O(mb) sums the large logarithms ln(µ1/MW ) to all orders in perturbation
theory. The minimal way to do this is the leading log approximation which reproduces all
term of order αns lnn(µ1/MW ), n = 0, 1, . . ., of the full Standard Model transition ampli-
tude. The next-to-leading order (NLO) corrections to the coefficients comprise the terms
of order αn+1

s lnn(µ1/MW ) and have been calculated in [6]. We remark that there are also
penguin operators in the effective hamiltonianHeff . We have omitted them in (5), because
their coefficients are very small. Their impact is discussed in [7,8].

∆ΓSM = 2|Γ12| is related toHeff by the optical theorem:

∆ΓSM = 2|Γ12| =

∣∣∣∣∣−
1

MBs

Abs 〈B̄s| i
∫
d4x T Heff (x)Heff(0)|Bs〉

∣∣∣∣∣ . (6)

Here ‘Abs’ denotes the absorptive part of the amplitude, which is obtained by retaining
only the imaginary part of the loop integration. The corresponding leading-order diagrams
are shown in Fig. 2. In the next step of our calculation we perform an operator product
expansion of the RHS in (6) in order to describe Γ12 in terms of matrix elements of local
|∆B| = 2 operators:

|Abs 〈B̄s| i
∫
d4x T Heff(x)Heff (0)|Bs〉|

= −G
2
Fm

2
b

12π
|V ∗cbVcs|2 ·

[
F

(
m2
c

m2
b

)
〈B̄s|Q|Bs〉+ FS

(
m2
c

m2
b

)
〈B̄s|QS|Bs〉

] [
1 +O

(
ΛQCD

mb

)]
. (7)
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Figure 2: Leading-order diagrams for Γ12

The two dimension-6 operators appearing in (7) are

Q = s̄iγµ(1− γ5)bis̄jγ
µ(1 − γ5)bj, QS = s̄i(1 + γ5)bis̄j(1 + γ5)bj. (8)

In the leading order of QCD the RHS of (7) is pictorially obtained by simply shrinking the
(c, c) loop in Fig. 2 to a point. Our second operator product expansion is also called heavy
quark expansion (HQE), which has been developed long ago by Shifman and Voloshin [9].
The new Wilson coefficients F and FS also depend on the charm quark mass mc, which is
formally treated as a hard scale of ordermb, since mc � ΛQCD. Strictly speaking, the HQE

in (7) is an expansion in ΛQCD/
√
m2
b − 4m2

c . For the calculation of F and FS it is crucial
that these coefficients do not depend on the infrared structure of the process. In particular
they are independent of the QCD binding forces in the external Bs and Bs states in (7), so
that they can be calculated in perturbation theory at the parton level. The non-perturbative
long-distance QCD effects completely reside in the hadronic matrix elements ofQ andQS .
It is customary to parametrize these matrix as

〈B̄s|Q(µ2)|Bs〉 =
8

3
f2
BsM

2
BsB(µ2)

〈B̄s|QS(µ2)|Bs〉 = −5

3
f2
BsM

2
Bs

M2
Bs

(mb(µ2) +ms(µ2))2
BS(µ2). (9)

HereMBs and fBs are mass and decay constant of theBs meson. The quark masses mb and
ms in (9) are defined in the MS scheme. In the so called vacuum insertion approximation
B(µ2) and BS(µ2) are equal to 1. µ2 = O(mb) is the scale at which the |∆B| = 2
operators are renormalized. It can be chosen different from µ1. The dependence of ∆Γ
on the unphysical scales µ1 and µ2 diminishes order-by-order in perturbation theory. The
residual dependence is usually used as an estimate of the theoretical uncertainty. The µ1-
dependence cancels between the |∆B| = 1 Wilson coefficients C1,2 in (5) and the radiative
corrections to F and FS in (7). The terms in F and FS which depend on µ2 cancel with
corresponding terms inB(µ2) andBS(µ2). The scale µ2 enters a lattice calculation of these
non-perturbative parameters when the lattice quantities are matched to the continuum.

The leading-order calculation of ∆Γ requires the calculation of the diagrams in Fig. 2
and has been performed long ago [10]. Subsequently corrections of order ΛQCD/mb to (7)
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Figure 3: Next-to-leading-order diagrams for Γ12. Q8 is the chromomagnetic penguin operator.

have been computed in [7]. The next-to-leading order calculation requires the calculation
of the diagrams depicted in Fig. 3 [8]. The motivations for this cumbersome calculation are

1) to verify the infrared safety of F and FS ,

2) to allow for an experimental test of the HQE,

3) a meaningful use of lattice results for hadronic matrix elements,

4) a consistent use of ΛMS,

5) to reduce the sizable µ1-dependence of the LO,

6) the large size of QCD corrections, typically of order 30%.

The disappearence of infrared effects from the Wilson coefficients F and FS mentioned
in point 1) is necessary for any meaningful operator product expansion. Yet early critics
of the HQE had found power-like infrared divergences in individual cuts of diagrams of
Fig. 3. In response the cancellation of these divergences has been shown [11], long ago
before we have performed the full NLO calculation. However, there are also logarithmic
infrared divergences. We found IR-singularities to cancel via two mechanisms:

• Bloch-Nordsiek cancellations among different cuts of the same diagram,
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• factorization of IR-singularities, which end up in 〈B̄s|Q|Bs〉, 〈B̄s|QS|Bs〉.

Point 2) above addresses the conceptual basis of the HQE, which is sometimes termed
quark-hadron duality. It is not clear, whether the HQE reproduces all QCD effects com-
pletely. Exponential terms like exp(−κmb/ΛQCD), for example, cannot be reproduced by
a power series [12]. The relevance of such terms can at present only be addresses exper-
imentally, by confronting HQE-based predictions with data. The only QCD information
contained in the LO prediction for ∆Γ is the coefficients of αns lnnMW , associated with
hard gluon exchange along the W -mediated b → ccs amplitude. The question of quark-
hadron duality, however, addresses the non-logarithmic QCD corrections, which belong to
the NLO. While it is certainly very interesting to find violations of quark-hadron duality in
B physics, it will be hard to detect them in ∆Γ: in the LO diagrams in Fig. 2 the heavy c,c
quarks recoil back-to-back against each other and are fast in the b rest frame. The inclusive
b → ccs decay is more sensitive to uncontrolled long-distance effects, because in some
parts of the phase space the c,c quarks move slowly in the b rest frame or with respect to
each other. Still the HQE prediction for b → ccs [13] agrees with experiment [14]. If
one further takes into account that ∆Γ has an overall hadronic uncertainty associated with
f2
BsB and f2

BsBS , it appears very unlikely that violations of quark-hadron duality can be
detected in ∆Γ. Points 3) and 4) are related to the fact that leading-order predictions are not
sensitive to the renormalization scheme, which impedes the lattice-continuum matching of
the non-perturbative parameters. Likewise the µ2 dependence of this matching procedure
cannot be addressed in the leading-order. The µ1-dependence of ∆Γ is huge in the leading
order. It is reduced in the NLO, but still remains sizable. The results for F and FS can be
found in Tab. 2. The reduction of the µ1 dependence can be verified from the table. The
numerical values of the NLO coefficients depend on the renormalization scheme. The pre-
cise definition of this scheme involves the subtraction prescription for the ultraviolet poles
(dimensional regularization with MS subtraction [15]), the treatment of γ5 (for which we
have used the NDR scheme) and the chosen definitions of the evanescent operators [16],
which can be found in [8]. The lattice-continuum matching must be done in the same
renormalization scheme, so that all scheme dependences cancel in the prediction for ∆Γ.

Including the corrections of order ΛQCD/mb [7] our NLO prediction reads

∆ΓSM

Γ
=

(
fBs

245 MeV

)2

[ (0.234 ± 0.035)BS (mb)− 0.080 ± 0.020 ] . (10)

Here mb(mb) + ms(mb) = 4.3 GeV (in the MS scheme) and m2
c/m

2
b = 0.085 has been

used. Since F is small, the uncertainty in B is irrelevant, and the term involving FB has
been absorbed into the constant −0.080 ± 0.020 in (10). Recently the KEK–Hiroshima
group succeeded in calculating fBs in an unquenched lattice QCD calculation with two
dynamical fermions [17]. The result is fBs = (245 ± 30) MeV. A recent quenched lattice
calculation has foundBS(mb) = 0.87 ± 0.09 [18] for the MS scheme. A similar result has

6



Table 1:

µ1 mb/2 mb 2mb

−FS 0.867 1.045 1.111

−F (0)
S 1.729 1.513 1.341

F 0.042 0.045 0.049

F (0) 0.030 0.057 0.103

Table 2: Numerical values of the Wilson coefficients F and FS for m2
c/m

2
b = 0.085. Leading-

order results are indicated with the superscript (0). The precise definition of our renormalization
scheme can be found in [8].

been obtained in [19]. With these numbers one finds from (10):

∆ΓSM

Γ
= 0.12 ± 0.06. (11)

Here we have conservatively added the errors from the two lattice quantities linearly.

3 New physics

In the presence of new physics argM12 and thereby φ in (2) can assume any value.
Non-standard contributions to φ can be measured from CP-asymmetries, which requires
the resolution of the rapidBs−Bs oscillations and tagging, i.e. the discrimination between
Bs and Bs mesons at the time t = 0 of their production. From (1) one verifies that a
non-vanishing φ also affects ∆Γ, which can be measured from untagged data samples and
therefore involves better efficiencies than tagged studies. Of course in the search for new
physics ∆Γ is only competitive with CP asymmetries, which determine sinφ, if φ is not
too close to 0 or ±π. Nevertheless the information on φ from both tagged and untagged
data should be combined.

As discussed at the end of Sect. 1, ∆Γ is most easily found from the lifetimes measured
in the decays of an untagged Bs sample into a flavor-specific final state and into a CP-
specific final state fCP , respectively. In the presence of a non-zero CP-violating phase φ
the mass eigenstatesBL andBH are no more CP eigenstates, so that now both exponentials
in (3) contribute to the decay Bs → fCP . Then this method determines [20,21]:

∆Γ cos φ = ∆ΓSM cos2 φ. (12)

As first pointed out in [20], one can determine | cos φ| without using the theoretical input
in (10): if one is able to resolve both exponentials of (3) in the time evolution of a Bs
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decay into a flavor-specific final state, one will measure the true |∆Γ|. By comparing
with (12) one can then solve for | cos φ|. This method, however, requires to distinguish
cosh((∆Γ)t/2) from 1 and is very difficult to carry out. In [21] a different method has
been proposed, which only requires to measure lifetimes and branching ratios: first define
CP eigenstates Bodd

s and Beven
s such that Bodd

s →/ D+
s D

−
s . Then define

∆ΓCP = Γ (Beven
s )− Γ(Bodd

s ). (13)

∆ΓCP is related to Γ12 as

∆ΓCP = 2|Γ12|.

Hence ∆ΓCP equals ∆ΓSM, but is not affected by the new physics phase φ at all! By
measuring both ∆ΓCP and ∆Γ cos φ one can infer | cos φ| from (12). Loosely speaking,
∆ΓCP is measured by counting the CP-even and CP-odd double-charm final states in Bs

decays:

∆ΓCP = 2 Γ
∑

f∈Xcc
Br (

(−)

B s→ f ) (1− 2xf )
[
1 + O

(
∆Γ

Γ

)]
. (14)

Here Br (
(−)

B s→ f ) is the branching ratio of an untagged Bs meson into the final state f ,
Γ is the average Bs width, the sum runs over all double-charm final states and xf is the
CP-odd component of the final state f , e.g. xf is 0 for a CP-even state and equals 1 for a
CP-odd state. In the Shifman-Voloshin limit [22] one can show that ∆ΓCP is exhausted by
theD(∗)

s
+D(∗)

s
− final states [23]. Moreover these four final states are purely CP-even in this

limit. ALEPH has measured the sum of these branching ratios [24] and found, relying on
the SV limit,

∆ΓCP ≈ 2Br (
(−)

B s→ D(∗)
s

+D(∗)
s
− ) = 0.26

+0.30
−0.15. (15)

In the future one can extend this method by including all detected double-charm final states
into the sum in (14) and determine the CP-odd fraction xf of each final state by measuring
the Bs lifetime in the studied mode [21].
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1 Introduction

The results announced during the last year by the KTeV [1] and NA48 [2] collab-
orations have marked a great experimental achievement, establishing 35 years after
the discovery of CP violation in the neutral kaon system [3] the existence of a much
smaller violation acting directly in the decays.

While the Standard Model (SM) of strong and electroweak interactions provides
an economical and elegant understanding of indirect (ε) and direct (ε′) CP violation
in term of a single phase, the detailed calculation of the size of these effects implies
mastering strong interactions at a scale where perturbative methods break down. In
addition, CP violation in K → ππ decays is the result of a destructive interference
between two sets of contributions, which may inflate up to an order of magnitude the
uncertainties on the hadronic matrix elements of the effective four-quark operators.
All that makes predicting ε′/ε a complex and subtle theoretical challenge [4].

The status of the theoretical predictions and experimental data available before
the KTeV announcement in February 1999 is summarized in Fig. 1.

The gray horizontal bands show the one-sigma average of the old (early 90’s)
NA31 (CERN) and E731 (Fermilab) results. The vertical lines show the ranges of the
published theoretical predictions (before February 1999), identified with the cities
where most of the group members reside. The range of the naive Vacuum Saturation
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Figure 1: The 1-σ results of the NA31 and E731 Collaborations (early 90’s) are shown by
the gray horizontal bands. The old München, Roma and Trieste theoretical predictions for

ε′/ε are depicted by the vertical bars with their central values. For comparison, the VSA
estimate is shown using two renormalization schemes.
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Figure 2: The latest theoretical calculations of ε′/ε are compared with the combined 1-σ

average of the NA31, E731, KTeV and NA48 results (ε′/ε = 19.2± 4.6× 10−4), depicted
by the gray horizontal band (the error is inflated according to the Particle Data Group

procedure when averaging over data with substantially different central values).

Approximation (VSA) is shown for comparison.
The experimental and theoretical scenarios have changed substantially after the

first KTeV data and the subsequent NA48 results. Fig. 2 shows the present experimen-
tal world average for ε′/ε compared with the revised or new theoretical calculations
that appeared during the last year.

Notwithstanding the complexity of the problem, all theoretical calculations show
a remarkable overall agreement, most of them pointing to a non-vanishing positive
effect in the SM (which is by itself far from trivial).

On the other hand, if we focus our attention on the central values, many of the
predictions prefer the 10−4 regime, whereas only a few of them stand above 10−3. Is
this just a “noise” in the theoretical calculations?

The answer is no. Without entering the details of the various estimates, it is
possible to explain most of the abovementioned difference in terms of a single effect:
the different size of the hadronic matrix element of the gluonic penguin Q6 obtained
in the various approaches.

While some of the calculations, as the early München and Rome predictions,
assume for 〈ππ|Q6|K〉 values in the neighboroud of the leading 1/N result (naive
factorization), other approaches, first of which the Trieste and Dortmund calculations
and more recently the Lund and Valencia analyses, find a substantial enhancement of
this matrix element with respect to the simple factorization result. The bulk of such
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an effect is actually a global enhancement of the I = 0 components of the K → ππ
amplitudes, which affects both current-current and penguin operators, and it can be
at least partially understood in terms of chiral dynamics (final-state interactions).

2 Final State Interactions

As a matter of fact, one should in general expect an enhancement of ε′/ε with re-
spect to the naive VSA due to final-state interactions (FSI). As Fermi first argued [5],
in potential scattering the isospin I = 0 two-body states feel an attractive interaction,
of a sign opposite to that of the I = 2 components thus affecting the size of the cor-
responding amplitudes. This feature is at the root of the enhancement of the I = 0
amplitude over the I = 2 one and of the corresponding enhancement of ε′/ε beyond
factorization.

The question is how to make of a qualitative statement a quantitative one. A
dispersive analysis of the K → ππ amplitudes has been recently presented in ref. [6].
The Omnès-Mushkelishvili representation [7]

M(s+ iε) = P (s) exp

(
1

π

∫ ∞

4m2
π

δ(s′)

s′ − s− iεds
′
)

(1)

is used in order to resum FSI effects from the knowledge of the ππ rescattering phase
δ(s) in the elastic regime (s < 1 GeV2). P (s) is a polinomial function of s which is
related to the factorized amplitude. A solution of the above dispersive relation for
the A0,2 amplitudes can be written as

AI(s) = A′ (s−m2
π) RI(s) e

iδI(s) , (2)

where A′ is the derivative of the amplitude at the subtraction point s = m2
π. The

coefficient R represents the rescaling effect related to the FSI. By replacing A′I with
the value given by LO chiral perturbation theory, Pich and Pallante found R(m2

k)0,2 '
1.4, 0.9 thus confirming via the resummation of the leading chiral logs related to FSI
the enhancement of the I = 0 amplitudes, together with a mild depletion of the I = 2
components.

The numerical significance of these results has been questioned [8] on the basis
that the precise size of the effect depends on boundary conditions of the factorized
amplitude which are not unambiguously known, due to higher order chiral corrections.
As a matter of fact, while the choice of a low subtraction scale minimizes the effect
of momentum dependent chiral corrections the result of ref. [6] cannot account for
polinomial corrections due to contact interaction terms whose size is unknown (and
renormalization-scheme dependent).
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The analysis of ref. [6] shows non-perturbatively the presence of a potentially large
departure from factorization which affects the I = 0 K → ππ matrix elements. Nev-
ertheless, the question whether the FSI rescaling of the factorized isospin amplitudes
leads by itself to a satisfactory calculation of ε′/ε remains open.

3 CP conserving versus CP violating amplitudes

Given the possibility that common systematic uncertainties may affect the cal-
culation of ε′/ε and the ∆I = 1/2 rule (see for instance the present difficulties in
calculating on the lattice the “penguin contractions” for CP violating as well as for
CP conserving amplitudes [9]) a convincing calculation of ε′/ε must involve at the
same time a reliable explanation of the ∆I = 1/2 selection rule, which is still missing.
FSI effects alone are not enough to account for the large ratio of the I = 0, 2 CP con-
serving amplitudes. Other sources of large non-factorizable corrections are needed,
which may affect the determination of ε′/ε as well.

The ∆I = 1/2 selection rule in K → ππ decays is known since 45 years [10] and
it states the experimental evidence that kaons are 400 times more likely to decay in
the I = 0 two-pion state than in the I = 2 component. This rule is not justified by
any general symmetry consideration and, although it is common understanding that
its explanation must be rooted in the dynamics of strong interactions, there is no up
to date derivation of this effect from first principle QCD.

The ratio of I = 2 over I = 0 amplitudes appears directly in the definition of
ε′/ε :

ε′

ε
=

1√
2

{
〈(ππ)I=2|HW |KL〉
〈(ππ)I=0|HW |KL〉

− 〈(ππ)I=2|HW |KS〉
〈(ππ)I=0|HW |KS〉

}
. (3)

As a consequence, a self-consistent calculation of ε′/ε must also address the determi-
nation of the CP conserving amplitudes.

The way we approach the calculation of the hadronic K → ππ transitions in gauge
theories is provided by the Operator Product Expansion which allows us to write the
relevant amplitudes in terms of the hadronic matrix elements of effective ∆S = 1
four quark operators (at a scale µ) and of the corresponding Wilson coefficients,
which encode the information about the dynamical degrees of freedom heavier than
the chosen renormalization scale:

H∆S=1 =
GF√

2
Vud V

∗
us

∑

i

[
zi(µ) + τ yi(µ)

]
Qi(µ) . (4)

The entries Vij of the 3× 3 Cabibbo-Kobayashi-Maskawa matrix describe the flavour
mixing in the SM and τ = −VtdV ∗ts/VudV ∗us. For µ < mc (q = u, d, s), the relevant
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quark operators are:

Q1 = (sαuβ)V−A (uβdα)V−A

Q2 = (su)V−A (ud)V−A



 Current-Current

Q3,5 = (sd)V−A

∑
q (qq)V∓A

Q4,6 = (sαdβ)V−A

∑
q(qβqα)V∓A



 Gluon “penguins”

Q7,9 = 3
2

(sd)V−A

∑
q êq (qq)V±A

Q8,10 = 3
2

(sαdβ)V−A

∑
q êq(qβqα)V±A



 Electroweak “penguins”

(5)

Current-current operators are induced by tree-level W-exchange whereas the so-called
penguin (and “box”) diagrams are generated via an electroweak loop. Only the lat-
ter “feel” all three quark families via the virtual quark exchange and are therefore
sensitive to the weak CP phase. Current-current operators control instead the CP con-
serving transitions. This fact suggests already that the connection between ε′/ε and
the ∆I = 1/2 rule is by no means a straightforward one.

Using the effective ∆S = 1 quark Hamiltonian we can write ε′/ε as

ε′

ε
= eiφ

GFω

2|ε|ReA0
Imλt

[
Π0 −

1

ω
Π2

]
(6)

where
Π0 = 1

cos δ0

∑
i yi Re〈Qi〉0 (1− Ωη+η′)

Π2 = 1
cos δ2

∑
i yi Re〈Qi〉2 ,

(7)

and 〈Qi〉 ≡ 〈ππ|Qi|K〉. The rescattering phases δ0,2 can be extracted from elastic
π − π scattering data [11] and are such that cos δ0 ' 0.8 and cos δ2 ' 1. Given that
the phase of ε, θε, is approximately π/4, as well as δ0− δ2, φ = π

2
+ δ2− δ0− θε turns

out to be consistent with zero.
Two key ingredients appear in eq. 6:

1. The isospin breaking π0 − η − η′ mixing, parametrized by Ωη+η′ , which is esti-
mated to give a positive correction to the A2 amplitude of about 15-35%. The
complete inclusion of NLO chiral corrections to the π0−η−η′ mixing [12,13] and
of additional isospin breaking effects (∆I = 5/2 [14,15,16]) in the extraction of
the isospin amplitudes may sizeably affect the determination of ε′/ε . Although
a partial cancellation of the new terms in ε′/ε reduces their numerical impact,
we must await for further analyses in order to confidently assess their relevance.

2. The combination of CKM elements Imλt ≡ Im(V ∗tsVtd), which affects directly
the size of ε′/ε and the range of the uncertainty. The determination of Imλt
depends on B-physics constraints and on ε [17]. In turn, the fit of ε depends on
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the theoretical determination of BK, the K
0 −K0 hadronic parameter, which

should be consistently determined within every analysis. The theoretical un-
certainty on BK affects subtantially the final uncertainty on Imλt. A better
determination of the unitarity triangle is expected from the B-factories and
the hadronic colliders. In K-physics, the decay KL → π0νν gives the cleanest
“theoretical” determination of Imλt, albeit representing a great experimental
challenge.

4 Summary of theory results

A satisfactory approach to the calculation of ε′/ε should comply with the following
requirements:

A: A consistent definition of renormalized operators leading to the correct scheme
and scale matching with the short-distance perturbative analysis.

B: A self-contained calculation of all relevant hadronic matrix elements (including
BK).

C: A simultaneous explanation of the ∆I = 1/2 selection rule and ε′/ε .

None of the existing calculations satisfies all previous requirements. I summarize
very briefly the various attempts to calculate ε′/ε which have appeared so far leading
to the estimates shown in Figs. 1 and 2.

• VSA: A simple and naive approach to the problem is the VSA, which is based
on two drastic assumptions: the factorization of the four quark operators in
products of currents or densities and the saturation of the completeness of the
intermediate states by the vacuum. As an example:

〈π+π−|Q6|K0〉 = 2 〈π−|uγ5d|0〉〈π+|su|K0〉 − 2 〈π+π−|dd|0〉〈0|sγ5d|K0〉
+ 2

[
〈0|ss|0〉 − 〈0|dd|0〉

]
〈π+π−|sγ5d|K0〉 (8)

The VSA does not allow for a consistent matching of the scale and scheme
dependence of the Wilson coefficients (the HV and NDR results are shown in
Fig. 1) and it carries potentially large systematic uncertainties [4]. It is best
used for LO estimates.

• Taipei’s: Generalized factorization represents an attempt to parametrize the
hadronic matrix elements in the framework of factorization without a-priori
assumptions [18]. Phenomenological parameters are introduced to account for
non-factorizable effects. Experimental data are used in order to extract as much
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information as possible on the non-factorizable parameters. This approach has
been applied to the K → ππ amplitudes in ref. [19]. The effective Wilson co-
efficients, which include the perturbative QCD running of the quark operators,
are matched to the factorized matrix elements at the scale µF which is arbi-
trarily chosen in the perturbative regime. A residual scale dependence remains
in the penguin matrix elements via the quark masses. The analysis shows that
in order to reproduce the ∆I = 1/2 rule and ε′/ε sizable non-factorizable
contributions are required both in the current-current and the penguin matrix
elements. However, some assumptions on the phenomenological parameters
and ad hoc subtractions of scheme-dependent terms in the Wilson coefficients
make the numerical results questionable. The quoted error does not include any
short-distance uncertainty.

• München’s: In the München approach (phenomenological 1/N) some of the
matrix elements are obtained by fitting the ∆I = 1/2 rule at µ = mc = 1.3
GeV. On the other hand, the relevant gluonic and electroweak penguin 〈Q6〉
and 〈Q8〉2 remain undetermined and are taken around their leading 1/N values
(which implies a scheme dependent result). In Fig. 2 the HV (left) and NDR
(right) results are shown [20]. The dark range represents the result of gaussian
treatment of the input parameters compared to flat scannning (complete range).

• Dortmund’s: In the recent years the Dortmund group has revived and improved
the approach of Bardeen, Buras and Gerard [21] based on the 1/N expansion.
Chiral loops are regularized via a cutoff and the amplitudes are arranged in
a p2n/N expansion. A particular attention has been given to the matching
procedure between the scale dependence of the chiral loops and that arising
from the short-distance analysis [22]. The renormalization-scheme dependence
remains and it is included in the final uncertainty. The ∆I = 1/2 rule is
reproduced, but the presence of the quadratic cutoff induces a matching scale
instability (which is very large for BK). The NLO corrections to 〈Q6〉 induce a
substantial enhancement of the matrix element (right bar in Fig. 2) compared
to the leading order result (left bar). The darker ranges correspond to central
values of ms, Ωη+η′ , Imλt and ΛQCD.

• Dubna’s: In the Nambu, Jona-Lasinio (NJL) modelling of QCD [23] the Dubna
group [24] has calculated ε′/ε including chiral loops up to O(p6) and the effects
of scalar, vector and axial-vector resonances. Chiral loops are regularized via the
heat-kernel method, which leaves unsolved the problem of the renormalization-
scheme dependence. A phenomenological fit of the ∆I = 1/2 rule implies
deviations up to a factor two on the calculated 〈Q6〉. The reduced (dark) range
in Fig. 2 corresponds to taking the central values of the NLO chiral couplings
and varying the short-distance parameters.
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• Trieste’s: In the approach of the Trieste group, based on the Chiral Quark
Model (χQM) [25], all hadronic matrix elements are computed up to O(p4) in
the chiral expansion in terms of the three model parameters: the constituent
quark mass, the quark condensate and the gluon condensate. These parameters
are phenomenologically fixed by fitting the ∆I = 1/2 rule [26]. This step is
crucial in order to make the model predictive, since there is no a-priori argument
for the consistency of the matching procedure (dimensional regularization and
minimal subtraction are used in the effective chiral theory). As a matter of
fact, all computed observables turn out to be very weakly dependent on the
scale (and the renormalization scheme) in a few hundred MeV range around
the matching scale, which is taken to be 0.8 GeV as a compromise between
the ranges of validity of perturbation theory and chiral expansion. The I = 0
matrix elements are strongly enhanced by non-factorizable chiral corrections
and drive ε′/ε in the 10−3 regime. The dark (light) ranges in Fig. 2 correspond
to Gaussian (flat) scan of the input parameters. The bar on the left represents
the result of ref. [28] which updates the 1997 calculation [27]. That on the right
is a new estimate [29], similarly based on the χQM hadronic matrix elements,
in which however ε′/ε is computed by including the explicit computation of
ε in the ratio as opposed to the usual procedure of taking its value from the
experiments. This approach has the advantage of being independent from the
determination of the CKM parameters Imλt and of showing more directly the
dependence on the long-distance parameter B̂K as determined within the model.

• Roma’s: Lattice regularization of QCD is the consistent approach to the prob-
lem. On the other hand, there are presently important numerical and theoretical
limitations, like the quenching approximation and the implementation of chiral
symmetry, which may substantially affect the calculation of the weak matrix
elements. In addition, chiral perturbation theory is needed in order to obtain
K → ππ amplitudes from the computed K → π transitions. As summarized
in ref. [30] lattice cannot provide us at present with reliable calculations of
the I = 0 penguin operators relevant to ε′/ε , as well as of the I = 0 compo-
nents of the hadronic matrix elements of the current-current operators (penguin
contractions), which are relevant to the ∆I = 1/2 rule. This is due to large
renormalization uncertainties, partly related to the breaking of chiral symmetry
on the lattice. In the recent Roma re-evaluation of ε′/ε 〈Q6〉 is taken at the
VSA value with a 100% uncertainty [30]. The result is therefore scheme depen-
dent (the HV and NDR results are shown in Fig. 2). The dark (light) ranges
correspond to Gaussian (flat) scan of the input parameters.

• Montpellier’s: The analysis in ref. [31] is based on QCD Sum Rules and uses
recent data on the τ hadronic total decay rates. The value of the Q8 matrix
element thus found is substantially larger than the leading 1/N result. At the
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same time, the matrix element of the Q6 gluonic penguin, computed assuming
scalar meson dominance, is found in agreement with leading order 1/N . The
combined effect is a strong cancellation between electroweak and gluonic pen-
guins which leads to a vanishingly small ε′/ε . Various sources of uncertainties
in the calculation and the comparison with other analyses are discussed in [31].

• Lund’s: The ∆I = 1/2 rule and BK have been studied in the NJL framework
and 1/N expansion by Bijnens and Prades [32] showing an impressive scale
stability when including vector and axial-vector resonances. The same authors
have recently produced a calculation of ε′/ε at the NLO in 1/N [33]. The
calculation is done in the chiral limit and it is eventually corrected by esti-
mating the largest SU(3) breaking effects. Particular attention is devoted to
the matching between long- and short-distance components by use of the X-
boson method [34,35]. The couplings of the X-bosons are computed within the
ENJL model which improves the high-energy behavior. The ∆I = 1/2 rule is
reproduced and the computed amplitudes show a satisfactory renormalization
-scale and -scheme stability. A sizeable enhancement of the Q6 matrix element
is found which brings the central value of ε′/ε at the level of 3× 10−3.

• Valencia’s: The standard model estimate given by Pallante and Pich is obtained
by applying the FSI correction factors obtained using a dispersive analysis à
la Omnès-Mushkelishvili [7] to the leading (factorized) 1/N amplitudes. The
detailed numerical outcome has been questioned on the basis of ambiguities
related to the choice of the subtraction point at which the factorized amplitude
is taken [8]. Large corrections may also be induced by unknown local terms
which are unaccounted for by the dispersive resummation of the leading chiral
logs. Nevertheless, the analysis of ref. [6] confirms the crucial role of higher order
chiral corrections for ε′/ε , even though FSI effects alone leave the problem of
reproducing the ∆I = 1/2 selection rule open.

Other attempts to reproduce the measured ε′/ε using the linear σ-model, which
include the effect of a scalar resonance with mσ ' 900 MeV, obtain the needed
enhancement of 〈Q6〉 [36]. However, it is not possible to reproduce simultaneously
the experimental values of ε′/ε and of the CP conserving K → ππ amplitudes.

Studies on the matching between long- and short- distances in large N QCD, with
the calculation of the Q7 penguin matrix element and of B̂K at the NLO in the 1/N
expansion have been presented in ref. [37]. However, a complete calculation of the
K → ππ matrix elements relevant to ε′/ε is not available yet.

It has been recently emphasized [38] that cut-off based approaches should pay
attention to higher-dimension operators which become relevant for matching scales
below 2 GeV and may represent one of the largest sources of uncertainty in present
calculations. On the other hand, the calculations based on dimensional regularization
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Figure 3: Predicting ε′/ε: a (Penguin) Comparative Anatomy of the München (dark gray)

and Trieste (light gray) results in Fig. 1 (in units of 10−3).

(for instance the Trieste one) may be safe in this respect if phenomenological input
is used in order to encode in the hadronic matrix elements the physics at all scales.

Lattice, as a regularization of QCD, is the first-principle approach to the prob-
lem. Presently, very promising developments are being undertaken to circumvemt the
technical and conceptual shortcomings related to the calculation of weak matrix ele-
ments (for a recent survey see ref. [39]). Among these are the Domain Wall Fermion
approach [40,41] which allows us to decouple the chiral symmetry from the continuum
limit, and the possibility to circumvent the Maiani-Testa theorem [42] using the fact
that lattice calculations are performed in finite volume [43]. All these developments
need a tremendous effort in machine power and in devising faster algorithms. Pre-
liminary results for the calculations of both ε′/ε and the ∆I = 1/2 selection rule are
expected during the next year.

5 The ∆I = 1/2 selection rule

Without entering into the details of the various calculations I wish to illustrate
with a simple exercise the crucial role of higher order chiral corrections (in general of
non-factorizable contributions) for ε′/ε and the ∆I = 1/2 selection rule. In order to
do that I focus on two semi-phenomenological approaches.

A commonly used way of comparing the estimates of hadronic matrix elements
in different approaches is via the so-called B factors which represent the ratio of
the model matrix elements to the corresponding VSA values. However, care must be
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Figure 4: Anatomy of the ∆I = 1/2 rule in the χQM. See the text for explanations. The

cross-hairs indicate the experimental point.

taken in the comparison of different models due to the scale dependence of the B’s and
the values used by different groups for the parameters that enter the VSA expressions.
An alternative pictorial and synthetic way of analyzing different outcomes for ε′/ε is
shown in Fig. 3, where a “comparative anatomy” of the early Trieste and München
predictions is presented.

From the inspection of the various contributions it is apparent that the different
outcome on the central value of ε′/ε is almost entirely due to the difference in the
size of the Q6 contribution.

In the Münich approach [20] the ∆I = 1/2 rule is used in order to determine
phenomenologically the matrix elements of Q1,2 and, via operatorial relations, some
of the matrix elements of the left-handed penguins. The approach does not allow for
a phenomenological determination of the matrix elements of the penguin operators
which are most relevant for ε′/ε , namely the gluonic penguin Q6 and the electroweak
penguin Q8. These matrix elements are taken around their leading 1/N values (fac-
torization).

In the semi-phenomenological approach of the Trieste group the size of the effects
on the I = 0, 2 amplitudes is controlled by the phenomenological embedding of the
∆I = 1/2 selection rule which determines the ranges of the model paremeters: the
constituent quark mass, the quark and the gluon condensates. In terms of these
parameters all matrix elements are computed.

Fig. 4 shows an anatomy of the χQM contributions which lead to the experimen-
tal value of the ∆I = 1/2 selection rule for central values of the input parameters.
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Point (1) represents the result obtained by neglecting QCD and taking the factorized
matrix element for the tree-level operator Q2, which is the leading electroweak con-
tribution. The ratio A0/A2 is thus found equal to

√
2: by far off the experimental

point (8). Step (2) includes the effects of perturbative QCD renormalization on the
operators Q1,2 [44]. Step (3) shows the effect of including the gluonic penguin opera-
tors [45]. Electroweak penguins [46] are numerically negligeable in the CP conserving
amplitudes and are responsible for the very small shift in the A2 direction. Therefore,
perturbative QCD and factorization lead us from (1) to (4): a factor five away from
the experimental ratio.

Non-factorizable gluon-condensate corrections, a crucial model dependent effect
entering at the leading order in the chiral expansion, produce a substantial reduction
of theA2 amplitude (5), as it was first observed by Pich and de Rafael [47]. Moving the
analysis to O(p4), the chiral loop corrections, computed on the LO chiral lagrangian
via dimensional regularization and minimal subtraction, lead us from (5) to (6), while
the finite parts of the NLO counterterms calculated in the χQM approach lead to
the point (7). Finally, step (8) represents the inclusion of π-η-η ′ isospin breaking
effects [48].

This model dependent anatomy shows the relevance of non-factorizable contribu-
tions and higher-order chiral corrections. The suggestion that chiral dynamics may
be relevant to the understanding of the ∆I = 1/2 selection rule goes back to the
work of Bardeen, Buras and Gerard [21] in the 1/N framework with a cutoff regu-
larization. A pattern similar to that shown in Fig. 4 for the chiral loop corrections
to A0 and A2 was previously obtained, using dimensional regularization in a NLO
chiral lagrangian analysis, by Missimer, Kambor and Wyler [49]. The Trieste group
has extended their calculation to include the NLO contributions to the electroweak
penguin matrix elements [50].

Fig. 5 shows the contributions to ε′/ε of the various penguin operators, providing
us with a finer anatomy of the NLO chiral corrections. It is clear that chiral-loop
dynamics plays a subleading role in the electroweak penguin sector (Q8−10) while en-
hancing by 60% the gluonic penguin (I = 0) matrix elements. The NLO enhancement
of the Q6 matrix element is what drives ε′/ε in the χQM to the 10−3 ballpark.

As a consequence, the χQM analysis shows that the same dynamics that is relevant
to the reproduction of the CP conserving A0 amplitude (Fig. 4) is at work in the CP
violating sector, albeit with a reduced strenght.

In order to ascertain whether these model features represent real QCD effects
we must wait for future improvements in lattice calculations [39]. On the other
hand, indications for such a dynamics follow also from the analitic properties of the
K → ππ amplitudes [6]. It is important to notice however that the size of the effect
so derived is generally not enough to fully account for the ∆I = 1/2 rule. Other non-
factorizable contributions are needed to further enhance the CP conserving I = 0
amplitude, and to reduce the large I = 2 amplitude obtained from perturbative QCD
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Figure 5: Anatomy of ε′/ε (in units of 10−3) in the χQM approach. In black the LO

results (which includes the non-factorizable gluonic corrections), in half-tone the effect of
the inclusion of chiral-loop corrections and in light gray the complete O(p4) estimate.

and factorization. In the χQM approach, for instance, the fit of the ∆I = 1/2 rule
is due to the interplay of NLO chiral corrections and non-factorizable soft gluonic
contributions (at LO in the chiral expansion).

6 Conclusions

In summary, those semi-phenomenological approaches which reproduce the ∆I =
1/2 selection rule in K → ππ decays, generally agree in the pattern and size of the
I = 2 hadronic matrix elements with the existing lattice calculations. On the other
hand, the ∆I = 1/2 rule forces upon us large deviations from the naive factorization
for the I = 0 amplitudes: B−factors of O(10) are required for 〈Q1,2〉0. Here is were
lattice calculations presently suffer from large sistematic uncertainties.

In the Trieste and Dortmund calculations, which reproduce the CP conserving
K → ππ amplitudes, non-factorizable effects (mainly due to final-state interactions)

enhance the hadronic matrix elements of the gluonic penguins, and give B6/B
(2)
8 ≈ 2.

Similar indications stem from recent 1/N [33] and dispersive [6] approaches. The
direct calculation of K → ππ amplitudes and unquenching are needed in the lattice
calculations in order to account for final state interactions. Promising and exiciting
work in this direction is in progress.
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1 Introduction

Flavour-changing neutral-current (FCNC) processes are one of the most power-
ful tools in probing the structure of flavour beyond the Standard Model (SM): the
strong suppression of these transitions occurring within the SM, which is due to
the Glashow–Iliopoulos–Maiani (GIM) mechanism [1] and to the hierarchy of the
Cabibbo–Kobayashi–Maskawa (CKM) matrix [2], ensures a large sensitivity to pos-
sible non-standard effects, even if these occur at very high energy scales.

In the present talk we focus on a specific class of ∆F = 1 FCNC transitions:

s→ d `+`−(νν̄) and b→ s `+`−(νν̄) . (1)

As we shall discuss, these are particularly interesting for the following reasons:

• These transitions have a strong sensitivity to supersymmetric extensions of the
SM with flavour non-universal soft-breaking terms. Taking into account all the
existing phenomenological constraints, within this type of models it is possible
to generate sizeable non-standard effects to the partonic processes in (1).

• The existing experimental constraints on these transitions are rather weak, but
in the near future it will be possible to perform stringent tests by means of
exclusive rare K and B meson decays.

In the rest of the talk we shall illustrate these two points in more detail. Section 2
is devoted to the analysis of the supersymmetric contributions to dj → di`

+`−(νν̄)
transitions, including a discussion about the indirect bounds obtained by other pro-
cesses. In Sections 3–5 we analyse how to extract information on these partonic
transitions by means of experimental data on K → πνν̄, KL → π0e+e− and exclusive
b→ s`+`−(νν̄) decays, respectively.

2 SUSY contributions to dj → di`
+`−(νν̄) transitions in mod-

els with non-universal soft-breaking terms

The class of supersymmetric extensions of the SM that we shall consider is the
so-called unconstrained MSSM (see e.g. [3,4]). This model has the minimal num-
ber of new fields necessary to build a consistent SUSY version of the SM, namely
all the superpartners of the SM fields plus an extra SUSY Higgs doublet. On the
contrary, the assumptions made on the soft-breaking terms are very general. The
only condition we shall impose on the flavour structure of the soft-breaking terms
is a non-universal linear relation between the trilinear terms (Y A

ij ) and the Yukawa
couplings (yk), leading to

Y A
ij = O(ykMS) , k = max(i, j) , (2)
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whereMS denotes a common soft-breaking scale [Mij = O(M2
S) for the bilinear terms].

This condition let us to avoid charge- and colour-breaking minima or unbounded
directions in the SUSY potential [5]. The proportionality coefficients will be assumed
to be O(1), unless more stringent constraints are imposed by experimental data.

Similarly to the SM, also within this context FCNC amplitudes involving external
quark fields turn out to be generated only at the quantum level. Given the large
number of new off-diagonal flavour couplings, the simplest way to parametrize the new
effect is provided by the so-called mass-insertion approximation [3,4]. This consists
of choosing a simple basis for the gauge interactions and, in that basis, to perform
a perturbative expansion of the squark mass matrices around their diagonal. Being
interested in processes with external down-type quarks, we will employ in the following
a squark basis where all quark–squark–gaugino vertices involving down-type quarks
are flavour-diagonal. In this basis we then define the following adimensional couplings:

(
δ

[U,D]
AB

)
ij

=
(
M2

[U,D]

)
iAjB

/
〈M2

[U,D]〉 , (3)

where A,B denote the helicity (L,R) and i, j the family. These couplings constitute
the basic tool to parametrize and classify the new contributions to FCNC amplitudes
arising within the unconstrained MSSM.

SUSY contributions to dj → di`
+`−(νν̄) transitions can also be divided into three

groups according to the diagrams (or the effective operators) that generate it: box
and helicity-conserving photon-penguins (generic dimension-6 operators), magnetic
penguins (dimension-5 operators) and Z penguins. In each of these classes a different
type of delta plays a dominant role.

Generic dimension-6 operators. Box diagrams with internal chargino or neu-
tralino fields and, in the case of charged leptons, also photon-penguin diagrams
with internal gluino, chargino or neutralino fields, can lead to effective FCNC
operators of the type (

d̄iAγ
µdjA

) (
l̄BγµlB

)
. (4)

Since the external quarks have the same helicity, the potentially leading SUSY
contributions to the Wilson coefficients of these operators are generated by
helicity-conserving couplings: (

δ
[U,D]
AA

)
ij

M2
S

. (5)

The dimensional factor in Eq. (5), due to the integration of heavy SUSY degrees
of freedom, indicates explicitly that these contributions vanish as 1/M 2

S in the
limit of a large SUSY-breaking scale.

The helicity-violating couplings δQLR appear in the Wilson coefficients of dimen-
sion-6 operators only to second order in the mass expansion, with contributions

2



of the type [6]
(δULR)i3(δURL)3j

M2
S

. (6)

Since the left–right mixing is generated by the trilinear terms, then δQLR =
O(mq/MS) and the contribution in (6) vanish as 1/M 4

S for large MS . Thus the
effect of helicity-violating couplings is not only disfavoured by the fact that it
requires a double insertion, but it is also parametrically suppressed in the limit
of a large SUSY-breaking scale. As we shall see below, this is not the case only
in a specific type of dimension-6 operators: those generated by Z penguins.

On the other hand, both helicity-conserving and helicity-violating contributions
to generic dimension-6 operators turn out to be negligible with respect to the
SM ones, once the bounds from ∆F = 2 processes are taken into account [7].
This fact can be understood by a naive dimensional argument in the limit of
large MS [8]. Indeed, considering for simplicity only the case of δQAA, it is easy to
show that the SUSY contribution to ∆F = 2 amplitudes –appearing necessarily
at the second order in the mass expansion– are of O[(δQAA/MS)2]. Thus the
limits on δQAA arising from ∆F = 2 amplitudes scale linearly with MS and not
quadratically, as in the ∆F = 1 case. As a result, SUSY contributions to
dj → di`

+`−(νν̄) transitions generated by box diagrams and helicity-conserving
photon-penguins turn out to be extremely suppressed for MS

>∼ 1 TeV.1

Magnetic penguins. The integration of the heavy SUSY degrees of freedom in
penguin-like diagrams can also lead to operators with dimension lower than 6,
creating an effective FCNC coupling between quarks and SM gauge fields. In
the case of the photon field, the unbroken electromagnetic gauge invariance im-
plies that the lowest-dimensional coupling is provided by the so-called magnetic
operator

d̄iL(R)σ
µνdjR(L)Fµν . (7)

Here the potentially leading SUSY contribution is induced by helicity-violating
couplings, and in particular by the left–right mixing of down-type squarks,
which can appear in gluino-exchange diagrams:

(δDLR)ij
MS

. (8)

Since the operator (7) has dimension 5, the explicit dimensional suppression of
the left–right mixing contribution is only 1/MS . Nonetheless, also in this case
the overall SUSY effect decouples as 1/M 2

S since δQLR = O(mq/MS).

1A similar argument holds for SUSY contributions to dj → diq̄q transitions [8], with the notable
exception of ∆I = 3/2 amplitudes [9].
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The appearance of a single inverse power of MS in Eq. (8) has the important
consequence that this contribution can naturally evade the ∆F = 2 constraints
and compete with the SM term [4,12,8]. This is not the case for contributions
generated by helicity-conserving couplings or left–right mixing in the up sector,
which appear only beyond the first order in the mass insertion.

In the b → s case the most significant constraint on possible non-standard
effects in the magnetic operator is provided by the inclusive process B → Xsγ
(see e.g. [10] for an updated discussion). The recent measurements [11] exclude
SUSY contributions substantially larger that the SM one, or imply bounds of
O(10−2) on |(δDLR)23|. Note, however, that the assumption made on the trilinear
terms implies ∣∣∣(δDLR)23

∣∣∣ <∼
mb

MS
' 10−2

(
500 GeV

MS

)
, (9)

then the B → Xsγ measurement does not pose a serious fine-tuning constraint
about the non-universality of A terms.

Concerning the s → d case, there are no significant constraints on |(δDLR)12|,
whereas a stringent bound on |Im(δDLR)12| can be derived from ε′/ε [12]. The lat-
ter is obtained by constraining the SUSY contribution to the chromo-magnetic
operator (closely related to the magnetic one) and implies [8]:

∣∣∣Im(δDLR)12

∣∣∣ ≤ 4 × 10−5
(

MS

500 GeV

)
. (10)

This limit is more stringent than the upper bound on |(δDLR)12| imposed by (2),
namely ∣∣∣(δDLR)23

∣∣∣ <∼
ms

MS
' 2 × 10−4

(
500 GeV

MS

)
, (11)

but it is much higher than the value assumed by |Im(δDLR)12| within the flavour-
constrained MSSM [13]. Interestingly, if Im(δDLR)12 = O(10−5) it is possible to
conceive a scenario where all CP-violating effects observed so far in the kaon
sector (ε and ε′) are of SUSY origin [14,15]. As we shall discuss in the next
sections, this scenario would produce very clear signatures in rare K decays.

Z penguins. Thanks to the spontaneous breaking of SU(2)L, in the case of Z pen-
guins the integration of the SUSY degrees of freedom can lead to an effective
FCNC operator of dimension 4:

q̄iLγ
µdjLZµ . (12)

This operator generates a dimension-6 structure like the one in Eq. (4) when
the heavy Z field is integrated out. In this case, however, the dimensional
suppression is provided by 1/M 2

Z and there is no explicit trace of MS . The
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latter is hidden in the dimensionless coupling of the operator (12), denoted by
ZL
ji, that requires a double mixing between SU(2)L-singlet and SU(2)L-doublet

fields,2 and thus vanishes as 1/M 2
S for large MS. The potentially dominant

contributions to ZL
ji arise from chargino loops, either by a double left-right

insertion in the up-squark propagators [6] or by a single insertion together with
wino-higgsino mixing [7,18]:

ZL
ji ∼

{
(δULR)j3(δURL)3i

(mt/MS)Vj3(δURL)3i
(13)

As can be noted, in both cases ZL
ji = O(m2

t/M
2
S ), where themt factor arises from

the Yukawa coupling of the third generation. Since the left–right mixing in the
up sector provides a subleading contribution to generic dimension-6 operators
and, in particular, to ∆F = 2 transitions, the indirect constraints on these
effects are rather weak. If (δURL)3i lies in the window

mt

MW
|V3i| <∼

∣∣∣(δULR)3i

∣∣∣ <∼
mt

MS
, (14)

then SUSY contributions to ZL
ji turn out to be comparable or even larger than

the SM one. On the contrary, contributions to ZL
ji from helicity-conserving

couplings or left–right mixing in the down sector are always negligible.

In the b → s case some phenomenological constraints on |ZL
sb| can be obtained

directly from exclusive and inclusive b → s `+`−(νν̄) transitions [18,16]. The
latter are certainly cleaner from the theoretical point of view; however, their
experimental determination is quite difficult. Indeed the most stringent con-
straint, at present, is the one extracted from B → K∗µ+µ− [16], where the
experimental upper bound on the non-resonant branching ratio lies only about
a factor of 2 above the SM expectation. This constraint implies a bound of
O(1) on |(δULR)3i|, which is still outside the window (14).

Owing to the smallness of Vtd, the window (14) is much larger in the case of s→
d transitions. Here the most stringent constraints on ZL

ds arise from KL → µ+µ−

(on the real part) and ε′/ε (on the imaginary part) [19]. Without entering into
a detailed discussion about these bounds, which can be found elsewhere [8], we

2Here and in the following we employ the normalization of ZLji in [8,16]:

LZFC =
GF√

2

e

π2
M2
Z

cos ΘW

sin ΘW
ZµZLji q̄

i
Lγµq

j
L + h.c. .

With this normalization the SM contribution to ZLji, evaluated in the ’t Hooft–Feynman gauge, is

given by ZLji|SM ' C0(xt)V
∗

3iV3j, where Vij denote CKM matrix elements, xt = m2
t/m

2
W and the

function C0(x) can be found in [17]. We further stress that the leading O(xt) contributions to FCNC
Z penguins are gauge-invariant within both SM and MSSM.
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simply note that: i) the sizeable uncertainties due to non-perturbative effects
in both KL → µ+µ− and ε′/ε do not allow us to extract precise constraints;
ii) taking into account these uncertainties, the present bounds on ZL

ds are within
the window (14) and allow for O(1) deviations from the SM at the amplitude
level.

Summarizing, we can say that only the flavour-violating left–right mixing among the
squarks can naturally lead to large effects in the transitions (1). In the s→ d case this
can happen either via magnetic penguins [ruled by (δDLR)12] or via Z penguins [ruled
by (δULR)13 and (δULR)23], whereas b → s magnetic penguins are strongly constrained
by B → Xsγ. Moreover, we have seen that under the assumption (2) the present
constraints about the non-universality of the trilinear terms are all rather weak, both
for up- and down-type squarks. We believe that this observation strengthens the
interest in searching for sizeable non-standard effects in the transitions (1).

3 K → πνν̄

These decays are considered the golden modes for a precise measurement of the
s → dνν̄ transition. Within the SM, separating the contributions to the s → dνν̄
amplitude according to the intermediate up-type quark running inside the loop, one
can write

A(s→ dνν̄)SM =
∑

q=u,c,t

V ∗qsVqdAq ∼





O(λ5m2
t ) + iO(λ5m2

t ) (q = t)
O(λm2

c) + iO(λ5m2
c) (q = c)

O(λΛ2
QCD) (q = u)

(15)

The hierarchy of the CKM matrix elements would favour up- and charm-quark con-
tributions; however, the hard GIM mechanism of the parton-level calculation implies
Aq ∼ m2

q/M
2
W , leading to a completely different scenario. As shown on the r.h.s. of

Eq. (15), where we have employed the standard phase convention (ImVus = ImVud =
0) and expanded the CKM matrix in powers of the Cabibbo angle (λ = 0.22) [20],
the top-quark contribution dominates both real and imaginary parts. This structure
implies that A(s → dνν̄)SM is dominated by short-distance dynamics and therefore
calculable with high precision in perturbation theory.

The leading short-distance contributions to A(s→ dνν̄), both within the SM and
within its SUSY extension discussed before, can be described by means of a single
effective dimension-6 operator:

Qν
L = (s̄Lγ

µdL)(ν̄LγµνL) , (16)

whose Wilson coefficient has been calculated at the next-to-leading order within the
SM [21] (see also [22,23]). The simple structure of Qν

L has two major advantages:
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• the relation between partonic and hadronic amplitudes is very accurate, since
the hadronic matrix elements of the s̄γµd current between a kaon and a pion
are related by isospin symmetry to those entering Kl3 decays, which are exper-
imentally well known;

• the lepton pair is produced in a state of definite CP and angular momentum,
implying that the leading contribution to KL → π0νν̄ is CP-violating.

The dominant theoretical error in estimating B(K+ → π+νν̄)SM is due to the
uncertainty of the QCD corrections to the charm contribution (see [23] for an updated
discussion), which can be translated into a 5% error in the determination of |Vtd| from
B(K+ → π+νν̄) 3. Genuine long-distance effects associated to the up quark have been
shown to be substantially smaller [25].

The case of KL → π0νν̄ is even cleaner from the theoretical point of view [26]. In-
deed, because of the CP structure, only the imaginary parts in (15) –where the charm
contribution is absolutely negligible– contribute to A(K2 → π0νν̄)SM. Thus the dom-
inant direct-CP-violating component of A(KL → π0νν̄)SM is completely saturated
by the top contribution, where the QCD uncertainties are very small (around 1%).
Intermediate and long-distance effects in this process are confined to the indirect-
CP-violating contribution [27] and to the CP-conserving one [28] which are both
extremely small. Taking into account also the isospin-breaking corrections to the
hadronic matrix element [29], one can write an expression for B(KL → π0νν̄)SM in
terms of short-distance parameters with a theoretical error below 3% [23,27]:

B(KL → π0νν̄)SM = 4.16 × 10−10

[
mt(mt)

167 GeV

]2.3 [
Imλt
λ5

]2

, (17)

where λt = V ∗tsVtd.
Taking into account all the indirect constraints on Im(V ∗tsVtd) [30], the present

range of SM predictions for the two K → πνν̄ branching ratios is reported in the
second column of Table 1. In the following three columns, we show the upper bounds
obtained within three SUSY scenarios with non-trivial (δULR)i3 and (δULR)12. In all
cases the SUSY flavour-mixing terms, as well as CKM matrix elements, have been
constrained taking into account the measurement of ε, ε′, KL → µ+µ− and the
respective theoretical uncertainties [8]. As can be noticed, the two neutrino modes
could provide sizeable unambiguous signatures of SUSY, but only in the presence of
a large left–right mixing in the up sector. Interestingly, the present measurement of
B(K+ → π+νν̄) [31] is very close to putting serious constraints (or to providing some
evidence. . . ) on this scenario.

3Very recently also the subleading effect of O(m2
K/m

2
c) induced by dimension-8 operators has

been estimated [24]. This effect is not calculable precisely, but it is likely to be smaller than (or at
most as large as) the uncertainty in the QCD corrections to the leading term [24].
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Observable SM SUSY scenarios exp. data
A B C

1010 × B(K+ → π+νν̄) 0.71± 0.12 ≤ BSM ≤ 2.1 ≤ 2.7 1.5+3.5
−1.3 [31]

1010 × B(KL → π0νν̄) 0.22± 0.05 ≤ BSM ≤ 1.7 ≤ 4.0 < 5.9× 103 [32]
1011 × B(KL → π0e+e−)dir 0.35± 0.07 ≤ 2.0 ≤ 3.0 ≤ 10 < 58 [33]

Table 1: SM expectations, experimental data and upper bounds within different SUSY
scenarios for the branching ratios of the rare decays KL → π0νν̄ , KL → π0e+e−

and K+ → π+νν̄ . The three SUSY scenarios correspond to [8]: A) (δULR)i3 = 0,
(δULR)12 6= 0, 0 ≤ Im(λt) ≤ Im(λt)SM; B) (δULR)12 = 0, (δULR)i3 6= 0, 0 ≤ Im(λt) ≤ Im(λt)SM;

C) (δULR)12 6= 0, (δULR)i3 6= 0, |Im(λt)| ≤ 1.73× 10−4.

4 KL → π0e+e−

Similarly to K → πνν̄ decays, also the short-distance contributions to K → π`+`−

transitions are calculable with high accuracy. Long-distance contributions to the
latter, however, are much larger owing to the presence of electromagnetic interactions.
Only in few cases (mainly in CP-violating observables) are long-distance contributions
suppressed and is it possible to extract the interesting short-distance information.

The single-photon exchange amplitude, dominated by long-distance dynamics,
provides the largest contribution to the CP-allowed transitions K+ → π+`+`− and
KS → π0`+`−. The former has been observed, both in the electron and in the muon
mode, whereas only an upper bound of 1.6 × 10−7 exists on B(KS → π0e+e−) [34].
On the contrary, the long-distance part of the single-photon exchange amplitude is
forbidden by CP invariance in the KL → π0`+`− channels, which are much more
interesting from the short-distance point of view (especially the electron mode).

In KL → π0e+e− we can distinguish three independent (and comparable) contri-
butions: direct-CP-violating, indirect-CP-violating and CP-conserving.

The direct-CP-violating part of the KL → π0e+e− amplitude is very similar to
the KL → π0νν̄ one, but for the fact that it receives an additional short-distance
contribution from the photon penguin. Within the SM, this theoretically clean part
of the amplitude leads to [35]

B(KL → π0e+e−)SM
dir = 6.5× 10−11

[
mt(mt)

167 GeV

]2 [
Imλt
λ5

]2

. (18)

The present range of variation, together with SUSY upper bounds, is reported in the
last line of Table 1. Being sensitive also to the photon penguin, the KL → π0e+e−

amplitude could be substantially modified also in the presence of non-trivial SUSY
phases in the down sector. In particular, within the interesting scenario where all
CP-violating effects observed in the kaon sector were due to Im(δDLR)12 = O(10−5),
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B(KL → π0e+e−)SM
dir would be close to its SM value, whereas B(KL → π0νν̄) would

be vanishingly small.
In principle the direct-CP-violating part of the KL → π0e+e− amplitude could be

experimentally isolated from the other two contributions, especially if it were large.
In order to achieve this goal it would be necessary to measure B(KS → π0e+e−) or to
put a stringent bound on it. The two CP-violating components of the KL → π0e+e−

amplitude will in general interfere, and the indirect-CP-violating one alone would
lead to

B(KL → π0e+e−)CPV−ind = 3 × 10−3 B(KS → π0e+e−) . (19)

Since the relative phase of the two CP-violating amplitudes is known, once B(KS →
π0e+e−) will be measured, it will be possible to determine the interference between
direct and indirect CP-violating components of B(KL → π0e+e−)CP up to a sign
ambiguity.

The CP-conserving contribution to KL → π0e+e−, generated by a two-photon
intermediate state, does not interfere with the CP-violating ones and is expected to
be in the 10−12 range. The relative weight of this contribution can be further con-
strained by appropriate kinematical cuts; it should therefore not represent a problem
if B(KL → π0e+e−) will be found in the 10−11 range.

5 Exclusive b→ s`+`−(νν̄) decays

The starting point for the analysis of b→ s`+`−(νν̄) transitions, both within the
SM and the SUSY scenario discussed in Section 2, is the following effective Hamilto-
nian:

Heff = −GF√
2
V ∗tsVtb

(
10∑

i=1

[CiQi + C ′iQ
′
i] + Cν

LQ
ν
L + Cν

RQ
ν
R

)
+ h.c. . (20)

HereQi denotes the Standard Model basis of operators relevant to b→ s`+`− [17] and
Q′i their helicity flipped counterparts. In particular, we recall that Qi ∼ (s̄γµb)(c̄γ

µc),
for i = 1 . . . 6, Q7 ∼ mbs̄L(σ · F )bR, Q8 ∼ mbs̄L(σ · G)bR, Q9 ∼ (s̄LγµbL)(¯̀γµ`),
Q10 ∼ (s̄LγµbL)(¯̀γµγ5`) and Qν

L(R) ∼ (s̄L(R)γµbL(R))(ν̄Lγ
µνL). The operators that

have a non-vanishing matrix element already at the tree level and thus play the
dominant role in b → s`+`− are Q7, Q9, Q10 and their helicity flipped counterparts.
On the other hand, only Qν

L(R) have a non-vanishing matrix element in b→ sνν̄.
Rate and CP asymmetry in B → Xsγ already provide serious constraints on

possible deviations from the SM in C7 and C ′7 [10], and these bounds will soon improve
with new data on B → Xsγ. However, as we have discussed in Section 2, even if no
new-physics effects are found in the magnetic operator, one could still expect sizeable
SUSY contributions mediated by the Z penguin. In the following we shall concentrate
only on the latter type of effects. Under this assumption, a rather simplified scenario
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emerges, where Cν
R = C ′i = 0 and only C10 and Cν

L are substantially modified from
their SM value [16].

Moreover, even though inclusive measurements are certainly more suitable for pre-
cise determinations of short-distance parameters, here we shall discuss only exclusive
decays, which have a clear advantage from the experimental point of view. Within
the SM the following exclusive branching ratios are expected, compared here with the
current experimental limits:

B(B → Kνν̄) ≈ 4× 10−6 (< 7.7× 10−4 [37])
B(B → K∗νν̄) ≈ 1.3× 10−5 (< 7.7× 10−4 [37])

B(B → Kµ+µ−)n.r. ≈ 6× 10−7 (< 5.2× 10−6 [38])
B(B → K∗µ+µ−)n.r. ≈ 2× 10−6 (< 4× 10−6 [38])

B(Bs → µ+µ−) ≈ 3× 10−9 (< 2.6× 10−6 [39])

(21)

The corresponding hadronic uncertainties are typically around ±30% (see e.g. [36]
for an updated discussion). As already mentioned, the channel that sets the strongest
constraint on the FCNC Z penguin is B → K∗µ+µ−. In the optimistic case where
ZL
bs is close to saturating this bound, we would be able to detect the presence of non-

standard dynamics already by observing sizeable rate enhancements in the above
listed branching ratios. In processes such as B → K∗`+`− and B → K`+`−, where
the standard photon-penguin diagrams provide a large contribution, the enhancement
could be at most a factor of 2. On the other hand, in processes such as B → K∗νν̄,
B → Kνν̄ and Bs → µ+µ−, where the photon-exchange amplitude is forbidden, the
maximal enhancement could reach a factor of 10 [16].

5.1 Forward-backward asymmetry in B → K∗µ+µ−

If SUSY effects were not large enough to produce sizeable deviations in the mag-
nitude of the b → Z∗s transition, as expected unless |(δULR)32| were very close to the
upper bound in Eq. (14), it would be hard to detect them from exclusive rate mea-
surements. A more interesting observable in this respect is provided by the forward–
backward (FB) asymmetry of the emitted leptons. In the B̄ → K̄∗µ+µ− case this is
defined as

A(B̄)
FB (s) =

1

dΓ(B̄ → K̄∗µ+µ−)/ds

∫ 1

−1
d cos θ

d2Γ(B̄ → K̄∗µ+µ−)

ds d cos θ
sgn(cos θ) , (22)

where s = m2
µ+µ−/m

2
B and θ is the angle between the momenta of µ+ and B̄ in the

dilepton centre-of-mass frame. Assuming that the leptonic current has only a vector
(V ) or axial-vector (A) structure, then the FB asymmetry provides a direct measure
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Figure 1: FB asymmetry of B̄ → K̄∗µ+µ− within the SM. The solid (dotted) curves have
been obtained employing the Krueger–Sehgal [42] approach (using the perturbative end-point
effective Hamiltonian [16]). The dashed lines show the effect of varying the renormalization

scale of the Wilson coefficients between mb/2 and 2mb, within the Krueger–Sehgal approach.

of the A-V interference. Since the vector current is largely dominated by the photon-

exchange amplitude and the axial one is very sensitive to the Z exchange, A(B̄)
FB and

A(B)
FB provide an excellent tool to probe the Zb̄s vertex. Indeed A(B̄)

FB (s) turns out to
be proportional to4

Re
{
C∗10

[
s Ceff

9 (s) + α+(s)
mbC7

mB

]}
, (23)

where α+(s) is an appropriate ratio of hadronic form factors [16,40]. The overall

factor ruling the magnitude of A(B̄)
FB (s) is affected by sizeable theoretical uncertainties.

Nonetheless there are at least three features of this observable that provide a clear
short-distance information:

i) Within the SM A(B̄)
FB (s) has a zero in the low-s region (s0|SM ∼ 0.1) [40]. The

exact position of s0 is not free from hadronic uncertainties at the 10% level; nonethe-
less, the existence of the zero itself is a clear test of the relative sign between C7 and
C9. The position of s0 is essentially unaffected by possible new-physics effects in the
Zb̄s vertex.

ii) The sign of A(B̄)
FB (s) around the zero is fixed unambiguously in terms of the

relative sign of C10 and C9 [16]: within the SM one expects A(B̄)
FB (s) > 0 for s > s0,

as in Fig. 1. This prediction is based on a model-independent relation between the
form factors [41]. Interestingly, the sign of C10 could change in the presence of a

4To simplify the notation we have introduced the parameter Ceff
9 (s), which is not a Wilson

coefficient but can be identified with C9 at the leading-log level [16].
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non-standard Zb̄s vertex, leading to a striking signal of new physics in A(B̄)
FB (s), even

if the rate of B̄ → K̄∗µ+µ− were close to its SM value.

iii) In the limit of CP conservation, one expects A(B̄)
FB (s) = −A(B)

FB (s). This holds
at the per-mille level within the SM, where C10 has a negligible CP-violating phase,
but again it could be different in the presence of new physics in the Zb̄s vertex. In

this case the ratio [A(B̄)
FB (s)+A(B)

FB (s)]/[A(B̄)
FB (s)−A(B)

FB (s)] could be different from zero,
for s above the charm threshold, even reaching the 10% level in the SUSY scenario
of Section 2 [16].

6 Conclusions

Rare FCNC transitions of the type dj → di `
+`−(νν̄) are very sensitive to simulta-

neous violations of SU(2)L and flavour symmetries. Within generic supersymmetric
extensions of the SM, these processes could be substantially modified in the presence
of non-diagonal trilinear soft-breaking terms. At present this possibility is still open
for both b → s and s → d transitions, but it has more chances to be realized in
the s → d case [43]. The future measurements of B(K+ → π+νν̄), B(KL → π0νν̄),
B(KL → π0e+e−) and AFB[B(B̄)→ K̄∗µ+µ−] will provide very useful insights in this
scenario.
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The feature that makes heavy quark physics appealing—the decoupling of the
heavy quark matrix elements from those of the light degrees of freedom—can prove
to be treacherous if one cannot track the processes through which the quarks of
various flavors are created or destroyed. Such ambiguities plague the extraction of
Cabibbo-Kobayashi-Maskawa (CKM) elements from nonleptonic weak decays.

In this light, processes with unusual flavor quantum numbers are useful since
they serve to distinguish the weak interaction and strong interaction physics: As
seen below, unusual flavor quantum numbers imply a very limited number of possible
Feynman diagram topologies. The price one must pay for this clarity is that such
interesting decays tend to be quite rare. In particular, the modes M → mγ discussed
in this talk are radiative (rates ∝ αEM) weak (∝ G2

F |V ∗V |2) processes with pointlike
annihilation (∝ fM/M · fm/m, where f indicates the meson decay constant). Never-
theless, we argue below that once such modes are produced, they should be relatively
easy to detect.

To study the flow of flavor in a flavor-changing weak decay process, it is sufficient
to work at the partonic level with simple quark diagrams, since gluons and sea quark
pairs carry only flavor-singlet quantum numbers. Only valence quarks and vacuum-
produced qq pairs that become valence quarks need be considered. Thus, the com-
plications of QCD are irrelevant if one wishes only to classify weak decay processes.
As shown in Ref. [1], only six such classes exist at O(G1

F ), since only the W boson
changes flavors in the standard model. These classes are T (color-unsuppressed tree),
C (color-suppressed tree), P (penguin), A (weak annihilation), E (weak exchange),
and PA (penguin annihilation) diagrams, as depicted in Fig. 1.

One may now enumerate a number of problems inherent to computing weak meson
decays of the form M → m1m2. The first such difficulty is the most obvious and
endemic to any hadronic process, namely, that hadron wavefunctions are not precisely
known and must be modeled in order for a calculation to be performed. Second,
for electrically neutral mesons—even with valence quarks with distinct flavors—the
asymptotic states are not pure flavor eigenstates, and then one must take into account
KK, DD, BB, or BsBs mixing.

In addition, however, there are complications best seen by using the diagrammatic
classification. While it is true that any arbitrarily complicated Feynman diagram for
a flavor-changing M → m1m2 meson decay falls uniquely into one of these six classes,
it is also true that any such decay tends to have contributions from more than one
topology. In particular, processes that have a T diagram often also have a C diagram,
and the two can mix under final-state interactions (FSI’s). As an example, consider

B+ → π+D
0

= bu → (ud)(cu). The weak decay at the quark level may proceed
through b → cW+ → cud, and the u valence quark in π+ may either come from the
weak vertex or the spectator. In other cases, valence quarks may emerge from pair
creation due to fragmentation. The basic problem here is one of redundant quark
flavor in the final state: Since two u quarks are indistinguishable, one is faced with
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the problem of where each one originates, and this redundancy is forced by the limited
number of distinct quark flavors available for hadron formation.

Another affliction of M → m1m2 best seen in terms of the diagram topologies is
the problem of “generalized penguin pollution,” which we define to be the contribution
to a decay from at least two diagrams containing different CKM couplings. A classic
example is the decay B0 → π+π− = bd → (ud)(du). In the T diagram, the weak
decay at the quark level is b → uW+ → uud, where the u quark hadronizes with

Figure 1: The six flavor-changing weak decay topologies at O(G1
F ). Reading across and

from top to bottom, these are labeled T , C, P , A, E, and PA, respectively. Ovals indicate
hadronization into color-singlet mesons. For processes with the T topology, there is often

also a C diagram contribution, so that the two classes can mix through final-state inter-
actions. The P , A, E, and PA diagrams have variants in which the the qq pair from the

vacuum hadronize into a single flavor-singlet meson.
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the spectator d quark, and the CKM coefficient is V ∗ubVud. On the other hand, a
P diagram may also contribute (hence the original name “penguin pollution”), in
which b → dg → duu. The penguin loop, dominated by the top quark contribution,
produces primarily the CKM coupling V ∗tbVtd. Again, the ultimate reason that a large
proportion of possible modes exhibit generalized penguin pollution is the existence
of a limited number of quark flavors available for the decay: In the example, the uu
pair can either emerge from a strong or weak process.

Typically, M → m1m2 meson decays tend to suffer at least one of the latter two
problems. It is difficult to find modes proceeding through only one topology, chiefly
owing to the limited number of distinct quark flavors; in particular, M → m1m2

contains six quarks, while only the lightest five quark flavors form mesons.
To evade this problem, let us consider instead the meson decays M → mγ [2].

Here one has only four quarks, which can easily be chosen distinct. In this case
there is clearly (as a few moments’ study of Fig. 1 should convince the reader) only
one weak topology available at O(G1

F ): If the meson is charged, then M+ → m+γ
proceeds uniquely through the weak annihilation (A) diagram, while if the meson is
neutral, then M0 → m0γ proceeds uniquely through the weak exchange (E) diagram.
To date, no such decays have been observed, so an order-of-magnitude calculation
of their rates serves to guide not only future calculations, but experimental searches
as well. The photon may be attached to any charged particle line, and is hard and
monochromatic, fixed in energy due to the restrictive kinematics of two-body decays.

The E processes are certainly interesting, but introduce the problem of M 0M
0

and
m0m0 mixing mentioned above, so we concentrate below on the A processes.

Thus far we have considered contributions only at O(G1
F ). One may also neglect

the diagram in which the photon couples to the W±, since it produces an extra
1/M2

W propagator suppression; thus, one need consider only diagrams in which the
photon couples to one of the quarks. At a similar numerical size for A processes are
the O(G2

F ) diagrams depicted in Fig. 2. These consist of “di-penguin” and crossed-
box diagrams; however, neither class is expected to be particularly large, since the
enhanced significance of ordinary penguin and box diagrams occurs due to virtual t
quark lines in the loops. In the case of charged mesons, one of the valence quarks
is necessarily u-type, and the virtual quark connecting to it through a W vertex is
necessarily d-type, and thus does not give rise to a large contribution. One concludes
that, in the standard model at least, the O(G1

F ) contribution should dominate the
rate for A processes.

This begs the question of whether any common non-standard physics might con-
tribute to, or even dominate, A processes. Two very simple possibilities jump im-
mediately to mind. First, the s-channel exchange of a W may be replaced with the
t-channel exchange of a flavor-changing neutral current (FCNC) boson X. Such a
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process is important if
V1V2

M2
W

<∼
g1g2

M2
X

, (1)

where Vi and gi represent the CKM and new physics couplings, respectively, at the
two vertices. The best potential for new physics discovery is when gi are O(1) and Vi
are as small as possible. For example, in the case B+ → D∗+γ, V1 = V ∗ub ∼ λ3 and
V2 = Vcd ≈ λ, with Wolfenstein λ ≈ 0.2. Then one immediately finds

MX <∼ 2 TeV, (2)

a fairly stringent bound, considering that one must still make sure that KK mixing
and other FCNC constraints are properly taken into account.

Another possibility is the s-channel exchange of a charged Higgs boson. Since
the current lower limit [3] is MH+ > 130 GeV, these decays are a possible place to
find new physics (using the same tree-level estimation as above) if the corresponding
H+qq Yukawa couplings are not smaller than the CKM elements V1V2.

Having discussed the restrictive nature of flavor distinctiveness on generating pro-
cesses with unique flavor topologies, it is natural to present the complete list [2] of
such decays for pure A processes. One must choose two from the list {b, s, d} and two
from the list {c, u}, for a total of six possibilities. Only the lightest pseudoscalar M of
each flavor content decays dominantly weakly. Then angular momentum conservation
requires that the spin of the photon must be balanced by a daughter meson m of spin
≥ 1; for sake of illustration, we take m to be the lowest-lying vector meson, which
should presumably boast the largest transition rate for any state with the given final
flavor quantum numbers. Table 1 presents the modes just described, along with the
corresponding CKM coefficients.

(a) (b)

Figure 2: Diagrams contributing at O(G2
F ) to processes described at O(G1

F ) by the A

diagram of Fig. 1. These are the (a) “di-penguin” and (b) crossed-box diagrams. The
gluons emerging from the W loops in the di-penguin need not be the same; indeed, the two

penguins can be separated by long-distance effects.
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Table 1: Flavor structure and mesonic decay modes of weak annihilation radiative decays.
The CKM coefficient for each process is accompanied by its magnitude in powers of Wolfen-

stein λ ≈ 0.2.

Valence structure Decay mode CKM Elements

bu→ csγ B+ → D∗+s γ V ∗ubVcs ∼ λ3

bu→ cdγ B+ → D∗+γ V ∗ubVcd ∼ λ4

bc→ usγ B+
c → K∗+γ V ∗cbVus ∼ λ3

bc→ duγ B+
c → ρ+γ V ∗cbVud ∼ λ2

cd→ usγ D+ → K∗+γ V ∗cdVus ∼ λ2

cs→ udγ D+
s → ρ+γ V ∗csVud ∼ λ0

Note that the CKM suppression of the decays varies widely, from none in the
case of D+

s → ρ+γ to λ4 in the case of B+ → D∗+γ. These decays appear to
have been discussed only rarely in the literature. D+

s → ρ+γ has been considered
using the quark model [4], pole and vector meson dominance methods [5], light-cone
techniques [6], and effective field theory [7]. The double Cabibbo-suppressed mode
D+ → K∗+γ, interesting since it is a neutrinoless decay sensitive to |Vcs|, was also
considered in Refs. [5,7]. The modes B+ → D∗+s γ and D∗+γ (collectively,D∗+(s)γ) were
first considered in Ref. [8], where they were suggested as possible probes of |Vub|. The
modes Bc → ρ+γ and K∗+γ were first considered [9] in the context of light-cone sum
rules.

Let us consider in further detail the calculation of Ref. [8] since its methods and
approximations figure large in the rest of this talk. In [8], heavy quark effective theory
(HQET) and light-quark SU(3) are used to relate the four-fermion vertex (bu)(cd) or
(bu)(cs) appearing in the decays B+ → D∗+(s)γ to the vertex (bd)(bd) that appears in

BB mixing. Such an approach of course neglects the “bag parameter” B (i.e., the
multiplicative long-distance correction to factorization) relevant to each vertex, as
well as the mixing and short-distance renormalization of the two different color Fierz
orderings of the four-fermion operator.

The next problem is how to incorporate long-distance effects between the weak and
electromagnetic vertices. Here, the simplest ansatz is adopted: One assumes that only
the lightest meson propagates between the two vertices with the same flavor quantum
numbers as the meson on the other side of the photon vertex, and the same spin-parity
as the meson on the other side of the weak vertex, . This is depicted in Fig. 3. In
each diagram the external states are B+ and D∗+(s) , while in the first the intermediate

meson is B∗+, and in the second it is D+
(s). This approximation not only neglects

all higher resonances that may contribute in the intermediate state (for example,
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D(s)(2S)), but also vector-dominance diagrams in which the photon is generated by
a resonance of a valence quark from one of the mesons and an antiquark from the
weak vertex (such as B+ → D∗+s ρ0 → D∗+s γ), and multiparticle intermediates (such
as B+ → D0K+ → D∗+s γ) in which FSI’s play an important role.

Finally, HQET is used to relate the BB∗γ and D(s)D
∗
(s)γ couplings to Γ(D∗+ →

D+γ), for which an experimental upper bound exists [3]. One finds the branching
ratios (BR’s)

BR(B+ → D∗+s γ)

= 2× 10−7
(
BB

0.98

)2 ∣∣∣∣
V ∗ubVcs

3× 10−3

∣∣∣∣

(
Γ(D∗+)

0.131 MeV

)(
BR(D∗+ → D+γ)

3.2%

)
,

BR(B+ → D∗+γ)

= 7× 10−9
(
BB

0.98

)2 ∣∣∣∣
V ∗ubVcd

6.6× 10−4

∣∣∣∣

(
Γ(D∗+)

0.131 MeV

)(
BR(D∗+ → D+γ)

3.2%

)
.

(3)

The final approximation, using an on-shell electromagnetic coupling (the D∗+ →
D+γ transition magnetic moment) to extract the coupling of an intermediate meson,
off-shell by the large amount m2(B+)−m2(D+

(s)) in the second diagram (as fixed by

the fact that the real photon has q2 = 0), deserves special comment. In the original
calculation [8], a new formal heavy quark limit mb−mc <∼ ΛQCD � mc,b was invented,
for which the virtuality of the electromagnetic coupling is parametrically small. It
is of course possible to remove this assumption when the photon is virtual, as in
B+ → D∗+(s)e

+e−; then one may find a kinematic region where the intermediate meson
is approximately at rest [10], or do even better and develop an operator product
expansion (OPE) in the variable q2 � Λ2

QCD. Then one calculates [11], for example,

BR(B+ → D∗+s e+e−)
∣∣∣
q2>1 GeV2

≈ 1.8× 10−9. (4)

The authors of Refs. [10,11] also tackle the problem of radiative weak exchange (the
E rather than A diagram) exclusive processes using the OPE approach in Ref. [12],

� �
� �
� �

� �
� �
� �

� �
� �
� �

� �
� �
� �

Figure 3: Diagrams for B+ → D∗+(s) , assuming dominance of long-distance physics by single-

meson states. The square indicates the weak interaction vertex.
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Table 2: Estimates of branching ratios for weak annihilation decays using Eq. (5). Also

included are energies of the monochromatic photon.

Decay mode BR (est.) Photon Energy (GeV)

B+ → D∗+s γ 1× 10−7 2.22

B+ → D∗+γ 7× 10−9 2.26

B+
c → K∗+γ 3× 10−6 3.14

B+
c → ρ+γ 3× 10−5 3.15

D+ → K∗+γ 6× 10−7 0.72

D+
s → ρ+γ 8× 10−5 0.83

finding similar branching ratios. The much smaller rates for e+e− processes compared
to those for on-shell photon processes of course arise from the additional factor of αEM

from conversion of the virtual photon.
One may also consider a simultaneous calculation [2] of all of the decays in Ta-

ble 1 by using an approach similar to that of Ref. [8] but dropping the heavy quark
approximations. In this case, let us consider only the second diagram of Fig. 3,
where the photon couples only to the lighter vector meson V , and denote the initial
and intermediate pseudoscalar mesons as M and P , respectively. We restrict to this
single diagram because no positive measurements of MM ∗γ couplings have yet ap-
peared (recall that we used an upper bound for DD∗γ), while Γ(K∗+ → K+γ) and
Γ(ρ+ → π+γ) are known. This simple calculation yields

Γ(M → V γ) =
3

2
G2
F |VMVP |2 f2

Mf
2
P B

2 ΓV→Pγ

[
C(M2 −m2

P )

C(0)

]2

×
(

M2

M2 −m2
P

)2 (
M2 −m2

V

m2
V −m2

P

)3 (
mV

M

)3

, (5)

where B is the relevant bag parameter, the width ΓV→Pγ ∝ αEM, and the off-shell
extrapolation of the electromagnetic form factor, labeled C, is explicitly indicated.
Values for branching ratios for the six modes, along with the photon energies, are
listed in Table 2.

We see that the Cabibbo-unsuppressed decay D+
s → ρ+γ has a rate already large

enough that it might already have been produced at Fermilab or CLEO. Certainly it
will be produced copiously at BABAR and BELLE, where also the rarer B+ modes
may be observed in smaller but still significant numbers. The Bc channels must
necessarily wait for hadron machines such as LHC or BTeV.

One may also consider information contained in the helicity of the photon. For
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an arbitrary P (0−)→ V (1−)γ decay, the generic amplitude is

M = ε∗ (V )
µ ε∗ (γ)

ν

[
iAPC εµνρσp(V )

ρ p(P )
σ +APV

(
p(P )µp(P ) ν − gµν p(γ) ·p(P )

)]
, (6)

where PC, PV distinguish parity conserving and violating amplitudes, respectively.
Then the total rate is

Γ =
1

8π
|p|3

(
|APC +APV |2 + |APC −APV |2

)

=
1

4π
|p|3

(
|APC|2 + |APV |2

)
, (7)

where |p| = (m2
P −m2

V )/2mP . The first line of Eq. (7) is separated into contributions
in which the two vector particles are both right-handed (RR) and left-handed (LL) ,
respectively. Indeed, the asymmetry is

ΓRR − ΓLL
Γ

=
2ReAPCA∗PV
|APC |2 + |APV |2

. (8)

The relative weights of the two helicities may prove to be especially interesting since
the V −A nature of weak interactions weights the two photon helicities differently.
For example, in the case of penguin B− → K∗−γ and ρ−γ decays, the L helicity
has been found [13] to be enhanced compared to R. This enhancement persists [14]
even when long-distance corrections (including contributions from A diagrams) are
included. Certainly, a measured enhancement of the disfavored helicity would be a
signal of new physics. Studies of the role of photon helicities are also underway [15]
in the pure A decays described here.

The radiative weak annihilation decays occupy a unique position in heavy flavor
physics, in that they are completely flavor self-tagged and kinematically trivial. Their
experimental observation is imminent and promises another handle on the CKM ma-
trix. Once the most common mode D∗+s → ρ+γ is observed, its measured branching
ratio may be used to study the other decays. Alternately, lattice simulations may be
used to probe the generalized bag parameters, one may relate nonleptonic A processes
to semileptonic radiative modes such as B → γ`ν [14,16], or one may consider al-
ternate new physics contributions. On both the theoretical and experimental fronts,
many opportunities for advances exist.
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1 Introduction

The Cabibbo-Kobayashi-Maskawa matrix element Vub is very important for un-
derstanding CP violation in the Standard Model. An accurate measurement of |Vub|
puts strong constraints on the Unitarity Triangle. Unfortunately, Vub is vary hard
to measure. Current measurements have errors that are dominated by model depen-
dence. Some of the best extractions so far have come from exclusive decays, such as
B → π`ν or B → ρ`ν. The problem with exclusive decays is the strong hadronic dy-
namics can not be calculated, and we have to resort to models, light-cone sum rules,
or lattice QCD calculations to obtain the form factors [1]. At the present time, all
these methods give around 20% errors. A recent measurement from CLEO [2] using
B → ρ`ν gives |Vub| = [3.25 ± 0.14(stat.)

+0.21
−0.29(syst.) ± 0.55(model)] × 10−3. In the

future, the lattice will give accurate predictions for the form factors, but until then,
a measurement of 20% is probably the best we can hope for from exclusive decays.

In some ways, inclusive decays should provide a straightforward means to measure
|Vub|. All we need to do is measure the total rate b → u`ν, which is proportional to
|Vub|2 and is known to order α2

s [3]. If we could measure the total rate, we would not
have to worry about quark-hadron duality violations, thus a very accurate measure-
ment would be possible.

Unfortunately, there is a very large background from b→ c decays, which is about
100 times more abundant than b → u decays. To remove this large background,
kinematic cuts must be made. Three basic cuts are discussed in the literature, each
having its own advantages: a cut on the electron energy spectrum, a cut on the
hadronic invariant mass spectrum, and a cut on the leptonic invariant mass spectrum.
For now we will concentrate on the electron energy spectrum, and return to the other
cuts later.

Since the u quark is much lighter than the c quark, the electron energy spectrum
for b → u decays extends past the endpoint for b → c decays, see Fig. 1. Thus
it is possible to remove the charm quark background by cutting above the b → c
endpoint. All that is necessary is a theoretical prediction for the integrated rate
above the cut. Unfortunately, putting a cut near the endpoint introduces a new
small mass scale, ∆E ∼ 300 MeV, which introduces large perturbative [log(mb/∆E)]
and non-perturbative (Λ/∆E) corrections. Therefore both the perturbative and non-
perturbative series must be resummed for the rate to be trustworthy.

The calculation of the rate begins with the effective Hamiltonian [4]

Heff =
−4GF√

2
Vub(uγµPLb)(`γ

µPLν`)

=
−4GF√

2
VubJµJ

µ
` , (1)

obtained by integrating out the t quark and W bosons. The differential decay distri-
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Figure 1: Electron spectrum for semi-leptonic b decay rates to c and u quarks. The rate
for b→ ueν has been multiplied by a factor of 10. The region in ∆E can only have b→ u
decays, and thus is useful for extracting |Vub|.

bution can then be written as the product of leptonic and hadronic tensors

dΓ ∝ |Vub|2LαβWαβ. (2)

Using the Optical Theorem, the hadronic tensor Wαβ can be related to the imaginary
part of the time ordered product of currents

Wαβ = − 1

π
ImTαβ, (3)

Tαβ = − i

2MB

∫
d4xe−iq·x〈B|T (J †α(x)Jβ(0))|B〉. (4)

The time ordered product can be calculated by expanding in an Operator Product
Expansion (OPE). The Wilson coefficients can be calculated (over most of phase

2



space) in perturbation theory [5,6], while higher dimensional operators in the OPE
are suppressed (over most of phase space) by powers of 1/mb. Thus, the leading term
in the OPE gives free b quark decay. The first corrections enter at order 1/m2

b , and
are proportional to the Heavy Quark Effective Theory parameters

λ1 =
〈B|hv(iD)2hv|B〉

2MB
, (5)

λ2 =
〈B|hvgσµνGµν |B〉

12MB
. (6)

The problems begin as the energy of the lepton approaches the endpoint. Defining
x = 2E`/mb to be the rescaled lepton energy, the higher dimensional operators in the
OPE are actually suppressed by

Λ

mb(1 − x)
→ 1 as x→ 1. (7)

Higher dimensional operators in the expansion are no longer suppressed. In other
words, the expansion is becoming singular as we approach the endpoint.

The breakdown in the OPE can be seen in the expression for the rate at order
1/m2

b [7],

dΓ

dx

∣∣∣∣∣
O(1/m2

b
)

∝ 5λ1 + 33λ2

3m2
b

θ(1 − x)− λ1 + 33λ2

6m2
b

δ(1− x)− λ1

6m2
b

δ′(1− x), (8)

by the appearance of singular functions at the endpoint.
To handle the breakdown of the non-perturbative series, the leading singular terms

must be resummed. These corrections resum into a non-perturbative structure func-
tion, f(k+) [8]. The differential rate is now a convolution of f(k+) with the partonic
rate [8,9]

dΓ

dE`
=
∫
dk+ f(k+)

dΓp
dE`

(m∗b), (9)

where m∗b = mb + k+. The structure function is universal, meaning that the same
function occurs for b → u`ν and b → sγ decays. Being a non-perturbative function,
f(k+) is not known; we do know the first few moments of f(k+), however. Thus,
to handle the endpoint region, some model for f(k+) must be introduced. We could
in principle extract the structure function from b → sγ decays and then apply it to
b → u`ν, but this is difficult because of the way f(k+) enters the rate (9). Instead,
we will skip the step of extracting the structure function and directly use the b→ sγ
rate in the b→ u`ν rate. But first we need to discuss the perturbative corrections.

Near the endpoint, the perturbative correction to the rate looks like [10]

dΓ

dx
∝ 1 − 2αs

3π

[
log2(1 − x) +

31

6
log(1 − x) + π2 +

5

4

]
. (10)
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As x → 1, the logs become large and the perturbative series breaks down. To trust
the prediction, the logs need to be resummed. There are similarly large logs in the
rate for b→ sγ, so the logs must be resummed there, too [11].

It is possible to resum the series using Infrared Factorization, which is also used
for DIS, Drell-Yan, etc. The idea is that in the endpoint region, the light quark is
shot out with large energy, but with small invariant mass. This quark produces a
jet of particles through collinear radiation. While the constituents of the jet can talk
to each other (and the original b quark) through soft gluons, hard gluon exchange is
disallowed. The soft radiation cannot tell if the jet was initiated by a u quark or an
s quark, thus it will be the same for b→ u and b→ s decays.

Mathematically, there is a separation of momentum regions into [12]

Hard (H) : k+ ∼ k− ∼ kt = O(mb), (11)

Jet (J) : k+ = O[mb(1 − x)], k− = O(mb), kt = O(mb

√
1 − x), (12)

Soft (S) : k+ ∼ k− ∼ kt = O[mb(1− x)]. (13)

By introducing a factorization scale µ to keep these regions separated, we can write
the rate in factorized form as

dΓ

dx
∼
∫
dzS(z, µ)J(z, µ)H(µ). (14)

The soft function S(z, µ) is the same for b → u and b → s, while J(z, µ) and H(µ)
depend on the process.

The rate completely factorizes after taking moments,

Mγ
N =

∫ MB/mb

o
dxxn−1 1

Γγo

dΓγ

dx
= SNJ

γ
NH

γ
N , (15)

M sl
N = −

∫ MB/mb

o
dxxn−1 1

Γγo

d

dx

dΓγ

dx

=
∫
dxνSNJ

sl
N (xν)H

sl
N (xν), (16)

where Mγ
N and M sl

N are the moments of the b→ sγ and b→ u`ν rates, respectively.
The soft function contains perturbative and non-perturbative pieces

SN = fNσN , (17)

where fN are the moments of the structure function introduced earlier. Thus we can
write the moments (15) and (16) as

Mγ
N = fNσNJ

γ
NH

γ
N , (18)

M sl
N =

∫
dxνfNσNJ

sl
N (xν)H

sl
N (xν). (19)
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All the large logarithms are contained in the combination σNJN . The only fact we
need about the perturbative resummation is that after resumming, including next-
to-leading logarithms, there is the relation [13]

σNJ
sl
N = σNJ

γ
N exp[gsl(αs logN)], (20)

where exp[gsl(αs logN)] is a known function.
We can now combine the above results. Substituting first (20) into (19), and then

(18) into the result, we get

M sl
N =

∫
dxνfNσNJ

sl
N (xν)H

sl
N (xν)

=
∫
dxνfNσNJ

γ
N exp[gsl(αs logN)]Hsl

N (xν)

=
∫
dxν

Mγ
N

Hγ
exp[gsl(αs logN)]Hsl

N (xν). (21)

Note that the dependence on the unknown structure function fN has been eliminated.
We can go back to x-space by taking an inverse Mellin transform. The left-hand

side of (21) is just the semi-leptonic rate. The right-hand side is a convolution of the
b→ sγ rate with a known function. Rearranging, we can write this as [14]

|Vub|2
|V ∗tsVtb|2

=

∫
Γ(b → u`ν)∫ ∫

dΓγ/dxγ ∗K(xγ, αs)
. (22)

So in words, what we have done is written |Vub|2 as the ratio of the b→ ueν rate over
a convolution of the b→ sγ rate with a known function.

What are the uncertainties? First, there are higher order corrections that we
neglected, which enter at the order of Λ/mb, αs(1 − x) and (1 − x)3. For the value
of the electron energy cut, xcut ≈ 0.87, these corrections should all be less that 10%.
Of course, we are estimating the size of the higher order corrections, since they have
not been calculated. They may be larger or smaller by a factor of 2 or 3. Without
calculating the corrections directly, it is not possible to know. We will come back to
this qualification shortly.

Second, there are the violations of quark-hadron duality. These violations are
hard to quantify, but they should be small if we are not dominated by a just a few
resonances; the more final states, the smaller the duality violations. In the region
that we are interested in, it does not appear that we are dominated by resonances, so
neglecting them should be okay. It would be better if we could have a larger number
of the decay products.

This is possible if we cut on different kinematic variables. The other variables
discussed in the literature are the hadronic invariant mass [15], and the lepton in-
variant mass [16]. The hadronic invariant mass spectrum also has dependence on the
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structure function [15,17], which introduces model dependence. However, by using a
method analogous to the one described above for the electron spectrum, the depen-
dence on the structure function can be eliminated [18,19]. The errors from higher
order corrections are similar to the electron spectrum and should be around 10%.
The main advantage of the hadronic invariant mass is that after a cut to remove the
charm background, between 40% and 80% of the possible final states will be included.
This is much larger than for the electron spectrum, which includes about 10% of the
possible final states. Thus the quark-hadron duality violations should be negligible.

The leptonic invariant mass cut has different advantages [16,20]. Here the struc-
ture function is not important, so we do not need to do anything to remove this model
dependence. Higher order non-perturbative corrections are on the order of (Λ/mc)

3,
which leads to an error again of around 10%. This disadvantage for this cut is the
fraction of final states included after the cut is around 20%, so the quark-hadron du-
ality errors may be an issue. There is also some question about how good a resolution
can be obtained on the lepton invariant mass, which is the only immediate problem
for this method.

All three of the above methods should have a theoretical uncertainty (modulo
quark-hadron duality violations) of around 10%. Again, these are estimates of higher
order corrections. The actual errors may be bigger or smaller. Also, the duality
violations could enter in different ways for each measurement. To really trust any
extraction of |Vub|, we should measure it as many ways as possible, and only after (or
if) there is a convergence of the results should we trust the extracted value.
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A precise and model independent determination of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix element Vub is important for testing the Standard Model at B factories
via the comparison of the angles and the sides of the unitarity triangle.

If it were not for the huge background from decays to charm, it would be straight-
forward to determine |Vub| from inclusive semileptonic decays. Inclusive B decay
rates can be computed model independently in a series in ΛQCD/mb and αs(mb) using
an operator product expansion (OPE) [2,3,4,5], and the result may schematically be
written as

dΓ =
(
b quark
decay

)
×
{

1 +
0

mb
+
f(λ1, λ2)

m2
b

+ . . .+
αs
π

(. . .) +
α2
s

π2
(. . .) + . . .

}
. (1)

At leading order, the B meson decay rate is equal to the b quark decay rate. The
leading nonperturbative corrections of order Λ2

QCD/m
2
b are characterized by two heavy

quark effective theory (HQET) matrix elements, usually called λ1 and λ2. These
matrix elements also occur in the expansion of the B and B∗ masses in powers of
ΛQCD/mb,

mB = mb + Λ− λ1 + 3λ2

2mb
+ . . . , mB∗ = mb + Λ− λ1 − λ2

2mb
+ . . . . (2)

Similar formulae hold for the D and D∗ masses. The parameters Λ and λ1 are inde-
pendent of the heavy b quark mass, while there is a weak logarithmic scale dependence
in λ2. The measured B∗ − B mass splitting fixes λ2(mb) = 0.12 GeV2, while Λ and
λ1 (or, equivalently, a short distance b quark mass and λ1) may be determined from
other physical quantities [6,7,8]. Thus, a measurement of the total B → Xu`ν rate
would provide a ∼ 5% determination of |Vub| [9,10].

Unfortunately, the B → Xu`ν rate can only be measured imposing cuts on the
phase space to eliminate the ∼ 100 times larger B → Xc`ν background. Since the
predictions of the OPE are only model independent for sufficiently inclusive observ-
ables, these cuts can destroy the convergence of the expansion. This is the case for
two kinematic regions for which the charm background is absent and which have re-
ceived much attention: the large lepton energy region, E` > (m2

B −m2
D)/2mB, and

the small hadronic invariant mass region, mX < mD [11,12,13].
The poor behaviour of the OPE for these quantities is slightly subtle, because

in both cases there is sufficient phase space for many different resonances to be pro-
duced in the final state, so an inclusive description of the decays is still appropriate.
However, in both of these regions of phase space the B → Xu`ν decay products are
dominated by high energy, low invariant mass hadronic states,

EX ∼ mb, m
2
X ∼ ΛQCDmb � Λ2

QCD (3)

(where EX and mX are the energy and invariant mass of the final hadronic state). In
this region the differential rate is very sensitive to the details of the wave function of
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the b quark in the B meson. Since the OPE is just sensitive to local matrix elements
corresponding to expectation values of operators in the meson, the first few orders in
the OPE do not contain enough information to describe the decay, and as a result
the OPE does not converge.

This is simple to see by considering the kinematics. A b quark in a B meson has
momentum

pµb = mbv
µ + kµ (4)

where vµ is the four-velocity of the quark, and kµ is a small residual momentum of
order ΛQCD. If the hadron decays to leptons with momentum q and light hadrons
with total momentum pX , the invariant mass of the light hadrons may be written

m2
X = (mbv + k − q)2 = (mbv − q)2 + 2k · (mbv − q) +O(Λ2

QCD). (5)

The first term in the expansion is O(m2
b) over most of phase space, while the second

is O(ΛQCDmb), and so is suppressed over most of phase space. The OPE presumes
that this power counting holds, so that the second term may be treated as a small
perturbation. However, if EX is large and mX is small, mbv − q is almost light-like,

mbv
µ − qµ = (EX, 0, 0, EX) +O(ΛQCD) (6)

in the b rest frame where vµ = (1, 0, 0, 0). Since EX ∼ O(mb), (mbv − q)2 =
O(ΛQCDmb). Thus, in this region the first two terms in (5) are of the same order
(but still parametrically larger than the remaining terms), and the invariant mass of
the final hadronic state reflects the distribution of the light-cone component of the
residual momentum of the heavy quark in the hadron,

m2
X = (mbv − q)2 + 2EXk+ + . . . , k+ ≡ k0 + k3. (7)

Since the differential rate in this region depends on the invariant mass of the final
state, it is therefore sensitive at leading order to the light-cone wave function of the
heavy quark in the meson, f(k+).

In terms of the OPE, this light-cone wave function arises because of subleading
terms in the OPE proportional to EXΛQCD/m

2
X , which are suppressed over most

of phase space but are O(1) in the region (3). It has been shown that the most
singular terms in the OPE may be resummed into a nonlocal operator whose matrix
element in a B meson is the light-cone structure function of the meson. Since f(k+)
is a nonperturbative function, it cannot be calculated analytically, so the rate in the
region (3) is model-dependent even at leading order in ΛQCD/mb.

The situation is illustrated in Fig. 1, where we have plotted the lepton energy and
hadronic invariant mass spectra in the parton model (dashed curves) and incorporat-
ing a simple one-parameter model for the distribution function (solid curves) [17]

f(k+) =
32

π2Λ
(1− x)2 exp

[
− 4

π
(1− x)2

]
Θ(1− x) , x ≡ k+

Λ
, Λ = 0.48 GeV .

(8)
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Figure 1: The shapes of the lepton energy and hadronic invariant mass spectra. The

dashed curves are the b quark decay results to O(αs), while the solid curves are obtained

by smearing with the model distribution function f(k+) in Eq. (8). The unshaded side of
the vertical lines indicate the region free from charm background.

The differences between the curves in the regions of interest indicate the sensitivity of
the spectrum to the precise form of f(k+). Currently, there are measurements of |Vub|
from both methods. From the lepton energy cut, the PDG reports |Vub/Vcb| = 0.08±
0.02, while a recent DELPHI measurement using the hadronic invariant mass cut
gives |Vub/Vcb| = 0.103+0.011

−0.012 (syst.)± 0.016 (stat.)± 0.010 (theory) [16]. In both cases,
the theoretical error is an estimate based on varying different models of f(k+), and so
these measurements are no more model-independent than the exclusive measurement
from B → ρ`ν. While it may be possible in the future to extract f(k+) from the
B → Xsγ photon spectrum [14,18], unknown order ΛQCD/mb corrections arise when
relating this to semileptonic b→ u decay, limiting the accuracy with which |Vub| may
be obtained.

Clearly, one would like to be able to find a cut which eliminates the charm back-
ground but does not destroy the convergence of the OPE, so that the distribution
function f(k+) is not required. In Ref. [1] we pointed out that this is the situation for
a cut on the dilepton invariant mass. Decays with q2 ≡ (p`+pν)

2 > (mB−mD)2 must
arise from b→ u transition. Such a cut forbids the hadronic final state from moving
fast in the B rest frame, and simultaneously imposes mX < mD and EX < mD. Thus,
the light-cone expansion which gives rise to the shape function is not relevant in this
region of phase space [13,19]. The effect of smearing the q2 spectrum with the model
distribution function in Eq. (8) is illustrated in Fig. 2. It is clearly a subleading effect.
The Dalitz plots relevant for the charged lepton energy and hadronic invariant mass
cuts are shown in Fig. 3. Note that the region selected by a q2 cut is entirely contained
within the m2

X cut, but because the dangerous region of high energy, low invariant
mass final states is not included with the q2 cut, the OPE does not break down. It is
also important to note, however, that the q2 cut does make the OPE worse than for
the full rate; as we will show, the relative size of the unknown Λ3

QCD/m
3
b terms grows

3



q2 (GeV  )2

Γ
dΓ
dq2

_1 __



5 10 15 20 25

0.02

0.04

0.06

0.08

(GeV-2)

Figure 2: The dilepton invariant mass spectrum. The notation is the same as in Fig. 1.

as the q2 cut is raised. Equivalently, as was stressed in [20], the effective expansion
parameter for this region is ΛQCD/mc, not ΛQCD/mb.

The B → Xu`ν decay rate with lepton invariant mass above a given cutoff can
therefore be reliably computed working to a fixed order in the OPE (i.e., ignoring the
light-cone distribution function),

1

Γ0

dΓ

dq̂2
=

(
1 +

λ1

2m2
b

)
2 (1 − q̂2)2 (1 + 2q̂2) +

λ2

m2
b

(3 − 45q̂4 + 30q̂6)

+
αs(mb)

π
X(q̂2) +

(
αs(mb)

π

)2

β0 Y (q̂2) + . . . , (9)

where q̂2 = q2/m2
b , β0 = 11 − 2nf/3, and Γ0 = G2

F |Vub|2m5
b/(192π3) is the tree level

b→ u decay rate. The ellipses in Eq. (9) denote terms of order (ΛQCD/mb)
3 and order

α2
s terms not enhanced by β0. The function X(q̂2) is known analytically [21], whereas
Y (q̂2) was computed numerically [22]. The order 1/m3

b nonperturbative corrections
are also known [23], as are the leading logarithmic perturbative corrections propor-
tional to αns logn(mc/mb) [20]. The matrix element of the kinetic energy operator, λ1,
only enters the q̂2 spectrum in a very simple form, because the unit operator and the
kinetic energy operator are related by reparameterization invariance [24].

The relation between the total B → Xu`ν decay rate and |Vub| is known at the
∼ 5% level [9,10],

|Vub| = (3.04 ± 0.06 ± 0.08) × 10−3


B(B → Xu`ν)|q2>q2

0

0.001 × F (q2
0)

1.6 ps

τB




1/2

, (10)

where F (q2
0) is the fraction of B → Xu`ν events with q2 > q2

0, satisfying F (0) =
1. The errors explicitly shown in Eq. (10) are the estimates of the perturbative
and nonperturbative uncertainties in the upsilon expansion [9] respectively. At the
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Figure 3: Dalitz plots relevant for B → Xu`ν`. The shaded regions indicate the part

of phase space where B → Xc`ν` background is present, and the vertical dashed regions
corresponds to the cut q2 > (mB−mD)2. In the q2−q0 plane, the horizontal dashed region

corresponds to an invariant mass cut m2
X > m2

D, whereas in the q2−E` plane the horizontal
dashed region corresponds to the charged lepton energy cut E` > (m2

B −m2
D)/2mB. Note

that at tree level, b→ u semileptonic decay populates the entire triangle on the right-hand
plot, but only the right boundary of the left-hand plot.

present time the biggest uncertainty is due to the error of a short distance b quark
mass, whichever way it is defined [20]. (This can be cast into an uncertainty in an
appropriately defined Λ, or the nonperturbative contribution to the Υ(1S) mass, etc.)
By the time the q2 spectrum in B → Xu`ν is measured, this uncertainty should be
reduced from extracting mb from the hadron mass [6] or lepton energy [7] spectra in
B → Xc`ν, or from the photon energy spectrum [8] in B → Xsγ. The uncertainty
in the perturbation theory calculation will be largely reduced by computing the full
order α2

s correction in Eq. (10). The largest “irreducible” uncertainty is from order
Λ3

QCD/m
3
b terms in the OPE, the estimated size of which is shown in Fig. 4, together

with our central value for F (q2
0), as functions of q2

0.
There is another advantage of the q2 spectrum over the mX spectrum to measure

|Vub|. In the variable mX, about 20% of the charm background is located right next
to the b → u “signal region”, mX < mD, namely B → D`ν at mX = mD. In the
variable q2, the charm background just below q2 = (mB − mD)2 comes from the
lowest mass Xc states. Their q2 distributions are well understood based on heavy
quark symmetry [25], since this region corresponds to near zero recoil. Fig. 5 shows
the B → D`ν and B → D∗`ν decay rates using the measured form factors [26] (and
|Vub| = 0.0035). The B → Xu`ν rate is the flat curve. Integrated over the region
q2 > (mB −mD∗)

2 ' 10.7 GeV2, the uncertainty of the B → D background is small
due to its (w2−1)3/2 suppression compared to the B → Xu`ν signal. This uncertainty
will be further reduced in the near future. This increases the b → u region relevant
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Figure 4: (a) The fraction ofB → Xu`ν events with q2 > q2
0 , F (q2

0), in the upsilon expansion.

The dashed line indicates the lower cut q2
0 = (mB −mD)2 ' 11.6 GeV2, which corresponds

to F = 0.178 ± 0.012. The shaded region is the estimated uncertainty due to Λ3
QCD/m

3
b

terms; which is shown in (b) as a percentage of F (q2
0).
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Figure 5: Charm backgrounds near q2 = (mB −mD)2 (arbitrary units). The shaded region
denotes the uncertainty on the B → D`ν rate.

for measuring |Vub| by ∼ 1 GeV2. The B → D∗ rate is only suppressed by (w2− 1)1/2

near zero recoil, and therefore it is more difficult to subtract it reliably from the b→ u
signal. The nonresonant Dπ final state contributes in the same region as B → D∗,
and it is reliably predicted to be small near maximal q2 (zero recoil) based on chiral
perturbation theory [27]. The D∗∗ states only contribute for q2 < 9 GeV2, and some
aspects of their q2 spectra are also known model independently [28].

Concerning experimental considerations, measuring the q2 spectrum requires re-
construction of the neutrino four-momentum, just like measuring the hadronic invari-
ant mass spectrum. A lepton energy cut may be required for this technique, however,
the constraint q2 > (mB − mD)2 automatically implies E` > (mB − mD)2/2mB '
1.1 GeV in the B rest frame. Even if the E` cut has to be slightly larger than this,
the utility of our method will not be affected, but a calculation including the effects
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of arbitrary E` and q2 cuts would be required. If experimental resolution on the
reconstruction of the neutrino momentum necessitates a significantly larger cut than
q2

0 = (mB −mD)2, then the uncertainties in the OPE calculation of F (q2
0) increase.

In this case, it may be possible to obtain useful model independent information on
the q2 spectrum in the region q2 > m2

ψ(2S) ' 13.6 GeV2 from the q2 spectrum in the

rare decay B → Xs`
+`−, which may be measured in the upcoming Tevatron Run-II.

In conclusion, we have shown that the q2 spectrum in inclusive semileptonic B →
Xu`ν decay gives a model independent determination of |Vub| with small theoretical
uncertainty. Nonperturbative effects are only important in the resonance region, and
play a parametrically suppressed role when dΓ/dq2 is integrated over q2 > (mB −
mD)2, which is required to eliminate the charm background. This is a qualitatively
better situation than other extractions of |Vub| from inclusive charmless semileptonic
B decay.
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1 Introduction

Observation of novel phenomena often paves the way to new physics. For instance,
β decays, parity and flavor violation required the existence of a new force, the weak
interactions. At present, it is often thought that CP -violation could signal new
physics beyond the standard model. Although the latter can indeed account for the
observed effects 1 (even ε′/ε may be described by the standard model) its predictions
are not well tested (compared to physics at LEP) and therefore a comprehensive study
of CP -violation experiments is important. As sketched in figure 1, CP -violation
manifests itself in many areas; only a comparison between them can determine the
correct description. In the standard model, all CP -violation resides in the CKM
matrix 2 which describes the couplings of the W-bosons to the quarks of different
charges. Therefore all appreciable CP -violation occurs within flavor physics. Thus,
one obvious strategy to search for new forces and particles would be to look for non-
zero CP -violating effects where no flavour changes are involved, such as in electric
dipole moments or asymmetries in nuclear reactions. Unfortunately, the effects of
new physics are judged to be quite small (apart from the dipole moments). Therefore
more chance is given to the flavor sector instead, that is the physics of Kaons and
mostly B-mesons. For a recent extensive review of CP -violation, see ref. ([1]).

Theory

K mesons

B mesons

t quark
Nucleon, Atoms

D-mesons

Dipole momts.
Universe B/

Hyperons

Figure 1: CP-Violation

1a notable exception is the baryon asymmetry in the universe
2I do not discuss the so-called θ term
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The unitarity of the CKM matrix

V =



Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb


 (1)

implies among others the triangle relation

VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0 (2)

which relates observable products of matrix elements and gives stringent tests of the
validity of the standard model. Using the Wolfenstein parametrization and scaling as
usual the bottom side to one, we can write for the other sides of the scaled triangle

Rb =
1

Aλ3
VudV

∗
ub = %+ iη , Rt =

1

Aλ3
VtdV

∗
tb = 1− (%+ iη). (3)

Here, following ref. [2], the quantities

% = %(1 − λ2

2
) η = η(1− λ2

2
) (4)

are introduced to take into account even higher powers of λ.
An elaborate analysis of superallowed β decay, semileptonic Kaon and D-meson

decays and decays of B mesons into charmed and charmless final states yields [3]

Vud = 0.9736 ± 0.001 Vcs = 1.010 ± 0.16
Vus = 0.2205 ± 0.0018 Vcd = 0.224 ± 0.016
Vub = 0.04± 0.002 Vcb = 0.0036 ± 0.006

(5)

Vub Vtd

α

βγ

VcdVcb
* ρ

η

_

_

1

Rb Rt

Figure 2: Unitarity triangle in the complex (%, η) plane
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These are (apart from corrections) all tree-level processes and therefore thought
to be governed by the standard model 3. They are however not sufficient to check
unitarity (unless very precise data from t decays would be available, or if the sum of
the squares would be significantly away from 1).

Further input comes from loop-induced observables. They can be calculated
within perturbation theory and input from hadronic physics. While the former are
rather reliable and usually give results accurate to 10 percent or so, the latter are
generally difficult to estimate. One usually considers the Kaon-mixing quantity εK,
the mass difference of the B and the B mesons (and also of the Bs and Bs mesons).
This analysis has resulted in the range of values for the three angles α, β and γ of
the unitary triangle and its sides. The hadronic uncertainties are summarized in [4]
and are reflected by

|Rb| = 0.39± 0.07 |Rt| = 0.98 + 0.04 − 0.22 (6)

and by [5,6,7]
(sin 2β)SM = 0.75 ± 0.20. (7)

The new results of last summer and of the beginning of this year concern the angle β.
It was found that the coefficient a of sin(∆MBd) in the asymmetry for B → J/ΨKS

is

a = 0.79 ± 0.4(CDF )[8] (8)

a = 0.58 ± 0.35(Belle)[9] (9)

a = 0.34 ± 0.25(BaBar)[10] (10)

In the standard model, one has a = sin(2β); comparing eqs. (7) and (10) we see
a surprising inconsistency. Of course, this is a preliminary result, and may disappear
as experiments collect more statistics. However, it makes it mandatory to investigate
CP -violation in a (standard) model independent way. Unless CP -violation within
the standard model is grossly wrong, this program essentially amounts to making
many measurements and extracting discrepancies between quantities thought to be
the same in the standard model. Many authors have discussed this situation; see e.g.
[11,12,13,14,15].

2 A more general framework

New physics may affect every process. Because the standard model describes the
most important weak decays, we will assume that it accounts for semileptonic and
tree-level quark decays, at least to the required accuracy. This assumption can be

3of course, the small b→ u transition could be due to new physics
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tested, by investigating the consistency of different semileptonic decays, bounds from
LEP etc. As an example consider the strengths of the effective Hamiltonians

Heff = GF (cLγµbL)(sLγ
µcL) (11)

Heff = GF (uLγµbL)(sLγ
µuL). (12)

In the standard model, they are proportional to λ2 and λ4, respectively. On the
other hand, a new neutral intermediate boson, say Z ′, may exist, coupled to the
currents (sLγµbL) and (cLγµcL). If it also couples to quark and lepton pairs, such as
(uLγµuL) and (cLγµcL), it would contribute to the above Hamiltonians, to Bs mixing,
to Bs → l+l− etc. If the couplings are the same for all these pairs, the effective
strength would be the same for the two terms in eqs. (11) and (12). Therefore a new
Z ′-mediated interaction would induce a deviation from the standard model result that
the couplings of the two interactions have a relative strength of λ2. Thus detailed
studies could in principle also test the first assumption. But of course, there are
various experimental and theoretical difficulties to overcome before one will obtain
accurate enough results.

From fig. 3 we see that the determination of the angle γ from tree level processes
involves the interference of amplitudes proportional to Vub and Vub respectively. This
is achieved in processes where the two diagrams of fig. 3 contribute. A well known
example are the decays B → DK [16,17]; more recently the advantage of Bc → DDs

was stressed [18]. The idea is the same as in the previous papers on B → DK : One

b u

c

s

b c

u

s

- -

Vub

B -> DK s

interfere

B -> D Dc

~ eiγ

Figure 3: two quark diagrams whose interference gives γ
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needs to measure the six amplitudes shown in Fig. 4. However due to the different
CKM elements, the sides of the triangles in Fig. 3 are now of similar length and an
extraction of γ seems possible with the 1010 or so Bc-mesons expected at LHC. This
method does not suffer from hadronic uncertainties.

The experimental difficulties associated with these decays have lead to other possi-
blities. The decays B → Kπ are sensitive to the interference of the tree level diagram
(with Vub) and the penguin diagram. This also yields the angle γ if the penguin graph
has no extra phase. This decay has been discussed by many people [19].

A third possibility that was investigated are the decays B0 → D±π∓ [20]. The
usual mixing-decay formalism yields for the time dependent asymmetries the coeffi-
cients

a ∼ Im(e−i(2φmix+γ))const (13)

a ∼ Im(e−i(2φmix+γ))/const. (14)

where const is an unknown hadronic number. It cancels in the product which then
yields the combination

2φmix + γ. (15)

The BB mixing angle φmix can be determined as usual from the decay B → J/ΨKs.
The other angles of the triangle cannot be determined independently by a tree

level analysis. But we see, that the tree level analysis allows to determine the unitary
triangle of the standard model. It yields, in principle, also the unknown side Rt and

����������
	 �� 	����� �����������	 ���	 � 

� � �����������	 ���	 ��  �����������	 �� 	���

� � ����� �� ��	 �� 	 �� ����� �����	 ���	 � 

���

Figure 4: The extraction of γ from B±c → D±s {D0, D0, D0
+} decays
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the angle β. Any further independent measurement of these quantities checks the
standard model with high accuracy, but it requires loop effects.

3 New Physics: Phenomenology

Among the CP -violating observables, the mixing-decay asymmetry is the cleanest
theoretically [21]. It is therefore reasonable to start an investigation of new physics
with this quantity. Denoting the coefficient of sin(∆mt) by a, one has in general

aM→F = Im((
p

q
)M

a

a
(
p

q
)F ) (16)

where (p
q
) are the mixing parameters and a, a the amplitudes for M → F and M → F ,

respectively.
Setting for the B-meson mixing element M12

M12 = r2e2iφNP e2iβ|MSM
12 | (17)

to account for a possible new phase and magnitude of the mixing, the asymmetry
coefficient is given in the table below:

quarks Bd a Bs a
b→ ccs ΨKs β + φNPd DDs φNPs
b→ sss ΦKs β + φNPd + φA ΦΦ φNPs + φA

b→ uus ππ
b→ ccd D+D−

b→ uus π0Ks

b→ sss Φπ

The phase φA takes into account a possible new phase in the decay. The entries left out
receive possibly sizeable contributions from penguin diagrams and cannot be brought
to the simple form. This result tells us that comparing the different asymmetries, we
can check the consistency of the standard model and determine the phases of new
physics.

New physics will also influence other CP -violating observables, such as the direct
asymmetries of, say, charged B-meson decays. In cases such as B → Kπ, where
the asymmetry is small in the standard model new physics may give rise to sizeable
asymmetries. Of course, one needs to continue the experimental search for these, but
because of the difficulty of calculating direct asymmetries, only quantitative state-
ments are possible.
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4 New Physics: Analysis

If new physics is associated with a scale Λ much above the weak scale (∼ MW ),
the total Lagrangian density may be written in the form [22]

L = LSM +
∑

diONPi (18)

where the Oi are operators of dimension six induced by new physics and their
coefficients di are of order(1/Λ2). This ’effective’ Lagrangian is not renormalizable,
and therefore one usually uses the new operators only at tree level (see a discussion
by). The CP - violation induced by effective operators ON

i P can in most cases only
be seen when they are in loops, because the imaginary part (discontinuity) of the
corresponding Feynman graph is responsible for CP -asymmetry. 4 At low energies
we then have an effective Hamiltonian

H =
∑

ciOSMi +
∑

diONPi . (19)

The amplitudes for a process I → F and the CP conjugated one I → F then are

A(I → F ) =
∑

cj(Rj + iIj)
SM +

∑
dj(Rj + iIj)

NP (20)

where R and I are the dispersive and absorptive parts of the matrix elements. For
the charge-conjugated process we have similarly

A(I → F ) =
∑

c∗j (Rj + iIj)
SM +

∑
d∗j (Rj + iIj)

NP (21)

When we calculate the CP -violating asymmetry α ∼ (|A(I → F )|2 − |A(I → F )|2),
we obtain in leading order in QCD and in NP

α ∼ Im(cd∗)(RSMINP −RNP ISM). (22)

RNP is a (finite) tree level amplitude, however also the loop INP is finite. There-
fore the problems associated with a the non-rnormalizable theory

∑
diONPi disappear

and exact predictions are indeed possible for the the CP -violating asymmetry. Ther-
fore, an analysis of the effects of new operators is possible also at for CP-violating
asymmetries, and not just at tree level!

5 New Physics: Models

Virtually any model beyond the standard one carries new sources for flavour and
CP -violations. It is therefore more economical to look at them in increasing com-
plexity.

4an exception is the electric dipole moment
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The simplest one are the minimal flavour violating ones (MFV) where all sources
of flavour violation reside in the CKM matrix. This results in many cases in a simple
modification of the coefficients in the usual loop expressions. However, there still is
a unitary triangle, but its sizes and angles may change. It was analyzed by Ali and
London [6]; recently Buras and Buras [15] found a clever lower bound on sin(2β).
The idea is simple. For both ε and the B-meson mass difference, the standard model
contribution consists mostly of a W − W − t − t box diagram; its value might be
denoted by Ftt. The MFV modify this to

Ftt = S0(mt) (1 + f) . (23)

Then we can write for εK

εK ∼ η
[
(1− %)A2η2Ftt + Pc(ε)

]
A2B̂K (24)

while the B-meson mass difference yields the relation

Rt = 1.26
R0

A

1√
Ftt

, (25)

where

R0 =

√√√√ (∆M)d
0.47/ps


200 mev

FBd

√
B̂d



√

0.55

ηB
. (26)

With

sin 2β =
2η(1 − %)

R2
t

(27)

one gets [2]

sin 2β =
1.26

R2
0η2

[
0.226

A2B̂K

− ηPc(ε)
]
. (28)

Since unitarity implies η ≤ Rb , there exists a lower bound on sin 2β. A careful
numerical analysis implies [23]

sin 2β ≥ 0.42. (29)

The lower bound in fact corresponds to a Ftt which is three times larger than the
standard model value.

Supersymmetry is a attractive candidate for new physics. In general, there are
many new CP -violating phases. Since they can directly affect observables such a
the electric dipole moment, it is natural to take them to be small (approximate CP -
violation, [1]). In this situation, also CP -violating effects in the B-system are small.
This implies a small angle β. This is in contrast to the standard model, where the
flavour structure suppresses CP-violation. The problem with this scheme is that it is
hard to get εK right and that ε′/ε tends to be to small.

Similarly, models with left-right symmetry tend to have smallCP -violating phases,
thus the effects tend to be small also.
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6 CP -violation in D-mesons

In the standard model, CP -violation is small in the D-System. This is partly due
to the rather large tree-level decay rates and small coupling of the third generation.
Therefore one would expect new physics CP -violation mostly in the mixing (see [1]
for a more detailed discussion). Recent studies of time-dependent decay rates of
D0 → K+π− by the CLEO collaboration [24] and measurements of the combination
of D0 → K+K− and D0 → K−π+ rates by the FOCUS collaboration [25] gave first
information on the mixing.

As usual, one define the mixing quantities

x ≡ m2 −m1

Γ
, y ≡ Γ2 − Γ1

2Γ
. (30)

CP-violation in the mixing is defined by the angle φ. The experiments find that the
quantity y cos φ is significantly larger than the expectation in the standard model.
The errors being large, this result is not yet significant, but it shows the potential of
D-meson physics.

7 K-Physics

Finally let me mention K-physics. Of course, efforts continue in calculating ε′/ε
and to overcome the hadronic difficulties, and there will be substantial progress.
However, the rare decays K+ → π+νν and K0 → π0νν provide a theoretically clean
way to measure (in the standard model) |Vtd| and ImVtd [26]. Clearly, this can be
used as a test of the unitary triangle, however the measurement of the neutral decays
is not easy and probably many years away.

8 Conclusions

The new results on sin 2β are surprising; they may indicate a failure of the standard
model. Several parameters have to be stretched beyond their reasonable values to
account for them. One can modify the standard model to accommodate the small
value ofsin 2β, but it is not clear that these modifications are consistent.

Nevertheless, the result brings back the (old) view, that a (standard) model inde-
pendent and broad analysis of CP -violation is required in order to fully understand
this phenomenon and the need for new interaction. this implies in particular mea-
surements of many decay channels.

I have sketched strategies to determine the source of CP -violation for the case that
the standard model accounts for tree level processes and given a phenomenological

9



framework to calculate the effects of new operators. Needless to say that all of this
will take many years of hard work on both the experimental and the theoretical side
and that also less perfect measurements have to be pursued.
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1 Introduction

Flavour physics deals with that part of the standard model (SM) which dis-
tinguishes between the three generations of fundamental fermions. It is still a
mystery why there are exactly three generations. Also the origin of the fermion
masses and their mixing is unknown; in particular, the SM does not explain the
hierarchical pattern of these parameters. Flavour physics can be regarded as the
least tested part of the SM. This is reflected in the rather large error bars of
several flavour parameters such as the mixing parameters at the 20% level [1],
which has to be compared with errors smaller than 1% in high energy electroweak
precision experiments.

However, the experimental situation concerning flavour physics is drastically
changing. There are several B physics experiments successfully running at the
moment and, in the upcoming years, new facilities will start to explore B physics
with increasing sensitivity and within various different experimental settings:
Apart from the CLEO experiment (Cornell, USA), located at the Cornell Electron-
Positron Storage Ring (CESR) [2], two B factories, operating at the Υ(4S) reso-
nance in an asymmetric mode (fig.1), have started successfully: the BaBar experi-
ment at SLAC (Stanford, USA) [3] and the BELLE experiment at KEK (Tsukuba,
Japan) [4]. Besides the successfully running hadronic B physics program at FER-
MILAB (Batavia, USA) [5] there are independent B physics experiments planned
at the hadronic colliders: the LHC-B experiment at CERN in Geneva [6] and the
BTeV experiment at FERMILAB [7]. The main motivation for a B physics pro-
gram at hadron colliders is the huge b quark production cross section with respect
to the one at e+e− machines.

While the time of the electroweak precision physics focusing on the gauge
sector of the SM draws to a close with the completion of the LEP experiments at
CERN and the SLC experiment in Stanford, the era of precision flavour physics
focusing on the scalar sector of the SM has just begun with the start of the B
factories.

The B system represents an ideal framework for the study of flavour physics.
Since the b quark mass is much larger than the typical scale of the strong interac-
tion, long-distance strong interactions are generally less important and are under
better control than in kaon physics thanks to the heavy mass expansion. Thus,
for example the CP violation in the B system will yield an important independent
test of the SM description of CP violation (see [8]). B meson decays also allow
for a rich CKM phenomenology and a stringent test of the unitarity constraints.

The so-called rare decays are of particular interest. These processes represent
flavour changing neutral currents (FCNC) and occur in the SM only at the quan-
tum level. The inclusive rare decay modes are theoretically clean observables
because no specific model is needed to describe the hadronic final states. Their
role is twofold: on the one hand they are relevant to the determination of CKM
matrix elements. On the other hand they are particularly sensitive to new physics
beyond the SM, since additional contributions to the decay rate, in which SM
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γ

e+

e- b

b

u or d

u or d

Figure 1: e+e− → Y (4S)→ B+B−, B0B̄0.

particles are replaced by new particles such as the supersymmetric charginos or
gluinos, are not suppressed by additional factors α/(4π) relative to the SM con-
tribution. This makes it possible to observe new physics indirectly - a strategy
complementary to the direct production of new (supersymmetric) particles. The
latter production is reserved for the planned hadronic machines such as the LHC
at CERN, while the indirect search of the B factories already implies significant
restrictions for the parameter space of supersymmetric models and will thus lead
to important clues for the direct search of supersymmetric particles. It is even
possible that these rare processes lead to the first evidence of new physics by a
significant deviation from the SM prediction, for example in the observables con-
cerning direct CP violation, although it will then be difficult to identify in this
way the new structures in detail. But also in the long run, after new physics has
already been discovered, these decays will play an important role in analyzing in
greater detail the underlying new dynamics.

Although the general focus within flavour physics is at present on B systems,
kaon physics offers interesting complementary opportunities in the new physics
search such as the rare decays K+ → π+νν̄ and KL → π0νν̄. They are specifi-
cally interesting in view of the current experiments at the Brookhaven laboratory
(USA) and suggested experiments at FERMILAB (USA) and at KEK (Japan).

The paper is organized as follows: in Section 2 we briefly discuss the role of
the strong interaction within flavour physics. In Section 3 the status of rare B
decays within the SM is reviewed. In Section 4 we explore the implications of
these decays for our search of physics beyond the SM. In Section 5 we discuss
direct CP violation and in Section 6 the complementary role of rare kaon decays
within precision flavour physics. In Section 7 we present our summary.

2 Strong interaction in B decays

Flavour physics is governed by the interplay of strong and weak interactions.
One of the main difficulties in examining the observables in flavour physics is
the influence of the strong interaction. As is well known, for matrix elements
dominated by long-distance strong interactions there is no adequate quantitative
solution available in quantum field theory. The resulting hadronic uncertainties
restrict the opportunities in flavour physics significantly. The present discussion
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Figure 2: Penguin decays of B mesons.

on the new g − 2 muon data [9] also reflects this issue. While the hadronic self-
energy contribution to the g − 2 observable can be determined by experimental
data, the well-known light-by-light contribution can only be modelled at present
(see for example [10]).

However, there are several fundamental tools available, which are directly
based on QCD. High hopes for precise QCD predictions are placed on lattice
gauge theoretical calculations. While there are competitive predictions from lat-
tice gauge theory for form factors of semileptonic decays, pure hadronic decays
are less accessible to these methods ([11]). With the help of the so-called QCD
sum rules, a consistency test between hadron physics and perturbative QCD, it
becomes possible to connect hadronic and fundamental QCD parameters directly.
Theoretical predictions via QCD sum rules, however, always have relatively large
uncertainties [12]. Another approach is the method of factorization [13]. This
method has recently been systematized for nonleptonic decays in the heavy quark
limit [14]. However, within this approach a quantitative method to estimate the
1/mb corrections to this limit is missing. The latter contributions can be specifi-
cally large if they are chirally enhanced [15]. Further fundamental methods whose
applications and precision are also somewhat restricted are chiral perturbation
theory [16] and heavy quark effective theory [17].

In view of this, the goal must be to minimize theoretical uncertainties with
the help of an optimized combination of different fundamental methods solely
based on QCD. This can only be done for a selected number of observables in
flavour physics. However, there are also observables, dominated by purely per-
turbative contributions, which will make precision flavour physics possible in the
near future. Among them inclusive rare B decays (see fig. 2 [18]) play the most
important role.

Inclusive decay modes are theoretically clean and represent a theoretical lab-
oratory of perturbative QCD. In particular, the decay width Γ(B → Xsγ) is well
approximated by the partonic decay rate Γ(b → sγ), which can be analysed in
renormalization group improved perturbation theory:

Γ(B → Xsγ) = Γ(b→ sγ) + ∆nonpert. (2.1)

Nonperturbative effects, ∆nonpert., play a subdominant role and are under control
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thanks to the heavy mass expansion.
Thus, in general, inclusive decay modes should be preferred to exclusive ones

from the theoretical point of view. The inclusive modes B → Xs (d)γ and B →
Xs (d)l

+l− can be measured by the electron-positron experiments (B factories,
CLEO) with their kinematic constraints and their low background, while thy are
more difficult to measure at hadronic machines. Exclusive decay modes, however,
are more accessible to experiments, in particular at hadronic machines. But
in contrast to the inclusive modes, they have in general large nonperturbative
QCD contributions. Exclusive decays such as Bd,s → µ+µ−, Bd → K∗γ and
Bd → K∗µ+µ− are distinguished observables at the LHC-B experiment.

Within inclusiveB decay modes, short-distance QCD effects lead to a tremen-
dous rate enhancement. These effects are induced by hard gluon exchange be-
tween the quark lines of the one-loop electroweak diagrams (fig. 3).

The QCD radiative corrections bring in large logarithms of the form αns (mb)
logm(mb/M), where M = mt or M = mW and m ≤ n (with n = 0, 1, 2, ...). This
is a natural feature in any process where two different mass scales are present. In
order to get a reasonable result at all, one has to resum at least the leading-log
(LL) series

αns (mb) logn(mb/M), (LL) (2.2)

with the help of renormalization group techniques. Working to next-to-leading-
log (NLL) precision means that one is also resumming all the terms of the form

αs(mb) (αns (mb) logn(mb/M)) , (NLL). (2.3)

A suitable framework to achieve the necessary resummations of the large logs
is an effective low-energy theory with five quarks, obtained by integrating out
the heavy particles, which, in the SM, are the top quark and the W boson. The
standard method of the operator product expansion allows for a separation of an
amplitude of a weak meson decay process into two distinct parts, the long-distance
contributions contained in the operator matrix elements and the short-distance
physics described by the so-called Wilson coefficients (see fig. 4). In the case of B
decays, the W boson and the top quark with mass bigger than the factorization
scale are integrated out, that is removed from the theory as dynamical variables.
The effective hamiltonian can be written

Heff = −4GF√
2

∑
Ci(µ,Mheavy) Oi(µ) (2.4)
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Figure 4: Operator product expansion.

where Oi(µ) are the relevant operators and Ci(µ,Mheavy) are the corresponding
Wilson coefficients. As the heavy fields are integrated out, the complete top
and W mass dependence is contained in the Wilson coefficients. Working out
a convenient set of quantities, both in the effective (low-energy) theory and in
the full (standard model) theory, and requiring equality (matching) up to terms
suppressed by higher powers of mW or mt, these coefficients can be determined.

Within this framework QCD corrections for the decay rates are twofold: the
ingredients are the order αs corrections to the matrix elements of the various
operators and the order αs corrections to the Wilson coefficients, of course both
at the low-energy scale µ ≈ mb. Only the sum of the two contributions is renor-
malization scheme and scale independent; in fact, from the µ-independence of the
effective Hamiltonian, one can derive a renormalization group equation (RGE)
for the Wilson coefficients Ci(µ):

µ
d

dµ
Ci(µ) = γjiCj(µ) , (2.5)

where the matrix γ is the anomalous dimension matrix of the operators Oi. Then
there are the following three principal steps leading to the leading-log (next-to-
leading-log) result within the effective field theory approach:

• Step 1: One has to match the full SM theory with the effective theory
at the scale µ = µW , where µW denotes a scale of order mW or mt. At
this scale, the matrix elements of the operators in the effective theory lead
to the same logarithms as the full theory calculation. Consequently, the
Wilson coefficients Ci(µW ) only pick up small QCD corrections, which can
be calculated in fixed-order perturbation theory. In the LL (NLL) program,
the matching has to be worked out at the O(α0

s) (O(α1
s)) level.

• Step 2: Then one performs the evolution of these Wilson coefficients
from µ = µW down to µ = µW , where µb is of the order of mb. As the
matrix elements of the operators evaluated at the low scale µb are free of
large logarithms, the latter are contained in resummed form in the Wilson
coefficients. For a LL (NLL) calculation, this RGE step has to be done
using the anomalous dimension matrix up to order α1

s (α2
s).

• Step 3: To LL (NLL) precision, the corrections to the matrix elements
of the operators 〈sγ|Oi(µ)|b〉 at the scale µ = µb have to be calculated to
order α0

s (α1
s) precision.
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Finally, we stress that the step from the leading (LL) to the next-to-leading (NLL)
order within the framework of the renormalization group improved perturbation
theory is not only a quantitative one increasing the precision of the theoretical
prediction, but also a qualitative one, which tests the validity of the perturbative
approach in the given problem.

3 Inclusive decay modes

3.1 Experimental data on B → Xsγ

Among inclusive rare B decays, the B → Xsγ mode is the most prominent
because it is the only one that is already measured: in 1993, the first evidence
for a penguin-induced B meson decay was found by the CLEO collaboration. At
CESR, they measured the exclusive electromagnetic penguin process B → K∗γ.
The inclusive analogue B → Xsγ was also found by the CLEO collaboration
through the measurement of its characteristic photon energy spectrum in 1994
(see [23]). As this process is dominated by the two-body decay b → sγ, its
photon energy spectrum is expected to be a smeared delta function centred at
Eγ ≈ mb/2, where the smearing is due to perturbative gluon bremsstrahlung
and to the nonperturbative Fermi motion of the b quark within the B meson.
Only the high part of the photon energy spectrum is sensitive to the rare decay
B → Xsγ. Some lower cutoff in the photon energy has to be imposed in order to
exclude the background, mainly from the nonleptonic charged current processes
b → cqq̄′ + γ or b → uqq̄′ + γ, which have a typical bremsstrahlung spectrum
that is maximal at Eγ = 0 and falls off for larger values of Eγ. Therefore only
the “kinematic” branching ratio for B → Xsγ in the range between Eγ = 2.2
GeV and the kinematic endpoint at Eγ = 2.7 GeV could be measured directly.
To obtain from this measurement the total branching ratio, one has to know the
fractionR of the B → Xsγ events with Eγ ≥ 2.2 GeV. This was done in [19] where
the Fermi motion of the b quark in the B meson was taken into account by using
the phenomenological model of Altarelli et al. (ACCMM model) [20]. Using this
theoretical input regarding the photon energy spectrum, the value R = 0.87±0.06
was used by the CLEO collaboration, leading to the CLEO branching ratio [21]

B(B → Xsγ) = (2.32± 0.57stat ± 0.35sys) × 10−4. (3.1)

The first error is statistical and the second is systematic (including model
dependence). This measurement was based on a sample of 2.2× 106BB̄ events.

In 1999, CLEO has presented an improved measurement [22], which is based
on 53% more data (3.3×106 events). They also used the slightly wider Eγ window
starting at 2.1 GeV. The relative error drops almost by a factor of

√
3:

B(B → Xsγ) = (3.15± 0.35stat ± 0.32sys ± 0.26mod)× 10−4. (3.2)

The errors represent statistics, systematics, and the model dependence, respec-
tively.
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There are also data at the Z0 peak from the LEP experiments. The ALEPH
collaboration [24] has measured the inclusive branching ratio

B(Hb → Xsγ) = (3.11± 0.80stat ± 0.72sys) × 10−4. (3.3)

It should be noted that the branching ratio in (3.3) involves a weighted average
of the B mesons and Λb baryons produced in Z0 decays (hence the symbol Hb)
different from the corresponding one given by CLEO, which has been measured
at the Υ(4S) resonance. High luminosity is more difficult to obtain at higher
e+e− collision energies. Thus, BB̄ samples obtained by the LEP experiments are
smaller than the one at CESR. The rate measured by ALEPH is consistent with
the CLEO measurement.

Recently, CLEO presented a refined preliminary analysis (with an lower pho-
ton energy cut Eγ ≥ 2.0 GeV) [25]:

B(B → Xsγ) = (2.85 ± 0.35stat ± 0.22sys)× 10−4 (3.4)

and also BELLE has presented preliminary data [25] of competitive experimental
accuracy:

B(B → Xsγ) = (3.37± 0.53stat ± 0.42sys ± 0.54mod)× 10−4. (3.5)

More accurate data can be expected in the near future. With the expected high
luminosity of theB-factories, an experimental accuracy below 10% in the inclusive
B → Xsγ mode appears to be possible.

The uncertainty regarding the fraction R of the B → Xsγ events with Eγ ≥
2.2 GeV quoted in the experimental measurement, also cited as model depen-
dence, should be regarded as a purely theoretical uncertainty. As mentioned
above, the fraction R was calculated in [19] using the phenomenological model by
Altarelli et al., where the Fermi motion of the b quark in the B meson is charac-
terized by two parameters, the average Fermi momentum pF of the b quark and
the mass mq of the spectator quark. The error on the fraction R is essentially
obtained by varying the model parameters pF and mq in the range for which the
ACCMM model correctly describes the energy spectrum of the charged lepton in
the semileptonic decays B → Xc`ν and B → Xu`ν, measured by CLEO and AR-
GUS. In [19] a first comparison between the calculated photon energy spectrum
and the one measured by the CLEO collaboration was presented. The (normal-
ized) measured photon energy spectrum and the theoretical one are in agreement
for those values of pF and mq, that correctly describe the inclusive semileptonic
CLEO data B → Xc`ν and B → Xu`ν; at present, the data from the radiative
decays is, however, not precise enough to further constrain the values of pF and
mq. The best fit between the theoretical and measured photon energy spectrum
is obtained for pF = 450 MeV and mq = 0. One should mention that the analysis
[19] of the photon energy spectrum, in particular the calculation of the fraction R
in the ACCMM model used by CLEO, does not include the full NLL information,
which becomes available in the meantime.
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Figure 5: Different components of the photon spectrum in the B → Xsγ decay,
from [26].

Besides this phenomenological model by Altarelli et al., more fundamental
theoretical methods are available today to implement the bound state effects,
namely by making use of operator product expansion techniques in the frame-
work of heavy quark effective theory (HQET). A new analysis along these lines
was presented in [26]. Unfortunately, the operator product expansion breaks down
near the endpoint of the photon energy spectrum; therefore, an infinite number
of leading-twist corrections has to be resummed into a nonperturbative universal
shape function, which determines the light-cone momentum distribution of the
b-quark in the B meson [27]. The physical decay distributions are then obtained
from a convolution of parton model spectra with this shape function. At present
this function cannot be calculated, but there is at least some information on the
moments of the shape function, which are related to the forward matrix elements
of local operators. Ansätze for the shape function, constrained by the latter infor-
mation, are used. In contrast to the older analysis based on the ACCMM model,
the new analysis of Kagan and Neubert [26] includes the full NLL information.
Their fraction R = 0.78+0.09

−0.11 (for the energy cut Eγ > 2.2 GeV) is smaller than
the factor used by CLEO.

An important observation is that the shape of the photon spectrum is not
sensitive to physics beyond the SM. As can be seen in fig. 5, all different contri-
butions to the spectrum (corresponding to the interference terms of the various
operators involved) have a very similar shape besides the small 8-8 contribution.
This implies that we do not have to assume the correctness of the SM in the
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experimental analysis and, thus, a precise measurement of the photon spectrum
can be used to determine the parameters of the shape function.

Clearly, a lower experimental cut decreases the sensitivity to the parameters
of the shape function (or, more generally, the model dependence). With respect
to this, the ideal energy cut would be 1.6 GeV. However, in this case a better
understanding of the ψ background would be mandatory. The intermediate ψ
background, namely B → ψXs followed by ψ → X ′γ is more than 4×10−4 in the
‘total’ branching ratio. With the present energy cut of 2.1 GeV this contribution
is suppressed and estimated to be less than 5% [28].

Another future aim should be to determine the shape function (and analo-
gously the parameter of the ACCMM model) by using the high-precision mea-
surements of the photon energy spectrum.

3.2 NLL QCD calculations

As mentioned above, the inclusive decayB → Xsγ is a laboratory for perturbative
QCD. Nonperturbative effects (see section 3.3) play a subdominant role and are
well under control thanks to the heavy quark expansion. The short-distance QCD
corrections enhance the partonic decay rate Γ(b → sγ) by more than a factor of
2. The corresponding large logarithms of the form αns (mb) logm(mb/M), where
M = mt or M = mW and m ≤ n (with n = 0, 1, 2, ...), have to be summed with
the help of the renormalization group improved perturbation theory as presented
in section 2.

The effective Hamiltonian relevant to B → Xsγ in the SM reads

Heff (B → Xsγ) = −4GF√
2
λt

8∑

i=1

Ci(µ)Oi(µ) , (3.6)

where Oi(µ) are the relevant operators, Ci(µ) are the corresponding Wilson co-
efficients, which contain the complete top- and W - mass dependence (see fig.
6), and λt = VtbV

∗
ts with Vij , the CKM matrix elements. The CKM dependence

globally factorizes, because we work in the approximation λu = 0 (in the case of
B → Xsγ). One neglects the operators with dimension > 6. which are suppressed
by higher powers of 1/mW .

Using the equations of motion for the operators, one arrives at the following
basis of dimension-6 operators:

O1 = (c̄Lβγ
µbLα) (s̄LαγµcLβ) ,

O2 = (c̄Lαγ
µbLα) (s̄LβγµcLβ) ,

O3 = (s̄Lαγ
µbLα)

[
(ūLβγµuLβ) + ...+

(
b̄LβγµbLβ

)]
,

O4 = (s̄Lαγ
µbLβ)

[
(ūLβγµuLα) + ...+

(
b̄LβγµbLα

)]
,

O5 = (s̄Lαγ
µbLα)

[
(ūRβγµuRβ) + ...+

(
b̄RβγµbRβ

)]
,

O6 = (s̄Lαγ
µbLβ)

[
(ūRβγµuRα) + ...+

(
b̄RβγµbRα

)]
,
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Figure 6: SM Hamiltonian in the case of B → Xsγ.

O7 = (e/16π2) s̄α σ
µν (mb(µ)PR +ms(µ)PL) bα Fµν ,

O8 = (gs/16π2) s̄α σ
µν (mb(µ)PR +ms(µ)PL)TAαβ bβ G

A
µν . (3.7)

In the dipole type operators O7 and O8, e and Fµν (gs and GA
µν) denote the

electromagnetic (strong) coupling constant and field strength tensor, respectively;
T a (a = 1, 8) denote SU(3) colour generators.

The error of the leading logarithmic (LL) result [29] was dominated by a large
renormalization scale dependence at the ±25% level, which alreday indicated the
importance of the NLL series. By convention, the dependence on the renormal-
ization scale µb is obtained by the variation mb/2 < µb < 2mb. The former
measurement of the CLEO collaboration (see (3.1)) overlaps with the estimates
based on LL calculations, and the experimental and theoretical errors are compa-
rable. In view of the expected increase in the experimental precision in the near
future, it became clear that a systematic inclusion of the NLL corrections was
becoming necessary. Moreover, such a NLL program is also important in order
to ensure the validity of renormalization group improved perturbation theory in
this specific phenomenolgical application.

This ambitious NLL enterprise was completed some years ago. This was a joint
effort of many different groups ([19],[30], [31], [32], [33]),[34]). The theoretical
error of the previous LL result was substantially reduced to ±10%, and the central
value of the partonic decay rate increased by about 20%.

All three steps to NLL precision listed below (2.5) involve rather difficult
calculations.

• The most difficult part in Step 1 is the two-loop (or order αs) matching
of the dipole operators O7 and O8. It involves two-loop diagrams both in
the full and in the effective theory. It was first worked out by Adel and
Yao [32]. As this is a crucial step in the NLL program, Greub and Hurth
confirmed their findings in a detailed re-calculation using a different method
[34]. Two further recalculations of this result [35, 36] were presented in the
meanwhile, confirming the original results in [32]. In order to match the
dimension-6 operators O7 and O8, it is sufficient to extract the terms of

order mb
m2
b

M2 (M = mW ,mt) from the SM matrix elements for b → sγ and
b → sg. Terms suppressed by additional powers of mb/M correspond to
higher-dimensional operators in the effective theory. In [34] the finite parts
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of the two-loop diagrams in the SM were calculated by means of the well-
known method of aymptotic mass expansions, which naturally leads to a
systematic expansion of Feynman diagrams in inverse powers of M .

• The order α2
s anomalous dimension matrix (Step 2) has been worked out

by Chetyrkin, Misiak and Münz [33]. In particular, the calculation of the
elements γi7 and γi8 (i = 1, ..., 6) in the O(α2

s) anomalous dimension matrix
involves a huge number of three-loop diagrams from which the pole parts
(in the d−4 expansion) have to be extracted. This extraction was simplified
by a clever decomposition of the scalar propagator. Moreover, the number
of necessary evanescent operators was reduced by a new choice of a basis of
dimension-6 operators. Using the matching result (Step 1), these authors
obtained the NLL correction to the Wilson coefficient C7(µb). Numerically,
the LL and the NLL value for C7(µb) turn out to be rather similar; the
NLL corrections to the Wilson coefficient C7(µb) lead to a change of the
B → Xsγ decay rate that does not exceed 6% [33].

It should be stressed that the result of Step 2, in particular the entries γi7
and γi8 (i = 1, ..., 6) of the anomalous dimension matrix to NLL precision, is
the only part of the complete NLL enterprise which has not been confirmed
by an independent group.

• Step 3 basically consists of bremsstrahlung corrections and virtual correc-
tions. While the bremsstrahlung corrections were worked out some time
ago by Ali and Greub [19] and were confirmed and extended by Pott [30],
a complete analysis of the virtual two-loop corrections (up to the contribu-
tions of the four-quark operators with very small coefficients) was presented
by Greub, Hurth and Wyler [31]. The latter calculation involves two-loop
diagrams, where the full charm dependence has to be taken into account.
By using Mellin-Barnes techniques in the Feynman parameter integrals, the
result of these two-loop diagrams was obtained in the form

c0 +
∑

n=0,1,2,...;m=0,1,2,3

cnm

(
m2
c

m2
b

)n
logm

m2
c

m2
b

, (3.8)

where the quantities c0 and cnm are independent of mc. The convergence of
the Mellin-Barnes series was proved; the practical convergence of the series
(3.8) was also checked explicitly. Moreover, a finite result is obtained in the
limit mc → 0, as there is no naked logarithm of m2

c/m
2
b . This observation is

of some importance in the b→ dγ process, where the u-quark propagation
in the loop is not CKM-suppressed (see below). The main result of Step 3
consists in a drastic reduction of the renormalization scale uncertainty from
about ±25% to about ±6%. The central value was shifted by about 20%.

In [31] these results are presented also in the ’t Hooft-Veltman scheme,
which may be regarded as a first step towards a cross-check of the complete
NLL calculation prediction in a different renormalization scheme.
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Figure 7: (a) Typical diagrams (finite parts) contributing to the matrix element
of the operator O2 at the NLL level (Step3); (b) typical diagram (infinite part)
contributing to the NLL anomalous dimension matrix (Step2); typical diagram
(finite part) contributing in the NLL matching calculation shown in fig.3 (Step1).

Quite recently, the results of the matrix elements based on the operator O2

were confirmed by an independent group [37] with the help of the method
of asymptotic expansions.

It is clear that many parts of the NLL calculations at the partonic level in
the case of b → sγ can be straightforwardly taken over to the cases b → dγ,
b → s gluon and b → sl+l−. In the latter case, however, many modifications
are necessary; in particular the operator basis gets enlarged as will be discussed
below.

Combining the NLL calculations of the three steps, the first complete the-
oretical prediction to NLL precision for the branching ratio of B → Xsγ was
presented in [33] (see also [38]):

B(B → Xsγ) = (3.28 ± 0.33) × 10−4. (3.9)

The theoretical error has two dominant sources. The µ dependence, which is
now reduced to about 6%. The other main uncertainty of 5% stems from the
mc/mb dependence. This first theoretical NLL prediction already included the
nonperturbative correction scaling with 1/m2

b , which are rather small (at the 1%
level) (see section 3.3). Surprisingly, these first NLL predictions ([33],[38]) are
almost identical to the current prediction quoted in (3.17), in spite of so many
important additional refinements such as the electroweak two-loop corrections
and the nonperturbative corrections which will be discussed below.

3.3 Nonperturbative contributions

Within the framework of the heavy mass expansion, nonperturbative corrections
to the branching ratio of decay B → Xsγ can be singled out. These contributions
also apply to the case of the decay B → Xdγ and, with some modifications, to
the case of the decay B → Xsl

+l−.
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Figure 8: a)Feynman diagram from which the operator Õ arises. b) Relevant
cut-diagram for the (O2,O7)-interference.

If one neglects perturbative QCD corrections and assumes that the decay
B → Xsγ is due to the operator O7 only, the calculation of the differential decay
rate basically amounts to working out the imaginary part of the forward scattering
amplitude T (q):

T (q) = i
∫
d4x 〈B|TO+

7 (x)O7(0)|B〉 exp(iqx) . (3.10)

Using the operator product expansion for TO+
7 (x)O7(0) and heavy quark effective

theory methods, the decay width Γ(B → Xsγ) reads [39, 40] (modulo higher terms
in the 1/mb expansion):

Γ
(O7,O7)
B→Xsγ =

αG2
Fm

5
b

32π4
|VtbVts|2C2

7(mb)

(
1 +

δNPrad
m2
b

)
,

δNPrad =
1

2
λ1 −

9

2
λ2 , (3.11)

where λ1 and λ2 are the parameters for kinetic energy and the chromomagnetic
energy. Using λ1 = −0.5 GeV2 and λ2 = 0.12 GeV2, one gets δNPrad ' −4%.
The B → Xsγ decay width is usually normalized by the semileptonic one. The
semileptonic decay width gets 1/m2

b corrections, which are negative; thus, the
nonperturbative corrections scaling with 1/m2

b tend to cancel in the branching
ratio B(B → Xsγ), and only about 1% remains.

Voloshin [41] considered the nonperturbative effects when including also the
operator O2. This effect is generated by the diagram in Fig. 8a (and by the one,
not shown, where the gluon and the photon are interchanged); g is a soft gluon
interacting with the charm quarks in the loop. Up to a characteristic Lorentz
structure, this loop is given by the integral

∫ 1

0
dx

∫ 1−x

0
dy

xy

m2
c − k2

gx(1 − x)− 2xykgkγ
. (3.12)

As the gluon is soft, i.e. k2
g , kgkγ ≈ ΛQCDmb/2 � m2

c, the integral can be

expanded in kg. The (formally) leading operator, denoted by Õ, is

Õ =
GF√

2
VcbV

∗
csC2

eQc

48π2m2
c

s̄γµ(1− γ5)gsGνλb ε
µνρσ∂λFρσ . (3.13)
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Then working out the cut diagram shown in Fig. 8b, one obtains the nonper-

turbative contribution Γ
(Õ,O7)
B→Xsγ to the decay width, which is due to the (O2,O7)

interference. Normalizing this contribution by the LL partonic width, one obtains

Γ
(Õ,O7)
B→Xsγ
ΓLLb→sγ

= −1

9

C2

C7

λ2

m2
c

' +0.03 . (3.14)

As the expansion parameter is mbΛQCD/m
2
c ≈ 0.6 (rather than Λ2

QCD/m
2
c), it

is not a priori clear whether formally higher order terms in the mc expansion are
numerically suppressed. More detailed investigations [42, 43, 44] have shown that
higher order terms are indeed suppressed, because the corresponding expansion
coefficients are small.

The analogous 1/m2
c effect has been found independently in the exclusive

mode B → K∗γ in ref. [45]. Numerically, the effect there is also at the few per
cent level. Moreover, the analysis of the 1/m2

c effects was extended to the decay
B → Xsl

+l− in [44, 46].
As was recently emphasized by Misiak [47], an analogous systematic analysis

of terms like Γ
(O2,O2)
B→Xsγ at first order in αs is still missing. Rigorous techniques such

as operator product expansions do not seem to be applicable in this case.

3.4 Theoretical status

3.4.1 B → Xsγ

The theoretical prediction for the partonic b → sγ decay rate is usually normal-
ized by the semileptonic decay rate in order to get rid of uncertainties related with
the CKM matrix elements and the fifth power of the b quark mass. Moreover, an
explicit lower cut on the photon energy in the bremstrahlung correction is often
made:

Rquark(δ) =
Γ[b→ sγ] + Γ[b→ sγgluon]δ

Γ[b→ Xceν̄e]
(3.15)

where the subscript δ means that only photons with energy Eγ > (1− δ)Emax
γ =

(1− δ)mb
2

are counted. The ratio Rquark is divergent in the limit δ → 1 due to the
unphysical soft photon divergence in the subprocess b → sγgluon. In this limit
only the sum of Γ[b → sγ], Γ[b → sgluon] and Γ[b → sγgluon] is a reasonable
physical quantity, in which all divergences cancel out. In [26] it was shown that
the theoretical result is rather sensitive to the unphysical soft-photon divergence;
the choice δ = 0.90 was suggested as the optimized definition of the total decay
rate. In the analysis presented in [31] the limit δ → 1 is taken and the singularities
are removed by adding the virtual photon corrections to b→ sgluon.

It is suggestive to give up the concept of a total decay rate of b → sγ and
compare theory and experiment using the same energy cut as CLEO (Eγ >
2.1 GeV). Then also the theoretical uncertainty regarding the photon energy
spectrum mentioned above would occur naturally in the theoretical prediction.
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In the meanwhile detailed studies of the electroweak corrections were per-
formed. In [48] part of the electroweak two-loop contributions, namely contri-
butions from fermion loops in gauge boson propagators (γ and W ) and from
short-distance photonic loop corrections, were calculated. Moreover, it was found
that the on-shell value of the fine structure constant 1/αem = 137 is more ap-
propriate for real photon emission than the value 1/αem = (130.3 ± 2.3) used
in previous analyses. The QED loop calculations in [48] confirmed this expecta-
tion. This change in αem leads to a reduction of 5% in Rquark. In [26] the QED
analysis made in [48] was improved by resumming the contributions of order
α log(µb/M)(αs log(µb/M)n to all orders (while in [48] only the n = 0 contribu-
tion was included). This resummation decreases the QED corrections. In [49] a
complete analysis of the heavy top and the heavy Higgs corrections in the limit
mW → 0 was made. This analysis was recently refined in [50]. A 2% reduction of
the branching ratio of B → Xsγ due to purely electroweak corrections is found.

Using the measured semileptonic branching ratio Bslexp., the branching ratio
B(B → Xsγ) is given by

B(B → Xsγ) = Rquark ×Bslexp.(1 + ∆nonpert), (3.16)

where the nonperturbative corrections scaling with 1/m2
b and 1/m2

c , summed in
∆nonpert, have a numerical effect of +1% [39, 40] and +3% [41], respectively, on
the branching ratio only.

For a comparison with the ALEPH measurement (3.3) the measured semilep-
tonic branching ratio B(Hb → Xc,u`ν) should be used consistently. This leads to
a larger theoretical prediction for the LEP experiments.

Including only the resummed QED corrections and the nonperturabtive cor-
rections discussed in section 3.3, using the on-shell value of αem and working
with the convention δ → 1 in Rquark, one ends up with the following theoretical
prediction for the B → Xsγ branching ratio [51]:

B(B → Xsγ) = (3.32 ± 0.14 ± 0.26)× 10−4, (3.17)

where the first error represents the uncertainty regarding the scale dependences,
while the second error is the uncertainty due to the input parameters. In the
second error the uncertainty due to the parameter mc/mb is dominant.

Quite recently, quark mass effects within the decay B → Xsγ were further
analysed [55], in particular the definitions of the quark masses mc and mb in the
matrix element 〈O2〉 ≡ X̄sγ|(s̄c)V−A(c̄b)V−A|b〉. Since the charm quark in the
matrix element 〈O2〉 are dominantly off-shell (see fig. 7a) the authors argue that
the running charm mass should be chosen instead of the pole mass. . The latter
choice was used in all previous analyses [31, 33, 35, 26, 51].

mpole
c /mpole

b ⇒ mMS
c (µ)/mpole

b , µ ∈ [mc,mb]. (3.18)

Since the matrix element starts at NLL order and, thus, the renormalization
scheme for mc and mb is an NNLL issue, one should regard this choice as an
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educated guess of the NNLL corrections. However, this new choice is guided
by the experience gained from many higher-order calculations in perturbation
theory. Numerically, the shift from mpole

c /mpole
b = 0.29± 0.02 to mMS

c (µ)/mpole
b =

0.22±0.04 is rather important and leads to a +11% shift of the central value of the
B → Xsγ branching ratio. The authors of [55] quote a weighted experimental
world average using the preliminary data from CLEO and BELLE, (3.4) and
(3.5), and the published ALEPH data (3.3):

B(B → Xsγ) = (2.96 ± 0.35) × 10−4. (3.19)

With their new choice of the charm mass and with δ = 0.9, their theoretical
prediction for the ‘total’ branching ratio is

B(B → Xsγ) = (3.73 ± 0.30) × 10−4, (3.20)

which means that the difference between the theoretical and the experimental
value is consistent with zero at the level of 1.6σ (if one assumes that a statistical
interpretation of this difference is really possible). Because the choice of the
renormalization scheme for mc and mb is a NNLL effect, one could argue for a
larger theoretical uncertainty in mMS

c (µ)/mpole
b which includes also the value of

mpole
c . A more conservative choice would then be mMS

c (µ)/mpole
b = 0.22 ± 0.07

which would reduce the significance of the perceived discrepancy.
Instead of making a theoretical prediction for the branching ratio B(B →

Xsγ), one can use the experimental data and theory in order to directly determine
the combination |VtbV ∗ts|/|Vcb| of the CKM matrix elements; in turn, one can
determine |Vts| by making use of the relatively well known CKM matrix elements
Vcb and Vtb. An update of the analysis in [56] was presented in [51]. Using the
CLEO data (3.2), the ALEPH data (3.3), and the theoretical prediction (3.17),
one finds [51]

|V ∗tsVtb|
|Vcb|

= 0.95± 0.08exp. ± 0.05th. CLEO

|V ∗tsVtb|
|Vcb|

= 0.91± 0.15exp. ± 0.04th. ALEPH.

The average of the two measurements yields

|V ∗tsVtb|
|Vcb|

= 0.93± 0.09 ± 0.03 = 0.93 ± 0.10 (3.21)

where in the very last step the theoretical and experimental errors were added
in quadrature. Using |Vtb| = 0.99± 0.15 from the CDF measurement and |Vcb| =
0.0393 ± 0.0028 extracted from semileptonic B decays, one obtains [51]

|Vts| = 0.037 ± 0.007, (3.22)

where all the errors were added in quadrature. This is probably the most direct
determination of this CKM matrix element. With an improved measurement of
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B(B → Xsγ) and Vtb, one expects to reduce the present error on |Vts| by a factor
of 2 or even more.

Finally, some remarks on the decay mode b → s gluon are in order. The
effective Hamiltonian is the same as in the b→ sγ case. By replacing the photon
by the gluon, the NLL QCD calculation of b→ sγ can also be used. However, in
the calculation of the matrix element of the operator O2, further diagrams with
the nonabelian three-gluon coupling have to be calculated [52]. Numerically, one
obtains B(b → s gluon) = (5.0 ± 1.0) × 10−3, which is more than a factor of
2 larger than the former LL result B(b → s gluon) = (2.2 ± 0.8) × 10−3 [29].
The mode b → s gluon represents one component to the inclusive charmless
hadronic decays, B → Xnocharm, where Xnocharm denotes any hadronic charmless
final state. A measurement of the corresponding branching ratio would allow
the extraction of the ratio |Vub/Vcb|, which is poorly known at present [53]. At
the quark level, there are decay modes with three-body final states, b → q ′q′q
(q′ = u, d, s; q = d, s) and the modes b→ qg, with two-body final-state topology.
The component b→ sg of the charmless hadronic decays is expected to manifest
itself in kaons with high momenta (of order mb/2), owing to its two-body nature
[54].

3.4.2 B → Xdγ

With respect to new physics, also the B → Xdγ decay is of specific interest,
because its CKM suppression by the factor |Vtd|2/|Vts|2 in the SM may not be
true in extended models. Moreover, a future measurement of the B → Xdγ
decay rate will help to drastically reduce the currently allowed region of the
CKM-Wolfenstein parameters ρ and η.

Most of the theoretical improvements carried out in the context of the decay
B → Xsγ (see sections 3.2 and 3.3) can straightforwardly be adapted for the decay
B → Xdγ. As for the former decay, the NLL-improved and power-corrected decay
rate for B → Xdγ has much reduced theoretical uncertainty, which would allow
a more precise extraction of the CKM parameters from the measured branching
ratio.

The perturbative QCD corrections in the decay B → Xdγ can be treated in
complete analogy to the ones in the decay B → Xsγ. The effective Hamiltonian
is the same in the processes b → sγ and b → dγ up to the obvious replacement
of the s-quark field by the d-quark field. However, as λu for b→ dγ is not small
with respect to λt and λc, one also has to encounter the operators proportional
to λu. The matching conditions Ci(mW ) and the solutions of the RG equations,
yielding Ci(µb), coincide with those needed for the process B → Xsγ. The power
corrections in 1/m2

b and 1/m2
c (besides the CKM factors) are also the same for

the two modes.
The long-distance contributions from the intermediate u-quark in the penguin

loops, however, are different. These are suppressed in the B → Xsγ mode by the
unfavourable CKM matrix elements. In B → Xdγ, there is no CKM suppres-
sion and one has to include the long-distance intermediate u-quark contributions,
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which can only be modelled at present. However, these contributions are esti-
mated to be rather small [57]. Moreover, it must be stressed that there is no
spurious enhancement of the form log(mu/µb) in the perturbative contribution to
the matrix elements 〈Xdγ|Oiu|B〉 (i = 1, 2) as shown by the explicit calculation
in [31] and also discussed in [58]. In other words, the limit mu → 0 can be taken.

The predictions for the B → Xdγ decay given in [59] show that for µb = 2.5
GeV (and the central values of the input parameters) the difference between the
LL and NLL results is ∼ 10%, increasing the branching ratio in the NLL case.
For a fixed value of the CKM-Wolfenstein parameters ρ and η, the theoretical
uncertainty of the branching ratio is:

∆B(B → Xdγ)/B(B → Xdγ) = ±(6− 10)%. (3.23)

Of particular theoretical interest is the ratio of the branching ratios, defined as

R(dγ/sγ) ≡ B(B → Xdγ)

B(B → Xsγ)
, (3.24)

in which a good part of the theoretical uncertainties cancels. This suggests that
a future measurement of R(dγ/sγ) will have a large impact on the CKM phe-
nomenology.

Varying the CKM-Wolfenstein parameters ρ and η in the range −0.1 ≤ ρ ≤ 0.4
and 0.2 ≤ η ≤ 0.46 and taking into account other parametric dependences stated
above, the results (without electroweak corrections) are

6.0× 10−6 ≤ B(B → Xdγ) ≤ 2.6× 10−5 ,

0.017 ≤ R(dγ/sγ) ≤ 0.074 .

These quantities are expected to be measurable at the high-luminosityB facilities.

3.4.3 B → Xsl
+l−

The inclusive B → Xsl
+l− decay will also be accessible at the B factories. In

comparison with the B → Xsγ decay, it presents a complementary and also
more complex test of the SM since different contributions add to the decay rate
(fig. 9). Because of kinematic observables such as the invariant dilepton mass
spectrum and the forward-backward asymmetry, it is particularly attractive. It
is also dominated by perturbative contributions, if one eliminates cc̄ resonances
with the help of kinematic cuts.

Using heavy quark expansion, nonperturbative corrections scaling with 1/m2
b

and 1/m2
c can be calculated quite analogously to those in the decayB → Xsγ [44].

However, there are also on-shell cc̄ resonances, which one has to take into account.
While in the decay B → Xsγ (on-shell photon) the intermediate ψ background
for example, namely B → ψXs followed by ψ → X ′γ, is suppressed and can be
subtracted from the B → Xsγ decay rate (see section 3.1), the cc̄ resonances
show up as large peaks in the dilepton invariant mass spectrum in the decay
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Figure 9: One-loop contributions to the decay B → Xsl
+l−.

B → Xsl
+l− (off-shell photon). However, these resonances can be removed by

appropriate kinematic cuts in the invariant mass spectrum: In the ’perturbative
window’, namely 0.05 < ŝ = (ml+l−/mb)

2 < 0.25, theoretical predictions for the
invariant mass spectrum are dominated by the purely perturbative contributions,
and theoretical precision comparable with the one reached in the decay B → Xsγ
is in principle possible.

The present status of the calculation of the perturbative contributions is the
following: the effective Hamiltonian relevant to B → Xsl

+l− in the SM reads

Heff (B → Xsl
+l−) = −4GF√

2
λt

10∑

i=1

Ci(µ)Oi(µ) , (3.25)

Compared with the decayB → Xsγ (see (3.6)), the effective Hamiltonian (3.25)
contains in this case two additional operators:

O9 =
e2

16π2
(s̄γµPLb) (l̄γµl) ,

O10 =
e2

16π2
(s̄γµPLb) (l̄γµγ5l) .

(3.26)

It turns out that the first large logarithm of the form log(mb/M) (M = mW )
arises already without gluons, because the operator O2 mixes into O9 at one loop
(the pair cc̄ inO2 can be closed to form a loop, and an off-shell photon producing a
l l̄ pair can be radiated from a quark line). This possibility has no correspondence
in theB → Xsγ case within the SM. Consequently, the decay amplitude is ordered
according to

GF log(mb/M) (αs(mb) log(mb/M))n (LL), (3.27)

GF log(mb/M) αs(mb) (αs(mb) log(mb/M))n (NLL), (3.28)

which should be compared with (2.2) and (2.3). To technically achieve the re-
summation of these terms, it is convenient to redefine magnetic, chromomagnetic
and lepton-pair operators O7, O8, O9, and O10 and the corresponding coefficients
as follows [62, 63]:

Onewi =
16π2

g2
s

Oi, Cnew
i =

g2
s

16π2
Ci (i = 7, ..., 10). (3.29)
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This redefinition enables one to proceed according to the three calculational steps
presented in section 2, when calculating the decay amplitude [62, 63]. In partic-
ular, the one-loop mixing of the operator O2 with the operator Onew

9 appears
formally at order g2

s , after the reshufflings in (3.29).
The QCD calculation up to NLL precision can be found in [62, 63]. However,

the LL term in the series accidentially turns out to be small. In order to reach
the same accurary as in the case of the NLL prediction for B → Xsγ one has to
include the NNLL order contribution in the B → Xsl

+l− calculation.
Large parts of the NLL calculation in the decay B → Xsγ, reviewed in section

3.2, can be taken over and used in the NNLL calculation within the decay B →
Xsl

+l−. However, the complete NNLL enterprise - following the standard three
steps in the formalism of effective theories (see section 2) - is a formidable task:

• Step 1: In [60] the complete Step 1 up to NNLL precision was presented.
The authors did the two-loop matching for all the operators relevant to B →
Xsl

+l− (including a confirmation of the B → Xsγ NLL matching results of
[32, 34, 35, 36]). The inclusion of this NNLL contribution already removes
the large matching scale (µW ) uncertainty of around 16% present in the NLL
prediction of B → Xsl

+l−. As usual the partonic decay width is normalized
by the semileptonic decay width in order to get rid of uncertainties due to
the fifth power in mb:

Rl+l−
quark(ŝ) =

1

Γ(b→ Xceν̄)

dΓ(b → Xsl
+l−)

dŝ
. (3.30)

One finds the following partial NNLL prediction [60]:

B(B → Xsl
+l−)Cut: ŝ∈[0.05,0.25] =

= B(B → Xceν)
∫ 0.25

0.05
dŝ [Rl+l−

quark(ŝ) + δ1/m2
b
R(ŝ) + δ1/m2

c
R(ŝ)]

= 0.104 [(1.36 ± 0.18scale ) + 0.06 − 0.02] 10−5

= (1.46 ± 0.19scale ) 10−6 (3.31)

δ1/m2
b
R(ŝ) and δ1/m2

b
R(ŝ) are the nonperturbative contributions discussed in

section 3.3. The quoted error in (3.31) reflects only the µb scale uncertainty.
This purely perturbative uncertainty should get significantly reduced by
contributions within Step 3 of the NNLL program, namely the two-loop
QCD corrections to the matrix element of the four-quark operators O2.
The error due to the uncertainties in the input parameters and to other
contributions was not estimated in [60], at this intermediate stage of the
NNLL calculation.

• Step 2: The most important NNLL contribution from the three-loop renor-
malization group evolution of the Wilson coefficients from the matching
scale µW to the low scale µb, namely the three-loop anomalous dimensions
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corresponding to the mixing of the four-quark operators Oi (i = 1...6) into
the dipole operators O7 and O8, can be taken over from the NLL calculation
in the decay B → Xsγ [33]. However, the analogous three-loop anomalous
dimensions corresponding to the mixing of the four-quark operators into
the operator O9 is missing. In [60] an estimate was made which suggests
that the numerical influence of these missing NNLL contributions to the
branching ratio of B → Xsl

+l− is small.

• Step 3: Within the NLL B → Xsγ calculation the two-loop matrix ele-
ments of the four-quark operator O2 for an on-shell photon were calculated
in [31] and quite recently confirmed in [37]. This calculation was extended
to the case of an off-shell photon [61], which corresponds to a NNLL con-
tribution relevant to the decay B → Xsl

+l−. The calculation includes also
that part of the corresponding gluon bremsstrahlung which is needed to
cancel infrared and collinear singularities of the virtual corrections. If one
includes also this NNLL piece in the partonic NNLL prediction for the decay
B → l+l−, one gets [61]

∫ 0.25

0.05
dŝ Rl+l−

quark(ŝ) = (1.25 ± 0.08scale ) × 10−5 (3.32)

Again the only error given corresponds to the uncertainty of the low scale
µb. As expected the inclusion of the two-loop virtual corections to the four-
quark operator O2 has reduced this scale ambiguity from ±13% down to
±6.5%. The authors of [61] also analyse the error due to the uncertainty in
the input parameter mc/mb and find an uncertainty of ±7.6% within the
partonic quantity.

Within the Step 3 of the NNLL calculation, the renormalization group
invariant two-loop matrix element of the operator O9 is not calculated yet.
Because this contribution includes no logarithms, the scale dependence of
the NLL prediction is not sensitive to this NNLL contribution.

One could think that within this perturbative window at low ŝ ∈ [0.05, 0.25],
one is only sensitive to C7 which would be redundant information, since we already
know it from the decay B → Xsγ. However, as was explicitly shown in [62, 63],
one is also sensitive to the new Wilson coefficients C9 and C10 and interference
terms in the low ŝ regime with ŝ = ml+l−/m

2
b ∈ [0.05, 0.25] (see fig. 10 where the

various perturbative contributions to Rquark (with NLL precision) are plotted).
Together with the decay B → Xsγ, the inclusiveB → Xsl

+l− decay will make
precision flavour physics possible, if one can also measure the kinematic variables
in the B → Xsl

+l− decay precisely. As was first advocated in [64],

• the invariant dilepton mass spectrum

dΓ(B → Xsl
+l−) / dŝ, (3.33)
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Figure 10: Comparison of the different short-distance contributions to Rquark(ŝ)
(NLL precision), from [63].

• the forward-backward charge asymmetry

A(s) =
∫ 1

−1
dcosθ d2Γ(B → Xsl

+l−) / dŝ dcosθ sgn(cosθ) (3.34)

• and the decay rate of B → Xsγ,

Γ(B → Xsγ) (3.35)

determine the magnitude and also the sign of the three Wilson coefficients C7, C8,
and C10, and allow for a model-independent analysis of rare B decays. For the
measurements of these kinematic distributions, however, high statistics will be
necessary.

4 Indirect search for supersymmetry

Today supersymmetric models are given priority in our search for new physics
beyond the SM. This is primarily suggested by theoretical arguments related to
the well-known hierarchy problem. The decay B → Xsγ is sensitive to the mech-
anism of supersymmetry breaking because in the limit of exact supersymmetry,
the decay rate would be just zero:

B(B → Xsγ) = 0. (4.1)

This follows from an argument first given by Ferrara and Remiddi in 1974 [65]. In
that work the absence of the anomalous magnetic moment in a supersymmetric
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abelian gauge theory was shown. The necessary mechanism of supersymmetry
breaking, however, is unknown and leads to a proliferation of free parameters in
the (unconstrained) minimal supersymmetric standard model (MSSM).

There are two types of new contributions to flavour changing neutral currents
in the MSSM: CKM-induced contributions, which are induced by a charged Higgs
or a chargino, and generic new contributions, which are induced by flavour mixing
in the squark-mass matrix. The structure of the MSSM does not explain the
suppression of flavour changing neutral currents which is observed in experiments.
This is the essence of the well-known supersymmetric flavour problem.

In the framework of the MSSM there are at present three favoured concrete
supersymmetric models. They solve the supersymmetric flavour problem by a
specific mechanism through which the sector of supersymmetry breaking commu-
nicates with the sector accessible to experiments: in the minimal supergravity
model (mSUGRA) [66], supergravity is the corresponding mediator; in the other
two models this role is fulfilled by gauge interactions (GMSB) [67] and by anoma-
lies (AMSB) [68]. Furthermore, there are other classes of models in which the
flavour problem is solved by particular flavour symmetries [69].

Flavour violation thus originates from the interplay between the dynamics of
flavour and the mechanism of supersymmetry breaking. The model-independent
analysis of rare B and K decays therefore can contribute to the question of which
mechanism ultimately breaks the supersymmetry and will thus yield important
(indirect) information on the construction of supersymmetric extensions of the
SM. In this context it is important to analyse the correlations between the dif-
ferent information from rare B and K decays.

As was already emphasized in the introduction, inclusive rare decays, as loop-
induced processes, are particularly sensitive to new physics and theoretically
clean. Neutral flavour transitions involving third-generation quarks, typically
in the B system, do not pose yet serious threats to specific models. However,
despite the relatively large experimental uncertainties, the rare decay B → Xsγ
has already carved out some regions in the space of free parameters of most of the
models in the classes mentioned above (see [70],[71] and references therein). Once
more precise data from the B factories are available, this decay will undoubtedly
gain efficiency in selecting the viable regions of the parameter space in the var-
ious classes of models; this may help in discriminating between the models by
then proposed. In view of this, it is important to calculate the rate of this decay
with theoretical uncertainties reduced as much as possible, and general enough
for generic supersymmetric models.

While in the SM, the rate forB → Xsγ is known up to NLL in QCD, the calcu-
lation of this decay rate within supersymmetric models is still far from this level
of sophistication. There are several contributions to the decay amplitude: be-
sides the W t-quark and the H t-quark contributions, there are also the chargino,
gluino and neutralino contributions. In most of the phenomenological analyses of
the decay B → Xsγ these nonstandard contributions were not investigated with
NLL precision as the SM contribution. However, as has already been pointed
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W+ H+ χ

Figure 11: SM, charged Higgs and chargino contribution at the matching scale.

out, the step from the LL to the NLL precision is also necessary in order to check
the validity of the perturbative approach in the model under consideration. It
is possible that the restriction of the parameter space of nonstandard models,
based on an LL analysis only, proves to be invalid after the NLL analysis is com-
pleted. Moreover, it was already shown in specific new physics scenarios that
bounds on the parameter space of nonstandard models are rather sensitive to
NLL contributions (see below).

Nevertheless, within supersymmetric models partial NLL results are available.
The gluonic NLL two-loop matching contributions were recently presented [72].
A complete NLL calculation of the B → Xsγ branching ratio in the simplest
extension of the SM, namely the Two-Higgs-Doublet Model (2HDM), is already
available [35, 73]. In the 2HDM of Type II (which already represents a good
approximation for gauge-mediated supersymmetric models with large tan β where
the charged Higgs contribution dominates the chargino contribution), the B →
Xsγ is only sensitive to two parameters of this model, the mass of the charged
Higgs boson and tanβ. Thus, the experimental data of the decay B → Xsγ allows
for stringent bounds on these two parameters which are much more restrictive
than the lower bound on the charged Higgs mass found in the direct search at
LEP. One also finds that these indirect bounds are very sensitive to NLL QCD
corrections and even to the two-loop electroweak contributions (see [35, 73]).

In [74] a specific supersymmetric scenario is presented, where in particular
the possibility of destructive interference of the chargino and the charged Higgs
contribution is analysed. The analysis has been done under two assumptions.
First it is assumed that the only source of flavour violation at the electroweak
scale is that of the SM, encoded in the CKM matrix (minimal flavour violation).
Therefore, the analysis applies to mSUGRA, GMSB and AMSB models (in which
the same features are assumed at the messenger scale) only when the sources
of flavour violation, generated radiatively between the supersymmetry breaking
scale and the electroweak scale, can be neglected with respect to those induced
by the CKM matrix. The second assumption is that there exists a specific mass
hierarchy, in particular the heavy gluino limit. Indeed, the NLL calculation has
been done in the limit

µg̃ ∼ O(mg̃,mq̄,mt̃1)� µW ∼ O(mW ,mH+,mt,mχ,mt̃2). (4.2)

The mass scale of the charginos (χ), and of the lighter stop (t̃2) is the ordinary
electroweak scale µW , while the scale µg is characteristic of all other strongly
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Figure 12: Upper bounds on the lighter chargino and stop masses from B → Xsγ
data in the scenario (4.2) if a light charged Higgs mass is assumed; for tan β = 2
(three lower curves) and 4 (three upper plots) the LL, NLL-running and NLL
results (from the top to the bottom) are shown (see text), from [74].

interacting supersymmetric particles (squarks and gluinos) and is assumed to be
of the order of 1 TeV. NLL QCD corrections have been calculated up to first
order in µW/µg̃ including the important nondecoupling effects [74].

At the electroweak scale µW , the new contributions do not induce any new
operators in this scenario. Thus, the only step in the new NLL calculation beyond
the one within the SM is Step 1, the matching calculation at the scale µW where
we encounter the two new CKM-induced contributions of the charged Higgs and
the chargino (see fig. 11):

CNLL(µW ) = CSM
NLL(µW ) + CH+

NLL(µW ) + Cχ
NLL(µW ). (4.3)

One finds [74] that, in this specific supersymmetric scenario, bounds on the
parameter space are rather sensitive to NLL contributions and they lead to a
significant reduction of the stop-chargino mass region where the supersymmetric
contribution has a large destructive interference with the charged-Higgs boson
contribution. In fig. 12 the upper bounds on the lighter chargino and stop masses
from B → Xsγ data in the scenario of (4.2) are illustrated if a light charged Higgs
mass of mH± = 100 GeV is assumed. The stop mixing is set to |θt̃| < π/10 which
corresponds to the assumption of a mainly right-handed light stop. Moreover,
|µ| < 500 GeV and all heavy masses are around 1 TeV. For tan β = 2 and 4 the
results of the LL, ‘NLL running’ and NLL calculations are given. The result of
neglecting the new NLL supersymmetric contributions to the Wilson coefficients
is labelled as ”NLL running” and illustrates the importance of the NLL chargino
contribution [74].

Quite recently, this minimal flavour violation scenario was refined and ex-
tended to the large tanβ regime by the resummations of terms of the form
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αns tan
n+1β [75, 76]. The stability of the renormalization group improved per-

turbation theory was reassured for this specific scenario: the resummed NLL
results in the large tanβ regime show constraints similar to the LL results (see
also [77]).

For example, it is a well-known feature in the mSUGRA model, that depending
on the sign of At · µ (where At denotes the stop mixing parameter) the chargino
contribution can interfere constructively (At · µ > 0) or destructively (At · µ < 0)
with the SM and the charged Higgs contribution. Therefore, the scenarioAt·µ > 0
within this model requires very heavy superpartners in order to accommodate the
B → Xsγ data. But also the caseAt·µ < 0 is constrained in the large tanβ regime
where the chargino contribution is strongly enhanced (for details see [75, 76, 77]).

However, all these NLL analyses are valid only in the heavy gluino regime.
Thus, these calculations cannot be used in particular directions of the parameter
space of the above listed models in which quantum effects induce a gluino contri-
bution as large as the chargino or the SM contributions. Nor can it be used as a
model-discriminator tool, able to constrain the potentially large sources of flavour
violation typical of generic supersymmetric models. A complete NLL calculation
should also include contributions where the gluon is replaced by the gluino.

The flavour nondiagonal vertex gluino-quark-squark induced by the flavour
violating scalar mass term and trilinear terms is particularly interesting. This is
generically assumed to induce the dominant contribution to quark flavour transi-
tions, as this vertex is weighted by the strong coupling constant gs. Therefore, it
is often taken as the only contribution to these transitions and in particular to the
B → Xsγ decay, when attempting to obtain order-of-magnitude upper bounds
on flavour violating terms in the scalar potential [78, 79]. Once the constraints
coming from the experimental measurements are imposed, however, the gluino
contribution is reduced to values such that the SM and the other supersymmetric
contributions can no longer be neglected. Any LL and NLL calculation of the
B → Xsγ rate in generic supersymmetric models, therefore, should then include
all possible contributions.

The gluino contribution, however, presents some peculiar features related to
the implementation of the QCD corrections. In ref. [80] this contribution to the
decay B → Xsγ has been investigated in great detail for supersymmetric models
with generic soft terms. The gluino-induced contributions to the decay amplitude
for B → Xsγ are of the following form:

αs(mb) (αs(mb) log(mb/M))n (LL), (4.4)

α2
s(mb) (αs(mb) log(mb/M))n (NLL). (4.5)

In the matching calculation, all factors αs, regardless of their source, should be
expressed in terms of the αs running with five flavours. In [80] it is shown that the
relevant operator basis of the SM effective Hamiltonian gets enlarged to contain
magnetic and chromomagnetic operators with an extra factor of αs and weighted
by a quark mass mb or mc, and also magnetic and chromomagnetic operators of
lower dimensionality where the (small) factor mb is replaced by the gluino mass.
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Figure 13: Matching of gluino-squark box on new scalar operators (left frame);
mixing of new (scalar) operators at one-loop (a) in constrast to the vectorial
operators of the SM (b) who mix at two-loop only (right frame).

Furthermore, one finds that gluino-squark boxes induce new scalar and tensorial
four-quark operators, which are shown to mix into the magnetic operators without
gluons. On the other hand, the vectorial four-quark operators mix only with an
additional gluon into magnetic ones (fig. 13). Thus, they will contribute at the
NLL order only. However, from the numerical point of view the contributions
of the vectorial operators (although NLL) are not necessarily suppressed w.r.t.
the new four-quark contributions; this is due to the expectation that the flavour-
violation parameters present in the Wilson coefficients of the new operators are
expected to be much smaller (or much more stringently constrained) than the
corresponding ones in the coefficients of the vectorial operators. This feature
shows that a complete order calculation is important.

In ref. [80] the effects of the LL QCD corrections on constraints on super-
symmetric sources of flavour violation are analysed. To understand the sources
of flavour violation that may be present in supersymmetric models in addition to
those enclosed in the CKM matrix, one has to consider the contributions to the
squark mass matrices

M2
f =

(
m2
f,LL m2

f,LR

m2
f,RL m2

f,RR

)
+ (4.6)

(
Ff,LL +Df,LL Ff,LR

Ff,RL Ff,RR +Df,RR

)
, (4.7)

where f stands for up- or down-type squarks. In the super CKM basis where the
quark mass matrices are diagonal and the squarks are rotated in parallel to their
superpartners, the F terms from the superpotential and the D terms turn out to
be diagonal 3× 3 submatrices of the 6× 6 mass matricesM2

f . This is in general
not true for the additional terms (4.6), originating from the soft supersymmetric
breaking potential. Because all neutral gaugino couplings are flavour diagonal in
the super CKM basis, the gluino contributions to the decay b → sγ are induced
by the off-diagonal elements of the soft terms m2

f,LL, m2
f,RR, m2

f,RL.
It is convenient to select one possible source of flavour violation in the squark

sector at a time and assume that all the remaining ones are vanishing. It should
be stressed that one already excludes any kind of interference effects between
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Figure 14: Gluino-induced branching ratio B(B → Xsγ) as a function of x =
m2
g̃/m

2
q̃, obtained when the only source of flavour violation is δLR,23 (see text).

different sources of flavour violation in this way. Following ref. [78], all diagonal
entries in m2

d,LL, m2
d,RR, and m2

u,RR are set to be equal and their common value
is denoted by m2

q̃. The branching ratio can then be studied as a function of

δLL,ij =
(m2

d, LL)ij

m2
q̃

, δRR,ij =
(m2

d,RR)ij

m2
q̃

, (4.8)

δLR,ij =
(m2

d, LR)ij

m2
q̃

(i 6= j). (4.9)

The remaining crucial parameter needed to determine the branching ratio is
x = m2

g̃/m
2
q̃, where mg̃ is the gluino mass. Figures 14 and 15 show the LL QCD

corrections to the gluino contribution.
In these figures the solid lines show the QCD corrected branching ratio, when

only δLR,23 or δLL,23 are nonvanishing. The branching ratio is plotted as a func-
tion of x, using mq̃ = 500 GeV. The dotted lines show the range of variation of
the branching ratio, when the renormalization scale µ varies in the interval 2.4–
9.6 GeV. Numerically, the scale uncertainty in B(B → Xsγ) is about ±25%. An
extraction of bounds on the δ quantities more precise than just an order of mag-
nitude or less, would, therefore, require the inclusion of NLL QCD corrections. It
should be noticed, however, that the inclusion of the LL QCD corrections has al-
ready removed the large ambiguity on the value to be assigned to the factor αs(µ)
in the gluino-induced operators. Before adding QCD corrections, the scale in this
factor can assume all values from O(mb) to O(mW ): the difference between the
value of B(B → Xsγ) obtained when taking αs(mb) and that obtained when tak-
ing αs(mW ) is of the same order as the LL QCD corrections. The corresponding
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Figure 15: Gluino-induced branching ratio B(B → Xsγ) as a function of x =
m2
g̃/m

2
q̃, obtained when the only source of flavour violation is δLL,23 (see text).

values of B(B → Xsγ) for the two extreme choices of µ are indicated in Figs. 14
and 15 by the dot-dashed lines (µ = mW ) and the dashed lines (µ = mb). The
choice µ = mW gives values for the non-QCD corrected B(B → Xsγ) relatively
close to the band obtained when the LL QCD corrections are included, if only
δLL,23 is nonvanishing. Finding a corresponding value of µ that minimizes the
QCD corrections in the case studied in Fig. 14, when only δLR,23 is different from
zero, depends strongly on the value of x. In the context of the full LL result, it
is important to stress that the explicit αs factor has to be evaluated - like the
Wilson coefficients - at a scale µ = O(mb).

In spite of the large uncertainties still affecting the branching ratio B(B →
Xsγ) at LL in QCD, it is possible to extract indications of the size that the δ-
quantities may maximal acquire without inducing conflicts with the experimental
measurements (see [80]).

Finally, it should be emphasized that a consistent analysis of the bounds on
the sfermion mass matrix should also include interference effects between the
various contributions. For this issue we refer to a quite recent paper [81], where
the interplay between the various sources of flavour violation and the interference
effects of SM, gluino, chargino, neutralino and charged Higgs boson contributions
is systematically analysed. New bounds on simple combinations of elements of
the soft part of the squark mass matrices are found to be, in general, one order
of magnitude weaker than the bound on the single off-diagonal element δLR,23,
which was derived in previous work [78, 82] by neglecting any kind of interference
effects.
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5 Direct CP violation in b/s transitions

Detailed measurements of CP asymmetries in rare B decays will be possible in
the near future. Theoretical predictions for the normalized CP asymmetries of
the inclusive channels (see [59, 83, 84]) within the SM lead to

αCP (B → Xs/d γ) =
Γ(B̄ → Xs/dγ)− Γ(B → Xs̄/d̄γ)

Γ(B̄ → Xs/dγ) + Γ(B → Xs̄/d̄γ)
(5.1)

αCP (B → Xsγ) ≈ 0.6%, αCP (B → Bdγ) ≈ −16% (5.2)

when the best-fit values for the CKM parameters [85] are used.
The leading partonic contribution to the CP asymmetries is given by

αCP (B → Xs/d γ) ' 10−2

|C7|2
(1.17 × Im [C2C

∗
7 ]− 9.51 × Im [C8C

∗
7 ] (5.3)

+0.12 × Im [C2C
∗
8 ]− 9.40× Im

[
εs(d)C2 (C∗7 − 0.013 C∗8)

]
);

εs =
V ∗usVub
V ∗tsVtb

' −λ2(ρ− iη), εd =
V ∗udVub
V ∗tdVtb

' ρ − iη
1 − ρ + iη

.

The large coefficient of the second term in (5.3) has triggered an attractive
scenario in which an enhanced chromomagnetic dipole contribution, C8, induces
a large direct CP violation in the decay B → Xsγ. Such a possible enhancement
of the chromomagnetic contribution would lead to a natural explanation of the
phenomenology of semileptonic B decays and also of charm production in B
decays [83].

An analysis for the leptonic counterparts is presented in [86]. The normalized
CP asymmetries may also be calculated for exclusive decays; however, these re-
sults are model-dependent. An example of such a calculation may be found in
[87].

CLEO has already presented a measurement of the CP asymmetry in inclusive
b→ sγ decays, yielding [88]

αCP (B → Xsγ) = (−0.079 ± 0.108 ± 0.022) × (1.0± 0.030) , (5.4)

which indicates that very large effects are already excluded.
Supersymmetric predictions for the CP asymmetries in B → Xs/dγ depend

strongly on what is assumed for the supersymmetry-breaking sector and are, thus,
a rather model-dependent issue. The minimal supergravity model cannot account
for large CP asymmetries beyond 2% because of the constraints coming from
the electron and neutron electric dipole moments [89]. However, more general
models allow for larger asymmetries, of the order of 10% or even larger [90,
83]. Recent studies of the B → Xdγ rate asymmetry in specific models led to
asymmetries between −40% and +40% [92] or −45% and +21% [91]. In general,
CP asymmetries may lead to clean evidence for new physics by a significant
deviation from the SM prediction. From (5.2), it is obvious that a large CP
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asymmetry in the B → Xsγ channel or a positive CP asymmetry in the inclusive
B → Xdγ channel would be a clear signal for new physics.

In [93] it was pointed out that the exclusive and inclusive decays of the form
b→ sγ and b→ dγ, as well as their leptonic counterparts, provide a stringent test,
if the CKM matrix is indeed the only source of CP violation. Using U-spin, which
is the SU(2) subgroup of flavour SU(3) relating the s and the d quark and which is
already a well-known tool in the context of nonleptonic decays [94, 95], one derives
relations between the CP asymmetries of the exclusive channels B− → K∗−γ and
B− → ρ−γ and of the inclusive channels B → Xsγ and B → Xdγ. One should
make use of the U-spin symmetry only with respect to the strong interactions.
Moreover, within exclusive final states, the vector mesons like the U-spin doublet
(K∗−, ρ−) are favoured as final states because these have masses much larger
than the (current-quark) masses of any of the light quarks. Thus one expects,
for the ground-state vector mesons, the U-spin symmetry to be quite accurate in
spite of the nondegeneracy of md and ms. Defining the rate asymmetries (not
the normalized CP asymmetries) by

∆Γ(B− → V −γ) = Γ(B− → V −γ) − Γ(B+ → V +γ) (5.5)

one arrives at the following relation [93]:

∆Γ(B− → K∗−γ) + ∆Γ(B− → ρ−γ) = bexc∆exc (5.6)

where the right-hand side is written as a product of a relative U-spin breaking
bexc and a typical size ∆exc of the CP violating rate difference. In order to give an
estimate of the right-hand side, one can use the model result from [87] for ∆exc,

∆exc = 2.5× 10−7 ΓB. (5.7)

The relative breaking bexc of U-spin can be estimated, e.g. from spectroscopy.
This leads us to

|bexc| =
MK∗ −mρ

1
2
(MK∗ +mρ)

= 14%. (5.8)

Certainly, other estimates are also possible, such as a comparison of fρ and fK∗ .
In this case one finds a very small U-spin breaking. Using the more conservative
value for bexc, which is also compatible with sum rule calculations of form fac-
tors (see [96]), one arrives at the standard-model prediction for the difference of
branching ratios

|∆B(B− → K∗−γ) + ∆B(B− → ρ−γ)| ∼ 4 × 10−8 (5.9)

Note that the right-hand side is model-dependent. Still (5.9) is of some use, since
a value significantly above this estimate would be a strong hint that non-CKM
sources of CP violation are active.

The issue is more attractive in the inclusive modes. Due to the 1/mb expansion
for the inclusive process, the leading contribution is the free b-quark decay. In
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particular, there is no sensitivity to the spectator quark and thus one arrives at
the following relation for the CP rate asymmetries [93]:

∆Γ(B → Xsγ) + ∆Γ(B → Xdγ) = binc∆inc. (5.10)

In this framework one relies on parton-hadron duality (besides in the long-
distance contribution from up-quark loops, which is found to be rather small [57]).
So one can actually compute the breaking of U-spin by keeping a nonvanishing
strange quark mass. However, it is a formidable task to do this for the CP
asymmetries and it has not yet been done. The typical size of binc can be roughly
estimated to be of the order of |binc| ∼ m2

s/m
2
b ∼ 5 × 10−4; |∆inc| is again the

average of the moduli of the two CP rate asymmetries. These have been calculated
(for vanishing strange quark mass), e.g. in [59] and thus one arrives at

|∆B(B → Xsγ) + ∆B(B → Xdγ)| ∼ 1 · 10−9. (5.11)

Again, any measured value in significant deviation of (5.11) would be an indica-
tion of new sources of CP violation. Although only an estimate is given here, it
should again be stressed that in the inclusive mode the right-hand side in (5.11)
can be computed in a model-independent way with the help of the heavy mass
expansion.

6 KL → π0νν̄ and K+ → π+νν̄

The rare decays KL → π0νν̄ and K+ → π+νν̄ represent complementary opportu-
nities for precision flavour physics. They are flavour changing current processes
induced at the one-loop level (see fig. 16) and are exceptionally clean processes.
In particular, the KL → π0νν̄ amplitude can be calculated with a theoretical
uncertainty below 3% [97].

This implies the important role of these decay modes for CKM phenomenol-
ogy: they play a unique role among K decays, like the Bd → ψKS mode among
the B decays. They allow a measurement of one angle of the unitarity triangle
without any hadronic uncertainties to a precision comparable to that obtained
by the Bd → ψKS mode before the LHC era [98]:

sin 2β =
2rs

1 + r2
s

rs =
√
σ

√
σ(B1 −B2)− P0(K+)

√
B2

(6.1)

where σ is just related to the Wolfenstein parameter λ = 0.22 via (1 − λ2/2)−2;
P0(K+) = 0.40 ± 0.06 is the internal charm contribution to K+ → π+νν̄; this
quantity is known up to next-to-leading QCD precision, and the dependence on Vtb
is only of second order in λ; B1 and B2 represent here the reduced branching ratios
B1 = B(K+ → π+νν̄)/(4.11 × 10−11) and B2 = B(KL → π0νν̄)/(1.80 × 10−10).

The time-integrated CP violating asymmetry in B0
d → ψKS is given by

ACP (ψKS) = − sin 2βxd/(1 + x2
d) where xd = ∆m/Γ gives the size of B0

d − B̄0
d
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Figure 16: One-loop diagrams contributing to K → πνν̄.

mixing. With (sin2β)πνν̄ = (sin2β)ψKs, one obtains an interesting connection
between rare K decays and B physics:

2rs(B1, B2)

1 + r2
s(B1, B2)

= −ACP (ψKS)
1 + x2

d

xd
, (6.2)

which must be satisfied in the SM. As was stressed in [98], all quantities in this
‘golden relation’ (6.2) - except for P0(K+) - can be directly measured experimen-
tally and the relation is almost independent of Vcb.

Besides their rich CKM phenomenology, the decays KL → π0νν̄ and K+ →
π+νν̄ are very sensitive to new physics beyond the SM. In addition, the theoretical
information is very clean and, thus, the measurement of these decays leads to very
accurate constraints on any new physics model. Moreover, there is the possibility
that these clean rare decay modes themselves lead to first evidence of new physics
when the measured decay rates are not compatible with the SM.

New physics contributions inKL → π0νν̄ andK+ → π+νν̄ can be parametrized
in a model-independent way by two parameters which quantify the violation of
the golden relation (6.2) [99, 100]. New effects in supersymmetric models can get
induced through new box diagram and penguin diagram contributions involving
new particles such as charged Higgs or charginos and stops (fig. 17), replacing
the W boson and the up-type quark of the SM (fig. 16).

In the constrained minimal supersymmetric standard model (MSSM), where
all flavour changing effects are induced by contributions proportional to the CKM
mixing angles the golden relation (6.2) is valid. Thus, the measurements of
B(KL → π0νν̄) and B(K+ → π+νν̄) still directly determine the angle β, and
a sigificant violation of (6.2) would rule out this model.

At the present experimental status of supersymmetry, however, a model-
independent analysis including also flavour change through the squark mass ma-
trices is more suitable. If the new sources of flavour change get parametrized
by the mass-insertion approximation, an expansion of the squark mass matrices
around their diagonal, it turns out that SUSY contributions in this more gen-
eral setting of the unconstrained MSSM allow for a significant violation of the
golden rule. An enhancement of the branching ratios by an order of magnitude
(in the case of K+ → π+νν̄ by a factor 3) compared with the SM values is pos-
sible, mostly due to the chargino-induced Z-penguin contribution [101]. Recent
analyses [101, 102, 103] within the uMSSM focused on the correlation of rare
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Figure 17: Supersymmetric contributions to K → πνν̄.

decays and ε′/ε, and led to reasonable upper bounds for the branching ratios:
B(KL → π0νν̄) ≤ 1.2× 10−10, and B(K+ → π+νν̄) ≤ 1.7 × 10−10. which should
be compared with the latest numerical SM predictions [104]: B(K+ → π+νν̄) =
(7.9± 3.1)× 10−11, B(KL → π0νν̄) = (2.8± 1.1)× 10−11.

The rare decays K+ → π+νν̄ and KL → π0νν̄ are specifically interesting
in view of the suggested experiments at the Brookhaven laboratory (USA) [108]
and at FERMILAB (USA) [109] [110] and at KEK (Japan) [111]. The current
Brookhaven experiment E787 has already observed a single, but clean candidate
event for K+ → π+νν̄ in 1997 which corrsponds to the following branching ratio
[105]:

B(K+ → π+νν̄) = (1.5+3.4
−1.2)× 10−10. (6.3)

For the KL → π0νν̄ mode, there is only an upper bound available [106]:

B(KL → π0νν̄) < 5.9× 10−7. (6.4)

An indirect upper bound on B(KL → π0νν̄), using the current limit on B(K+ →
π+νν̄) and isospin symmetry, can be placed [107] at 2× 10−9.

7 Summary

In this paper we have reviewed the status of inclusive rare B decays, highlighting
recent developments. These decays give special insight into the CKM matrix;
moreover, as flavour changing neutral current processes, they are loop-induced
and therefore particularly sensitive to new physics.

Decays modes such as B → Xsγ and B → Xsl
+l− (with specific kinematic

cuts) represent laboratories for perturbative QCD. Nonperturbative contribu-
tions play a subdominant role and they are under control thanks to the heavy
mass expansion. The inclusive rare B decays are or will be accessible at the
present e+ e− machines with their low background and their kinematic constraints
(CLEO, BaBar, BELLE) and will make precision flavour physics possible in the
near future.

Significant progress has been made during the last couple of years. The cal-
culation of NLL (or even NNLL) QCD corrections to these decay modes has been
performed. The theoretical uncertainty has been reduced below the 10% level. As
was emphasized, the step from LL to NLL precision within the framework of the
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renormalization group improved perturbation theory is not only a quantitative,
but also a qualitative one, which tests the validity of the perturbative approach
in the given problem.

Inclusive rare B decays allow for an indirect search for new physics, a strat-
egy complementary to the direct production of new (supersymmetric) particles,
which is reserved for the planned hadronic machines such as the LHC at CERN.
However, the indirect search at the B factories will imply significant restrictions
for the parameter space of supersymmetric models and will thus lead to im-
portant theoretically clean information for the direct search of supersymmetric
particles. Within supersymmetric models the QCD calculation of the inclusive
rare B decays has not reached the sophistication of the corresponding SM cal-
culation. However, NLL analyses in specific scenarios already show that bounds
on the parameter space of nonstandard models are rather sensitive to NLL QCD
contributions.

Detailed measurements of CP asymmetries in rare B decays will also be pos-
sible in the near future. They will allow for a stringent and clean test if the CKM
matrix is indeed the only source of CP violation.

The rare kaon decays, K+ → π+νν̄ and KL → π0νν̄, offer complementary
opportunities for precision flavour physics. Besides the current Brookhaven ex-
periment, several more are planned or suggested to explore these theoretically
clean decay modes.
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1 Higgs searches

1.1 Standard Model Higgs

The search for the Higgs boson is one of the major task of the LHC. Several decay
channels of Higgs have been explored at the LHC among them : ZZ,WW and γγ
provide the best discovery possibilities. We can see in figure 1 the expected branching
ratio as function of the Higgs mass. We can notice that bb and WW are the dominant
mode.
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Fig. 1: Branching ratios for major Higgs decay channels as a function of its mass.
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Fig. 2: H → γγ with CMS

One of the most important and challenging mode is H → γγ in the Higgs mass
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range 100 GeV to 150 GeV. It requires excellent calorimetric precision both in en-
ergy and angular measurement. True γγ production as well as reducible γjet ( with
π0 faking photon) should constitute the main background. The figure 2 illustrate
the diphoton invariant mass as expected with CMS detector for one year at high
luminosity.

We can see in figure 3 the expected significance (S/
√
B) for one year of high

luminosity in ATLAS [1] experiment over the full Higgs mass range. Combining all
possible channels should give more than 5 σ, even in the low luminosity regime.
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Fig. 3: Higgs boson discovery with ATLAS, high luminosity

1.2 Supersymmetry Higgses

In the Minimal Supersymmetric Standard Model, we expect 5 Higgses, two charged
and 3 neutral Higgses. For the lightest Higgs, h → bb remains the most important
mode while for heavier Higgs : H/A → ττ, tt, µµ are interesting modes. As can be
seen from figure 4 in the case of minimal mixing, the full range mA = 50 − 500 GeV
,tanβ = 1− 50 can be covered. The most difficult region correspond to intermediate
mA and tanβ. In the case of light SUSY particles we would also observe decay of
Higgs into a pair of sparticles.
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Fig. 4: MSSM Higgs boson discovery with ATLAS, high luminosity

2 Supersymmetry searches

2.1 Introduction

One of the aims of the LHC collider is to search for the physics beyond the
Standard Model (SM). One of the direction of this search is a possible discovery
of superpartners of ordinary particles as expected in Supersymmetric extensions of
SM (SUSY). SUSY, if it exists, is expected to reveal itself at LHC via excess of
(multilepton +) multijet + Emiss

T final states compared to Standard Model (SM)
expectations .

The main goal of the LHC studies is to evaluate the potential of the CMS and
ATLAS detectors [2,1], to find evidence for SUSY. It deals, first with a semi-inclusive
search mainly squarks and gluino mass reach, as the production cross section of
these strongly interacting sparticles (pair production or in association with charginos
and neutralinos) dominates the total SUSY cross section over a wide region of the
parameter space. These studies were done first in the framework of MSUGRA model
and at a later stage in a constrained MSSM.

Finally we will consider more exotic models like R-parity violated and Gauge
Mediated Supersymmmetry Breaking models.
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2.2 MSUGRA Studies

The large number of SUSY parameters even in the framework of Minimal extension
of the SM (MSSM) makes it difficult to evaluate the general reach. So, for this study
we restrict ourselves at present to the mSUGRA-MSSM model. This model evolves
from MSSM, using Grand Unification Theory (GUT) assumptions (see more details
in e.g. [3]). In fact, it is a representative model, especially in case of inclusive studies
and reach limits are expressed in terms of squark and gluino mass values.

The mSUGRA model contains only five free parameters :

– a common gaugino mass (m1/2) ;

– a common scalar mass (m0) ;

– a common trilinear interaction amongst the scalars (A0) ;

– the ratio of the vacuum expectation values of the Higgs fields ;

– a Higgsino mixing parameter µ which enters only through its sign (sign(µ)).

2.2.1 Simulation procedure

The PYTHIA 5.7 generator [4] is used to generate all SM background processes,
whereas ISAJET 7.32 [5] is used for mSUGRA signal simulations. The CMSJET
(version 4.51) fast MC package [7] is used to model the CMS detector response, since
it still looks impossible to perform a full-GEANT [6] simulation for the present study,
requiring to process multi-million samples of signal and SM background events.

The SM background processes considered are : QCD 2 → 2 (including bb), tt,
W + jets, Z + jets. The p̂T range of all the background processes is subdivided into
several intervals to facilitate accumulation of statistics in the high-p̂T range : 100-200
GeV, 200-400 GeV, 400-800 GeV and > 800 GeV (additional interval of 800-1200 GeV
is reserved for QCD). The accumulated SM background statistics for all background
channels amounts to about 200 millions events.

The grid of probed m0, m1/2 mSUGRA points has a cell size of ∆m0=∆m1/2=100
GeV for m0 <1000 GeV and ∆m0=200 GeV, ∆m1/2=100 GeV for m0 >1000 GeV.
This was also probed with the appropriate mixture of signal and pile-up events. The
kinematics of signal events is usually harder than that of SM background for the
interesting regions of maximal reach of squark-gluino masses . The cross section of
the background is however higher by orders of magnitude and high-pT tails of different
backgrounds can have a kinematics similar to that of the signal.

In figure 5 we compare some signal distributions for the point (m0, m1/2) =
(1000,800), corresponding to mg̃ ≈ mq̃L ≈ 1900 GeV, mχ̃0

1
= 351 GeV, mχ̃0

2
= mχ̃±1

=

668 GeV, and distributions of the sum of all SM background processes for the Emiss
T

signature.

4



Both signal and background histograms contain only events satisfying first level
selection criteria (Njets > 2 and Emiss

T > 200GeV ). Only the hardest jet and lepton
in the event are shown in distributions in figure 5.
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Fig. 5: Comparison of the mSUGRA signal and SM background, with 100 fb−1, in one point

of mSUGRA parameter space : m0=1000 GeV, m1/2=800 GeV (mg̃≈mq̃L≈ 1900 GeV) for
the EmissT signature. Initial cuts are applied.

Since the topology of signal and background events is rather similar already after
first level selection cuts, the difference in the angular distributions and circularity is
not significant either, it is thus not very useful to apply cuts on these variables too.
The difference in the lepton pT distributions is also not very pronounced as signal
leptons are produced in cascade decays, thus loosing “memory” about the hardness of
the original process. But for extremely high masses of squarks or gluinos (∼ 2 TeV),
there is some difference in the angular and plT distributions between signal and the
total SM background. One can deduce from figures 5 that cuts on the jet multiplicity
Nj and Emiss

T are the most profitable ones for background suppression . Of course,
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there is inevitable correlation between variables both in signal and background, e.g. an
obvious correlation between Emiss

T and the hardest jet ET in QCD events, since there
Emiss
T is mainly produced by neutrinos from b-jets and/or high-Ejet

T mis-measurement.
This can lead to a degradation of the efficiency of some cuts, if fixed cuts are used. It
is thus more profitable to have adjustable cuts to meet various kinematical conditions
in various domains of mSUGRA parameter space and take into account difference in
topology between various signatures. For this reason, we search among 10000 cuts
combination, the best selection at each generated MSUGRA point.

2.2.2 Results

Figures 6 and 7 show the main results of our study for mSUGRA assuming an
integrated luminosity of 100 fb−1. Figure 6 contains isomass contours for squarks (q̃),
gluino (g̃) and lightest scalar Higgs (h). Numbers in parenthesis denote mass values
of corresponding isomass contour. The neutralino relic density contours from ref. [8],
for mSUGRA domain m0<1000 GeV, m1/2<1000 GeV, are shown for Ωh2 = 0.15,
0.4 and 1.0. Value Ωh2>1 would lead to a Universe age less than 10 billion years old,
in contradiction with estimated age of the oldest stars. The region in between 0.15
and 0.4 is favoured by the Mixed Dark Matter (MDM) cosmological models. It is
a rather general situation that for all investigated sets of mSUGRA parameters the
best reach can be obtained with the Emiss

T signature. The more leptons required -
the smaller reach, as can be seen from figures 7. The cosmologically preferred region
Ωh2<0.4 seems to be entirely within the reach of CMS. In figure 6 we also show our
calculations for the Emiss

T signature reach for an integrated luminosity of 300 fb−1,
trying to estimate the ultimate CMS reach.
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2.3 MSSM

2.3.1 A restricted pMSSM

The model used in the next study is a phenomenological MSSM (19 parameters),
but with a further reduction of the number of the parameters which allows us to
perform simpler simulation, while keeping the diversity of the signatures of MSSM
events . We take into account, respectively, the mass unification of squarks and slep-
tons (universality of the three particles generations) and the unification of trilinear
coupling. This leads to 9 free parameters : tan β, MA, µ, M1, M2,Mg̃, Mq̃, Ml̃

, A3.

2.3.2 Signal

The goal of this study is to evaluate the capacity of CMS detector to observe
MSSM signals. Two reasons urge us to study this pMSSM after the MSUGRA study.
First , MSUGRA is a rather constrained model with only five free parameters. Con-
trary to MSUGRA, the pMSSM has no fixed hierarchy of masses as shown later.
Moreover, we try to estimate MSSM parameter values using kinematical quantities
measured by CMS, using a fast simulation program. We use a model with 9 param-
eters, which constitute an hyperspace with 9 dimensions. In order to facilitate the
analysis, we use a discretization of the parameters. The choice of the number of value
of each parameters depends of the parameter sensitivity. We used a grid for squarks
and gluinos masses with 9 values evenly spaced between 600 and 3000 GeV, because
the events characteristics at LHC depend primarily on these two masses. On the other
hand, the observables are not very dependant on the parameter tan β and thus we
only use two values in order to distinguish the larges ones and the small values from
it parameters. Thus, the values which we selected for each parameter of this analysis
are :

– M
l̃

: 200, 1000, 3000 GeV

– M1 : 100, 500, 1000, 2000GeV

– M2 : 100, 500, 1000, 2000GeV

– MA : 200, 1000, 3000GeV

– A3 : 0, 2000 GeV

– µ : 200, 500, 2000 GeV

– tan β : 2, 50

– Mq̃ : 600, 900, 1200, 1500, 1800, 2100, 2400, 2700, 3000 GeV

– Mg̃ : 600, 900, 1200, 1500, 1800, 2100, 2400, 2700, 3000 GeV

We end up with a total of 140000 different combination of parameters for each of which
we generate 1000 events, a compromise between the limits imposed by handling the

9



Fig. 8: Example 1 : distribution of signal and background for differents observables

data flow and sufficiently small statistical errors. The theoretical and experimental
constraints make it possible to reduce the number of combination to a total of 17.103.
The background production was estimated using Standard Model events leading to
similar signatures as MSSM events, in order to study the possibility of extracting
SUSY signals from the background. We illustrate in the following figure the back-
ground and signal distribution for various variables.

The values of MSSM parameter for the figure 8 are :
M

l̃
= 1000GeV, M1 = 100GeV, M2 = 500GeV, Mq̃ = 1800GeV, Mg̃ = 1800GeV,

MA = 200GeV, tanβ = 50, µ = 2000GeV, A3 = 2000GeV .
Despite the corresponding low cross section σ = 77fb, the significance of this param-
eter set is, after application of optimisation cuts, equal to 21.

2.3.3 case of large and close hierarchy of masses.

For the first example (figure 9) the masses of neutralinos are much lower than
the masses of squarks, gluinos and sleptons, the production will be dominated by
neutralinos and charginos. The parameter values are the following :
M

l̃
= 2000GeV, M1 = 500GeV, M2 = 500GeV, Mg̃ = 2000GeV, Mq̃ = 2000GeV,

MA = 1000GeV, tan β = 50, µ = 200GeV, A3 = 0GeV .
The cross section of this set of parameters is σ = 1.22pb and despite the abundance
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Fig. 9: Example 2 : distribution of signal and background

of neutralinos, the low production rate of gluinos and squarks allows nevertheless to
obtain a significance equal to 10.2. The cuts for figures 9 and 10, are those giving the
maximum significance (among the list of the optimization cuts).

For the second example (figure 10) the parameter values are the following : M
l̃

=
1500GeV, M1 = 940GeV, M2 = 2000GeV, Mg̃ = 1000GeV, Mq̃ = 1020GeV, MA =
1000GeV, tanβ = 50, µ = 1050GeV, A3 = 0GeV . The masses of neutralinos, gluinos,
squarks and sleptons are comparable. The main production proceeds via gluinos and
squarks with a cross section σ = 2.0 pb and a significance equal to 36.3.

For the third example (figure 11) the parameter values are the following :
M

l̃
= 1520GeV, M1 = 1450GeV, M2 = 2000GeV, Mg̃ = 1500GeV,

Mq̃ = 1520GeV, MA = 1000GeV, tan β = 50, µ = 1500GeV, A3 = 0GeV
The masses of neutralinos, gluinos, squarks and sleptons are comparable but with

a higher value. The main production proceeds always via gluinos and squarks with,
in this case, a cross section σ = 0.126 pb and a significance equal to 3.2.

Even for the sets of parameters which would seem difficult (hierarchy of very close
mass or on the contrary very separeted), this method make it possible to obtain good
results, but we observe a limitation in the case of close hierarchy of masses with a
dicovery limit of about 1.5 TeV instead of 2.5 TeV in the other case.
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Fig. 11: Distribution of signal and background
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Fig. 12: Graph of exclusion in the plane mq̃ vsmg̃

Fig. 13: limit of discovery of MSSM in plane mq̃ vsmg̃
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2.3.4 Limit of discovery

We now will generalize this study in order to define limit of discovery for the
MSSM. The significance was calculated for high luminosity

∫
Ldt = 100fb−1. The

isocurves of significance equal to 5 are given in Figure 12 in the plane mq̃ versusmg̃, for
the set of 7 differents parameters : M

l̃
= 3000GeV, M1 = 100GeV, M2 = 2000GeV,

MA = 200GeV, tan β = 50, µ = 2000GeV, A3 = 0GeV . Each of these isocurves
represent a specific cut on the number of leptons per event. The curves labelled 0l,
1l and 2l represent significance equal to 5 in case of each event taken into account
in the calculation of signal and background possesses respectively 0, 1, 2 lepton(s).
Figure 13 show the zone of discovery in plane mq̃ vsmg̃ for all the sets of parameter.
There is a total of 3750 from the 17000 combinations of parameter which wouldn’t
be discovered. This lead to the limit of discovery of about 2 TeV .

2.4 Conclusion

We demonstrated the possibility to discover a phenomenological MSSM using an
inclusive study in the MSSM parameters space. We can note, at the end of our study,
that we observed little difference between MSUGRA and the pMSSM. The limit of
discovery correspond to the limit of the cross section (2.7 TeV at CMS). The only
difference appears for some points having a specific mass hierarchy. For example in
the case of close masses, the limit we expect is about 1.5 TeV.

3 R parity violation

The conservation of this quantum quantity (R = (−1)3(B−L)+2S) allows to conserve
baryonic and leptonic number. Nevertheless there is no theoretical reason to impose
this conservation. We then expect several new terms to appear in the supersymmetric
lagrangian depending on a λ coupling. Experimental constrains lead to very small
value for the factor (usually less than λ < 10−1) multiplying the lagrangian terms
violating the R parity. Phenomenologically for (λ < 10−6) we expect the LSP to decay
outside our detectors thus behaving like R-parity conserved signature. We focused here
on the intermediate situation (10−6 < λ < 10−2). The phenomenological behaviour
correspond to R-parity conserved situation with the decay of the LSP in 3 jets or
3 leptons or 2 jets and one lepton. Figure 14 illustrates the 3 leptons case where
the invariant dilepton mass is plotted. As is expected the edge of this distribution
correspond to the LSP mass. This correspond to MSUGRA model with low m0 mass.

The expected reach for the 3 leptons case in the MSUGRA plane is illustrated in
the following figure 15. We can note that the mass reach is roughly the same as in the
R-parity conserved one. In the following figure 16, is plotted the invariant dijet and
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Fig. 16: invariant dilepton and jet mass for λ′ non zero.

lepton invariant mass corresponding to λ′ non zero. We can observe a reconstructed
peak at 130 GeV matching the LSP mass.

4 Gauge Mediated Supersymmetry Breaking

In these model, SUSY breaking has its origin in a separate sector at a relatively
low scale Fm = (1010GeV )2(compare to MSUGRA model). An important caracteris-
tic of this model is to lead to a very light gravitino mass much lower than the other
spartners. In the minimal GMSB model 6 parameter are considered : Mm messenger
scale, Λ = Fm/Mm, N5 number of messenger family, tanβ, sgnµ, Cgrav ratio of the
gravitino mass to its value if the only source of SUSY breaking is Fm. For LHC ex-
periment it is extremely interesting to evaluate the response of the detector to the
signature provided by these models as they present different phenomenology. We ex-
pect 2 possible scenarios :

– χ̃0
1 → G̃ + γ (χ̃0

1 NLSP)

– l̃R → G̃ + l (l̃R NLSP)

with the following signatures :

16



NSLP cτ : short cτ : average cτ long

χ̃0
1 MSSM+2 γ cτ MSSM

measurement
(ECAL,µ chamber)

l̃R MSSM+2 l cτ and mass
mass measurement

measurement (TOF)

10 2

10 3

10 4

10 5

0 100 200 300 400 500
Ml l

~ (GeV)

E
ve

nt
s/

2 
G

eV
/1

0 
fb

-1

Fig. 17: Dilepton invariant mass reconstruction for slow ionizing slepton

In figure 17, we show the channel χ̃0
i → l̃Rl where we reconstruct a long living

right slepton using TOF measurement as measured in the muon chamber. We observe
3 peaks corresponding to χ̃0

1,χ̃
0
2 and χ̃0

4. Figure 18 show the channel l̃L → χ̃0
i l→ l̃Rll :

peak :l̃L, and χ̃±1 → ν̃l → l̃Rνll. Combine previous χ̃0
1 invariant mass with any of

4 hardest jets provide the reconstruction of left squark (generated mq̃ = 648 GeV ,
reconstructed 632 GeV) as can be seen in figure 19. From this study we can deduce
that the full reconstruction chain can be performed.

4.1 Conclusions

The main conclusions of our studies are the following : Standard Model Higgs as
well MSSM Higgs should be visible over the complete theoretical expected range using
various decay channels. The SUGRA model, investigated for SUSY search, would be
detectable through an excess of events over SM expectations up to masses mq̃ ∼ mg̃
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∼ 2.5 TeV with 100 fb−1. This means that the entire plausible domain of EW-SUSY
parameter space for most probable values of tanβ can be probed. Furthermore, the
S/B ratios are > 1 everywhere in the reachable domain of parameter space (with
the appropriate cuts) thus allowing a study of kinematics of q̃, g̃ production and
obtaining information on their masses. The cosmologically interesting region Ωh2 ≤
1, and even more the preferred region 0.15 ≤ Ωh2 ≤ 0.4, can be entirely probed.
The mass reach is up to q̃, g̃ = 2.5TeV and the cosmologically interesting region is
covered by CMS/ATLAS. Sleptons can be observed up to 400 GeV, LSP up to 400
GeV. LHC can perform exclusive studies : gluino, neutralino reconstruction and de-
termine MSUGRA parameters. MSSM investigation show similarities with MSUGRA
but some specific mass hierarchy might be difficult to explore. LHC can also strongly
contribute in GMSB model and provide some insights for parameters determination.
R parity violated ( λ < 10−2) studied ( χ0

1 mass determination). These models lead
to various experimental signature with which LHC detectors can cope.
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1 Introduction

The Standard Model of electroweak interactions (SM) so far withstood all ex-
perimental challenges and is tested as a quantum field theory at the 0.1% level [1].
However, the mechanism of mass generation in the SM predicts the existence of a
Higgs boson which, so far, has eluded direct observation. Direct searches at LEP2
give a (preliminary) 95% confidence-level lower bound on the mass of the SM Higgs
boson of MH > 113.5 GeV [2]. Indirect information on the mass of the Higgs boson
can be extracted from the MH dependence of radiative corrections to the W boson
mass. With the present knowledge of the W boson and top quark masses, and the
electromagnetic coupling constant, α(M 2

Z), the SM Higgs boson mass can be indi-
rectly constrained to MH = 77+69

−39 GeV [1] by a global fit to all electroweak precision
data. Future more precise measurements of the W boson and top quark masses are
expected to considerably improve the present indirect bound on MH: with a precision
of 30 MeV for the W boson mass, MW , and 2 GeV for the top quark mass which are
target values for Run II of the Tevatron [3], MH can be predicted with an uncertainty
of about 30%. In addition, the confrontation of a precisely measured W boson mass
with the indirect SM prediction from a global fit to all electroweak precision data,
MW = 80.385±0.022 GeV [1], will provide a stringent test of the SM. A detailed dis-
cussion of the prospects for the precision measurement of MW , and of the (leptonic)
effective weak mixing angle, sin2 θleff , at Run II and the LHC is given in Refs. [3]
and [4], respectively.

In order to measure MW with high precision in a hadron collider environment it
is necessary to fully control higher order QCD and electroweak radiative corrections
to the W and Z production processes. The status of the QCD corrections to W and
Z boson production at hadron colliders is reviewed in Refs. [5,6]. Here we discuss

the electroweak O(α) corrections to p p
(−) → W± → l±νl and p p

(−) → γ∗, Z → l+l−

(l = e, µ) as presented in detail in Refs. [7,8] and [9,10].

2 Electroweak O(α) Corrections to p p
(−) →W± → l±ν

The full electroweakO(α) corrections to resonant W boson production in a general
four-fermion process were calculated in Ref. [7] with special emphasis on obtaining a
gauge invariant decomposition into a photonic and non-photonic part. It was shown
that the cross section for resonant W boson production via the Drell-Yan mechanism
at parton level, qiqi′ → ff

′
(γ), can be written in the following form [8]:

dσ̂(0+1) = dσ̂(0) [1 + 2Re(F̃ initial
weak (ŝ = M2

W ) + F̃ final
weak (ŝ = M2

W ))]

+
∑

a=initial,final,
interf.

[dσ̂(0) F a
QED(ŝ, t̂) + dσ̂a2→3] , (1)
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where the Born cross section, dσ̂(0), is of Breit-Wigner form, and ŝ and t̂ are the
usual Mandelstam variables in the parton center of mass frame. The (modified) weak
corrections and the virtual and soft photon emission from the initial and final state
fermions (as well as their interference) are described by the form factors F̃ a

weak and
F a
QED, respectively. The IR finite contribution dσ̂a2→3 describes real photon radiation

away from soft singularities. Mass singularities of the form ln(ŝ/m2
f ) arise when the

photon is emitted collinear with a charged fermion and the resulting singularity is
regularized by retaining a finite fermion mass (mf). F

initial
QED and dσ̂initial2→3 still include

quark-mass singularities which need to be extracted and absorbed into the parton
distribution functions (PDFs). The absorption of the quark-mass singularities into the
PDFs can be done in complete analogy to gluon emission in QCD, thereby introducing
a QED factorization scheme dependence. Explicit expressions for the W production
cross section in the QED DIS and MS scheme are provided in Ref. [8]. So far, in the
extraction of the PDFs from data as well as in the PDF evolution, QED corrections are
not taken into account. The latter result in a modified scale dependence of the PDFs,
which is expected to have a negligible effect on the observable cross sections [4]. The
numerical evaluation of the cross section is done with the parton level Monte Carlo
program WGRAD [8]1, and results have been obtained for a variety of interesting W
boson observables at the Tevatron [8] and the LHC [4].

In the past, fits to the distribution of the transverse mass of the final-state lepton
neutrino system, MT (lν), have provided the most accurate measurements of MW [11].
Photonic initial state and initial-final state interference corrections were found to have
only a small effect on the MT distribution, and weak corrections uniformly reduce the
cross section by about 1%. However, final-state photon radiation significantly distorts
the shape of the MT distribution, and thus considerably affects the extracted value of
MW . In the electron case, when taking into account realistic lepton identification re-
quirements to simulate the detector acceptance, the electroweak radiative corrections
are strongly reduced because electron and photon momenta are combined for small
opening angles between the two particles. This eliminates the mass singular terms
associated with final state radiation. The ratio of the full O(α3) and lowest order dif-
ferential cross section as a function of MT (lν) with and without lepton identification
requirements taken into account is shown in Fig. 1.

A previous approximate calculation [12] took only the real photonic corrections
properly into account while the effect of soft and virtual virtual photonic corrections
were estimated from the inclusive W → lν(γ) width. Weak corrections were ignored
in Ref. [12]. Comparing the W mass shifts obtained using the calculations of Refs. [12]
and [8], one finds that the proper treatment of virtual and soft corrections and the
inclusion of weak corrections induces an additional shift ofO(10 MeV) in the extracted
W boson mass.

1WGRAD is available from the authors.
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Figure 1: The relative corrections to the MT (lν) distributions at the Tevatron when taking
into account the full electroweak O(α) corrections (from Ref. [8]).

3 Electroweak O(α) Corrections to p p
(−) → γ∗, Z → l+l−

Neutral-current Drell-Yan production is interesting for several reasons:

1. Future precise measurements of the W boson mass at hadron colliders depend
on a precise knowledge of the Z boson production process. When compared to
the values measured at LEP, the measured Z boson mass and width help to
determine the energy scale and resolution of the electromagnetic calorimeter.

2. Ratios of W and Z boson observables may yield a more precise measurement of
MW than the traditional technique of fitting the MT distribution [3,13].

3. The forward-backward asymmetry in the vicinity of the Z resonance can be
used to measure the (leptonic) effective weak mixing angle [4,9]. Studying the
forward-backward asymmetry above the Z resonance probes the γ, Z interfer-
ence at the highest available energies.

4. Finally, at large di-lepton invariant masses, m(l+l−), deviations from the SM
prediction could indicate the presence of new physics, such as new heavy gauge
bosons Z ′ or extra spatial dimensions.

It is therefore important to determine the electroweak corrections for this process.
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The electroweakO(α) corrections to neutral-current Drell-Yan processes naturally
decompose into QED and weak contributions, i.e. they build gauge invariant subsets
and thus can be discussed separately. The observable next-to-leading order (NLO)
cross section is obtained by convoluting the parton cross section with the quark
distribution functions q(x,Q2) (ŝ = x1x2S) [10]

dσ(S) =
∫ 1

0
dx1dx2 q(x1, Q

2) q(x2, Q
2)[dσ̂(0+1)(ŝ, t̂) + dσ̂QED(µ2

QED, ŝ, t̂)] , (2)

where dσ̂(0+1) comprises the NLO cross section including weak corrections, and dσ̂QED

describes the QED part, i.e. virtual corrections and real photon emission off the
quarks and charged leptons. The PDFs depend on the QCD renormalization and
factorization scales which we choose to be equal; the common scale is denoted by
Q2. The radiation of collinear photons off quarks requires the factorization of the
arising mass singularities into the PDFs which introduces a dependence on the QED
factorization scale, µQED. The treatment of mass singularities is universal and thus

the same as in the W case. The QED O(α) corrections to p p
(−) → γ∗, Z → l+l−

(l = e, µ) have been calculated and implemented in the parton level Monte Carlo
program ZGRAD [9]2 and their impact on the di-lepton invariant mass spectrum, the
lepton transverse momentum distribution, and on the forward-backward asymmetry,
AFB, has been studied. In addition, the prospects for a precision measurement of
sin2 θleff extracted from AFB at the Z resonance at the LHC were investigated.

In Fig. 2 we show the effect of the QED corrections on the invariant mass distri-
bution of the final state lepton pair. Similar to the transverse mass distribution in
the charged-current Drell-Yan process, final-state photon radiation strongly affects
the shape of the m(l+l−) distribution. When lepton identification requirements are
taken into account, the large contributions from mass singular logarithms largely
cancel in the electron case. As in the charged-current Drell-Yan process, initial-final
state interference is negligible, and the impact of initial-state radiation is small after
factorizing the collinear singularities into the PDFs. The difference in the extracted
Z boson mass when comparing the approximate calculation of Ref. [12] with the full
calculation of theO(α) QED corrections is of O(10 MeV). Since the detector response
is calibrated using Z boson observables, the shift in the Z boson mass is expected to
slightly modify the W mass extracted from experiment.

For precision physics away from the Z resonance, the (non-universal) weak cor-
rections must also be included. These corrections become important at large values
of the di-lepton invariant mass due to the presence of large Sudakov-like electroweak
logarithms of the form ln(m(l+l−)/MV ), V = W, Z, which eventually may be re-

summed [15]. A calculation of the non-universal weak corrections in p p
(−) → γ∗, Z →

l+l− is currently in progress [10]. In the implementation of the weak corrections we

2ZGRAD is available from the authors.
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Figure 2: The relative corrections to the m(e+e−) and m(µ+µ−) distributions in Drell-Yan
production at the Tevatron due to the O(α) QED corrections (from Ref. [9]).

closely follow Ref. [18], in particular for the treatment of higher-order corrections,
which are important for a precise description of the Z resonance.

The NLO parton differential cross section, including weakO(α) and leadingO(α2)
corrections, which enters eq. (2) is of the form [10]

dσ̂(0+1) = dP2f
1

12

∑
|A(0+1)

γ +A
(0+1)
Z |2(ŝ, t̂) + dσ̂box(ŝ, t̂) , (3)

where the sum is taken over the spin and color degrees of freedom, and dP2f denotes
the two-particle phase space. dσ̂box describes the contribution of the box diagrams
involving two massive gauge bosons. The matrix elements A

(0+1)
γ,Z comprise the Born

matrix elements, the γ, Z, γZ self energy insertions including a leading-log resumma-
tion of the terms involving the light fermions, and the one-loop vertex corrections.
While A

(0+1)
γ,Z can be expressed in terms of effective vector and axial-vector couplings,

the box contribution dσ̂box cannot be absorbed in effective couplings. However, in
the Z resonance region the box diagrams can be neglected and the NLO cross section
dσ̂(0+1) of eq. (3) has a Born-like structure. The leading universal electroweak correc-
tions, i.e. the running of the electromagnetic charge and corrections connected to ∆ρ,
can be included in form of an effective Born approximation (EBA). Comparing results
of the calculation which includes the full O(α) corrections with those obtained using
the EBA together with the pure QED corrections reveals the effects of the genuine
non-universal electroweak corrections such as box diagrams.

The weak corrections to neutral-current Drell-Yan processes as described above
are currently being implemented in the parton level MC program ZGRAD2 [10]. A
detailed numerical discussion of the effects of the electroweak O(α) corrections on

distributions in p p
(−) → γ∗, Z → l+l−(γ), l = e, µ at the Tevatron and the LHC will be
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Figure 3: The relative corrections to the m(µ+µ−) distribution a) at the Tevatron and b)
at the LHC when taking into account the universal corrections entering the EBA and QED
corrections only (solid line), and when the full O(α) electroweak corrections are included in

the calculation (dashed line).

given in Ref. [10]. Here we present some selected preliminary results for the di-lepton
invariant mass distribution and the forward-backward asymmetry.

In Fig. 3 we show the µ+µ− invariant mass distribution including the full O(α)
corrections normalized to the differential cross section in the EBA for large di-lepton
invariant masses at the Tevatron and the LHC. Separation cuts and lepton iden-
tification requirements to simulate the detector acceptance as described in Ref. [9]
(Tevatron) and Ref. [4] (LHC) are taken into account in Fig. 3. For comparison the
relative corrections including the QED corrections only are also shown. As expected
from the presence of large electroweak Sudakov-like logarithms, the weak corrections
strongly increase in magnitude with increasing m(µ+µ−), reaching about 10% at
m(µ+µ−) = 1 TeV. Both, the QED and the genuine weak corrections reduce the
differential cross section. Qualitatively similar results are obtained in the e+e− case.

In Fig. 4, we show how the purely weak corrections affect the forward backward
asymmetry at the LHC3. To illustrate the effect of the non-universal weak corrections,
we plot the difference of the forward backward asymmetry including the full O(α)
corrections, and the asymmetry which only takes into account QED corrections and
the universal corrections which are included in the EBA. A genuine non-universal
electroweak effect can be observed in the vicinity of m(l+l−) = MW and 2MW , which
is due to threshold effects in the box diagrams involving two W bosons. Results
qualitatively similar to those shown in Fig. 4 are also obtained for the Tevatron.

3For a definition of AFB at the LHC, see Ref. [9].
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Figure 4: The forward-backward asymmetry including NLO electroweak corrections at the
LHC, imposing the cuts and lepton identification requirements of Ref. [16]. The EBA and
QED contribution have been subtracted (preliminary results).

The forward backward asymmetry at the LHC is very sensitive to the rapidity
coverage of the leptons assumed. In Fig. 4, we have used the lepton rapidity coverages
foreseen for the ATLAS detector [4,16]. For muon pairs, both muons are required to
have rapidity |y(µ)| < 2.5. For e+e− pairs, the leptons are required to have |yl(e)| <
4.9, with one of them having to fulfill the more stringent requirement |yt(e)| < 2.5.
In addition, the lepton pair rapidity has to be |y(ll)| > 1 for both electrons and
muons in the final state. This cut substantially increases the magnitude of AFB at
the LHC [17].

It is interesting to check whether the threshold effect at m(l+l−) = 2MW will
be observable. In the electron case, the expected statistical uncertainty in AFB for
m(e+e−) = 2MW ± 5 GeV and 100 fb−1 at the LHC is about (3 − 4) × 10−3 per
experiment. The size of the non-universal electroweak corrections in the region are of
the order of 10−3. In a realistic calculation, contributions from W+W− → l+νll

−νl,
ZZ → l+l−νν and tt production to the forward backward asymmetry need to be taken
into account, which could well be of the same order as the genuine weak corrections.
It will thus be difficult to observe a clear signal of the threshold effects originating
from the box diagrams involving two W bosons in AFB at the LHC. On the other
hand, given the expected statistical precision, the genuine weak corrections cannot
be neglected when comparing data with the SM prediction.
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4 Conclusions

Our results show that, for the precision obtained in previous Tevatron runs, the
existing calculations for W and Z boson production are sufficient. However, for fu-
ture precision measurements the full electroweak O(α) corrections and probably also
multiple photon radiation effects should be taken into account. The inclusion of the
non-resonant contributions to W production in WGRAD is in progress [14] (see also
Ref. [19]). As a first step towards a calculation of the O(α2) QED corrections, the
effects of two-photon radiation in W and Z boson production at hadron colliders have
been computed in Ref. [20].
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1 Introduction

The measurement of gauge boson self-couplings at a future e+e− collider will
provide insight into new physics processes in the presence or absence of new particle
production. In the absence of particle resonances, and in particular in the absence of
a Higgs boson resonance, the measurement of gauge boson couplings will provide a
window to the new physics responsible for electroweak symmetry breaking. If there
are many new particles being produced – if, for example, supersymmetric particles
abound – then the measurement of gauge boson couplings will prove valuable since
the gauge boson couplings will reflect the properties of the new particles through
radiative corrections.

Experiments at LEP2 have demonstrated the viability of measuring gauge boson
self-couplings at an e+e− collider. Complex effects such as initial and final state
radiation, O(α) electroweak radiative corrections, fragmentation, and detector bias
are incorporated into analyses which utilize all decay modes of the W boson. The
present LEP2 triple gauge boson precision of a few percent [1] exceeds the predictions
for LEP2 sensitivity made a decade ago.

In this paper we review the prospect for studying triple gauge boson couplings
and strong electroweak symmetry breaking effects at future e+e− linear colliders. We
will deal primarily with the reaction e+e− → W+W−. However, when discussing
strong electroweak symmetry breaking we will also consider the processes e+e− →
ννW+W−, ννZZ, and ννtt. Triple gauge boson production is important for the
study of quartic gauge boson couplings, but is beyond the scope of this paper.

2 Triple gauge boson couplings

Gauge boson self-couplings include the triple gauge couplings (TGCs) and quartic
gauge couplings (QGCs) of the photon, W and Z. Of special importance at a linear
collider are the WWγ and WWZ TGCs since a large sample of fully reconstructed
e+e− → W+W− events will be available to measure these couplings.

The effective Lagrangian for the general W+W−V vertex (V = γ, Z) contains 7
complex TGCs, denoted by gV1 , κV , λV , gV4 , gV5 , κ̃V , and λ̃V [2]. The magnetic dipole
and electric quadrupole moments of the W are linear combinations of κγ and λγ while
the magnetic quadrupole and electric dipole moments are linear combinations of κ̃γ
and λ̃γ . The TGCs gV1 , κV , and λV are C– and P–conserving, gV5 is C- and P-violating
but conserves CP, and gV4 , κ̃V , and λ̃V are CP-violating. In the SM at tree–level all
the TGCs are zero except gV1 =κV =1.

If there is no Higgs boson resonance below about 800 GeV, the interactions of
the W and Z gauge bosons become strong above 1 TeV in the WW , WZ or ZZ
center-of-mass system. In analogy with ππ scattering below the ρ resonance, the
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interactions of the W and Z bosons below the strong symmetry breaking resonances
can be described by an effective chiral Lagrangian [3]. These interactions induce
anomalous TGC’s at tree-level:

κγ = 1 +
e2

32π2s2
w

(L9L + L9R)

κZ = 1 +
e2

32π2s2
w

(
L9L −

s2
w

c2
w

L9R

)

gZ1 = 1 +
e2

32π2s2
w

L9L

c2
w

,

where s2
w = sin2 θw, c2

w = cos2 θw, and L9L and L9R are chiral Lagrangian parameters.
If we replace L9L and L9R by the values of these parameters in QCD, κγ is shifted by
∆κγ ∼ −3× 10−3.

Standard Model radiative corrections [4] cause shifts in the TGCs of O(10−4 −
10−3) for CP–conserving couplings and of O(10−10 − 10−8) for CP-violating TGC’s.
Radiative corrections in the MSSM can cause shifts of O(10−4 − 10−2) in both the
CP-conserving [5] and CP-violating TGC’s [6].

The methods used at LEP2 to measure TGCs provide a useful guide to the mea-
surement of TGCs at a linear collider. When measuring TGCs the kinematics of an
e+e− → W+W− event can be conveniently expressed in terms of the W+W− center-
of-mass energy following initial state radiation (ISR), the masses of the W + and W−,
and five angles: the angle between the W− and initial e− in the W+W− rest frame,
the polar and azimuthal angles of the fermion in the rest frame of its parent W −,
and the polar and azimuthal angles of the anti-fermion in the rest frame of its parent
W+.

In practice not all of these variables can be reconstructed unambiguously. For
example, in events with hadronic decays it is often difficult to measure the flavor of the
quark jet, and so there is usually a two-fold ambiguity for quark jet directions. Also,
it can be difficult to measure ISR and consequently the measured W+W− center-of-
mass energy is often just the nominal

√
s. Monte Carlo simulation is used to account

for detector resolution, quark hadronization, initial- and final-state radiation, and
other effects.

The TGC measurement error at a linear collider can be estimated to a good ap-
proximation by considering eνqq and µνqq channels only, and by ignoring all detector
and radiation effects except for the requirement that the W+W− fiducial volume be
restricted to | cos θW | < 0.9. Such an approach correctly predicts the TGC sensitivity
of LEP2 experiments and of detailed linear collider simulations [7]. This rule-of-
thumb approximation works because LEP2 experiments and detailed linear collider
simulations also use the τνqq , `ν`ν and qqqq channels, and the increased sensitivity
from these extra channels makes up for the lost sensitivity due to detector resolution,
initial- and final-state radiation, and systematic errors.
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error ×10−4

√
s = 500 GeV

√
s = 1000 GeV

TGC Re Im Re Im

gγ1 15.5 18.9 12.8 12.5
κγ 3.5 9.8 1.2 4.9
λγ 5.4 4.1 2.0 1.4
gZ1 14.1 15.6 11.0 10.7
κZ 3.8 8.1 1.4 4.2
λZ 4.5 3.5 1.7 1.2

Table 1: Expected errors for the real and imaginary parts of CP-conserving TGCs assuming√
s = 500 GeV, L = 500 fb−1 and

√
s = 1000 GeV, L = 1000 fb−1. The results are for

one-parameter fits in which all other TGCs are kept fixed at their SM values.

error ×10−4

√
s = 500 GeV

√
s = 1000 GeV

TGC Re Im Re Im

κ̃γ 22.5 16.4 14.9 12.0

λ̃γ 5.8 4.0 2.0 1.4
κ̃Z 17.3 13.8 11.8 10.3

λ̃Z 4.6 3.4 1.7 1.2
gγ4 21.3 18.8 13.9 12.8
gγ5 19.3 21.6 13.3 13.4
gZ4 17.9 15.2 12.0 10.4
gZ5 16.0 16.7 11.4 10.7

Table 2: Expected errors for the real and imaginary parts of C- and P-violating TGCs
assuming

√
s = 500 GeV, L = 500 fb−1 and

√
s = 1000 GeV, L = 1000 fb−1. The results

are for one-parameter fits in which all other TGCs are kept fixed at their SM values.

Table 1 contains the estimates of the TGC precision that can be obtained at√
s = 500 and 1000 GeV for the CP-conserving couplings gV1 , κV , and λV . These

estimates are derived from one-parameter fits in which all other TGC parameters are
kept fixed at their tree-level SM values. Table 2 contains the corresponding estimates
for the C- and P-violating couplings κ̃V , λ̃V , gV4 , and gV5 . An alternative method of
measuring the WWγ couplings is provided by the channel e+e− → ννγ [8].

The difference in TGC precision between the LHC and a linear collider depends on

3



the TGC, but typically the TGC precision at the linear collider will be substantially
better, even at

√
s = 500 GeV. Figure 1 shows the measurement precision expected

for the LHC [9] and for linear colliders of three different energies for four different
TGCs.

If the goal of a TGC measurement program is to search for the first sign of devi-
ation from the SM, then one-parameter fits in which all other TGCs are kept fixed
at their tree-level SM values are certainly appropriate. But what if the goal is to
survey a large number TGCs, all of which seem to deviate from their SM value? Is a
28-parameter fit required? The answer is probably no, as illustrated in Fig. 2.

Figure 2 shows the histogram of the correlation coefficients for all 171 pairs of
TGCs when 19 different TGCs are measured at LEP2 using one-parameter fits. The
entries in Fig. 2 with large positive correlations are pairs of TGCs that are related
to each other by the interchange of γ and Z. The correlation between the two TGCs
of each pair can be removed using the dependence on electron beam polarization.
The entries in Fig. 2 with large negative correlations are TGC pairs of the type
Re(κ̃γ)/Re(λ̃γ), Re(κ̃Z)/Re(λ̃Z), etc. Half of the TGC pairs with large negative cor-
relations will become uncorrelated once polarized electron beams are used, leaving
only a small number of TGC pairs with large negative or positive correlation coeffi-
cients.

3 Strong WW scattering

Strong W+W− scattering can be studied at a linear collider with the reactions
e+e− → ννW+W−, ννZZ, ννtt, and W+W− [10]. The final states ννW+W−, ννZZ
are used to study the I=J=0 channel in W+W− scattering, while the final state
W+W− is best-suited for studying the I=J=1 channel. The ννtt final state can
be used to investigate strong electroweak symmetry breaking in the fermion sector
through the process W+W− → tt.

The first step in studying strong W+W− scattering is to separate the scattering of
a pair of longitudinally polarized W ’s, denoted by WLWL, from transversely polarized
W ’s, and from background such as e+e− → e+e−W+W− and e−νW+Z. Studies have
shown that simple cuts can be used to achieve this separation in e+e− → ννW+W−,
ννZZ at

√
s = 1000 GeV, and that the signals are comparable to those obtained

at the LHC [11]. Furthermore, by analyzing the gauge boson production and decay
angles it is possible to use these reactions to measure chiral Lagrangian parameters
with an accuracy greater than that which can be achieved at the LHC [12].

The reaction e+e− → ννtt provides unique access to W+W− → tt since this
process is overwhelmed by the background gg → tt at the LHC. Techniques similar
to those employed to isolate WLWL → W+W−, ZZ can be used to measure the
enhancement in WLWL → tt production [13]. Even in the absence of a resonance it
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Figure 1: Expected measurement error for the real part of four different TGCs. The

numbers below the “LC” labels refer to the center-of-mass energy of the linear collider in
GeV. The luminosity of the LHC is assumed to be 300 fb−1, while the luminosities of the

linear colliders are assumed to be 500, 1000, and 1000 fb−1 for
√
s=500, 1000, and 1500 GeV

respectively.
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Figure 2: Histogram of correlation coefficients for all 171 pairs of TGCs when 19 different

TGCs are measured using one-parameter fits at LEP2 (unpolarized beams). The 19 TGCs
are made up of the real and imaginary parts of the 8 C- and P-violating couplings along
with the real parts of the three CP-conserving couplings gZ1 , κγ , λγ .

will be possible to clearly establish a signal. The ratio S/
√
B is expected to be 12

for a linear collider with
√
s = 1 TeV and 1000 fb−1 and 80%/0% electron/positron

beam polarization, increasing to 28 for the same data sample at
√
s = 1.5 TeV.

There are two approaches to studying strong W+W− scattering with the process
e+e− → W+W−. The first approach was discussed in Section 2: a strongly coupled
gauge boson sector induces anomalous TGCs which could be measured in e+e− →
W+W−. The precision of 4× 10−4 for the TGCs κγ and κZ at

√
s = 500 GeV can be

interpreted as a precision of 0.26 for the chiral lagrangian parameters L9L and L9R.
Assuming naive dimensional analysis [14], such a measurement would provide a 8σ
(5σ) signal for L9L and L9R if the strong symmetry breaking energy scale were 3 TeV
(4 TeV). The only drawback to this approach is that the detection of anomalous
TGCs does not by itself provide unambiguous proof of strong electroweak symmetry
breaking.

The second approach involves an effect unique to strong W+W− scattering. When
W+W− scattering becomes strong the amplitude for e+e− → WLWL develops a com-
plex form factor FT in analogy with the pion form factor in e+e− → π+π− [15]. To
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evaluate the size of this effect the following expression for FT has been suggested:

FT = exp
[

1

π

∫ ∞

0
ds′δ(s′,Mρ,Γρ)

{
1

s′ − s− iε −
1

s′

}]

where

δ(s,Mρ,Γρ) =
1

96π

s

v2
+

3π

8

[
tanh(

s−M2
ρ

MρΓρ
) + 1

]
.

Here Mρ,Γρ are the mass and width respectively of a vector resonance in WLWL

scattering. The term

δ(s) =
1

96π

s

v2

is the Low Energy Theorem (LET) amplitude for WLWL scattering at energies below
a resonance. Below the resonance the real part of FT is proportional to L9L+L9R, and
can therefore be interpreted as a TGC. The imaginary part, however, is a distinctive
new effect.

The real and imaginary parts of FT are measured [16] in the same manner as
the TGCs. The W+W− production and decay angles are analyzed and an electron
beam polarization of 80% is assumed. In contrast to TGCs, the analysis of FT seems
to benefit from even small amounts of jet flavor tagging. We therefore assume that
charm jets can be tagged with a purity/efficiency of 100/33%. These purity/efficiency
numbers are based on research [17] which indicates that it may be possible to tag
charm jets with a purity/efficiency as high as 100/65% given that b jet contamination
is not a significant factor in W+W− pair-production and decay.

The expected 95% confidence level limits for FT for
√
s = 500 GeV and a luminos-

ity of 500 fb−1 are shown in Fig. 3, along with the predicted values of FT for various
masses Mρ of a vector resonance in WLWL scattering. The masses and widths of
the vector resonances are chosen to coincide with those used in the ATLAS TDR [9].
The technipion form factor FT affects only the amplitude for e+e− → WLWL, whereas
TGCs affect all amplitudes. Through the use of electron beam polarization and the
rich angular information in W+W− production and decay, it will be possible to dis-
entangle anomalous values of FT from other anomalous TGC values and deduce the
mass of a strong vector resonance well below threshold, as suggested by Fig. 3.

The signal significances obtained by combining the results for e+e− → ννW+W−,
ννZZ [11] with the FT analysis of W+W− [16] are displayed in Fig. 4 along with the
results expected from the LHC [9]. The LHC signal is a mass bump in W+W−; the
LC signal is less direct. Nevertheless, the signals at the LC are strong, particularly
in e+e− → W+W−, where the technirho effect gives a large enhancement of a very
well-understood Standard Model process. Since the technipion form factor includes
an integral over the technirho resonance region, the linear collider signal significance
is relatively insensitive to the technirho width. (The real part of FT remains fixed
as the width is varied, while the imaginary part grows as the width grows.) The
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Figure 3: 95% C.L. contour for FT for
√
s = 500 GeV and 500 fb−1. Values of FT for

various masses Mρ of a vector resonance in WLWL scattering are also shown. The FT point
“LET” refers to the case where no vector resonance exists at any mass in strong WLWL

scattering.

LHC signal significance will drop as the technirho width increases. The large linear
collider signals can be utilized to study a vector resonance in detail; for example, the
evolution of FT with ŝ can be determined by measuring the initial state radiation in
e+e− → W+W−.

Only when the vector resonance disappears altogether (the LET case in the lower
right-hand panel in Fig. 4 ) does the direct strong symmetry breaking signal from the√
s = 500 GeV linear collider drop below the LHC signal. At higher e+e− center-of-

mass energies the linear collider signal exceeds the LHC signal.

4 Conclusion

A future e+e− linear collider operating in the center–of–mass energy range of
0.5 − 1.0 TeV will measure TGCs with an accuracy of order 10−4, which corresponds
to an improvement of two orders of magnitude over present LEP2 measurements and
one order of magnitude over what is expected from the LHC. Such a precision is
sufficient to test electroweak radiative corrections to the TGCs.

Studies of strong electroweak symmetry breaking are enhanced by a future e+e−

linear collider. Signal and background in WW scattering are limited to electroweak
processes, so that a measurement of a structureless enhancement in the total WW
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scattering cross-section will have a smaller systematic error at an e+e− collider than
at the LHC. In addition, an e+e− collider does an excellent job measuring the low-
est order parameters of the chiral lagrangian for a strongly interacting gauge boson
sector, as well as the technipion form factor for the pair-production of longitudinally
polarizedW bosons. Finally, an e+e− collider can provide unique access to the process
W+W− → tt.
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1 Introduction

The origin of electroweak symmetry breaking (EWSB) and fermion mass gener-
ation remains one of the most pertinent in the field of high energy physics today.
Although there exist several explanations for EWSB, some dynamical and others
spontaneous, preeminent among those is the existence of a Higgs sector, either one or
two complex scalar doublets which acquire a vacuum expectation value (vev), or vevs,
providing longitudinal degrees of freedom for the weak gauge bosons and additional
physical observable Higgs boson states. For a single Higgs doublet, as in the Stan-
dard Model (SM), one neutral CP even Higgs (H) would be observed. In a two-Higgs
doublet model (2HDM), such as the MSSM, five physical Higgses would exist: light
and heavy CP even neutral scalars (h,H), a CP odd scalar (A), and a charged Higgs
and its conjugate H±. Additionally, a set of Yukawa couplings of the Higgs to SM
fermions (Yf ), of unknown origin, generates the fermion masses.

No physical Higgs boson has yet been observed, although electroweak precision
data has long suggested that the Higgs is light, of order 100 GeV. As such, it can
possibly be accessed by present experiments, i.e. CERN’s LEP II or the Fermilab
Tevatron II. If neither of those experiments turns up evidence for a Higgs, the com-
munity will turn to the LHC, which will have the capability to detect a SM or at
least one MSSM Higgs of any mass up to the unitarity limit.

Let us suppose that the LHC finds a Higgs candidate resonance, which could be
either the solitary physical Higgs of a single Higgs doublet model, or a 2HDM neutral
state. This could be confirmation of previous observation at LEP or Tevatron, or an
LHC discovery. Either way, a narrow resonance φ is found in one or more anticipated
channels with rate commensurate with expectations. The task is then to determine
the quantum numbers of φ, first to confirm that it is a Higgs of some flavor, second
to determine what model the Higgs belongs to. These quantum numbers are, with
the expected value for a Higgs in brackets:

• charge [neutral]

• color [none]

• mass [O(100) GeV]

• spin [0]

• couplings (gauge, Yukawa) [model dependent]

• total width

• self-coupling (λ) [model dependent]

• CP [even, odd, mixture?]
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The nature of the final state of the observed channel(s) gives us at least the first
two quantum numbers, charge and color, immediately. For example, detecting a
Jacobian peak in the dilepton-missing transverse momentum spectrum in `+`−jj/pT
events, as expected in weak boson fusion and decay to a pair of W bosons, would
indicate that the state is neutral and colorless. Likewise for finding a resonance in
the two photon invariant mass spectrum, i.e. due to Higgs production, gg → φ→ γγ.
The latter process would further imply by Yang’s Theorem that the state cannot be
spin 1, also consistent with a Higgs boson. A fairly precise measurement of the state’s
mass would also be obtained.

These determinations are necessary, but not sufficient conditions for confirming
the Higgs nature of an observed resonance. To go further we must measure the state’s
coupling to weak bosons, which must be a gauge coupling, perhaps modified by a mass
mixing parameter α and ratio of vevs in a 2HDM tanβ; and its couplings to fermions,
which must be Yukawa, i.e. proportional to the fermion mass. Were these couplings
found to meet the requirements of a Higgs sector, it is likely that most members of
the community would agree that a Higgs had been discovered. However, the issue of
measuring a self-coupling clouds this. One could argue that this is merely an aspect
of determining the exact model that is realized in nature. To this end we would also
want to know the CP state of the resonance.

For a SM or MSSM Higgs, the LHC can, in fact, make quite good determinations
of the mass and gauge coupling, a very good measurement of the total width (even
for a Higgs width smaller than the width resolution of the detectors), and a good
measurement of at least one Yukawa coupling, Yτ [1]. CP-dependent distributions in
Higgs production are known [2], however observing them appears not to be possible
in practice, due to detector effects [3]. A future International Linear Collider (ILC)
can certainly do better than the LHC for the case of a light Higgs, approximately
110 ≤MH ≤ 200 GeV. How much better an ILC could measure these couplings, what
additional couplings it would have access to, and its ability to go significantly beyond
LHC physics by measuring a self-coupling λ or the CP nature of the Higgs sector are
what I review here.

2 The Easy Quantum Numbers

Of greatest interest in Higgs physics is “Where is the Higgs?” That is, what is its
mass? Precision fits to electroweak data suggest [4] it is very near the lower bound
from experiment,MH > 113 GeV [5]. If a Higgs is found in the range MH < 135 GeV
or so, then the MSSM is still a viable theory. Finding a much heavier Higgs would
suggest a different form of new physics. At the LHC, MH would be determined
principally by observing the process gg → H → ZZ → 4`, which is accessible at
all masses. For example, at ATLAS for MH < 400 GeV, this would yield a 0.1%
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or better mass measurement, depending ultimately on uncertainty in the calorimeter
calibration [3].

For a light Higgs, an ILC would improve this roughly by a factor of two to three,
around 0.03 − 0.05% uncertainty for a light Higgs, using a combination of data from
the recoil mass spectrum in e+e− → HZ → `+`− + X and direct reconstruction of
Higgs decay into dijets. A simulated recoil mass spectrum forMH = 120 GeV is shown
in Fig. 1. Fig. 2 shows a comparison between CMS expectations and some different
ILC energies and luminosities. However, this level of precision may be overkill. It
would correspond to, for example, 4-loop radiative corrections in the MSSM! These
are currently far from achievable. Additionally, the leading uncertainty in ∆MH in
this case is due to the large uncertainty in the top quark mass, mt, which will not
improve enough in the LHC or conceivable ILC experiments to warrant calculation
of MSSM 4-loop corrections to MH , possibly even the 3-loop contributions.
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Figure 1: µµ recoil mass for e+e− → ZH → µµ +X , taken from Ref. [6].

Determining consistency of a resonance with spin-0 has been studied thoroughly
for the LHC. There exist two methods: angular distributions in H → γγ, and also
in the reconstructed Z bosons in H → ZZ![3]. The LHC has no difficulty with this
consistency check for MH < 400 GeV, so I do not discuss it further here.

Measurement of the resonance’s couplings to the weak bosons, photon, gluons,
and fermions is of much greater interest. Confirming that gHWW , gHZZ are gauge
couplings and related by SU(2) is one of the key determinations to identifying the
resonance as a Higgs boson. These couplings may be modified by mixing or other
parameters of a 2HDM, which are well defined and appear only as overall factors.
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Figure 2: The expected Higgs mass resolution at CMS and at three linear collider options,
taken from Ref. [7].

For example, the hWW,HWW verticies are modified at tree level in the MSSM by
sin(β−α), cos(β−α), respectively. In this same vein, we would require that gHγγ, gHgg
are demonstrated to be loop-induced.

At the LHC, gHWW may be determined to better than 5% for a light Higgs,
MH < 200 GeV, for scenarios where the Higgs is relatively SM-like [1]; non-SM-like
Higgs coupling extraction scenarios are just now beginning to be examined [8]. This is
achieved by combining information from various decay channels in weak boson fusion
Higgs production. This same method also allows the total width to be extracted
indirectly, to about the 10− 15% level. The best Yukawa coupling measurement can
be made for taus, which is quite good at about 5− 15% over the mass region 115 <
MH < 150 GeV, and work is progressing on H → bb but this measurement is not likely
to be better than about 30% in the end [9]. Decays to cc are completely inaccessible
at the LHC, but the width to gluons could be determined to about 20% from the rate
for gg → H → W+W− and the highly accurately known BR(WW ). These results
would already be quite good and allow for considerable model determination, but an
ILC could do far better.

The procedure for extracting couplings1 is equally involved at the ILC. First, the
recoil mass spectrum in ZH production would be used to determine σZH to about

1We may alternatively discuss the measurement of partial widths, which are directly proportional
to the coupling squared. If the total width cannot be determined, it is more appropriate to discuss
measurement of branching ratios.
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2% (TESLA) for a light Higgs, say 110 < MH < 150 GeV. This measurement is
the basis for extracting absolute branching ratios. Once the WW branching ratio is
known (< 5% for a light Higgs, possibly as good as 2%), gHWW could be obtained
to better than 2%. From there, Yukawa couplings could be extracted directly. The
expected uncertainty in the branching ratio for decay to bb is anticipated to be the
lowest, about 2% for MH = 120 with reasonable luminosity; 8% for cc and 6% for
τ+τ−. Additionally, BR(gg) could be determined to about 8% for the same mass.
Fig. 3 shows the probable branching ratio measurement precision at TESLA.
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Figure 3: Estimated accuracy for SM Higgs branching fractions for 500 fb−1 of data at

TESLA, taken from Ref. [6].

ttH production is possible for a high-energy ILC, being optimum at about
√
s =

800 GeV for MH = 120 GeV. There is considerable discrepancy in the literature,
however, as to the achievable precision in δgHtt/gHtt, ranging from 6% [10] on the
optimistic end to as pessimistic as about 50% [11]. Clearly, more study is needed to
resolve this disagreement. Finally, the total width could be had to better than 5%
for MH = 120 GeV, or about 3% for MH = 140 GeV, using the Hνν cross section as
key input, which contains the already determined gauge coupling.

As far as distinguishing the SM from the MSSM, prospects appear good at the
ILC but this subject begs for more study. Ratios of branching ratios are important,
especially BR(bb)/BR(W+W−), which could yield an indirect measurement of MA.
(It is possible that observing the CP odd state A itself could prove difficult.) Other
important ratios are BR(cc)/BR(bb) and BR(gg)/BR(bb). It is known that an MSSM
Higgs sector can be established as non-SM-like at the 95% CL for MA < 550 or so at
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TESLA, depending somewhat on tan β. This is shown in Fig. 4 for 500 fb−1 of data.TESLA  L = 500 fb-1
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Figure 4: SM v. MSSM discriminating power as a function of MA and tanβ for 500 fb−1

of data at TESLA, taken from Ref. [6]. Parameter space to the right of the curves would

appear SM-like. The blue curve is 95% CL, red is 90% CL, and green is 68% CL.

For a Higgs heavier than about 150 GeV, measurement of Yukawa couplings (other
than to the top quark) are essentially inaccessible at any machine, except in certain
restricted regions of a 2HDM. However, it is still highly desirable to know the gauge
couplings and total width in this regions. Preliminary results indicate [12] that for
the mass region 150 < MH < 300 GeV an ILC could achieve 10% uncertainty for
BR(WW ) and 10 − 25% uncertainty for BR(ZZ), the latter depending strongly on
MH . For MH > 300 GeV, BR(V V ) could be determined to a few percent, and
BR(tt) becomes accessible, probably at the 6% level. It is currently not known how to
measure this at all at the LHC. For MH > 230 GeV or so, the Higgs width is expected
to exceed detector resolution; the LHC and an ILC would have comparable ability
here, at the few percent level for a heavy Higgs. A heavy Higgs is widely regarded
as less interesting, and as such this scenario has not received as much attention in
studies for an ILC.

It is easy to find already in the SM that radiative corrections are important. For
example, δ BR(bb)> 30% forMH = 120 GeV, simply due to the gluonic corrections. In
extensions to the SM, such as the MSSM, large radiative corrections to the couplings
(partial widths) lurk behind every corner. To take a couple examples, light squark
corrections to h → gg can be as large as factors of 2-3 in the partial width, but
disappear as the squarks get heavy, greater than a few hundred GeV. Also, gluino

6



or chargino corrections to the b-H verticies and H1,H2 mixing can lead to order 1
corrections to the partial widths to b quarks or τ leptons [13]. Considerable effort
has been invested in calculating such corrections over the past decade, but the state
of the art advances and interesting phenomenology continues to be revealed.

3 The Tough Quantum Numbers

While the “easy-to-determine” quantum numbers of a newly discovered resonance
may be sufficient to establish it as part of a Higgs sector, in some sense the more
difficult measurements are the interesting ones. These are the CP nature of the
resonance, more specifically if there is any CP mixing in the neutral states in the case
of a two Higgs doublet sector; and the self-coupling(s) λi. In the SM λ is related to
the Higgs mass via M2

H = 2v2λ, and as it is a free parameter, MH is undetermined.
In the MSSM, the various λi are gauge couplings, thus MH is constrained. To be
convinced that an observed Higgs sector (and perhaps other MSSM candidate states)
belong to the MSSM, we would need to verify that these are, indeed, gauge couplings.
Thus, multiple Higgs production would have to be observed.

Several studies have addressed the issue of multiple Higgs production at an ILC,
highlighting scenarios where the cross section is large enough to obtain a substantial
rate [14]. Only two groups have performed a signal v. background study at the
phenomenological level (in the ZHH channel for the SM), and only one of those two
groups, Castanier et al., included detector simulation. However, their results are quite
promising. For a light SM Higgs, i.e. 120 < MH < 140 GeV, their study suggests
that the ZHH cross section could potentially be measured at the 12− 18% level for
large integrated luminosity, 2000 fb−1. They further show that this would translate
to about a 20% measurement of λhhh. It is clear that studies such as these at a future
linear collider will depend critically on b-tagging performance. The studies go on to
point out that in some MSSM parameter space regions, heavy Higgs decay to lighter
Higgs states has significantly larger rates than the SM case, making the prospects for
observation quite good. In contrst, it remains to be shown that the LHC has any
capability to measure a Higgs sector self-coupling.

Research into methods to extract the CP nature of observed neutral Higgses is
even less developed. Studies so far indicate that a CP = +1 state can be qualitatively
distinguished from a CP = -1 state via angular distributions in ZH production [15],
but if the state has mixed CP, the -1 component is very easily washed out. Additional
work is sorely needed in this area, as the LHC again has no capability here, primarily
due to the strong backgrounds and detector effects that hide the relevant distributions.
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4 Conclusions

Prospects for observing a Higgs sector as the responsible mechanism for EWSB
are quite good: precision fits to electroweak data suggest that the Higgs is light and
thus accessible, perhaps by the Tevatron, and the LHC has the capability to observe a
Higgs boson of any mass up to the unitarity limit. While the Tevatron could not make
any serious measurements of couplings or other important properties of an observed
resonance to completely convince one that it is part of a Higgs sector, the LHC can
go a long way toward this goal. The LHC would determine the mass to a greater
precision than can be matched theoretically, and would be able to determine the gauge
coupling and total width of a Higgs boson, either directly or indirectly, to better than
the 10% level. However, the LHC will have considerable difficulty to observe most
fermionic decays, and will not have the capability to observe any self-couplings or
identify CP mixing among the states of multiple physical Higgses.

An ILC extends our knowledge of a Higgs sector considerably. Its measurements
of both gauge and Yukawa couplings would be superior over most of the mass range
of a possible Higgs, and it would have access to additional fermionic decays as well as
self-couplings and probably CP mixing, improving model discrimination. However,
the state of the art on the last goal is still somewhat underdeveloped. Also lacking
is a detailed overview of the capability of an ILC to distinguish different models
based on coupling and mass measurements, although at least one study to address
this is nearing completion [16]. So far, studies have presented levels of measurement
precision based only on cross sections in the SM. If a Higgs sector turns out to be not
very SM-like, then some of these levels of precision could be quite poor, while others
are better than expected, and the restriction in model parameter space may or may
not be satisfyingly small.
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1 Introduction

The high-energy e+e− linear collider TESLA is being designed to operate on top
of the Z boson resonance by adding a bypass to the main beam line. Given the high
luminosity, L = 7× 1033cm−2s−1, and the cross section, σZ ≈ 30 nb, about 2× 109 Z
events can be generated in an operational year of 107s. We will therefore refer to
this option as the GigaZ mode of the machine. Moreover, by increasing the collider
energy to the W -pair threshold, about 106 W bosons can be generated at the optimal
energy point for measuring the W boson mass, MW , near threshold and about 3×106

W bosons at the energy of maximal cross section. The large increase in the number
of Z events by two orders of magnitude as compared to LEP1 and the increasing
precision in the measurements of W boson properties, open new opportunities for
high precision physics in the electroweak sector [1].

By adopting the Blondel scheme [2], the left-right asymmetry, ALR ≡ 2(1 −
4 sin2 θeff)/(1 + (1 − 4 sin2 θeff)2), can be measured with very high precision, δALR ≈
±10−4 [3], when both, electrons and positrons, are polarized longitudinally. From
ALR the mixing angle in the effective leptonic vector coupling of the on-shell Z bo-
son, sin2 θeff, can be determined to an accuracy [3],

δ sin2 θeff ≈ ± 1× 10−5, (1)

while the W boson mass is expected to be measurable within [4]

δMW ≈ ± 6 MeV. (2)

Besides the improvements in sin2 θeff and MW , GigaZ has the potential to deter-
mine the total Z width within δΓZ = ±1 MeV; the ratio of hadronic to leptonic
partial Z widths with a relative uncertainty of δRl/Rl = ±0.05%; the ratio of the bb
to the hadronic partial widths with a precision of δRb = ±1.4× 10−4; and to improve
the b quark asymmetry parameter Ab to a precision of ±1×10−3 [3]. These additional
measurements offer complementary information on the Higgs boson mass, MH , but
also on the strong coupling constant, αs, which enters the radiative corrections in
many places. This is desirable in its own right, and in the present context it is impor-
tant to control αs effects from higher order loop contributions to avoid confusion with
Higgs effects. Indirectly, a well known αs would also help to control mt effects, since
mt from a threshold scan at a linear collider will be strongly correlated with αs. We
find that via a precise measurement of Rl, GigaZ would provide a clean determination
of αs with small error,

δαs ≈ ± 0.001, (3)

and consequently a smaller uncertainty in δmt compared to a linear collider, given
identical threshold data (5×10 fb−1). The anticipated precisions for the most relevant
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Table 1: Expected precision at various colliders for sin2 θeff , MW , mt and the (lightest)
Higgs boson mass, MH , at the reference value MH = 110 GeV. Run IIA refers to 2 fb−1

integrated luminosity per experiment collected at the Tevatron with the Main Injector,
while Run IIB assumes the accumulation of 30 fb−1 by each experiment. LC corresponds to

a linear collider without the GigaZ mode. (The entry in parentheses assumes a fixed target
polarized Møller scattering experiment using the e− beam.) Concerning the present value
of MW some improvement can be expected from the final analysis of the LEP 2 data. δmt

from the Tevatron and the LHC is the error for the top pole mass, while at the top threshold
in e+e− collisions the MS top-quark mass can be determined. The smaller value of δmt

at GigaZ compared to the LC is due to the prospective reduced uncertainty in αs, which
affects the relation between the mass parameter directly extracted at the top threshold and

the MS top-quark mass.

now Run IIA Run IIB LHC LC GigaZ

δ sin2 θeff(×105) 17 50 13 21 (6) 1.3

δMW [MeV] 37 30 15 15 15 6

δmt [GeV] 5.1 4 2 2 0.2 0.13

δMH [MeV] — — 2000 100 50 50

electroweak observables at the Tevatron (Run IIA and IIB), the LHC, a future linear
collider, LC, and GigaZ are summarized in Table 1.

In this talk, we discuss the potential impact of high precision measurements of
sin2 θeff, MW , and other observables on the (indirect) determination of the Higgs boson
mass in the SM and of non-SM mass scales in the MSSM. These unknown mass scales
affect the predictions of the precision observables through loop corrections.

2 Higgs Sector of the SM

Within the SM, the precision observables measured at the Z peak are affected
by two high mass scales: the top quark mass, mt, and the Higgs boson mass, MH.
They enter into various relations between electroweak observables. For example, the
radiative corrections entering the relation between MW and MZ , and between MZ

and sin2 θeff, have a strong quadratic dependence on mt and a logarithmic dependence
on MH . We mainly focus on the two electroweak observables that are expected to
be measurable with the highest accuracy at GigaZ, MW and sin2 θeff. The current
theoretical uncertainties [5] are dominated by the parametric uncertainties from the
errors in the input parameters mt (see Table 1) and ∆α. The latter denotes the
QED-induced shift in the fine structure constant, α → α(MZ), originating from
charged-lepton and light-quark photon vacuum polarization diagrams. The hadronic
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contribution to ∆α currently introduces an uncertainty of δ∆α = ±2 × 10−4 [6].
Forthcoming low-energy e+e−annihilation experiments may reduce this uncertainty to
about ±5×10−5 [7]. Combining this value with future (indistinguishable) errors from
unknown higher order corrections, we assign the total uncertainty of δ∆α = ±7×10−5

to ∆α. For the future theoretical uncertainties from unknown higher-order corrections
(including the uncertainties from δ∆α) we assume,

δMW (theory) = ±3 MeV, δ sin2 θeff(theory) = ±3× 10−5 (future). (4)

Given the high precision of GigaZ, also the experimental error in MZ, δMZ =
±2.1 MeV, results in non-negligible uncertainties of δMW = ±2.5 MeV and δ sin2 θeff =
±1.4 × 10−5. The experimental error in the top-quark mass, δmt = ±130 MeV, in-
duces further uncertainties of δMW = ±0.8 MeV and δ sin2 θeff = ±0.4× 10−5. Thus,
while currently the experimental error in MZ can safely be neglected, for the GigaZ
precision it will actually induce an uncertainty in the prediction of sin2 θeff that is
larger than its experimental error.

• The relation between sin2 θeff and MZ can be written as,

sin2 θeff cos2 θeff =
A2

M2
Z(1 −∆rZ)

, (5)

where A = [(πα)/(
√

2GF )]1/2 = 37.2805(2) GeV is a combination of two pre-
cisely known low-energy coupling constants, the Fermi constant, GF , and the
electromagnetic fine structure constant, α. The quantity ∆rZ summarizes the
loop corrections, which at the one-loop level can be decomposed as,

∆rZ = ∆α−∆ρt + ∆rH
Z + · · · . (6)

The leading top contribution to the ρ parameter [8], quadratic in mt, reads,

∆ρt =
3GFm

2
t

8π2
√

2
. (7)

The Higgs boson contribution is screened and logarithmic for large Higgs boson
masses,

∆rH
Z =

GFM
2
W

8π2
√

2

1 + 9s2
W

3c2
W

log
M2

H

M2
W

+ · · · . (8)

• An independent analysis can be based on the precise measurement of MW near
threshold. The MW –MZ interdependence is given by,

M2
W

M2
Z

(
1− M2

W

M2
Z

)
=

A2

M2
Z(1−∆r)

, (9)

3



where the quantum correction ∆r has the one-loop decomposition,

∆r = ∆α− c2
W

s2
W

∆ρt + ∆rH + · · · , (10)

∆rH =
GFM

2
W

8π2
√

2

11

3
log

M2
H

M2
W

+ · · · , (11)

with ∆α and ∆ρt as introduced above.

Due to the different dependences of sin2 θeff and MW on mt and MH , the high
precision measurements of these quantities at GigaZ (and other observables
entering a global analysis) can determinemt and MH . The expected accuracy in
the indirect determination of MH from the radiative corrections within the SM
is displayed in Fig. 1. To obtain these contours, the error projections in Table 1
are supplemented by central values equal to the current SM best fit values
for the entire set of current high precision observables [9]. For the theoretical
uncertainties, Eq. (4) is used, while the parametric uncertainties, such as from
αs and MZ, are automatically accounted for in the fits1. The allowed bands in
the mt–MH plane for the GigaZ accuracy are shown separately for sin2 θeff and
MW . By adding the information on the top-quark mass, with δmt <∼ 130 MeV
obtained from measurements of the tt production cross section near threshold,
an accurate determination of the Higgs boson mass becomes feasible, from both,
MW and sin2 θeff. If the two values are found to be consistent, they can be
combined and compared to the Higgs boson mass measured in direct production
through Higgs-strahlung [12] (see the last row in Table 1). In Fig. 1 this is shown
by the shaded area, where the measurements of other Z boson properties as
anticipated for GigaZ are also included. For comparison, the area corresponding
to current experimental accuracies is also shown.

The results can be summarized by calculating the accuracy with which MH

can be determined indirectly. The expectations for δMH/MH in each step until
GigaZ are collected in Table 2. It is apparent that GigaZ, reaching δMH/MH =
±7%, triples the precision in MH relative to the anticipated LHC status. On the
other hand, a linear collider without the high luminosity option would provide
only a modest improvement.

• A direct formal relation between MW and sin2 θeff can be established by com-
bining the two relations (5) and (9) as,

M2
W =

A2

sin2 θeff(1 −∆rW )
. (12)

1All fit results in this Section were obtained using GAPP [11].
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Figure 1: 1σ allowed regions in the mt-MH plane taking into account the current mea-
surements and the anticipated GigaZ precisions for sin2 θeff ,MW ,ΓZ , Rl, Rq and mt (see

text).
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Figure 2: The theoretical prediction for the relation between sin2 θeff and MW in the SM for
Higgs boson masses in the intermediate range is compared to the experimental accuracies

at LEP 2/Tevatron (Run IIA), LHC/LC and GigaZ (see Table 1). For the theoretical
prediction an uncertainty of δ∆α = ±7× 10−5 and δmt = ±200 MeV is taken into account.
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Table 2: Cumulative expected precisions of indirect Higgs mass determinations, given the
error projections in Table 1. Theoretical uncertainties and their correlated effects on MW

and sin2 θeff are taken into account (see text). The last column shows the indirect Higgs
mass determination from the full set of precision observables.

MW sin2 θeff all

now 200 % 62 % 60 %

Tevatron Run IIA 77 % 46 % 41 %

Tevatron Run IIB 39 % 28 % 26 %

LHC 28 % 24 % 21 %

LC 18 % 20 % 15 %

GigaZ 12 % 7 % 7 %

The quantum correction ∆rW is independent of ∆ρt in leading order and has
the one-loop decomposition,

∆rW = ∆α−∆rH
W + · · · , (13)

∆rH
W =

GFM
2
Z

24π2
√

2
log

M2
H

M2
W

+ · · · . (14)

Relation (12) can be evaluated by inserting the measured value of the Higgs
boson mass as predetermined at the LHC and the LC. This is visualized in
Fig. 2, where the present and future theoretical predictions for sin2 θeff and MW

(for different values of MH) are compared with the experimental accuracies
at various colliders. Besides the independent predictions of sin2 θeff and MW

within the SM, the MW − sin2 θeff contour plot in Fig. 2 can be interpreted as
an additional indirect determination of MW from the measurement of sin2 θeff.
Given the expected negligible error in MH , this results in an uncertainty of

δMW (indirect) ≈ ±2 MeV± 3 MeV. (15)

The first uncertainty reflects the experimental error in sin2 θeff, while the second
is the theoretical uncertainty discussed above (see Eq. (4)). The combined
uncertainty of this indirect prediction is about the same as the one of the SM
prediction according to Eq. (9) and is close to the experimental error expected
from the W+W− threshold given in Eq. (2).

Consistency of all the theoretical relations with the experimental data would be
the ultimate precision test of the SM based on quantum fluctuations. The comparison
between theory and experiment can also be exploited to constrain possible physics
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scales beyond the SM. These additional contributions can conveniently be described
in terms of the S,T,U [13] or ε parameters [14]. Adopting the notation of Ref. [9], the
errors with which they can be measured at GigaZ are given as follows:

∆S = ±0.05, ∆ε̂3 = ±0.0004,
∆T = ±0.06, ∆ε̂1 = ±0.0005,
∆U = ±0.04, ∆ε̂2 = ±0.0004.

(16)

The oblique parameters in Eq. (16) are strongly correlated. On the other hand, many
types of new physics predict U = ε̂2 = 0 or very small (see Ref.[9] and references
therein). With the U (ε̂2) parameter known, the anticipated errors in S and T would
decrease to about ±0.02, while the errors in ε̂1 and ε̂3 would be smaller than ±0.0002.

3 Supersymmetry

We now assume that supersymmetry would be discovered at LEP 2, the Tevatron,
or the LHC, and further explored at an e+e− linear collider. The high luminosity
expected at TESLA can be exploited to determine supersymmetric particle masses
and mixing angles with errors fromO(1%) down to one per mille, provided they reside
in the kinematical reach of the collider, which we assume to be about 1 TeV.

In contrast to the Higgs boson mass in the SM, the lightest CP-even MSSM
Higgs boson mass, Mh, is not a free parameter but can be calculated from the other
SUSY parameters. In the present analysis, the currently most precise result based on
Feynman-diagrammatic methods [15] is used, relating Mh to the pseudoscalar Higgs
boson mass, MA. The numerical evaluation has been performed with the Fortran
code FeynHiggs [16]. Later in our analysis we also assume a future uncertainty in the
theoretical prediction of Mh of ±0.5 GeV.

The relation between MW and sin2 θeff is affected by the parameters of the super-
symmetric sector, especially the t̃-sector. At the LHC and in the first phase of LC
operations, the mass of the light t̃, mt̃1, and the t̃-mixing angle, θt̃, may be measurable

very well, particularly in the process e+ e− → t̃1t̃1 (see the last paper of Ref. [1] and
references therein). On the other hand, background problems at the LHC and lacking
energy at the LC may preclude the analysis of the heavy t̃-particle, t̃2.

In Fig. 3 we show in a first step of the analysis the effect of the precise determi-
nation of sin2 θeff alone on the indirect determination of the heavier t̃ mass, mt̃2. In
this first step we neglect the variation of the SUSY parameters and the theoretical
uncertainty of Mh. For the precision observables we have taken sin2 θeff = 0.23140
and Mh = 115 GeV with the experimental errors given in the last column of Table 1.
For tanβ, the ratio of the vacuum expectation values of the two Higgs doublets in the
MSSM, we assume a relatively well determined tan β = 3 ± 0.5, as can be expected
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Figure 3: The regions in the MA− sin2 θeff plane realized in the MSSM for different values

of mt̃2
. The precision on sin2 θeff obtainable at the LHC and the LC is compared to the

prospective GigaZ precision around the value sin2 θeff = 0.23140, for 2.5 < tan β < 3.5 and

the other experimental values as in Fig. 4. (See text for details.)
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Figure 4: The region in the MA − mt̃2
plane, allowed by 1 σ errors obtained from the

GigaZ measurements of MW and sin2 θeff : MW = 80.40 GeV, sin2 θeff = 0.23140, and

from the LC measurement of Mh: Mh = 115 GeV. The experimental errors for the SM
parameters are given in Table 1. tanβ is assumed to be experimentally constrained by

2.5 < tanβ < 3.5 or tanβ > 10. The other parameters including their uncertainties are
given by mt̃1

= 500 ± 2 GeV, sin θt̃ = −0.69 ± 2%, Ab = At ± 10%, µ = −200 ± 1 GeV,

M2 = 400 ± 2 GeV and mg̃ = 500 ± 10 GeV. For the uncertainties of the theoretical
predictions we use Eq. (4).
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from measurements in the gaugino sector (see e.g. Ref. [17]). As for the other para-
meters, the following values are assumed: mt̃1 = 500 ± 2 GeV, sin θt̃ = −0.69 ± 2%,
Ab = At, µ = −200 GeV, M2 = 400 GeV and mg̃ = 500 GeV. (Ab,t are trilinear soft
SUSY-breaking parameters, µ is the Higgs mixing parameter, M2 is one of the soft
SUSY-breaking parameter in the gaugino sector, and mg̃ denotes the gluino mass.)
In Fig. 3 the GigaZ precision for sin2 θeff is compared to the precision obtainable at
the LHC and a LC without the GigaZ option. While the LHC/LC precision gives
no restrictions for mt̃2 or MA, the high GigaZ precision could give lower and upper
bounds on both non-SM mass parameters.

However, a more realistic scenario includes the other precision observable that
can be determined at GigaZ with extremely high precision, MW . In addition, all
uncertainties of the additional SUSY mass scales, as well as the theoretical uncertainty
of the Higgs boson mass prediction have to be taken into account. Therefore, as a
second step in our analysis we now consider sin2 θeff and MW and include all possible
uncertainties. It is demonstrated in Fig. 4 how in this complete analysis limits on mt̃2

and MA can be derived from measurements of Mh, MW , and sin2 θeff. As experimental
values we assumed Mh = 115 GeV, MW = 80.40 GeV, and sin2 θeff = 0.23140, with
the experimental errors given in the last column of Table 1, and the future theoretical
uncertainty for the Higgs boson mass of ±0.5 GeV. We now consider two cases for
tan β: the low tan β region, where we assume a band, 2.5 < tan β < 3.5 as for
Fig. 3, and the high tanβ region where we assume a lower bound, tanβ ≥ 10 (see e.g.
Ref. [17] and references therein). As for the other parameters, the following values are
assumed, with uncertainties as expected from LHC and TESLA: mt̃1 = 500± 2 GeV,
sin θt̃ = −0.69 ± 2%, Ab = At ± 10%, µ = −200 ± 1 GeV, M2 = 400 ± 2 GeV and
mg̃ = 500 ± 10 GeV.

In this full analysis, taking into account all possible uncertainties, for low tan β
the heavier t̃-mass, mt̃2, can be restricted to 760 GeV <∼ mt̃2

<∼ 930 GeV. The
mass MA varies between 200 GeV and 1600 GeV. A reduction of this interval to
MA ≥ 500 GeV by its non-observation at the LHC and the LC does not improve
the bounds on mt̃2. If tan β ≥ 10, the allowed region turns out to be much smaller
(660 GeV <∼ mt̃2

<∼ 680 GeV), and MA is restricted to MA <∼ 800 GeV.
In deriving the bounds on mt̃2, both the constraints from Mh (see Ref. [18]) and

sin2 θeff play an important role. For the bounds on MA, the main effect comes from
sin2 θeff. We have assumed a value for sin2 θeff slightly different from the corresponding
value obtained in the SM limit. For this value the (logarithmic) dependence on MA

(see also Fig. 3) is still large enough so that in combination with the high precision
in sin2 θeff at GigaZ an upper limit on MA can be set. For an error as obtained at an
LC without the GigaZ mode (see Table 1) no bound on MA could be inferred. Thus,
the high precision measurements of MW , sin2 θeff, and Mh do not improve the direct
lower bound on the mass of the pseudoscalar Higgs boson A, but instead they enable
us to set an upper bound.
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4 Conclusions

The opportunity to measure electroweak observables very precisely in the GigaZ
mode of the projected e+e− linear collider TESLA, in particular the electroweak
mixing angle sin2 θeff and the W boson mass, opens new areas for high precision tests
of electroweak theories. We have analyzed in detail two examples: (i) The Higgs
mass of the Standard Model can be extracted to a precision of a few percent from
loop corrections. By comparison with the direct measurements of the Higgs mass,
bounds on new physics scales can be inferred that may not be accessible directly. (ii)
The masses of particles in supersymmetric theories, which for various reasons may
not be accessible directly neither at the LHC nor at the LC, can be constrained.
Typical examples are the heavy scalar top quark and the mass of the CP-odd Higgs
boson, MA. (Further examples for the MSSM have also been studied in the original
literature [1].) In the scenarios studied here, a sensitivity of up to order 2 TeV for
the mass of the pseudoscalar Higgs boson and an upper bound of about 1 TeV for
the heavy scalar top quark can be expected. Opening windows to unexplored energy
scales renders these analyses of virtual effects an important tool for experiments in
the GigaZ mode of a future e+e− linear collider.
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Figure 1: Schematic view of a hadron-hadron collision.

1 Introduction

It is over four years since data taking was completed in Run 1 at the Tevatron, so
there are rather few new results to report. Instead, this presentation will be more of a
review of the current state of knowledge, highlighting unresolved issues and prospects
for Run 2. I shall briefly cover the production of jets, vector bosons, photons and
heavy flavor. The opinions expressed are my own, and do not necessarily reflect the
“party line” of the experiments.

The Tevatron collider recorded about 100 pb−1 of data during 1992–95 (Run 1),
with two large detctors, CDF and DO. The results I shall show all come from this
dataset, which was taken at

√
s = 1.8 TeV (with a small amount of running at

630 GeV). The detectors are now nearing the completion of major upgrades, and
data taking will resume in March 2001 (Run 2). The goal is to accumulate 2 fb−1 by
2003 and 15 fb−1 by 2007. In Run 2, the machine will operate at

√
s = 1.96 TeV.

In hadron-hadron collisions, the simple picture of perturbative hard scattering
between point-like particles, as described for e+e− collisions by earlier speakers at
this meeting, becomes complicated by the additional effects shown in Fig. 1:

• parton distributions — a hadron collider is really a broad-band quark and gluon
collider;

• fragmentation of final state quarks and gluons;

• both the initial and final states can be colored and can radiate gluons, which
may interfere;

• the presence of an underlying event from proton remnants.

1



 TOWER LEGO CATE  3-SEP-1997 10:33 Run   87288 Event   22409     25-DEC-1994 02:20

Miss ET 

CATE ETA-PHI ET                 

 EM ET         

 HAD ET        

CALEGO ETMIN  1.00 GeV-TOTAL Towers 

Figure 2: Lego plot of a high-ET dijet event in DO. Towers with ET < 1 GeV are suppressed.

Despite these potential complications, at sufficiently high energies the events appear
quite simple: clear two-jet structure becomes obvious, as seen in Fig. 2, for example.
Let us start by reviewing the status of jet production.

2 Jet Production

2.1 Inclusive Jet Cross sections at
√
s = 1.8 TeV

CDF[1] and DO[2] have both measured the cross section for R = 0.7 cone jets
in the central rapidity region. The cross section falls by seven orders of magnitude
between ET = 50 and 450 GeV and both experiments’ data are in pretty good agree-
ment with NLO QCD over the whole range, as seen in Fig. 3. Looked at on a linear
scale and normalized to the prediction, however, we have the situation shown in Fig. 4
(note that the CDF figure does not include systematic errors). The impression one
gets is that there is a marked excess above QCD in the CDF data, which is not
observed at DO. So much has been said about this discrepancy that it is difficult
to know what can usefully be added1 but I shall attempt to describe where we now
stand.

In order to compare with CDF, DO carried out an analysis in exactly the same
rapidity interval (0.1 < |η| < 0.7). The results[4] are shown in Fig.5. Firstly we note
that there is no actual discrepancy between the datasets. Secondly, for this plot the
theoretical prediction was made using the CTEQ4HJ parton distribution, which has
been adjusted to give an increased gluon density at large x while not violating any

1see Fig. 1 in [3].
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experimental constraints (except perhaps fixed target photon production data, which
in any case require big corrections before they can be compared to QCD, as we shall
see later). The result of this increased gluon content is improved agreement especially
with the CDF data points. The situation with the latest CTEQ5M and CTEQ5HJ
parton distributions is shown in Fig. 6, and again, the enhanced gluon content in
CTEQ5HJ brings the predicted cross section closer to the CDF data.

What then have we learned from this issue? In my opinion, whether the CDF
data show a real excess above QCD, or just a “visual excess,” depends critically
on understanding the systematic errors and their correlations as a function of ET .
Whether nature has actually exploited the freedom to enhance gluon distributions at
large x will only be clear with the addition of more data — the factor of 20 increase
in luminosity in the first part of Run 2 will extend the reach by 70–100 GeV in
ET and should therefore make the asymptotic high-x behavior clearer. Whatever
the Run 2 data show, this has been a useful lesson; it has reminded us all that
parton distributions have uncertainties, whether made explicit or not, and that a
full understanding of experimental systematics and their correlations is needed to
understand whether experiments and theory agree or disagree.

DO[5] have extended their measurement of inclusive jet cross sections into the
forward region. Figure 7 shows the measured cross sections up to |η| = 3. They
are in good agreement with NLO QCD over the whole range of pseudorapidity and
transverse energy; in fact both CTEQ4M and CTEQ4HJ parton distruibutions yield
a good χ2.

Both Tevatron experiments have also studied dijet final states. CDF[6] has pre-
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T ).

sented cross sections for processes with one central jet (0.1 < |η1| < 0.7) and one jet
allowed forward (|η2| up to 3.0). In Fig. 8 these are compared with the NLO QCD
prediction as a function of the central jet’s transverse energy (ET1). The data show
an excess above the theory for large ET1, just as seen in the inclusive cross section;
but since these events are common to both samples, this is not surprising.

DO have measured[5] the cross sections for dijet production with both same-side
(η1 ≈ η2) and opposite-side (η1 ≈ −η2) topologies, for four bins of |η| up to 2.0. The
results are all in good agreement with the NLO QCD prediction.

All of these central, forward and dijet cross section measurements should really be
used as input to the parton distribution fitting “industry”. Figure 9 shows where the
Tevatron data lie on the plane of x and Q2, indicating their complementarity to the
fixed target and HERA deep-inelastic data. The apex of the Tevatron phase space is
set by the highest Q2 event observed in Run 1, a spectacular dijet seen in DO with a
jet-jet invariant mass of 1.2 TeV, Q2 = 2.2 × 105GeV2, and x1 = x2 = 0.66.

2.2 Extraction of αs

CDF have carried out an interesting study with the aim of extracting αs from
the inclusive jet cross section[7]; at NLO, the calculated cross section depends on αs
with a coefficient which is predicted by JETRAD. The result, αs(mZ) = 0.113+0.008

−0.009,
is consistent with the world average, and αs shows a nice evolution with scale (given
by the jet transverse energy), as shown in Fig. 10. However the figure also shows that
the measurement suffers from a large, and hard to quantify, sensitivity to the parton
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distributions, especially to the value of αs assumed therein. At this time I think it
must be characterized as a nice test of QCD and not really as a measurement of αs.

2.3 Cross section ratio 630 GeV/1800 GeV

Both CDF[8] and DO[9] have exploited a short period of data taking at reduced
center of mass energy towards the end of Run 1, to measure the ratio of scale invariant
jet cross sections, E3

Td
2σ/dETdη at

√
s = 1800 and 630 GeV. This ratio, as a function

of scaled jet transverse energy xT = 2ET/
√
s, is shown in Fig.11. The ratio is expected

to be a rather straightforward quantity to measure and to calculate — it would be
exactly 1 in the pure parton model. Unfortunately the two experiments are not
obviously consistent with each other (especially at low xT ) nor with NLO QCD (at
any xT ). At least two explanations have been suggested for the discrepancy. Firstly,
different renormalization scales could be used for the theoretical calculations at the
two energies. While allowed, this seems unappealing.2 An alternative explanation
is offered by Mangano[10], who notes that a shift of a few GeV in energy between
parton and particle level jets would bring the data in line with the prediction. Such

2Glover has suggested that such a procedure is in fact natural when a scaling variable like xT is
used; because xT differs by a factor of about three between the two center of mass energies for a
given ET , a factor of three difference in the renormalization scales is appropriate.
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Figure 12: Ratio of events with three or more jets to those with two or more jets, R32,
measured as a function of HT = ΣEjets

T , for various jet thresholds (left) and compared with
JETRAD (right).[11]

a shift might arise from non-perturbative effects such as losses outside the jet cone,
underlying event energy, and intrinsic transverse momentum of the incoming partons;
the shifts would likely be jet algorithm-dependent, and the two experiments might
even obtain different results depending on how the jet energy scale corrections were
done (based on data or Monte Carlo, for example). It seems that more work, both
theoretical and exerimental, is needed before this question can be resolved.

2.4 Ratio of 3-jet/2-jet Events

DO[11] have measured R32, the ratio of events with ≥ 3 jets to those with ≥ 2 jets,
as a function of HT = ΣEjets

T , for various third jet thresholds. This ratio (Fig. 12) is
surprisingly large: two thirds of high-ET jet events have a third jet with ET > 20 GeV
and about half have a third jet above 40 GeV. It is interesting to ask if this ratio can
be predicted by QCD. The answer is yes, reasonably well, even by JETRAD (which
of course is a leading order calculation of R32). DO have also attempted to extract
information on the optimal renormalization scale for the emission of the third jet:
should it be the same scale as the leading jets, or should the third jet emission be
treated as part of a parton shower with an “evolving” scale related to the third jet’s
ET ? (A specially modified version of JETRAD was used for this study). They find
that a scale tied to the first two jets is better than one related to the third jet ET .
Whether this tells us much about nature or merely about JETRAD I don’t know,
but it’s interesting given the widespread use of the parton shower approximation to
generate additional jets in HERWIG and PYTHIA.
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Figure 13: Subjet multiplicities measured by DO using a kT algorithm to find clusters

within jets; distributions for quark and gluon jets are inferred using
√
s = 1800 GeV and√

s = 630 GeV data[12].

2.5 Jet Structure and Quark/Gluon Separation

All the results presented so far have used a cone jet finder. By running a kT
jet finder inside previously identified jets, one can count the number of “subjets”
or energy clusters. Doing this (rather than, for example, counting charged tracks)
allows the coarse jet structure corresponding to the initial, perturbative part of frag-
mentation to be studied. DO[12] have made such a measurement and, by comparing
jets of the same ET and η recorded at

√
s = 1800 and 630 GeV, have inferred the

composition of pure quark and gluon jets. The extracted subjet multiplicity M for
the two species is shown in Fig.13. The ratio of M −1 for the two cases, which might
naively be expected to equal the ratio of gluon and quark colour charges, is found
to be 1.91 ± 0.04, compared with 1.86 ± 0.04 from HERWIG. This is very encourag-
ing and might even suggest that we have glimpsed the holy grail of quark-gluon jet
separation. The true test, however, remains the use of the subject multiplicity as a
discriminant in an analysis like the search for tt → 6 jets. Such a test will probably
have to wait for Run 2.

3 Weak Boson production

Next-to-next-to leading order (order α · α2
s) predictions exist for the W and Z

production cross sections times decay branching ratios into leptons. The experimental
values from CDF and DO (Fig. 14) are in excellent agreement with these predictions,
both for electrons and muons. In fact, the careful reader will note that the CDF cross
sections are a few percent higher than those from DO; this is consistent with the fact
that CDF use a luminosity normalization which is 6.2% higher than DO’s (the two
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Figure 14: Vector boson production cross sections measured at the Tevatron by CDF and

DO, compared to the NNLO QCD prediction.

experiments assume different total pp inelastic cross sections). It is therefore tempting
to conclude that the W/Z cross sections are the better known quantity, and indeed
it has been seriously proposed to use σW as the absolute luminosity normalization
basis in Run 2. Walter Giele’s contribution in these proceedings contains some more
discussion of the systematics associated with such an approach.

3.1 Z Transverse Momentum

As well as increasing the total cross section, the QCD predictions change the
transverse momentum distribution of the produced boson. The most straightforward
measurement is for the Z since it can be directly reconstructed from two decay leptons.
Figure 15 show recent DO results on the transverse momentum distribution of the
Z boson[13] compared with a variety of QCD predictions. Clearly the fixed-order
NLO QCD is not a good match for the data, while the resummed formalism of
Ladinsky and Yuan[14] fits rather well. This approach uses fixed-order QCD at high
pZT matched to a resummation of the large logarithms of m2

Z/p
2
T at low pZT . The

resummed calculations always include some nonperturbative parameters that must
be extracted from the data, and various authors have used different values for these.
This probably accounts for the fact that the resummed calculations of Davies, Webber
and Stirling[15], and of Ellis and Veseli[16] (also shown in the figure) do not offer quite
as good a description of the data.
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n.

DO have also observed[17] the effect of QCD corrections in the angular distribution
of electrons from W decay. Figure 16 shows the extracted value of α2 (the coefficient
of cos2 θ∗ in the angular distribution) as a function of pWT . The measurement is in
good agreement with QCD.

3.2 W+jets

QCD also predicts the number and spectrum of jets produced together with the
vector boson. DO used to show a cross section ratio (W +1jet)/(W +0jet) which was
badly in disagreement with QCD. This is no longer shown: the data were basically
correct, but there was a bug in the way DO extracted the ratio from the DYRAD
theory calculation.

Recent CDF measurements of the W+jets cross sections[18] agree well with QCD,
as shown in Fig. 17. The figure shows the fraction of W ’s with 1 or more jets,
compared with the NLO prediction; and the W + n jets rate, compared with the LO
prediction (for a variety of renormalization scales). Alas, it seems that there is little
prospect for being able to extract αs from these measurements, as had been hoped.
This is because the W+jet cross section depends on αs both in the jet production
vertex and in the parton distributions, and these two factors largely cancel in the
kinematic range probed at the Tevatron.
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Figure 18: Inclusive isolated direct photon cross sections at the Tevatron; the left hand

plots show DO[19] measurements and the right hand plots show the latest CDF results[20]
(statistical errors only). All are compared with the NLO QCD prediction of Owens et
al.[21].
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Figure 19: The isolated photon cross section at the Tevatron (left hand plots) showing the

improved agreement with QCD if 3.5 GeV of transverse momentum smearing (“kT”) is
added to account for soft gluon emission. The right hand plot shows the isolated photon
and π0 cross sections measured by E706[23], compared with the NLO QCD prediction with

and without 1.2 GeV of additional kT smearing.

4 Isolated Photon Production

Historically, many authors hoped that measurements of direct (or prompt) photons
would provide a clean test of QCD, free from the systematic errors associated with
jets, and would help pin down parton distributions. In fact photons have not lived up
to this promise — instead they revealed that there may be unaccounted-for effects in
QCD cross sections at low ET . (Because photons can typically be measured at lower
energies than jets, they provide a way of exploring the low-ET regime). Results from
the Tevatron experiments [19][20] are shown in Fig. 18. While the general agreement
with the NLO calculation of Owens and collaborators[21] is good, there is a definite
tendency for the data to rise above the theory at low transverse energies.

An often-invoked explanation for this effect is that there exists additional trans-
verse momentum smearing of the partonic system due to soft gluon radiation. The
magnitude of the smearing, or “kT”, is typically a few GeV (at the Tevatron), mo-
tivated in part by the experimentally measured pT of the γγ system in diphoton
production which peaks around 3 GeV[22]. PYTHIA simulations of photon produc-
tion also suggest that the most probable transverse momentum of radiated initial
state gluons is 2–3 GeV[20]. Inclusion of such kT through Gaussian smearing in the
calculation gives much better agreement with the data, as shown in Fig. 19. Much
larger deviations from QCD are observed in fixed-target experiments such as E706
at Fermilab[23]. Again, Gaussian smearing (with kT ≈ 1.2 GeV in this case) can
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Figure 20: Resummed calculations of isolated photon production compared with the E706

data; left, by Catani et al.[25] and right, by Laenen, Sterman and Vogelsang[27].

Figure 21: Isolated photon cross sections measured in the central region by CDF (left) and
the forward region by DO (right), compared with NLO QCD predictions. The blue curves

use an ensemble of PDF’s proposed by Giele, Keller and Kosower, derived by fitting to H1,
BCDMS and E665 data. The range of predictions gives a measure of the uncertainty on

the PDF. The green curves use MRS99 distributions and the orange curves are CTEQ5M
and 5L. No additional kT smearing is included.
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Figure 22: Cross sections for b production at the Tevatron compared with NLO QCD
predictions, as measured by DO[29]; left, central rapidity region, and right, forward.

account for the data, as also shown in the figure.
Unfortunately the predictive power of Gaussian smearing is small: it cannot really

tell us what happens to forward photons, or what happens at the LHC, for example.
The “right way” to treat soft gluon emission should be through a resummation calcu-
lation which works nicely for γγ and W/Z transverse momentum distributions. Initial
attempts did not seem to model the E706 data[25][26], but more recent calculations
include aditional terms and look more promising[27] (Fig. 20).

A rather different view is expressed by Aurenche and collaborators[24], who find
their calculations, sans kT , to be consistent with all the ISR and fixed-target data
with the sole exception of E706. They say, “it does not appear very instructive to
hide this problem by introducing an arbitrary parameter fitted to the data at each
energy,” by which they mean kT .

The latest result in this saga is most interesting. Elsewhere in these proceedings,
Walter Giele reports that he is able to obtain good agreement (Fig. 21) between the
Tevatron data and QCD, without any kT , with a newly derived set of PDF’s that
are extracted from DIS data from H1, BCDMS and E665. If correct, this observation
could render the whole discussion moot — there would be no discrepancy with QCD
here at all, merely another indication that we need to understand parton distribution
uncertainties!

In summary, direct photon production has proved extremely interesting and re-
mains quite controversial. The appropriateness of a Gaussian kT treatment is still
hotly debated, the experiments may not all be consistent, and the latest results merely
increase the mystery — is it all just the PDF’s?
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Figure 23: Correlations between b-jets at the Tevatron compared with NLO QCD predic-
tions; (left) rapdidity correlations as measured by CDF (normalized to the first bin), and

(right) azimuthal angle correlations as measured by DO.

5 Heavy Flavour Production

At the Tevatron, the measured inclusive b-quark and B-meson production cross
sections continue to lie a factor of about two above the NLO QCD expectation. This
is seen by both CDF[28] and DO[29] in the central and forward regions (the difference
is perhaps even larger for forward b production, as seen in Fig. 22). On the other
hand, NLO QCD does a good job of predicting the shape of inclusive distributions,
and of the correlations between b quark pairs (Fig. 23), so it seems unlikely that
any exotic new production mechanism is responsible for the higher than expected
cross section. In passing, it is interesting to note that a similar excess is also seen in
b-production at HERA[32][33] and in γγ collisions at LEP2[31].

Recently, DO have extended these measurements to higher transverse momenta
(up to 100 GeV)[30]. The results (Fig.24) are interesting: the measured cross section
comes closer to the prediction around pT ∼ 50 GeV and above. It is therefore tempting
to compare the shape of (Data−Theory)/Theory for b-jets and for photons, as I have
done in Fig. 25. The plot compares DO photons, CDF photons (renormalized by
1.33) and DO b-jets (compared with the highest of the range of QCD predictions).
The plot is perhaps quite suggestive that the same explanation may be relevant for
photons and b-jets — whatever that may be!

If the heavy flavour is heavy enough, QCD seems to work rather better. The
current state of measured and predicted top cross sections is summarised in Table 1.
This includes the latest (revised) CDF measurement. There is an excellent agreement
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Figure 24: New measurements of high-pT b-jet production at the Tevatron compared with
NLO QCD predictions, as measured by DO[30]; (left) differential cross section as a function
of Ejet

T ; (right) integral cross section as a function of pbT .

Authors Cross Section (pb)

CDF[34] 6.5+1.7
−1.4 (at mt = 175 GeV)

DO[35] 5.9± 1.7 (at mt = 172 GeV)
Bonciani et al.[36] 5.0 ± 1.6
Berger and Contopanagos[37] 5.6+0.1

−0.4

Kidonakis[38] 6.3

Table 1: Top production cross sections at the Tevatron, measured and predicted.

between data and theory, though one may note that the most recent (resummation)
calculation[38] lies outside the band of uncertainty claimed by earlier authors[37].

6 Prospects

What can we look forward to in Run 2 and beyond? Clearly there will be lots more
data — the next decade belongs to the hadron colliders. We can also expect improved
calculations (NNLO calculations, NLL resummations). There is a lot of work going
on towards the goal of correctly treating uncertainties in PDF’s, as manifested by
Walter Giele’s contribution to these proceedings. This is a great step forward, but it
does impose significant work on the experiments, who must understand and publish
all the errors and their correlations.

We can also look forward to improved jet algorithms. There is a CDF-DO accord
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Figure 25: Compilation of b-jet and isolated photon cross sections compared with QCD.

from the Fermilab Run 2 QCD workshop. The kT algorithm will be used from the
start, and the experiments have agreed upon one common implementation. They will
also try to make the cone algorithm theoretically more acceptable by modifying the
choice of seeds (or even through a seedless version).

I would also like to see a theoretical and experimental effort to understand the un-
derlying event, and include it in the predictions. The current approach is to subtract
an “underlying event contribution” from the jet energies. This assumes factorization
between the hard scattering and the underlying event, and while this is a reasonable
approximation it is bound to break down at the GeV level because the hard event
and the underlying event are color-connected. Indeed, HERWIG suggests that at the
1–2 GeV level jets pick up or lose energy to the rest of the event depending on the jet
algorithm. This is another example of how greater precision demands greater care:
approximations and assumptions that used to be “good enough” can no longer be
taken for granted. In fact there are very nice new results from CDF on the under-
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lying event[39]. Understanding the underlying event would also allow a consistent
treatment of double parton scattering.

Finally, one may hope for a consistent approach to hard diffraction processes.
High ET jets and W production are hard processes which should be amenable to
perturbative calculation, even if the final state is such that one of the nucleons does not
break up. We need to break down the walls of the “pomeron ghetto” and stop trying
to describe these processes in a language which, in my opinion, does not promote
understanding.

7 Conclusions

Tevatron QCD measurements have become precision measurements. We are no
longer testing QCD; we are testing our ability to make precise calculations within the
framework of QCD. The state of the art is NNLO calculations, NLL resummations,
and measurement errors at the 5% level. This level of precision demands considerable
care both from the experimentalists and the phenomenologists, in understanding jet
algorithms, jet calibrations, all the experimental errors and their correlations, and
the level of uncertainty in the calculations and in the PDF’s.

In general our calculational tools are working well. The open issues generally
relate to attempts to push calculations closer to the few-GeV scale (b production at
modest pT , perhaps low-ET photons) and/or to regions where the parton distributions
are uncertain (high-ET jets, and perhaps photons).
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1 Introduction

The apparent freedom in choosing the renormalisation scale and scheme for per-
turbative calculations of observables in quantum chromodynamics (QCD) introduces
theoretical uncertainties which, if taken literally, prohibit absolute predictions be-
yond a qualitative level. The renormalisation scheme dependence can be solved by
using a fixed reference scheme or, equivalently, by relating measurements of different
observables to each other. The MS scheme is the simplest choice from a calculational
point of view but the question then arises if there exists a preferred scheme which
is optimal from a physics point of view. A closely related question is how to choose
the renormalisation scale which is important since most QCD observables are only
known to next-to-leading order (NLO) where the renormalisation scale dependence is
still sizable.

Another problem with perturbative QCD predictions is that the series is in fact
asymptotic, i.e. after a given order the higher order contributions start to increase
and make the series divergent. The most prominent source for this asymptotic be-
haviour is due to so-called renormalons which make the higher order coefficients grow
factorially [1].

This talk presents an alternative approach which avoids, or at least minimizes, the
problems outlined above by using conformal expansions and the closely related skele-
ton expansion. The presentation is mainly based on [2] which also contains a complete
list of references. The relation between the skeleton expansion and the Banks-Zaks
expansion [3], as well as the BLM scale-setting method by Brodsky, Lepage, and
Mackenzie [4] and its generalizations [5,6,7,8], is also discussed.

2 Conformal relations

For definiteness and simplicity the discussion will be limited to single-scale space-
like observables in massless QCD, but the approach can also be generalised to time-
like and multi-scale observables. The perturbative expansion for such a single-scale
observable can be written as,

R(Q2) = RQPM(Q2)+R0(Q2)
αs(µ

2)

π
+R1(Q2, µ2)

α2
s(µ

2)

π2
+R2(Q2, µ2, β2)

α3
s(µ

2)

π3
+ · · · ,

where Q2 = −q2 is the (space-like) physical scale, µ2 is the renormalisation scale,
and β2 is the next-to-next-to-leading order coefficient in the renormalisation group
equation for the coupling,

da(µ2)

d log(µ2)
= −β0a

2(µ2)− β1a
3(µ2)− β2a

4(µ2) + · · · .
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where a = αs/π.
The truncation of the perturbative expansion at order N introduces a renormal-

isation scale and scheme uncertainty of order aN+1. In addition the perturbative
coefficients Rn will asymptotically grow factorially due to renormalons, Rn ∼ n!βn0 .
This should be contrasted with the situation in the conformal (scale-invariant) limit
where da/d log(µ2) = 0. In this case there is no scale-ambiguity, and the coefficients
Rn are free of factorial growth due to renormalons. The only remaining problem is
the scheme uncertainty which can be circumvented by relating observables to each
other instead of trying to make absolute predictions.

Before continuing it is useful to recall the concept of an effective charge [9] which
collects all perturbative corrections to an observable. An observable R(Q2) can then
be written in terms of the effective charge aR(Q2) as,

R(Q2) = RQPM(Q2) +R0(Q2)aR(Q2)

where
aR(Q2) = a(µ2) + r1(Q2, µ2)a2(µ2) + r2(Q

2, µ2, β2)a
3(µ2) + · · ·

and the perturbative coefficients ri = Ri/R0.
The most celebrated example of a conformal relation between observables is the

Crewther relation [10,11,7] between the Adler D-function (aD) and the polarized
Bjorken sum-rule for deep inelastic scattering (ag1),

(1 + aD)(1− ag1) = 1 .

Thus, the Crewther relation is simply a geometric series to all orders and there is no
growth of higher order coefficients. The effective charges aD and ag1, which appear
in the relation, are defined by,

D(Q2) = Q2dΠ(Q2)

dQ2
≡ NC

∑

f

e2
f

[
1 + aD(Q2)

]

∫ 1

0

[
gp1(x,Q2) − gn1 (x,Q2)

]
dx ≡ gA

6gV

[
1 − ag1(Q

2)
]

where Π(Q2) is the hadronic correction to the vacuum polarisation of the photon, the
spacelike continuation of Re+e−(s).

In general, conformal relations between two arbitrary observables A and B can be
written as,

aA =
∑

n

cABn anB

where, as is evident, the conformal coefficients cABn depend on which two observables
that are related. Of course, in real life the QCD coupling is scale-dependent. Even
so, the notion of conformal coefficients is still useful as will be shown below. The
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main advantage is that by identifying the conformal part of the ordinary perturba-
tive coefficients it is possible to treat all the running coupling effects separately and
thus keeping the coefficients free from factorial growth due to renormalons which are
instead resummed in the running of the coupling.

3 The skeleton expansion

The skeleton expansion [12] organizes the perturbative series in terms of contribu-
tions to fundamental skeleton graphs. A skeleton graph is defined by the requirement
that the fundamental vertices and propagators contain no substructure. One example
of an ordinary Feynman diagram and the corresponding skeleton graph is shown in
Fig. 1.

α(k2)−

Figure 1: Example of an ordinary Feynman diagram (left) and the corresponding skeleton

graph (right) in QED.

In QED, the skeleton expansion is straight-forward to construct thanks to the
basic Ward identity, Z1 = Z2, from which it follows that charge renormalisation is
given by photon propagator renormalisation (Z3). The coupling ᾱ that appears in
the skeleton expansion is the Gell-Mann Low coupling which resums the Dyson series
of the one-particle irreducible photon self-energy Π,

ᾱ(Q2) =
α0

1−Π(Q2)
.

The radiative corrections to the one-photon exchange skeleton graph, such as illus-
trated in Fig. 1, can then be written as an integral over the running coupling,

∫
ā(k2)φ0

(
k2

Q2

)
dk2

k2

where φ0 is a momentum distribution function which has been normalised to 1 for
convenience. (In the above example φ0

(
k2

Q2

)
= δ(k2 −Q2).)
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Adding the contributions from one-, two-, three-photon exchange etc., an effective
charge can be written as

aR(Q2) =
∫
ā(k2)φ0

(
k2

Q2

)
dk2

k2
+ c̄1

∫
ā(k2

1)ā(k2
2)φ1

(
k2

1

Q2
,
k2

2

Q2

)
dk2

1

k2
1

dk2
2

k2
2

+ c̄2

∫
ā(k2

1)ā(k2
2)ā(k2

3)φ2

(
k2

1

Q2
,
k2

2

Q2
,
k2

3

Q2

)
dk2

1

k2
1

dk2
2

k2
2

dk2
3

k2
3

+ · · · , (1)

where φi are the momentum distribution functions (normalised to 1) and the c̄i are
the conformal coefficients in the skeleton scheme. For simplicity the above expression
has been written including just one skeleton at each order but in general there can be
several different skeletons which contribute at the same order. For comparison, the
conformal theory gives aR(Q2) = ā+ c̄1ā

2 + c̄2ā
3 + · · ·.

Another important property of the skeleton expansion is that each term in the
expansion is renormalisation scheme and scale-invariant by itself. In addition the
skeleton coupling is gauge-invariant. The skeleton expansion thus provides an alter-
native way of writing the perturbative series for an observable in which each term
is given by one or several integrals over the running coupling. One complication
of the skeleton expansion is that in general one needs a diagrammatic construction
to identify the different skeletons. However, at low orders this requirement can be
bypassed.

In QCD, the existence of an all-order skeleton expansion has so far not been
proved. The basic complication arises from the gluon self-interactions and the related
difference between gluon-propagator and charge renormalisation. Nevertheless it is
reasonable to assume that something similar to the skeleton expansion in QED can
also be constructed for QCD. In fact, the so called pinch technique [13] provides a
realisation of the skeleton expansion in QCD at the one-loop level. As an example
Fig. 2 illustrates how the three-gluon vertex is divided into a pinch part which con-
tributes to the renormalisation of the effective propagator and a non-pinch part which
contributes to renormalisation of the “external” vertex.

k

= + = +

Figure 2: Illustration of the subdivision of the three-gluon vertex into a pinch part and a
non-pinch part using the pinch technique
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In this way the pinch technique arrives at the following QED-like Ward identities,

Z
(PT )
1 = Z

(PT )
2 = 1 − 1

ε

CF
4
ā

Z
(PT )
3 = 1 +

1

ε

(
11

12
CA −

1

3
TFNF

)
ā = 1 +

1

ε
β0ā

such that all the one-loop running coupling effects are contained in the effective gluon
propagator. The coupling defined by the pinch technique has a simple relation to the
MS scheme,

ā(Q2) = aMS(µ
2) +

[
−β0

(
log

Q2

µ2
− 5

3

)
+ 1

]
a2

MS(µ
2) + · · · .

Recently there has been progress in extending the pinch-technique to two loops [14]
and this may eventually lead to an extension of the skeleton expansion in QCD to
two loops as well. Another possibility may be to use light-front quantization of QCD
in light-cone gauge [15].

4 Identifying conformal coefficients

Given the advantages of the skeleton expansion compared to the standard per-
turbative expansion, it is instructive to consider the following simplified ansatz for
QCD as a starting point for further investigations: assume there is only one skeleton
coupling, that there is only one skeleton graph at each order in ā, and that the depen-
dence on the number of light flavours (NF ) can be used to identify the non-conformal
parts of the perturbative coefficients. Given these assumptions the first conformal
coefficients in the skeleton expansion can be obtained from the perturbative ones in
the following way [2].

The starting point is the skeleton expansion of an effective charge given by Eq. (1).
Next the skeleton couplings ā(k2) under the integration sign can be expanded in the
coupling ā(Q2) using the solution to the renormalisation group equation,

ā(k2) = ā(Q2) + β0 log

(
Q2

k2

)
ā2(Q2) +

[
β1 log

(
Q2

k2

)
+ β2

0 log2

(
Q2

k2

)]
ā3(Q2) + · · · .

Inserting this into Eq. (1) then gives,

aR(Q2) = ā(Q2)+
(
c̄1 + β0φ

(1)
0

)
ā2(Q2)+

(
c̄2 + c̄1β0φ

(1)
1 + β1φ

(1)
0 + β2

0φ
(2)
0

)
ā3(Q2)+ · · ·

where φ
(n)
i are log-moments of the momentum distribution functions,

φ
(n)
0 =

∫
logn

(
Q2

k2

)
φ0

(
k2

Q2

)
dk2

k2

φ
(1)
1 =

∫ (
log

Q2

k2
1

+ log
Q2

k2
2

)
φ1

(
k2

1

Q2
,
k2

2

Q2

)
dk2

1

k2
1

dk2
2

k2
2

.
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This can now be directly compared with the standard perturbative expansion,

aR(Q2) = ā(Q2) + r̄1ā
2(Q2) + r̄2ā

3(Q2) + · · · ,

which gives the relations

r̄1 = c̄1 + β0φ
(1)
0

r̄2 = c̄2 + c̄1β0φ
(1)
1 + β1φ

(1)
0 + β2

0φ
(2)
0 .

Based on the NF dependence of the perturbative coefficients r̄i it is thus possible
to identify in a unique way the conformal coefficients c̄1 and c̄2 as well as the log-
moments φ

(1)
0 , φ

(2)
0 , and φ

(1)
1 . (This follows since the coefficients r̄i are polynomials

in NF of order i.) In fact, given the assumptions made, it is possible to decompose
the perturbative coefficients up to order ā4 without any additional information. At
higher orders the NF dependence alone does not provide enough information even
with the simplifying assumptions that have been made.

In general there are several ways in which the assumed ansatz can break down.
Most notably, at higher orders there are skeletons which are NF -dependent by them-
selves. In contrast to QED where the NF -dependent skeletons (such as the light-by-
light scattering diagrams) can be easily identified based on the dependence on the
external charge there is in general no such simple identification possible in QCD.
Another complication is that there may be more than one skeleton at each order. To
resolve these two problems one will need an explicit diagrammatic construction of the
skeleton expansion. It may also be the case that the skeleton expansion in QCD can
only be systematically extended to all orders by having several skeleton couplings.
However, even if some of the assumptions that have been made are wrong, it may still
be true that the general properties of the ansatz are valid. This includes the prop-
erty that running-coupling effects can be associated with different skeleton graphs in
a renormalisation-group-invariant way, and that the skeleton coefficients are confor-
mal. In practice there is usually no problem in identifying the skeleton structure at
next-to-leading order but special care has to be taken as will be discussed below when
the application of BLM scale-setting to the thrust-distribution in e+e−-annihilation
is re-examined.

5 Relation to the Banks-Zaks expansion

As already realised at the time of the discovery of asymptotic freedom, perturba-
tive QCD has an perturbative infrared fixed-point [16] (k2 → 0),

daFP(k2)

d ln k2
= −β0a

2
FP(k2)− β1a

3
FP(k2) + · · · = 0

6



in the so called conformal window 8 < NF < 16 since for this range of NF the first two
terms in the β-function have opposite signs, β0 = 11

4
− 1

6
NF > 0 and β1 = 51

8
− 19

24
NF <

0.
If the coupling at the fixed point aFP is small, such that perturbation theory is

still applicable, then it can be written as a so called Banks-Zaks expansion [3] in the
parameter a0 = −β0/ β1|β0=0 = 16

107
β0,

aFP = a0 + v1a
2
0 + · · · ,

where the coefficients vi can be calculated from the higher order terms (β2 etc.) in
the β-function.

In the same way an arbitrary effective charge aR can also be expanded in a0.
Starting from the ordinary perturbative expansion the coefficients ri can be rewritten
in terms of a0 using the polynomial NF -dependence,

aR(Q2) = a(Q2) + (r1,0 + r1,1a0)a
2(Q2) + (r2,0 + r2,1a0 + r2,2a

2
0)a

3(Q2) + · · · .

From this it follows that it is also possible to get a relation between the fixed-point
value of the effective charge aFP

R and the coupling aFP. Taking the limit Q2 → 0
(assuming that this is well defined) and inserting a0 = aFP + u1a

2
FP

+ · · · gives the
fixed point relation,

aFP

R = aFP + r1,0a
2
FP + (r2,0 + r1,1)a

3
FP + · · · .

Comparison with the conformal coefficients obtained from the skeleton decomposition
of the perturbative coefficients shows that, if aFP is identified with the skeleton cou-
pling then, they are indeed the same, i.e. r1,0 = c̄1 and r2,0 + r1,1 = c̄2 etc. Thus, the
conformal coefficients in QCD can also obtained from the Banks-Zaks expansion by
analytically continuing the number of light quark flavours into the conformal window
and taking the infrared limit [2].

6 Connection to BLM scale-setting

Once the conformal coefficients have been identified one also has to evaluate the
corresponding skeleton integrals. For the leading skeleton this can be done using
the momentum distribution function calculated in the large β0-approximation. At
the same time the associated renormalon ambiguity indicates the form of the non-
perturbative corrections in terms of power-corrections. The combination gives a
framework for analysing the renormalon resummation and the non-perturbative cor-
rections together [17,18]. An alternative is to approximate the skeleton integrals by
using BLM scale-setting [4,5] as will be discussed below.
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The starting point is the skeleton expansion of the effective charge in question
where each integral is evaluated using the mean value theorem (MVT) in the following
way,

aR(Q2) =
∫
ā(`2)φ0

(
`2

Q2

)
d`2

`2
+ c̄1

∫
ā(`21)ā(`22)φ1

(
`21
Q2
,
`22
Q2

)
d`21
`21

d`22
`22

+ c̄2

∫
ā(`21)ā(`22)ā(`23)φ2

(
`21
Q2

,
`22
Q2
,
`23
Q2

)
d`21
`21

d`22
`22

d`23
`23

+ · · ·

(MVT) ≡ ā(k2
0) + c̄1ā

2(k2
1) + c̄2ā

3(k2
2) + · · ·

The “BLM” scales k0, k1, k2, etc. are uniquely determined by requiring a one-to-one
correspondence between the skeleton integrals and the terms in the “BLM” series [2].
In other words k0 depends only on φ0, k1 on φ1, and so on. Thus there is no ambiguity
in determining the scales as is the case for commensurate scale relations [6,7]. Ex-
panding the couplings ā(k2) in terms of ā(Q2) under the integration sign the “BLM”
scales are obtained as a perturbative series in the skeleton coupling with the coeffi-
cients given in terms of the moments of the distribution functions,

ln
Q2

k2
0

= φ
(1)
0 +

[
φ

(2)
0 −

(
φ

(1)
0

)2
]
β0ā(k2

0) + · · · ,
mean variance

ln
Q2

k2
1

=
1

2
φ

(1)
1 + · · · .

It is important to realize that this provides a systematic improvement of the original
BLM-scale, k2

0,BLM = Q2 exp
(
−φ(1)

0

)
. In the lowest order approximation the scale k0

is simply given by the mean of the momentum distribution as indicated above. By
going to higher orders one then takes into account the variance of the distribution
and so on. This corresponds to performing the skeleton integral with successively
improved approximations to φ0.

Given the conformal expansions of two observables in the skeleton scheme it is also
possible to eliminate the skeleton scheme and get a direct relation between the two
observables – a so called commensurate scale relation (CSR). From renormalisation
group transitivity it follows that the coefficients in the commensurate scale relation
are also conformal and thus free of factorial growth due to renormalons. However,
there is no clear interpretation of the scales that appear in the CSRs, and in addition
there is no unique scale setting procedure as has been already mentioned.

7 Re-examining BLM scale-setting for thrust

The new insights gained from the relation between the skeleton expansion and
BLM scale-setting makes it interesting to re-examine BLM scale-setting for event
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shape observables in e+e− annihilation [19]. In the following the thrust distribution
will be considered as a concrete example but general criteria for the applicability of
BLM scale-setting will also be given.

Thrust is an event shape observable defined by,

T = max
~nT

∑
i ~nT · ~pi∑
i |~pi|

where the sum runs over all particles in the final state. The thrust-axis ~nT is varied
until the maximal value for T is obtained. An event with two narrow back-to-back
jets corresponds to T = 1 whereas the minimal thrust value T = 0.5 is obtained for
an event with isotropic distribution of particles as illustrated in Fig. 3.

two-jet

T=1.0

isotropic

T=0.5

Figure 3: The values of thrust for an event with two narrow back-to-back jets (left) and an
event with isotropic distribution of particles (right).

In the quark parton model the thrust distribution is a delta-function at T = 1.
The leading order QCD-corrections have been calculated analytically [20] whereas the
next-to-leading order QCD-corrections have only been calculated numerically [21,22].
From the definition of thrust one expects that at leading order there is only one skele-
ton which contributes and that all the NF -dependence at next-to-leading order is from
running coupling effects. Thus BLM scale-setting should be straight forward. There
is however one possible complication, namely the non-inclusiveness of the definition.
The easiest way to see this is that at leading order thrust can have values in the range
2/3 < T < 1 whereas at next-to-leading order the range is given by 1/

√
3 < T < 1.

Thus, if the next-to-leading order NF -dependence is non-zero for 1/
√

3 < T < 2/3
then this cannot be attributed to the leading skeleton. However, as will be shown
below the problems for the case of thrust are minimal.

At next-to-leading order the BLM series for the thrust-distribution can be written
as,

1

σ

dσBLM

dT
(s, T ) = δ(1− T ) +R0(T ) ā

(
k2

0,BLM(s, T )
)

+ R̄1(T ) ā2
(
k2

0,BLM(s, T )
)
, (2)

where the skeleton coupling has been identified with the pinch technique coupling,
R̄1(T ) is the conformal coefficient in the pinch scheme, and the BLM-scale k2

0,BLM is

9



R0

R1,MS

R1

Figure 4: (a) The next-to-leading order conformal coefficient R̄1 compared to the standard

MS coefficient R1,MS(µ2 = s,NF = 5) and the leading order (scheme-invariant) coefficient
R0. (b) The BLM-scale for

√
s = MZ . For both figures the points show the numerical values

that have been calculated and the lines are fits to these points taking into account the known
logarithmic terms. In (b) the dotted line show the approximation k0,BLM ' 1.4(1− T )

√
s.

used to approximate the unknown scale k2
1 which should appear in the R̄1(T )-term. It

is important to realize that the BLM-scale k2
0,BLM(s, T ) is a function of both kinematic

variables, s and T . In addition the BLM scale is undefined for T < 2/3 where R0

vanishes.
The expansion given above should be compared with the standard MS expansion

using µ2 = s,

1

σ

dσMS

dT
(s, T ) = δ(1− T ) +R0(T )aMS(s) +R1,MS(µ

2 = s,NF , T )a2
MS(s) .

The leading order coefficient R0 is scheme-invariant and thus the same in both expan-
sions. However, the next-to-leading order coefficient R1 is very different in the two
cases as is illustrated in Fig. 4 which shows the conformal coefficient R̄1 compared to
the standard MS coefficient R1,MS(µ

2 = s,NF = 5) and the leading order coefficient
R0. The coefficients have been calculated numerically using the Beowulf program [22]
which is shown as points in the figures. The lines are fits to this points taking into
account the know logarithmic parts of the coefficients [25].

From the figure it is clear that the next-to-leading order coefficient is large com-
pared to the leading order one in both cases. However, the conformal coefficient is
more stable over a large range of T (when multiplied with (1− T )) except for T → 1

10



Figure 5: (a) Fit to OPAL data using the fixed order BLM series. The full line corresponds

to the range fitted (0.7 < T < 0.95). (b) Value of running coupling ᾱs extracted from
OPAL data in the range 0.7 < T < 0.95 at the corresponding BLM-scale.

where it becomes negative. This is the Sudakov region which can only be properly
treated by resumming all singular terms in the Sudakov form-factor. Another im-
portant feature which is clear from the figure is that the non-conformal part of R1

more or less vanishes for T < 2/3, which is a good indication that the NF dependence
can indeed be used to separate the conformal and non-conformal parts and that the
problems with non-inclusiveness are only minor (see also [23,18,24]). This property
is different for other event shape observables depending on how they are defined. For
example, oblateness is defined as the difference between an observable that starts at
order αs and one that starts at order α2

s. As a consequence there are NF depen-
dent contributions to the next-to-leading term which do not come from the leading
skeleton. This could also explain why BLM scale-setting seems to fail for some event
shape observables [19].

Fig. 4 also shows the resulting BLM-scale k0,BLM(s, T ) for the case
√
s = MZ.

From the figure it is clear that the scale vanishes as T → 1 which is reasonable since
the available phase-space for gluon emission vanishes in this limit. For comparison
the figure also shows the approximation k0,BLM ' 1.4(1−T )

√
s which gives an overall

good description of the T -dependence. The scale can also be understood physically
as the transverse momentum which approximately scales as (1−T )

√
s for a three-jet

configuration with one of the jets being much less energetic than the other two, i.e. in
the soft limit. For T → 2/3 the BLM-scale grows rapidly since the R0 → 0 but even
at T = 0.69 (the point with the smallest T -value shown in the figure) the BLM-scale
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is still smaller than
√
s which should be true in a physical scheme following from the

mean value theorem.
For illustration, the fixed order BLM expression for the thrust distribution given

by Eq. (2) has been fitted to data from the OPAL collaboration [26] at
√
s = MZ

in the range 0.70 < T < 0.95 using a two-loop running coupling. The result of
the fit, which is shown together with the data in Fig. 5, corresponds to the value
αMS(M

2
Z) = 0.117. (To translate the fit into a value for αMS(M2

Z) the commensurate
scale relation, ā(e5/3M2

Z) = aMS(M2
Z)+a2

MS
(M2

Z), was used.) For comparison, using the
fixed order MS expression gives αMS(M2

Z) = 0.143. This illustrates the importance of
taking running coupling effects into account. However, it should be kept in mind that
a complete analysis should also include the Sudakov form-factor and non-perturbative
effects.

It is also possible to see the running of the coupling ᾱs as a function of the BLM-
scale k0,BLM directly from the data. For each data point Eq. (2) is a simple second
order equation which can be solved for ā = ᾱs/π. The resulting values of ᾱs obtained
in this way are shown in Fig. 5 as a function of the corresponding BLM-scales. (The
figure only shows the points that where used in the fit. For larger values of T the
next-to-leading order coefficient R̄1 is negative and for smaller values of T the next-
to-leading order correction is larger than 100%.) Thus, even though the experiment
is done at a fixed energy, it is still possible to observe the running of the coupling.

8 Conclusions

The standard perturbative expansion of observables in QCD is plagued by renor-
malisation scheme and scale ambiguities as well as higher order coefficients which grow
factorially due to renormalons. In this talk I have presented an alternative approach
which avoids, or at least minimizes, these problems by using conformal expansions,
especially the skeleton expansion.

In contrast to the ordinary perturbative expansion the skeleton expansion is free of
renormalisation scheme and scale ambiguities and the coefficients are free of factorial
growth due to renormalons. Presently the pinch technique provides a realization of
the skeleton expansion in QCD at next-to-leading order but it is not known whether
an all-order expansion exists or not. Even so, the skeleton expansion has important
phenomenological consequences.

The leading skeleton integral makes it possible to include non-perturbative effects
in a consistent way which takes into account the arbitrariness of the definition of
perturbation theory. The renormalon ambiguities which appear in the evaluation
of the leading skeleton integral can be used to parametrize the non-perturbative
contributions in the form of power-corrections.

By making a simple ansatz for the skeleton expansion in QCD the first steps in
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making a more systematic study of it properties have been taken [2]. One result of
this study is that the conformal coefficients coincide with the ones obtained in case
QCD has a perturbative infrared fixed-point (the Banks-Zaks expansion).

The skeleton integrals which appear in the skeleton expansion can also be ap-
proximated by the BLM-scale setting method and its generalisations. Requiring a
one-to-one correspondence between the BLM-scales and the skeleton integrals gives
a unique prescription for setting the scales [2] in contrast to the situation for com-
mensurate scale relations. The connection between the skeleton expansion and BLM
scale-setting also gives new criteria for the applicability of the latter.
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1 The DLY-Relation

Right after the discovery of the partonic structure of nucleons the question arose,
whether at large virtualities of the exchanged photon the hard processes e−p → e−X
and e+e− → pX are related by crossing from the t− to the s−channel, [1,2].

pe+

e− Jet

p

e− e−

Jet

DIS e+e− annihilation

T S

For the two–fold differential scattering cross sections for both processes,

d2σ

dxdQ2
∼ LµνW µν , (1)

one may express channel crossing by the hadronic tensors Wµν as done by Drell, Levy,
and Yan [1]

W (S)
µν (q, p) = −W (T )

µν (q,−p) . (2)

At that time partons were assumed as fermionic particles, interacting via (pseudo)
scalars, with δ(1− z)-sources, where z denotes the longitudinal momentum fraction.
Considering only ladder graphs at lowest order, such a crossing could be envisaged
for the whole hadronic tensor.

Viewing these reactions in QCD, the picture changes. The sources of the partons
are extended non-perturbative distributions with z ε [0, 1], about which perturbative
QCD cannot make a statement, even resumming whole classes of graphs. However, at
large scales of Q2 both processes factorize into the parton densities and perturbative
evolution kernels, which rule the Q2 behaviour. The question of crossing from the
t− to the s− channel can thus be modified in studying it for the factorized evolution
kernels at the one side within perturbative QCD and leaving the related question for
the non-perturbative sources to Lattice Gauge Theory.
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The scaling variables describing deep inelastic scattering at the one side and
hadron fragmentation on the other side are xB and xE,

xB =
Q2

2p.q
, 0 ≤ xB ≤ 1 DIS (3)

xE =
2p.q

Q2
, 0 ≤ xE ≤ 1 e+e− annihilation . (4)

The point x = 1 connects both domains and is usually a singular point. One may now
calculate QCD evolution kernels for both domains. The central question of the present
paper is, what are the conditions to continue the kernel obtained in one domain into
that of the other. In general one cannot expect to find an analytic continuation in
an arbitrarily chosen factorization scheme in which the process independent splitting
functions are evaluated. However, one may form physical evolution kernels, in both
domains, which are scheme–invariant and study their crossing behaviour. Thus the
above question is directed to the connection of the physical evolution behaviour of
observables as the structure and fragmentation functions. In the present paper we
study this relation up to O(α2

s). Early related investigations (partly before the advent
of QCD) were performed in Refs. [3]–[11], and more recently in Refs. [12]–[15].

2 Scheme–invariant Evolution Equations

To investigate the crossing behaviour for the evolution kernels of structure and frag-
mentation functions we first derive physical evolution equations. The twist-2 contri-
butions to these functions can be expressed in the form

Fi(x,Q
2) =

∑

l=q,g

(
Ci,l

(
αs(µ

2
r),

Q2

µ2
f

,
µ2
f

µ2
r

)
⊗ fl

(
αs(µ

2
r),

µ2
f

µ2
,
µ2
f

µ2
r

))
(x), (5)

where Ci,l denote the Wilson coefficients, fl the parton densities and ⊗ is the Mellin
convolution. µ2

f and µ2
r are the factorization and renormalization scales, respectively.

Beyond leading order the parton densities and Wilson coefficients obey factorization
scheme–dependent evolution equations and are thus no observables. Their depen-
dence on µ2

f can, however, be eliminated in expressing the non–singlet and singlet
parton densities via physical observables, the scale dependence of which is finally
studied. For the singlet case one obtains

∂

∂t

(
FN
A

FN
B

)
= −1

4

(
KN
AA KN

AB

KN
BA KN

BB

)(
FN
A

FN
B

)
. (6)

Here the evolution kernelsKN
IJ written in Mellin–moment space are no longer process–

independent quantities for the evolution of the pair of observables {FN
A , F

N
B }, but

2



scheme–independent quantities. Eq. (6) refers to the evolution variable t = −(2/β0)×
ln(as(Q

2)/as(Q
2
0)). β0 is the lowest order β−function, and as(Q

2) = αs(Q
2)/(4π).

The physical evolution kernels read

KN
IJ =

[
− 4

∂CN
I,m(t)

∂t

(
CN

)−1

m,J
(t)− β0as(Q

2)

β(as(Q2))
CN
I,m(t)γNmn(t)

(
CN

)−1

n,J
(t)

]
, (7)

with β(as) the β−function and

KN
IJ =

∞∑

n=0

ans (Q2)
(
KN

)(n)

IJ
. (8)

One easily sees that the kernels Eq. (7) are very difficult to obtain in x–space, due
to the inverse coefficient functions to be evaluated. Instead they take a simple form
for the Mellin-transforms. The transformed coefficient functions are needed in ana-
lytic form in N , which are usually polynomials out of multiple alternating and non–
alternating harmonic sums [16,17]. These expressions have to be analytically contin-
ued to complex values of N . It turns out that all Wilson coefficients to O(α2

s) can be
expressed by at most 26 basic functions of complex N , the analytic continuations of
which can be found in Ref. [18].

Possible choices for the observables {FN
A , F

N
B } are F2, ∂F2/∂t, g1, ∂g1/∂t, and

F2, FL. Here we denote by Fi and gi the respective unpolarized and polarized struc-
ture and fragmentation functions. The physical evolution kernels, as obtained from
the anomalous dimensions and coefficient functions, read :

System: F2, ∂F2/∂t

Leading Order [19]:

K
N(0)
22 = 0

K
N(0)
2d = −4

K
N(0)
d2 =

1

4

(
γN(0)
qq γN(0)

gg − γN(0)
qg γN(0)

gq

)

K
N(0)
dd = γN(0)

qq + γN(0)
gg (9)

Next-to-Leading Order [19]:

K
N(1)
22 = K

N(1)
2d = 0

K
N(1)
d2 =

1

4

[
γN(0)
gg γN(1)

qq + γN(1)
gg γN(0)

qq − γN(1)
qg γN(0)

gq − γN(0)
qg γN(1)

gq

]

3



− β1

2β0

(
γN(0)
qq γN(0)

gg − γN(0)
gq γN(0)

qg

)

+
β0

2
C
N(1)
2,q

(
γN(0)
qq + γN(0)

gg − 2β0

)

−β0

2

C
N(1)
2,g

γ
N(0)
qg

[
(γN(0)
qq )2 − γN(0)

qq γN(0)
gg + 2γN(0)

qg γN(0)
gq − 2β0γ

N(0)
qq

]

−β0

2

(
γN(1)
qq − γN(0)

qq γN(1)
qg

γ
N(0)
qg

)

(10)

The same structures apply to g1, ∂g1/∂t.

System: F2, F̂L

For convenience we define F̂N
L ≡ FN

L /(as(Q
2)C

N(1)
L,g ).

Leading Order [20]:

K
N(0)
22 = γN(0)

qq − C
N(1)
L,q

C
N(1)
L,g

γN(0)
qg

K
N(0)
2L = γN(0)

qg

K
N(0)
L2 = γN(0)

gq −

C

N(1)
L,q

C
N(1)
L,g




2

γN(0)
qg

K
N(0)
LL = γN(0)

gg +
C
N(1)
L,q

C
N(1)
L,g

γN(0)
qg +

C
N(1)
L,q

C
N(1)
L,g

(
γN(0)
qq − γN(0)

gg

)
(11)

Next-to-Leading Order [15]:

K
N(1)
22 = γN(1)

qq − β1

β0
γN(0)
qq − C

N(1)
L,q

C
N(1)
L,g

(
γN(1)
qg − β1

β0
γN(0)
qg

)

+
C
N(1)
L,q

C
N(1)
L,g

C
N(1)
2,g γN(0)

qq − C
N(1)
L,q

C
N(1)
L,g

C
N(1)
2,g γN(0)

gg

−



C
N(2)
L,q

C
N(1)
L,g

+


C

N(1)
L,q

C
N(1)
L,g




2

C
N(1)
2,g −

C
N(1)
L,q

C
N(1)
L,g

C
N(2)
L,g

C
N(1)
L,g


 γN(0)

qg

4



+C
N(1)
2,g γN(0)

gq + 2β0


CN(1)

2,q −
C
N(1)
L,q

C
N(1)
L,g

C
N(1)
2,g




K
N(1)
2L = γN(1)

qg − β1

β0
γN(0)
qg − CN(1)

2,g (γN(0)
qq − γN(0)

gg ) + 2β0C
N(1)
2,g

+


CN(1)

2,q +
C
N(1)
L,q

C
N(1)
L,g

C
N(1)
2,g −

C
N(2)
L,g

C
N(1)
L,g


 γN(0)

qg

K
N(1)
L2 = γN(1)

gq − β1

β0
γN(0)
gq +

C
N(1)
L,q

C
N(1)
L,g

(
γN(1)
qq − β1

β0
γN(0)
qq

)

−

C

N(1)
L,q

C
N(1)
L,g




2 (
γN(1)
qg − β1

β0

γN(0)
qg

)
− C

N(1)
L,q

C
N(1)
L,g

(
γN(1)
gg − β1

β0

γN(0)
gg

)

+



C
N(2)
L,q

C
N(1)
L,g

− C
N(1)
L,q

C
N(1)
L,g

C
N(1)
2,q +


C

N(1)
L,q

C
N(1)
L,g




2

C
N(1)
2,g


 γN(0)

qq

−





C

N(1)
L,q

C
N(1)
L,g




3

C
N(1)
2,g + 2

C
N(1)
L,q

C
N(1)
L,g

C
N(2)
L,q

C
N(1)
L,g

−

C

N(1)
L,q

C
N(1)
L,g




2
C
N(2)
L,g

C
N(1)
L,g

−

C

N(1)
L,q

C
N(1)
L,g




2

C
N(1)
2,q


 γN(0)

qg + 2β0


C

N(2)
L,q

C
N(1)
L,g

− C
N(1)
L,q

C
N(1)
L,g

C
N(2)
L,g

C
N(1)
L,g




+


C

N(1)
L,q

C
N(1)
L,g

C
N(1)
2,g − CN(1)

2,q +
C
N(2)
L,g

C
N(1)
L,g


 γN(0)

gq

−



C
N(2)
L,q

C
N(1)
L,g

+


C

N(1)
L,q

C
N(1)
L,g




2

C
N(1)
2,g −

C
N(1)
L,q

C
N(1)
L,g

C
N(1)
2,q


 γN(0)

gg

K
N(1)
LL = γN(1)

gg − β1

β0

γN(0)
gg +

C
N(1)
L,q

C
N(1)
L,g

(
γN(1)
qg − β1

β0

γN(0)
qg

)

−C
N(1)
L,q

C
N(1)
L,g

C
N(1)
2,g γN(0)

qq +


C

N(2)
L,q

C
N(1)
L,g

− C
N(1)
L,q

C
N(1)
L,g

C
N(2)
L,g

C
N(1)
L,g

+


C

N(1)
L,q

C
N(1)
L,g




2

C
N(1)
2,g


 γN(0)

qg
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−CN(1)
2,g γN(0)

gq +
C
N(1)
L,q

C
N(1)
L,g

C
N(1)
2,g γN(0)

gg + 2β0

C
N(2)
L,g

C
N(1)
L,g

(12)

3 DLY–Relations for Evolution Kernels

The original crossing relation [1]

W T
µν(q, p) = −W S

µν(q,−p) (13)

is modified to [11]

F
(S)
i (xB) = −(−1)2(s1+s2)xEF

(T )
i

(
1

xE

)
, i = 1, 2, L (14)

if particles of different spin si contribute, again considering ladder approaches to the
problem with idealized sources.

In the following we give the analytic continuation relations, cf. Ref. [15], which
yield the correct transformations for physical kernels up to O(α2

s). They read :

P (z) → zP (1/z) (15)

Pii → −Pii (16)

Pqg, Pgq → cross color pre− factor (17)

ln
(
Q2/µ2

f

)
space−like

→ ln
(
Q2/µ2

f

)
time−like

− iπ . (18)

δ(1− z) → −δ(1− z) (19)

ln(1 − z) → ln(1− z)− ln(z) + iπ (20)

ln(ε) → ln(ε) + iπ (21)

Due to Eq. (19), Eq. (14) does not hold for xB = xE = 1, even in leading order, where
the physical evolution kernels are the splitting functions.

In next–to–leading order the differences between the analytically continued space–
like splitting functions and the time–like splitting functions are :

P
(1)S

qq − P (1)T
qq = −2β0Z

T (1)
qq + ZT (1)

qg ⊗ P (0)

gq − ZT (1)
gq ⊗ P (0)

qg ,

P
(1)S

qg − P (1)T
gq = −2β0Z

T (1)
qg + ZT (1)

qg ⊗ (P
(0)

gg − P
(0)

qq )

+ P
(0)
qg ⊗ (ZT (1)

qq − ZT (1)
gg ) ,

P
(1)S

gq − P (1)T
qg = −2β0Z

T (1)
gq + ZT (1)

gq ⊗ (P
(0)

qq − P
(0)

gg )

+ P
(0)
gq ⊗ (ZT (1)

gg − ZT (1)
qq ) ,

P
(1)S

gg − P (1)T
gg = −2β0Z

T (1)
gg + ZT (1)

gq ⊗ P (0)

qg − ZT (1)
qg ⊗ P (0)

gq , (22)
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and do not vanish. Here we defined

Z
T (1)
ij = P

(0)
ji ·

(
ln(z) + aji

)
,

where for unpolarized scattering

aqq = agg = 0 , aqg = −1

2
, agq =

1

2
, (23)

and for polarized scattering

aij = 0 , (24)

cf. also [13].
The transformation of the NLO coefficient functions C1,q(g) and CL,q(g) are :

C
(T )(1)
1,q (z) +

{
z C

(S)(1)
1,q

(
1

z

)}
= Z(T )(1)

qq

1

2

[
C

(T )(1)
1,g (z)− CF

2NfTf

{
2zC

(S)(1)
1,g

(
1

z

)}]
= Z(T )(1)

qg , (25)

and

C
(T )(1)
L,q (z)− z

2
C

(S)(1)
L,q

(
1

z

)
= 0 ,

1

2

[
C

(T )(1)
L,g (z) +

CF
2NfTf

{
z C

(S)(1)
L,g

(
1

z

)}]
= 0 . (26)

Finally the NNLO unpolarized longitudinal coefficient functions [21] transform as [15] :

C
(T )(2)
L,q (z)+

{
−z

2
C

(S)(2)
L,q

(
1

z

)}
=

Z(T )(1)
qq ⊗ z

2
C

(1)S
Lq

(
1

z

)
+ Z(T )(1)

gq ⊗ CF
2NfTf

{
−z

2
C

(S)(1)
L,g

(
1

z

)}
,

1

2

[
C

(T )(2)
L,g (z)+

CF
2NfTf

{
zC

(S)(2)
L,g

(
1

z

)}]
=

Z(T )(1)
qg ⊗ z

2
C

(S)(1)
L,q

(
1

z

)
+ Z(T )(1)

gg ⊗ CF
2NfTf

{
−z

2
C

(1)S
L,g

(
1

z

)}
.

The transformations for the other NNLO coefficient functions [21,22] are given in
Ref. [15].

Let us define the difference between the time–like physical evolution kernel and
the analytically continued space–like evolution kernel by

δKIJ := KT
IJ −K

S

IJ . (27)
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Using identities for pair–convolutions of higher order Nielsen integrals, see Ref. [15],
one finally obtains that

δKd2 = 0

δKdd = 0 , (28)

and

δK
N(1)
22 = 0

δK
N(1)
L2 = 0

δK
N(1)
2L = 0

δK
N(1)
LL = 0 , (29)

showing explicitely the validity of the Drell–Levy–Yan relation for the physical evolu-
tion kernels in leading and next–to–leading order at the above choice of observables.

We finally would like to comment on a relation suggested by Gribov and Lipa-
tov [23],

K(xE, Q
2) = K(xB, Q

2)

This relation holds for the LO non-singlet contributions and some pieces in the NLO
non-singlet contributions, but is generally violated beyond LO.

4 Conclusions

The scale evolution of structure and fragmentation functions can be represented in
terms of physical evolution kernels and observable non-perturbative input distribu-
tions. The physical evolution kernels of either choice of observables are related for the
evolution of structure and fragmentation functions by an analytic continuation (DLY
relation) from 0 ≤ x < 1 to 1 < x < ∞ up to O(α2

s), for which transformation rules
were derived. The Gribov–Lipatov relation is violated beyond LO. An extension of
the present investigation to O(α3

s) requires the knowledge of the hitherto unknown
3–loop singlet anomalous dimensions. The DLY relation for the evolution kernels is
not necessarily expected to hold to arbitrary high orders due to the emergence of
new production thresholds for the s-channel process. An interesting test of QCD
can be carried out in comparing the scaling violations of structure and fragmentation
functions using factorization scheme–independent evolution equations.
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1 Proton Structure Function F2 at Small-x

1.1 Deep Inelastic Scattering and F2
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Figure 1: Collision of elec-
tron (positron), e±, of four-
momentum k with a proton, p,
of four-momentum Pp.

Deep Inelastic Scattering (DIS) of electrons (or
positrons) with a proton is shown in Figure 1. The
reaction proceeds through the exchange of a vir-
tual boson; in the kinematic range covered in this
talk, only photon exchange is important. The reac-
tion can be described completely by two kinematic
variables chosen to be the four-momentum transfer
squared, Q2 = −q2 (see Figure 1), and the Bjorken
variable, x. In the Quark Parton Model, x is the
fraction of the initial proton momentum carried by
the struck parton.

The DIS cross-section factorizes into a short-
distance part which is the partonic cross-section,
σ̂, which can be calculated perturbatively in QCD,
and a long-distance non-perturbative part, the par-
ton densities, f .
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Figure 2: The kinematic region in which
the proton F2 has been measured. H1 and
ZEUS are the experiments at the HERA
ep collider.

At sufficiently high Q2, the parton
densities, f , obey the DGLAP equa-
tion [1], which is written schematically
as,

∂f

∂ lnQ2
∼ f ⊗ P , (1)

where P are the splitting functions that
describe the branching of quarks and glu-
ons, and ⊗ symbolizes a convolution.

The DIS differential cross-section can
be written in terms of the proton struc-
ture function F2 as

dσ2

dxdQ2
=

2πα2

xQ4
(1 + (1− y)2)F2(x,Q

2),

(2)
where y = Q2/xs is the inelasticity
parameter, and s is the CMS energy
squared of the ep collision. The longi-
tudinal structure function FL and the ef-
fects of Z0 exchange have been neglected
in Equation (2).
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Figure 3: World’s data on F2 at Q2 = 15
GeV2 as a function of x. The solid line
is a DGLAP fit by the CTEQ group [2].

At leading order,

F2(x,Q
2) = x

∑

q

e2
q(q(x,Q

2) + q(x,Q2)),

(3)
where q, q are the quark and antiquark dis-
tributions, respectively.

Figure 2 shows the x and Q2 range of the
currently available measurements of F2. At
the HERA ep collider, with

√
s of about 300

GeV, x and Q2 can be varied over six orders
of magnitude. Of particular relevance to
this talk is the region of smallest x, which
is probed only at HERA.

The measurements of F2 at HERA show
that the structure function rises steeply at
small x (see Figure 3) [3, 4].

If F2 at x < 0.1 is parameterized as ∝
x−λ, then λ falls as a function of Q2 from about 0.4 to 0.1 as Q2 falls from 200 GeV2

to 1 GeV2. At Q2 of 10 GeV2, λ is about 0.2 (Figure 4) [5, 6].
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Figure 4: The parameter λ of the x de-
pendence of F2. See text and ref. [5].

The naive physical interpretation of the
small-x rise of F2 is that it is caused by more
and more gluons (and thus sea-quarks) be-
ing present at smaller and smaller fractional
momenta values, i.e. x.

The scaling violations of F2 (i.e. the Q2

dependence of F2 at fixed x, as seen in Fig-
ure 5) at low x are related, in Leading Order
(LO) DGLAP, simply to the gluon density
of the proton [7],

∂F2(x/2, Q
2)

∂ lnQ2
∝ αsxg(x,Q2). (4)

In Next-to-LO (NLO) DGLAP, the sim-
ple relationship of Equation (4) no longer
holds. However, the gluon density may be
extracted from the NLO DGLAP fits to F2.

As an example of such fits, the one made
by the H1 collaboration is briefly described
[3].

The fit is made to the H1 data and the BCDMS µp data at Q2 > 3.5 GeV2. The
flavor decomposition of F2 into the gluon xg, the valence component V , and the sea

2



component A is done in such a way as to allow the use of proton data only and avoid
the deuteron data which introduces nuclear-correction uncertainties.
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Figure 5: Proton F2 for fixed x as functions
of Q2. A constant, ci, has been added to F2

in order to make all of the points visible.

The xg, V , and A distributions are
parameterized in the form axb(1 − x)c×
(1+d

√
x+ex). The momentum sum rule

is imposed leading to 16 parameters to
be fitted including αs. The fits are made
by employing Equations (1) and (3) (in
their NLO versions).

Figure 6 shows the gluon density ex-
tracted from the fit. In keeping with the
naive expectation of a gluon-driven F2,
the gluons also rise steeply at low x. As
Q2 falls, the steepness of the gluon also
becomes less, as in the case of F2 itself.

1.2 DIS and σγ
∗p
tot

Figure 2 shows that due to the kinematic
limit at HERA, the measurements of F2

at the smallest x values of 10−6–10−5 cor-
respond to rather small values of Q2, well
below 1 GeV2. In this kinematic range,
it is appropriate to describe DIS in the
hadronic language of a collision between
a virtual photon and a proton. The ap-
propriate variable, in this case, becomes
the virtual-photon proton CMS energy,

W ≈
√
Q2/x.

The total virtual-photon proton cross-section, at small-x, can be written in terms
of F2 as

σγ
∗p
tot (W 2, Q2)=

4π2α

Q2
F2(x,Q

2). (5)

For fixed Q2, F2 ∝ x−λ implies σγ
∗p
tot ∝ W 2λ. The structure function F2 must vanish

as Q2, for fixed W , as Q2 approaches 0, by conservation of EM current. At Q2 = 0
(photoproduction), the cross-section, σtot(W ), is described by Regge phenomenology,
and is known to agree with the universal hadron-hadron cross-section behavior at
high energies, σtot(W ) ∝ W 2(αIP−1) [8]. The Pomeron intercept αIP has the value 1.08
[9]. Thus at Q2 = 0, σtot(W ) ∝ W 0.16, in contrast to σγ

∗p
tot (W 2, Q2) ∝ W 0.4 at Q2 ≈

10 GeV2.
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Figure 6: The gluon distribution extracted
by the H1 Collab. See [3] for details.

Figure 7 shows the measured F2 at
fixed y = W 2/s down to the Q2 value of
0.04 GeV2. F2 begins to fall as Q2 below
Q2 < 1 GeV2. The dashed line is a Regge
inspired fit in the form F2(x,Q

2) =

( Q2

4π2α
) · ( M2

0

M2
0 +Q2 ) · (AIR · (W 2)αIR−1 +AIP ·

(W 2)αIP−1). The αIP value of 1.1 gives a
good fit. This is consistent with the value
of Pomeron intercept discussed above [6].

Also shown in Figure 7 is a NLO
DGLAP fit which gives a good descrip-
tion of the data from high Q2 down to
about 1 GeV2.

1.3 Beyond DGLAP?
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Figure 7: F2 as a function of Q2.
The lines are Regge and pQCD fits.

The interest in small-x physics is that the par-
tons under study are the result of a large num-
ber of QCD branching processes. The evolution
of the number of partons over a wide kinematic
range in x and Q2 should be sensitive to the
applicability of different perturbative approxi-
mations of QCD.

Figure 8 shows the qualitative expectation
of applicability of various pQCD approaches.
DGLAP is a resummation of terms proportional
to (lnQ2) and is expected to hold in the region
of large Q2. BFKL [10] is a resummation of
terms proportional to (ln 1/x) and, while the
stability of the perturbative expansion still un-
der study [11, 12], it is expected to hold in the
region of small x. The CCFM [13] equation in-
corporates both (ln 1/x) and (lnQ2) terms.

At small enough x, the density of partons
should become sufficiently large so that the
interactions between them become important.
This boundary is marked in Figure 8 by the
line labeled “critical line”. The GLR equations
[14, 15] attempt to take these saturation, or
shadowing, effects into account.
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Figure 8: Schematic diagram of the ap-
plicability of different pQCD approxima-
tions.

It has been shown above that the
DGLAP formalism is able to describe the
currently available F2 data down to 1
GeV2 and x of 10−5 in apparent contra-
diction to Figure 8, at least with the 1/x
scale numbers as drawn.

On the other hand, there have also
been successful fits to a wide range of
F2 data using formalisms that incorporate
the (ln 1/x) terms as well as the (lnQ2)
terms [16, 17].

In search of clarification, we turn next
to the phenomenon of DIS diffraction, and
vector meson production, before returning
to consider if there are any indications in
the F2 data for dynamics beyond DGLAP.

2 Diffraction in DIS

One of the striking results from HERA is the presence of diffractive events in DIS
[18, 19]. About 10% of all DIS events have a gap in particle emission between the
final-state proton, or a low mass state, which travels down the beampipe, and the
system X, which is measured in the detector (Figure 9). Such a reaction is usually
described as an exchange of a colorless object, generically called the Pomeron (IP).

Figure 9: Diffractive DIS scattering.

In order to describe diffractive DIS,
two kinematic variables in addition to x
and Q2 are needed. These are t, which
is the momentum transfer at the pro-
ton vertex and xIP, which is the frac-
tional momentum of the proton carried
by the Pomeron. Another useful variable
is β = x/xIP, which has an interpreta-
tion as the fractional momentum of the
Pomeron carried by the struck parton (i.e.
the Pomeron analogue of x for the proton).

Any perturbative description of diffrac-
tive DIS must go beyond the simplest
DGLAP picture; the lack of color connec-
tions between the system X and the pro-
ton must mean that at least two gluons are
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exchanged. It is then interesting to investigate the connection between the high gluon
densities implied by the F2 measurements and the phenomenon of DIS diffraction.

2.1 Diffractive Factorization and Pomeron Structure

0

0.05

1 10 10 2

β = 0.01
H1 Preliminary 1995
H1 1994

0

0.05

1 10 10 2

β = 0.04

0

0.05

1 10 10 2

β = 0.1

0

0.05

1 10 10 2

β = 0.2

0

0.05

1 10 10 2

β = 0.4

0

0.05

1 10 10 2

β = 0.65

0

0.05

1 10 10
2

β = 0.9

Q2 (GeV2)

x IP
F

D
(3

)
x IP

F
2

xIP=0.005

Figure 10: The diffractive structure func-
tion for a bin of xIP measured by the H1
Collab. See text.

The diffractive cross-section, in analogy
with the total cross-section, is written in
terms of the diffractive structure function
FD

2 as

d3σD

dβdQ2dxIP
=

2πα2

βQ4
(1 + (1 − y)2)

×FD(3)
2 (β,Q2, xIP). (6)

The cross-section has been integrated over
t. It has been proven that FD

2 factor-
izes into a long and a short distance con-
tributions, as does the inclusive F2, i.e.
FD

2 ∼ fD ⊗ σ̂ where σ̂ are the usual
pQCD hard cross-sections and fD are the
diffractive parton densities, which obey
the usual DGLAP equations, and are uni-
versal [21]. By knowing fD, we can calcu-
late any diffractive DIS final state such as
charm or jet production.

The diffractive parton densities are
functions of four variables: xIP, t, β and
Q2. However, the DGLAP evolution only
concerns the variables x (or β) and Q2. If,
for all relevant fD’s, the xIP and t depen-
dences decouple from the β and Q2 depen-
dence, and if the xIP and t dependences are
the same for all relevant partons, then we arrive at what is known as Regge factor-
ization [22],

FD
2 (xIP, t,Q

2, β) = f(xIP, t) · F IP
2 (β,Q2). (7)

In this case f(xIP, t) can be interpreted as the flux factor of the Pomeron, and F IP
2 as

the structure function of the Pomeron. In this case DGLAP analysis of F IP
2 becomes

meaningful. It is a remarkable experimental fact that Regge factorization, which is not
required by the diffractive factorization theorem, apparently holds over a large part
of the measured phase-space, and that the flux factor, f(xIP, t), has approximately
the form expected by Regge theory of 1/x2αIP−1

IP [18, 19] (see also Figure 17a).
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Figure 11: The parton distribution,
P , of the Pomeron extracted by the
H1 Collab. See text.

Figure 10 shows the measurements of F
D(3)
2

by the H1 collaboration for xIP of 0.005 [19, 20].
The lines are the results of the DGLAP anal-
ysis. The resulting parton distributions in the
Pomeron is shown in Figure 11.

The analysis finds two stable solutions, one
of which (dotted line) favors a rather large
amount of gluons at zIP = 1, and the second
which does not (solid line). The fractional mo-
mentum carried by the parton in the Pomeron
is denoted by zIP, and the renormalization and
factorization scale by µ.

The recent measurement by H1 of dijet
production in diffraction [23] shows that the
Pomeron parton distributions extracted from

the DGLAP analysis can indeed be used to describe the dijet cross-section in diffrac-
tive events (Figure 12). The jet measurement favors the parton distributions labelled
“fit 2” in Figure 11.

2.2 Diffraction and F2 at Small-x

Figure 12: Dijet cross-section for
diffractive events compared to pre-
dictions based on the gluon momen-
tum distribution of the Pomeron,
zgIP. See text and ref [23].

While the analyses based on diffractive factor-
ization have been very successful and powerful,
the question of the origin of the phenomenon
of DIS diffraction remains unanswered. Fur-
thermore, the relationship between the Pomeron
structure and the proton structure is not clear.

Figure 13 shows the ratio, for fixed Q2, of
the DIS diffractive cross section to the total DIS
cross-section as measured by the ZEUS collab-
oration. Although a cut has been made in the
mass of the diffractive system, MX , the conclu-
sion is independent of MX : the ratio is flat as
a function of W or, equivalently for fixed Q2,
of x [18]. The flatness of the ratio implies that
the energy dependence of DIS diffraction is the
same as that of inclusive DIS, i.e. ∝ W 0.4 at
Q2 ≈ 10 GeV2.

This result is surprising from several points
of view. A naive expectation from the optical
theorem would lead to diffractive cross sections
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that rise twice as fast as the inclusive one. In other words, if the rise of the inclusive
cross-section is driven by a gluon density that rises as x−λ (orW 2λ), then for diffractive
process that needs to couple to at least two gluons, the cross-section should rise as
x−2λ. At the same time, the energy dependence of the diffractive cross-section also
contradicts Regge phenomenology, which expects an energy dependence of W 0.25−0.3.

�di
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Figure 13: The ratio of diffractive to total DIS
cross-section. The data have been binned in Q2

and a cut on the mass of the state X, MX < 3
GeV has been made.

The lines in Figure 13 that de-
scribe the data qualitatively are
from the dipole model of Golec-
Biernat and Wüsthoff [24, 25],
briefly described below.

2.3 Impact Parameter
Space (or Dipole) Mod-

els

The infinite momentum frame of
DIS, which is appropriate for the
DGLAP formalism, is obviously
not the only possible frame of ref-
erence. In the impact parameter,
or dipole, formalism, the appro-
priate frame of reference is that
in which the virtual photon dissociates into a quark-anti quark pair (or a more com-
plicated state), which forms a color dipole which collides with the proton (Figure
14).

q

q
-

q

q
-

g

Figure 14: Color dipole pic-
ture of DIS

The description of the interaction of this color
dipole with the proton distinguishes the various mod-
els of this type that have been proposed [26]. In this
presentation, a particularly simple model due to Golec-
Biernat and Wüsthoff (GB&W) will be described.

In the GB&W model, the cross-section of the
dipole, σ̂dipole, with the proton is modeled simply as a
function that smoothly interpolates between two limits
(Figure 15); at small dipole radius, r, σ̂dipole increases

as r2 in keeping with the behavior of perturbative QCD. At large r, σ̂dipole becomes
constant to preserve unitarity. The saturation of the dipole cross-section can be
qualitatively shown to correspond to the saturation of partons in the proton [27].

In the model, the point at which the r2 dependence of the cross-section changes
to the constant behavior depends on the density of the partons in the proton. Specifi-
cally, a parameter, R0 ∼ 1/xg(x) ∼ xλ, which can be interpreted as the separation of

8



partons in the proton, is introduced. When r � R0, σ̂dipole is in the “pQCD” region,
while when r � R0, it is in the saturation region (Figure 16a and 16b, respectively).
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Figure 15: The dipole cross-section of the GB&W model
for (a) the case of small dipole radius and (b) large dipole
radius.

The dipole radius, r,
enters through the wave
function of the virtual
photon, Ψγ, and the diffrac-
tive cross-section is writ-
ten, up to a t dependence,
as,

σD ∝
∫
d2r

∫
dz

×|Ψγ(z, r)|2σ̂2
dipole(x, r),

(8)

where z is the fractional
momentum of one of the

quarks in the dipole.
The diffractive cross-section is explicitly related to the total cross-section, which

is,

σtot ∝
∫
d2r

∫
dz|Ψγ(z, r)|2σ̂dipole(x, r). (9)

The fact that σD/σtot is constant as a function of W (or x), as shown in Figure 13, can
be shown to occur only if the dipole cross-section is being probed in these processes
beyond the small r region into the saturation region. The implication of this for the
total cross-section will be discussed below.

2/Q2/Q

2Ro
2Ro

q

q

q

q

γ∗γ∗

(a) (b)

Figure 16: Schematic representation of the GB&W
model. The characteristic radius of the dipole is propor-
tional to the Q2 of the virtual photon, γ∗. The parameter
R0 corresponds to the separation of the partons within
the proton. The relative size of r and R0 determines the
behavior of the dipole cross-section.

In Figure 17a, the mea-
surements of FD

2 , this time
from the ZEUS collabo-
ration, are shown along
with the prediction of the
GB&W model. There
is qualitative agreement.
Figure 17b shows the re-
cent measurement of FD

2

at very low Q2 [28]. The
GB&W model again de-
scribes the data qualita-
tively.
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Figure 17: GB&W model (solid lines) compared to xIPF
D
2 (3) measurements. See text

and refs [18, 25, 28].
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3 Diffractive Vector Meson Production

-Q
2
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W2

t
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p(P) p(P’)
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Figure 18: Diffractive VM production.

The exclusive production of vector
mesons (VM) in DIS is a process which
is closely related to DIS inclusive diffrac-
tion. As seen in Figure 18, the final state
X in Figure 9 is replaced by a vector
meson. Let us review the energy depen-
dences of the processes we have discussed
so far:

• The total real photoproduction
cross-section, σγptot, increases in ac-
cordance with the Regge expecta-

tion, i.e. W 2(αIP−1) ≈ W 0.16.

• The total virtual-photon proton cross-section, σγ
∗p
tot , at Q2 ≈ 10 GeV2 increases

approximately as W 0.4, corresponding to F2 rising as x−0.2.

• The diffractive DIS cross-section, σD, has approximately the same energy de-
pendence as σγ

∗p
tot , i.e. increases as W 0.4 at Q2 ≈ 10 GeV2.
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Figure 19: The W dependence of diffractive
VM photoproduction.

The energy dependence of exclu-
sive vector meson production at Q2 =
0 (photoproduction) is summarized in
Figure 19. While the production of
light vector mesons, ρ, φ and ω, have
a weak energy dependence consistent
with Regge expectations, the J/ψ
production cross-section rises rapidly
with energy, as W 0.8, i.e. twice as fast
as σγ

∗p
tot , at Q2 ≈ 10 GeV2. It is the

fastest energy dependence of the pro-
cesses discussed so far [29, 30].

The Q2 dependence of the J/ψ
production cross-section has been
studied, but is still statistics limited.
There is no evidence for a change of
the energy dependence up to Q2 of 15
GeV2 [31].

The Q2 dependence of ρ produc-
tion cross-section is shown in Figure
20 [32], which shows δ, as obtained from a fit to the form W δ, as a function of Q2.
The energy dependence clearly rises as a function of Q2, although the precise form is
not yet clear from the limited statistics.

Figure 20: The energy dependece of ρ
production as a function of Q2.

In Figure 21, δ for various species of vec-
tor mesons has been plotted as a function
of Q2 + M2

VM , where MVM is the mass of
the vector meson. While the statistics are
still limited, the data are consistent with a
scaling of δ with Q2 + M2

VM . If we recall
that δ = 2λ (see Section 1.2), we can com-
pare the energy dependence of vector meson
production with that of inclusive DIS.

Comparing Figure 21 with Figure 4
which shows λ extracted from fits to F2 to
the form x−λ for x < 0.1, it can be seen
that λ(VM)(Q

2 + M2
VM ) ≈ 2λ(F2)(Q

2). This
means that the vector meson production
has an energy dependence at Q2 + M2

VM

which is twice as fast as that of the inclusive
DIS cross-section at Q2.
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Figure 21: Energy dependence parameter δ for differ-
ent VM’s plotted as a function of Q2 +M2

VM .

The ratio of cross-sections
of different species of vector
mesons to the ρ meson is
shown in Figure 22 as a func-
tion of Q2 + M2

VM . The ra-
tio is flat as a function of
Q2 + M2

VM and is consistent
with the ratios ρ : ω : φ : J/ψ
being 9:1:2:8. Such ratios are
expected from the coupling
of a photon to a vector me-
son, f2

VM , from simple charge
counting of the quark content of the vector mesons.

 Elastic VM production at HERA
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Figure 22: Ratios of diffractive VM produc-
tion cross-sections to diffractive ρ production
cross-section, as a function of Q2 +M2

VM .

In the Vector Meson Dominance
Model (VDM) of the production of
vector mesons in photon (or virtual
photon) proton collisions, the cross-
section is given as σVM = f2

VM ·σVMp,
where σVMp is the vector-meson pro-
ton cross-section. The fact that the
ratio of the cross-sections is given
by f2

VM implies that σVMp for differ-
ent species of vector mesons scales as
Q2 + M2

VM . In the context of color
dipole models, the implication is that
Q2 + M2

VM gives a measure of the
radius, r, of the color dipole, which
is the primary variable on which the
cross-section depends.

Figure 23 shows the values of the
t slope, b, where the vector meson
cross-sections are parameterized as
dσVM/d|t| ∝ e−b|t|. The parameter
b is plotted as a function of Q2 +
M2

VM . Within the statistical accuracy
of the measurements, b scales with
Q2+M2

VM and decreases with increas-
ing Q2 + M2

VM . This is an indication that Q2 + M2
VM is indeed giving the effective

radius of the interaction, and thus the radius of the vector meson, or the color dipole.
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Figure 23: The slope dependence parameter b for dif-
ferent VM’s plotted as a function of Q2 +M2

VM .

The cross-section for diff-
ractive vector meson produc-
tion can be written in the
color dipole model as,

σVM ∼ |
∫
dz
∫
d2rΨVM

×σ̂dipoleΨγ|2,(10)

where ΨVM is the wave func-
tion of the vector meson,
which, in contrast to the vir-
tual photon wave function,

Ψγ, is not a well known quantity. Recently, evaluation of vector meson production
in the context of Equation (10) and the dipole cross-section, σ̂dipole, from the GB&W
model has been made [33]. Simple wave-functions for the vector mesons were chosen.
The results reproduce the elastic J/ψ cross-section and their energy dependence very
well. For the lighter mesons, φ and ρ, the calculations fail to give a good descrip-
tion of the magnitude of the cross-sections. However, the steepening of the energy
dependence with increasing Q2 (Figure 20) is well reproduced.

4 F2 at Small-x Revisited

In the first part of this presentation, it was stated that the proton F2 measured so far
at HERA and elsewhere is well described by fits using DGLAP equations above Q2

of 1 GeV2, and a model combining Regge theory and Vector Meson Dominance has
been shown to work well below 1 GeV2.

The dipole model description of the total DIS cross-section (or F2) is given in
Equation (9). Currently the formal connection between the DGLAP interpretation
and the dipole models is far from clear [27, 34, 35]. However many dipole models, in
particular the GB&W model, describe the dynamics of cross-section saturation which
goes beyond the physics of the DGLAP picture. Thus, it is appropriate to revisit the
inclusive DIS data and ask if there are any indications of behavior beyond DGLAP,
even though the DGLAP fits are successful.

The DGLAP evolution equations, at low x and at LO, imply that the partial
derivative of F2 with respect to (lnQ2) is proportional to xg(x,Q2), the gluon mo-
mentum density of the proton (Equation (4)). On the other hand, at sufficiently low
Q2, F2 must vanish as Q2 from current conservation, a behavior built into the GB&W
model but not in the DGLAP formulation of DIS:

∂F2

∂ logQ2
∝ Q2σ0. (11)
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Figure 24: F2 measurements in bins of x as a function of
Q2. The solid lines are the results of the fits described in
the text.

Since W at low x is
related to x and Q2 by
W 2 ≈ Q2/x, the plot
of ∂F2/∂ logQ2 at a con-
stant W , over the Q2

range covered by the data,
should show a transition
from the behavior accord-
ing to Equation (4) to that
of Equation (11), provided
xg(x,Q2) has a weak Q2

dependence and σ0, which
corresponds to the photo-
production cross-section,
has a weak x (or equiva-
lently energy) dependence.
Since there is no quanti-
tative prediction for the
kinematic region in which
the DGLAP formalism is
applicable, the determina-
tion of the Q2 and x at
which this transition oc-
curs is of great interest
and may help in clarifying

the nature of the transition [36].
Figure 24 shows recent measurements of F2 from the ZEUS collaboration along

with the fixed target measurements [37] from the NMC and the E665 collaborations.
F2 is shown as a function of Q2 for bins of fixed x. Where necessary, the measurements
have been interpolated to the appropriate values of x using the ALLM parameteriza-
tion [38]. The F2 in each bin of fixed x is offset by an additive factor of (− log10 x)
to ensure that the vertical separation between the bins is monotonic in x. Therefore,
at low x, the line connecting F2 − log10 x at constant W would be a straight line, as
a function of log10Q

2, if F2 were a constant and contained no dynamics.
The parameterization A(x) +B(x) log10Q

2 +C(x)(log10Q
2)2 has been used to fit

the F2 measurements at each value of x. The quality of the fit is good, and the result
is shown in Figure 24 as solid lines. The constant W points on the parameterizations
have been found according to the formula W 2 = Q2(1/x − 1), and are indicated on
the plot with dashed lines. It is interesting to note the distortion in the fixed-W lines
that occurs at x ≈10−4 at relatively high Q2 ≈ 5 GeV2 and at W above 85 GeV.
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Figure 25: The logarithmic slope of F2 at a constant W
as a function of Q2 and x. See text.

In Figure 25, the deriva-
tives of F2, evaluated from
the fit B + 2C log10Q

2,
are shown. The errors of
the derivatives are evalu-
ated using the errors on,
and correlations between,
the parameters B and C
obtained from the polyno-
mial fits. Figure 25a shows
the derivatives at constant
W as a function of Q2,
whereas Figure 25b shows
the same as a function of
x.

Figure 25a shows that
at lower Q2, correspond-
ing to lower x in Figure
25b, the derivatives fall
as Q2 decreases and tend
to become independent of
W at Q2 of about 0.4
GeV2. This is in line with
the expectation of Equa-

tion (11). +

���������
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Figure 26: A schematic representa-
tion of Figure 25 in two dimensions.
See text.

Figure 25b shows that at higher x, corre-
sponding to higher Q2 in Figure 25a, the deriva-
tives fall with increasing x and tend to become
independent of W at x > 0.003, in line with the
expectation of Equation (4), if xg(x,Q2) has the
form x−λ and only a slow dependence on Q2.

The value of Q2, or x, where the slope of the
derivatives changes sign can be read off from
Figures 25a and 25b.

This transition, for values of W above 85
GeV, happens at a relatively high Q2 of 2-6
GeV2 at the corresponding x of 5·10−4 to 3·10−3.

The dashed lines in Figure 25 are the pre-
diction of the GB&W model, which explicitly
incorporates the transition between the behav-
iors described in Equations (11) and (4) as a
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transition between the pQCD region and the saturation region of the dipole cross-
section. The lines are drawn only at x < 0.01 where the model is applicable. The
solid line is the result of a DGLAP fit by the ZEUS collaboration. The line is drawn
only above Q2 > 2.7 GeV2, where data have been fit. In case of the DGLAP fit, the
peaking behavior of Figure 25 is related to the rapid decrease of the gluon density at
low x between Q2 of 10 GeV2 and 1 GeV2 [18, 39].

ZEUS 1995
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Figure 27: The logarithmic slope
evaluated at Q2 (scale at the top)
and x (scale at the bottom). See
text.

Figure 26 is a 2-dimensional visualization
of the qualitative features of Figure 25. The
lines of constant W (“trajectories”), plotted as
thick solid lines, when projected to the Q2 and
x axes, approximately give Figures 22a and 22b,
respectively. The peak structure of the constant
W lines represents the transition from the re-
gion where ∂F2/∂log10x is steeply rising with
−log10x to the region where it is steeply rising
with log10Q

2, behaviors corresponding to Equa-
tions (4) and (11), respectively. The position of
the peak structure does not depend strongly on
the “trajectory”, f(x,Q2), at which the deriva-
tives are plotted, chosen to be W 2 ≈ Q2/x in
Figure 25. Inspection of Figure 26 shows that
almost any choice of a function f(x,Q2), which
rises monotonically with decreasing x for a fixed
Q2 will have a peak at the same (x,Q2) position
which correctly indicates the transition. In par-
ticular, an early ZEUS analysis, made with a more limited data set available at the
time, shows (Figure 27) the same transitional behavior at the same (x,Q2) position.

Figure 28: The logarithmic slope of F2 for fixed Q2 as a
function of x.

Figure 28 shows the
derivatives plotted for con-
stant Q2, as a function
of x. At Q2 above 1.9
GeV2, the derivatives rise
rapidly as x decreases in
line with the expectations
of Equation (4) assum-
ing xg(x,Q2) has the form
x−λ. As Q2 falls, the
rise of the derivative be-
comes less steep, as would
be expected from Equa-
tion (11), if a mild energy
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dependence, of the Regge type, is assumed for σ0; thus a turn-over in Figure 28 is not
expected from the GB&W model, while naively one might expect it from Equation
(4) with saturating gluons, xg. The statements sometimes found in the literature
that the turn-over found in Figure 27 is “accidental” or “only kinematic in origin”
[35, 40, 41, 42] arises from the combination of the expectation of a turn-over in Figure
28 as a manifestation of gluon saturation and the misunderstanding that Figure 27 is
in some way an approximation of Figure 28; rather, it is an approximation of Figure
25.

5 Discussion and Outlook

The measurements of the proton structure at small x at HERA are now very precise.
However, in spite of the expectation that these measurements should show some
manifestation of dynamics beyond that incorporated in the (lnQ2) expansion of the
DGLAP formalism, the DGLAP fits to the data give a good description above Q2 of
about 1 GeV2.

The question of whether the success of DGLAP fits merely indicates the flexibility
of the parton parameterizations and the still-limited (lnQ2) range of the measurement
at small-x is not likely to be answered by looking at F2 alone, at least in the currently
available kinematic range. As discussed in Section 4, while the qualitative features
of F2 at small-x (and necessarily small Q2), show some characteristics expected by
a saturation model, the DGLAP fits can reproduce those same features without any
parton saturation, as a result of a rapidly evolving gluon density at low Q2.

One of the most promising ways of investigating the small-x proton structure is
to look at the inclusive DIS measurements together (“and” rather than “or” of the
title) with the diffractive DIS reactions. While the theoretical understanding of the
relation of small-x and diffraction is not yet very rigorous, the data sets from HERA
provide many interesting indications of the underlying dynamics.
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1 Introduction to BFKL

Hadronic processes at high-energy colliders often involve more than one energy
scale. As a consequence, calculations in perturbative Quantum Chromodynamics
(QCD) can involve large logarithms of the ratio of these scales, which must be re-
summed to obtain a reliable prediction. Two processes where this might be necessary
are Deep Inelastic Scattering (DIS) at small x and hadronic dijet production at large
rapidity intervals ∆y. In DIS the logarithm that appears is ln(1/x), with x ' Q2/s
the squared ratio of the momentum transfer to the photon-hadron center-of-mass en-
ergy. In large-rapidity dijet production the large logarithm is ∆y ' ln(ŝ/|t̂|), with
ŝ the squared parton center-of-mass energy and |t̂| of the order of the squared jet
transverse energy. In both of these cases the large logarithms, which arise at each
order in the coupling constant αs, can be resummed by means of the Balitsky-Fadin-
Kuraev-Lipatov (BFKL) equation [1].

The most familiar prediction of the BFKL resummation in the leading logarithmic
(LL) approximation is the power-law rise in the partonic cross section as a function
of the energy:

σ̂ ≈ eA∆y ≈ ŝA . (1)

The quantity (1 + A) is often referred to as the BFKL Pomeron intercept, where at
LL

A = ᾱs4 ln 2 (2)

with ᾱs = Ncαs/π and Nc = 3 the number of colors. Similarly, in DIS the structure
functions are predicted to rise as x−A at small x. One of the goals in BFKL physics
has been to observe this power-law rise as a direct indication of the importance of the
resummation. In this talk I will review the status of BFKL physics, both in its theo-
retical development at next-to-leading logarithm (NLL) and in its phenomenological
application to experiment.

2 BFKL at LL

I begin by giving a simple physical picture of the BFKL resummation at lead-
ing logarithm (LL), where the large logarithm is taken to be the rapidity interval
between two widely-separated partonic jets. Although this in no way can be consid-
ered a derivation of the BFKL equation, it is useful to show what assumptions go
into the resummation and to show how the factors of αs∆y arise at each order and
exponentiate.

The starting point is the factorization of the partonic cross section at large rapidity
separation:

dσ̂

d2pa⊥d2pb⊥
= Va(p

2
a⊥) f(∆y, pa⊥, pb⊥)Vb(p

2
b⊥) . (3)
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pb⊥
pa⊥

yb ya

Vb Vaf

Figure 1: A schematic picture of the cross section for producing particles at large rapidity
separation.

A physical interpretation of this factorization is represented in Fig. 1. The process
consists of two distinct scatterings, which occur at widely-separated rapidities, ya and
yb, and small transverse momenta |pa⊥| ∼ |pb⊥|. The impact factors V (p2

⊥) depend
only on the transverse momentum exchanged and the specific partons involved in
each scattering, but not on anything else that happens in the event. The function
f(∆y, pa⊥, pb⊥) connects the two scatterings by accounting for the emission of gluons
in the rapidity interval. This function is universal and provides the exponentiation of
the logarithms.

We can see this factorization directly in the Born cross section for gluon-gluon
scattering at ya � yb, shown diagrammatically in Fig. 2(a):

dσ̂(0)
gg

d2pa⊥d2pb⊥
=

[
Ncαs
p2
a⊥

] [
1

2
δ(2)(pa⊥ + pb⊥)

] [
Ncαs
p2
b⊥

]
, (4)

where the central factor is the O(α0
s) contribution to the function f , and we see that

the leading-order gluon impact factor is

Vg(p
2
⊥) =

Ncαs
p2
⊥

. (5)

The real O(α1
s) correction to f can be obtained by considering the emission of three

gluons, strongly ordered in rapidity ya � y1 � yb, shown diagrammatically in
Fig. 2(b):

dσ̂(1r)
gg

d2pa⊥d2pb⊥
=

[
Ncαs
p2
a⊥

] [
ᾱs
π

∫
d2k1⊥dy1

k2
1⊥

1

2
δ(2)(pa⊥ + k1⊥ + pb⊥)

] [
Ncαs
p2
b⊥

]
. (6)
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yb << ya

(a)

yb << ya<< y1

(b)

yb << ya

(c)

Figure 2: Contributions to LL BFKL ladder obtained from gg scattering:
(a) (αs∆y)0 real. (b) (αs∆y)1 real. (c) (αs∆y)1 virtual.

From this formula, we easily see where the large logarithm comes from. It arises from
the integral over the rapidity y1 of the intermediate gluon, resulting in a factor of
αs∆y.

We can now generalize the form of these real corrections to an arbitrary number
of emitted gluons:

• At each order, another gluon is inserted in the ladder with a weight given by

ᾱs
π

d2ki⊥
k2
i⊥

.

• The emitted gluons conserve transverse momentum, as enforced by a delta-
function factor

1

2
δ(2)(pa⊥ +

∑

i

ki⊥ + pb⊥) .

• The intermediate gluons are integrated over the ordered rapidity-intervals,

yb < y1 < y2 < · · · < yn < ya ,

producing an overall factor of

(∆y)n

n!
.

The real n-gluon contribution can be obtained directly from the tree-level (n + 2)-
gluon cross-section by assuming that all transverse momenta are comparable in size,
while terms suppressed by O(e−|yi−yj |) are neglected.

Of course, the real contributions by themselves are not infrared-safe, because they
diverge when the k⊥ of any of the intermediate gluons vanishes. The cure for this is the
inclusion of virtual corrections in the large ∆y limit. The O(α1

s) virtual correction
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in gg scattering comes from the diagram in Fig. 2(c). Similar contributions must
come in at each order to regularize the 1/k2

⊥ infrared singularities. Including these
corrections, we can understand the following form of the BFKL equation

f(∆y, pa⊥, pb⊥) =
1

2
δ(2)(pa⊥ + pb⊥)

+(∆y)K
[
1

2
δ(2)(pa⊥ + pb⊥)

]

+
1

2!
(∆y)2K

[
K
[

1

2
δ(2)(pa⊥ + pb⊥)

]]

+
1

3!
(∆y)3K

[
K
[
K
[

1

2
δ(2)(pa⊥ + pb⊥)

]]]

+ · · · , (7)

where the kernel K is an integral operator acting on a function φ(pa⊥) by

K
[
φ(pa⊥)

]
=

ᾱs
π

∫
d2k⊥
k2
⊥

[
φ(k⊥ + pa⊥)− p2

a⊥
k2
⊥ + (k⊥ + pa⊥)2

φ(pa⊥)

]
. (8)

At LL, each operation of the kernel inserts one more real or virtual gluon in the
ladder. The first term in (8) corresponds to a real gluon, while the second term is the
virtual correction needed to regularize the soft singularity. The equation (7) is just
the solution of the BFKL equation obtained by iteration.

A more compact form of the BFKL solution at LL is obtained by finding the
eigenfunctions and eigenvalues of the kernel (8). This yields

f(∆y, pa⊥, pb⊥) =
1

i (2π)2

∞∑

n=−∞
einφ̃

∫ 1/2+i∞

1/2−i∞
dγ (p2

a⊥)γ−1 (p2
b⊥)−γeᾱsχ(n,γ)∆y , (9)

where φ̃ = φa − φb − π, the function

ᾱsχ(n, γ) = ᾱs
[
2ψ(1)− ψ(n

2
+ γ)− ψ(n

2
+ 1 − γ)

]
(10)

gives the eigenvalues of the LL BFKL kernel (8), and ψ is the logarithmic derivative of
the gamma function. For very large ∆y, the integral over γ in (9) can be performed
in the saddle-point approximation. The n = 0 term dominates, and one obtains
the exponential rise in the cross section (1), displayed in the introduction with A =
ᾱsχ(0, 1

2
) = 4ᾱs ln 2.

3 BFKL at NLL

At LL each application of the kernel gives a contribution of O(αs∆y). At NLL
one also includes terms of O(α2

s∆y). That is, we can reinterpret the kernel in (7) as a
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yb << ya<< y1~

(a)

y2 yb << ya<< y1

(b)

yb << ya

(c)

Figure 3: Contributions to NLL BFKL ladder at O(α2
s∆y) obtained from gg scattering.

power series K ≡ ᾱsK
(1) + ᾱ2

sK
(2) + . . ., where ᾱsK

(1) is the LL kernel, given in (8),
and ᾱ2

sK
(2) includes the NLL corrections. There are three types of contributions at

NLL, which are shown schematically, in the context of gg scattering, in Fig. 3. They
consist of: (a) the emission of two gluons nearby in rapidity, (b) the virtual correction
to the emission of one gluon, widely separated in rapidity, (c) the subleading purely-
virtual corrections. These three types of contributions took many years and many
papers to sort out the technical details1, with the final NLL kernel obtained in 1998 by
Fadin and Lipatov [3]. Although the full kernel has not been checked in a completely
independent manner, many of the pieces of the calculation have received independent
confirmation. Two particularly significant checks are the calculation of the virtual
correction to the gluon emission at large rapidity separation [4], and the compilation
of the three NLL terms into a single kernel with the cancellation of all collinear and
soft singularities [5].

The final result of this calculation is usually presented by applying the NLL kernel
to the LL eigenfunctions, with azimuthal averaging, yielding

KNLL

[
(p2
a⊥)γ−1

]
=

{
ᾱs(µ)χ(γ)

}
(p2
a⊥)γ−1

=
{
ᾱs(µ)χ(1)(γ)

[
1 − ᾱs(µ)b0 ln(p2

a⊥/µ
2)
]

+ ᾱs(µ)2χ(2)(γ)
}

(p2
a⊥)γ−1 (11)

where ᾱsχ
(1)(γ) is the LL eigenvalue for n = 0 given in (10), b0 = 11/12 − nf/(6Nc),

and we have explicitly included the dependence on the MS renormalization scale µ.
The NLL correction has been separated into two terms. The first term depends on
the scale pa⊥ and is associated with the running of the coupling in the LL kernel:
αs(µ) → αs(pa⊥). The second term, ᾱ2

sχ
(2)(γ), is independent of scale and contains

the remainder of the NLL corrections [3].
After completion of the NLL corrections to the BFKL kernel, several issues quickly

became apparent. Roughly speaking, they can be separated into issues associated

1A list of references can be found in ref. [2], but with no guarantee of completeness.
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Figure 4: Leading BFKL eigenvalue A = ᾱsχ(1
2) at LL and NLL.

with the running coupling term and issues associated with the scale-invariant term.
In this talk I will concentrate on the scale-invariant term. For analyses of the running
coupling issues, see Refs. [6,7,8,9].

The first indication of problems with BFKL at NLL was seen immediately by
Fadin and Lipatov. The corrections to the leading eigenvalue are large and negative!
If we ignore the effects of running coupling, we obtain

ᾱsχ(1
2
) = 2.77ᾱs − 18.34ᾱ2

s , (12)

for three active flavors. This function is plotted in Fig. 4. At the not-unreasonable
value of αs = 0.16 the NLL corrections exactly cancel the LL term, while for larger
values of αs the eigenvalue becomes negative. Naively, this would indicate that the
BFKL Pomeron intercept also becomes negative, leading to a cross section that de-
creases, rather than increases, as a power of the energy.

Unfortunately, things get even worse. The standard BFKL power-law scaling
of the partonic cross section (1) relies on the saddle-point evaluation of the NLL
generalization of the BFKL solution (9). Upon closer analysis Ross [10] showed that
the NLL eigenvalue function χ(γ) no longer has a maximum at γ = 1

2
, but has

a minimum with two maxima occuring symmetrically on either side of this point2.
Performing a higher-order expansion of χ(γ), Ross found a smaller correction to the
BFKL Pomeron intercept. However, the cross section he obtained was not positive
definite. It contained oscillations as one varied pa⊥ and pb⊥. This led Levin [8] to
declare that NLL BFKL has a serious pathology.

2The standard procedure in these analyses is to modify the LL eigenfunctions used in eq. (11) in
order to make the eigenvalues manifestly symmetric under γ → 1− γ, following ref. [3].
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One might wonder whether the approximate evaluation of the integral performed
by Ross is adequate at this stage. Perhaps an exact evaluation is necessary. However,
negative cross sections have also arisen when the resummed small-x anomalous di-
mensions, obtained from the NLL BFKL solution, were used to study DIS scattering
at small-x [11,12]. In any event the NLL corrections to the BFKL solution are large,
leading one to question the stability and applicability of the BFKL resummation
procedure in general.

4 Understanding the large NLL Corrections.

When any perturbation expansion has large corrections at higher orders, the nat-
ural thing to do is to try to reorganize the series so that it converges more rapidly.
In this talk I will briefly discuss three different approaches to this reorganization.

The first proposal by Brodsky et al. [13] uses the freedom to choose the renor-
malization scheme. The NLL eigenvalue equation (12) is written in the MS scheme.
Brodsky et al. argued that a non-abelian physical scheme should be more natural
for the BFKL resummation. Then they used the BLM procedure [14] to find the
optimal scale for the QCD coupling. In this case the BLM procedure dictates a large
scale, thereby reducing the effective αs (and the LL prediction) and also reducing the
coefficient of the NLL α2

s term. This approach predicts a BFKL Pomeron intercept
of A ∼ 0.17 for αs = 0.2. In addition it yields a very weak dependence on the gluon
virtuality p2

a⊥ and leads to an approximate conformal invariance.
The motivation for the second proposal [2] (first suggested in [15] and [16]) can be

seen from the discussion of the physics of BFKL at LL in section 2. The approximation
used in deriving the LL contribution at each order in the BFKL ladder was to neglect
terms of O(e−|yi−yi+1 |) in the QCD matrix elements, which is valid when the emitted
gluons are all widely separated in rapidity. However, the gluon rapidity yi is then
integrated all the way up to yi+1. Thus, the errors in the matrix elements are largest
when yi ∼ yi+1. This suggests that one enforce a condition yi+1 − yi > ∆, so that
the gluons are required to be widely separated, and the kinematic approximations
are good. The arbitrary parameter ∆ is assumed to be much smaller than the total
rapidity interval. The excluded region is re-introduced at NLL, such that the change
in the cross section due to shifting ∆ is always next-to-next-to-leading logarithm
(NNLL). In this way, the dependence on ∆ can be regarded as an estimate of the
uncertainty due to NNLL corrections (similar to the role of the renormalization scale
µ in the MS scheme).

Fig. 5 shows the dependence on ∆ of the leading eigenvalue and its second deriva-
tive at LL and NLL for αs = 0.15 in this modified BFKL theory. Note that the
corrections to ᾱsχ(1

2
) are not large for ∆ >∼ 2 and have weak dependence on ∆ for

large ∆. Also, the point γ = 1
2

is a maximum for this coupling as long as ∆ >∼ 2.2.
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Figure 5: Dependence of Ã = ᾱsχ(1
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2) on ∆ for αs = 0.15, from
Ref. [2].

Thus, the BFKL resummation is stable for large enough ∆. This modification of the
BFKL resummation predicts a somewhat larger value of the BFKL pomeron intercept
than the previous proposal. However, the implications of a large value of ∆ for the
phenomenological use of BFKL is open to interpretation.

The third and perhaps most ambitious proposal [17,9] to control the large NLL
corrections is to systematically include the largest collinearly-enhanced, but still sub-
leading corrections into LL BFKL. The most important of these are energy-scale
corrections [5]. To understand the origin of these corrections, note that in our dis-
cussion of BFKL at LL in section 2 we chose to work with the symmetric rapidity
∆y = ln ŝ/(pa⊥pb⊥) as the large logarithm to resum. However, we could equally well
have chosen y+ = lnx+

a /x
+
b = ln ŝ/p2

b or y− = lnx−b /x
−
a = ln ŝ/p2

a, where x±i is the
momentum fraction along the positive or negative light-cone for the emitted gluon i.
These choices are all equivalent at LL because the transverse momenta are treated as
comparable in size; however, at NLL they are inequivalent. A change in the logarithm
produces a change in the NLL kernel and can introduce double transverse logarithms
of the form ᾱs ln2(p2

a⊥/p
2
b⊥) into the resummation.

Motivated by DGLAP-type resummation [18] one finds that the appropriate choice
is to resum y+ when p2

b⊥ � p2
a⊥ and y− when p2

a⊥ � p2
b⊥. The effect of these

changes of the BFKL resummation variable was studied in refs. [5] and [3], and
the corresponding terms in the NLL eigenvalue χ(2)(γ) were isolated and resummed
in ref. [17]. Additional collinearly-enhanced terms due to the effects of the running
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Figure 6: The BFKL Pomeron intercept (here labeled ω) at LL, NLL and with the

collinearly-enhanced resummation included at NLL, from Ref. [9]. The curve ωs corresponds
to the coefficient for the exponential rise in ∆y, which is what we have focused on in this

talk. The curve ωc corresponds to the power growth of the small-x splitting functions.
Although identical in LL BFKL, these two coefficients differ at NLL.

coupling and the non-singular part of the splitting functions have also been considered
and resummed in Ref. [9]. A nice discussion of these ideas can be found in ref. [19].

A similar approach, advocated in Refs. [20], is to use the “duality” relations
between the BFKL ln(1/x) and the DGLAP ln(Q2) resummations to incorporate
the dominant collinear effects into BFKL at small x. Adding contributions obtained
from the known LO and NLO DGLAP anomalous dimensions, one gets a “double
leading” expansion for the BFKL function χ(γ), which is better behaved and more
stable in the collinear region near γ = 0.

Results of the collinearly-enhanced resummation from Ref.[9] are shown in Fig. 6,
where the leading eigenvalue ωs = ᾱsχ(1

2
) is plotted as a function of ᾱs. As in the

other cases the eigenvalue is found to be positive after resummation, yielding a value
of about ωs = 0.27 for αs = 0.2. In addition the characteristic eigenvalue function of
γ is stable for values of αs of interest.

The physical implications of the energy-scale dependence can be seen by further
investigating the relation between resummation in y± and ∆y. When p2

b⊥ � p2
a⊥,

the resummation in y+ requires the ordering x+
a > x+

b . Translating back into the
symmetric variable, this implies ∆y > ln(pb⊥/pa⊥). Similarly, when p2

a⊥ � p2
b⊥, the

resummation in y− requires the ordering x−b > x−a , implying ∆y > ln(pa⊥/pb⊥). These
constraints hold for any two successively emitted gluons. Therefore, the incorporation

9



of these collinear effects corresponds to imposing a p⊥-dependent cut, yi+1 − yi >
| ln(pi⊥/pi+1⊥)|, on the separation in rapidity between the neighboring gluons. Since
this cut is very similar to the rapidity veto of proposal two, it is understandable that
when both the collinear resummation and the rapidity veto are included, as studied
in Ref. [21], the dependence on the parameter ∆ was significantly reduced, even for
small ∆.

5 Phenomenology of BFKL

Although the theoretical studies of BFKL have been focused on its behavior at
NLL, the level of most phenomenological studies is still at LL. To treat a process
consistently at NLL, one also must incorporate the O(αs) corrections to the impact
factors. Although these corrections are known for some processes, at least at the
amplitude level, they have yet to be incorporated into a consistent calculation suitable
for phenomenological studies.

In this section I will discuss several probes of BFKL physics in hadron-hadron,
lepton-hadron, and γ∗γ∗ collisions. I will only consider processes for which the rele-
vant transverse scales pa⊥, pb⊥ on both sides of the BFKL ladder can be considered
perturbative. In particular, I will not consider the inclusive F2(x,Q

2) in DIS, because
it is necessarily dependent on non-perturbative inputs.

5.1 BFKL probes at the Tevatron

One of the most thoroughly studied searches for BFKL physics has been by the DØ
collaboration in pp̄ collisions at the Fermilab Tevatron. As in all BFKL experimental
studies, the basic idea is to analyze the events in a configuration which most closely
approximates that used in the BFKL resummation. Jets, with transverse momentum
above some E⊥min, are tagged and ordered in rapidity. Then one defines observables
as a function of ∆y = ya− yb, where ya and yb are the rapidities of the most forward
and backward jets, respectively.

The most natural BFKL signal would be the power-law growth in the partonic
cross section with ∆y, as in Eq. (1). However, at fixed center-of-mass energy this
growth is swamped by the effects of steeply falling parton distribution functions
(PDFs) which are relevant when far forward or backward jets are produced. Thus,
the first observable to be considered was the decorrelation in azimuthal angle between
the two tagged jets as a function of ∆y. Physically, this effect is easy to understand.
In the Born approximation, only two jets are produced, and by momentum conser-
vation they must be back-to-back. However, as the rapidity interval increases, there
is more room for additional jets, and the tagged jets become decorrelated. This can
be seen directly in the BFKL solution (9). At small ∆y, all terms in the Fourier
series in φ̃ = φa − φb − π are approximately equal, producing a delta-function in φ̃
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which forces the two jets to be back to back. As ∆y increases, the higher order terms
become smaller and smaller compared to the leading n = 0 term, so the jets become
completely decorrelated [22]. The simplest observable to display this effect is the
moment 〈cos φ̃〉, which goes to 1 if the jet azimuthal angles are completely correlated
and goes to 0 if they are completely decorrelated [23].

Even before the DØ analysis was completed, however, it was realized that there
was a serious problem in using LL BFKL for phenomenological analyses at hadron
colliders: the BFKL resummation includes the contribution of energetically disfavored
or disallowed configurations in its predictions. In principle these configurations are
subleading, but in practice they are very important [24]. (In fact these effects could
be considered to be a foreshadowing of the large corrections to BFKL at NLL.) We
can understand this effect by considering the Feynman x-values used in the PDFs.
The exact values are given by conservation of light-cone momentum along the beam
axis and can be written

xa =
1√
s

(
pa⊥e

ya + pb⊥e
yb +

∑

i

ki⊥e
yi

)

xb =
1√
s

(
pa⊥e

−ya + pb⊥e
−yb +

∑

i

ki⊥e
−yi
)
, (13)

where the sum is over all partons produced in the event. In the “naive” LL BFKL
one only keeps the leading contributions,

x0
a =

pa⊥e
ya

√
s

x0
b =

pb⊥e−yb√
s

. (14)

That is, one convolutes the analytic LL BFKL solution (9) with the impact factors,
using the PDFs evaluated at x0

a,b. However, the true xa,b and are always larger than
x0
a,b, and the energy-momentum constraints xa,b < 1 are not enforced in the naive

BFKL calculation. If the PDFs vary strongly with x, this can greatly overestimate
the contributions from multi-jet events.

With the analytic LL BFKL solution (9) the phase space of the intermediate gluons
has already been integrated over, so there is no choice but to use the leading x0’s (14)
in the PDFs. However, in a BFKL Monte Carlo solution [25,26] one generates the
gluon ladder directly as in Eq. (7). Thus, one has information on all the produced
partons, and one can enforce energy conservation on the solution by using the exact
x’s (13) in the PDFs. This greatly improves the reliability of the BFKL prediction.

In Fig. 7 we show the DØ azimuthal decorrelation data from Ref. [27] compared
with the naive LL BFKL and a Monte Carlo BFKL calculation with energy con-
servation included. The data shows 〈cos φ̃〉 as a function of ∆y at

√
s = 1.8 TeV,
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MC2

Figure 7: Azimuthal angle decorrelation as a function of rapidity interval. The DØ data is
from [27], the lowest curve is “naive” BFKL, the two upper curves are BFKL Monte Carlo

predictions. The correlated systematic error is due to jet energy scale uncertainty.

where the tagging jets are required to have E⊥ > 20 GeV. The naive BFKL severely
overestimates the rate of decorrelation with ∆y, due to the overweighting of energeti-
cally disfavored or disallowed configurations. The two BFKL Monte Carlo curves are
produced by the Monte Carlo in Ref. [25]. Both use the exact x’s in the PDFs, but
use different approximations to relate the partonic to the hadronic cross sections in
the high energy limit. The difference between the two approximations is subleading
in the high energy limit. The BFKL Monte Carlo with energy conservation certainly
works much better than the naive BFKL, but the subleading uncertainties are still
sizeable, as displayed by the difference between the two Monte Carlo predictions.

An argument against the decorrelation measurement as a signal of BFKL is that
it probes the region around φ̃ ≈ 0, which is also most sensitive to Sudakov logarithms.
It would be nicer to probe directly the rise in partonic cross section with the partonic
energy as in Eq. (1). This became possible when the Tevatron collider was run at the
lower energy of 630 GeV, allowing a comparison of dijet production at two different
center-of-mass energies. By binning the events in the partonic xa, xb values rather
than in ∆y, the dependence on the PDFs should cancel in the ratio

R =
σ(
√
s1 = 1800GeV)

σ(
√
s2 = 630GeV)

. (15)

This is the original proposal of Mueller and Navelet [28]. Using the asymptotic saddle
point approximation, one obtains a prediction of

RBFKL =
eA(∆y1−∆y2)

√
∆y1/∆y2

, (16)

where ∆yi ≈ ln(ŝi/pa⊥pb⊥) ≈ ln(ŝi/E
2
⊥min). This ratio was measured by the DØ

collaboration, in several x bins, with the following cuts: E⊥min > 20 GeV, |y| < 3,
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∆y > 2, and 400 < Q2 = Ea⊥Eb⊥ < 1000 GeV2. Using the formula (16), a BFKL
Pomeron intercept of A = 0.65 ± 0.07 was extracted [29].

This measurement is noteworthy in that it is probably the only current mea-
surement which shows a rise in the cross section that is larger than the LL BFKL
prediction. Using αs(20 GeV) = 0.17 in Eq. (2), one obtains a LL prediction of
A = 0.45, which is almost 3 standard deviations below the extracted value. However,
as discussed in Ref. [30], one must be careful in interpreting this measurement. First,
the extraction of the BFKL Pomeron intercept from (16) assumes that the asymp-
totic BFKL expression is valid, and the experimental cuts and precise definition of
the x’s do not significantly affect the asymptotics. In particular the cut on Q2 was
seen to slow the approach to asymptotics, resulting in a smaller predicted value for
the ratio R. The inclusion of energy conservation via a BFKL Monte Carlo further
reduced the predicted ratio. Finally, it was shown that the use of equal E⊥ cuts on
both of the tagging jets introduces the same large Sudakov logarithms that plague
the decorrelation measurement. Thus, it seems unlikely that the large ratio found by
the DØ collaboration can be attributed to perturbative BFKL.

5.2 BFKL probes at HERA

It is also possible to look for the BFKL rise in the cross section in deep inelastic
scattering (DIS) by tagging a forward jet [31,32]. Referring to the high energy factor-
ization picture of Fig. 1, the DIS setup consists of the scattering of an off-shell photon
with virtuality Q2 and Bjorken xbj = Q2/sep on the left, the scattering of a forward
jet of momentum fraction xjet = Ejet/Ep and transverse momentum p⊥ on the right,
connected by the BFKL ladder of gluon emissions in the middle. If Q2 ∼ p2

⊥ � Λ2
QCD,

then the BFKL evolution is perturbative. The large logarithm that is resummed is
ln(xjet/xbj).

This DIS setup has several advantages over the pp̄ setup, due to its asymmetric
nature. Note that in the high energy limit, the PDF of the proton is evaluated
at xjet. Thus, with xjet fixed, one can vary the rapidity interval at a single collider
energy by varying xbj, without any change in the PDF. In addition, this suggests that
the energy conservation effects mentioned above may be less important, or at least
not so strongly dependent on xbj . Finally, the resummation in ln(xjet/xbj), rather
than in the jet rapidity intervals, is more natural here, and perhaps more stable
theoretically, since it is corresponds to the standard DGLAP evolution variable when
Q2 > p2

⊥. The only major disadvantage is that the virtual photon impact factor is
more complicated theoretically than the gluon or quark impact factors. Indeed, it
has not been calculated completely at NLO.

Both the H1 [33] and ZEUS [34] collaborations have measured this forward jet
cross section. The main experimental cuts on the forward jet itself are xjet > 0.035,
E⊥jet > 3.5 and 5 GeV for H1, xjet > 0.036, E⊥jet > 5 GeV for ZEUS, and 0.5 <
E2
⊥jet/Q

2 < 2 for both. The H1 data is displayed in Fig. 8. In Figs. 8(a) and (c) the
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Figure 8: Forward jet cross-sections as a function of Bjorken-x from H1 [33] for two p⊥
cuts of 3.5 and 5 GeV. The data in (a) and (c) are compared with Monte-Carlo model

predictions, including hadronization. The data in (b) and (d) are compared with partonic
NLO O(α2

s) and LL BFKL calculations.

data is compared against several hadron-level Monte Carlo shower models attached
to lowest order QCD matrix elements. The two that agree the best with the data
are ARIADNE [35] and RAPGAP [36]. ARIADNE is based on the colour dipole
model for gluon radiation which, like BFKL, lacks ordering in k⊥. Gluon radiation
in RAPGAP is based on DGLAP evolution, but this model also includes a resolved
photon contribution to the basic QCD production mechanism. In Figs. 8(b) and
(d) the H1 data is compared against a LL BFKL prediction [37] and a NLO QCD
O(α2

s) prediction [38], both at the parton levels. The NLO calculation significantly
underestimates the data at small xbj, whereas the BFKL calculation overestimates it.
This is not unreasonable, given that NLL corrections to BFKL are expected to reduce
the rise at small xbj, and that the kinematic cuts could not be included exactly in
the calculation. The ZEUS data [34], shown in Fig. 9, similarly is far above a NLO
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Figure 9: Forward jet cross-sections as a function of Bjorken-x from ZEUS [34] for p⊥ > 5

GeV. The data are compared with several Monte-Carlo model predictions at the hadron
level.

QCD calculation [39], but below the LL BFKL expectations. A fit [40] to the data
from both experiments using the LL BFKL cross section yielded an effective BFKL
pomeron intercept corresponding to A = 0.43 ± 0.025(stat) ± 0.025(sys), compared
to the LL prediction from Eq. (2) of A = 0.75 for αs = 0.28 at Q2 = 10 GeV2.

Recently, several forward jet calculations with different approaches have shown
good agreement with the data. One calculation [41] is based on LL BFKL, but
modified by a consistency condition containing effects similar to the dominant NLL
energy-scale effects discussed in section 4. A second calculation [42] is with a hadron-
level Monte Carlo generator, based on the CCFM evolution [43], which is designed to
agree with both DGLAP and BFKL in their respective regimes of reliability. Since
both of these calculations can be considered LL BFKL, with some dominant sublead-
ing corrections included, this looks promising for BFKL. A third approach [44] which
also fits the data is a NLO calculation that includes a resolved photon contribution,
similar in spirit to the RAPGAP Monte Carlo. Interestingly, it appears that the
success of this approach relies not on the evolution in Q2 allowed by the inclusion of
the photon PDF, but in the fact that it effectively approximates one term higher in
αs, via the NLO resolved piece. This is not incompatible with BFKL, since the new
O(α3

s) contribution also includes the first gluon emission in the BFKL ladder. It is
an interesting question to ask how the approximations in this picture of forward jet
production mesh with those in the BFKL picture.
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Figure 10: Two-photon cross-sections, σγ∗γ∗ , after subtraction of the LO γ∗γ∗ → qq̄
contribution at

√
s ' 189−202 GeV and 4 < Q2

1,2 < 40 GeV2, from Ref. [47]. The top figure

compares the data with LO BFKL in the saddle point approximation withA = αP−1 = 0.53
and with the one-gluon exchange diagram. The lower figure shows fits of the saddle-point

BFKL expression to the data, allowing either αP or the normalization K to vary.

5.3 BFKL probes in γ∗γ∗

Another standard BFKL measurement [45] is to observe the total γ∗γ∗ hadronic
cross section as a function of

√
sγγ. This can be extracted from the process e+e− →

e+e−+ hadrons by tagging on the forward and backward electrons. In this case the
two independent scatterings of Fig. 1 are the off-shell photons of momenta Q2

1 and Q2
2

that break up into color dipoles (qq̄ pairs at leading order), which are then connected

by the BFKL ladder. The large logarithm here is Y ≈ ln(sγγ/
√
Q2

1Q
2
2), in direct

analogy to the hadron-hadron case.
This experiment has the advantage that, for large enough Q2

1,2, there are no non-
perturbative PDF inputs, so that in principle it is the cleanest probe, theoretically.
However, from a purely calculational point of view, this process may be more com-
plicated since it involves two off-shell photon impact factors. In particular, the cross-
channel gluon on which the BFKL ladder is built does not even appear until NNLO
in a standard perturbative QCD calculation..

The γ∗γ∗ hadronic cross section has been measured by the L3 [46,47] and the
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OPAL [48] collaborations at LEP. In Fig. 10 we display the most recent preliminary
L3 data [47]. The data clearly shows a rise with Y as expected by BFKL, but much
less steep than LO BFKL. However, the data is above both LO and NLO QCD
predictions [49]. In addition the data is also above the prediction from the single-
gluon exchange contribution (evaluated using the average value of 〈Q2

1,2〉 = 15 GeV2).
In the lower figure the data is fitted to the asymptotic BFKL prediction

σγ∗γ∗ =
σ0√

Q2
1Q

2
2Y
eAY , (17)

with either the overall normalization or the BFKL intercept A = αP − 1 left as a free
parameter. The preliminary result in the latter case gives A = 0.36 ± 0.02, which is
more in line with NLO expectations. The OPAL preliminary measurements [48] give
qualtitatively similar results, but with less statistical significance.

6 Summary and Conclusions.

In this talk I have presented some recent results in BFKL physics, both in the
theory and in its phenomenological applications. On the theoretical side, the focus
has been on the large NLL corrections. At this time, it seems fairly safe to say that
the original catastrophe of falling, or even negative, cross sections has been averted.
By understanding the origin of these effects in the collinear behavior of the gluons,
one can reorganize the resummation in order to move the dominant corrections back
into the LL theory. Then the NLL prediction for the BFKL intercept is stable and
slightly smaller than the standard LL prediction.

On the phenomenological side, the results look suggestive, especially in the DIS
and γ∗γ∗ data. The cross sections are significantly above the state-of-the-art NLO
QCD calculations, as they should be for a BFKL-enhanced observable. They are also
in the range one might expect from a NLL BFKL calculation. However, the lesson
learned from the analysis of the hadron-hadron experiments is that one must be
very careful to consider how experimental cuts and kinematic effects, such as energy
conservation, will affect these predictions. Although the asymmetric configuration of
the DIS forward jet experiments and the lack of nonperturbative PDF-dependence in
the γ∗γ∗ (assuming Q2 is large enough) may make these observables less susceptible to
large subleading effects, a thorough phenomenological analysis is certainly warranted.

With the completion and understanding of the NLL corrections to the BFKL
kernel in hand, the next phase is to bring the phenomenological analyses up to the
same NLL level. So far the major emphasis has been on the NLL BFKL intercept,
but to make a full NLL prediction, with a reliable normalization, one also needs to
combine this with NLO impact factors. In particular the NLO impact factor for
the off-shell photon is crucial for the both the DIS and γ∗γ∗ analyses. In addition
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the analyses must be performed in such a way as to treat the kinematics and cuts
as accurately as possible. Promising steps in this direction are Refs. [41,17], which
incorporate the largest NLL corrections into BFKL via a consistency condition, or via
a CCFM Monte Carlo, respectively. Another useful exercise would be to incorporate
the largest NLL corrections to the BFKL ladder into the BFKL Monte Carlos [25,26]
and to modify them for use in the other experimental environments. This would
be helpful for gauging the sensitivity to subleading kinematic effects (which arise at
least as much from the impact factors as from the actual BFKL ladder). However,
the greatest progress would come with a full NLL calculation with full NLO impact
factors included. There is much work left to be done.
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1 Introduction

The CP–violating ratio ε′/ε constitutes a fundamental test for our understanding
of flavour–changing phenomena within the Standard Model framework. The experi-
mental status has been clarified by the recent KTEV [3], Re (ε′/ε) = (28.0±4.1)·10−4,
and NA48 [4], Re (ε′/ε) = (15.3 ± 2.6) · 10−4, measurements, which provide clear ev-
idence for a non-zero value and, therefore, the existence of direct CP violation. The
present world average is [3,4,5,6],

Re (ε′/ε) = (18.0 ± 2.0) · 10−4 , (χ2/ndf = 10.8/3). (1)

The theoretical prediction has been rather controversial since different groups, us-
ing different models or approximations, have obtained different results [7,8,9,10,11,12].
Although there was no universal agreement on the ε′/ε value predicted by the Stan-
dard Model, it has been often claimed that it is too small, failing to reproduce the
experimental world average by at least a factor of two. This claim has generated a
very intense theoretical activity, searching for new sources of CP violation beyond
the Standard Model [13].

It has been pointed out recently [1] that the theoretical short–distance evalua-
tions of ε′/ε had overlooked the important role of final–state interactions (FSI) in
K → ππ decays. Although it has been known for more than a decade that the
rescattering of the two final pions induces a large correction to the isospin–zero decay
amplitude, this effect was not taken properly into account in the theoretical predic-
tions. From the measured π-π phase shifts one can easily infer [1] that FSI generate a
strong enhancement of the ε′/ε prediction, by roughly the needed factor of two. This
large correction is associated with infrared chiral logarithms involving the pion mass,
which can be rigorously analyzed with standard Chiral Perturbation Theory (χPT)
techniques [14,15,16]. A very detailed analysis, including all large logarithmic correc-
tions both at short and long distances, has been presented in ref. [2]. The resulting
Standard Model prediction [2],

Re (ε′/ε) = (17± 9) · 10−4 , (2)

is in good agreement with the most recent measurements.
The following sections present a brief overview of the most important ingredients

entering the theoretical prediction of ε′/ε :

1. A short–distance calculation at the electroweak scale and its renormalization–
group evolution to the three–flavour theory (µ <∼ mc), which sums the leading
and next-to-leading ultraviolet logarithms.

2. The matching to the χPT description, which so far has been done at leading
order in the 1/NC expansion.

3. Chiral loop corrections, which induce large infrared logarithms related to FSI.
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2 Theoretical framework

In terms of the K → ππ isospin amplitudes, AI = AI e
δI (I = 0, 2),

ε′

ε
= eiΦ

ω√
2|ε|

[
Im(A2)

Re(A2)
− Im(A0)

Re(A0)

]
. (3)

Owing to the well-known “∆I = 1/2 rule”, ε′/ε is suppressed by the ratio ω =
Re(A2)/Re(A0) ≈ 1/22. The strong S–wave rescattering of the two final pions gen-
erates a large phase-shift difference between the two isospin amplitudes, making the
phases of ε′ and ε nearly equal. Thus,

Φ ≈ δ2 − δ0 +
π

4
≈ 0 . (4)

The CP–conserving amplitudes Re(AI), their ratio ω and ε are usually set to their
experimentally determined values. A theoretical calculation is then only needed for
the quantities Im(AI).

One starts above the electroweak scale where the flavour–changing process, in
terms of quarks, leptons and gauge bosons, can be analyzed within the usual gauge–
coupling perturbative expansion in a rather straightforward way. Since MZ is much
larger than the long–distance hadronic scale MK , there are large short–distance loga-
rithmic contributions which can be summed up using the Operator Product Expansion
(OPE) [17] and the renormalization group. The proper way to proceed makes use of
modern Effective Field Theory (EFT) techniques [18].

The renormalization group is used to evolve down in energy from the electroweak
scale, where the top quark and the Z and W± bosons are integrated out. That means
that one changes to a different EFT where those heavy particles are no longer explicit
degrees of freedom. The new Lagrangian contains a tower of operators constructed
with the light fields only, which scale as powers of 1/MZ . The information on the
heavy fields is hidden in their (Wilson) coefficients, which are fixed by “matching”
the high– and low–energy theories at the point µ = MZ. One follows the evolution
further to lower energies, using the EFT renormalization group equations, until a new
particle threshold is encountered. Then, the whole procedure of integrating the new
heavy scale and matching to another EFT starts again.

One proceeds down to scales µ < mc and gets finally an effective ∆S = 1 La-
grangian, defined in the three–flavour theory [19,20],

L∆S=1
eff = −GF√

2
Vud V

∗
us

10∑

i=1

Ci(µ) Qi(µ) , (5)

which is a sum of local four–fermion operators Qi, constructed with the light degrees
of freedom, modulated by Wilson coefficients Ci(µ) which are functions of the heavy

2
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Figure 1: Evolution from MZ to MK .

masses. We have explicitly factored out the Fermi coupling GF and the Cabibbo–
Kobayashi–Maskawa (CKM) matrix elements Vij containing the usual Cabibbo sup-
pression of K decays. The unitarity of the CKM matrix allows to write

Ci(µ) = zi(µ) + τ yi(µ) , (6)

where τ = −VtdV ∗ts/VudV ∗us. Only the yi components are needed to determine the
CP–violating decay amplitudes. The overall renormalization scale µ separates the
short– (M > µ) and long– (m < µ) distance contributions, which are contained in
Ci(µ) and Qi, respectively. The physical amplitudes are of course independent of µ.

Our knowledge of ∆S = 1 transitions has improved qualitatively in recent years,
thanks to the completion of the next-to-leading logarithmic order calculation of the
Wilson coefficients [21,22]. All gluonic corrections of O(αns t

n) and O(αn+1
s tn) are

known, where t ≡ ln (M1/M2) refers to the logarithm of any ratio of heavy mass
scales M1,M2 ≥ µ. Moreover, the full mt/MW dependence (at lowest order in αs) is
taken into account.

In order to predict physical amplitudes, however, one is still confronted with the
calculation of hadronic matrix elements of the four–quark operators. This is a very
difficult problem, which so far remains unsolved. Those matrix elements are usually
parameterized in terms of the so-called bag parameters Bi, which measure them in
units of their vacuum insertion approximation values.

3



To a very good approximation, the Standard Model prediction for ε′/ε can be
written (up to global factors) as [7]

ε′

ε
∼
[
B

(1/2)
6 (1 −ΩIB)− 0.4B

(3/2)
8

]
. (7)

Thus, only two operators are numerically relevant: the QCD penguin operator Q6

(∆I = 1/2) governs Im(A0), while Im(A2) (∆I = 3/2) is dominated by the elec-
troweak penguin operator Q8. The parameter

ΩIB =
1

ω

Im(A2)IB
Im(A0)

(8)

takes into account isospin–breaking corrections, which get enhanced by the large
factor 1/ω.

The isospin–breaking correction coming from π0-η mixing was originally estimated

to be Ωπ0η
IB = 0.25 [23,24]. Together with the usual ansatz Bi ∼ 1, this produces a

large numerical cancellation in eq. (7) leading to low values of ε′/ε around 7 ·10−4. A
recent improved calculation of π0-η mixing at O(p4) in χPT has found the result [25]

Ωπ0η
IB = 0.16 ± 0.03 . (9)

This smaller number, slightly increases the naive estimate of ε′/ε.

3 Chiral Perturbation Theory

Below the resonance region one can use global symmetry considerations to define
another EFT in terms of the QCD Goldstone bosons (π, K, η). The χPT formulation
of the Standard Model [14,15,16] describes the pseudoscalar–octet dynamics, through
a perturbative expansion in powers of momenta and quark masses over the chiral
symmetry breaking scale (Λχ ∼ 1 GeV).

Chiral symmetry fixes the allowed χPT operators. At lowest order in the chiral
expansion, the most general effective bosonic Lagrangian with the same SU(3)L ⊗
SU(3)R transformation properties as the short–distance Lagrangian (5) contains three
terms, transforming as (8L, 1R), (27L, 1R) and (8L, 8R), respectively. Their corre-
sponding chiral couplings are denoted by g8, g27 and gew.

The tree–levelK → ππ amplitudes generated by the lowest–order χPT Lagrangian
do not contain any strong phases:

A0 = −GF√
2
VudV

∗
us

√
2 fπ

{(
g8 +

1

9
g27

)
(M2

K −M2
π)− 2

3
f2
π e

2 g8 gew

}
,

A2 = −GF√
2
VudV

∗
us

2

9
fπ

{
5 g27 (M2

K −M2
π)− 3 f2

π e
2 g8 gew

}
. (10)
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Taking the measured phase shifts into account, the moduli of g8 and g27 can be
extracted from the CP–conserving K → 2π decay rates; one gets [26] |g8| ≈ 5.1
and |g27| ≈ 0.29. The huge difference between these two couplings shows the well–
known enhancement of octet |∆I| = 1/2 transitions. The gew term is the low–energy
realization of the electroweak penguin operator.

The isospin amplitudes AI have been computed up to next–to–leading order in
the chiral expansion [2,27,28,29,30,31]. The only remaining problem is the calculation
of the χPT couplings from the effective short–distance Lagrangian (5), which requires
to perform the matching between the two EFTs. This can be easily done in the large–
NC limit of QCD [32], because in this limit the four–quark operators factorize into
currents which have well–known chiral realizations. The local O(p4) contributions to
the amplitudes AI can be easily included in eqs. (10), through effective correction

factors ∆CA(R)
I to the lowest–order gR contributions. At leading order in 1/NC , one

gets [2]:

g∞8
[
1 + ∆CA(8)

0

]∞
=



−

2

5
C1(µ) +

3

5
C2(µ) + C4(µ) − 16L5 C6(µ)

[
M2

K

(ms +mq)(µ) fπ

]2


 fKπ0 (M2

π) ,

g∞27

[
1 + ∆CA(27)

0

]∞
= g∞27

[
1 + ∆CA(27)

2

]∞
=

3

5
[C1(µ) + C2(µ)] fKπ0 (M2

π) ,

e2 g∞8
[
gew + ∆CA(ew)

0

]∞
= −3C8(µ)

[
M2

K

(ms +mq)(µ) fπ

]2 [
1 +

4L5

f2
π

M2
K

]

− 3

4
[C7 −C9 + C10](µ)

M2
K −M2

π

f2
π

fKπ0 (M2
π) ,

e2 g∞8
[
gew + ∆CA(ew)

2

]∞
= −3C8(µ)

[
M2

K

(ms +mq)(µ) fπ

]2 [
1 +

4L5

f2
π

M2
π

]

+
3

2
[C7 − C9 − C10](µ)

M2
K −M2

π

f2
π

fKπ0 (M2
π) , (11)

where fKπ0 (M2
π ) ≈ 1+4L5 M

2
π/f

2
π is the Kπ scalar form factor at the pion mass scale,

L5 is a coupling of the O(p4) strong chiral Lagrangian and mq ≡ mu = md. In the

limit NC →∞, L∞5 = 1
4
f2
π

(
fK
fπ
− 1

)
/ (M2

K −M2
π) ≈ 2.1 · 10−3 and fKπ0 (M2

π) ≈ 1.02.
These results are equivalent to the usual large–NC evaluations of the Bi factors.

In particular, for ε′/ε where only the imaginary part of the gR couplings matter [i.e.

Im(Ci)] they amount to B
(3/2)
8 ≈ B

(1/2)
6 = 1. Therefore, up to minor variations on

some input parameters, the corresponding ε′/ε prediction reproduces the published
results of the Munich [7] and Rome [8] groups.
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The large–NC limit is only applied to the matching between the 3–flavour quark
theory and χPT, as indicated in Figure 1. The evolution from the electroweak scale
down to µ < mc has to be done without any unnecessary expansion in powers of
1/NC ; otherwise, one would miss large corrections of the form 1

NC
ln (M/m), with

M � m two widely separated scales [33]. Thus, the Wilson coefficients contain the
full µ dependence.

The large–NC factorization of the four–quark operators Qi (i 6= 6, 8) does not
provide any scale dependence. Since the anomalous dimensions of these operators
vanish when NC → ∞ [33], a very important ingredient is lost in this limit [34].
To achieve a reliable expansion in powers of 1/NC , one needs to go to the next
order where this physics is captured [34,35]. This is the reason why the study of
the ∆I = 1/2 rule has proven to be so difficult. Fortunately, these operators are
numerically suppressed in the ε′/ε prediction and their contributions can be easily
corrected with the information provided by the measured CP–conserving rates [2,7].

The only anomalous dimensions which survive when NC → ∞ are precisely the
ones corresponding to Q6 and Q8 [24,33]. One can then expect that the matrix
elements of these two operators are well approximated by this limit [34,35,36]. These
operators factorize into colour–singlet scalar and pseudoscalar currents, which are
µ dependent. This generates the factors 〈qq〉(µ) ≈ −f 2

πM
2
K/(ms +mq)(µ), which

exactly cancel the µ dependence of C6,8(µ) at large NC [24,33,34,35,36,37]. It remains
of course a dependence at next-to-leading order.

Therefore, while there are large 1/NC corrections to Re(gI) [35], the large–NC

limit is expected to give a good estimate of Im(gI).

4 Chiral loop corrections

The lowest–order calculation does not provide any strong phases δI . Those phases
originate in the final rescattering of the two pions and, therefore, are generated by
chiral loops which are of higher order in both the momentum and 1/NC expansions.
Analyticity and unitarity require the presence of a corresponding dispersive FSI effect
in the moduli of the isospin amplitudes. Since the S–wave strong phases are quite
large, specially in the isospin–zero case, one should expect large higher–order unitarity
corrections.

The size of the FSI effect can be calculated at one loop in χPT. The dominant one-
loop correction to the octet amplitude comes indeed from the elastic soft rescattering
of the two pions in the final state. The existing one–loop analyses [2,27,28] show that
pion loop diagrams provide an important enhancement of theA0 amplitude, implying
a corresponding reduction of the phenomenologically fitted value of |g8|. This chiral
loop correction destroys the accidental numerical cancellation in eq. (7), generating
a sizeable enhancement of the ε′/ε prediction [1].
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Let us decompose the isospin amplitudes in their different chiral components as
A0 = A(8)

0 +A(27)
0 +A(ew)

0 and A2 = A(27)
2 +A(ew)

2 . Moreover, we can write them in
the form

A(R)
I = A(R)∞

I × C(R)
I , (12)

whereA(R)∞
I are the large–NC results obtained in the previous section. The correction

factors C(R)
I ≡ 1 + ∆LA(R)

I contain the chiral loop contributions ∆LA(R)
I that we are

interested in. Their complete analytical expressions at one loop in χPT have been
given in ref. [2], where the following numerical values have been obtained:

C(8)
0 = 1.27 ± 0.05 + 0.46 i ,

C(27)
0 = 2.0 ± 0.7 + 0.46 i ,

C(ew)
0 = 1.27 ± 0.05 + 0.46 i ,

C(27)
2 = 0.96 ± 0.05 − 0.20 i ,

C(ew)
2 = 0.50 ± 0.24 − 0.20 i . (13)

The central values have been evaluated at the chiral renormalization scale ν = Mρ.
To estimate the corresponding uncertainties we have allowed the scale ν to change
between 0.6 and 1 GeV. The scale dependence is only present in the dispersive con-
tributions and should cancel with the corresponding ν dependence of the local χPT
counterterms. However, this dependence is next-to-leading in 1/NC and, therefore, is
not included in the large–NC determination of the chiral couplings. The sensitivity of
the results to the scale ν gives a good estimate of those missing contributions. Notice
that all amplitudes with a given isospin get the same absorptive contribution, as it
should since they have identical strong phase shifts.

The numerical corrections to the 27–plet amplitudes do not have much pheno-
menological interest for CP–violating observables, because Im(g27) = 0. Remember
that the CP–conserving amplitudes Re(AI) are set to their experimentally deter-
mined values. What is relevant for the ε′/ε prediction is the 35% enhancement of the

isoscalar octet amplitude Im[A
(8)
0 ] and the 46% reduction of Im[A

(ew)
2 ]. Just looking

to the simplified formula (7), one realizes immediately the obvious impact of these
one-loop chiral corrections.

A complete O(p4) calculation [25,29] of the isospin–breaking parameter ΩIB is
not yet available. The value 0.16 quoted in eq. (9) only accounts for the contribution
from π0–η mixing [25] and should be corrected by the effect of chiral loops. Since

|C(27)
2 | ≈ 0.98± 0.05, one does not expect any large correction of Im(A2)IB, while we

know that Im[A
(8)
0 ] gets enhanced by a factor 1.35. Taking this into account, one gets

the corrected value

ΩIB ≈ Ωπ0η
IB

∣∣∣∣∣∣
C(27)

2

C(8)
0

∣∣∣∣∣∣
= 0.12± 0.05 , (14)
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where the quoted error is an educated theoretical guess. This value agrees with the
result ΩIB = 0.08 ± 0.05 ± 0.01, obtained in ref. [38] by using three different models
[9,31,35,39,40,41] to estimate the relevant O(p4) chiral couplings.

The sensitivity to higher–order chiral loop corrections has been investigated in
ref. [2] through an Omnès exponentiation of the dominant pion loops [1], using the
experimental ππ phase shifts. The standard one-loop χPT results and the Omnès
calculation agree within errors, indicating a good convergence of the chiral expansion.

5 Numerical results and discussion

The infrared effect of chiral loops generates an important enhancement of the
isoscalar K → ππ amplitude. This effect gets amplified in the prediction of ε′/ε,
because at lowest order (in both 1/NC and the chiral expansion) there is an accidental
numerical cancellation between the I = 0 and I = 2 contributions. Since the chiral
loop corrections destroy this cancellation, the final result for ε′/ε is dominated by the
isoscalar amplitude. Thus, the Standard Model prediction for ε′/ε is finally governed
by the matrix element of the gluonic penguin operator Q6.

A detailed numerical analysis has been provided in ref. [2]. The short–distance
Wilson coefficients have been evaluated at the scale µ = 1 GeV. Their associated
uncertainties have been estimated through the sensitivity to changes of µ in the
range Mρ < µ < mc and to the choice of γ5 scheme. Since the most important
αs corrections appear at the low–energy scale µ, the strong coupling has been fixed
at the τ mass, where it is known [42] with about a few percent level of accuracy:
αs(mτ ) = 0.345 ± 0.020. The values of αs at the other needed scales can be deduced
through the standard renormalization group evolution.

Taking the experimental value of ε, the CP–violating ratio ε′/ε is proportional to
the CKM factor Im(V ∗tsVtd) = (1.2 ± 0.2) · 10−4 [43]. This number is sensitive to the
input values of several non-perturbative hadronic parameters adopted in the usual
unitarity triangle analysis; thus, it is subject to large theoretical uncertainties which
are difficult to quantify [44]. Using instead the theoretical prediction of ε, this CKM
factor drops out from the ratio ε′/ε; the sensitivity to hadronic inputs is then reduced
to the explicit remaining dependence on the ∆S = 2 scale–invariant bag parameter
B̂K. In the large–NC limit, B̂K = 3/4. We have performed the two types of numerical
analysis, obtaining consistent results. This allows us to estimate better the theoretical
uncertainties, since the two analyses have different sensitivity to hadronic inputs.

The final result quoted in ref. [2] is:

Re (ε′/ε) =
(
1.7 ± 0.2 +0.8

−0.5 ± 0.5
)
· 10−3 = (1.7± 0.9) · 10−3 . (15)

The first error comes from the short–distance evaluation of Wilson coefficients and
the choice of low–energy matching scale µ. The uncertainty coming from vary-
ing the strange quark mass in the interval (ms + mq)(1 GeV) = 156 ± 25 MeV
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[45,46,47,48,49,50,51] is indicated by the second error. The most critical step is the
matching between the short– and long–distance descriptions. We have performed this
matching at leading order in the 1/NC expansion, where the result is known to O(p4)
and O(e2p2) in χPT. This can be expected to provide a good approximation to the
matrix elements of the leading Q6 and Q8 operators. Since all ultraviolet and infrared
logarithms have been resummed, our educated guess for the theoretical uncertainty
associated with 1/NC corrections is ∼ 30% (third error).

Thus, a better determination of the strange quark mass would allow to reduce the
uncertainty to the 30% level. In order to get a more accurate prediction, it would
be necessary to have a good analysis of next–to–leading 1/NC corrections. This is
a very difficult task, but progress in this direction can be expected in the next few
years [9,11,35,52,53,54].

To summarize, using a well defined computational scheme, it has been possible to
pin down the value of ε′/ε with an acceptable accuracy. Within the present uncertain-
ties, the resulting Standard Model theoretical prediction (15) is in good agreement
with the measured experimental value (1), without any need to invocate a new physics
source of CP violation.
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1 Introduction

The mass of the bottom quark is an important parameter in the theoretical de-
scription of B meson decays. In particular, for the extraction of Vub and Vcb from
inclusive decays a precision in the bottom quark mass of the order 1% is desirable
due to a strong mass dependence. Precise determinations of the bottom mass are
available from Lattice QCD using the B mesons mass (see Refs. [1] for recent re-
views) and from perturbative QCD. As the B meson binding energy is dominated
by non-perturbative QCD, perturbative methods can only be applied to Υ mesons,
where the relevant dynamical scales, momentum 〈p〉 ∼Mbv and energy 〈E〉 ∼Mbv

2,
v being the bottom quark velocity, can be larger than the hadronization scale ΛQCD.1

In recent time new perturbative bottom mass analyses have been carried out in-
cluding newly available NNLO (i.e. O(v2, αsv, α

2
s)) corrections in the non-relativistic

expansion for heavy quark–antiquark systems based on the concept of effective theo-
ries and employing properly defined short-distance quark mass definitions2 that are
adapted to the non-relativistic framework [3]. It has become practice to determine
the bottom MS mass mb(mb) as the reference mass to compare the various analy-
ses among each other. The various results, which are based on experimental data
on the Υ mesons, show good agreement with a central value for mb(mb) of about
4.2 GeV and an uncertainty ranging from 50 to 80 MeV. It is important to note that
the uncertainty is predominantly theoretical, and (as a necessary consequence) partly
depends on the taste and believes of the respective authors. It is therefore impossible
to interpret the value for the error in a statistical way. It will be the primary aim
of future studies and analyses to achieve a better understanding of this theoretical
uncertainty—not necessarily in order to reduce it further, but in order to put it on
firmer ground.

One effect that has been neglected in previous bottom quark mass analyses is com-
ing from the finite masses of the light quarks (u, d, s, c), where ”light” means ”lighter
than the bottom quark mass”. In this talk I report on results and examinations on
light quark mass corrections at NNLO in the non-relativistic expansion which have
been presented in Refs. [4,5]. Light quark mass corrections are interesting because
the non-relativistic bb system is governed by a tower of scales: Mb, 〈p〉 ∼ Mbv and
〈E〉 ∼ Mbv

2. For small velocities these scales form a hierarchy and their relations
to ΛQCD determines the theoretical approach that has to be used to describe the bb
dynamics. In the work discussed in this talk I assume that all three scales are much
larger than ΛQCD (i.e. that v is not smaller than about 0.3 for bottom quarks) as
only for this case the relevant approach is well understood theoretically.

Whether the mass of a light quark can also be considered ”light” in the context of
the non-relativistic bb dynamics depends on its relation to the three scales mentioned

1 At LEP the MS bottom mass at the Z scale has been determined from the rate of 3 jet events
containing a bb pair [2]. This measurement established experimentally the ”running” of the bottom
MS mass. For this method, the uncertainties are, however, still too large that light quark mass
effects would be irrelevant.

2 I call a heavy quark mass definition without an O(ΛQCD) ambiguity a short-distance mass.
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above. The masses of the up, down and strange quarks are indeed much smaller than
any of the three scales and one can expect that for them the massless approximation
is a very good one, as an expansion in their masses is justified. The mass of the
charm, however, can be about as large as 〈p〉 and larger than 〈E〉, and it is clearly
inappropriate to consider the massless approximation in the first place. I will show
that the effects of the non-zero charm quark mass in bottom mass determinations
can amount to up to several tens of MeV depending of the method and the bottom
short-distance mass definition that is employed.

Apart from the resulting quantitative effects in the determination of bottom quark
short-distance masses, light quark mass effects are also interesting conceptually be-
cause the massive quark loops provide an infrared cutoff of the momentum flow
through gluon lines. The behavior of light quark mass corrections, in general, can
therefore serve as a natural tool to monitor the degree of infrared (IR) sensitivity of
various bottom quark mass definition and their resulting ambiguity. This is in close
analogy to the well-known IR renormalon studies with a fictitious gluon mass, but
with the difference that the light quark mass corrections are real.

2 Light Quark Mass Corrections in the Coulomb Potential

In order to account for the light quark mass effects in the non-relativistic quark-
antiquark dynamics at NNLO we have to determine the light quark mass corrections
to the Coulomb potential Vc(r) = −CFαs

r
+. . . that occurs in the Schrödinger equation

(
− ∇

2

Mb
− ∇

4

4M3
b

+
[
Vc(r) + . . .

]
− E

)
G(r, r′, E) = δ(3)(r − r′) . (1)

Here Mb is (just as a matter of convenience in writing down Eq. (1)) the bottom pole
mass and E = Ecm−2Mb, Ecm being the center-of-mass energy. At NNLO, corrections
to the Coulomb potential have to be taken into account up to order α3

s . For massless
light quarks these two-loop corrections have been determined in Refs. [6]. At NNLO
there is also a potential of order α2

s/(Mbr
2) and another of order αs/(M

2
b r). (The

latter contains e.g. the Darwin and the spin-orbit interactions.) For these potentials
light quark mass corrections do not have to be considered because they contribute
only at NNLO, whereas for light quark mass corrections we gain at least one more
power of αs. There are also no light quark mass corrections to the kinetic energy
terms.

The light quark mass corrections to the Coulomb potential arise for the first time
at order α2

s from the insertion of the light quark self energy into the gluon line (Fig. 1).
These corrections contribute at NLO in the non-relativistic power counting. For one
massive light quark flavor, and the other nl−1 light quark flavors being massless, the
correction reads (m̃q = eγE mq):

δV NLO

c,m
(r) = −CFα

(nl)
s

r

(α(nl)
s

3π

){
ln(m̃q r) +

5

6
+

∞∫

1

dxf(x) e−2mqrx
}
,

2



Figure 1: NLO contribution to the static potential coming from the insertion of a one-loop
vacuum polarization of a light quark with finite mass.

f(x) ≡ 1

x2

√
x2 − 1

(
1 +

1

2x2

)
. (2)

The light quark mass corrections vanish for mqr → 0. This is related to the definition
of αs that is (here and for the rest of this presentation) chosen to include the evolution
originating from the massive light quark. In other words, the massive light quark is
not integrated out. I emphasize that the statements about the size and behavior of
the light quark mass corrections I will make later, are only true for this definition of
αs. It is straightforward to generalize Eq. (2) to arbitrary numbers of massive light
quark species and different definitions of αs. However, I emphasize that all previous
analyses, where the light quark masses were neglected have naturally adopted the
same scheme, so the results discussed here can be directly interpreted as additive
corrections.

In Eq. (2) the NLO light quark mass corrections to the Coulomb potential are
given in terms of a subtracted dispersion relation, where f is the absorptive part of
the vacuum polarization. This representation is advantageous for determining the
effects of the light quark masses to heavy-quark–antiquark bound state properties
in Rayleigh-Schrödinger perturbation theory due to the simplicity of the dependence
on r. The remaining dispersion integration can then be carried out numerically
(or if possible analytically) at the very end. In particular, for the determination of
multiple potential insertions at higher orders in time-independent perturbation theory
this method is probably the only feasible one. On the other hand, the dispersion
representation makes the choice of definition for αs manifest.

At NNLO the light quark mass corrections to the Coulomb potential arise from
dressing the one-loop diagram in Fig. (1) with additional gluon, ghost and light quark
lines. The resulting diagrams where calculated numerically by Melles [7]. Using again
the dispersion relation representation it is possible to rewrite Melles’ results in a form
that is simple to use for determining the light quark mass corrections. With the same
conventions as for the NLO result, and adopting the pole mass definition for mq, the
result reads [5]:

δV NNLO

c,m (r) = −CFα
(nl)
s

r

(α(nl)
s

3π

)2
{ [

3
(

ln(m̃q r) +
5

6

)(
β0 ln(µ̃ r) +

a1

2

)
+ β0

π2

4
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−3

2

∞∫

1

dx f(x) e−2mqrx
(
β0

(
ln
m2
q

µ2
+ g1(x,mq, r)

)
− a1

) ]

−
[
−
(

ln(m̃ r) +
5

6

)2

− π2

12
+

∞∫

1

dx f(x) e−2mqrx
(
g2(x) + g1(x,mq, r)−

5

3

)]

+
[

57

4

(
ln(m̃q r) +

161

228
+

13

19
ζ3 + c1

∞∫

c2

dx

x
e−2mqrx + d1

∞∫

d2

dx

x
e−2mqrx

) ]}
, (3)

where

g1(x,mq, r) = ln(4x2)− Ei(2mq x r) − Ei(−2mq x r) ,

g2(x) =
5

3
+

1

x2

(
1 +

1

2x

√
x2 − 1 (1 + 2x2) ln

(x−
√
x2 − 1

x +
√
x2 − 1

))
. (4)

The first three lines in Eq. (3) are exact and involve corrections coming from one and
two insertions of the one-loop massive light quark vacuum polarization. The fourth
line involves all other corrections and is parametrized by four numerical constants.
Of these constants only two are independent, because the corrections have to vanish
for mq → 0. A useful parameterization of the constants reads [5]

c1 =
ln A

d2

ln c2
d2

, d1 =
ln c2

A

ln c2
d2

, A = exp
(

161

228
+

13

19
ζ3 − ln 2

)
, (5)

where for the constants c2 and d2 one can obtain the following numerical results from
the results of Refs. [7],

c2 = 0.470 ± 0.005 d2 = 1.120 ± 0.010 . (6)

3 1S Mass, n = 1 3S1 Binding Energy and Upsilon Expansion

Naively one might think, that – at least up to some non-perturbative effects –
the mass spectrum for bb mesons could be obtained from solving the Schrödinger
equation (1). However, the theoretical formalism from which it has been derived
is becoming unreliable for higher radial excitations (n >∼ 2), because the average

momentum 〈p〉 ∼ Mbαs
n

and the average energy 〈E〉 ∼ Mbα
2
s

n2 become comparable or
even smaller than ΛQCD.

For the ground state (n = 1), however, the formalism for the perturbative contri-
butions is likely to work, and one can determine e.g. the MS value of the bottom quark
mass from comparing the Υ(1S) mass with the result for the n = 1, 3S1 bb bound
state energy once an estimate for the non-perturbative corrections is made [8,9].

On the other hand, one can use the perturbation series for a n = 1, 3S1 bound
state mass obtained from Eq. (1) as a formal short-distance mass definition, because
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it is free of the strong linear infrared sensitivity that leads to an ambiguity of order
ΛQCD in the the pole mass definition [10,11]. In Ref. [12] the so called 1S mass has
been defined as one half of the perturbative n = 1, 3S1 bound state mass obtained
from Eq. (1). It has been demonstrated that the 1S bottom quark mass leads to a very
well convergent perturbative series for totally inclusive B decay rates [13]. Physically
this behavior can be understood from the fact that the 1S mass is adapted to the
situation where heavy quarks are very close to their mass shell, a situation that is
realized for heavy-heavy as well as for heavy-light bound state systems. Heavy quark
mass definitions that have this property are called ”threshold masses” [14]. There
are other heavy quark threshold mass definitions in the literature, such as the PS
mass [11] and the kinetic mass [15], which will, however, not be further discussed in
this talk.

The light quark mass corrections to the Coulomb potential presented in the previ-
ous section can be used to determine the light quark mass corrections in the bb bound
state energies. Here we will, as indicated earlier, only consider the binding energy of
the n = 1, 3S1 triplet ground state, but the calculation can be generalized without
difficulty to arbitrary quantum numbers. In Dirac notation the NNLO result for the
light quark mass corrections reads

2
[
M1S

b −Mb

]
m

=
[
Mbb,1 3S1

− 2Mb

]
m

= 〈 1S | δV NLO

c,m | 1S 〉

+ 〈 1S | δV NNLO

c,m | 1S 〉 +
∑

i6=1S

∫
〈 1S | δV NLO

c,m

| i 〉 〈 i |
E1S − Ei

δV NLO

c,m | 1S 〉

+ 2
∑

i6=1S

∫
〈 1S | δV NLO

c,m

| i 〉 〈 i |
E1S − Ei

V NLO

c,massless | 1S 〉 . (7)

The first term on the RHS of Eq. (7) is the NLO correction of order Mbα
3
s (in the

non-relativistic power counting) and the terms in the second and third line are the
NNLO corrections of order Mbα

4
s. The explicit result based on the dispersion relation

representation is given in Ref [5]. The NLO contribution has already been calculated
earlier in Ref. [16] and agrees with the result here. The corrections coming from gluons
and massless quarks (not displayed in Eq. (7), and called ”massless corrections” from
now on) have first been calculated in Ref. [8].

It is not possible to use Eq. (7) directly for any phenomenological analysis that
intends a precision better than order ΛQCD, because it is written in terms of the
bottom pole mass. Nevertheless, it is instructive to have a closer look at the behavior
of the ligh quark mass corrections in the bottom 1S-pole mass relation displayed in
Eq. (7). For Mb = 4.9 GeV, mc(mc) = 1.5 GeV for the MS charm quark mass and
α(4)
s (µ = 4.7 GeV) = 0.216 we obtain

M1S
b =

{
4.9 −

[
0.051

]
LO
−
[

0.074 + 0.0045m

]
NLO

−
[

0.099 + 0.0121m

]
NNLO

}
GeV , (8)
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where the charm mass corrections are indicated by the subscript m and the numbers
without subscript are from the massless corrections. We stress that because Mbαs ≈
1.5 GeV the charm mass correction shown in Eq. (8) cannot be obtained by an
expansion in the light quark mass. To obtain the numbers shown in Eq. (8) it is
essential that the complete expressions for the corrections given in Eqs. (2) and (3)
are taken into account. We see that neither the massless corrections nor the charm
mass corrections are converging. This is a consequence of the fact that I have used
the bottom pole mass as an input parameter and the practical reason why Eq. (7)
has only limited use for a phenomenological analysis. Another interesting point I
would like to mention is that the NNLO charm mass corrections arising from double
insertions of NLO potentials (the last two terms on the RHS of Eq. (7)) make for less
than 10% of the full NNLO charm mass corrections for µ between 1.5 and 5 GeV.
This property will be important for the analysis of the charm mass effects in the Υ
sum rules (Sec. 7).

It is interesting that the linear sensitivity to small momenta contained in the pole
mass definition is directly reflected in the analytic behavior of the light quark mass
corrections in Eq. (7) for mq → 0 (as ≡ α(nl)(µ)):

[
M1S

b −Mb

]
m
−→ −CF

(as
π

)2
{
π2

8
mq + . . .

}

NLO

−CF
(as
π

)3
{
π2

16
mq

[
β0

(
ln
µ2

m2
q

− 4 ln 2 +
14

3

)

− 4

3

(
59

15
+ 2 ln 2

)
+

76

3π

(
c1 c2 + d1 d2

) ]
+ . . .

}

NNLO
. (9)

Using the fact that the dispersion integrations in Eqs. (2) and (3) can be interpreted
as an integration over a gluon mass, one can show (see Ref. [17]) that the linear
light quark mass terms in Eq. (9) are directly related to the linear gluon mass terms
frequently used in renormalon analyses. A different way to look at this feature is
that the mass of the light quark provides an infrared cutoff for gluon lines due to
decoupling at very small momentum transfers. On the other hand, if we express the
1S mass in terms of another short-distance mass, such as the MS mass, these linear
light quark mass terms do not arise. I will come back to this point later in this talk.

I also would like to point out that the structure of the linear light quark mass
corrections in Eq. (9) themselves reveals their infrared origin. First of all, the linear
dependence on the light quark mass is non-analytic since it comes from the square root
of m2

q. On the other hand, the full vacuum polarization of the quark loop does only
depend on the square of the quark mass, so the linear mass terms cannot be obtained
from expanding in the light quark mass before doing the integration over the gluon
momentum. Consequently the linear mass terms arise from gluon momenta of the
order of the light quark mass. This feature is also reflected in the BLM scale in the
NNLO term in Eq. (9) which is of order mq rather than Mbαs. Another observation is
that the non-analyticity of the linear mass terms is associated with an enhancement
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factor π2. This is a common feature of contributions that originate from infrared
momenta. We will see later that this enhancement will help us a lot to determine the
three-loop light quark corrections to the MS-pole mass relation.

Another feature of expression (9) is that the linear light quark mass corrections
at NLO (NNLO) are multiplied by α2

s (α3
s), which appears to contradict the non-

relativistic power counting mentioned before. However, one has to take into account
that the light quark mass corrections are Mb times a function of the ratio mq/(Mbαs).
Thus there is no contradiction with the non-relativistic power counting.3 On the
other hand, one can also show that the linear light quark mass terms are in fact
completely independent of the quantum number of the bound state. This can be seen
from the fact that the terms displayed in Eq. (9) are equal to the linear light quark
mass terms contained in 1

2
[δV NLO

c,m (r) + δV NNLO
c,m (r)]. Because the linear terms are r-

independent they are just multiplied by the norm of the bound state wave function, i.e.
by 1. [The suppression of the NNLO charm mass corrections from double insertions
of NLO potentials mentioned above, can be understood from the dominance of the
linear and r-independent light quark mass terms in the potential: constant corrections
to potentials give zero in higher order time-independent perturbation theory.] This
means that the term ∝ α2

s (α3
s) in Eq. (9), can equally well be considered as two

(three) loop contributions. This interesting feature is giving us a direct hint how one
has to combine a usual loop expansion in powers of αs (such as the perturbative series
for the MS-pole mass relation) with a non-relativistic expansion that is in αs and the
velocity v (such as the 1S-pole mass relation). The guiding principle to combine the
two types of expansions is the cancellation of corrections that are linearly sensitive
to small momenta. The resulting prescription is called upsilon expansion [13] and
has been devised first for the massless corrections based on more general arguments.
The upsilon expansion states that we have to consider corrections of Nn−1LO in the
non-relativistic expansion (which contains itself a resummation of certain corrections
to all orders in αs) as of order αns in the usual expansion in the number of loops.

4 Heavy Quark MS–Pole Mass Relation

The pole mass parameter is quite convenient in intermediate steps of calculating
the dynamics of a non-relativistic QQ pair, because the Schrödinger equation takes
its standard QED-like form only in the pole mass scheme (see Eq. (1)). However, for
practical applications (were a precision better than ΛQCD is relevant) the pole mass
needs to be replaced by a short-distance mass parameter. The standard choice is the
MS mass definition.

The upsilon expansion tells us that, if we want to describe the non-relativistic
QQ dynamics at NNLO, the heavy quark MS-pole mass relation has to be known at
order α3

s. The massless two-loop corrections have been determined a long time ago in
Ref. [18] and the massless three-loop corrections can be found in Refs. [19]. In Ref. [18]

3At NNLO the energy scale Mbα
2
s does not yet arise as a relevant dynamical scale.
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also the two-loop light quark mass corrections were determined fully analytically for
any value of the mass. For mq � Mb the light quark mass corrections at two loops
read

[
M b(M b)−Mb

]
m
−→ −CF

(as
π

)2
{
π2

8
mq −

3

4

m2
q

Mb
+ . . .

}
. (10)

It is remarkable that the linear two-loop term is equal to the NLO term displayed
in Eq. (9). This is, of course, not an accident, but related to the universality of the
linear light quark mass correction, already mentioned before. However, the reason for
this is more general: it has been shown in Refs. [10,11] that the total static energy of
a QQ pair, Estat = 2MQ + V (r) is free of any linear dependence on small momenta
to all orders of perturbation theory. Therefore, also the three-loop linear light quark
mass corrections in [M b(M b) −Mb] are given by the NNLO linear terms displayed
in Eq. (9). From this fact alone we would not gain much because we cannot get
any information on the size of the three-loop correction with higher powers of the
light quark mass from this argument. However, we have seen before that the non-
analytic linear light quark mass terms are enhanced by a factor π2 with respect to
the analytic terms with higher powers of the light quark mass. This feature is also
clearly visible in Eq. (10). Comparing the size of the full two-loop light quark mass
corrections to the size of the linear term we find that the difference is at most 15% for
m/Mb < 0.3. We therefore conclude (or conjecture) that the three-loop linear light
quark mass corrections dominate the yet uncalculated full three-loop light quark mass
corrections in a similar way and that the linear light quark mass terms provide a very
good approximation at the level of 10% to the full light quark mass corrections. Some
more numerical examinations based on BLM type three loop corrections have been
carried out in Ref. [5] and are compatible with the conjecture. It even seems likely
that the two- and three-loop differences between linear mass approximation and full
results have a different sign, so that the difference in the sum might be much below
10%.

To conclude the discussion of the light quark mass corrections to the MS–pole
mass relation let me also show some numerical values. For M b(M b) = 4.2 GeV,
mc(mc) = 1.5 GeV for the MS charm quark mass and α(4)

s (µ = 4.7 GeV) = 0.216 we
obtain

Mb =
{

4.2 +
[

0.385
]O(αs)

+
[

0.197 + 0.0117m

]O(α2
s)

+
[

0.142 + 0.0176m

]O(α3
s)
}

GeV . (11)

The massless corrections are somewhat better behaved than for the 1S-pole mass
relation (but not what one would honestly call ”convergent”), but the charm mass
corrections (which are in the linear approximation) are again quite badly behaved.
If we evaluate the charm mass corrections for µ = mc(mc) = 1.5 GeV, which is the
natural scale for the linear mass terms, we obtain 36 MeV for the order α2

s corrections
and 32 MeV for the order α3

s terms.
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5 Heavy Quark MS–1S Mass Relation

The perturbative relation between the bottom 1S and the MS mass can be used
for two purposes. First, one can extract the bottom MS mass from the experimental
number for the mass of the Υ(1S) (with a model-dependence from the estimate of
non-perturbative corrections). Second, one can determine the bottom MS mass from
determinations of the 1S mass from methods that are less sensitive to non-perturbative
effects, such as the Υ sum rules.

Using the results of the two previous sections and combining them using the
upsilon expansion to eliminate the pole mass parameter (which is absolutely crucial!)
it is straightforward to derive this relation to order α3

s (or NNLO in the non-relativistic
expansion). The full analytic expression for the resulting perturbative series can be
found in Ref. [5].

To illustrate the behavior of the series let me show here again some numerical
results. For M1S

b = 4.7 GeV, mc(mc) = 1.5 GeV and α(4)
s (µ = 4.7 GeV) = 0.216 we

obtain

M b(M b) =
{

4.7 −
[

0.382
]O(αs),LO −

[
0.098 + 0.0072m

]O(α2
s),NLO

−
[

0.030 + 0.0049m

]O(α3
s),NNLO }

GeV . (12)

Comparing this result to Eqs. (8) and (11) we see that now the massless corrections
show a quite good convergence and the charm mass corrections a fairly good one.
This behavior reflects the fact that the MS and the 1S mass definition both are short-
distance masses, i.e. they do not have an ambiguity of order ΛQCD such as the pole
mass. It is therefore possible to reliably extract e.g. the bottom MS mass from a
given value for the 1S mass with a precision better than ΛQCD.

The reason why the convergence of the charm mass corrections in our numerical
example is not much better is the fact that the natural choice of the renormalization
scale for the charm mass corrections is of the order of the charm mass and not the
bottom mass, as used in Eq. (12). For µ = 1.5 GeV we find that the order α2

s (α3
s)

charm mass corrections amount to −16 MeV (−1 MeV). However, for µ = 1.5 GeV we
also find (−570, 33, 55) MeV for the order (αs, α

2
s, α

3
s) massless corrections, because

for them the characteristic scale is larger than the charm mass. Because the massless
corrections are the dominant ones it is, of course, more suitable to choose the larger
scale as we did in Eq. (12). Thus we find that the charm mass corrections lead to a
shift of about −15 MeV in the value of M b(M b) for a given value for M 1S

b . We note
that the size of the charm mass corrections is larger than one would estimate from
an effect of order (αs

π
)2m2

Mb
. The size arises from the incomplete cancellation of the

linear light quark mass term in the bottom MS-pole mass relation, since we are not
allowed to expand in the charm mass in the bottom 1S-pole mass relation. On the
other hand, for the up, down and strange quarks we are allowed to use the light quark
mass expansion (because their masses are smaller than 〈p〉 ∼Mbαs and 〈E〉 ∼Mbα

2
s)

and the linear mass terms are canceled, leaving a tiny correction that is quadratic in
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the light quark masses. For mq(mq) = 0.1 GeV the light quark mass corrections are
well below the 1 MeV level. Thus the mass effects from the quarks lighter than the
charm can be neglected.

The expression for the order α3
s (NNLO) relation between the bottom 1S and MS

is quite complicated, but it turns out that for mq(mq) > 0.4 GeV and µ >∼ 2.5 GeV
the dependence of the bottom MS-1S mass relation at order α3

s on all parameters
is approximately linear. This allows for the derivation of a handy approximation
formula [5], which is applicable to all cases of interest and allows for a quick determi-
nation of the charm quark mass effects:

Mb(Mb) =
[

4.169 GeV − 0.01
(
mc(mc)− 1.4 GeV

)
+ 0.925

(
M1S

b − 4.69 GeV
)

− 9.1
(
α(5)
s (MZ)− 0.118

)
GeV + 0.0057

(
µ− 4.69

)
GeV

]
. (13)

6 Bottom MS Mass from M(Υ(1S))

We can apply Eq. (13) to extract the bottom MS mass from the mass of the
Υ(1S) meson, if we assume that 〈p〉 and 〈E〉 both are larger than ΛQCD for the
1S state. Because for higher radial excitations Υ(2S), . . . this assumption is more
difficult to justify, we do not attempt a similar analyses for them. Recalling that the
1S mass just incorporates the perturbative effects, we need an estimate of the size
of non-perturbative effects in the Υ(1S) bound state. Using the gluon condensate
contribution obtained by Voloshin and Leutwyler [20] we get

[
M(Υ(1S))

]non-pert ≈ 1872

1275

Mb π

(Mb CF αs)4
〈αsG2 〉 . (14)

Using the standard literature range 〈αsG2 〉 = 0.05±0.03 GeV4 the non-perturbative
correction can range from anywhere between 10 and 200 MeV due to the strong
dependence on the renormalization scale in αs. Taking this estimate and M(Υ(1S)) =
9460 MeV we arrive at

M 1S

b =
1

2

{
M(Υ(1S))−

[
M(Υ(1S))

]non-pert }
= 4.68 ± 0.05 GeV . (15)

From Eq. (13) we then obtain

M b(M b) = 4.16 ± 0.06 GeV (16)

for the bottom MS mass for mc(mc) around 1.3 GeV and adding the uncertainty in
αs(MZ) quadratically. The charm mass corrections amount to about −15 MeV and
are smaller than the uncertainty.
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7 Υ Sum Rules

A method that is in principle much less sensitive to non-perturbative effects is to
extract the bottom quark mass from moments of the bb total cross section in e+e−

annihilation:

Pn =

∞∫

smin

ds

sn+1
R(s) . (17)

Here R is the inclusive bb cross section normalized to the muon pair cross section
and s the square of the c.m. energy. The idea of the Υ sum rules is to determine
the bottom quark mass from comparing theoretical calculations of the moments Pn
with moments obtained from experimental data [21]. Non-perturbative effects can,
in contrast to calculations of the bb spectrum, be suppressed by hand by choosing
the parameter n small enough such that the size of the effective integration range in
the c.m. energy in (17) is much larger than ΛQCD [22]. For n <∼ 15 − 20 the gluon
condensate corrections to the theoretical moments turn out to be smaller than a
percent and can be neglected [21]. On the other hand, one would like to suppress the
influence of the quite badly known bb continuum in the experimental moments. This
can be achieved by choosing n large, so that non-relativistic dynamics dominates the
(theoretical and experimental) moments. In this case the only experimental input
needed for the determination of the experimental moments are the masses and the
electronic partial widths of the Υ mesons. The continuum can be approximated
by a crude model. Due to the large size of the bottom quark mass one can easily
find a window, 4 <∼ n <∼ 15, for which both requirements can be met. One can
show that the average relative velocity of bb pairs that dominate the moments is of
order veff = 1/

√
n. So, by restricting n to the values just mentioned we find that

〈p〉 ∼Mbveff and 〈E〉 ∼Mbv
2
eff form a hierarchy and are larger than ΛQCD. Thus the

Schrödinger equation (1) can be safely used to describe the dynamics encoded in the
moments.

For the case of massless light quarks a number of NLO [21,23] and NNLO [3,24]
analyses have been carried out. For the restricted range of n the theoretical moments
are directly related to the Green function G(0, 0, E) of the Schrödinger equation (1).
It is also necessary to include, for the NNLO moments, a two-loop renormalization
of an external current that describes the annihilation of a bb pair into a photon. One
can either calculate the bound state resonances and the continuum explicitly and
carry out the energy integration in Eq. (17) on the real energy axis, or one uses the
analyticity properties of the Green function and integrates instead in the negative
complex energy plane. The calculations involved in these computations are quite
extensive and shall not be describe here in more detail.

The light quark mass corrections to the moments have been determined in Ref. [5].
The NLO and NNLO corrections to the Green function G(0, 0, E) are determined
with time-independent perturbation theory in analogy to Eq. (7). In Ref. [5] only the
light quark mass corrections at NLO were fully determined, whereas at NNLO only
the single insertion contribution (corresponding to the second term on the RHS of
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Eq. (7)) was calculated. The NNLO double insertion contributions (last two terms on
the RHS of Eq. (7)) were neglected based on the assumption that the suppression of
the double insertion corrections (last two terms on the RHS of Eq. (7)) is as effective
as for the calculation of the 1S mass.

The light quark mass corrections to the two-loop renormalization of the current
were neglected because they are expected to be of order (αs/π)2(m/Mb)

2, which is at
the permille level even for charm quarks. There are no linear light quark mass correc-
tions to the current renormalization because it only contains effects from momenta of
order Mb. This means that non-analytic, and in particular π2-enhanced linear light
quark mass corrections do not exist.

In Ref. [5] a detailed analysis of the light quark mass correction in the 1S mass
scheme has been carried out. The mass effects from up, down and strange quarks
are negligible. For typical choices for the renormalization scales, αs(MZ) and the 1S
mass we find that the NNLO charm mass corrections are around -1% for n = 4 and
around -5% for n = 10, for mc(mc) ≈ 1.5 GeV. Thus the charm mass corrections in
the bottom 1S mass are negative. From dimensional analysis we see that the moments
Pn are proportional to (M 1S

b )−2n, so we can estimate that the charm mass corrections
amount to about -15 MeV. (In the pole mass scheme the corrections are considerably
larger due to the large non-analytic charm mass corrections that we have already
discussed in the bottom 1S-pole mass relation. By using the bottom 1S mass in
the moments these large corrections are canceled. The same is true for the massless
corrections, see e.g. Ref. [25] for a comparison of results in different mass schemes.)

In Ref. [5] I have carried out a more thorough NLO and NNLO analysis based
on a χ2-procedure, where several (theoretical and experimental) moments have been
fitted simultaneously. This fitting procedure puts more statistical weight on the
relative than on the absolute size of the moments. Interestingly, the relative size
of the theoretical moments turns out to have smaller perturbative corrections than
their absolute size. This is an issue that is well known from the total cross section
for tt production close to threshold in e+e− annihilation, where the line-shape for
the NNLO prediction has much smaller perturbative corrections than the height (see
Ref. [14] for a review). Recently, using renormalization group improved perturbation
theory in the framework of ”vNRQCD” [26] the height of the line-shape has been
considerably stabilized by summation of logarithms of the top velocity at NNLL [27].
I will be quite interesting to see whether a summation of these logarithms can improve
the behavior of the absolute size of the moments as well.

The result for the allowed values for the bottom 1S mass from the χ2-procedure
based on the NNLO theoretical moments is displayed in Fig. 2 for mc(mc) = 0.0 and
1.3 GeV. The dots represent points of minimal χ2 for a large number of random choices
of renormalization scales and sets of n’s for given values of α(5)

s (MZ). Experimental
errors at 95% CL are displayed as vertical lines. (See Ref. [5] for more details.)
The dependence of the 1S mass on the input value for α(5)

s (MZ) turns out to be
quite weak, particularly if the charm mass corrections are taken into account. For
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Figure 2: Results for the allowed range of M1S
b for given values of α

(5)
s (MZ) at NNLO for

mc(mc) = 0.0 and 1.3 GeV. It is illustrated by the vertical and horizontal lines how the

allowed range for M1S
b is obtained, if 0.115 ≤ α(5)

s (MZ) ≤ 0.121 is taken as an input.

mc(mc) = 1.4 ± 0.3 GeV we obtain

M1S
b = 4.69 ± 0.03 GeV (18)

for the bottom 1S mass. The charm mass corrections shift the 1S mass by about
-20 MeV, which is compatible with the crude estimate mentioned above. It is quite
interesting that this result is compatible with the determination of the 1S mass from
M(Υ(1S)) (see Eq. (15)). The difference to Eq. (15) is that that the central value and
the error from the sum rule determination are completely independent of the estimate
for the size of the non-perturbative gluon condensate contribution. In this respect
the result in Eq. (18) should be considered as more solid than the one in Eq. (15).

Taking the approximation formula (13) we then arrive at

M b(M b) = 4.17 ± 0.05 GeV , (19)

for the bottom MS mass, where we have added quadratically the uncertainties from
M1S

b (30 MeV), α(5)
s (MZ) = 0.118 ± 0.003 (30 MeV), µ = 4.7 ± 3GeV (15 MeV) and

mc(mc) = 1.4± 0.3 GeV (5 MeV). We note that the charm mass corrections in the Υ
sum rules and those in the MS-1S mass relation are additive and lead to an overall
shift of about -30 MeV in M b(Mb) compared to an analysis where the charm mass is
neglected altogether. Thus the charm mass effects are are relevant for the sum rule
method, in particular if it should turn out that the perturbative uncertainties in the
moments can be decreased in the future.

8 Conclusions

In this talk I have reviewed recent results for light quark mass effects in perturba-
tive bottom quark mass determinations from Υ mesons [4,5]. We find that the effects
of the charm mass are non-negligible in view of the present theoretical uncertainties.
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Light quark mass corrections were determined for the 1S-pole mass relation at NNLO,
for the MS-pole mass relation at order α3

s and for the Υ sum rules at NNLO. In the
determination of the bottom MS mass, M b(M b), from the mass of the Υ(1S) meson
the charm mass corrections shift the value of M b(M b) by about -15 MeV. In the
determination of the bottom 1S mass, M 1S

b , from the Υ sum rules the charm mass
corrections shift the value of M 1S

b by about -20 MeV. The overall shift of M b(M b) ob-
tained from the Υ sum rule analysis is about -30 MeV. The sign and size of the charm
mass corrections shows agreement with a recent unquenched lattice determination of
M b(M b) [28].

On the conceptual side light quark mass corrections are interesting because they
provide a natural tool to investigate the sensitivity the heavy quark mass definitions
to infrared momenta.
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1 Introduction

In recent years a formalism has been developed which highlights the close connec-
tion between exclusive and inclusive strong interaction processes. The cornerstones
of this formalism are the concepts of generalized parton distributions and generalized
distribution amplitudes. These quantities contain valuable information on the non-
perturbative transition between partons and hadrons, whose understanding remains
one of the great outstanding tasks in QCD. They can be accessed in several exclusive
reactions that are within the reach of current and planned experimental facilities. In
this contribution I will first give a brief overview of the formalism and the physics
behind it, and then report on the status of the calculation of radiative corrections in
this context.

A key process in the development of the QCD improved parton model has been
inclusive deep inelastic scattering, ep→ eX, which via the optical theorem is conve-
niently expressed in terms of the imaginary part of the forward Compton amplitude,
γ∗(q)+p(p)→ γ∗(q)+p(p). In the Bjorken region of large photon virtualityQ2 = −q2

and c.m. energy (p + q)2, this amplitude factorizes into a perturbatively calculable
scattering process at the level of quarks and gluons and process independent matrix
elements

〈 p(p)|O(λ) |p(p)〉. (1)

Here O(λ) stands for quark or gluon operators ψ(0)nµγ
µψ(λn), ψ(0)nµγ

µγ5ψ(λn),
nµnν F

µα(0)F ν
α(λn), nµnν F

µα(0)F̃ ν
α(λn), whose fields are separated by a light-like

distance λn (i.e., n2 = 0). These matrix elements, represented by a blob in fig. 1a, are
parameterized by parton distributions; they describe the transition between hadronic
and partonic degrees of freedom.

This factorization into short- and long-distance dynamics is actually more general.

(b)(a)

Figure 1: (a) A diagram for the Compton amplitude γ∗p → γ∗p in Bjorken kinematics.
(b) A diagram for the corresponding amplitude γ∗γ∗ → pp in the crossed channel.
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It also holds for the nonforward Compton amplitude, γ∗(q) + p(p) → γ∗(q′) + p(p′),
in a generalization of Bjorken kinematics, namely if the c.m. energy (p + q)2 and at
least one of the photon virtualities |q2|, |q′2| are large while the invariant momentum
transfer (p − p′)2 is small [1,2,3]. In the particular case where the outgoing photon
is on shell, one speaks of deeply virtual Compton scattering, which can be accessed
in the physical process ep → epγ, i.e., in exclusive electroproduction of a photon.
The non-perturbative physics is now described by matrix elements with the same
operators as before, but between different hadron states,

〈p(p′)|O(λ) |p(p)〉. (2)

The nonzero momentum transfer to the proton implies that the momenta of the two
parton lines attached to the blob in fig. 1a must differ as well. A simple calculation
shows that in particular their momentum fractions with respect to the hadrons cannot
be equal. For this reason, the generalized parton distributions which parameterize
the matrix elements (2) are often called “skewed”.

A completely analogous type of factorization occurs in the crossed channel, i.e.,
in γ∗(q) + γ∗(q′) → p(p) + p(p′), if at least one of the photon virtualities is large, in
particular compared with the invariant mass (p + p′)2 of the produced hadron pair
[1,4]. A corresponding diagram is shown in fig. 1b. Matrix elements

〈p(p) p(p′)|O(λ) |0〉 (3)

with again the same operators as before now parameterize the non-perturbative tran-
sition from a quark-antiquark or gluon pair to the final state hadrons. In addition to
the pp system one can consider a wide range of hadrons, say ππ or KK, which are not
easily available as beam particles in Compton scattering. The production mechanism
represented in fig. 1b is the same as in the process γ∗γ → π, where the nonperturba-
tive input is represented by the quark-antiquark distribution amplitude of the pion.
Data on this process have in fact provided one of the best available constraints so far
on this important quantity [5]. The matrix elements (3) are a direct generalization
of usual distribution amplitudes, where 〈pp| is replaced by a single-meson state.

2 Some physics aspects

As a consequence of the finite momentum transfer to the proton, generalized par-
ton distributions admit two different kinematical regimes. In the first, they describe
the emission of a parton with momentum fraction x+ ξ from the parent hadron and
its reabsorption with momentum fraction x− ξ, see fig. 2a. In the limit where p = p′

one has ξ = 0 and recovers the usual parton distributions. In a second regime, which
does not exist for p = p′, one has the coherent emission of a quark-antiquark or gluon
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p

(a)

x+ξ x−ξ +ξx

p

+ξx−

p’ p’

(c)(b)

Figure 2: (a) The kinematical regime where a generalized parton distribution describes

the emission and reabsorption of a parton. (b) The regime where it describes the emission
of a quark-antiquark or gluon pair. This is reminiscent of a meson distribution amplitude,

shown in (c).

pair from the parent hadron of momentum p, leaving the hadron with momentum
p′, see fig. 2b. One is thus sensitive to aspects of the proton structure that cannot
be accessed by the ordinary parton densities. The second regime is reminiscent of
a distribution amplitude, shown in fig. 2c, where there is no hadron left behind af-
ter emission of the partons. We will encounter an important manifestation of this
similarity in section 4.1.

It has long been known that the usual parton distributions can be represented
in terms of light-cone wave functions, which completely specify the structure of a
hadron in terms of quark and gluon configurations [6]. In this representation, de-
picted in fig. 3a, the wave functions appear squared, which reflects the crucial parton
model feature that parton densities can be understood as classical probabilities for
the emission of a parton from a hadron. The wave function representation of general-
ized parton distributions [7] provides a key to their physical interpretation: they are
not probabilities but interference terms of wave functions for different parton con-
figurations in a hadron. In this sense they contain characteristic information on the
quantum fluctuations of QCD bounds states, going beyond the classical probability
picture of the parton model.

Generalized parton distributions have a rich structure in spin, since the helicities
of the partons and the hadrons can be varied independently. Of particular interest are
those combinations where the helicity difference on the hadron side is not compensated
on the parton side: in that case angular momentum conservation must be ensured by
a transfer of orbital angular momentum, which is possible if there is a finite transfer
of transverse momentum. Thus, generalized distributions carry information on the
orbital angular momentum of partons—information that is hard to access otherwise.
If one takes moments of the generalized distributions in the momentum fraction x,
the operators in the matrix elements (2) are transformed into local operators, i.e.,
one obtains form factors of various local currents. A sum rule due to Ji [2] states that
the second moment of a particular combination of generalized distributions gives a
form factor whose value at zero momentum transfer is the total angular momentum

3



(a) (b)

Figure 3: Representation of a parton distribution in terms of light-cone wave functions,

denoted by small blobs, in the two regimes of fig. 2a and b. Notice that the second regime
involves wave functions with different parton content.

of quarks in the proton, consisting both of a spin and an orbital part.
The generalized distribution amplitudes of fig. 1b are intimately connected with

generalized parton distributions by crossing symmetry. Their moments are in fact
related by an analytic continuation in the Mandelstam invariant, i.e., t = (p − p′)2

for distributions and s = (p + p′)2 for distribution amplitudes. On the other hand,
generalized distribution amplitudes contain physics quite distinct from that of parton
distributions: they involve not only the partonic structure of a single hadron, but
also the interactions between hadrons. They parameterize what one might call the
“exclusive limit” of fragmentation, i.e., of the transition between parton and hadron
degrees of freedom. It is interesting to note that one can make a connection with
phenomenologically successful pictures of hadronization such as the Lund string model
[8].

3 Processes

As we saw in the introduction, generalized parton distributions can be accessed
in deeply virtual Compton scattering, measurable by electroproduction ep → epγ.
Another class of processes where they occur is exclusive electroproduction of a meson
instead of a photon, ep → epρ0, ep → enπ+, etc. Example diagrams are shown in
fig. 4. Notice that for vector mesons both quark and gluon distributions contribute
at leading order in αs. This is in contrast to Compton scattering, where gluons only
appear at the level of one-loop corrections, as they do in inclusive deep inelastic
scattering.

To date, we have no experimental determinations of generalized parton distribu-
tions. However, first measurements of the above processes in the relevant kinematical
domain have been performed, in particular by HERMES, H1, and ZEUS at DESY.
Further and more precise investigations are planned Jefferson Lab and at CERN
(COMPASS), and several future accelerator projects would be well suited for in-depth
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(a) (b)

Figure 4: Born level diagrams for the exclusive production of a meson from a deeply

virtual photon. The large blobs denote generalized gluon or quark distributions, and the
small blobs the meson distribution amplitude. Diagram (a) only contributes for mesons
with negative charge conjugation parity.

studies of these processes.
Generalized distribution amplitudes can be accessed in γ∗γ∗ or γ∗γ processes at

e+e− colliders, and cross section estimates [9] indicate that the production of pion
pairs γ∗γ → ππ should be well in the reach of BABAR, BELLE, and CLEO.

4 Radiative Corrections

As in all applications of QCD factorization, radiative corrections in our context
manifest themselves in two ways. The process independent hadronic matrix elements
depend on a factorization scale via evolution equations, whose kernels can be calcu-
lated in perturbation theory. On the other hand, there are radiative corrections to
the hard scattering subprocesses for each individual reaction.

4.1 Evolution

The evolution of generalized distribution amplitudes is exactly the same as the one
of the usual distribution amplitudes for mesons, described by the ERBL equations
[15]. This is not surprising, since evolution arises from the renormalization of the
bilocal operators O(λ) and is insensitive to whether the matrix elements (3) involve
a single meson or a two-particle state with the same quantum numbers.

The evolution of general parton distributions on the other hand, is more complex
and of considerable theoretical interest. It is in fact this aspect on which the earliest
studies of these quantities have focused on [1,14]. In the regime of fig. 2a, the evolution
is similar to the standard DGLAP evolution of parton densities, with a kernel that
depends on the parameter ξ describing the longitudinal momentum transfer to the
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partons (see fig. 2). In the regime of fig. 2b, evolution acts in a similar way as
ERBL evolution, which highlights the close analogy between figs. 2b and c. The
evolution equations for ordinary parton distributions and for distribution amplitudes,
although acting in quite different ways, are thus intimately related, which stems from
the fact that these quantities are defined through the same bilocal operators O(λ).
The evolution kernels for generalized parton distributions, called “extended ERBL
kernels”, contain the usual DGLAP and ERBL kernels as limiting cases; in this
sense the evolution of generalized parton distributions interpolates between the two
extremes of DGLAP and ERBL evolution.

The extended ERBL kernels have been calculated to LO by many groups. They
can be found to NLO accuracy in [16], where conformal and supersymmetric con-
straints were employed in order to reconstruct them from the known NLO DGLAP
kernels. A numerical study (limited to parton helicity independent distributions)
showed that the effect of NLO evolution was moderate compared with LO evolution
[17]. For the model distributions used there, the difference between NLO and LO
evolution was a few percent for non-singlet distributions and not more than 10 to
30% in the singlet sector.

4.2 The two-photon processes

The one-loop corrections to deeply virtual Compton scattering have been in-
dependently calculated by three groups [10,11]. In addition to diagrams like the
one in fig. 1a they involve diagrams with the generalized gluon distributions in the
proton. In [10] one finds the NLO results for the general nonforward amplitude
γ∗(q) + p(p) → γ∗(q′) + p(p′); in the limit q = q′ their imaginary parts reduce to
the well-known expressions for unpolarized and polarized deep inelastic scattering.
In [11] a numerical study for γ∗p → γp was performed, making an ansatz for the
yet unknown generalized quark and gluon distributions. It was found that the NLO
corrections can be large, up to about 50%, and depend sensitively on the value of the
Bjorken variable xB = Q2/(2p · q).

By an analytic continuation of the hard scattering kernel, the one-loop corrections
for γ∗γ → ππ have been obtained from those for the general nonforward Compton
amplitude [12]. Numerical studies show that the size of the corrections is very sensitive
to the relative size of the two-gluon and the quark-antiquark distribution amplitudes
[12,13]. In other words, this process may offer an interesting way to investigate how
strongly the two-pion system couples to gg in comparison with qq.

4.3 Power corrections

The factorized description discussed so far is valid in the limit of infinitely large
photon virtuality Q2, and at finite Q2 there are as usual corrections suppressed by
powers of 1/Q, up to logarithmic terms.
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An estimation of 1/Q2 corrections to deeply virtual Compton scattering and to
pion electroproduction has been made in [18] with the help of the renormalon tech-
nique, resumming vacuum polarization insertions in the gluon lines of figs. 1a and
4b. The corrections, evaluated at Q2 = 4 GeV2, were found to grow with xB and
to be important (of order 10 to 50%) for the Compton process. For pion production
they came out substantially larger (100% and more), with a strong dependence on
the ansatz made for the generalized quark distributions.

The structure of the 1/Q corrections to the Compton process [19] and its crossed
counterpart in γ∗γ collisions [20] has been completely classified in the framework of
the operator product expansion. These corrections factorize into a hard scattering
subprocess and generalized parton distributions of twist 3, in contrast to the twist-2
distributions discussed so far. The evolution equations of the twist-3 distributions
are known [21], in part to LO and in part to NLO, whereas the NLO corrections to
the hard scattering have not been calculated as yet. It is worth mentioning that the
1/Q suppressed terms contribute only to amplitudes where the helicities of the two
photons differ by 1, whereas the leading contributions only feed amplitudes where the
photon helicities are equal or differ by 2. The corresponding helicity amplitudes can
be separated using appropriate angular distributions [9,22]; the two-photon processes
might therefore provide a window on twist-3 effects that are not masked by large
twist-2 pieces.

4.4 Meson production

For meson electroproduction, the one-loop corrections to the hard scattering ker-
nels have not yet been evaluated. In the case of pion production, they are closely
connected with the one-loop corrections to the pion form factor in the hard-scattering
formalism of Brodsky and Lepage. In fact, the Feynman diagrams for the latter can
be obtained from those for pion electroproduction (see fig. 4b) by replacing the quark
distribution in the proton with the pion distribution amplitude. The NLO corrections
to the pion form factor can but need not be important, depending crucially on the
choice of renormalization scale in αs [23].

For the production of vector mesons, the additional calculation of the one-loop
corrections to the gluon exchange diagrams (see fig. 4a) is necessary for a complete
NLO evaluation. It would be very interesting to know the size of these corrections.
Frankfurt et al. [24] have studied the tree level diagrams, including in the hard scat-
tering process the transverse momentum kT of the quark-antiquark pair in the vector
meson, i.e., replacing the meson distribution amplitude in fig. 4a with the kT depen-
dent light-cone wave function. This inclusion of this finite kT effects led to a very
strong suppression of the amplitude when a meson wave function was taken that
decreases as slowly as 1/k2

T at large transverse momentum. This large-kT falloff is,
however, mediated by hard gluon exchange between the quark and antiquark forming
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the meson, and as such should be included not in the meson wave function but in the
hard scattering process, where it is a part of the NLO corrections.

5 Summary

Generalized parton distributions and distribution amplitudes provide novel tools
to study the interplay between partons and hadrons in QCD. They connect several
well-studied concepts such as parton densities, distribution amplitudes, form factors,
and light-cone wave functions, and contain information beyond what can be learned
from each of these.

These novel quantities can be studied in certain exclusive processes at large mo-
mentum transfer, whose investigation is in reach of present-day and future experi-
ments. The description of these processes relies on factorization theorems and thus
has a solid basis in QCD.

A quantitatively reliable extraction of generalized parton distributions and distri-
bution amplitudes will require a sufficient understanding of and control over radiative
corrections. The logarithmic evolution of these quantities is well studied and the ker-
nels are known to NLO. As to the corrections to the hard scattering subprocess, they
are known to NLO in the case of Compton scattering and of γ∗γ collisions, but a
deeper understanding of when and why they are large is still to be achieved. Not
much is known about the NLO corrections to meson production, but some pieces of
evidence exist that they may be important in certain kinematical situations.
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Tuesday, September 12, 2000, 2:30 -- 6 pm:     QCD Physics I 

Chair: Lance Dixon (SLAC)  

 
 
 

TIME SPEAKER TITLE

9:00 - 9:30 Tom Junk (Carlton) Searches at LEP2: Higgs and physics beyond the Standard Model

9:30 - 10:00 Stephan Wynhoff 
(CERN)

Standard Model Physics Results from LEP2

10:00 - 10:30 Stefan Dittmaier 
(Bielefeld)

Four-fermion production in e+e- annihilation

10:30 - 11:00  COFFEE BREAK

11:00 - 11:20 Ansgar Denner (PSI) Leading electroweak logarithms at one loop

11:20 - 11:40 Giampiero Passarino 
(Torino)

Single-W production, Fermion-Loop and ISR

11:40 - 12:10 Bennie Ward 
(Tennessee)

Precision Predictions for WW/4f Production in e+e- Annihilation: 
YFSWW3/KoralW1.42/YFSZZ

12:10 - 12:30 Zbigniew Was (INP, 
Cracow)

Coherent Exclusive Exponentiation of 2f Processes in e+e- 
Annihilation

TIME SPEAKER TITLE

2:30 - 3:10 John Womersley 
(Fermilab)

QCD at the Tevatron: current results and future prospects

3:10 - 3:40 R. Keith Ellis 
(Fermilab)

NLO QCD corrections to femtobarn processes

3:40 - 4:00 Walter Giele 
(Fermilab)

Phenomenological implications of parton density function 
uncertainties

4:00 - 4:30 COFFEE BREAK

4:30- 5:10 Konstantin Chetyrkin 
(Karlsruhe)

Review of multi-loop QCD computations such as: beta functions, 
anomalous dimensions, quark mass relations; applications and future 
prospects

5:10 - 5:40. Johan Rathsman 
(CERN)

Conformal expansions: a template for QCD predictions

5:40 - 6:00 Johannes Bluemlein 
(DESY, Zeuthen)

On the Drell-Yan-Levy Relation to O(alpha_s^2)



Wednesday, September 13, 2000, 9:45 am -- 1 pm:     Beyond the Standard 
Model I 

Chair: Michael Graesser (UC Santa Cruz)  

 
 
 
 

Wednesday, September 13, 2000, 2:30 -- 6 pm:     Heavy Quark Physics II 

Chair: Gudrun Hiller (SLAC)  

 

TIME SPEAKER TITLE

9:45 - 10:05 Edmond Berger (ANL) Predictions for Associated Production of a Gaugino and a 
Gluino at Hadron Colliders in SUSY-QCD at NLO

10:05 - 10:25 Michael Spira (Paul 
Scherrer Institut)

Higgs Radiation off Quarks in Supersymmetric Theories at e+e- 
Colliders

10:25 - 10:45 Sven Heinemeyer 
(DESY)

New results for Feynman-diagrammatic higher order corrections 
in the MSSM

10:45 - 11:05 Marcela Carena 
(Fermilab)

MSSM Higgs sector phenomenology with explicit CP violation

11:05 - 11:35 COFFEE BREAK

11:35 - 11:55 David Garcia (CERN) Quantum corrections for the MSSM Higgs couplings to Standard 
Model fermions

11:55 - 12:15 Maria Herrero (Madrid) Decoupling properties of MSSM particles in Higgs and top 
decays

12:15 - 12:35 Joan Sola (Barcelona) FCNC top quark decays beyond the Standard Model

12:35 - 12:55 D.R. Tim Jones 
(Liverpool)

Exact results for soft supersymmetry-breaking beta-functions 
and their applications

TIME SPEAKER TITLE

2:30 - 2:50 Tony Barker (Colorado) KTeV Present and Future

2:50 - 3:10 Stefano Bertolini (INFN, 
SISSA)

Theory of eps'/eps

3:10 - 3:40 Gino Isidori (INFN, Frascati) Supersymmetric effects in rare semileptonic decays of B & K 
mesons

3:40 - 4:00 Richard Lebed (Arizona State) Weak Annihilation Radiative Decays

4:00 - 4:30 COFFEE BREAK

4:30 - 4:50 Adam Leibovich (Carnegie 
Mellon)

V_ub from semileptonic decay and b->s gamma

4:50 - 5:10 Michael Luke (Toronto) A new method for obtaining V_ub

5:10 - 5:40 Daniel Wyler (Zurich) Extraction of CKM angles in the presence of new physics

5:40 - 6:00 Tobias Hurth (CERN) Rare B Decays at the NLL level



 
 
 

Thursday, September 14, 2000, 9 am -- 12:30 pm:     QCD Physics II 

Chair: Zvi Bern (UCLA)  

 
 
 
 

Thursday, September 14, 2000, 2:30 -- 6 pm:     Calculational Methods 

Chair: Kirill Melnikov (SLAC)  

 
 
 
 
 
 
 

TIME SPEAKER TITLE

9:00 - 9:40 Rik Yoshida (ANL) HERA small-x and/or diffraction

9:40 - 10:20 Carl Schmidt (Michigan State) Review of BFKL

10:20 - 10:50 COFFEE BREAK

10:50 - 11:20 Antonio Pich (Valencia) Chiral perturbation theory

11:20 - 11:50 Simon Dalley (Cambridge) Light-cone QCD on the lattice

11:50 - 12:10 Andre Hoang (CERN) Charm Effects in Perturbative Bottom Mass Determination

12:10 - 12:30 Markus Diehl (SLAC) Exclusive QCD

TIME SPEAKER TITLE

2:30 - 2:50 Rajamani Narayanan 
(APS and BNL)

Nonperturbative simulation of chiral fermions

2:50 - 3:10 Robert Harlander (BNL) Application of Pade's to fixed-order QCD computations

3:10 - 3:30 Thomas Gehrmann 
(Karlsruhe)

Multi-loop non-propagator integrals

3:30 - 4:00 Vladimir A. Smirnov 
(Moscow) 

"Strategy of regions" --- expansions of Feynman diagrams in both 
Euclidean and pseudo-Euclidean regimes

4:00 - 4:30 COFFEE BREAK

4:30 - 4:50 Davison Soper (Oregon) Purely numerical calculations of event-shape variables

4:50 - 5:10 Pietro Anonio Grassi 
(NYU)

Practical Algebraic Renormalization

5:10 - 5:30 Adrian Ghinculov 
(UCLA)

Electroweak two-loop corrections: Reduction and evaluation of 
massive graphs

5:30 - 6:00 Dirk Kreimer (Mainz) Polylogarithms, Knots and Feynman Diagrams



 
Friday, September 15, 2000, 9 am -- 12:30 pm:     Electroweak Physics II and 
Beyond the Standard Model II 

Chair: Thomas Rizzo (SLAC)  

 
 
 
 
Friday, September 15, 2000, 2:30 -- 6 pm:     Precision Physics at Future 
Colliders and Conference Summary 

Chair: Michael Peskin (SLAC)  

TIME SPEAKER TITLE

9:00 - 9:20 Ralf Prigl (BNL) Recent Experimental Results for g-2

9:20 - 9:50 Bill Marciano (BNL) Theoretical Implications of g-2

9:50 - 10:10 Zvi Bern (UCLA) Perturbative Quantization of Gravity Theories

10:10 - 10:30 Wolfgang Hollik 
(Karlsruhe)

2-loop electroweak contributions to Delta_r

10:30 - 11:00 COFFEE BREAK

11:00 - 11:20 John Gunion (UC 
Davis)

Do precision electroweak constraints guarantee e+e- collider 
discovery of at least one Higgs boson of a two-Higgs-doublet 
model?

11:20 - 11:40 Stephen Martin 
(Northern Illinois)

Constraints on ultraviolet stability of gauge couplings in realistic 
supersymmetric models

11:40 - 12:00 Carlos Wagner (ANL) Electroweak Baryogenesis in the MSSM

12:00 - 12:30 Joe Lykken 
(Fermilab)

A practical guide to higher dimensional quantum gravity

TIME SPEAKER TITLE

2:30 - 3:00 Francois Charles 
(Strasbourg)

Precision Physics at the LHC

3:00 - 3:20 Doreen Wackeroth 
(Rochester)

Theoretical challenges for a precision measurement of the W mass 
at hadron colliders

3:20 - 3:50 Tim Barklow (SLAC) WW Physics at Present and Future e+e- Colliders

3:50 - 4:20 COFFEE BREAK

4:20 - 4:50 David Rainwater 
(Fermilab)

Precision Higgs Physics at the NLC

4:50 - 5:10 Jens Erler (U. Penn.) Physics Impact of a Giga Z

5:10 - 5:50 Johann Kuehn 
(Karlsruhe)

Conference Summary
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