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Abstract

These notes are an expanded version of a short course of lectures
given for graduate students in particle physics at Oxford. The level
was intended to be appropriate for students in both experimental and
theoretical particle physics. The purpose is to present an elemen-
tary and self-contained introduction to SUSY that follows on, rel-
atively straightforwardly, from graduate-level courses in relativistic
quantum mechanics and introductory quantum field theory. The no-
tation adopted, at least initially, is one widely used in RQM courses,
rather than the ‘spinor calculus’ (dotted and undotted indices) nota-
tion found in most SUSY sources, though the latter is introduced in
optional Asides. There is also a strong preference for a ‘do-it-yourself’
constructive approach, rather than for a top-down formal deductive
treatment. The main goal is to provide a practical understanding of
how the softly broken MSSM is constructed. Relatively less space
is devoted to phenomenology, though simple ‘classic’ results are cov-
ered, including gauge unification, the bound on the mass of the lightest
Higgs boson, and sparticle mixing. By the end of the course students
(readers) should be provided with access to the contemporary phe-
nomenological literature.
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1 Introduction and Motivation

Supersymmetry (SUSY) - a symmetry relating bosonic and fermionic degrees
of freedom - is a remarkable and exciting idea, but its implementation is
technically pretty complicated. It can be discouraging to find that after
standard courses on, say, the Dirac equation and quantum field theory, one



has almost to start afresh and master a new formalism, and moreover one
that is not fully standardized. On the other hand, thirty years have passed
since the first explorations of SUSY in the early 1970’s, without any direct
evidence of its relevance to physics having been discovered. The Standard
Model (SM) of particle physics (suitably extended to include an adequate
neutrino phenomenology) works extremely well. So the hard-nosed seeker
after truth may well wonder: Why spend the time learning all this intricate
SUSY stuff? Indeed, why speculate at all about how to go ‘beyond’” the SM,
unless or until experiment forces us to? If it’s not broken, why try and fix
it?

As regards the formalism, most standard sources on SUSY use either
the ‘dotted and undotted’ 2-component spinor notation found in the theory
of representations of the Lorentz group, or 4-component Majorana spinors.
Neither of these is commonly included in introductory courses on the Dirac
equation (though perhaps they should be). But it is of course perfectly possi-
ble to present simple aspects of SUSY using a notation which joins smoothly
on to standard 4-component Dirac equation courses, and a brute force, ‘try-
it-and-see’ approach to constructing SUSY-invariant theories. That is what
I aim to do in these lectures, at least to start with. Somewhat surpris-
ingly, it seems that such an elementary introduction is not available, or at
least not in such detail as is given here, which is why these notes have been
typed up. I hope that they will help to make the basic nuts and bolts of
SUSY accessible to a wider clientele. However, as we go along I shall ex-
plain the more compact ‘dotted and undotted’ notation in optional Asides,
and T’ll also introduce the powerful superfield formalism; this is partly be-
cause the simple-minded approach becomes too cumbersome after a while,
and partly because contemporary discussions of the phenomenology of the
Minimal Supersymmetric Standard Model (MSSM) make some use this more
sophisticated notation.

What of the need to go beyond the Standard Model? Within the SM it-
self, there is a plausible historical answer to that question. The V-A current-
current (four-fermion) theory of weak interactions worked very well for many
years, when used at lowest order in perturbation theory. Yet Heisenberg [1]
had noted as early as 1939 that problems arose if one tried to compute higher
order effects, perturbation theory apparently breaking down completely at
the then unimaginably high energy of some 300 GeV (the scale of GEI/Q).
Later, this became linked to the non-renormalizability of the four-fermion
theory, a purely theoretical problem in the years before experiments attained
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the precision required for sensitivity to electroweak radiative corrections.
This perceived disease was alleviated but not cured in the ‘Intermediate
Vector Boson’ model, which envisaged the weak force between two fermions
as being mediated by massive vector bosons. The non-renormalizability of
such a theory was recognized, but not addressed, by Glashow [2] in his 1961
paper proposing the SU(2)xU(1) structure. Weinberg [3] and Salam [4],
in their gauge-theory models, employed the hypothesis of spontaneous sym-
metry breaking to generate masses for the gauge bosons and the fermions,
conjecturing that this form of symmetry breaking would not spoil the renor-
malizability possessed by the massless (unbroken) theory. When 't Hooft
[5] demonstrated this in 1971, the Glashow-Salam-Weinberg theory achieved
a theoretical status comparable to that of QED. In due course the preci-
sion electroweak experiments spectacularly confirmed the calculated radia-
tive corrections, even yielding a remarkably accurate prediction of the top
quark mass, based on its effect as a virtual particle......but note that even this
part of the story is not yet over, since we have still not obtained experimental
access to the proposed symmetry-breaking (Higgs [6]) sector! If and when we
do, it will surely be a remarkable vindication of theoretical pre-occupations
dating back to the early 1960’s.

It seems fair to conclude that worrying about perceived imperfections of
a theory, even a phenomenologically very successful one, can pay off. In
the case of the SM, a quite serious imperfection (for many theorists) is the
‘hierarchy problem’, which we shall discuss in a moment. SUSY can provide
a solution to this preceived problem, provided that SUSY partners to known
particles have masses no larger than 1-10 TeV (roughly). A lot of work
has been done on the phenomenology of SUSY, which has influenced LHC
detector design. Once again, it will be extraordinary if, in fact, the world
turns out to be this way.

In addition to this kind of motivation for SUSY, there are various other
arguments which have been adduced. The rest of this section consists of a
brief summary of the main reasons I could find why theorists are keen on

SUSY.



1.1 The ‘weak scale instability problem’ - also known
as the ‘hierarchy problem’

The electroweak sector of the SM (see for example Aitchison and Hey [12])
contains within it a parameter with the dimensions of energy (i.e. a ‘weak
scale’), namely the vacuum expectation value of the Higgs field,

v~ 246 GeV. (1)

This parameter sets the scale, in principle, of all masses in the theory. For
example, the mass of the W* (neglecting radiative corrections) is given by

Mw = gv/2 ~ 80GeV, (2)

and the mass of the Higgs boson is

A@:W@, 3)

where ¢ is the SU(2) gauge coupling constant, and A is the strength of the
Higgs self-interaction in the Higgs potential

A
V=—p’dTo+ Z(¢T¢)2’ (4)

where A > 0 and p? > 0. Here ¢ is the SU(2) doublet field

=% ) o)

and all fields are understood to be quantum, no ‘hat’ being used.

Recall now that the negative sign of the ‘mass?’ term —pu? is essential for
the spontaneous symmetry breaking mechanism to work. With the sign as in
(4), the minimum of V' interpreted as a classical potential is at the non-zero

¢l = V2u/VA = v/V2, (6)

where p = +/p?. This classical minimum (equilibrium value) is conventionally

value

interpreted as the expectation value of the quantum field in the quantum
vacuum (i.e. the vev), at least at tree level. If ‘—u?” in (4) is replaced by
the positive quantity ‘u?’, the classical equilibrium value is at the origin in
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field space, which would imply v = 0 - in which case all particles would be
massless. Hence it is vital to preserve the sign, and indeed magnitude, of the
coefficient of ¢'¢ in (4).

The discussion so far has been at tree level (no loops). What happens
when we include loops? The SM is renormalizable, which means that finite
results are obtained for all higher-order (loop) corrections, even if we extend
the virtual momenta in the loop integrals all the way to infinity. But although
this certainly implies that the theory is well-defined and calculable up to
infinite energies, in practice no-one seriously believes that the SM is really
all there is, however high we go in energy. That is to say, in loop integrals
of the form

A
/ d*k f(k,external momenta) (7)

we do not think that the cut-off A should go to infinity, physically, even
though the reormalizability of the theory assures us that no inconsistency will
arise if it does. More reasonably, we regard the SM as part of a larger theory
which includes as yet unknown ‘new physics’ at high energy, A representing
the scale at which this new physics appears, and where the SM must be
modified. At the very least, for instance, there surely must be some kind of
new physics at the scale when quantum gravity becomes important, which is
believed to be indicated by the Planck mass

Mp = (Gn)™? ~ 1.2 x 10" GeV. (8)

If this is indeed the scale of the new physics beyond the SM or, in fact, if
there is any scale of ‘new physics’ even several orders of magnitude different
from the scale set by v, then we shall see that we meet a problem with the
SM, once we go beyond tree level.

The 4-boson self-interaction in (4) generates, at one-loop order, a contri-
bution to the ¢'¢ term, corresponding to the self-energy diagram of figure
1.1 which is proportional to

A4 1
A/dkm. (9)

This integral clearly diverges quadratically (there are four powers of k in the
numerator, and two in the denominator), and it turns out to be positive,
producing a correction

~ AM2oT (10)



Figure 1: One-loop self-energy graph in ¢* theory.

to the —u2¢T¢ term in V. Now we know that the vev v is given in terms
of p by (6), and that its value is fixed phenomenologically by (1). Hence
it seems that p can hardly be much greater than of order a few hundred
GeV (or, if it is, A is much greater than unity - which would imply that
we can’t do perturbation theory; but since this is all we know how to do,
in this problem, we proceed on the assumption that A had better be in the
perturbative regime). On the other hand, if A ~ Mp ~ 10'® GeV, the one-
loop quantum correction to ‘—u?’ is then vastly greater than ~ (100 GeV)?,
and positive, so that to arrive at a value ~ —(100 Gev)? after inclusion of
loop corrections would seem to require that we start with an equally huge
but negative value of the Lagrangian parameter —u?, relying on a remarkable
cancellation to get us from ~ —(10'? GeV)? to ~ —(10% GeV)%.

We stress again, however, that this is not a problem if the SM is treated
in isolation, with the cut-off A going to infinity. There is then no ‘second
scale’ (A as well as v), and the Lagrangian parameter —u? can be chosen
to depend on the cut-off A in just such a way that, when A — oo, the final
(renormalized) coefficient of ¢'¢ has the desired value. This is of course what
happens to all ordinary mass terms in renormalizable theories.

This ‘large cancellation’ (or ‘fine tuning’) problem involving the parame-
ter p affects not only the mass of the Higgs particle, which is given in terms

of u (combining (3) and (6)) by
My = \/§,u, (11)
but also the mass of the W,
Mw = gu/V, (12)

and ultimately all masses in the SM, which derive from v and hence p.



But wait a minute: haven’t we just admitted that something like this al-
ways happens in mass terms of renormalizable theories? Why are we making
a fuss about it now?

Actually, it is a problem which arises in a particularly acute way in theo-
ries which involve scalar particles in the Lagrangian - in contrast to theories
with only fermions and gauge fields in the Lagrangian, but which are capable
of producing scalar particles as some kind of bound states. An example of
the latter kind of theory would be QED, for instance. Here the analogue of
figure 1.1 would be the one-loop process in which an electron emits and then
re-absorbs a photon. This produces a correction ém to the fermion mass m
in the Lagrangian, which seems to vary with the cut-off as

A d*k
K2

dm ~ «a

~ aA. (13)

(Here we have neglected both the external momentum and the fermion mass,
in the fermion propagator, since we are interested in the large k& behaviour.)
In fact, however, when the calculation is done in detail one finds

dm ~ amlIn A, (14)

so that even if A ~ 10'? GeV, we have ém ~ m and no unpleasant fine-tuning
is necessary after all.

Why does it happen in this case that ém ~ m? It is because the La-
grangian for QED (and the SM for that matter) has a symmelry as the
fermion masses go to zero, namely chiral symmetry. This is the symmetry
under transformations (on fermion fields) of the form

) — €95 (15)

in the U(1) case, or .
77[) — ela-T/Q'y5¢ (16)

in the SU(2) case. This symmetry guarantees that all radiative corrections
to m, computed in perturbation theory, will vanish as m — 0. Hence dm
must be proportional to m, and the dependence on A is therefore (from
dimensional analysis) only logarithmic.

What about self-energy corrections to the masses of gauge particles? For
QED it is of course the (unbroken) gauge symmetry which forces m. = 0, to



all orders in perturbation theory. In other words, gauge invariance guarantees
that no term of the form

m2AFA, (17)

can be radiatively generated in an unbroken gauge theory. On the other
hand, the non-zero masses of the W and 7 bosons in the SM arise non-
perturbatively via spontaneous symmetry breaking, as we have seen - that
is, via the Higgs vev v. If v is zero, the W and 7 are as massless as the
photon. But v is proportional to u, and so the masses they acquire by
symmetry breaking are as sensitive to A as My is.

Can we find a symmetry which would - in a sense similar to chiral sym-
metry or gauge symmetry - control dm? for a scalar particle appearing in
a Lagrangian? Well, there are also fermion loop corrections to the —p2¢te
term, in which a ¢ particle turns into a fermion-antifermion pair, which then
annihilates back into a ¢ particle. At zero external momentum, such a con-
tribution behaves as

(4 v o= (o s ) o oo

The sign here is crucial, and comes from the closed fermion loop. The term
with the k? in the numerator in (18) is quadratically divergent, and of op-
posite sign to the quadratic divergence (10) due to the Higgs loop. Ignoring
numerical factors, these two contributions together have the form

(A = gf)A*%"o. (19)

The possibility now arises that if for some reason there existed a boson-
fermion coupling ¢ related to the Higgs coupling by

g = A (20)

then this quadratic sensitivity to A would not occur. A relation between
coupling constants, such as (20), is characteristic of a symmetry - but in this
case it must evidently be a symmetry which relates a purely bosonic vertex
to a boson-fermion ( Yukawa) one. Relations of the form (20) are indeed just
what occur in a SUSY theory, as we shall see in section 8. To implement
this idea in the context of the (MS)SM, it will be necessary to postulate the
existence of new fermionic ‘superpartners’ of the Higgs field - ‘Higgsinos’ -
as discussed in sections 4 and 12.

10



But this will by no means deal with all the quadratic divergences present
in the —p2¢T¢p term. In principle, every SM fermion can play the role of
‘7 in (18), since they all have a Yukawa coupling to the Higgs field. To
cancel all these quadratic divergences will require the introduction of scalar
superpartners for all the SM fermions - that is, an appropriate set of squarks
and sleptons (see sections 4 and 12). There are also quadratic divergences
associated with the contribution of gauge boson loops to the ‘—pu?’ term, and
these too will have to be cancelled by fermionic superpartners, ‘gauginos’. In
this way, the outlines of the MSSM are beginning to emerge.

After cancellation of the A? terms via (20), the next most divergent con-
tributions to the ‘—pu?’ term grow logarithmically with A; essentially, such
a ‘boson ¢« fermion’ symmetry gives the scalar masses ‘protection’ from
quadratically divergent loop corrections, by virtue of being related by sym-
metry to the fermion masses, which are protected by chiral symmetry. But
even terms logarithmic in the cut-off can be uncomfortably large. Consider
a simple ‘one Higgs - one new fermion’ model. The In A contribution to the
‘“—1?’ term has the form

~ MaMfj — bmf)In A (21)

where a and b are positive numerical factors of order unity. If this model were
exactly supersymmetric, we would have my = m¢ and (21) would be of order
M? itself, and no fine tuning would be required. However, no superpart-
ners for the SM particles have been discovered, so SUSY must be a broken
symmetry (see section 15), with the masses of the superpartners presumably
lying at too high values to be detected yet. In our simple model, this means
that Mj # m}. But the (mass)? difference cannot be too large, or else a
(possibly) smaller hierarchy problem threatens. In the realistic case of the
(MS)SM, the coefficient of the In A term will involve a sum of (mass)? terms
for bosonic particles and, with the opposite sign, a sum of (mass)? terms for
the fermionic particles. As far as the SM particles are concerned, the domi-
nant terms are those from the particles with masses of order the Higgs vev v.
We conclude that the new SUSY partners cannot be too much heavier than
the scale of v (or My), or we are back to some form of fine tuning. Of course,
how much fine-tuning we are prepared to tolerate is a matter of taste.

Thus SUSY stabilizes the hierarchy My w < Mp, in the sense that radia-
tive corrections will not drag My w up to the high scale A; and the argument
implies that, for the desired stabilization to occur, SUSY should be visible
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at a scale not too much greater than 1-10 TeV. The origin of this latter scale
(that of SUSY-breaking - see section 15.2) is a separate problem.

The reader should not get the impression that SUSY is the only available solution to
the hierarchy problem. In fact, there are several others on offer. One, which has been
around almost as long as SUSY, is generically called ‘technicolour’. Tt proposes [7] [8] that
the Higgs field is not ‘elementary’ but is analogous to the electron-pair state in the BCS
theory of superconductivity, being a bound state of new doublets of massless quarks Q and
anti-quarks Q interacting via a new strongly interacting gauge theory, similar to QCD. In
this case, the Lagrangian for the Higgs sector is only an effective theory, valid for energies
significantly below the scale at which the Q — Q structure would be revealed - say 1 - 10
TeV. The integral in (9) can then only properly be extended to this scale, certainly not
to a hierarchically different scale such as Mp. Essentially, new strong interactions enter
not too far above the electroweak scale. A relatively recent review is provided by Lane
[9]. A quite different possibility is to suggest that the gravitational (or string) scale is
actually very much lower than (8) - perhaps even as low as a few TeV [10]. The hierarchy
problem then evaporates since the ultaviolet cut-off A is not much higher than the weak
scale itself. This miracle is worked by appealing to the notion of ‘large’ hidden extra
dimensions, perhaps as large as sub-millimetre scales. This and other related ideas are
discussed by Lykken [11], for example. Nevertheless, it is fair to say that SUSY, in the
form of the MSSM, is at present the most highly developed framework for guiding and
informing explorations of physics ‘beyond the SM’.

1.2 Additional positive indications

(a) The precision fits to electroweak data show that My is less than about 200
GeV, at the 99% confidence level. The ‘Minimal Supersymmetric Standard
Model’ (MSSM) (see section 12), which has two Higgs doublets, predicts (see
section 16) that the lightest Higgs particle should be no heavier than about
140 GeV. In the SM, by contrast, we have no constraint on My.!

(b) At one-loop order, the inverse gauge couplings a7 ' (Q?), a3 (Q%), a5 (Q?)
of the SM run linearly with In Q?. Although o' decreases with Q?, and ;"
and a3 increase, all three tending to meet at high Q2 ~ (106 GeV)?, they
do not in fact meet convincingly in the SM. On the other hand, in the MSSM
they do, thus encouraging ideas of unification: see section 13.

Not in quite the same sense (i.e. of a mathematical bound), at any rate. One can
certainly say, from (3), that if A is not much greater than unity, so that perturbation
theory has a hope of being applicable, then My can’t be much greater than a few hundred
GeV. For more sophisticated versions of this sort of argument, see [12] section 22.10.2.
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(c¢) In any renormalizable theory, the mass parameters in the Lagrangian
are also scale-dependent (they ‘run’), just as the coupling parameters do.
In the MSSM, the evolution of a Higgs (mass)?® parameter from a typical
positive value of order v* at a scale of the order of 10'® GeV, takes it to a
negative value of the correct order of magnitude at scales of order 100 GeV,
thus providing a possible explanation for the origin of electroweak symme-
try breaking, specifically at those much lower scales. Actually, however, this
happens because the Yukawa coupling of the top quark is large (being pro-
portional to its mass), and this has a dominant effect on the evolution. You
might ask whether, in that case, the same result would be obtained without
SUSY.The answer is that it would, but the initial conditions for the evolution
are more naturally motivated within a SUSY theory, as discussed in section

15.

1.3 Theoretical considerations

It can certainly be plausibly argued that a dominant theme in twentieth
century physics was that of symmetry, the pursuit of which was heuristically
very successful. It is natural to ask if our current quantum field theories
exploit all the kinds of symmetry which could exist, consistent with Lorentz
invariance. Consider the symmetry ‘charges’ that we are familiar with in the
SM, for example an electromagnetic charge of the form

Q=c [d ply (22)
or an SU(2) charge (isospin operator) of the form

T =g [ & yi(r/2) (23)

where in (23) ¢ is an SU(2) doublet, and in both (22) and (23) ¢ is a
fermionic field. All such symmetry operators are themselves Lorentz scalars
(they carry no uncontracted Lorentz indices of any kind, for example vector
or spinor). This implies that when they act on a state of definite spin J,
they cannot alter that spin:

Q|J) = | same J, possibly different member of symmetry multiplet ). (24)

Need this be the case?
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We certainly know of one vector ‘charge’ - namely, the 4-momentum op-
erators P, which generate space-time displacements, and whose eigenvalues
are conserved 4-momenta. There are also the angular momentum operators,
which belong inside an antisymmetric tensor M,,,. Could we, perhaps, have a
conserved symmetric tensor charge (),,7 We shall provide a highly simplified
version (taken from Ellis [13]) of an argument due to Coleman and Mandula
[14] which shows that we cannot. Consider letting such a charge act on a
single particle state with 4-momentum p:

Qulp) = (apupy + Bgu)Ip), (25)

where the RHS has been written down by ‘covariance’ arguments (i.e. the
most general expression with the indicated tensor transformation character,
built from the tensors at our disposal). Now consider a two-particle state
|p(1),p(2)>, and assume the (),,’s are additive, conserved, and act on only one
particle at a time, like other known charges. Then

Qu [P, p@) = (a(p®plV + pPpP) + 284, ) |p™M, p@). (26)

In an elastic scattering process of the form 1 +2 — 3 + 4 we will then need
(from conservation of the eigenvalue)

PP + P = pPplY + pplY. (27)
But we also have 4-momentum conservation:
)+ =p? +p! (28)
The only common solution to (27) and (28) is

pl) =p, p® = p(, or p) = p(, p® = p®, (29)
which means that only forward or backward scattering can occur - which is
obviously unacceptable.

The general message here is that there seems to be no room for further
conserved operators with non-trivial Lorentz transformation character (i.e.
not Lorentz scalars). The existing such operators P, and M,, do allow
proper scattering processes to occur, but imposing any more conservation
laws over-restricts the possible configurations. Such was the conclusion of
the Coleman-Mandula theorem [14]. But in fact their argument turns out
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not to exclude ‘charges’ which transform under Lorentz transformations as
spinors: that is to say, things transforming like a fermionic field ¢». We may
denote such a charge by Q),, the subscript a indicating the spinor component
(we will see that we’ll be dealing with 2-component spinors, rather than 4-
component ones, for the most part). For such a charge, equation (24) will
clearly not hold; rather,

QalJ) =[] £1/2). (30)

Such an operator will not contribute to a matrix element for a two-particle
— two-particle elastic scattering process (in which the particle spins remain
the same), and consequently the above kind of ‘no-go’ argument can’t get
started.

The question then arises: is it possible to include such spinorial operators
in a consistent algebraic scheme, along with the known conserved operators
P, and M,,?7 The affirmative answer was first given by Gol’fand and Likht-
man [15], and the most general such ‘supersymmetry algebra’ was obtained
by Haag, Lopuszanski and Sohnius [16]. By ‘algebra’ here we mean (as usual)
the set of commutation relations among the ‘charges’ - which, we recall, are
also the generators of the appropriate symmetry transformations. The SU(2)
algebra of the angular momentum operators, which are generators of rota-
tions, is a familiar example. The essential new feature here, however, is that
the charges which have a spinor character will have anticommutation rela-
tions among themselves, rather than commutation relations. So such algebras
involve some commutation relations and some anticommutation relations.

What will such algebras look like? Since our generic spinorial charge @, is
a symmetry operator, it must commute with the Hamiltonian of the system,
whatever it is:

[QmH] =0, (31>

and so must the anticommutator of two different components:

{Qa; @}, H] = 0. (32)

As noted above, the spinorial ()’s have two components, so as a and b vary the
symmetric object {Q,,@r} = Q.Q + Q1@ has three independent compo-
nents, and we suspect that it must transform as a spin-1 object (just like the
symmetric combinations of two spin-1/2 wavefunctions). However, as usual
in a relativistic theory, this spin-1 object should be described by a 4-vector,
not a 3-vector. Further, this 4-vector is conserved, from (32). There is only
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one such conserved 4-vector operator (from the Coleman-Mandula theorem),
namely P,. So the ,’s must satisfy an algebra of the form, roughly,

{Qa, Qv} ~ P (33)

Clearly (33) is sloppy: the indices on each side don’t balance. With more
than a little hindsight, we might think of absorbing the ‘,” by multiplying by
~#, the y-matrix itself conveniently having two matrix indices which might
correspond to a, b. This is in fact more or less right, as we shall see in section
5, but the precise details are finicky.

Accepting that (33) captures the essence of the matter, we can now begin
to see what a radical idea supersymmetry really is. Equation (33) says,
roughly speaking, that if you do two SUSY transformations generated by
the @)’s, one after the other, you get the energy-momentum operator. Or, to
put it even more strikingly (but quite equivalently), you get the space-time
translation operator, i.e. a derivative. Turning it around, the SUSY spinorial
@Q)’s are like square roots of 4-momentum, or square roots of derivatives! It is
rather like going one better than the Dirac equation, which can be viewed as
providing the square root of the Klein-Gordon equation: how would we take
the square root of the Dirac equation?

It is worth pausing to take this in properly. Four-dimensional derivatives
are firmly locked to our notions of a four-dimensional space-time. In now
entertaining the possibility that we can take square roots of them, we are
effectively extending our concept of space-time itself - just as, when the square
root of -1 is introduced, we enlarge the real axis to the complex (Argand)
plane. That is to say, if we take seriously an algebra involving both P,
and the ()’s, we shall have to say that the space-time co-ordinates are being
extended to include further degrees of freedom, which are acted on by the
@’s, and that these degrees of freedom are connected to the standard ones
by means of transformations generated by the @’s. These further degrees
of freedom are, in fact, fermionic. So we may say that SUSY invites us to
contemplate ‘fermionic dimensions’, and enlarge space-time to ‘superspace’.

For some reason this doesn’t seem to be the thing usually most empha-
sized about SUSY. Rather, people talk much more about the fact that SUSY
implies (if an exact symmetry) degenerate multiplets of bosons and fermions.
Of course, that aspect is certainly true, and phenomenologically important,
but the fermionic enlargement of space-time is arguably a more striking con-
cept.
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One final remark on motivations: if you believe in String Theory (and
it still seems to be the only game in town that may provide a consistent
quantum theory of gravity), then the phenomenologically most attractive
versions incorporate supersymmetry, some trace of which might remain in the
theories which effectively describe physics at presently accessible energies.

2 Spinors

Let’s begin by recalling in outline how symmetries, such as SU(2), are de-
scribed in quantum field theory (see for example chapter 12 of [12]). The
Lagrangian involves a set of fields %, - they could be bosons or fermions -
and it is taken to be invariant under an infinitesimal transformation on the

fields of the form
0, = —i€eN, 51, (34)

where a summation is understood on the repeated index s, the A,; are certain
constant coefficients (for instance, the elements of the Pauli matrices), and
€ is an infinitesimal parameter. Supersymmetry transformations will look
something like this, but they will transform bosonic fields into fermionic
ones, for example

Secp ~ € (35)

where ¢ is a bosonic (say spin-0) field, ¢ is a fermionic (say spin-1/2) one,
and ¢ is an infinitesimal parameter (the alert reader will figure out that ¢
too has to be a spinor). In due course we shall spell out the details of the
‘~" here, but one thing should already be clear at this stage: the number of
(field) degrees of freedom, as between the bosonic ¢ fields and the fermionic
1 fields, had better be the same in an equation of the form (35), just as the
number of fields r = 1,2,... N on the LHS of (34) is the same as the number
s =1,2... N on the RHS. We can’t have some fields being ‘left out’. Now
the simplest kind of bosonic field is of course a neutral scalar field, which has
only one component, which is real: ¢ = ¢! (see [17] chapter 5). On the other
hand, there is no fermionic field with just one component: being a spinor,
it has at least two. So that means that we must consider, at the very least,
a two-degree-of-freedom bosonic field, to go with the spinor field, and that
takes us to a complex (charged) scalar field (see chapter 7 of [17]).2

2We have been a bit slipshod here, eliding ‘components’ with ‘degrees of freedom’. In
fact, each component of a two-component spinor is complex, so there are 4 degrees of
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But what kind of a two-component fermionic field do we ‘match’ the
complex scalar field with? When we learn the Dirac equation, pretty well
the first result we arrive at is that fermion wavefunctions, or fields, have
four components, not two. The simplest SUSY theory, however, involves a
complex scalar field and a two-component fermionic field. The Dirac field
actually uses two two-component fields, which is not the simplest case. Our
first, and absolutely inescapable, job is therefore to ‘deconstruct’ the Dirac
field, and understand the nature of the two different two-component fields
which together constitute it.

This difference has to do with the different ways the two ‘halves’ of the
4-component Dirac field transform under Lorentz transformations. Under-
standing how this works, in detail, is vital to being able to write down SUSY
transformations which are consistent with Lorentz invariance. For example,
the LHS of (35) refers to a scalar (spin-0) field ¢; admittedly it’s complex,
but that just means that it has a real part and an imaginary part, both of
which have spin-0. So it is an invariant under Lorentz transformations. On
the RHS, however, we have the 2-component spinor (spin-1/2) field ¢, which
is certainly not invariant under Lorentz transformations. But the parameter
¢ is also a 2-component spinor, in fact, and so we shall have to understand
how to put £ and 1 together properly so as to form a Lorentz invariant, in
order to be consistent with the Lorentz transformation character of the LHS.
While we may be familiar with how to do this sort of thing for 4-component
Dirac spinors, we need to learn the corresponding tricks for 2-component
ones. The rest of this lecture is therefore devoted to this groundwork.

2.1 Spinors and Lorentz Transformations

In many branches of theoretical physics, specific notation has been invented.
There are many reasons for this, including the following (all of which of course
assume that the notation has been perfectly mastered): it makes the formulae
more compact and less of a drudgery to write out (take a look at Maxwell’s
original paper on Electromagnetism, written in 1864 before the invention of

freedom in a two-component spinor. If the spinor i1s assumed to be ‘on-shell’ - i.e. obeying
the appropriate equation of motion - then the number of degrees of freedom reduces to 2,
the same as a complex scalar field. But generally in field theory we need to go ‘off-shell’, so
that to match the 4 degrees of freedom in a two-component spinor we shall actually need
more bosonic degrees of freedom than just the 2 in a complex scalar field. We shall ignore
this complication in our first foray into SUSY, in Section 3, but return to it in Section 7.
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vector calculus); it can guarantee, essentially as an automatic consequence of
writing a well-formed equation, that it incorporates some desired properties
(for example, 4-vectors in Special Relativity, the use of which automatically
incorporates the requirement of Lorentz covariance); and a well-conceived
notation lends itself to advantageous steps in manipulations (for example,
taking dot or cross products in equations involving vectors). Supersymmetry
is no exception, there being plenty of specific notation available for things
like spinors. The only problem is, that it has not yet been standardized.
This is very off-putting to beginners in the subject, because almost all the
introductory articles or books they pick up will use notation which is, to
a greater or lesser extent, special to that source, making comparisons very
frustrating. By contrast, we shall in these lectures not make much use of
special SUSY notation. Rather, we shall aim to use a notation with which
we assume the reader is familiar - namely, that used in standard relativistic
quantum mechanics courses which deal with the Dirac equation. The ad-
vantage of this strategy is that the student doesn’t, as a first task, have to
learn a quite tricky new notation, and can gain access to the subject directly
on the basis of standard courses. There will eventually be a price to pay, in
the cumbersome nature of some expressions and manipulations, which could
be streamlined using professional SUSY notation. And after all, students
have, in the end, got to be able to read SUSY formulae when written in the
(quasi-)standard notation. So as we progress we’ll introduce more specific
notation.

We begin with the Dirac equation in momentum space, which we write
as

EV = (a-p + fm)¥ (36)

where of course we are taking ¢ = h = 1. We shall choose the particular

o 0 0 1
a_<0—a> ﬂ_(10)’ (37)
which implies that

=) ma w=(4 0 39

This is one of the standard representations of the Dirac matrices (see for
example [17] page 91, and [12] pages 31-2, and particularly [12] Appendix M,
section M.6). It is the one which is commonly used in the ‘small mass’ or ‘high

reprsentation
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energy’ limit, since the (large) momentum term is then (block) diagonal. As
usual, o = (0,,0,,0,) are the 2 x 2 Pauli matrices.

We write
V)
U= . 39
(v (39)
The Dirac equation is then

(E—o-plé = mx (40)
(E+o-p)x = my. (41)

Notice that as m — 0, (40) becomes & - pthg = Etpg, and F — |p|, so the
zero mass limit of (40) is

(o -p/lp)o = to, (42)

which means that 1 is an eigenstate of the helicity operator o - p/|p| with
eigenvalue +1 (‘positive helicity’). Similarly, the zero-mass limit of (41)
shows that yo has negative helicity.

For m # 0, ¢ and x of (40) and (41) are plainly not helicity eigenstates:
indeed the mass term (in this representation) ‘mixes’ them. But, as we shall
see shortly, it is these two-component objects, ¥ and y, that have well-defined
Lorentz transformation properties, and they are the two-component spinors
we shall be dealing with.

Although not helicity eigenstates, b and y are eigenstates of 75, in the

sense that
S(3)-(0) w2 (2)

These two vs-eigenstates can be constructed from the original ¥ by using the
projection operators Pr and P, defined by

(52 (41)
PL:<1_275):<8(1)). (45)
PmP:(%J), PLq;:(E). (46)
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It is easy to check that PR P, = 0, P3 = P? = 1. The eigenvalue of 75 is
called ‘chirality’; ¢ has chirality +1, and y has chirality -1. In an unfortunate
terminolgy, but one now too late to change, ‘4’ chirality is denoted by ‘R’ (i.e
right-handed) and ‘-’ chirality by ‘L’ (i.e. left-handed), despite the fact that
(as noted above) ¥ and x are not helicity eigenstates when m # 0. Anyway,
a ‘1p” type 2-component spinor is often written as ¥r, and a ‘y’ type one as
xL- For the moment, we shall not use these R and L subscripts, but shall
understand that anything called ¢ is an R state, and a y is an L state.
Now, we said above that ©» and x had well-defined Lorentz transforma-
tion character. Let’s recall how this goes (see [12] Appendix M, section M.6).
There are basically two kinds of transformation: rotations and ‘boosts’ (i.e.
pure velocity transformations). It is sufficient to consider infinitesimal trans-
formations, which we can specify by their action on a 4-vector, for example
the energy-momentum 4-vector (£, p). Under an infinitesimal 3-dimensional
rotation,
FE—-FE=F, p—sp=p—exp (47)

where € = (€1, €2,€3) are three infinitesimal parameters specifying the in-
finitesimal rotation; and under a velocity transformation

E—wE=FE-n-p, pop =p—nk (48)

where 17 = (n1,12,73) are three infinitesimal velocities. Under the Lorentz
transformations thus defined, ¢ and x transform as follows (see equations
(M.94) and (M.98) of [12], where however the top two components are called
‘¢’ rather than ‘@)’):

b= =(1+ie-o/2—n-0/2)Y (49)
and
X=X =(l+ie-o/24+n-0/2)x. (50)

Equations (49) and (50) are extremely important equations for us. They
tell us how to construct the spinors ¢’ and y’ for the rotated and boosted
frame, in terms of the original spinors ¢ and y. That is to say, the ¢" and
X specified by (49) and (50) satisfy the ‘primed’ analogues of (40) and (41),
namely

(B'—o-p) = my (51)
(E'+o-p)X = my (52)
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Let’s pause to check this statement in a special case, that of a pure boost.
Define Vip = (1 —m-0/2). Then since n is infinitesimal, Vﬁl =(14n-0/2).
Now take (40), multiply from the left by Vﬁl, and insert the unit matrix
Vﬁlvn as indicated:

[Vﬁl(E —0o- p)Vﬁl]VnL/) = mVﬁlx. (53)
If (49) is right, we have ¢’ = Vi1p, and if (50) is right we have x" = Vﬁlx, in

this pure boost case. So to establish the complete consistency between (49),

(50) and (51), we need to show that
Vﬁl(E—a'-p)Vﬁ1 =(F' —o-p), (54)
that is

(I+n-o/2)(E—0a-p)(l+n-0/2)=(E-n-p)—0c-(p—En) (55)
to first order in n, since the RHS of (55) is just £’ — o - p’ from (48).

Exercise Verify (55).

Returning now to equations (49) and (50), we note that ¢ and yx ac-
tually behave the same under rotations (they have spin-1/2!), but differ-
ently under boosts. The interesting fact is that there are {wo kinds of two-
component spinors, distinguished by their different transformation character
under boosts. Both are used in the Dirac 4-component spinor. In SUSY,
however, one works with the 2-component objects ¢ and y which (as we saw
above) may also be labelled by ‘R’ and ‘L’ respectively.

Before proceeding, we note another important feature of (49) and (50).
Let V' be the transformation matrix appearing in (49):

V=(1+ie-0/2—-n-0/2). (56)
Then
Vi=(-ie-0/2+n 0/2) (57)
since we merely have to reverse the sense of the infinitesimal parameters,
while
Vi=(l—-ie-a/2—n 0/2) (58)
using the Hermiticity of the o’s. So
Vit =V = (1+ie-0/2+4 1 0/2), (59)

which is the matrix appearing in (50). Hence we may write, compactly,

W =Ve, X =viiy=vly (60)
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2.2 Constructing invariants and 4-vectors out of 2-
component spinors

Let’s start by recalling some things which should be familiar from a Dirac
equation course. From the 4-component Dirac spinor we can form a Lorentz
invariant

VU = Uigy, (61)

and a 4-vector

Uyl = U3(8, Ba)¥ = Ui(1, a)W. (62)

In terms of our 2-component objects 1 and yx (61) becomes

Lorentz invariant  (¢fx") ( (1) (1) ) ( f ) =Ty + xTo. (63)

Using (60) it is easy to verify that the RHS of (63) is invariant. Indeed,
perhaps more interestingly, each part of it is:

1
Sy = o'y = eViviT y = 'y, (64)

and similarly for xTi. Again, (62) becomes

4 — vector (@/)TXT) [(é ?)7(3 0 )]<¢) = (@Z)T@ZJ‘FXTXM/JTU@/)_XTUX)

= Ylaty + oy,
where we have introduced the important quantities
ct=(1,0), a'=(,—0). (66)

As with the Lorentz invariant, it is actually the case that each of vfo#e) and
xfo#y transforms, separately, as a 4-vector.

Exercise Verify that last statement.

In this ‘o*, " notation, the Dirac equation (40) and (41) becomes

olputp = mx (67)
alp,x = ma. (68)

So we can read off the useful news that ‘o#p,’ converts a y-type object to
a x-type one, and c"p, converts a x to a ¢ - or, in slightly more proper
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language, the Lorentz transformation character of o”p,1) is the same as that
of x, and the LT character of 6"p,x is the same as that of .

Lastly in this re-play of Dirac stuff, the Dirac Lagrangian can be written
in terms of ¢» and y:

U(iv"d, — m) = Plic"d,¢ + xTia"dx — m(PTx + xTp).  (69)

Note how o* belongs with y, and ¢* with .

An interesting point may have occurred to the reader here: it is possible
to form 4-vectors using only t¥’s or only x’s (see the most recent Exercise),
but the invariants introduced so far (¢Ty and x'y) make use of both. So
we might ask: can we make an invariant oul of just x- type spinors, for
instance? This is an important technicality as far as SUSY is concerned, and
it is at this point that we part company with what is usually contained in
standard Dirac courses.

Another way of putting our question is this: is it possible to construct a
spinor from the components of, say, y, which has the transformation charac-
ter of a ¢? (and of course vice versa). If it is, then we can use it, with x-type
spinors, in place of ¥-type spinors when making invariants. The answer is
that it is possible. Consider how the complex conjugate of y, denoted by x*,
transforms under Lorentz transformations. We have

X' =(+ie-a/2+n-0/2). (70)

Taking the complex conjugate gives

=1 —-ie-a*/2+7n-0%/2)x" (71)
Now observe that o = 01, 05 = —03, 05 = 03, and that 0,03 = —0303 and
o109 = —oq0y. 1t follows that

O'QX*I = 0'2(1 — i€ - (017—02703)/2‘|‘n'(0-17_0-270-3)/2))&/* (72)
= (l4+ie-0/2 -1 0/2)0x" (73)
= Voux™, (74)

referring to (56) for the definition of V| which is precisely the matrix by
which % transforms.
We have therefore established the important result that

oax” transforms like a . (75)
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So let’s at once introduce ‘the -like thing constructed from x’ via the defi-
nition

l/)x = iU2X*7 (76)
where the i has been put in for convenience (remember o3 involves i’s). Then
we are guaranteed that

. % *T \ . T .
Pl x® = (oax") x? = (ioax ™) x® = xWT(—igy)x®  (77)
where T denotes transpose, is Lorentz invariant, for any two y-like things
X just as @ty was. (Equally, so is X(Q)wa(l).) Equation (77) is im-
portant, because it tells us how to form the Lorentlz invariant scalar product
of two x’s. This is the kind of product that we will need in SUSY transfor-
mations of the form (35).
In particular, L/)LX is Lorentz invariant, where the y’s are the same. This
quantity is
. kT T, T J ,
(io2x™)" x = (io2x) 'x = x (—io2)x. (78)

Let’s write it out in detail. We have
. 0 1 _ [ xa
102—(_1 0), and X—(XQ), (79)

ioyx = ( _X;l ) , and (ioax)" X = Xax1 — X1X2- (80)

so that

But now this seems like something of an anti-climax! It vanishes, doesn’t it?
Well, yes if x; and y; are ordinary functions, but not if they are anticom-
muling quantities, as appear in (quantized) fermionic fields. So certainly this
is a satisfactory invariant in terms of two-component quantized fields, or in
terms of Grassmann numbers (see Appendix O of [12]).

Notational Aside (1). Tt looks as if it’s going to get pretty tedious keeping track of
which two-component spinor is a x-type one and which is -type one, by writing things
like x(, x@), .. M) ) all the time, and (even worse) things like ¢L(1)X(2)~ A
first step in the direction of a more powerful notation is to agree that the components of
X-type spinors have lower indices, as in (79). That is, anything written with lower indices
is a x-type spinor. So then we are free to name them how we please: xg4,&q, ..., even ¥q.

We can also streamline the cumbersome notation ‘1/)X(1)Tx(2)’. The point here is that
this notation was - at this stage - introduced in order to construct invariants out of just
x-type things. But (77) tells us how to do this, in terms of the two x’s involved: you take
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one of them, say x(!), and form igox("). Then you take the matrix dot product (in the
sense of ‘uTv’) of this quantity and the second y-type spinor. So, starting from a y with
lower indices, X4, let’s define a x with upper indices via (see equation (80))

( i; ) =iy = ( _X)jl ) (81)

X'=x2 X =-x- (82)

Suppose now that & is a second x-type spinor, and

e=(¢) (33)

Then we know that (icax)T¢ is a Lorentz invariant, and this is just

that is,

(x'x?) ( gi ) = X'& + x% = X", (84)
where a runs over the values 1 and 2. Equation (84) is a compact notation for this scalar
product: it is a ‘spinor dot product’, analogous to the ‘upstairs-downstairs’ dot-products
of Special Relativity, like A#B,. We can shorten the notation even further, indeed, to
x - &, or even to y€ if we know what we are doing. Note that if the components of x and
& commute, then it doesn’t matter whether we write this invariant as y - & = x'¢1 + x?&3
or as &1y' + &x2. But if they are anticommuting these will differ by a sign, and we need
a convention as to which we take to be the ‘positive’ dot product. It is as in (84), which
is remembered as ‘summed-over x-type indices appear diagonally downwards, top left to
bottom right’.

The 4-D Lorewntz-invariant dot product A* B,, of Special Relativity can also be written
as g" A, B,, where g" is the metric tensor of SR with components (in one common
convention!) ¢%° = +1,g' = ¢??2 = ¢33 = —1, all others vanishing (see Appendix D
of [12]). In a similar way we can introduce a metric tensor ¢2° for forming the Lorentz-
invariant spinor dot product of two two-component L-type spinors, by writing

X* = e, (35)
(always summing on repeated indices, of course), so that
X%€a = " Xpéa- (86)
For (85) to be consistent with (82), we require
=41, =1, =2 =0. (87)

Clearly €%, regarded as a 2 x 2 matrix, is nothing but the matrix ioy of (79). We shall,
however, continue to use the explicit ‘ics’ notation for the most part, rather than the ‘€?®’
notation.
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We can also introduce €, via

Xa = €abXba (88)
which is consistent with (82) if
€12:—1,€21:+1,€11:€22:0. (89)
Finally, you can verify that
Cabe’® = de, (90)

as one would expec