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Bound states in Quantum Field Theory

n-body bound state $ poles in (2 n)-point functions

> < @ ( P1;P2; P) (Ki;ko; P)
P2+ M?2

( P1;P2; P2 P) (Kiskos ks P)
P2+ M?

G(6)

® bound state on-shell P2= M?

#® constituent particles are off-shell

. P
# momentum conservation p =P
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Bound states in Quantum Field Theory

n-body bound state $ poles in (2 n)-point functions

> < @ ( P1;P2; P) (Ki; k3 P)
P2+ M?2

( P1;P2; P2 P) (Kiskos ks P)
P2+ M?

G(6)

#® bound state amplitudes ( p;; P) describe coupling
between constituent particles and the bound state

#® two-body bound state: BethexSalpeter equation
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Mesons — quark-antiquark bound states

BethetSalpeter equation at mass pole P2 = M2,

Z

(p+ Pip+( PPy = IK

(2 )4
S(kk+ P) (k+ P;k+( DP;P)S(k + ( 1P)

K (p;k; P)

p+hP

p+(h-1)P

p+(h-1)P

#® Physical observables independent of frame and of
Convenient choice

» Rest-frame of bound state
s Equal-mass constituents: =

NI
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Mesons — quark-antiquark bound states

BethetSalpeter equation at mass pole P2 = M2,

Z

(p+ Pip+( PPy = IK

(2 )4
S(kk+ P) (k+ P;k+( DP;P)S(k + ( 1P)

K (p;k; P)

p+hP

p+(h-1)P

p+(h-1)P

#® Physical observables independent of frame and of

o Different quantum numbers JP¢
$ different Dirac & Lorentz structures in
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Pseudoscalar mesons

Dirac structure

X
(p;P) = Ti(p;P) Fi(p%p P;P?°= M?)
Ti(p;P) C 1Ti( p; P)Ct Fi:evenoroddinp P?
I 5 I 5 even
5 & 5 & even
5 @ 5 @ odd
I 5(p& @& §) | 5(p& @& §) even

Residues = %pin projections of the BS amplitudes

fav = Z2
kK Z

rps( ) = Z4 k

Tr[ (k;P) s

P
M2

Tr[ (k;P) 5]
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Rainbo w-lad der truncation

#® Rainbow truncation for quark DysontSchwinger Eqgn
27D (@ (kip) ! 4 mode(d) D™(Q)

# Ladder truncation for BethetxSalpeter Eqn

K(p;k;P) ! 4 moge(0F)D™e(Q) -
withg=p k
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Rainbo w-lad der truncation

#® Rainbow truncation for quark Dyson+Schwinger Eqgn
27D (@ (kp ! 4 mode(f) D()

# Ladder truncation for BethetxSalpeter Eqn

K(p; k; P) ! 4 model(qz) Dfree(q) 7a
withg=p Kk

NI

— DSE model (N, = 4)
... pQCD, N, = 4 E

® Model for IR behavior (&?)

s tted to give
chiral condensate |
hgg =  (240MeV)® DO O S SO RO

10 10 10 10 16
q2 [Gevz]

PM & Tandy, PRC60, 055214 (1999) [nucl-th/9905056]
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Rainbo w-lad der truncation

#® Rainbow truncation for quark Dyson+Schwinger Eqgn
27D (@ (kp ! 4 mode(f) D()

# Ladder truncation for BethetxSalpeter Eqn

K(p; k; P) ! 4 model(qz) Dfree(q) 2
withg=p Kk

NI

— DSE model (N, = 4)
... pQCD, N, = 4 E

® Model for IR behavior (&?)

» Preserves 1-loop
renormalisation ;
group behavior of QCD o, R

s Explicitly covariant, o loev]
no 3-D reduction of 4-D equation
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Mesons — overview

JPC I ' meson | M? mass | f sy [GeV] " P)S [GeV]?
O " | pion 0.019 0.138 0:131 0:345

0

o ,ap, g | 0.450 0.671 0 403
O+

1 , | 0.550 0.742 0:207

1 +

1™ | a 0.817 0.904 179

1" o] 0.686 0.828 015

Physical observables (masses, decay constants, form factors)

# frame independent

® independent of
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Mesons — exotic states

JPC | meson | M? mass | f sy [GeV] " P)S [GeV]?
O " | pion 0.019 0.138 0:131 0:345

0 exotic 0.742 0.862 :038i 0:151i
o ., o | 0.450 0.671 0 403
0" exotic 1.083 1.041 0 0:133i

1 . 0.550 0.742 0:207

1 * | exotic 1.017 1.008 0:063i

1™ | &g 0.817 0.904 179

1" o] 0.686 0.828 015

# have no analogous state in non-relativistic treatments
#® have negative norm

# interpretation: exotics/hybrids? Burden & Pichowsky, FBS
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Exotic states

® similar to “abnormal solutions”
of ladder BSE in scalar theory

# “have no analogous state in non-relativistic treatments”

no reason to discard these states:

compare certain Dirac components in meson BSAsS
which have no non-relativistic limit, but wich are
necessarily present in a relativistic theory

In order to preserve covariance
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Exotic states

® similar to “abnormal solutions”
of ladder BSE in scalar theory

# ladder truncation is not a Fock space expansion:
In nitely many exchange particles “in ight”
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Exotic states

® similar to “abnormal solutions”
of ladder BSE in scalar theory

# ladder truncation is not a Fock space expansion:
In nitely many exchange particles “in ight”

=) hybrid mesons?
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Three-bod y bound states

#® Bound state equation for BS amplitude ( p1; p2; ps; P)
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Three-bod y bound states

# Ignoring intrinsic three-body kernel

12

K

31

23

with K the ij two-body scattering kernel
same as in two-body BethexSalpeter equation
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Three-bod y bound states

# Ignoring intrinsic three-body kernel

K
= + +
Ko Kat

» Completely equivalent
to Faddeev equation for three-body bound state
which involves the two-body scattering amplitudes T;

#® Differences w. Faddeev approach
» Nno need to rst solve for the amplitudes T;

s In principle, one could consider
Intrinsic three-body kernels in same framework
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Scalar eld theory —three-bod y bound states

#® Constituent scalar particles: mass m
® Interaction: exchange of a scalar particle of mass
® Propagators

1
(p) _ p2+m2

1
D) = 1y
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Scalar eld theory —three-bod y bound states

#® Constituent scalar particles: mass m
® Interaction: exchange of a scalar particle of mass
# Bound state equation in ladder truncation
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Scalar eld theory —three-bod y bound states

#® Constituent scalar particles: mass m
® Interaction: exchange of a scalar particle of mass
# Bound state equation in ladder truncation

< =T

;X C dk
(2 )*

(py;p2;p3;P) = @ ( p1) ( p) D(k) (p1;Py;pP3;P)

summed over cyclic permutations, and withp,. = p; K

#® Momentum conservation p =P
BS amplitude function of two independent 4-vectors

(Pip2;pssP) = (p;gP)
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Momentum choices

— 1
P Pr = §P+q+p
P = P+q p
ps = P 2g

Bound state equation in ladder truncation
Z

a4k
(p;qP) = ¢°

(2 )

D (k)

PHa+prk P+d p k (ptkgP)
+ %P+q p+ K %P 29 k (p %k;q+ %k;P)
+ %P 29+ K %P+q+p k (p %k;q %k;P)
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Momentum choices

_ 1
P Pr = §P+p
P2 = %P+q
ps = P p q

Bound state equation in ladder truncation
Z

a4k
(p;qP) = ¢°

(2 )

D (k)
%P+p+k %P+q K (p+kqg k;P)
+ %P+q+k %P P g k (p;g+k;P)

+ %P p g+ k %P+p Kk (p Kk;qP)
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Numerical detalls

® ( p;q; P) function of v e independent variables:
p? and ¢, and three angles: ,, 4 and |

#® Notation (rest-frame)

p = plcos p;sin ,cos p;sin psin ;0]
q = (dcos 4 sin 4;0;0]
k = K[cos ;sin cos; sin sin cos ;sin sin sin |

#® Four-dimensional integral
three angles and radial integration

Z Z, Z Z Z,
d'k = k3dk siP d  sin d d

0 0 0 0
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Numerical detalls

Z
,° %k

(2 )4
Ki(p%d% p g piK% 55 P2 (i1 P%)

(PO o o piP?) = 9
X

with the kernels

e
=
I

D (k) %P+q+p+k §P+q D K

K, = D(k) %P+q p+ K %p 2q Kk

N\
w
I

D (k) %P 2q+ K %P+q+p K
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Numerical results

dotted: 12/4/2 grid, dashed: 16/6/3 grid, solid: 24/8/4 grid

N
a
I

N
I

bound state mass M
= =

0.5

8 12_|||16|||20I
scalar coupling g

Estimated numerical accuracy
better than 1% ( = 0:01) to about 2% ( = 1.5
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Numerical results

N
a

N

bound state mass M

0.5

— m

| — m

— m

.- M

=0.01
=0.5 -
=15 i

+
two-body mscalar

4 8 12 ] 16 20 |
scalar coupling g

Three-body state indeed bound state

Mz < M, + m at xed coupling constant
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Numerical

results

| I |
] I
os|— M= 0.01 ,’ ,' |
@ — m=0.5 j l'
—_— )
O rl—m=15 !
4: /
G -- two-body stat I
O 0.6 ; _|
~ /
> /
(@)}
S
(b}
GC_) 0.4 —
(@)}
S
O
£ /
O 0.2+ ra
’
7
7
//
0 === ] ] ] —+”| ] ] | ]
0 4 12 16 20

8
scalar coupling g

Binding energy per particle larger for 3-body bound states

than for 2-body bound states
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Fermion three-bod y bound states

» Spin % bound state: two scalar particles and a fermion
» scalar propagator

1
( p) — p2 + mg
» fermion propagator
s bare fermion
1
SP = e m
s dressed quark
1
S(p) =

| @A(p?) + B(p?)
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Fermion three-bod y bound states

» Spin % bound state: two scalar particles and a fermion
® Interaction: exchange of a vector boson (gluon)

kk 4 (K3

D (k) = -

T

. R T T I T T T T
W|th : — DSE model (N, = 4)
: -~ pQCD, N, = 4

10

a,4(a")

01 Ll Ll Ll | Lol L
10° 10" 10° 10" 10° 10°
2 2
q” [Gev]

PM & Tandy, PRC60, 055214 (1999)
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Fermion three-bod y bound states

» Spin % bound state: two scalar particles and a fermion

® Interaction: exchange of a vector boson (gluon)
® \ertices

s fermion vertexig \g
s scalar vertex g(p; + po) \g/
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Fermion three-bod y bound states

» Spin % bound state: two scalar particles and a fermion

® Interaction: exchange of a vector boson (gluon)
® Momentum partitioning: ¢ and

P P1 = sP+q+p
P = sP+qgq p
Pz = P 2¢

Momentum conservation: 2 ¢+ s =1
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Fermion three-bod y bound states

» Spin % bound state: two scalar particles and a fermion
® Interaction: exchange of a vector boson (gluon)

® Momentum partitioning: ¢ and

#® Ladder truncation

[
+
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Fermion three-bod y bound states equation

Bound state equation in ladder truncation
Z
(p;gP) = % (k) D (k)
(2P+29+ 2p+k) (2sP+29 2p K)
(sP+qg+p+k) (sP+q p k) (p+tkigP)
+(@2sP+29 2p+k) (sP+qg p+Kk
S(iP 29 k) (p Skig+ Sk;P)
+@2sP+29+2p k) (sP+g+p K)

S((P 29+ k) (p 3kig -k;P)
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Fermion three-bod y bound states — Dirac algebra

® Positive energy spin % particle

(PP P P)Uu(P) = (pp2sps;P) " (P)u(P)

with u(P) is the usual pos. energy Dirac spinor
and positive energy projection operator

31+i

(P) = M

Two and three-body bound statesin an explicitly

covariant framework — p.17/28



Fermion three-bod y bound states — Dirac algebra

® Positive energy spin % particle
® Most general decomposition
(Pi;p2;ps;P) " (P) =
X4
Gi(p* ;P p;P qp qP? Ti(p;q; P)
=1

with Dirac structures

Tip;gP) = 7 (P) = % 1 iB
T(paP) = B (P) = 6 68
T(pagP) = & “(P)= > & &8

? ? ? ? + ? 2 ? 2 1 .
T4(p;q;P) = P& & @) "(P)= p & 6§ @ > 1 iB
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Fermion three-bod y bound states — Dirac algebra

® Positive energy spin % particle

® Most general decomposition

(Pi;p2;ps;P) " (P) =
X4
Gi(p* ;P p;P qp qP? Ti(p;q; P)
=1
#® Four coupled integral equations for G;

s Gi(p;qg; P) function of v e independent variables:
p? and ¢, and three angles: ,, 4 and |

# Four-dimensional integral
three angles and radial integration
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Numerical results

Bound state mass as function of constituent fermion mass
for two different scalar masses m. = 0:821 and ms = 1:10

! [
-- 8/4/2 grid

S| — 12/6/3 grid X |
x--x 16/8/4 grid '
18- —
=
1.6 - —
1.4 —
L | L | L | L |
0.2 0.3 0.4 0.5 0.6
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Numerical results

Bound state mass as function of constituent fermion mass
for two different scalar masses m. = 0:821 and ms = 1:10

28— — 2 mscalar+ mfermion Je 1

L |- - x 3-body bound sta

2.6 —
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Numerical results

Bound state mass as function of constituent fermion mass
for two different scalar masses m. = 0:821 and ms = 1:10

28| — Mss+ mfermion Je ]

L | % - x 3-body bound sta
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Numerical results

Bound state mass as function of constituent fermion mass
for two different scalar masses m. = 0:821 and ms = 1:10

28| — Msf + mscalar 7
L | % - x 3-body bound sta i

2.6 —

24—

2.2

Two and three-body bound statesin an explicitly covariant framework — p.18/28



Numerical results — dressed quarks

Bound state mass as function of scalar (diquark) mass
for u=d guarks and s quarks + DSE soln

-—- 8/4/2 grid
2.4+ —

— 12/6/3
|| %X 16/8/4 grid

2.2

M [GeV]

1.6

14—

1.2 | 1 | 1 | 1 | 1 |
0.7 0.8 0.9 1 1.1

mdiquark [GeV]
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Numerical results

Independent of g,
Independent of numerical cutoff (UV regulator)

Similar results with different models for interaction
Estimated numerical accuracy about 2%

Pittsburgh Supercomputer Center
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Numerical results

Independent of g,
Independent of numerical cutoff (UV regulator)

Similar results with different models for interaction
Estimated numerical accuracy about 2%

Pittsburgh Supercomputer Center

Outlook for baryons

In principle doable

Challenge: number of spin components
(naively 4* = 256

Two and three-body bound statesin an explicitly covariant framework — p.20/28



Conclusions

Two-body bound states
Explicitly frame independent

Useful for calculations of
form factors
scattering amplitudes

decay amplitudes

Abnormal solutions BethexSalpeter equation
(two+one)-body bound states ?
exotic/hybrid mesons ?
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Conclusions

Two-body bound states

Three-body bound state in ladder truncation
Scalar three-body bound state
Fermion-scalar-scalar bound state

Future work
Form factors of three-body bound states
Baryons as three quark bound states
Role of triple gluon vertex?

Two and three-body bound statesin an explicitly

covariant framework — p.21/28



Intermezzo: Frame (in)dependence

In principle,
all frames are equivalent
In practice,
some frames are easier than others ...
Meson BSE
discrete solutions at P2 = m?
z d*k
w(pP) = oy (P KD (K wkP)

rest frame: P = (im; O; 0; 0)
moving meson: P = (IE ; g; 0; 0)
with E2 = m? + ?
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Intermezzo: Frame (in)dependence

mass, decay constant [GeV]

In principle,

all frames are equivalent

In practice,
some frames are easier than others ...

0.8

0.6

0.4

0.2F

x—x rho mass

»—x pion mass

%--x rho decay constant

%--x pion decay constant

R e Rk 9!

3¢

0

R R L S L Sy B R P

O | |

0.2

I I I | I I I | I I
0.4 0.6 0.8

meson 3-momentumm [GeV]

1

Numerically expensive:
BSA functions of
3 independent variables

Maris & Tandy, nucl-th/0511017
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Abnormal states

e.g. WickxCutkosky model
Constituent scalar particles of mass m
Interaction: exchange of a massless scalar particle

o5-[— ground state o
| |-~ abnormal state "

bound state mass M in units of constituent mass m

0 PR T T T T S NN NN NN SO ST SN SO AN SN SO S S N S SR N 1 1 1
0 5 10 15 20 25 30

scalar coupling g
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Abnormal states

e.g. WickxCutkosky model
Constituent scalar particles of mass m
Interaction: exchange of a massless scalar particle

Abnormal states
negative norm
odd under time reversal
vanish at equal time

BSAs vanish for two “on-shell” constituents
but not for two “on-shell” constituents
+ one (or more) exchange particles “in ight”

l.e. no pole in on-shell 2-body scattering amplitude
though there is a pole in off-shell 2-body scattering
and in on-shell (2+1)-body scattering amplitude
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Faddeev approach

Bound state amplitude: sum of Faddeev amplitudes G;

Gl(l%l; P2;P3 P) =

2 Go(p2+ Kips  Kip1;P) + Ga(ps  Kipi;p2+ ki P)

(P2t k) (ps K) Ta(p2+ Kips  K;p2; p3)
with T; the | k two-body scattering amplitude

Ti(kj;kf;pj;pk) = Ki(ki; ke; s px)
d*q
(2 )*

and K the | k two-body scattering kernel

Ti(ki k;gra0)  j(g)  w(ak) Ki(G; 0P px)
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Faddeev approach — contin ued

Complete bound state amplitude

X
( p1;p2;pP3;P) = Gi(p1;p2;p3;P) =
Z h i i

|
k Ga2(ps ;P3P P) + Ga(ps:p1; Py :P) ( py) ( Ps3) T1(P5;Ps;P2; P3)

+ cyclic permutations

which can be reduced to
Z

( p1;p2;p3;P) = k (p1;p5:P3iP) ( p3) ( p3) Ki(ps P3Pz Ps)

+ cyclic permutations

Faddeev amplitudes follow from bound state amplitude
Z

G1(p1;P2;p3;P) = k (pP1;P5;P3;P) (p3) ( P3) Ka(ps;Ps;P2;Ps)
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Fermion three-bod y bound states — Dirac algebra

Projection operators

Tr Pi(p;q;P) * (p;q; P) Gi(p*; %P p;P ap qP?)

Pi(p;q;P) = %

P2(p;q; P) = i p?ZQi a(;? ?; )22 "
P3(p;;P) = | D?ZQi @(’;9 2: )22 &
Pa(p;g;P) = 86?1 @'-’( . @?q?q)?z
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Fermion three-bod y bound states equation

Four coupled integral equations for G;

d*k  (k?)
4 3 k2

Gi(p*;g%;p P;q P;p qP?) =

K2 (pia:k;P) Gi (p+ k)% 0% (p+ k) P;q Pi(p+ k) qP?

1 1 1 1 1 1
+ K& (p g k;P) Gj (p Ek)z;(q+ Ek)z;(p Ek) P,(g+ Ek) P;(p gk) (q+ Ek);PZ
1 1 1 1

FKPEEKPIG (b SK%@ LK%M 5K Pi@ 3K P Sk (@ 5KiP?
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Fermion three-bod y bound states equation

with

K2 (p;a: k; P)

K 2% (p; g k; P)

K3 (p;q k; P)

k k

k2

(sP+qg+p+k) (sP+qg p Kk)
Tr Pi(p;gP) Tj p+ kiq;P

k Kk

k2

2 sP+29+ 2p+ k) (2 sP+29 2p k)

(2 sP+29 2p+ k) (2P+q9g p+Kk)

Tr Pi(p;q;P) S P 29 k Tjp %k;q+ %k;P

k k

G- @<P+20+20 k) (Prarp K

1 1
Tr Pi(p;q; P) S P 29+k T p Ek;q Ek;P
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