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Introduction

Structure of the light-cone dispersion relation of a par-
ticle

p+ =
m2 + p2

⊥
2p−

determines to a large extent the structure of light-cone
field theory. Both, the kinematical nature of the vac-
uum and the non-locality of light-cone field theory have
their origin in this dispersion relation. Consequences
of symmetries in the context of non-local field theories
are not properly understood. In particular a consistent
light-cone formulation of phases with spontaneously
broken symmetries remains to be developed. Impor-
tant tools in the analysis of symmetries are the Ward-
Takahashi (WT) identities and their consequences such



as the Gell-Mann–Oakes–Renner relation

m2
πf

2
π = −mq〈0|ψ̄ψ|0〉

WT identities relate properties of the Nambu-Goldstone
(NG) bosons to properties of the constituents and the
vacuum and in particular connect the NG creation op-
erator with the generator of the symmetry.



Path-Integrals for Fermionic Light-Cone Field
Theories

L = ψ̄(i∂µγ
µ −m)ψ + Lint(ψ̄, ψ)

L = iϕ†∂+ϕ+iχ†∂−χ+
i√
2

(
χ†∂mϕ− ϕ†∂†mχ

)
+Lint(ϕ, χ)

∂m = σ3∂1 + i∂2 − iσ1m

Chiral Rotations

ψ → eiαγ5ψ ϕ→ eiασ3ϕ , χ→ eiασ3χ

Axial Current jµ5 = ψ̄γµγ5ψ

j+
5 = ϕ†σ3ϕ , j−5 = χ†σ3χ ,

j1
5 =

1√
2

(ϕ†χ + χ†ϕ) , j2
5 =

i√
2

(χ†σ3ϕ− ϕ†σ3χ)



Fermion bilinears relevant for realization of symmetry

i ψ̄γ5ψ = − 1√
2

(
ϕ†σ2χ + χ†σ2ϕ

)

ψ̄ψ = − 1√
2

(
ϕ†σ1χ + χ†σ1ϕ

)

Generating Functional

Z[η, γ] =

∫
D[ϕ, χ] exp i{S[ϕ, χ] + s[η, γ, ϕ, χ]}

s[η, γ, ϕ, χ] =

∫
d4x (η†ϕ + ϕ†η + γ†χ + χ†γ)



Integrating out the ”constrained” (bad) degrees of free-
dom defines the generating functional of light-cone field
theory

Z[η] =

∫
D[ϕ] exp

{
iS[ϕ] + i(ϕ†η + η†ϕ)

}

with

exp {iS[ϕ]} =

∫
D[χ] exp {iS[ϕ, χ]}

Chiral symmetry

S[eiασ3ϕ, eiασ3χ] = S[ϕ, χ]

preserved in integrating out χ

S[eiασ3ϕ] = S[ϕ]



NJL - Model on the Light cone

Lint =
g2

2

[
(ψ̄ψ)2 + (ψ̄iγ5ψ)2

]

=
g2

4

[(
ϕ†σ1χ + χ†σ1ϕ

)2
+
(
ϕ†σ2χ + χ†σ2ϕ

)2
]

Introduce auxiliary scalar σ(x) and pseudoscalar fields
π(x) corresponding to the two bilinears to eliminate the
four fermion interaction in the path integral

Z[η, γ] =

∫
D[ϕ, χ, σ, π] exp {iS[ϕ, χ, σ, π] + is} ,

with action

S[ϕ, χ, σ, π] =

∫
d4x{iϕ†∂+ϕ + iχ†∂−χ

+
i√
2

(χ†∂⊥ϕ− ϕ†∂†⊥χ)− 1

2
(σ2 + π2)}



and

∂⊥ = σ3∂1 + i∂2 − ig(σσ1 + πσ2)− imσ1 .

Breakdown of chiral symmetry by spontaneous mass
generation - σ(x) develops a finite vacuum expectation
value.
Chiral rotations of the spinors accompanied by rota-
tions of auxiliary fields

σ → σ ′ = σ cos 2α + π sin 2α ,

π → π ′ = π cos 2α− σ sin 2α ,



Integrating out the field χ

Z[η, γ] =

∫
D[ϕ, σ, π] exp {iS[ϕ, σ, π] + is[η]}

S[ϕ, σ, π] =

∫
d4x

(
iϕ†∂+ϕ + iχ†∂−χ−

1

2
(σ2 + π2)

)

Composite field

χ = χ[ϕ] = − 1√
2∂−

∂⊥ϕ

Light-cone energy of given field configuration

p+ =

∫
d3x

(
iχ†∂−χ +

1

2
(σ2 + π2)

)



Hidden non-local ”chiral symmetry” of free, massive fermions
on the light-cone

L = iϕ†∂+ϕ + iχ†∂−χ , χ = − 1√
2∂−

∂mϕ

∂m = σ3∂1 + i∂2 − imσ1 , ∂−1
m =

∂ †m
−∆⊥ +m2

Non-local, unitary, global symmetry transformation

ϕ ′ = Uϕ = ∂ −1
m eiασ3 ∂m ϕ , χ′ = eiασ3χ , UU † = 1 , L′ = L



Spontaneously Broken Chiral Symmetry

Vacua of different chiral orientation

Generation of low energy excitations by soft (long
wavelength) modulations of chiral orientation

U5[α] = exp

(
i

∫
d3xψ†(x)γ5α(x)ψ(x)

)



WT-Identities in Covariant or Equal Time Quantization
L = ψ̄(i∂µγ

µ −m)ψ + Lint(ψ̄, ψ)

Local change of integration variables ψ
ψ(x) → eiα(x)γ5ψ(x)

δL(x) → −j5
µ(x)∂µα(x)−mψ̄

(
e2iα(x)γ5 − 1

)
ψ(x)

induces changes of the chirally symmetric, local La-
grangian which vanish for infinite wavelength of α. The
value of the functional integral does not change

0 =

∫
D[ψ][ei

∫
d4x(L+δL+η̄eiαγ5ψ+ψ̄eiαγ5η) − ei

∫
d4x(L+η̄ψ+ψ̄η)]

Expansion in α yields fundamental functional identity

0 =

∫
D[ψ]ei

∫
d4x(L+η̄ψ+ψ̄η) [i∂µj5

µ(x) + 2mψ̄(x)γ5ψ(x)

−η̄(x)γ5ψ(x)− ψ̄(x)γ5η(x)]



Chiral Ward identities result from functional differen-
tiation with respect to the sources. Application of the
operator

γ5
βα

δ

δη̄α(y)

δ

δηβ(y)
|η=η̄=0

0 =

∫
D[ψ]ei

∫
d4xL [ψ̄(y)γ5ψ(y)

(
i∂µj5

µ(x) + 2mψ̄(x)γ5ψ(x)
)

−2iδ(x− y)ψ̄(y)ψ(y)]

leads to the Gell-Mann Oakes Renner relation. For
small momenta the axial current is pion dominated

jµ5 (x) ∼ fπ∂
µφ(x)



WT-Identities in Light-Cone Quantization
Attempt to extend global chiral transformation of ϕ (and
of the auxiliary fields) to soft, local transformations

ϕ(x)→ eiα(x)σ3ϕ(x)

and to derive thereby appropriate WT-identities fails.
No pion dominance. Besides Nambu-Goldstone- also
axial vector particles contribute. No simple relation be-
tween Nambu-Goldstone field and axial current. Non-
locality induced by the light-cone dispersion relation
prevents soft modulations to generate low energy exci-
tations

p′+ =

∫
d3x{iχ′†∂−χ′ +

1

2
(σ2 + π2)}

=

∫
d3x{ i

2
ϕ†e−iα(x)σ3 ∂ ′⊥

1

∂−
∂ ′⊥ eiα(x)σ3ϕ +

1

2
(σ2 + π2)}



More successful strategy based on the hidden chiral
symmetry - m = 0 , x⊥- independent α = α(x+, x−)

χ = − 1√
2∂−

∂⊥ϕ , ∂⊥[σ ′, π ′] = eiασ3∂⊥[σ, π]e−iασ3

Change of coordinates

ϕ ′ = Wϕ , W = eiασ3
1

∂⊥
e−iασ3∂⊥

χ ′ = χ , σ ′ = σ , π ′ = π

In the symmetry broken phase - generated mass
gσ = M , π = 0

W ≈ U = eiασ3∂−1
M e−iασ3∂Mϕ(x) , U U † = 1

Invariance of χ and of auxiliary fields implies that ex-
citations generated by local modulations of global sym-



metry transformations have vanishing light-cone energy
for p⊥ = 0 and arbitrary p− and thus

mπ = 0

Infinitesimal transformations

δϕ(x) = iα(x+, x−)Σ3ϕ(x) , δχ = iα(x+, x−)

√
2m

∂−
σ2 ϕ

Σ3 = ∂−1
M [σ3, ∂M ] =

2M 2σ3 − 2iM~σ⊥~∂⊥
−∆⊥ + M 2

in agreement with result from pion operator calculated
in ladder approximation to BS-equation
Fundamental functional identity

0 =

∫
D[ϕ]eiS[ϕ,σ,π]+is[η,γ]

∫
d2x⊥

[
(∂+ϕ

†(x) + iη†(x)) (Σ3ϕ)(x)

+
√

2m(χ†σ2ϕ)(x) + c.c.
]



The Structure of light-cone WT identities
On the light-cone, formation of NG bosons is connected
to the appearance of a new symmetry property. The
(Goldstone) one-particle states with vanishing transverse
momenta are degenerate with the ground state. This de-
termines the general structure of the fundamental iden-
tity. Canonically, an operator Φ(x+, x−), the field oper-
ator of the NG particles with vanishing transverse mo-
mentum, must exist with the property

[Φ(x+, x−),H ]|0〉 = 0 , i.e. ,
∂

∂x+
Φ(x+, x−)|0〉 = 0

formally, a WT identity
∂

∂x+
〈0|T

(
Φ(x+, x−)O(y)

)
|0〉 = δ(x+ − y+)

〈0|
[
Φ(x+, x−),O(y)

]
|0〉



O(y) local in light-cone time, otherwise arbitrary
Functional formulation

0 =
δ

δω(y)

∫
D[ϕ]eiS+is

[ ∂

∂x+
Φ(x+, x−)

−δ(x+ − y+)
(
Φ(x+ + ε+, x−)− Φ(x+ − ε+, x−)

) ]∣∣
ε=0

where
δ

δω(y)
eis = O(y)eis



Hidden Symmetry of the NJL model
∫

d2x⊥∂µj
µ
5 =

∫
d2x⊥

[
∂+

(
ϕ†σ3ϕ

)
+ ∂−

(
χ†σ3χ

)]
= 0 .

Via Euler-Lagrange equations√
2∂+ϕ = −∂†⊥χ ,

√
2∂−χ = −∂⊥ϕ ,

rewrite

∂−
(
χ†σ3χ

)
= ϕ†

(
∂†⊥σ3

1

∂†⊥

)
∂+ϕ+(∂+ϕ)†

(
1

∂⊥
σ3∂⊥

)
ϕ .

With ∂⊥ ≈ ∂M

∂†⊥σ3
1

∂†⊥
=

1

∂⊥
σ3∂⊥ →

∂†Mσ3∂M

∂†M∂M

∂+

∫
d2x⊥ϕ

†Σ3ϕ = 0 , infinity of conserved charges



Results
Functional differentiation of fundamental functional iden-
tity yields
Gell-Mann Oakes Renner relation on the light cone
p+G

+
Σ(p)−i

√
2mG5(p) = −i

√
2Γ, p = (p+, p−, p⊥ = 0)

with th 2-point function corresponding to the 〈j5(x) ψ̄γ5ψ(y)〉
correlation function
G+

Σ(x) = 〈0|T (ϕ†(x)Σ3ϕ(x)
(
ϕ†(0)σ2χ(0) + c.c.

)
)|0〉 ,

and the 2-point function corresponding to the 〈ψ̄ψ(x) ψ̄ψ(y)〉
correlation function
G5(x) = 〈0|T ((χ†(x)σ2ϕ(x) + c.c.)

(
ϕ†(0)σ2χ(0) + c.c.

)
)|0〉

and the condensate

Γ =
i

2
√

2
〈0|ϕ†(y)Σ3σ2χ(y)− χ†(y)σ2Σ3ϕ(y)|0〉



Quark Propagator and pion structure function

p+F (p, q) = Σ3(q)θ(q−)G(q)−Σ3(q−p)θ(q−−p−)G(q−p)

with three-point function π → q q̄

Fαβ(x, y) = 〈0|T (ϕ†(0)Σ3ϕ(0))ϕα(x)ϕ†β(y)|0〉 ,
and quark propagator

G(x) = 〈0|T (ϕ(x)ϕ†(0))|0〉
Further applications for Gross-Neveu and ’t Hooft mod-
els and calculation of the mass of the Schwinger parti-
cle from the anomaly in the Schwinger model



Remark concerning condensates
Condensate operators have to be defined as equal time
limit of Heisenberg operators

〈ψ̄ψ〉 = lim
ε→0

[
〈ψ̄ψ〉ε − 〈ψ̄ψ〉0ε

]
,

with

〈ψ̄ψ〉ε = 〈0|ψ̄(ε)P eig
∫ ε

0 dxµAµψ(0)|0〉 , ε+ > 0

Light cone infrared singularity (p− = 0) determines
short time behavior of condensate operators. Explicit
calculation of condensate for NJl, Gross-Neveu and
’t Hooft model.
P.R. D 63 (2001) 045018, hep-th/0007081
P.R. D 65 (2002) 125002, hep-th/0201235


