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Fields as OPVD with explicit test functions: a
mathematically rigourous way to handle singular
distributions.

The mathematical apparatus is well
established:implemented for integrals of differential
forms,new developments in distribution theory
(Estrada,Kenwall)

Applications to QFT dating back to the work of
Epstein-Glaser,Stora (1973) with recent revival from
many contributors
(Scharf,Dutsch,Fredenhagen,Estrada,Garcia-
Bondia,Prange,Pinter....

Provides a comprehensive handling of UV and IR
behaviour: see LC2004(Amsterdam) and
LC2005(Cairns)



o

OPVD defines a functional with respect to a test
function p(x), C'°*° with compact support,

‘Nm5<wm>=/ﬁwbﬂwmw-

More general interpretation: functional ®(x, p) evaluated

at x = 0.
The translated functional is a well defined object such

that
TﬁWﬂz<ﬂwm>=<wﬂﬁw>=/ﬁwbﬂwmx—w-

Due to the properties of p , T,.®(p) obeys the EQM (KG
or Dirac) and is taken as the physical field ¢(z)
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Fourier decomposition of p(x — y)

quantized form for ¢(x) follows:
In Minkowskian metric:

dP—1) f(wzaﬁg) iDT v
o(x) = / (277)17—11 (Qi)p) la, eP* + ape 7.

or in Euclidean metric:
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1) Open covering of a topological space M
3(0;)icr open subsets that cover M : M = J,.; Oi;

(c;) @ family of functions on M M= R;

«; 1S locally finite: for any point P € M only a finite
number of a’s are # Oie ) ,; «; Is finite at every
point.Then

Bi = Zo‘—ﬂa is a partition of unity on M as) ., 8; =1

jer %

i) Paracompact spaces and decomposition of unity
subordinate to the open covering,

M is paracompact if to an arbitrary open covering
(Oi)ier one can find a partition of unity > ., 3; such that
3; vanishes outside O;: 5; is said to be subordinate to
O;.
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i) Euclidean manifolds are paracompact:

one may use partition of unity when needed. Well known
case: definition of integrals of differential forms
(Spivak,Felsager,Kobayashi-Nomizu....)

F' a differential form, (3;) is used to cut F' into small pieces:
F;=G;F and )  F; = F. for Q C M one defines:

Jo Fri=22 Jg, BiF.

result is indepedent of the choice of coordinates (atlas) on
(2; and of the partition of unity.

Iv) Localisation of distributions: J. Dieudonné’s
GPT-theorem (Glueing-Pieces-Together) establishes the
above properties for distribution functionals on Euclidean
manifolds
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Consequences :

i) the test function f(p?) can be taken as a partition of unity
and the integral defining the physical field ¢(z) is
independant of its construction.

i) The translated functional built out of the physical field
¢(x) Is again ¢(x) itself

(D) | |
Teo(o) = [ dPyotwole =)= [ Gplafe ™ + a0,

here f%(p?) is still a decomposition of unity (another) and
To(p) = ¢(x).

the test function f(p?) ensures convergence of otherwise
diverging integrals but plays no role on the reverse.(it may

taken as 1 everywhere in this case)
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# Partition of unity and Poincaré commutator algebra
(scalar field) ltzykson-Zuber conventions (p115)

Ak =,
_ oy — S 12
ko_(Qw)?’Zwk’wk_\/k +m?; [ay, k] (27)22wi6 (k — k)

o) = [ dulage e + afe ) fuh )

[I(z) = —i/dﬂkwk[alge_ik'x — ageik'x]f(wk, k2):;

1
= 0" p — 59“”[(090)2 — m?p?]

Purpose: Check that i[P*, p(x)] = 0*p(x)

PO = H = /koWkCL];—'»_akf (wk,kZ)

BT |
Pi=_ / Aok [at ag + agat] 2w}, B2)
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iPi g = i / Ak (@t — aremhT) f3 (2 12) = g
since f3 is also a partition of unity with same support as f>

MHP = /d?’:z;[a:“@o”—xyeou]

M()j — —/CZSLL‘JIJ'@()() — i/dﬂkwka+f(wk, )ai (CL

0 0

M, = i/dﬂkagf(wk,kQ)[k —

iw g 0 (@ )

The commutations of the a’s and a™’s give the usual result
(MM, PA] = i(g"" P* — g" PP

since in the RHS f? in PY(P") is replaced by f* with the
same conclusion as before. Holds also for [A/#, MA9]

LCO06 — p.11/2



o

f(X) : C®(RY) test function € S(R?)

T(X) distribution € S'(R? — {0})

singular order k of T'(X) at the origin of (RY) such that

k=1inf{s: )l\in%)\ST()\X) =0} —d

E — G’s extension consists in performing an "educated"
Taylor surgery on the original test function by throwing

away the the weigthed k-jet of f(X). Call R¥ f(X)
(Taylor's remainder) Notation:

1 d
ol =all-- ool = ol +- +ad 0% =0y --- 0y

RYf(X Yx—ﬁa ) x=0

n=0 ‘CV’ LC06 — p.12/2




Call T(X) extension of T(X) by transposition such that
<Tf> <TRf>

but R} f(X) ¢ S(RY) E-G’s remedy: introduce a weight with
properties w(0) =1 , w(® >(O) = 0.0 <| a y< k such that

Ry f(X) = [( Sﬁ\Sﬁ ——fﬂ X)|x=0

n=0 |a|=n

<T,f>=<T,RFf>

However under action of element A of the Lorentz group
derivatives transform as

1 0a(Af) = 2 [A1)3(9pf) o A7
= (A1X)P(95f) o A1, and in the Taylor expansion
%00 (Af)(0) = (A1 X)P95(0) = Lorentz covariance violation
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Restauration: 7(X) determined up to » - (—1)0‘61’—0"5(0‘) (X);
Q!
| <k
since () (AX) = [A~'X]%67)(X) scheme is : determine a,
to correct for the violation due to derivatives.

RYf(X)

with a p. of u. f(®(0) =0 Va > 0it holds that
f(X)=Rif(X) VEk >0 :no violation due to derivatives
(they are just not there) and ARY f(X) = RYAf(X);RY f(X)
given by Lagrange and T'(X) by partial integration (cf LC05)

3 rl
P = RO = (kDY 9757 [ a1 =00 1<)}

Pt
~ xP i X, (1-t)F
TOO= e+ 0k [ [ d TR ey

|B|l=k+1
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Denote by f = F(f) the Fourier transform (normalized with
(2m)2) of f(X); Then

/\ /‘\

(X1 f)(p) = (=)Mo f(p); (X#)(p) = (=) (27) 76 (p);
IHF(0) = (—i)H(2m) =% < pH, f >

which implies

<T, f>=<T, R f >=< F(T),FYREf) >
=< F(T),R{(F () >=< R{F(T),F(f) >

that is
F(T)=RYF(T) ie BPHZ in momentum space



o
e Recall UV extension of T'(X)
at || X|| = h Taylor remainder is :

5} o0
f(X)=f(X)=—(k+ I)Z [%/1 dt(1 — t)k(?(ﬁtX)f(tX)}Vk

|B|l=k+1

B (1 _ )k
<T, >:/ddXT(X){—(/~c+ 1)2 [% flt(i(kiz 0§f>(tX)]}

|B|l=k+1

— <T”,1>=T7(X) after partial integration

() = (FE+1) S 0L [ ar A ()]
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Evaluation of [ d”p- : [or) gt p—2and D =4

—p?—m?242iew,

Do first the py- mtegra’uon with the result
/OO PG ) B S
oo po £ wp F 1€ “p

by application of Lagrange’s formula and integration by part

> f(P%apz) /OO 1 d Mt
PP/ A —ppl d - D —0
—oopo Po = Wp —oopopo - Wp{ podp() f( )}

at D=2 the remaining integral is

—_—~———

~ , 1 , 1
—iﬂ'/ f(pp):—m<—f( p,p)>:—27r<(—),1>
oo Wp Wp Wp

—_——

1 d [t 1
heredzl,w:O,k:O—%—):—[p/ ]
wp' dp” )it /2 L m2e

1 1
VP2 m? - V% + m2ud




Y 1 1
20T dp|

one may rewrite under Pauli-Villars form

2 f(P%aPQ) _ 2 1 1
d"p— 5= [d"p| 2 L .. .9 T )
P — m* + 1€ pe—Mm= 41 P — MU+ e

At D = 4 the py-integral is the same and with X = p?

/d4p foor?) e [ XdX[(X)
p%—pz—mz—i—ie 0 \/X(X—i—m2)

| = —2imlog[u?] as expected

here d =2,w =0,k =1 giving

T L9 X2 mar (1
(\/X(X+m2))_ 20X2[2'/1 t?’%X(X+m2t)]

3 'LLth(l B t) 1 Qﬁ X3/2
N _Z/l t3 E\/X(X Tt (X +m2PR (X +m2t)5/2]

N

PV-type of substraction 7(X,¢)  we-pee



00 4 Hdt(l —t 1
/ XdXT(X,t) = 6m2t;/ (tz ) — gl — p? + p” log(p?))
0 1

Caracterisation of 7(X,¢) as PV-type of substraction: see

transparencies for technical details.
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e Recall first E-G’s construction of retarded/advanced
parts of T'(X)

x(t) a "smooth" extension of the usual step-function
(necessary for multiplication with a distribution) such

that
0 fort <0
X(t) = <1 forO0<t<1
1 fort > 1
Pick up a vector v = (vy, -+ ,v4_1) €T'T = v.x =0

defines hyperplane separating causal support . Define
retarded part 7,.(X) of T'(X) as the existing limit

T.(X) = %%X(%)T(X) — O(v.X)T(X) and

T (), (X > =<T (X (v X) (k + DY [ far L=

o7 f(tX)]>
v k+1) —X
|m:/c+1ﬁ' o tUhtl)
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~

T, (X) is obtained after integration by part

R0=( w004 [ farl X r

5! d+h+1 X\ p
Bl=k+1

Take Fourier-transforms:

F(x(v.X)) = Xo(k) = (2m) @271 L_5@=D(k — ky0) ete....
Then

~

T, (p zﬂ d ; Z /dt (1—1) /dqxv(q)ﬁg)t)f(pt—m

1B|= k+1

may evaluate in special coordinate system
p=(p?,0,0,....);v = (1,0,0,....) to give

~ - 0\(k+1) 1 00 daV ak+1
TT 0 _ L (pl) /dt ]_—tk/ d1
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after partial integration on ¢} and on ¢ and with the final

iIntegration variable s = g_(g one finds for any p a dispersion
relation for the retarded part

= i [ T'(ps)
Tfr' —_— d
(p) 21 ) _ oo ” (5 —ie) k(1 — 5 + e)

advanced part is obtained in a similar way with ie — —ie
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Well defined fields leading to Lorentz invariant
formulation

Finite RG-analysis w.r.t to scale parameter present in
partition of unity

Minkowskian metric focusses on causality: taylor
substractions equivalent to symmetry preserving
dispersion relations or possibly interpreted in terms of
P.V. type of subtraction (but without the introduction of
new fields)

QED gauge invariance OK (cf LC2004)

Link with dimensional regularisation through analytic
continuation of power of propagator (but no problem
related to 5 extension cf J.M. Garcia-Bondia)

Towards a finite LCQFT for the S-matrix repesented in
terms of the light-front time o = w.x (counterterms

avoided)
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