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Abstract

In many cases the most accurate information about fields
in a magnet comes either from direct measurement or from
a numerical computation done with a 3D electromagnetic
code. In this paper we show how this information can be
used to compute transfer maps with high accuracy. The re-
sulting transfer maps take into account all effects of real
beamline elements including fringe-field and multipole er-
ror effects. The method we employ automatically incorpo-
rates the smoothing properties of the Laplace Green func-
tion. Consequently, it is robust against both measurement
and electromagnetic code errors. As an example, we apply
the method to a study of end effects in the High-Gradient
quadrupoles for the low-beta insertion in the Large Hadron
Collider (LHC). The map computation for the quadrupoles
has been carried out using MARYLIE’s GENMAP rou-
tine and a newly written MARYLIE user-defined routine.
For long-term tracking we used Cremona symplectification
techniques as implemented in CTRACK.

1 INTRODUCTION

The motion of charged particles through any beam-line el-
ement is described by the transfer mapM for that element.
Through aberrations of order (n � 1) such a map has the
Lie representation [1, 2]

M = R2 exp(: f3 :) exp(: f4 :) � � � exp(: fn :): (1)

The linear map R2 and the Lie generators f` are deter-
mined by the equation of motion _M = M : �H : where
H = H2 + H3 + H4 + � � � is the Hamiltonian expressed
in terms of deviation variables and expanded in a homo-
geneous polynomial series. The deviation variable Hamil-
tonian H is determined in turn by the Hamiltonian K. In
Cartesian coordinates with z taken as the independent vari-
able, and in the absence of electric fields, K is given by the
relation

K = �[p2t=c2�m2
c
2�(px�qAx)

2�(py�qAy)
2]1=2�qAz:

HereA is the magnetic vector potential. We therefore need
a Taylor expansion for the vector potential componentsAx,
Ay , Az in the deviation variables x and y. How can the co-
efficients of the Taylor expansion for the vector potential be
determined from a knowledge of the magnetic field? In this
paper we review the method we proposed in [3] and present
an application to the High-Gradient quadrupoles in the in-
teraction region of the LHC. The method uses information
about the fields coming from either direct measurement
or numerical computation done with a 3D electromagnetic

code. It is based on the calculation of Fourier integrals
with suitable kernels derived from the Green function of the
Laplace equation. Our approach is different from and more
accurate than other methods based on numerical differen-
tiation (see [4]). A pleasant feature is relative insensitivity
to the presence of noise in the magnetic field data, which
makes the method capable of providing accurate computa-
tions of high order terms in the desired Taylor expansion.
An additional advantage is that it applies, with minor mod-
ifications, to both magnet data obtained by numerical com-
putation and measured data found with spinning coils (see
[3, 5] for more details on this aspect). A similar approach
is also followed in [6].

2 DETERMINATION OF THE VECTOR
POTENTIAL

In a current-free region the magnetic field B can be de-
scribed most simply in terms of a scalar potential  (with
B = r ) obeying the Laplace equation r2

 = 0. In
cylindrical coordinates the general solution to this equation
(that is regular for small �) has the expansion

 =

1X
m=0

Z
1

�1

dke
ikz
Im(k�)�

[b̂m(k) sinm�+ âm(k) cosm�]; (2)

where the functions âm(k) and b̂m(k) are arbitrary, and
Im is the modified Bessel function. This is a “cylindrical
multipole” expansion, where m is related to the order of
the multipole, and should not be confused with a spherical
multipole expansion. The first term on the RHS of (2) de-
scribes a purely solenoidal field (m = 0). The other terms
in the series correspond to the dipole (m = 1), quadrupole
(m = 2), � � � components. For simplicity we will treat the
terms withm � 2. The solenoidal term requires a separate,
but analogous, treatment that entails no new complications.
The dipole case is more complicated. In the sometimes re-
strictive case that the sagitta of the design orbit does not
exceed the radius R introduced in Sec. 3, the methods of
this paper also apply. However other methods are required
if the sagitta is larger.

If  is given in the form (2), a suitable correspond-
ing vector potential is easily found. Since there is gauge
freedom, a possible covenient choice, in the absence of
a solenoidal component, is to work in a gauge satisfying
A� = 0: Suppose  as given by (2) is rewritten in the form

 =

1X
m=1

 m;s(�; z) sinm�+  m;c(�; z) cosm� (3)



with

 m;s(�; z) =

Z
1

�1

dke
ikz
Im(k�)b̂m(k): (4)

[ m;c has the same form, with âm(k) replacing b̂m(k).]
Then it is easily verified that the remaining components of
the vector potential are given by the relations

A� =

1X
m=1

cos(m�)

m
�
@

@z
 m;s � sin(m�)

m
�
@

@z
 m;c;

Az =
1X

m=1

�cos(m�)

m
�
@

@�
 m;s +

sin(m�)

m
�
@

@�
 m;c:

From the two equations above it is clear that finding Tay-
lor expansions for the vector potential componentsAx, Ay,
and Az (what we need) is equivalent to finding Taylor ex-
pansions for  m;s and  m;c in the variable �. This is easily
done by a two-step process: first, we expand the modified
Bessel functions Im(k�) appearing in (4) as Taylor series
in the quantity (k�). Doing so produces an expansion in
powers of � with coefficients that involve integrations over
various powers of k. Second, we observe that the powers of
k can be replaced by multiple differentiation with respect
to the variable z. The net results of these two steps are the
relations (� = c; s)

 m;�(�; z) =

1X
`=0

(�1)` m!

22``!(`+m)!
C
[2`]
m;�(z)�

2`+m
:

(5)
The index [2`] indicates the 2` derivative with respect to
the longitudinal variable z. The functions C [0]

m;�(z) are the
generalized on-axis gradients. Note that the generalized
gradients depend on the longitudinal variable z. For fields
produced by long well-made magnets, however, the z de-
pendence will be significant only at the ends.

We conclude that the dynamics of a charged particle
passing through a region of space occupied by a magnetic
field described by the scalar potential (2) is completely de-
termined by a knowledge of the generalized on-axis gradi-
ent functions C [0]

m;�(z) and their derivatives. We will now
describe two ways for computing the generalized gradients
and their derivatives.

3 COMPUTATION OF GENERALIZED
GRADIENTS FROM FIELD DATA

Suppose the radial component of the magnetic field B� is
known, either by measurement or computation, on the sur-
face of some infinitely long cylinder of radiusR. Moreover,
suppose that the field is given in terms of an angular Fourier
series,

B�(� = R; �; z) =
1X

m=1

Bm(R; z) sin(m�) +Am(R; z) cos(m�):

It can be shown [5] that the generalized on-axis gradients
appearing in the expansion coefficients for the scalar po-
tential (8) can be written as

C
[n]
m;s(z) =

i
n

2mm!

1p
2�

Z
1

�1

dke
ikz
k
m+n�1

I 0m(kR)
~Bm(R; k):

(6)
The expression for C

[n]
m;c(z) has ~Am(R; k) replacing

~Bm(R; k). Here ~Bm(R; k) and ~Am(R; k) are the Fourier
transforms of Bm(R; z) and Am(R; z), e.g.,

~Bm(R; k) =
1p
2�

Z
1

�1

dze
�ikz

Bm(R; z): (7)

In the case where the magnetic field is produced by an
iron dominated magnet, and is therefore localized in space,
the integrals (7) can be considered to have, in practice, fi-
nite limits of integration. With some care, an effective cut-
off can also be found even if the fields extend to infinity
since they fall off sufficiently rapidly at infinity. Also, since
the generalized Bessel function I 0m(w) increases exponen-
tially for large jwj, there is also, in effect, a cut-off in k for
the integral (6) defining the generalized gradients.

4 NUMERICAL TEST AND INSENSITIVITY TO
ERRORS

The method described in Section 3 has been implemented
in the code MARYLIE 5.0 [2] as a user-defined routine. The
routine reads from an external file the functions Am(R; z)
and Bm(R; z), evaluated on a discrete set of points zi. It
then generates the corresponding transfer map by using the
built-in routine GENMAP to integrate the map equation.
Since MARYLIE 5.0 is a 5th order code, only the multi-
poles throughm = 6 need be considered.
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Figure 1: Plot of the scaled harmonicB2(R; z)=R (dashed
line) and the on-axis gradient 2C [0]

2;s(z) as calculated from
surface data (dots) and analytically (solid line) for an ideal
Lambertson quadrupole.

The integration algorithm of GENMAP is based on a
11th order multistep (Adams) method. Because the algo-
rithm uses a fixed step size, one needs to provide values
of the generalized gradients and their derivatives only at
the predetermined locations in z required by GENMAP.We



emphasize that no interpolation of the generalized gradi-
ents is required by GENMAP.

In order to test both the routines and the method
we treated the case of an ideal iron-free Lambertson
quadrupole. The use of this case as an example has the
virtue that the various C [n]

m;�(z) can also be determined an-
alytically (see [5]). First we computed the surface data
B�(� = R; �; z) using the Biot-Savart law, and made
an angular Fourier analysis to calculate the harmonics
B2(R; z) and B6(R; z) for various values of z, (because
of the symmetries involved only the harmonics of order
m = 2; 6; 10::: are non-vanishing). We set the radius R of
the cylinder to be at 75% of the magnet aperture r = 0:128
m, with the length of the magnet being 2r, and the step
size �z used in the calculation of the harmonics = 6.44
mm. Next, we used these data to reconstruct the multipole
field expansion by applying our method and compared the
results to those predicted by the analytic formulas.

Results are shown in Figs. 1 and 2. In Fig. 1 the dashed
line is the function B2(R; z)=R as calculated numerically
by using the Biot-Savart law. The solid line represents the
on-axis gradient, which is equal to 2C

[0]
2;s(z), as calculated

analytically, while the dots represent the same function as
calculated from the surface data. The deviation between
B2(R; z)=R and 2C

[0]
2;s(z) is due to terms in the multipole

expansion containing derivatives of 2C [0]
2;s(z). These terms

are the so called pseudo-multipoles. This can be seen by
writing the multipole expansion for B� through 6th order
in �:

B� =

�
2C

[0]
2;s��

1

3
C
[2]
2;s�

3 +
1

64
C
[4]
2;s�

5

�
sin 2�

+ 6C
[0]
6;s�

5 sin 6�: (8)

In Fig. 2, as an indication of the reliability of the method,
we report the 8th derivative of the generalized gradient
(needed for a 9th order code) calculated from the surface
data (dots) compared to the anlytical profile (solid line).
The accuracy in the calculation of the generalized gradient
is mirrored by the accuracy with which the elements of the
transfer map can be determined. For this case we found rel-
ative errors ranging from 10�6 for R2 to 10�4 for f5 and
f6.

In practical situations magnetic field data, whether com-
ing from measurements or from numerical computations,
are unavoidably affected by errors. What effect do these
errors have on the determination of the generalized on-axis
gradients and their derivatives? The effect of these errors
is relatively mild. This relative insensitivity to errors arises
from a basic property of solutions to Laplace’s equation:
the value of  at some interior point is an appropriately
weighted average of its values over any surrounding bound-
ary. Consequently,  is smoother in the interior of a region
than it may be on a boundary of this region. Correspond-
ingly, errors in boundary values are averaged. A way to
see the smoothing mechanism in action is to look at (6)
and observe the presence of the kernel 1=I 0m(kR) acting as
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Figure 2: The function C
[8]
2;s(z) (in units of 10�5

Gauss/cm9) as calculated from surface data (dots) and ana-
lytically (solid line) for an ideal Lambertson quadrupole.
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Figure 3: Harmonic B2(R; z) (quadrupole field compo-
nent) for the Return End; R=3 cm.

a high frequency filter [I 0m(kR) grows exponentially with
kR]. Incidentally, note that for the purpose of noise reduc-
tion it is desirable to choose R as large as possible.

We tested noise insensitivity by considering a simple
noise model for which surface fields had values given by

B
rnd

2 (R; zi) = B2(R; zi)[1 + �2(zi)]; (9)

and similarly for Brnd
6 (R; zi), where �2(zi) is a random

variable uniformly distributed in the interval [��=2; �=2],
and B2(R; zi) is the same as before. Then we calculated
the generalized gradients and transfer map using the noisy
data. For � = 10�2 we found relative errors, ranging from
5� 10�4 forR2 to 10�2 for f5 and f6, which are at worst
on the order of the noise itself.

5 APPLICATION TO LHC HIGH-GRADIENT
QUADRUPOLES

In this final Section we describe an application of our
method to the calculation of the transfer maps for the High-
Gradient (HG) superconducting quadrupoles located at the
interaction region of LHC (see [8] and references therein).
Our purpose here is two-fold: We want to (i) provide an
illustration of the method in a case of physical interest and
(ii) test the adequacy of the way magnets are usually mod-
eled in tracking studies against our more realistic modeling.
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Figure 4: Harmonic B6(R; z) (duodecapole field compo-
nent) for the Return End; R=3 cm.
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Figure 5: Generalized gradient C2;s(z) for the Return End.
(z = 25 cm in this picture corresponds to z = 0 in Figs. 3
and 4.)

The HG quadrupoles provide the focusing necessary to
compress the beam at each Interaction Points (IP) so as to
enhance luminosity. This can be done only by allowing the
beam to expand considerably in the regions adjacent to the
IP’s where the HG quadrupoles are located. As a result, the
beam is particularly sensitive to the aberrations associated
with the HG quadrupoles.

All the HG quadrupoles have same gradient (200.415
T/m) and are identical except for their lengths (details on
the LHC lattice can be found in [7]).

We first carried out the harmonic analysis of the mag-
netic field data provided by [9] for the two ends of the
magnets. Because of differing mechanical constraints the
geometry of the two ends and the resulting fields are differ-
ent. The two ends are referred to as ‘Lead End’ and ‘Return
End’. The magnetic field was calculated using a code that
integrates the Biot-Savart law and approximates the effects
of the iron yoke in the limit of infinite permeability.

The 2nd and the 6th harmonics for the Return End (the
other harmonics of order lower than 6 are negligible) are
shown in Figs. 3 and 4. From these harmonics one can re-
cover the generalized gradients by applying the formulas
reported in Section 3 and implemented in MARYLIE. In
Fig. 5 we show the generalized gradient C2;s(z). In the
pictures the fields are scaled by an arbitrary factor. Notice
that the profile of C2;s(z) is smoother than the profile of
B2(R; z). This is due to the contribution of the higher order
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Figure 6: Projection of the Poincaré surface of section on
the horizontal plane at the IP (normalized coordinates in
units of m
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2 ). Map calculated from the magnetic field data.

derivatives of C2;s(z) to the field expansion [see Eq. (8)].
The integrated duodecapole component Sd of the fields at
the two ends, defined by Sd =

R
END

C6;s(z)dz was re-
spectively 5:134�103 and 8:148�104 T/m4 for the Return
and Lead Ends.

Having computed the generalized gradients we calcu-
lated the transfer maps associated with the end regions and
combined them with the transfer map for the body of the
magnet to obtain the transfer map of the full quadrupole.
By combining the transfer maps for the various elements
in the IP region and the rest of the machine we constructed
the one-turn map. This map we used for tracking studies.

Since the focus of our study was on the field modeling
of the HG quadrupoles we considered a simplified version
of the LHC lattice in which all the lattice elements, with
the exception of the HG quadrupoles, were described in
the linear approximation. Thus the only sources of non-
linearities (besides the purely geometric terms depending
on the canonical momenta) were the intrinsic aberrations
carried by the fringe fields [i.e. the ‘pseudo-multipoles’
or more specifically the aberrations generated by the terms
C
[n]
2;s with n > 0 in Eq. (8)] and the duodecapole field com-

ponents at the HG magnet ends.
The result of a tracking study using this model is pre-

sented in Fig. 6, which shows the projection on the x-px
plane of the Poincaré surface of section at one IP. The or-
bits of four particles are displayed over 105 turns, with
the outer orbit being on the edge of the dynamic aperture.
Tracking was done using the code CTRACK [10]. Normal-
ized coordinates are used (i.e. xnorm = xphys=

p
�x with

�x = 0:5 m, etc.). This picture should be compared to
a similar projection of the Poincaré surface of section ob-
tained with a model of the HG quadrupoles in which no
duodecapole field components are present (see Fig. 7). One
can observe the dynamic aperture increases by a factor of 5,
suggesting that in the present design the duodecapole non-
linearities dominate over the intrinsic aberrations carried by
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Figure 7: Projection of the Poincaré surface of section on
the horizontal plane at the IP (normalized coordinates in
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2 ). Map calculated from the magnetic field data
with the duodecapoles turned off.

the quadrupole field components. And last Fig. 8 was ob-
tained by tracking with a ‘Standard Model’ for quadrupole
magnets. In this model the action of the duodecapole field
components is approximated by thin kicks with strength Sd
and the aberrations due to the quadrupole field components
are evaluated though third order in the hard-edge limit. One
can observe that the phase space portraits in the Figs. 6 and
8 are very similar. Since the nonlinearities are mostly due
to the duodecapole field components the implication is that
a thin kick approximation to model the duodecapole terms
seems to be adequate. This is confirmed by an inspection of
the Lie generators of the transfer map for an individual HG
quadrupole in the two different models. In the Table below
we show two such Lie generators. The generator x6 is de-
termined mostly by the duodecapole field components. The
two values are within a few percents. On the other hand the
generator x2px, which measures the third order aberrations
associated with the quadrupole field components, differs in
the two cases by a factor 7. This shows that a more realis-
tic modelling of the magnet fields may be necessary if the
intrinsic quadrupole aberrations are found to be important.

Lie generator Realistic Model ‘Standard Model’
x
2
px 0.54011D-04 0.72959D-03
x
6 -0.14337D+01 -0.13358D+01
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