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Abstract

As apart of our new research activity aiming at a detailed
understanding of space charge effects in ring cyclotrons
and in the corresponding injection beam lines at the Paul
Scherrer Institute we are currently developing a three di-
mensional space charge simulation code.

The use of the Hamiltonian formalism, in combination
with a symbolic algebra system (MAPLE), enables us to
carry out the entire modelling on a high level. MAPLE
easily handles the elaborate derivatives required to form
the equations of motion and then casts them into FOR-
TRAN. The subsequent embedding of the FORTRAN code
into the MATLAB package is also handled automatically
by the procedures of our framework. MATLAB is well
suited for running small simulations followed by various
post processing activities including graphics.

In order to test this framework, two model cases have
been chosen: the doublefocusing spectrometer and the mo-
tion of asingle particle in a stable charged cloud. The suc-
cessful processing of these and some further small model
problems encourages usto apply thisframework to produce
code for the large scale simulation.

The development steps from the Hamiltonian to the
FORTRAN subroutine an the resulting simulations are
shown for two model cases, aswell as the general MAPLE
and MATLAB procedures we have developed for this pur-
pose.

Keywords: space charge, symbolic algebra, code gener-
ation, Hamiltonian system

1 HISTORY AND MOTIVATION

The acronym FORTRAN stands for FORmula
TRANSdation. The computer language FORTRAN was
originally developed by John Backus in 1954 and first re-
leased 1957 by IBM [1] [2]. FORTRAN was one of the
first high level computer languages in which the program-
mer specifies the task of the computer in terms of human
readable text. This resulted in programs being easier to
read, understand and debug. It also allows the programmer
to concentrate on the actual problem, rather than getting di-
verted into details of the underlying computer architecture.
If we look more closely however, the formulas written in
the natural language of mathematicians and physicist still
have to be trandated into an artificial language understood
by the computer. This need for an additional transforma-

tion step is present for all other programming languages.
For a long time this has been a major motivation in the
search for adirect way to translate a mathematical descrip-
tion into computer code [6] [8]. The advent of symbolic
algebra systems opened the option of entering problems
in the mathematical language. With the option to auto-
matically generate code from formulas the two diverging
languages approached each other.

We extend that further, towards a automated generation
of asmall scale orbit simulation starting from the Hamilto-
nian. The benefits of this are:

1. Time efficient generation of orbit simulation code

2. Quality of the resulting code with respect to correct-
ness

3. Test of the physical and mathematical model, based
on analytically solvable examples

2 SYMBOLIC MANIPULATION

2.1 ProblemFrame

Following the definition of acomputer experiment [10], we
introduce two categories. 1. Large Scale Simulation and
2. Small Scale Simulation. Thelarge simulation will meet
our scope to simulate the space charge effects of huge a
number of particlesin a complicated accelerator structure.
Given the complexity of the large problem, a successive ap-
proach using several small stepsis appropriate. Figure 2.1
shows how the two categories interact. After a few itera-
tions of the loop, comprising the Small Scale Simulation,
the mathematical model is expected to be sufficiently val-
idated to justify the use of the corresponding code in the
large scale simulation (see is used by in Figure 2.1).
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Fig. 2.1 The Frame of Discussion
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The description of the problem starts with its Hamilto-
nian

H(q,p;t) 1)

from where we can get the corresponding Hamiltonian
equations

dqi_aH -
dpi_ OH .

which then lead to the equations of motions.

2.2 Modelling Sagesfor Orbit Smulations

We are interested in the trajectories of particles guided by
various forces, such as: external forces, collective forces
(space charge), etc.

H(q, P; t) = HExternalForces + HSpaceCharge (4)

The effect of a guiding magnetic field on charged parti-
clesis best expressed with the vector potential:

A(q;t). 5

In the sequel we neglect space charge (H spacecharge =
0) and define the unified notation:

y =(a,p)". (6)

With this, the equation of motion form a system of first
order differential equations,

dy

= OH _a_H)T
dt

F — (==
(y,t) = ( op " Oa

()
which we finally have to solve.

3 THE SIMULATION SHELL

Assume one has (7), out of a symboalic algebra system. To
move on and build asmall scale simulation, one might con-
sider three alternatives:

1. remain in the symbolic algebra system to solve (7) [7]

2. automatic transfer of (7) into aprogramming language
and coding the simulation (see Figure 2.1).

3. transfer of (7) into a programming language and
joining this code to a numerical simulation pack-
age.

To achieve our goa of validating the mathematical and
physical model with minimal programming effort (in the
sense of 3rd generation programming languages), we fol-
low the third alternative.

We have chosen the MAPLE package [5] for all sym-
bolic manipulations, and use the extended capabilities of
MACROFORT [9] for code generation and apply MAT-
LAB [11] for the numerical part.

As a starting point we have to build symbolic expres-
sion for the Hamiltonian (4). With symbolic differentia-
tion, MAPLE can evaluate the equation (7) for the given
Hamiltonian. The resulting expressions are automatically
translated into FORTRAN subroutines.

In order to use externa Fortran subroutines within the
MATLAB environment, we have to build an intermediate
glue layer, the so-called MEX-Interface [11]. The Mex-
Interface uses a gateway subroutine in addition to the orig-
ina external function (see Figure 3).

This glue layer itself is fully defined by the signature of
the external function, denoted as F' and A in our example
shown in figure 3.

With this procedure, we generate functions which rep-
resent F' in (7) and (A) from (5). Those can then act like
MATLAB built-in functions.

The MATLAB environment allows to solve (7) numer-
ically using built-in, or external solvers for the system of
ordinary differential equations (ODE's), as the problem re-

quires.
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Fig. 3 The Simulation Shell

4 EXAMPLES

Two exampleswill be used to show in detail the steps from
the abstract formulation towards arunning small scalesim-
ulation.



4.1 The doublefocusing Spectrometer

The mathematical formulation translates one to one into
MAPLE syntax, as can be seen below.

The Hamiltonian for a particle in an external magnetic
field isgiven by Barut [3]:

H:c-\/(p—eoA(q;t))2~}—m§c2 8

where A is the vector potential. The case in considera-
tion does not contain electrostatic fields, therefore we omit
those terms.

To obtain the characteristics of the doublefocusing spec-
trometer [13], arotationally symmetric, radially decreasing
field hasto be chosen, with aradial component of:

Br=B-R" and R = /(q12 + ¢2?), 9)

where the field index n amountsto 0.5. Thisfield has the
corresponding vector potential with the azimuthal compo-
nent A, that can be obtained by algebraic manipulation:

—_l- . . n. ield. ﬁ._
Ap = /R Br - R™ dR+2 8(
(10)

Br - RField)

4.1.1 Symbolic AlgebraPart

Assuming the expressions for (10) with n as parameter are
stored as elements of the matrix A, the Hamiltonian can be
written in the MAPLE algebra system as follows:

c*( (p[1,1]-e0*A[1,1])"2 +
(p[1,2]-e0*A[1,2])"2 +
(p[1,3]-e0%A[1,3])"2 +

o™ 2*c*2 )" (1/2):

H: =

This correspondsto the definition of the Hamiltonian (4)
where space charge is neglected.

To obtain the equations of motion (7), aset of derivatives
has to be formed, entering the MAPLE commands:

for i to DIMdo

d_eqgs[i]:= diff(H Yeval (i+DIM]):
d_eqgs[eval (i+DIM]:=diff(-H Y[i]):
od:

The parameter DIM defines the dimension of the system to
be studied.

The generic code generation procedure gen_F, contains
an additional parameter NPART, the number of particles
used in the simulation.

gen_F : proc(D M NPART)
[ ocal j, pg;
0 pg:=1[];
1 pushe([’ decl aref’,’ doubl eprecision’,
2 [T, Y[ 2* DIl MFNPART], YPP[ 2*DI M*NPART] 1], pg’);
3 pushe([’ commonf’,’ GLOBAL', GLOBALLI ST], ' pg’);

for j from1l to 2*DI M do

[e20N6)]

od;

9 genfor(pg):
end:
genfor (gen_F(DI M PART) ) :

pushe([equal f, YPP(j),d eqgs[j]], pg );

Fig. 4.1.1 Fragment of the code generation procedure

In this procedure we make use of functions provided by
the MACROFORT package[9].

With the MACROFORT commands pushe (line 1 - 6)
the list pgis filled with information related to declarations
and statements of the code to be generated. Finaly, thisin-
formation istrandated into the FORTRAN subroutine F.for
upon the command genfor (on line9). The FORTRAN sub-

routine A.for is obtained in asimilar way, therefore the de-
tailed description is omitted here.

4.1.2 TheNumerica Part

Inthe MATLAB environment we do the numerical simula-
tion, which starts by defining initial conditionsfor position
and momentum of the particle. To calculate these initial



conditions the vector potential function A isused to get the
mechanical momentum from the canonical one.

n = 0. 5;

gql0 = 0. 0,

g20 = 0. 5;

po = 0.0

Ainit = A(ql0, g20, q30, n);

p10 = -p0 + Ainit(1);

p20 = 0.0 + Ainit(2);

y0 = [g10 g20 g30 p1l0 p20 p30 ]’

We then use the Runge Kutta Fehlberg (4th order) integra-
tor from MATLAB to integrate the ODE system.

Note that in these samples of Matlab code the functions
A and F' cannot be distinguished from original MATLAB
built-in functions.

[t1,yl]= oded5(’ F', TSPAN, y0, opti ons);

Finally, one can use a variety of graphical and other post
processing functionalities availablein MATLAB.

plot3(y1l(:,1),y1(:,2),y1(:,3),'9");

The plot below shows the characteristics of the double fo-
cusing spectrometer: horizontally and vertically diverging
orbits meet at the azimuthal angle /2 - 7 from the start.
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Fig. 4.1.2 Particle Trajectoriesin a Double Focusing
Spectrometer
4.2 Particlesin a Space Charge Cloud

Asanother test case to verify the outlined procedurefor au-
tomatically generating orbit simulation code, we consider a

particle moving in a charged cloud. The governing Hamil-
tonian becomes:

H(q,p;t)

We then proceed in away similar to the previous exam-
ple and obtain results, which are in agreement with [4], see
Figure4.2.

=H, +H,+ HSpaceCharge (11)
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Fig. 4.2 2D Particle Mation inside a Charged Cloud

The generality of the presented scheme, for the auto-
matic generation of orbit simulation code, encouraged us
to extend the case of particle motion in a space charged
cloud to three dimensions.

5 CONCLUSIONSAND FUTURE

We have successfully established a framework for the au-
tomatic generation of orbit simulation code, without using
any 3rd generation programming language.

Starting with the formulation of the Hamiltonian in
mathematical notation, the error prone tasks of forming
derivatives and of coding in FORTRAN are fully handled
by MAPLE. The successive inclusion into the MATLAB
environment is done by automatic generation of the MEX-
Interface. The essential parts of this framework and their
interactions are shown in Figure 5.
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This framework is useful for validating physical and
mathematical models, by using well-known existing com-
ponents:

1. MAPLE and MACROFORT
2. MATLAB
3. ODE solvers

Essential software components to be contained in a large
scale simulation can be easily produced and tested within
this framework:

Equations

= SW-Components
= tested SW-Components

We will further use this approach to generate important
code parts for our research project:
The construction of a three dimensional beam simulation
code for high intensity proton beams. This code will allow
usto study the behaviour of space charge dominated beams
at injection into the PSI Injector 2. [12]

We plan the extension of thisframework in the following
aspects:

e Simulations based on symplectic maps
¢ Interfaceto aparallel computing environment

¢ Rewrite MACROFORT to handle the programming
language C
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