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ABSTRACT

We demonstrate a new likelihood method for extracting the
top quark mass from events of thetype tt — bW * (lepton +
v)bW ~ (lepton +v). Thismethod estimates the top quark mass
correctly from an ensembl e of dilepton events. The method pro-
posed by Dalitz and Goldstein[1] isshownto result in asystem-
atic underestimation of the top quark mass. Effects due to the
spin correl ations between the top and anti-top quarks are shown
to be unimportant in estimating the mass of the top quark.

. INTRODUCTION

The tt dilepton decay channels in which both the W's decay
into leptons and neutrinos are under-constrai ned with respect to
the the reconstruction of the top quark mass due to the presence
of the two missing neutrinos. Nevertheless as Dalitz and Gold-
stein[1] and independently Kondo[2] et al have shown, it ispos-
sibleto extract mass information from these eventsusing alike-
lihood method. For each event, solutions are obtained for the
kinematic quantities for a range of top quark masses. Each so-
lutionisweighted by a product of structure functionswhich es-
timatesthe probability of producingatt pair consistent with the
event at that top quark mass and adecay probability factor which
neglectsthe polarization of thetop quark. Inthispaper we show
that the Dalitz-Gol dstei nweighting scheme leadsto asystematic
underestimation of the top quark mass. We proposealikelihood
scheme which involves no kinematic weighting that is shown to
estimate the top quark mass correctly. Finally we show that not
allowing for the spin correlations in the decay of top quarksin
the Dalitz-Gol dstein scheme does not further bias the mass esti-
mate significantly.

With the proposed luminosity upgrades of the Tevatron [3],
it is possible to acquire thousands of events of the typett —
bW (lepton+v)bW ~ (lepton+v), where both the b quark jets
areidentified. The number of jet permutationsin these channels
issmaller than thelepton + jets decay modes of the top quark. It
may then become possibleto measure the top quark mass using
the dilepton channels with the least amount of systematic error.

1. METHOD

Each dilepton event is characterized by 14 measurements,
namely the three vectors of thetwo b jets, leptons and the miss-
ing Er vector of the event. We denote these measurements
collectively by the configuration vector ¢. Kinematically, each
event is characterized by 18 variables namely, the three vectors
of the b jets, leptons and the two missing neutrinos. For any
given top quark mass, there are four constraints, that constrain
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the lepton and neutrino pairs to the W mass and the W and &
pairs to the top quark mass. Given atop quark mass, thisen-
ables one to solve for the neutrinos. This results in a pair of
guadratic equations for the transverse components of each neu-
trino [2]. The solution involves finding the intersection of two
ellipses. This can yield zero, two or four solutionsfor a given
top quark mass. The likelihood P(m|c) of a solution for a top
guark mass m, given the observed configuration vector ¢, is ob-
tained by using Bayes' theorem.

_ P(m)P(cim)
J P(m)P(c|m)dm

P(mlc) D
Where P(m) isthe a priori probability distribution of the top
quark mass. P(c|m) is the probability of observing the config-
uration vector ¢, for a given top quark mass m. If after each
event is anayzed, P(m) is updated by P(m/|c) iteratively, one
gets the familiar multiplicative rule for combining likelihoods.
Dalitz and Goldstein [1, 4] use the prescription
P(c|m) = Spartons F (21)F(22) Db, m) D(la,m)  (2)
where F(z1), F(z2) are the probabilities of finding partons with
momentum fraction z; and z5 in the colliding beam particles
consistent with producing the event in question and D(I;, m)
(D(Iz,m)) istheprobability of observing alepton of energy I4 (I2)
in the rest frame of the top (anti-top) quark. The expression for
D(I, m) as given in [1] neglects the top quark polarization, but
treatsthe subsequent W decays according to the standard model.
In reality spin correlations are present and the two decays are
correlated.

A. Measurement errors

Theexpressionfor P(c|m) in equation(2) must befurther mod-
ified to take into account measurement errors. If the measured
configuration vector is ¢, of a true configuration vector ¢, we
can write

Plepm|m) = /P(c|m)R(c, Cm, 0)dc (3)
where the function R(c, ¢, o) is the resolution function of the
experiment, denoting the probability of observing the configu-
ration vector ¢, given atrue configuration vector ¢. The resolu-
tion of each of the componentsof ¢ iscontained in theresolution
vector o. In practice, it is possible to choose the configuration
vector ¢ such that R(e, ¢, o)isGaussian. Dueto the symmetric

nature of the Gaussian in ¢ and ¢,,,, We can re-express equation(
3) as

Plepm|m) = /P(c|m)R(cm,c, o)de 4
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This Gaussian integration can be carried out by smearing the
measured configuration ¢,, repeatedly in a Gaussian fashion
with standard deviations o such that, for N smeared configura:
tions,

dN
N = R(cm, ¢, 0)de (5)
The Monte Carlo integration then yields
1
P(Cm|m) = Econfi_quraLtions-P(C|'rn) (6)

N
B. Choice of the configuration vector

Inwhat follows, wewill assume that both theleptonsare el ec-
trons. We choose the three quantities, energy, pseudo-rapidity
and azimuth (E,n, ¢) to define the three vectors of the leptons
and jets. The electrons are smeared with a typica collider de-
tector fractional resolution of 15%/+/(E) in energy and thejets
withafractional energy resolutionof 80%/+/(E) ©.05. Weig-
norethefluctuationsin direction, asthese are dwarfed by theen-
ergy fluctuations. The p7 of therest of the event after removing
the leptons and jets is al'so a measured quantity and is smeared
asthoughit wereasmal jet. The Fyisadeduced quantity from
the measured quantitieslisted. The case when one or both of the
leptonsis a muon is handled by smearing the inverse momen-
tum of the muon as a Gaussian, but will not be further discussed
here.

Wedo not a priori know which leptonisassociated withwhich
b quark. We consider both combinationsand add the likelihoods
from either combination to form the total likelihood for each
event, whichisnormalized to unity when integrated over thetop
quark mass m.

C. Combining likelihoods

We generate the likelihood spectrum for each event in the top
quark mass range of 100- 250 GeV/c? at intervalsof 1 GeV/c?

The combined likelihoodfor an ensembl e of eventsisobtained
by multiplyingthelikelihoodsof theindividual events. Thelike-
lihood for an individua event can be zero for some values of the
top quark mass due to the fact that we have used a narrow res-
onance approximation for the W mass in finding the solutions,
and duetothefinitenumber of smearsdone per event. Inorderto
prevent the combined likelihood having zeroesin some binsdue
to these effects, we add a uniform floor probability distribution
that integrates to 1%, in the top quark mass interva 100 - 250
GeV/c? to the likelihood distribution of each event and renor-
malizeit. Thefinal massvaluesareinsensitivetotheexact value
of the floor.

The individua event likelihoods are sampled at top quark
mass intervals of 1 GeV/c?. The combined likelihood mass er-
rors can fall below 1 GeV/c?2. We interpolate the individual
event likelihoods at mass intervals of 0.25 GeV/c? so that the
final combined event likelihood can span several binsin mass.

In general Monte Carlo events have weights associated with
them. These were normalized so that the average weight in the
event sample was unity. Events with weights outside the win-
dow 0.3- 3.0 werergjected. The likelihood distribution for each

event was raised to the power given by its weight before being
used to form the combined likelihood.

D. Event selection criteria

We select only those events with Ez > 15 GeV for both the
leptonsand jetsand B > 25GeV. We demand that both the
b jets are explicitly identified by a tagging algorithm. While
smearing, we only admit smeared configurationsthat satisfy the
same criteria as the event selection.

In what followswe smear each Monte Carlo generated event
once to simulate the measurement process and subsequently
1000 times to do the Monte Carlo integration.

1. RESULTS

We generate Monte Carlo events with a top quark mass of
175 GeV/c?. We neglect top quark polarization in generating
these events, but treat the subsequent W decays according to the
standard model[5]. No final state or initia state radiation isin-
cluded inthisinitial set of events. The events have tt pairs pro-
duced according to the standard QCD processes (dominated at
Fermilab energies by valence quark fusion and s channel gluon
exchange). The top quark polarization is neglected after pro-
duction. The W’s are decayed correctly according to the stan-
dard model, mimicking the assumptions going into the Dalitz-
Goldstein weighting scheme. We call thisthe uncorrel ated sam-
ple.

Figure (1(a)) shows the unweighted distribution of solutions
found for the & 1000 smeared configurations for atypical such
event. The solutionsturn on at a mass of 140 GeV/c? and stay
turned on till the end of the mass range at 250 GeV/c?. Fig-
ure (1(b)) showsthe probability distribution for this event using
the Dalitz-Goldstein prescription of equation (2). The structure
function weighting in equation (2) makes the high mass solu-
tionslesslikely yielding alikelihood distribution that has a dis-
tinct peak. We now proceed to analyze a sample of = 1000 such
Monte Carlo events that decay into dileptons. Because of mea
surement errors, not al of these events will give solutions con-
sistent with atop quark in the mass range 100-250 GeV/c?. Fig-
ure (2) isahistogram of the quantity R defined by

N;

R = X _
window tOtM X Nsmear

(7)
where N; isthe number of solutionsfor top quark massi , tot s
isthe total number of top quark masses considered and N cqr
is the total number of smears per event. The sum extends for
top quark masses in awindow + 35 GeV/c? of the generated top
guark mass. Thereisapeak inthehistogramfor valuesof R be-
low 0.1. Thisisdueto eventsthat are so mismeasured that they
have difficulty solving for atop quark mass in the window con-
sidered even when smeared a thousand times. We rgject events
with R <0.2 since these will have very spiky likelihood distri-
butions. Figure (3(a)) is the combined likelihood of 511 events
which surviveafter event selection criteriaand theR cut froman
initial sample of 925 events, using the Dalitz-Gol dstein weight-
ing scheme [7].
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Figure 1: (a) shows the number of solutions versus top quark
mass for atypica event generated with top quark mass of 175
GeV/c?. (b) Probability distribution for that event obtained ac-
cording to the Dalitz-Gol dstein prescription.
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Figure 2: Histogram of the fraction of the number of solutions
R inawindow + 35 GeV/c? of the generated top quark mass.

Themost likely top quark mass fromthe event sampleis164.5
+ 0.54 GeV/c?. The Dalitz-Goldstein weighting scheme thus
introduces a bias of 10.5 GeV/c? towards lower masses at this
value of thetop quark mass.

A. A Critique of the Dalitz-Goldstein weighting
scheme

For a given event, the parton momenta (z1, z;) needed to
produce it will decrease as the top quark mass m is decreased
since zyz; = m?/s, where s isthe overal center of mass en-
ergy squared. This means that the Dalitz-Goldstein weighting
scheme will tend to skew the likelihood distribution for each
event toward lower top quark masses, sinceit is proportional to
the product of the structurefunctions. We notethat thetop quark
production cross section isalso aproduct of such structurefunc-
tionsand decreases rapidly as the top quark mass increases, for
the same reason. The likelihood scheme proposed by Kondo et
al [2] is proportiona to the top quark production cross section
and also suffers from thisdefect. It isthis skewing of the like-
lihood distributionstowards lower masses that produces a 10.5
GeV/c? biasintheDalitz-Gol dstein scheme. Onecanindeed ask
why the top quark mass measurement has to be coupled to its
production mechanism at all.

B. A new likelihood method

Figure(1(a)) showsthe number of solutionsfor atypical event
as afunction of the top quark mass. We now make the radical
proposal of not using any weightsat al, but smply use alikeli-
hood distributionthat is shaped like the number of solutionsasa
function of thetop quark mass. If one examinesthisdistribution
visually for an ensemble of top quark events, there exist asig-
nificant number of events where the likelihood distribution thus
formed does show a peak and falls for large top quark masses.
Using this scheme, one gets the combined likelihood of Figure
(3(b)) which peaks at the input mass, but has a larger standard
deviation. The larger standard deviation is due to the fact that
we are not suppressing the high masstail of theindividua event
likelihood distributionsusing aweighting scheme. This method
does not use any extrinsicinformation of the top quark produc-
tion mechani sm to obtain the mass but relies solely on the mea-
sured kinematic quantitiesof theeventsin question. We christen
this scheme the “no-weights’ method. Figure (4(a)) shows the
evolution of the mean value of the combined likelihoodsfor the
Dalitz-Goldstein method and the no-weights method as a func-
tion of the number of events. Figure (4(b)) showsthe evolution
of the standard deviation [8] of the combined likelihoodsusing
the two methods as a function of the number of events. An ap-
proximate 1/+/(N) dependence on the number of eventsis ev-
ident. The “no-weights’ mass is dightly sensitive to the value
of theR cut, sincethe eventsrejected by theR cut tend to favor
lower top masses. It is possible to adjust the R cut so that the
input top massis returned by the “no-weights’ algorithm. Once
tuned at one generated top quark mass, the algorithmworkswell
at all other masseswiththe cut unchanged. TheDditz-Goldstein
scheme cannot reproduce the generated mass for any value of
theR cut. It should be noted that the window chosen around the
generated mass in defining the R cut has to be symmetric about
the generated mass to avoid bias. This can be done iteratively
when dealing with data.
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Figure 3: For events generated with a top quark mass 175
GeV/c?, (a)Combined likelihood distribution using the Dalitz-
Goldstein weighting scheme, yields a mean top quark mass
164.5 GeV/c?+ 0.5 GeV/c2. (b) using the new likelihood
method proposed here, yields a mean top quark mass 175.3
GeV/ci+ 1.1 GeV/c2.
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Figure4: Evolution of (a) themean value (b) standard deviation
of thecombined likelihood distributionas afunction of thenum-
ber of eventsfor (i) Dalitz-Goldstein wei ghting scheme, (ii) The
“no-weights’ method, (iii) Curve showing N ~1/2 shape

Top mass Dalitz-Goldstein No-weights
MC sample method GeV/c? | method GeV/c?
175 GeV/c? 164.5 + 0.54 1753+ 111

Spin uncorrelated
175 GeVIc? 164.8 + 0.49 1741+ 1.05
Spin correlated

140 GeV/c? 131.8 + 0.37 139.9+ 0.7
Isgjet

160 GeV/c? 1476 + 0.48 158.0 + 1.02
Isgjet

180 GeV/c? 163.7+ 0.74 175.1 + 0.92
Isgjet

200 GeV/c? 179.7 £ 0.58 193.2 + 1.08
Isgjet

Table I: Summary of top quark mass measurements on various
Monte Carlo samples

C. Spincorrelations and final state radiation
effects

We now generate eventswhere both thetop and anti-top quark
polarizations are taken into account and all spin correlationsare
kept at thetreeleve [6]. We use thetwo wei ghting methods out-
lined aboveto determinethetop quark mass. Theresultsarepre-
sented in table (1). There is no apparent shift in the top quark
mass between the two samples for either method. From this, we
concludethat spin correl ationsdo not affect the determination of
thetop quark massin thedil epton channel in any significant way.
The Monte Carlo samples used so far do not include additional
jetsduetoinitial and fina state gluon radiation. We now gener-
ate ~ 1000 events at top quark masses of 140,160,180 and 200
GeV/c 2 using the program Isgjet [9]. We demand that both the
b quark jets are identified. Table (I) shows the results using ei-
ther method. Once again, the Dalitz-Goldstein method underes-
timates the generated mass. The “no-weights’ method can now
be used to estimate the effects due to final state radiation asim-
plemented in Isgjet. It can be seen that the net effect of thefinal
state radiation is to systematically lower the measured value of
the top quark mass. The amount of lowering increases with the
top quark mass, dueto theincreased amount of final stateradia-
tion. At atop quark mass of 180 GeV/c?, the effect of final state
radiationisto lower the top quark mass by = 5 GeV/c?. Finaly,
we have a so studied the effect of the event selection E7 cutsfor
their effect on theresult. We get resultsthat are the same within
errors, even when no Er cuts are used.

V. A PROPOSAL FOR A CORRECT
WEIGHTING SCHEME

If one insistson weighting events using production and decay
information from the standard model, the expression for P(c|m)
has to have the following properties.

/P(c|m)dc =1

(8)
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An expression that satisfies thisis given by

1 doyis(m)

Oyis(m) dc

P(clm) = (9)

where a,,;5(m) isthetop quark production visible in the detec-
tor. The biasing effect in the top quark mass due to the struc-
ture function product is removed by division by the function
o4is(m). The configuration vector can be chosen as any set of
measured variables, since the resulting expression for P(m|c) is
invariant under a change of variables [10]. However, equation
(3), impliesauniqueset of variablesfor the configuration vector
¢, since these are the quantitiesthat are fluctuated in a Gaussian
fashion. We will report on results using this weighting scheme
in aforthcoming paper.

V. CONCLUSIONS

We have demonstrated a new likelihood method that deter-
minesthetop quark massin dilepton decays of thetop quark that
gives an unbiased estimate of the top quark mass. We demon-
strate that wei ghting schemes that involve products of structure
functionssuch asthe Dalitz-Gol dstein scheme, giveadownward
bias to the measured value of the top quark mass. We demon-
dtrate that spin correlation effects between the top and anti-top
decay products do not influence the outcome of the mass mea
surement. We estimate the effects due to final state radiation as
implemented in I sgjet.

The statistical precision obtainable using a thousand top to
dilepton fully tagged events using this method is of the order of
aGeV/c? using this technique. Assuming that jet energy scale
systematicsin the upgraded Tevatron detectorscan becontrolled
tothislevel, the dilepton channel s providean excellent means of
measuring the top quark mass.
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