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ABSTRACT efits of a relatively small bunch spacing, the beams must cross

Since its invention by Palmer[1] in 1988, crab crossing h(% an _ang_ley of about 7@frto avoid more than one bunch-bunch

. callision in each experimental straight section. Suchamn-

been explored by many people for both linear and storage rng . S L

colliders to allow for an angle crossing without a loss of lumi. © & o>>"9 angle causes a degradation in luminosity. Con-
9 9 eguently, it demands a short bunch length{ 2 cm) which

nosity. Various crab Crossing scenarios have been mcorporaﬁzgn onIy be achieved with a Iarge rf Voltage (100 MV) when op-

n the design of newly prop(_)sed Im_ear colliders and B'facmrélrating at a frequency of 379 MHz. The problem can be solved
projects. For a hadron collider, this scheme can also be em-

. . . . . crab crossing the two counter-circulating proton beams to
ployed to lowers* at the interaction point for a higher luminos- Y '9 ap
ity. make them collide head-on.

. ' . o . In Section Il of this paper, we first summarize the princi-
In this paper, we first review the principle and operational re- . : .
. . . le and operational requirements of three crabbing schemes for
quirements of various crab crossing schemes for storage nn

. Lo o W8rage ring colliders. A Hamiltonian formalism is developed in
colliders. A Hamiltonian formalism is developed to study th 9 9 : op
ection Il to calculate the emittance growth and crabbing qual-

dynamlcs of f:rab crossing and Fhe related synchro-_betatron CRu'olegradation produced by the errors in voltage and betatron-
pling. Requirements are obtained for the operational volta é

. 8 ase matching of the crab cavities. The results are applied to a
and frequency of the crab cavities, and for #weuracy of volt- . S S
a0e matching and phase matching of the cavities conceptual design of angle crossing in the proposed high-field
g N P ching : hadron collider. Conclusions and a discussion are given in Sec-
For the recently pposed high-field hadron collider,[2, 3]

Btion IV.
deflection crabbing scheme can be used to redtiédeom 0.1 m on
to 0.05 m and below, without a loss of luminosity due to angle . CRAB CROSSING SCHEMES
crossing. The required voltage of the storage rf system is re;

duced from 100 MV to below 10 MV. With the same frequenc The goal of crab crossing in a storage ring collider is to make
: d the two counter-circulating angle-crossing beams collide head-

0f 379 MHz op_e_ratir_wg inatransverse mode, the_required VOlta&? at the IP without sacrificing beam quality and luminosity
of the crab cavities is about 3:2.4 MV. The required accuracy itetime. In this section, we present three schemes: deflection

- 1 I 0,
of voltage and betatron-phase matching is about 1%. crabbing,[1] dispersive crabbing,[4] and crabbing.[5] The
. INTRODUCTION angle crossing is assumed to occur in the horizomtal) plane.

The subject of angle crossing at the interaction point (IP) of A. Deflection Crabbing

a storage ring collider has been studied for many years with thyith the deflection crabbing scheme, as shown in Fig. 1, two

realization that the synchro-betatron resonance induced by fhsverse deflectors (rf cavities operating at their transverse
crossing angle severely limits the luminosity. In 1988, a beam-

beam collision scheme was invented by Palmer[1]to allow a
large crossing angle for a linear collider without a loss of lumi-
nosity. The Palmer scheme (or deflection crabbing scheme) em-
ploys transverse rf deflectors placed at locations where the beta-
tron phase advance 4890° from the IP. Both colliding bunches
are tilted by the cavities by half the crossing angle at the IP
so that they collide head-on. Subsequently, several alternative
schemes[4, 5, 6, 7] were also introduced to apply crab crossing
to storage ring colliders. &ently, various crab crossing sce-
narios have been incorporated in the design of newly proposed
linear colliders[8] and B-factory projects.[9] P
The design goal of a high-field hadron collider[2, 3, 10] is
a 50 TeV storage ring that can achieve a peak luminosity of

4 —2 o—1 H i i . . . . .
10 cm™2-s~" with a small number of interactions per bunchrigyre 1: Schematic view of deflection crab crossing of two

bunch collision. With an experimental drift spaced#5 m and 4 nter-circulating beams. The crossing angle between the two
afocusing strength of 360 T/m at the triplet quadrupoles,af oo, trajectories is.

0.1 m can be achieved at the energy of 50 TeV. To enjoy the ben-
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modes) are positioned on each side of the IP, preferably at hi
£ locations with betatron phase advances-8f° from the IP.
At an azimuthal location, with a betatron phase ef90° from

%}me I: Comparison between nominal and crabbing operations.

the IP, the particle receives a kick in the horizontal directipn _Quantity  Unit Nominal Crabl Crabll
along with a change in momentud £ Ap/p), g m 0.1 01 0.05
) a pr 70 70 97
A = DR, (h_z) , Vi MV 100 10 10
hc R Vcrab MV 0 3.2 4.4
b () ferab MHz — 379 379
AS = Kpzcos|—z], 0 mm 22 41 41
’ (R ) Lini 10 cm2s! 1.1 11 22

wherez’ = dz/ds, z is the longitudinal displacement from the
rf bucket centerp = SE/c is the momentum(’ = 27 R is the

circumference, and the strength of crabbing is related to the
peak voltagéd’., of the cavity by Azgo = —nyAAd, )

which results in an offset in the betatron closed orbit,

(2) wherel; andhg are the peak voltage and harmonic number of
the rf cavity. At the IP where the dispersion is zero, the bunch

with ge the electric charge of the particle, ahd an integer, the is tilted by an anglev/2, with

harmonic number of the cavity. If the crabbing wavelength is

much larger than the bunch length, i.e., tan & g — " Azgo (8)
9 2 " Bo 2 .
™R
> 0., 3) -

he The voltagel; required is thus
the kick inz’ is approximately linearly proportional to the dis- 5
placementz. At the IP, this kick results in a-dependence of geVy = REF” |Po tan . (9)
the horizontal displacement Thus, the bunch can be tilted by homo \[ B* 2

an anglea/2 in the x— plane withtan(a/2) ~ /Go3* Ko,
where3* and 5, are thes functions at the IP and the cavity
(so), respectively. The voltage required is thus

A second cavity located at a place with a betatron phase of
+180° from the IP operates at the same voltage as the first one
to restore the particle motion. The dispersion gnidinction at

RE o the second cavity needs to be the same as at the first one.
————tan —. 4) : : : ; ;
her/Bo B 2 The dispersive scheme usually requires a large dispersion at

. _ . . _ . the cavity locations along with a large operating rf voltage. For
Obviously, for givena and 5%, a highy location and a high o high-field collider, the rf cavities are assumed to be posi-

operational frequency (or harmonic numbey is preferred for tioned at places withd, ~ 200 m. Even with a high disper-

the cavity, provided that the condition Eq. 3 is satisfied. T@?on ofjo = 10 m, an impractically high voltage of more than
second cavity located af with a betatron phase ef90° from 1 GV is required for ax = 70ur crossing. Furthermore, since

the IP needs to operate at a voltage the required dispersions at the two cavities are the same, addi-
tional dipoles are needed to make the dispersion at the IP zero.

qeVeo =

Bo

V=45V (5) The longitudinal slippage between the two cavities produced by
S these dipoles will inevitably degrade the crabbing accuracy.
to restore the particle motion to its unperturbed state. C. #* Crabbing

For the high-field hadron collider, the crab cavities can beanqgther scheme for crab crossingrist to employ any ded-
positioned at places witfy ~ 50 km. With a frequency of jcaieq cavities. Instead, the storage rf cavity scetd near the
379 MHz, the required voltage for the transverse cavities is §g- 5nd the dispersioyt at the IP is made non-zero. With a peak
tween 3.2 and 4.4 MV for a crossing anglebetween 70 and \ojtageV;, , and harmonic numbet, the rf cavity changes the
97 pur, as shown in Table I. momentum of the particle,

B. Dispersive Crabbing v h
. o w°Vry
An alternative scheme for crab crossing is to employ tegp Ad = —5—=sin | =z |. (10)

X . " . G2E R
ular (instead otransverse deflectingavities located at disper-
sive regions, where the betatron phase advances®8€ from Due to the dispersion*, the horizontal displacement at the
the IP. At the first cavity where the dispersiomis the particle IP resulting from this momentum change produces a tilt in the

receives a kiclkAd in momentum, bunch withtan(«/2) &~ n*Ad/z. The voltage required is thus
Vo . h B 2
Aé = qﬁzfg sin (EOZ) ; (6) qgeVry = Rhnf tan %' (11)
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For a moderate voltagg. ;, this scheme often requires a larg@average the contribution of the storage rf cavities over the cir-
dispersiony* at the IP. Such a dispersion effectively enlargesimference, and define

the horizontal beam size* at the IP, which inevitably causes a 2,2
o - : ) qeV _ hrwin
degradation in luminosity. Furthermore, the dispersion mod- Cy = —h and Cy = 253 (15)
ulates the beam-beam interaction to givenlinear synchro-
betatron coupling. wheren = (n,/p) — 1/+% is the slippage factor. The Hamil-

For the high-field collider, we assume that an rf cavity gPnian (Eq. 13) can be expressed in terms of the action-angle
50 MV is located near each one of the two IPs. To achievariables ¢, Ji., vy, Jy, ¥-, J2; 5) using a canonical transfor-
an angle ofx = 70ur, then* needed is more than 4 m. With amation. The new variables are related to the old ones as

momentum spread of, ~ 2 x 10~° in the beam, such a large 28, 4
dispersion makes the spot size at the IP intolerably large. r,y = % cos(Ve ybey + Ve y),

. THEORETICAL ANALYSIS

In this Section, we develop a Hamiltonian formalism to study _ [2pdey [ova y COS (Vo y by + Vi y) +
the dynamics of deflection crab crossing, which so far is the” Y Boy — Y pYTmY ey
only practical scheme for the high-field hadron collider. Using )
this formalism, we evaluate the sensitivity of beam quality and +sin(ve y ey + eyl
machine performance to errors in voltage and phase matching
of the crab cavities. A matrix formalism is also introduced for ¢ = 8 Z = cos [m (—v.0 + V)],
the linearized system to describe the coupling. m=1,0dd
A. Hamiltonian Formalism W= C<z> e sin [m (=10 + 1.)]
The single-particle motion can be described by a Hamiltonian edd ” : o
expressed in terms of the variables ¢, v, p,, 6, W, s) as _ (16)
where the betatron phase , and the azimuthal anglé are
H = Ho + Hy, (12) defined as
i = - by = / ds =2 (17)
where¢ = —hz/R is the rf phase}V = —AFE/hw;, w; is vy = Vo oy =R

the angular revolution frequency, atd” = ScAp. Here, Hy

governs the unperturbed particle motion,[11, 12] The nonlinear synchrotron motion g¢fand I/ is reflected by

the series expansion with the coefficients

1 . . 1
Hy = —p+ % (pi +p§) + g (Rxggz + Ayyz) _ . = gm=3 €= ex _7TK(\/1 — k?) (18)
T agems ST 0P K(k) ’
2 2
2h ¥ ("_f _ iz) wW?— k = +/Hy/Cy < 1is related to the action variablg by the
pPEe v relation
_geV i 5(s — nC)- .= dwds =8,/ SL [k - K6 + BH)],  (29)
hw 2 T B Cw ’

hs  h whereK (k) andE(k) are the complete elliptical integrals[13]
{cos |:¢s +é+ —— — (Neps — pn/xx)] + of first and second kind. The unperturbed synchrotron tyne
R Rp can be expressed in terms of the linear tuneas
. h
+ sin ¢; - |:¢ ~ 5 (prx - P%l‘)] } )

T
z — 505 s0Ws — . 20
Ry (13) Ve gR(m Y e T Vel (20)

with 7, the dispersiony’, = du,/ds, and I, represents the Using the relation[14, 15kin¢ = v;i*d%¢/d6?, the new
contribution from the two crab cavities of strength andx; Hamiltonian can be obtained &k = 0, and

located atsy ands;, respectively, R 00
R b H = — Z [Kod(s —nC — sg) + K16(s — nC' — s1)] -
— p_ 1 e . n=—oo
Hy = hcajsm ( A qb)
27°R
°© th( ) (2 B x) COS(Vx¢x +1/)x)
. Z [Kod(s — nC —sg) + K16(s — nC' — s1)].
o (14) oy .
For simplicity without losing generality, we assume that the _ledd mem cos [m (—v:0 + ¢.)].
crab cavities operate at the same frequency as the storage rf mee (22)

system L. = k), and that the machine operates above trandiote that the dependence on the longitudinal actipms con-
tion in storage mode with the synchronous phase- =. We tained inc,,, andk.
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B. Error-Induced Coupling Resonance For a difference (or sum) resonance above (or below) transition,
Eq. 21 indicates that if the crabbing is not completely conthe growth rate of the bunch argas
pensated, synchro-betatron couplings can be excited. Suppose

that A¢ is the deviation of the betatron phase advance from 1d3 = 2m?(em) Ko 5* B (250%)1/2.
180 between the two crab cavities, and thef is the devi- S di hS
ation of the crabbing strength from the matching value, 1/2 (31)
-\ 2
AK 9
¢1—¢)0:7T—|—A¢, and [\71 = 6—([{0+A[{) (22)
' where the quantityc,, ) can be approximated by[14]
Keeping only slowly varying resonance terms satisfying .
~ <¢max> 2 . hznwsS 32
vetmr, =l4+e, ek 1, m=odd, (23) <Cm>~ T ) <¢max> R~ FﬁzEl/z’ (32)
and performing another canonical transformation with With ¢ymae the maximum phase of the particle synchrotron os-
Jo=J,, U, =1, cillation.
(24) For a hadron storage ring, the synchrotron tune is usually
F_ ooy 4 L5 small. The numbenm satisfying the resonance condition Eq. 23
T T T R is very large. In the case of the high-field collider,~ 0.003,
the final Hamiltonian becomes Gmar = 0.18, and({c,,) < 10718 for m > 10. The emittance
€ growth caused by the synchro-betatron coupling, which is ex-
Ho = im—RJZ’ (25)  cited by the crabbing errors, is negligible.

- On the other hand, for an electron-electron or electron-
- - itron storage ring collider, the synchrotron tune is often

o, = - Kod(s — nC — K16(s —nC — sp)] - POS! { ; .
! Z [Kod(s —n s0) + K1d(s —n 51)] large. The mismatch in crabbing voltage and phase can ex-

e cite strong synchro-betatron couplings of low order which
mr2Rey, results in emittance growth in both horizontal and longitudinal
TRRI(R) (29 Ja) ' cos (s F mif) directions.
(26) . :
where the tildes i/ and¥ are omitted for brevity. From Eq. 26 C. Off-Resonance Crabbing Degradation
and the canonical equations of motion, the relation Even though the beam is off resonance, the perturbation in
action can still make the crabbing process essurate. 1Ay,
mJy £ J, = constant (27) s the average horizontal tune spread in the bunch, the charac-

teristic decoherence time for the betatron motiafis * turns.

holds near a resonaneg = mv, = [. Hence, the growth in . T
he off-resonance condition for @etcurate crabbing is thus

action is limited for a sum (or difference) resonance above (-5
below) transition. However, sincg, is usually much smaller 1 Ae,

than.J,, the growth in the betatron amplitude is important even A < < 1L (33)
for a difference resonance above transition.[12] The change of v
action.J,, and.J, in one revolution can be evaluated as Using Eqgs. 28, 29, and 32 withh = 1, this condition can be
2R sufficiently met if the accuracy of voltage and betatron-phase
A, = - % (2pBaJ») " ? [Kosin (¢ Fmip.)+  Matching between the two cavities satisfies
AK\? 12 2hws Av. € 1/2
+(Ko + AK)sin (Ve F mi, + Ag)], ( _ ) + (A¢)? g s <_x) . (34
K ( QS) <¢max>BCAO 260 ( )
AJ, = FmAJ,. (28)
. . . o where{¢,q.) is given by Eq. 32.
Defined the rms horizontal emittangeand longitudinal bunch . o high-field hadron collider, the tune spread produced
areas, 9 by beam-beam interactions, magnetic multipoles, etc. is of the
€r = ;(JM and S =2n(J,), (29) order 10°3. If the tolerable deviation im, is 1%, the matching

) crabbing voltage needs to be accuratettowt 1%, and the beta-
where( ) denotes the average over all the particles. The growy phase advance between the two cavities needs to be within

rate of the emittance, can be obtained as about 2 of 180° (Eq. 34).
- 1/2 . .
Lder _ 2m{em)Beko (%) . D. Matrix Formalism
€r dt mh € The coupling between the horizontal and longitudinal motion

(30) caused by imperfect crabbing can also be illustrated by a matrix
formalism. Consider the one-turn matrix at the location of the
deflection crabbing cavity;-90° betatron phase from the IP, for

1/2

(ﬁf)z +(A0)°
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variables ¢, z’, z, §). The matrix can be derived by linearizingoelow. At the same time, luminosity degradation caused by

the kicks by the crabbing cavities, the angle crossing is eliminated, as shown in Table I. Since
a longer bunch length can be tolerated when crab crossing is
M n employed, the required voltage of the 379 MHz storage rf sys-
(35) tem s greatly reduced from 100 MV to about 10 MV. With the
m N same frequency of 379 MHz operating in a transverse mode,

the required voltage for the crab cavities is about 3.2 MV for
£* = 0.1 m,and 4.4 MV for3* = 0.05 m. The needed relative
accuracy of voltage and betatron-phase matchingpasial %.

where, to the first order of error in strenght¥ and phase\é,

[ cos pip + cosin pie Bo sin gy The beam emittance growth caused by error-induced synchro-
—ap cos pp A betatron coupling is negligible.
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