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Abstract

Using data collected with the BABAR detector at the SLAC PEP-II electron-positron

storage ring operating at a centre-of-mass energy near 10.58 GeV, the branching

fractions B(τ− → π−π−π+ντ ) =(8.83±0.01±0.13)%, B(τ− → K−π−π+ντ ) =(0.273±
0.002 ± 0.009)%, B(τ− → K−π−K+ντ ) =(0.1346 ± 0.0010 ± 0.0036)%, and B(τ− →
K−K−K+ντ ) =(1.58 ± 0.13 ± 0.12) × 10−5 are measured where the uncertainties

are statistical and systematic, respectively. The invariant mass distribution for the

τ− → π−π−π+ντ , τ
− → K−π−π+ντ , τ

− → K−π−K+ντ and τ− → K−K−K+ντ

decays are unfolded to correct for detector effects. A measurement of B(τ− → φπ−ντ )

=(3.42±0.55±0.25)×10−5, a measurement of B(τ− → φK−ντ ) =(3.39±0.20±0.28)×
10−5 and an upper limit on B(τ− → K−K−K+ντ [ex.φ]) ≤ 2.5 × 10−6@90%CL are

determined from a binned maximum likelihood fit of the τ− → K−π−K+ντ and τ− →
K−K−K+ντ K+K− invariant mass distributions. The branching ratio B(τ−→K−ντ )

B(τ−→π−ντ )

is measured to be (6.531±0.056±0.093)×10−2 from which |Vus| is determined to be

0.2255 ± 0.0023. The branching ratio B(τ−→μ−ντνμ)

B(τ−→e−ντνe)
=(9.796 ± 0.016 ± 0.035) × 10−1



iv

is measured enabling a precision test of the Standard Model assumption of charged

current lepton universality, gμ

ge
=1.0036 ± 0.0020. The branching ratios B(τ−→K−ντ )

B(τ−→e−ντ νe)

=(3.882 ± 0.032 ± 0.057) × 10−2, and B(τ−→π−ντ )
B(τ−→e−ντ νe)

=(5.945 ± 0.014 ± 0.061) × 10−1

are measured which provide additional tests of charged current lepton universality,(
gτ

gμ

)
π

= 0.9856 ± 0.0057 and
(

gτ

gμ

)
K

= 0.9827 ± 0.0086 which can be combined to

give
(

gτ

gμ

)
π/K

= 0.9850 ± 0.0054 . Any deviation of these measurements from the

expected Standard Model values would be an indication of new physics.
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Chapter 1

Introduction

This dissertation probes fundamental aspects of the charge current sector of the Stan-

dard Model using τ decays. In particular, measurements of the parameter |Vus| and

a tests of lepton universality are performed. τ decays, which contain hadrons (h),

namely pions and kaons, provide a unique opportunity to probe the relative coupling

strength of the weak current to the first and second generations of quarks with un-

precedented precision [1]. In particular, by measuring τ decays with an odd number

of kaons (non-zero strangeness), the coupling of the W± mediator of the weak inter-

action to the up and strange quarks1, |Vus|, and the mass of the strange quark can be

extracted within the framework of the Standard Model of particle physics [2–6]. This

work is part of a collaborative effort within the BABAR Collaboration to measure the

branching fractions and invariant mass distributions for all of the strange τ decays in

order to determine |Vus| and the strange quark mass. A precision measurement of the

ratio B(τ−→μ−ντ νμ)

B(τ−→e−ντ νe)
tests μ−e charged current lepton universality, while measurements

of the branching ratios B(τ−→π−ντ )
B(π−→μ−νμ)

and B(τ−→K−ντ )
B(K−→μ−νμ)

tests τ − μ charged current lep-

ton universality in non-strange and strange mesons respectively. In this dissertation,

precision measurements of τ− → π−π−π+ντ , τ
− → K−π−π+ντ , τ

− → K−π−K+ντ ,

1The relative coupling strength of the W± boson to the quark mass eigenstates is described by
the Cabibbo-Kobayashi-Maskawa Matrix (CKM Matrix).
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τ− → K−K−K+ντ , τ
− → φπ−ντ , τ

− → φK−ντ , τ
− → K−ντ , τ

− → π−ντ , and

τ− → μ−ντνμ decays are made using data collected at the BABAR Detector. Devia-

tions from the Standard Model values of |Vus| or lepton universality would indicate

the presence of new physics. Combining recent τ branching fraction measurements

from BABAR and Belle, including those described here, results in a three standard de-

viation difference in the value of |Vus| as determined using operator product expansion

and finite energy sum rules. The simpler and theoretically independent approach of

measuring |Vus| from B(τ−→K−ντ )
B(τ−→π−ντ )

, presented in this dissertation, yields a result within

one standard deviation of the Standard Model expectation. The lepton universality

tests yield reported here are all within three standard deviations of Standard Model

expectations.

Chapter 2 contains a brief introduction to the Standard Model of particle physics

and an overview of the theoretical frame work required to extract the coupling pa-

rameter |Vus| and the strange quark mass from hadronic τ decays. In Chapter 3, a

description of the experimental apparatus, the BABAR Detector and the PEP-II e+e−

collider, is given.

One of the dominant experimental uncertainties in the in the determination of

|Vus| using τ decay arises from the uncertainty on B(τ− → K−π−π+ντ ). To make

a precision measurement of this channel, all of the τ− → h−h−h+ντ events were

measured in a combined analysis to account for the cross contamination. Chapter 4

presents the procedure, systematic uncertainties and results for the τ− → h−h−h+ντ

branching fraction measurements, where h=K or π. The τ− → K−π−π+ντ branch-

ing fraction was one of the dominant experimental uncertainties in the strange spec-

tral density function and thus a dominant uncertainty for extracting |Vus|. In the

τ− → h−h−h+ντ analysis, it was noticed that the τ− → K−π−K+ντ and τ− →
K−K−K+ντ K+K− invariant mass distributions had a φ resonance. Therefore, as
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described in Chapter 5, the φ peak is measured with a binned maximum likelihood

fit, and the B(τ− → φπ−ντ ) and B(τ− → φK−ντ ) branching fractions are extracted

and an upper limit on the B(τ− → K−K−K+ντ [ex.φ]) is determined. The invari-

ant mass distributions that correspond to the τ− → h−h−h+ντ branching fractions

discussed in Chapter 4 are unfolded to correct for detector effects that can bias the

distribution. These are presented in Chapter 6. The invariant mass distributions

are unfolded using a Bayesian Technique [7] and a complete set of systematic uncer-

tainties are developed. When |Vus| was updated with the branching fraction results

from the τ− → h−h−h+ντ analysis, and the recent BABAR [8,9] and Belle [10] results,

the extracted Cabibbo-Kobayashi-Maskawa value of |Vus| differed more than three

standard deviations from the unitarity value required by the Standard Model. To

investigate the possibility that this deviation was evidence for new physics associated

with the τ lepton, a problem with the technique, or a statistical fluctuation an al-

ternative method of determining |Vus| from the B(τ−→K−ντ )
B(τ−→π−ντ )

branching ratio is used.

Measurements of B(τ−→μ−ντνμ)

B(τ−→e−ντνe)
, B(τ−→π−ντ )

B(τ−→e−ντ νe)
, and B(τ−→K−ντ )

B(τ−→e−ντ νe)
are also preformed as

they provide competitive tests of lepton universality, an assumption, in the Standard

Model, that the charged leptons all have the same coupling to theW± boson. Chapter

7 contains the procedure, systematic uncertainties and the results for the B(τ−→K−ντ )
B(τ−→π−ντ )

,

B(τ−→K−ντ )
B(τ−→e−ντνe)

, B(τ−→π−ντ )
B(τ−→e−ντ νe)

, and B(τ−→μ−ντ νμ)
B(τ−→e−ντ νe)

branching ratio measurements. Chap-

ter 8 discusses the results and their implications for the Standard Model, while the

conclusion is in Chapter 9.

For the analysis presented in this thesis, I was the primary analyst. As the

primary analyst, I developed the strategy, selection procedure, and the systematic

uncertainties associated with the measurements. The software for this analysis, as

with most analyses in BABAR, had two stages. First, there is the “BABAR Frame-

work” which interfaces with the detector, reconstructs the data, generates the Monte
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Carlo simulated data, and has some initial event selection and classification. Then

there is the analysis software which is developed by the primary analysts for their

analysis. I was responsible for the development and validation of this software for

this work. This analysis software was composed of several standalone C++ object-

oriented programs, which utilized libraries from ROOT, a data analysis program that

is commonly used in particle physics, and generalized unfolding software package that

was developed within the BABAR Collaboration. The systematic uncertainties, con-

ducted for this work, are designed to account for uncertainties associated with the

detector, the event selection, the Monte Carlo simulated data as well as possible er-

rors in the software. The design and construction of the BABAR Detector had been

completed before I began my participation in this experiment. However, as a mem-

ber of the BABAR Collaboration, I have contributed to many other published BABAR

papers by determining the tracking efficiency systematic for the collaboration and

by participating in data acquisition. For the tracking efficiency, I maintained the

tracking efficiency study, which I developed for my Master Thesis, and updated the

results for the newly measured data. I have contributed to the acquisition of data

both as the “Data Quality Manager” and as the “Shift Leader”.
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Chapter 2

Motivation: Strange τ Decays in
the Standard Model

The Standard Model of Particle Physics is the most accurately tested model in the

history of science and it describes all of the current experimental measurements of

particle physics. The Standard Model is a relativistic renormalizable quantum field

theory that is based on the principles of gauge invariance which describes the ele-

mentary particles and their interactions through the electro-magnetic force, the weak

force, and the strong force.

2.1 Introduction to the Standard Model of Parti-

cle Physics

The two main classifications of particles in the Standard Model are bosons, integer

spin particles, and fermions, half integer spin particles, where spin may be defined

as the intrinsic quantized angular momentum of a particle and is one of the labels

of the irreducible representations of the Poincaré Group1. To satisfy the principle

of causality, bosons are quantized with the commutator relation2 and fermions are

1The Poincaré Group is the algebraic group that special relativity is based on.
2In quantum mechanics the commutator relation for two operators that do not commute is:

[â, b̂] = âb̂ − b̂â = ı� [11].
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quantized with the anti-commutator relation3. In the Standard Model, the force

carriers are described by the bosons and the particles that matter is composed of are

described by fermions. Table 2.1 shows the fundamental particles of the Standard

Model.

Mediators of the Interactions (Bosons)

Force Particle Charge Mass ( GeV/c2) Couples With
Strong Gluon (g) 0 0 Quarks, g
Electro-
magnetic

Photon (γ) 0 0 Charged Parti-
cles

Weak W± ±1 (80.398 ± 0.025) Fermions, Z0,
γ

Z0 0 (91.1876 ± 0.0021) Fermions, W±

Mass Higgs (H0) 0 MH > 114.4 GeV@95%CL
MH < 211 GeV@95%CL

Massive Parti-
cles

Fundamental Fermions

Family Particle Charge Mass ( GeV/c2) Couples With
Leptons Electron (e) -1 (5.10998910

±0.00000013)×10−4

γ, W±, Z0

e Neutrino (νe) 0 m< 2 × 10−6 W±, Z0

Muon (μ) -1 (0.105658367±0.000000004) γ, W±, Z0

μNeutrino (νμ) 0 m<0.19×10−3 ,CL=90% W±, Z0

Tau (τ) -1 (1.77684 ± 0.00017) γ, W±, Z0

τ Neutrino (ντ ) 0 m<18.2×10−3 ,CL=95% W±, Z0

Quarks Up (u) 2/3 (1.5 to 3.3)10−3 γ, W±, Z0, g
Down (d) -1/3 (3.5 to 6.0)10−3 γ, W±, Z0, g
Charm (c) 2/3 1.27+0.07

−0.11 γ, W±, Z0, g
Strange (s) -1/3 (0.070 to 0.155) γ, W±, Z0, g
Top (t) 2/3 171.2±2.1 γ, W±, Z0, g
Bottom (b) -1/3 4.20+0.17

−0.07 γ, W±, Z0, g

Table 2.1: The Fundamental Forces and Particles in the Standard Model [12].

In addition to these particles, the Standard Model also includes anti-particles.

Anti-particles have the same mass but opposite charge and quantum numbers to

3In quantum mechanics the anti-commutator relation for two operators that do not anti-commute
is: [â, b̂] = âb̂ + b̂â = ı� [11].
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that of their corresponding particle. Each of the three forces, which are relevant for

subatomic particles, the electro-magnetic force, the weak force and the strong force

are described in the Standard Model.

2.1.1 Introduction to Electroweak Theory

Introduction to Quantum Electrodynamics

The electromagnetic force is described by Quantum Electrodynamics (QED), a quan-

tized renormalizable field theory that utilizes Lorentz invariance, charge invariance,

parity invariance, time reversal invariance and local gauge invariance [13, pg. 311].

The gauge symmetry that describes the electromagnetic force is the Abelian local

gauge group U(1) where the electromagnetic current is the conserved current. In

quantum electrodynamics there is one carrier of force, the photon, corresponding to

the one generator in the gauge group U(1). Because the photon is a massless particle,

it has an infinite range and travels at the maximal speed allowed by special relativity.

Quantum Electrodynamics and Weak Theory

The weak force and the electromagnetic interactions are described by the local gauge

symmetries SUL(2)×U(1). The subscript L in non-Abelian gauge group SUL(2) de-

notes that the force carriers can only couple to left handed fermions. The charged

generators in the SUL(2) group correspond to the W+ and W− gauge bosons, while

the photon and the Z0 correspond to a linear combination of the neutral SUL(2) and

U(1) group generators. The charged W± and Z0 force carriers have a finite mass and

therefore, a short range of approximately 1
100

GeV−1 . The non-commutative nature

of non-Abelian groups allows the force carriers to self couple. The photon has a cou-

pling strength of αEM = 1
137

∼ 10−2. In contrast, the W± and the Z0 bosons have a

weak coupling strength of αW ∼ 10−6.
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Perturbation and Electroweak Theory

In the Standard Model, the coupling occurring in the interaction Hamiltonian4 for the

weak and electromagnetic forces is small. As a result, the interaction Hamiltonian

can be used as the basis for perturbative5 expansion of the observable quantities.

Observable quantities that can be calculated using this method include the cross

section6 or the decay rate7 for a particular interaction. Employing the former method,

Feynman invented a method for organizing perturbative calculations called “Feynman

Diagrams”. Feynman Diagrams, which represent how the interaction occurs in the

corresponding perturbative series, consist of a final and an initial state with a number

of intermediate states, depending on the order of the corresponding term in the

perturbative series. The intermediate states in a Feynman Diagram may be on shell,

a “real particle”, or off shell, a “virtual particle”. A particle which is off shell is

virtual because the particle does not satisfy P 2 = M2, where M is the mass of the

particle and P is the 4-momentum of the particle. When a particle is off shell, its

contribution is suppressed relative to an on shell particle. An example of a Feynman

Diagram is shown in Figure 2.1, depicts the lowest order process contributing to the

perturbative expansion of the amplitude for e+e− → τ+τ−, which is the primary

production mechanism for τ particles in the BABAR Detector. The amplitude for this

process, when expanded in a perturbative series, yields the lowest order contribution

depicted in the figure, where the Feynman Diagram occurring there is a short-hand

for a product of factors, one for each of the two vertices, e+e− → γ and γ → τ+τ−

and one for the intermediate propagating photon.

4The Hamiltonian for a given system, is the energy operator in that system.
5Perturbation theory is a method in which measurable parameters of the interactions are decom-

posed into a series that converges rapidly.
6The cross section, for a particular interaction, is the rate at which the interaction occurs nor-

malized to a unit of incident flux.
7The decay rate is the mean rate of decay for a given particle.
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γ, Z0

e−

e+

τ+

τ−

Figure 2.1: The dominant Feynman Diagram for the e+e− → τ+τ− interaction.

The above diagram is the dominant Feynman Diagram for the e+e− → τ+τ−

interaction. This is because the coupling constant, for the electromagnetic force,

is small, thus in all electromagnetic interactions, where the terms of nth order are

proportional to αn
EM , the higher order terms will be suppressed relative to the lower

order terms resulting in the perturbative series converging rapidly. Similarly, the

weak force has a small coupling constant causing all the perturbative series for weak

interactions to also converge rapidly. However, for weak interactions that involve

quarks, the reliability of the perturbative expression can be complicated by the strong

interaction.

2.1.2 Renormalization and the Standard Model

The theories which, when unified, form the Standard Model are renormalizable the-

ories8. This means that there are a finite number of constants that can be redefined

to remove the ultra violet divergences which result from internal particle loops in

higher order Feynman Diagrams for the Greens Functions of the theory. These effec-

8In the 1970’s ’t Hooft proved that all gauge theories are renormalizable [14, pg. 210].
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tive parameters account for the effect of the particle interactions with the vacuum.

In the Standard Model, the effective parameters are the coupling constants and the

masses of the particles. In addition, these effective parameters are dependent upon

the energy scale of the renormalization. The energy scale at which these effective

parameters are evaluated is called the renormalization scale. Thus, the higher the

energy probe of a parameter, the less the vacuum effects screen the parameter chang-

ing the effective parameter value. A renormalization scheme commonly used in QCD

is the Modified Minimal Subtraction (M̄S) Scheme [15].

2.1.3 Introduction to Quantum Chromodynamics

In the Standard Model the strong interaction is described by the non-Abelian lo-

cal gauge group SU(3) in a renormalizable theory called Quantum Chromodynamics

(QCD). The gauge group SU(3) has eight generators, and thus there are eight types

of force carriers known as gluons. These gluons, although massless and electrically

neutral, carry a form of charge associated with the strong force called “colour”.

Colour charge is the conserved charge of the SU(3) group. Gluons have one colour

charge and one anti-colour charge, while quarks carry either one colour or one anti-

colour. There are three charges of colour, red (R), blue (B) and green (G) and three

complimentary colours, anti-red (R̄), anti-blue (B̄) and anti-green (Ḡ). Because the

quarks and anti-quarks can have three colour configurations and the gluons can have

8 colour configurations they correspond to multiplets, “irreducible representations of

SU(3)”, of dimension 3, 3∗ and 8 respectively. When particles represented by the

multiplets are bound together, they are represented by the product of their asso-

ciated irreducible representation. Particular products of the previously mentioned

multiplets contain the dimension 1 multiplet, or colour singlet state. This construc-

tion of colour singlets is important in QCD because only colourless objects have been
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observed in nature. This “confinement of colour” is believed to be a result of the

non-Abelian and massless nature of the gluon and the scale dependence of the phys-

ical couplings, a property of renormalization. More specifically, at low momentum

scales, or large distances, the coupling strength is large and the non-perturbative

effects are important, while at high momentum scales, or short distance scales, QCD

has a weak coupling with a asymptotic freedom. This means that the force between

the two quarks grows with the distance. Eventually, there is enough energy that a

quark and anti-quark pair, with the appropriate charge and colour, can be created

from the quantum vacuum resulting in two colour singlets. This is called “quark

confinement”. These composite particles of quarks and gluons are called hadrons. At

low momentum scales where the strong coupling constant is the largest, the strong

force interaction can not be calculated with the perturbative technique used for the

Electroweak force at all energy scales. The gluons belong to a representation of a

non-Abelian group with a strong coupling constant, αS ∼ 1 [16]. In QCD, the strong

coupling constant depends strongly on the renormalzation scale, becoming increas-

ingly larger as the Q2 decreases until it diverges. The renormalization scale at which

αS diverges, is called ΛQCD. ΛQCD has been difficult to determine experimentally

and its value depends on the renormalization scheme, but it is around the typical

hadronic mass, 0.1 GeV < ΛQCD < 0.5 GeV in natural units9 [13–15].

2.1.4 Introduction to the Lepton Sector

The Lepton family consists of 3 generations, the electron and electron neutrino, the

muon and muon neutrino, and the tau and tau neutrino. Because leptons do not

interact through the strong force, they can exist as free particles. The electron is the

lightest and the only stable charged lepton while the τ and μ’s are unstable particles

9Natural units are a set of measurement units in which c = � = 1.
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and decay weakly. The τ particle is the only lepton heavy enough to decay into

hadrons.

The Standard Model description of the leptons is based on “the premise that

the only physical difference among the charge leptons is that of mass” [15, pg. 145].

This premise is called Lepton Universality. Stated another way, Lepton Universality

means that leptons of different generations couple with the same strength to the

W± boson. [17, pg. 195-196]. This universality can be exploited experimentally,

when comparing the ratio of lepton interaction rates since the mass independent

terms cancel reducing the theoretical uncertainty. Moreover, the lepton flavour, or

the generation, is a conserved quantity in the Standard Model10. This conservation

principle is the result of empirical evidence.

2.1.5 Introduction to the Quark Sector

In contrast to leptons, the quarks and anti-quarks are contained in composite particles

called hadrons. The particles in hadrons consist of valence quarks, sea-quarks and

gluons. There are two main types of hadrons which have been observed, mesons

which consist of a valence quark anti-quark pair and baryons which consist of three

valence quarks. Both the quark and the gluon fields that bind them form colour

singlets. The gluon field also produces quark anti-quark pairs called “sea-quarks”.

These quarks are radiated and absorbed by the gluon field [13, pg. 198].

In addition to the strong force, the quarks inside the hadrons also interact via the

electromagnetic and weak forces. In electromagnetic interactions with hadrons, the

coupling strength of the photon to the hadron or valence quarks is unaltered by the

strong interactions and sea-quarks. This is a result of the Conservation of Charge.

10The Standard Model, when extended to include massive neutrinos can allow for violation of
charged lepton flavour at the O(10−54) level.
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However, this is not necessarily true for the weak interactions. In the Standard Model,

it is assumed that in hadronic interactions, the weak charge is conserved through

interactions with the vector current and thus the coupling strength of the vector

current component of the weak interaction is unaltered in hadronic interactions. This

assumption is known as the Conserved Vector Current Hypothesis (CVC). The axial

vector component of the weak interaction is only protected by a “partial” conservation

law called the Partial Conserved Axial Current (PCAC). This means that there are

small alterations to the coupling strength of the axial vector component of the weak

force in interactions with hadrons. Both CVC and PCAC are based upon empirical

evidence [13–15,17].

For the weak force, an interaction through either an emission or an absorption

of a W± boson results in a quark state which is a linear combination of the mass

eigenstates mentioned in Table 2.1. In other words, the initial state and final state

pairs of quarks may be written as⎡
⎢⎣ u

d′

⎤
⎥⎦ ,
⎡
⎢⎣ c

s′

⎤
⎥⎦ , and

⎡
⎢⎣ t

b′

⎤
⎥⎦ (2.1)

where d′, s′, and b′, referred to as the weak eigenstates, are a linear combination of

the d, s, and b quarks. The relationship between the weak eigenstates and the mass

eigenstates is described by the transforms matrix called the Cabibbo-Kobayashi-

Maskawa Matrix (CKM Matrix)⎡
⎢⎢⎢⎢⎣
d′

s′

b′

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
d

s

b

⎤
⎥⎥⎥⎥⎦ . (2.2)

The unitarity constraints on the CKM Matrix means that there are four free pa-
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rameters including one phase, commonly described by the Wolfenstein parameteri-

zation [18]. It is the complex phase in the CKM Matrix that is responsible for the

violation of the charge parity symmetry (CP violation) in the Standard Model. The

violation of the CP symmetry is the source of the asymmetry between particles and

their anti-particles [19]. The charge parity symmetry may be decomposed into two

simpler symmetries: charge conjugation and parity. Charge conjugation is a sym-

metry which connects particles to their anti-particle. Parity is a discrete symmetry

about the spatial origin which “flips” the sign of the spatial coordinates, and hence

the helicity11 of a particle.

2.2 Hadronic τ Decays and the Extraction of |Vus|
and ms

2.2.1 Introduction to Hadronic τ Decays

As discussed in Section 2.1.4, the τ lepton is the most massive lepton, and is the

only lepton massive enough to decay into hadronic particles. This provides a unique

opportunity for probing the coupling strength of the weak current to the first and

second generation of quarks to a very high precision. At the τ mass, (1776.84 ±
0.17)MeV/c2, the inclusive spectral integral can be evaluated on an equivalent integral

in the complex plane where the energy scale, s, is sufficiently large that perturbative

QCD can be used. This means that experimental measurements can be compared

to theoretical predictions to extract both the CKM Matrix element |Vus| and the

strange quark mass. This section details the theoretical tools and techniques required

to extract these parameters. Natural units will be assumed for the calculations in

this section.

11Helicity is the projection of the spin vector of a particle onto the particle’s momentum vector.
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2.2.2 The Leptonic and Hadronic Decay Width of the τ Lep-
ton

The generalized differential decay width for an unpolarized τ lepton is described in

terms of the matrix element and the kinematics of the decay process:

Γ =
1

2mτ

∑
f

∫
d3pντ

(2π)32E2
ντ

|M |2
2

(2π)4δ(pτ − pντ − q) (2.3)

where mτ is the τ mass, Eντ is the energy of the τ neutrino, pτ and pντ are the

momenta of the τ and τ neutrino and, the sum over this index, f , indicates a sum

over all possible spin states. From Figure 2.2, it can be seen that for the leptonic

decay of a τ particle into an electron, the matrix element may be written as12

τ−

ντ

e−

ν̄e

W−

Figure 2.2: A Feynman Diagram of τ− → e−ντ ν̄e.

12In the matrix element, factors of ı and -1 are commonly neglected since only the square of the
matrix element is used to calculate the decay width.
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M =
[
ūe(pe)

(
−ı gW

23/2
γν(gV − gAγ

5)
)
vν̄e(pν̄e)

] ıgμν

M2
W

×
[
ūντ (pντ )

(
−ı gW

23/2
γμ(gV − gAγ

5)
)
uτ (pτ )

]
= [ūe(pe)(pν̄e)γ

μ(gV − gAγ5)vν̄e]
g2

w

8M2
W

[ūντ (pντ )γμ(gV − gAγ5)uτ (pτ )]

= Lμ
(e)

g2
w

8M2
W

L(τ)μ. (2.4)

u (ū) is the Dirac propagator for the particle (anti- particle) indicated by the relevant

index, and

L(i)μ = [ūνi
(pνi

)γμ(gV − gAγ5)ui(pi)] (2.5)

is the leptonic tensor where gV = gA = 1 are the vector (V) and axial vector (A)

couplings of the W± boson in the Standard Model. Noting that pW = pe + pνe,

adding the electroweak radiative corrections, and utilizing Equation 2.3, the radiative

inclusive decay width of the τ− → e−ντνe is

Γ
[
τ− → e−ντνe(γ)

]
=
G2

Fm
5
τ

192π3
f

(
m2

e

m2
τ

)[
1 +

3m2
τ

5M2
W

] [
1 +

αEM(mτ )

2π

(
25

4
− π2

)]
(2.6)

where GF = 1
25/2

(
gW

MW

)2

[13, 14], f(x) = 1 − 8x + 8x3 − x4 − 12x2logx, under the

assumption that the neutrino masses are negligible, and me is the electron mass [20].

By replacing the me with the muon mass, mμ, Equation 2.6 can also be used to

describe the τ− → μ−ντνμ(γ) decay width [20].

The hadronic decay width can be derived in an analogous manner to the elec-

tron decay width by replacing the leptonic tensor for the electron and electron anti-

neutrino and the associated Standard Model coupling constants, gV = gA = 1, with

the hadronic tensor
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τ−

ντ

W−

Vij

(hadrons)−

Figure 2.3: A Feynman Diagram of τ− → hadrons−ντ .

Hμ = 〈hf(q)|Jμ(x)|0〉 = 〈hadronsf(q)|V μ(x) − Aμ(x)|0〉 (2.7)

and the appropriate CKM element for the coupling of the W± boson to the relevant

quark pair, ij = ud or ij = us, which are generated from the vacuum. From this,

it can be seen that the inclusive matrix element for the Feynman Diagram seen in

Figure 2.3 is

M = [〈hadronsf(q)|Jμ(x)|0〉]Vij
1

8M2
W

[
g2

w

]
ūν(p

ν)γμ(1 − γ5)uτ(pτ ). (2.8)

In the hadronic matrix elements, the current Jμ consists of two components: the axial

current Aμ and the vector current Vμ . Both the axial and vector currents couple to

spin 1 and spin 0 states. The expectation value of the current between the vacuum

and a spin 0 state, |q, α0〉, necessarily has the form
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〈0|Jμ(0)|(q, α0)〉 = ıFα0(m
2
α0

)qμ (2.9)

where Fα0(m
2
α0

) is a scalar function of the only available variable, q2 = m2
α0

, the

invariant mass squared of the hadronic state α0. Subscripts on α indicate the spin.

The label α includes internal momenta for the multi-particle states, α, and qμ is the

four vector of the hadronic system. Similarly, the expectation value of the current

between the vacuum and a spin 1 state, |q, λ, α1〉, has to be linear in the polarization

vector, εμλ(q) of the state and therefore it necessarily has the form

〈0|Jμ(0)|(q, λ, α1)〉 = Fα1(m
2
α1

)εμλ(q). (2.10)

Therefore, the hadronic matrix element squared, Hμν = HμHν†, becomes

∑
f

〈0|Jμ(0)|f〉〈f |Jν†(0)|0〉 =
∑
(q,α0)

|Fα0(mα0)|2qνqμ

+
∑

(q,α1,λ)

|Fα1(mα1)|2εμλ(q)εν �
λ (q)

=
∑
(q,α0)

|Fα0(mα0)|2qνqμ

+
∑
(q,α1)

|Fα1(mα1)|2(−gμν +
qμqν

q2
). (2.11)

Contracting the leptonic trace, Lμν = LμL
†
ν , with the 2 kinematic combinations qμqν

and (qμqν − gμνq2) from above and using the Mandelstam variable s = q2, yields the

following expression for Γ(τ → ντhadronsV/A;ij):
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Γ(τ → ντhadronsV/A;ij) =
G2

Fm
3
τ |Vij|2

16π

∫ m2
τ

0

ds

(
1 − s

m2
τ

)2 [(
1 + 2

s

m2
τ

)

×
∑
(q,α1)

1

mα2
1

|Fα1(mα1)|2δ
(
m2

α1
− s
)

+
∑
(q,α0)

|Fα0 |2(mα0)δ
(
m2

α0
− s
)⎤⎦ . (2.12)

The structure of the polynomial and
(
1 − s

m2
τ

)2

appearing in
(
1 − s

m2
τ

)2 (
1 + 2 s

m2
τ

)
Equation 2.12 is a consequence of the kinematic structure of the lepton and hadronic

tensors in the Standard Model. The partial decay width of τ to hadrons for the

vector/axial vector currents is typically written by experimentalists using Tsai’s no-

tation [21],

Γ(τ → ντhadronsV/A;ij) =
G2

Fm
3
τ |Vij|2

32π2

∫ m2
τ

0

ds

(
1 − s

m2
τ

)2

×
[(

1 + 2
s

m2
τ

)
v/aij

1 (s) + v/aij
0 (s)

]
(2.13)

=
G2

Fm
3
τ |Vij|2

32π2

∫ m2
τ

0

ds

(
1 − s

m2
τ

)2

×
[(

1 + 2
s

m2
τ

)
v/aij

0+1(s) −
2s

m2
τ

v/aij
0 (s)

]
(2.14)

where v/aij
0 (s) and v/aij

1 (s) are defined by

vij
0 (s) =

∑
(α0)

2πδ(m2
α0

− s)|F V
α0(m

2
α0

)|2 (2.15)

vij
1 (s) =

∑
(α1)

2πδ(m2
α1

− s)
1

m2
α1

|F V
α1

(m2
α1

)|2 (2.16)

aij
0 (s) =

∑
(α0)

2πδ(m2
α0

− s)|FA
α0

(m2
α0

)|2 (2.17)

aij
1 (s) =

∑
(α1)

2πδ(m2
α1

− s)
1

m2
α1

|FA
α1

(m2
α1

)|2 (2.18)
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and v/aij
0+1(s) = v/aij

0 (s)+v/aij
1 (s) [21]. The significance of Tsai’s notation, its phys-

ical interpretation and its relation to the current-current correlator will be discussed

in the next section. For comparison of experiment and theory in later sections, it

is useful to define the hadronic width as the ratio of the partial decay width of τ

decaying into hadrons to the partial width of τ decaying into an electron for vector

and axial vector currents and flavour content ij,

Rτ,V/A,ij =
Γ(τ → hadronsV/A,ij + ντ (γ))

Γ(τ → eν̄eντ (γ))
(2.19)

=
6π|Vij|2SEW

m2
τ

∫ m2
τ

0

ds

(
1 − s

m2
τ

)2 [(
1 + 2

s

m2
τ

)
v/aij

0+1(s)

− 2s

m2
τ

v/aij
0 (s)

]

where SEW is the electroweak correction factor. In addition, the differential hadronic

width

dRτ,V/A,ij

ds
=

Γ(τ → hadronsV/A,ij + ντ (γ))

Γ(τ → eν̄eντ (γ))

1

NV/A,ij

dNV/A,ij

ds
(2.20)

=
6π|Vij|2SEW

m2
τ

(
1 − s

m2
τ

)2 [(
1 + 2

s

m2
τ

)
v/aij

0+1(s)

− 2s

m2
τ

v/aij
0 (s)

]

where
dNV/A,ij

ds
is the invariant mass spectra of the final state hadrons of flavour ij for

the relevant vector or axial vector current.

2.2.3 The Current-Current Correlator and the Spectral Den-
sity Function

The current-current correlator or 2-point function is defined as

〈0|T (Jμ(x)J† ν(y))|0〉 (2.21)
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where μ and ν are the Lorentz indices of the current. T is the Time-ordering sym-

bol. In Equation 2.21, the current J is composed of construction and destruction

operators. Since only terms in which the construction operator is acting on the ket

state, |0〉, and the destruction operator is acting on the bra state, 〈0|, are non-zero,

the correlator describes the amplitude of a current J creating a state at a position

y and propagating to a position x in space-time13 [22], where it is destroyed. The

time-ordered product may be written as

〈0|T (Jμ(x)Jν †(0))|0〉 =

∫
d3p

(2π)32Ep

∑
f

[
Θ(x0)e

−ıp·x

×〈0|Jμ(0)|hf(p)〉〈hf(p)|Jν†(0)|0〉 + Θ(−x0)e
ıp·x

×〈hf(p)|Jν†(0)|0〉〈hf(p)|Jμ(0)|0〉] , (2.22)

by inserting a complete set of states,
∑

f |hf(q)〉〈hf(q)|, with Ep =
(
m2

f + |p|2) 1
2 .

The factors e∓ıpx result from employing translation invariance on the current Jμ(x),

Jμ(x) = eıP̂ ·xJμ(x)e−ıP̂ ·x. Since the state’s coupling to the axial and vector current,

in the sum relevant to hadronic τ decays, only run over the spin 0 and spin 1, one

can simplify the expression by inserting Equations 2.9 and 2.10. This yields

〈0|T (Jμ(x)Jν †(0))|0〉 =
∑
(q,α0)

∫
d3p

(2π)32Ep

[
Θ(x0)e

−ıpẋ + Θ(−x0)e
ıpẋ
]

|Fα0(mα0)|2pνpμ

+
∑

(q,α1,λ)

∫
d3p

(2π)32Ep

[
Θ(x0)e

−ıpẋ + Θ(−x0)e
ıpẋ
]

|Fα1(mα1)|2(−gμν +
pμpν

p2
), (2.23)

where Ep is now defined as EP (mαJ
) = (m2

αJ
+ |p|2). In the latter equation, the term∫

d3p
(2π)32Ep

[
Θ(x0)e

−ıpẋ + Θ(−x0)e
ıpẋ
]

is simply the Feynman propagator, which can

13Minkowski space-time is the four dimensional topology of Special Relativity.
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also be written as
∫

d4p
2π4

ıe−ıpx

p2−m2
α+ıε

. Therefore, one can insert the unity, 1 =
∫∞

0
dsδ(s−

m2
αJ

), into each term of the sum to obtain

〈0|T (Jμ(x)Jν †(0))|0〉 =

∫ ∞

0

ds

∫
d4p

2π4

ıe−ıpx

p2 −m2
α + ıε

×⎡
⎣∑

(q,α0)

|Fα0(mα0)|2pνpμ

+
∑
(q,α1)

|Fα1(mα1)|2(−gμν +
pμpν

p2
)

⎤
⎦ . (2.24)

Performing a Fourier Transform to get the momentum space current-current 2-point

function yields

Πμν ≡ ı

∫
d4xeıqx〈0|T (Jμ(x)Jν †(0))|0〉 (2.25)

= qμqν

(∫ ∞

0

ds
ρ
′(0)
ij;V/A(s)

s− q2 − ıε

)

+(−gμν +
qμqν

q2
)

(∫ ∞

0

ds
ρ
′(1)
ij;V/A(s)

s− q2 − ıε

)
(2.26)

= qμqν

(∫ ∞

0

ds
ρ

(0)
ij;V/A(s)

s− q2 − ıε

)

+(−gμνq2 + qμqν)

(∫ ∞

0

ds
ρ

(1)
ij;V/A(s)

s− q2 − ıε

)
(2.27)

where ρJ(s) are the Kallen-Lehmann Spectral Density Functions, which represent

the coupling strength of all the states of spin J to the given currents as a function

of invariant mass squared of the system s. The relevant spectral density functions

appearing in Equation 2.26 in hadronic τ decays are
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ρ
(0)
ij;V (s) =

vij
0 (s)

2π
=
∑
(α0)

δ(m2
α0

− s)|F V
α0(m

2
α0

)|2 (2.28)

ρ
(1)
ij;V (s) =

vij
1 (s)

2π
=
∑
(α1)

δ(m2
α1

− s)
1

m2
α1

|F V
α1

(m2
α1

)|2 (2.29)

ρ
(0)
ij;A(s) =

aij
0 (s)

2π
=
∑
(α0)

δ(m2
α0

− s)|FA
α0

(m2
α0

)|2 (2.30)

ρ
(1)
ij;A(s) =

aij
1 (s)

2π
=
∑
(α1)

δ(m2
α1

− s)
1

m2
α1

|FA
α1

(m2
α1

)|2. (2.31)

At this point, it is useful to define the J=1 and 0 scalar correlator functions:

Πμν(q2) = qμqνΠ′(0)(q2) +

(
qμqν

q2
− gμν

)
Π′(1)(q2) (2.32)

= qμqνΠ(0)(q2) +
(
qμqν − gμνq2

)
Π(1)(q2) (2.33)

where Π(1)(q2) and Π′(1)(q2) are two different conventions that are related by 1/q2.

The scalar correlators are directly related to the spectral density function

Π′(0/1)(q2) ∼
∫ ∞

th

ds
ρ(0/1)(s)

s− q2 − ıε
(2.34)

where ∼ indicates that one or more subtractions may be required for the integral

containing the spectral density function to converge. The existence of these spectral

representations, in Equation 2.34, follow from the completeness of states and Poincare

invariance. From the definition of the spectral density function in Equations 2.28

and 2.30, it can be seen that the isolated single particle state in the spectral density

function corresponds to a pole in the positive real q2 axis in the scalar correlator,

while the multi-particle states correspond to a branch cut on the positive real q2 axis

in the scalar correlator. To see this latter point note that, from Cauchy’s Theorem,

we have the identity that:
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1

s− q2 ± ıε
= P 1

s− q2
± ıπδ(s− q2) (2.35)

⇒ Im(Π′(q2 ± ıε)) = ±πρ(q2) (2.36)

for the scalar correlator functions. Equivalently,

ρ(0/1)(q2) =
1

π

m (Π′(0/1)(q2 + ıε)

)
. (2.37)

This also means that the Tsai’s spectral density function notation corresponds to the

discontinuity across the real axis in the imaginary part of the correlator.

2.2.4 Vector and Axial Vector Contributions to the Spectral

Density Function

The states contributing to the spectral density function for the vector current are

vud
0/1 : 2π, 4π, 6π,KK̄,KK̄π, ... (2.38)

vus
0/1 : Kπ,K2π,K3π,K4π,K5π,KKK̄,KKK̄π, ... (2.39)

For axial vector current, the states contributing to the spectral density function are

aud
0/1 : π, 3π, 5π,KK̄π, ... (2.40)

aus
0/1 : K,K2π,K3π,K4π,K5π,KKK̄π, ... (2.41)

The assignment of decay modes consisting entirely of an even or an odd number

of pions to the vector or axial vector current induced transitions is a result of G-

parity14 and its conservation in QCD. The G-parity of the QCD vacuum and vector

current is even, (+1), while the G-parity of the pions and the axial currents are odd,

(-1).

14G-parity is the combination of the charge conjugation operator and a rotation of π about the
I2 axis in isospin space (G = Ce−ıπI2) and is conserved in strong interactions. The isospin space
utilized in G-parity is only relevant to mesons formed from u and d quarks. Therefore, mesons that
contain a s, c, b, or t quark are not eigenstates of G-parity.
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2.2.5 QCD Sum Rules in Hadronic τ Decays

When the correlator is defined, so that the only singularities are from the poles

and discontinuities caused from physical states along the positive q2 axis, then from

Cauchy’s Theorem the integral about the curve C illustrated in Figure 2.4 is equal

to

∮
C

dsw(s)Π(s) =

∮
|s|=s0

dsw(s)Π(s) + 2πı

∫ s0

sth

dsρ(s)w(s) = 0 (2.42)

S-Plane
|s| = s0

sth

Figure 2.4: The Sum Rule Integration Curve for the current-current correlator in
hadronic τ decays. The curve represents the integration path, while the single dot
and zigzag line represents the pole and the discontinuity starting at s = sth.

where w(s) is any analytic function, since there are no poles or branch cuts inside

the curve C. From this, one obtains the Finite Energy Sum Rules (FESR):

− 1

2πı

∮
|s|=s0

dsw(s)Π(s) =

∫ s0

sth

dsρ(s)w(s). (2.43)
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QCD Sum Rules are Sum Rules in which one has also included the constraints of

asymptotic freedom and kinematic restrictions, q2 >> Λ2
QCD, allowing the Operator

Product Expansion (OPE) representation of the correlator to be employed on the

LHS of the equation with coefficients calculated using perturbative QCD.

Since, in QCD, the scalar correlators Π
(0,1)
V/A;ij defined in Equation 2.35 are known

to have kinematic singularities, it is necessary to work with combinations which do not

have such singularities if one wishes to employ the basic FESR relation from Equation

2.43. It is thus common to see FESRs involving hadronic τ decay data written

using the combinations Π
(0+1)
V/A;ij ≡ Π

(0)
V/A;ij + Π

(1)
V/A;ij and sΠ

(0)
V/A;ij , which are known

explicitly not to have kinematic singularities in QCD 15 for both the axial and vector

cases. The combination Π
(0+1)
V/A;ij ≡ Π

(0)
V/A;ij + Π

(1)
V/A;ij is known as the longitudinal plus

transverse component of the correlator while sΠ
(0)
V/A;ij is referred to as the longitudinal

component of the correlator. For q2 >> Λ2
QCD, these components of the correlator can

be computed by perturbative QCD with a theoretical technique called the Operator

Product Expansion (OPE) [23, 24].

2.2.6 The Operator Product Expansion

The OPE is an operator relation that is employed for short distance expansions to

write a product of operators at small separations, x, in terms of a standard linearly

independent basis of local operators whose coefficients carry the x dependence of the

original operators [22]. Explicitly,

15Kinematic singularities are singularities in the scalar parts of the correlator not associated with
the existence of a real physical state. Such singularities can result from the use of a particular
algebraic representation for the correlator structure. For example, in QCD, the scalar correlator
Π′(0)

V (q2) only has singularities associated with physical states, but the unprimed convention for the
correlator Π(1)

V (q2) = Π′(1)
V (q2)/q2 has a singularity at q2 = 0 where there is no zero mass vector

state.
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O1(x, μ)O2(0, μ) =
∞∑

n=0

C n
12 (x, μ)On(μ) (2.44)

where μ is the normalization scale, the energy scale at which the renormalizable

parameters are evaluated. Cn
12(x, μ) is the Wilson Coefficient for the nth operator.

For small x, the Wilson Coefficient describes the high energy effects and therefore

can be calculated perturbatively in an expansion of the strong coupling constant,

αs(μ) [22]. The matrix element of the corresponding nth operator, On(μ), describes

the low energy effects. The standard linearly independent basis is comprised of the set

of all Lorentz invariant and gauge invariant operators having the quantum numbers

of the original operator product. Fourier transforming to momentum space, the OPE

may be written as

ı

∫
d4xeıqxO1(x, μ)O2(0, μ) =

∞∑
n=0

C n
12 (s, μ)On(μ) (2.45)

for large |s| since only the Wilson Coefficient depends on the position x. By ap-

plying dimensional analysis, and using the notation s = q2 = −Q2, it can be seen

that the Wilson Coefficient may be redefined in terms of a dimensionless parameter

C̄ n(−Q2, μ):

C n
12 (−Q2, μ)On(μ) =

C̄ n
12 (−Q2, μ)On(μ)

Qdn−d1−d2
(2.46)

where d1 is the dimension of the operator O1(x, μ), d2 is the dimension of the operator

O2(0, μ), dn is the dimension of the operator O(μ)n [22] and the Mandelstam variable

s = q2 = −Q2.

The scalar parts of vector and axial vector correlators, Π
(j)
V/A(q2), are dimension-

less and therefore their OPE has the form
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Π(J)(−Q2) =
∑

D=0,2,...

1

QD

⎡
⎣nD

max∑
n=1

C̄n,(J)
12 (−Q2, μ)〈0|O(μ)n|0〉

⎤
⎦

dimOn=D

(2.47)

where nD
max is the number of operators of dimension D = dn − d1 − d2. This form of

the correlator depends on the scale s = −Q2 at which it is evaluated. If s � ΛQCD

then the perturbative series within the OPE converge sufficiently that the matrix

element of the operator product can be evaluated reliably given αs at some reference

scale [25]. However, if non-perturbative corrections are included it is also necessary

to have the values of the condensates, which will be defined later, as input.

In the perturbative evaluation of the coefficients of the OPE, it is assumed that all

the gluons carry a large momentum, so that the gluon lines in the Feynman Diagrams

are perturbative. However, this neglects the effects of soft collective phenomena (for

example, topologically non-trivial gluon configurations called instantons) where large

momenta are transferred by multiple gluons with small momenta. Such additional

contributions are exponentially suppressed for spacelike Q2 but can become oscilla-

tory with only power suppression in the timelike direction. FESRs retain part of the

exponential suppression over most of the contour, but still must work at sufficiently

large scales that the integrated versions of these collective contributions are small.

Model and empirical studies indicate that, if the weights employed have at least a

double zero at s = s0 then it is sufficient to work with s0 > 2 GeV2 [16].

The FESR, defined in Equation 2.43, relates the Π(s) on the left-hand side to

the spectral density function on the right-hand side. From Equation 2.25, it can

be seen that the correlator, Πμν , involves products of the currents and thus has an

OPE representation for q2 � ΛQCD. Hence, the scalar correlators from the FESR

also have an OPE representation for q2 � ΛQCD. These latter OPE representations

involve vacuum expectation values of operators constructed from gluon field tensors
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and quark bilinear functions [23, 24].

The dimension 0 term in the OPE representation of the scalar correlators, ΠV/A,ij,

consists of the Naive Parton Model prediction and higher order terms in αs. The

Naive Parton Model predicts that the correlator for hadronic τ decays is

Π
(1)
A,ij(s) = Π

(1)
V,ij(s) =

Nc

12π2
log(−s) + constant

Π
(0)
A,ij(s) = Π

(0)
V,ij(s) = 0 (2.48)

where Nc is the number of colour degree of freedom [25]. Figure 2.5 illustrates some

of the Feynman Diagrams for the perturbative massless quark QCD correction series.

Figure 2.5: The lowest order terms of the dimen-
sion 0 series. The solid blue lines represent the
quark lines while the curved red line represents
the relevant currents and the coiled green lines
represent the gluon lines.

There are no Lorentz invariant and gauge invariant operators of dimension 2

[25]. However, the mass corrections proportional to m2
q , m

4
q, · · · to the dimension 0

operator, in the conventional terminology used in the literature, are treated as being

of dimension 2,4,.... The explicit forms for the d=2 and 4 mass corrections can be

found in [26, 27].

At dimension 4, in addition to the O(m4
α) perturbative contributions there are

contributions proportional to the quark condensate, 〈mjψ̄iψi〉, and the gluon conden-

sate, 〈αs(μ)
π
GG〉. Feynman Diagrams relevant to obtaining the perturbative expan-

sion of the Wilson Coefficients of the quark condensate and gluon condensate series
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in αs(μ) can be seen can be seen in Figures 2.6 and 2.7 [26].

Figure 2.6: The lowest order terms of
dimension 4 ∝ 〈mjψ̄iψi〉. The solid blue
lines represent the quark lines while the
curved red line represents the relevant
currents and the coiled green lines rep-
resent the gluon lines. The crosses in
the Feynman Diagrams represent the
creation or annihilation of a particle
into the vacuum.

Figure 2.7: The lowest order terms of
the dimension 4 ∝ 〈αs(μ)

π
GG〉. The

solid blue lines represent the quark lines
while the curved red line represents the
relevant currents and the coiled green
lines represent the gluon lines. The
crosses in the Feynman Diagrams rep-
resent the creation or annihilation of a
particle into the vacuum.

At dimension 6 there are 17 quark and gluon operator combinations. The domi-

nant contributions are from the three gluon operators, 〈fabcGaν
μ Gbλ

ν Gcμ
λ 〉, and 4 quark

operators, 〈ψ̄iΓψjψ̄kΓψl〉 where Γ is the product of the SU(3)colour matrix with a

Dirac matrix. The dominant Feynman Diagrams for the 4 quark operators and the

three gluon operators can be seen in Figures 2.8 and 2.9. The other 15 operators are

formed from combinations of the gluon and quark operators. However, the vacuum

expectation values of these operators are believed to be very small relative to the

former dimension 6 operators, because of suppression due to the light quark masses.

This enables one to safely neglect these terms in hadronic τ decays [25].

The higher dimension terms for hadronic τ decay are most commonly neglected

since the values of the relevant condensates are typically not known. However, in some

cases, it is possible to determine the value of the appropriate linear combination of

condensates of a given dimension by fitting to data. It is also possible to suppress

such unknown or poorly known condensate contributions through judicious choices

of the weights w(s) appearing in the FESRs employed [28].
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Figure 2.8: The lowest order terms of
dimension 6 O(q−4) Quark Operator
Series. The solid blue lines represent
the quark lines while the curved red line
represents the relevant currents and the
coiled green lines represent the gluon
lines. The crosses in the Feynman Dia-
grams represent the creation or annihi-
lation of a particle into the vacuum.

Figure 2.9: The lowest order terms of
dimension 6 O(q−4) three gluon oper-
ator series. The solid blue lines rep-
resent the quark lines while the curved
red line represents the relevant currents
and the coiled green lines represent the
gluon lines. The crosses in the Feyn-
man Diagrams represent the creation or
annihilation of a particle into the vac-
uum.

2.2.7 Evaluation of the Correlator and Weights in the FESR

Taking Π(s) in Equation 2.43 to be one of the combinations having no kinematic

singularities, namely Π(s) = Π
(0+1)
V/A,ij(s), and employing the OPE for this combination

as well as a polynomial weight w(s) =
∑

m Pm

(
s
s0

)m

, the left-hand side of the FESR

relation becomes

− 1
2πı

∮
|s|=s0

dsw(s)Π
(0+1)OPE
V/A,ij (s)

= − 1
2πı

∮
|s|=s0

ds
[∑

m Pm

(
s
s0

)m]
Π

(0+1)OPE
V/A,ij (−Q2) (2.49)

where the OPE of the correlator has been defined in Equation 2.47. If the leading

order contributions to the higher dimension OPE contributions are written in the

form CD/Q
D, with the constant CD representing the effective combination of all

condensates of dimension D, the weighted integral of this expression becomes

− 1
2πı

∮
|s|=s0

dsw(s)Π
(0+1)OPE
V/A,ij,D (s)

= − 1
2πı

∮
|s|=s0

ds
[∑

m Pm

(
s
s0

)m]
CD

QD (2.50)
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where CD is the effective condensate. Using the notation y = s
s0

= −x = −Q2

s0
, this

reduced to

− 1

2πı

∮
|s|=s0

dsw(s)
[
ΠOPE(s)

]
D

=
s0

2πı

∮
|x|=1

dx
∑
m

Pm(−1)mxm

× CD

sk+1
0 xk+1

=
1

2πı

∑
m Pm(−1)mCD

sk
0

×
∮
|x|=1

dx
xm

xk+1
(2.51)

for dimension D. Solving for the contour integral, one obtains

− 1

2πı

∮
|s|=s0

dsw(s)ΠOPE(s) =
1

2πı

∑
m Pm(−1)m

∑
D CD

sk
0

[2πıδmk] (2.52)

=
∑

k

Pk(−1)kCD

sk
0

. (2.53)

From this, it can be seen that if one uses a polynomial weight in the FESR, the

term xk will pick out the D=2k+2 terms from the OPE. Uncertainties associated

with the neglect of D = 8 and higher OPE contributions can thus be controlled by

working with weights having a degree less than 3. Alternately, since the integrated

contribution of different dimensions are seen to scale differently with s0, one may work

with weights of higher degree, neglecting D > 6 contributions, but test empirically

the reliability of this assumption by studying the FESR in question as a function of

s0.

2.2.8 Longitudinal Subtraction for Hadronic τ Decays

Currently, for all scales kinematically accessible in hadronic τ decays, the series of

known contributions to the D = 2 term in the OPE of the longitudinal part of

the axial and vector current-current correlator is extremely non-convergent. This
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poor convergence of the longitudinal component can be illustrated by looking at the

spectral moments

Rkl
V/A,ij = 12π2|Vij|2SEW

∫ mτ

0

ds

m2
τ

(
1 − s

m2
τ

)k+2(
s

m2
τ

)l

×
[(

1 + 2
s

m2
τ

)
ρ1+0

V/A,ij − 2
s

m2
τ

ρ0
V/A,ij

]
(2.54)

=

∫ mτ

0

ds

m2
τ

(
1 − s

m2
τ

)k (
s

m2
τ

)l dRτ,V/A,ij

ds
(2.55)

which have historically been used in the QCD Sum Rules for hadronic τ decays

[5, 26, 29]. In the longitudinal component of the spectral moment,

R0,kl
V/A,ij = 12π2|Vij|2SEW

∫ mτ

0

ds

m2
τ

(
1 − s

m2
τ

)k+2(
s

m2
τ

)l [
−2

s

m2
τ

ρ0
V/A,ij

]
,(2.56)

both the kinematic weights and the spectral density function are positive definite

where s is defined for the range [0, m2
τ ]. Since 0 ≤ s

m2
τ
≤ 1 and 0 ≤

(
1 − s

m2
τ

)
≤ 1

over the entire range of integration, |Lk+1,l| < |Lk,l| and |Lk+1,l| < |Lk,l| for k =

0, 1, 2, ... and l = 0, 1, 2, ... However, when any of the truncation schemes, used in

the literature, are employed in the computation of the poorly converged integrated

D = 2 longitudinal series of the OPE corresponding to the spectral moments, this

relation is not satisfied. This is a direct “violation of spectral positivity”. Since it

is not possible to use the OPE reliably to represent Π
(0)
V/A;ij(s), the contribution of

the longitudinal spectral function to the experimentally measured spectral function

must be removed, in order to utilize the FESR based on the well behaved Π
(0+1)
V/A;ij

and to extract parameters from the OPE using data. However, there are no current

experimental measurements, other than those for the kaon and pion poles, to allow

one to perform an experimental longitudinal subtraction16 [4]. Fortunately, there are

16An experimental measurement setting an upper limit on the non-K pole contribution to the
strange spectral density function would be useful.
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rigorous theoretical constraints from QCD which can help us deal with this problem.

In QCD, the divergences of the axial and vector currents are related to the scalar

and pseudo-scalar densities by means of the Ward identities

∂μV
μ
ij = (mi −mj)q̄iqj = (mi −mj)J

S
ij ≡ Sij (2.57)

∂μA
μ
ij = (mi +mj)q̄iıγ5qj = (mi +mj)J

P
ij ≡ Pij (2.58)

where JS
ij and JP

ij are the flavour ij scalar and pseudo-scalar densities. Thus, in the

SU(3) chiral limit the axial and vector currents are all conserved, ∂μJ
μ = 0 where

Jμ is either the axial or vector current. With the scalar “decay constants”, Fα0(q
2),

introduced earlier, then

〈0|Jμ(x)|α0, q〉 = ıFα0(m
2
α0

)qμe−ıq·x. (2.59)

Since Jμ is a conserved current in the SU(3) chiral limit, one obtains

〈0|∂μJ
μ(x)|α0, 0〉 = Fα0(m

2
α0

)q2 = Fα0(m
2
α0

)m2
α0

= 0. (2.60)

This means that either Fα0(m
2
α0

) = 0 or m2
α0

= 0. In the SU(3) chiral limit, the only

massless states are the 8 Goldstone bosons, π±, π0, η, K±, K0 and K̄0. Hadronic τ

decays only involve the pion, π±, or kaon, K±, state since the other members of the

octet do not couple to the W± boson. Because the vector current does not couple to

the pseudo-scalar states, Fα0 = 0 for all spin 0 states in the SU(3) chiral limit, and

hence ρ
(0)
V,ij(s) = 0 for all s in the SU(3) chiral limit. For the axial vector current,

in the chiral SU(3) limit, mu = md = ms = 0, the pion and the kaon are Goldstone

bosons with m2
π = m2

K = 0 and the corresponding Fα0(m
2
α0

), referred to as Fπ and

FK respectively, are non-zero. The decay strength of the pion pole, Fπ, and the

decay strength of the kaon pole, FK , are well known from πl2 and Kl2 measurements.

Excluding these two states, Fα0 = 0 for all other pseudo-scalar states since all such
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states have mα0 > 0 in the SU(3) chiral limit. Away from the SU(3) chiral limit, the

divergence of the axial and vector current of flavour ij in Equations 2.57 and 2.58

become of order O(mi ∓ mj). Therefore, for all states which had mα0 > 0 in the

SU(3) chiral limit, have Fα0 = O(mi ∓mj) away from the SU(3) chiral limit, except

the π and K terms. Thus, the contributions to the spectral density function, ρ0
V/A;ij,

which are proportional to |Fα0 |2, are of order O ((mi ∓mj)
2) and hence all double

chirally suppressed17 compared to the pion and kaon pole contributions.

Hence, away from the chiral limit, the longitudinal subtraction of −2yτ (1 −
yτ )

2ρ
(0)
V/A;ij , contains the unsuppressed pseudo-scalar Goldstone boson contributions

and in addition the double chirally suppressed components from the scalar and other

pseudo-scalar states. From Equations 2.57, 2.58 and 2.60 the spectral density func-

tions of (mi ∓mj)
2Π

S/P
ij (q2) and ρ

S/P
ij (q2), are equal to ρ

V/A
ij (q2). This implies that

the FESR for scalar and pseudo-scalar spectral density functions can be used to con-

strain the FESR of the longitudinal vector and axial vector spectral functions. More

precisely, since in QCD qμqνΠμν
V/A;ij = q4Π0

V/a;ij(q
2) then it can be shown that

q4Π
(0)
V,ij(q

2) = qμqνΠ
V,(0)
μν,ij(q

2) = (mi −mj)
2 [ΠS

ij(q
2) +
(〈ψ̄iψi〉 − 〈ψ̄jψj〉

)]
(2.61)

q4Π
(0)
A,ij(q

2) = qμqνΠ
A,(0)
μν,ij (q2) = (mi +mj)

2 [ΠP
ij(q

2) +
(〈ψ̄iψi〉 + 〈ψ̄jψj〉

)]
(2.62)

where the scalar correlators,

ΠS
ij(q

2) = ı

∫
dxeıqx〈0|T [JS

ij(x)(J
S
ij)

†(0)
] |0〉, (2.63)

and pseudo-scalar correlators,

ΠP
ij(q

2) = ı

∫
dxeıqx〈0|T [JP

ij (x)(J
P
ij )

†(0)
] |0〉, (2.64)

17Chiral suppression is the suppression of a physical value by some factor dependent on the light
quark mass(es) which vanishes in the relevant chiral limit.
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are defined with respect to the scalar current JS
ij(x) and the pseudo-scalar current

J2
ij(x). These equations show that ρ(0)(q2) = (1/q4)ρS,P (q2), which means that if

the scalar and pseudo-scalar spectral contributions excluding the kaon and pion pole

contributions can be obtained, the longitudinal spectral function in τ decay follow

automatically. The ΠS,P
ij ’ can be computed theoretically using the OPE. Because

the FESR based on (mi − mj)
2ΠS and (mi + mj)

2ΠS are known to have a good

convergence, the Sum Rules based on the scalar and pseudo-scalar correlators can

be utilized to constrain the decay constants of the state other than the pion and

kaon poles. From the magnitude of the quark masses, it can be seen that the J = 0

contribution to the spectral density function is highly suppressed and can therefore

be neglected. In addition to the constraint mentioned here, there are other QCD

constraints that can be used in the case of the strange scalar channel [30–33].

2.2.9 Flavour Breaking Finite Energy Sum Rules

As the Finite Energy Sum Rule is true for all the appropriately defined spin compo-

nents, current components and flavour components of the spectral density function

and correlator, one can take the difference between two pairs of Finite Energy Sum

Rules containing different quark flavours, namely s and d quarks. This procedure,

which may be seen in Equation 2.65, is known as the Flavour Breaking Finite Energy

Sum Rule (FBFESR) [2, 27, 28, 34].

δR
w0+1,w0

τ,OPE (s0) =
R

w0+1,w0

τ,ud (s0)

|Vud|2 − Rw0+1,w0
τ,us (s0)

|Vus|2 (2.65)

where
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R
w0+1,w0

τ,ij = 12π2|Vij |2SEW

∫ s0

0

ds
[
w0+1(s)ρ

ij
0+1(s) − w0(s)ρ

ij
0 (s)
]

(2.66)

=

∫ m2
τ

0

ds

[
w0+1(s)

dR0+1
τ,ij (s)

ds
− w0(s)

dR0
τ,ij(s)

ds

]
(2.67)

is composed of the experimentally measured quantities from Equation 2.19 and 2.20

and have a corresponding OPE representation. The weighted non-strange and strange

current integrals R
w0+1,w0

τ,ud and Rw0+1,w0
τ,us involve explicit factors of |Vud|2 and |Vus|2

which are divided out in order to get a difference of correlators involving different

mass quarks which are normalized in a common way and hence have to produce zero

difference in the SU(3) flavour limit.

δRw
τ,OPE(s0) = ı6πSEW

∮
|s|=s0

ds
[
w0+1(s)

(
Πud

0+1(s) − Πus
0+1(s)

)
(2.68)

−w0(s)
(
Πud

0 (s) − Πus
0 (s)
)]

is calculated using the OPE. From Equations 2.65 to 2.69 it can be trivially seen that

the FBFESR also hold for the longitudinal plus transverse component, which can be

computed theoretically.

Flavour Breaking Finite Energy Sum Rules and the OPE

When the FBFESR is employed for the longitudinal plus transverse component, all of

the mass independent terms cancel [25,26] leaving the dimension 2 mass correction as

the lowest order term. Neglecting the u and d quark masses which are small (see Table

2.1), this term is proportional to the square of the strange quark mass, m2
s [3,28,29].

More specifically, the dimension 2 term in the flavour breaking difference δRw
OPE(s0)

is usually written as

δRw
OPE(s0)|D=2 = 24Sew

m2
s(m

2
τ )

m2
τ

(1 − ε2d)Δ
(0+1)
w,D=2(

αs(τ )

π
) (2.69)
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where εd is the ratio of the down quark mass to the strange quark mass, md

ms
, and

Δ
(0+1)
w,D=2(

αs(τ )
π

) is the dimension 2 perturbative QCD correction factor which one de-

termines from the OPE [35].

The dimension 4 quark condensates are dominated by the Renormalization Group

invariant strange quark condensate, which is calculated using the Gell-Mann-Oakes-

Renner (GMOR) relation and Chiral Perturbation Theory (CHPT)18 quark mass

ratios [25,36]. GMOR is a relation between the mass of the quark current, mu +md,

the pion mass, mπ, and the pion decay constant, fπ, which defines the light quark

condensate, 〈(mu +md)ūu〉 [37, 38]:

〈(mu +md)ūu〉 = −f 2
πm

2
π. (2.70)

With the GMOR relation, the strange quark condensate 〈mss̄s〉 is readily ob-

tained in terms of fπ, mπ, the CHPT quark mass ratio ms

mu+md
and the Renormaliza-

tion Group Invariation Condensate Ratio 〈s̄s〉
〈ūu〉 , [25, 28, 36],

〈mss̄s〉 =

[
ms

mu +md

] [ 〈s̄s〉
〈ūu〉
]
〈(mu +md)ūu〉. (2.71)

The remaining term in the dimension 4 series flavour breaking difference, is the

dimension 0 ms correction term which is proportional to m4
s and turns out to be

numerically tiny compared to the strange quark condensate contribution [28].

The contribution of the dimension 6 contribution is estimated with the Vacuum

Saturation Approximation (VSA) [28]. The VSA is a method of approximating the

expectation value of a four quark operator based on the assumption that when in-

serting all possible intermediate states into the expectation value the vacuum state

dominates. When this approximation is made, only vacuum matrix elements of prod-

ucts of currents/densities, which are known empirically, remain [15].

18CHPT is an effective field theory that utilizes the broken chiral symmetry of QCD.
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2.2.10 Determination of ms and Vus from FBFESR

Extracting |Vus| from FBFESR

From the longitudinal plus transverse FBFESR,

δR
(0+1),w
τ,OPE =

R
(0+1),w
τ,ud,exp

|V 2
ud|

− R
(0+1),w
τ,us,exp

|V 2
us|

, (2.72)

the CKM Matrix element |Vus| can be isolated and written in terms of the theoretical

components, the weighted experimentally measured ud and us flavoured hadronic

widths, R
(0+1),w
τ,ud,exp and R

(0+1),w
τ,us,exp, and current world average of |Vud|,

|Vus| =

√√√√√ R
(0+1),w
τ,us,exp

R
(0+1),w
τ,ud,exp

|Vud|2 − δR
(0+1),w
τ,OPE

. (2.73)

In the denominator of Equation 2.73 the experimental component,
R

(0+1),w
τ,ud,exp

|Vud|2 , dominates

over the term determined with the OPE integral, δR
(0+1),w
τ,OPE . As a result, it is possible

to make highly precise measurements of Vus without knowing the OPE integral to

the same level of precision [2, 27, 28, 34].

Extracting ms from FBFESR

In the OPE representation of the flavour breaking difference, δRw
OPE(s0), from the

FBFESR, for hadronic τ decays the dominant term that depends on the strange

quark mass is the dimension 2 mass correction terms. Solving for ms yields

ms =

√
M2

τ

24SEW (1 − ε2d)Δ
(0+1),w
D=2 (αs(Mτ )

π
)

(
δR

(0+1),w
τ,exp − δR

(0+1),w,OPE
τ,D>2

)
(2.74)

[2, 27, 28, 34]. If the dimension 4 mass correction term is included in the analytical

solution for m2
s instead of being treated as a constant with ms fixed to the PDG

value [39], Equation 2.65 can be written as a quadratic equation of m2
s,
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am4
s + bm2

s + c = 0 (2.75)

where

a =
δRw,L+T

D=4,ms
(ms)

m4
s

∣∣∣∣∣
ms from PDG

b =
24Sew(1 − ε2d)Δ

(0+1)
w,D=2(

αs(Mτ )
π

)

M2
τ

c = δRw,L+T
CHPT + δRw,L+T

GMOR + δRw,L+T
V SA − δRw,L+T

exp . (2.76)

Truncation and Convergence Issues of the FBFESR for the Extraction of
|Vus| and ms

In addition to the higher dimension terms, which are neglected from the OPE term

in the FBFESR, the dimension 2 term of the transverse plus longitudinal FBFESR

is known to have a slow convergence [27, 28] for the spectral weights used in the

literature, namely the weight for the spectral moments which are defined in Equation

2.54:

wkl =

(
1 − s

m2
τ

)k+2(
s

m2
τ

)l

(2.77)

for the longitudinal plus transverse SDF. If these terms are non-negligible at s0 = m2
τ ,

their contribution will increase with a decrease in s0 causing the OPE representation

in the FBFESR to become more unreliable. Therefore, if the truncation in the

OPE is correctly described by the theoretical uncertainties and the experimental

measurements are reliable, there should be a region of stability with respect to s0,

within the relevant uncertainties, for the quantities (|Vus| and ms) extracted at values

of s0 around s0 = m2
τ [28]. The effect, due to the slow convergence of the truncated

integrated D=2 series, can be mitigated by the choice of the weights [34]. These



Chapter 2. Motivation: Strange τ Decays in the Standard Model 41

weights are defined as:

w10(y) = [1 − y]4[1 + y]2[1 + y2][1 + y + y2]

= 1 − y − y2 + 2y5 − y8 − y9 + y10 (2.78)

ŵ10(y) = ŵ(r = 1.2, cos(θ1) = 0.5, cos(θ2) = 0.1, y)

= [1 − y]4[1 +
y

r
]2[1 + 2cos(θ1)

y

r
+
y2

r2
][1 + 2cos(θ2)

y

r
+
y2

r2
] (2.79)

w20(y) = (1 − y)6(1 + 4.2451y + 9.4682y2 + 14.4155y3 + 16.4589y4

+14.6598y5 + 10.2818y6 + 5.5567y7 + 2.1157y8 + 0.3520y9

−0.2065y10 − 0.2154y11 − 0.1040y12 − 0.03040y13

−0.0045y14) (2.80)

where y = s
s0

[34]. The reason, for the improved convergence in these weights, is

because they have been constructed to emphasize the regions of the complex plane

where the D=2 J=0+1 correlator series are, where the convergence is known to be

better [16].

2.2.11 Determining |Vus| from τ− → π−ντ and τ− → K−ντ

In addition to the FBFESR approach, |Vus| can be determined from the ratio of the

τ− → K−ντ and τ− → π−ντ decay widths. From Equation 2.11, it can be seen that

the ratio of the decay width Γ(τ− → K−ντ ) relative to the decay width Γ(τ− → π−ντ )

decay may be written as:

Γ(τ− → K−ντ )

Γ(τ− → π−ντ )
=

B(τ− → K−ντ )

B(τ− → π−ντ )
=
f 2

k |Vus|2
f 2

π |Vud|2
(

1 −m2
K/m

2
τ

1 −m2
π/m

2
τ

)2

, (2.81)

where mπ and mK are the pion and kaon masses, and fk

fπ
may be determined theor-

tically [40].
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2.3 The Current Experimental Status of Hadronic

τ Decays and the Extraction of |Vus| and ms

2.3.1 Experimental Status of Hadronic τ Decays

The spectral density function of the hadronic τ decays have been measured by the

ALEPH Collaboration [41–44], the CLEO Collaboration [45–50], and the OPAL Col-

laboration [51, 52]. The ALEPH and OPAL experiments were located on the LEP

e+e− Ring at CERN and provided an extremely clean sample of τ+τ− pairs with

a high selection efficiency, while CLEO, which had higher statistics, could measure

higher multiplicity modes and investigate the structure of the hadronic τ decays [53].

Before this work, the most precise determinations of |Vus| from hadronic τ were

0.2223±0.0032exp±0.0038th [28], 0.2209 ± 0.0031 [54] and 0.2225 ± 0.0034 [55, 56].

However, the latter measurement may have an underestimation of the theoretical un-

certainties due to the issue discussed in Section 2.2.10. The extracted values ofms are

sensitive to the absolute normalization of strange spectral density function because

of the large cancellation between the strange and non-strange spectral integrals and

the convergence of the dimension 2 series. However, most analyses neglect uncertain-

ties related to the truncation and convergence of the dimension 2 OPE series and

therefore underestimate the total uncertainty on the strange quark mass [53]. With

the new data measured at the B-factories BABAR [8, 9] and Belle [10], it is expected

that |Vus| can be measured to an accuracy greater than ∼ 0.0010, a value which is

competitive with the world average [35, 54, 57].

2.3.2 Status of |Vus| and ms

The current world average of |Vus| determined by averaging the experimentally mea-

sured values from Kl2 decays [58–61], Kl3 decays [62–72], hyperon decays [73,74] and
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hadronic τ decays [2, 27, 28, 34, 41, 51, 53, 54] with the unitarity constraint,

|Vus| =
√

1 − V 2
ud − V 2

ub, (2.82)

is 0.226 ± 0.001 [39]. The extraction of |Vus| from Kl2 decays uses the ratio of decay

rates Γ(K→μνμ(γ))
Γ(π→μνμ(γ))

∝ |Vus|2f2
K

|Vud|2f2
π
, where the ratio of the form factors fK and fπ are deter-

mined with Lattice QCD 19. The Kl3 analyses use the experimentally measured and

theoretical formulation of the decay rate for K → πeνe and/or K → πμνμ to com-

pute |Vus|. In the past there was a 2-2.5σ discrepancy between the unitarity value of

|Vus| and the value extracted from the Kl3 decays, namely K → πeν and K → πμν

decays. Recent measurements at BNL E865 [62], KTeV [63, 64], KLOE [65–68],

NA48 [69–71], and ISTRA+ [72] using improved radiative corrections, are consistent

with unitarity [39]. In hyperon decays, |Vus| is extracted from the semileptonic de-

cays Λ → pe−ν̄e, Σ
− → ne−ν̄e, Ξ

− → Λe−ν̄e, Ξ
− → Σ0e−ν̄e, and Ξ0 → Σ+e−ν̄e by

means of a fit to the differential decay rate.

The most precise method of determining the mass is a theoretical calculation

using Lattice QCD [75–84]. The strange quark mass has also been experimentally

measured using pseudo-scalar Sum Rules [32,33,85] and scalar [31,32] Sum Rules as

well as Sum Rules based on e+e− → hadrons and hadronic τ decay data [3,29,86,87].

The current world average, ms = 95±25MeV/c2 [39], and the extracted values which

the world average is based on can be seen in Figure 2.10.

19Lattice QCD is a theoretical simulation of the strong force computed numerically on a grid or
lattice that uses a minimal amount of experimentally measured quantities, namely the meson and
baryon masses, as input.
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Figure 2.10: The extracted values ofms that are used to determine the world average.
The solid band represents the current world average [39].
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Chapter 3

The PEP-II Accelerator and the
BABAR Detector

3.1 The PEP-II Accelerator

The PEP-II Ring is an upgrade of the original PEP Ring to enable CP Violation to

be studied in the B0 and B̄0 mesons. The PEP-II Accelerator, seen in Figure 3.1,

is an asymmetrical electron and positron collider. It consists of two rings, a high

energy storage ring (9.0GeV) for the electrons and a low energy ring (3.1GeV) for

the positrons. The former ring is an upgrade of the existing PEP ring to accommo-

date the high currents while the latter ring is a new addition enabling asymmetric

beam energies. Since many of the interactions, which are expected to have CP Vi-

olation in the B0 and B̄0 mesons, have a small branching ratio, approximately 10−5

or smaller, the PEP-II upgrade required an “unprecedented” nominal luminosity1 of

10−34cm−2s−1. The PEP-II ring utilizes the linac to inject the electron and positron

into the PEP-II ring at colliding energies. In the centre-of-mass (c.m.) frame, the

collision energy corresponds to the mass of the Υ (4s) particle, a resonant state that

is composed of a b and anti-b quark with a mass of 10.58GeV/c2. The Υ (4s) particle

is slightly above the threshold energy of B0 and B̄0 production, resulting in a decay

1Luminosity is defined as the number of incident particles per unit area per unit time.



Chapter 3. The PEP-II Accelerator and the BABAR Detector 46

rate greater than 96% into B0, B̄0, B− and B+ particles. If the c.m. energy of the

collisions were higher, there would be both an increase in the background and a re-

duced cross section for B0 and B̄0 production. The boost2 between the c.m. frame

and the laboratory frame enables time dependent CP Violation to be studied. This

is because a time delay between B0 and B̄0 decays, which are nearly at rest in the

c.m. frame, translates into a measurable displacement along the beam axis.

Figure 3.1: The diagram of the PEP-II Accelerator. [88, BABAR Detector Image
Gallery].

The high luminosity of the PEP-II accelerator coupled with the relatively large

cross section for τ pairs at the c.m. energy 10.58GeV results in the BABAR facilities

doubling as a τ factory. Below is a table of the relative cross sections at a c.m. energy

10.58GeV [89].

2In special relativity, the transformation between two reference frames, which differ only by a
relative velocity, is referred to as a boost.
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Interaction σ (nb)
Leptonic Interactions

e+e− → e+e− (17 < θ < 160) 21.2
e+e− → e+e− (20 < θ < 120) 14.4
e+e− → μ+μ− 1.147
e+e− → τ+τ− 0.919

Semi-Hadronic Interactions
e+e− → uū 1.39
e+e− → dd̄ 0.35
e+e− → ss̄ 0.35
e+e− → uū/dd̄/ss̄ 2.09
e+e− → cc̄ 1.30
e+e− → bb̄ 1.05

Table 3.1: The cross sections for an e+e− collider at 10.58GeV [89]

3.2 The Interaction Region

The PEP-II ring has one detector, the BABAR Detector, located at the second inter-

action region on the ring. The electron and positron beams are manipulated through

bending, by dipole magnets, and focused, by quadrapole magnets so that they col-

lide approximately along the central axis of the BABAR Detector at the “interaction

point” or IP. CsI(Tl) crystals, a scintillating material, which are positioned beside

the beam pipe are utilized to monitor the focusing of the beams. This interaction

region is incapsulated inside a “low mass beryllium cylinder”. The low z of beryllium

minimizes the interactions of the subatomic particles with the detector support tube

to a radiation length3 of 0.005X0.

Since the PEP-II ring is a high current machine, the interaction region produces

several significant sources of background. The quadrapole and dipole magnets, which

are located close to the interaction region to maximize the focusing of the beam, pro-

3Radiation length of a material, X0, is defined as the distance in which energy of a particle is
reduced by e−1 through electromagnetic interactions with that material.
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duce sychrotron radiation4 as the trajectory of the beams is altered. Production of an

e+e− pair, referred to as Bhabha scattering, cause electrons and positions to enter the

detector. Beam particles are “lost” through bremsstrahlung5 and Coulomb scatter-

ing6 with residual gas molecules in the beam. The beam particles, not at the correct

momentum for stable storage in the ring, also interact with the magnets and the

beam pipe to produce additional upstream background. The accumulation of dose,

which causes a high occupancy and radiation damage inside the active components of

the detector, is monitored with pin diodes and diamond detectors located around the

detector. To reduce the accumulation of unnecessary dose to the detector, potential

high radiation regions are suppressed by the addition of extra material [89].

3.3 The BABAR Detector

The BABAR Detector is composed of five main components. An illustration of the

BABAR Detector and its components can be seen in Figure 3.2. They are the Sili-

con Vertex Tracker (Vertex Detector), the Drift Chamber (Tracking Chamber), the

DIRC (Detector of Internally Reflected Cherenkov light), Electromagnetic Calorime-

ter (Electron/Photon Detector) and the Instrumented Flux Return (Muon/Hadron

Detector). Signals measured by the BABAR detector are filtered through a trigger

to select physic events which are of interest. The NbTi 1.5 Tesla superconducting

solenoid magnet produces a magnetic field parallel to the detector axis in the track-

ing region which bends the trajectory of the charged subatomic particle through the

Lorentz Force. The uncertainty in the BABAR Detector for determining the transverse

momentum pt, the momentum orthogonal to the initial electron beam direction, with

4Sychrotron radiation is the radiation that is emitted by a relativistic charged particle in a
circular path due to the acceleration.

5Bremsstrahlung scattering is the scattering of an electron through the emission of a photon.
6Coulomb scattering is the scattering of an electron by a photon.
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this method is

σPt

Pt
= (0.13 ± 0.01)% · Pt ⊕ (0.45 ± 0.03)%. (3.1)

Figure 3.2: The BABAR Detector [88, BABAR Detector Image Gallery].

The z axis is defined as the central axis of the detector which is within 100mrad

of the direction of the high energy electron beam. The y axis is in the vertical

direction toward the zenith, while the x axis is in the horizontal direction pointing

away from the centre of the PEP-II ring. The interaction point is the origin of the

BABAR coordinate system [89]. From these cartesian coordinates, the spherical angles

θ and φ are derived. θ is the polar angle defined relative to the z axis, while φ is the

angle relative to the x axis in the xy plane.

3.3.1 The Silicon Vertex Tracker

The Silicon Vertex Tracker (SVT) is one of the two tracking sub-detectors in the

BABAR Detector. As seen in Figure 3.2, it is the innermost detector positioned around

the beam pipe. The purpose of the SVT is to “reconstruct the decay vertices of two
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primary B mesons in order to determine the time between the two decays” [89, pg.

81]. This allows for time-dependent CP asymmetries to be studied. Moreover, the

SVT is capable of reconstructing low momentum tracks that do not enter the Drift

Chamber.

The SVT is constructed from 52 “double-sided” silicon modules. These modules

are positioned in a 5 layer configuration as seen in Figures 3.3 and 3.4. The detector

consists of readout strips to give information in z and φ. The inner two layers are

primarily designed to determine the z location of the vertex, while the outer two layers

are designed to merge the reconstructed tracks with the Drift Chamber. The third or

middle layer enables the reconstruction of trajectories using only SVT tracks, such as

low momentum tracks that do not reach the Drift Chamber. The intrinsic resolution

of the silicon detectors in the three inner most layers is 10μm in the φ direction

and 12μm in the z direction. In the two outer layers, the intrinsic resolution in φ is

10-12μm and in the z direction 25μm.

Figure 3.3: A cross section
view of the SVT in the plane or-
thogonal to the beam pipe [90,
Figure 4-3].

Figure 3.4: A cross section view of the SVT in
the beam pipe plane [90, Figure 4-2].

The above geometry has a solid angle coverage designed to maximize the geomet-

ric acceptance. However, this is constrained by the location of the bending magnets.

As a result, the solid angle coverage is constrained to be between the polar angles
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20.1◦ and 150.2◦. This corresponds to 29.5◦ and 161.8◦ in the c.m. frame. The ex-

terior two layers of the SVT, which are kinked in z to minimize the incident angles,

are arranged in an overlapping geometry, while the interior layers are in a pin-wheel

arrangement. This ensures that an incident particle crosses through a module at each

layer it transverses.

The modules consist of a composite fiber frame upon which the silicon detector

and kevlar support ribs are mounted. The frame is constructed of carbon fiber to

minimize the radiation length. The silicon detectors are connected with wire bonds

into two “half modules”. These half modules are composed of two to four silicon

detectors and separate the modules into electrically isolated forward and backward

sections. The outward pointing side of the silicon detectors have strips parallel to

the z direction for measurements in the φ direction. On the inward side of the silicon

detectors, the strips are orthogonal to the z direction for measurements in the z

direction. The data is read out through high density interconnect electronic hybrid

devices mounted at each end of the modules [89, 90].

Figure 3.5: A diagram of a Module in the SVT [90, Figure 4-15].
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3.3.2 The Drift Chamber

Exterior to the SVT is the second tracking detector, the Drift Chamber (DCH).

The DCH is the primary tracking detector in the BABAR Detector. The chamber is

composed of two end plates made of carbon fiber and an inner and outer support

tube. The forward and backward end plates are 1.2-2.4cm and 2.4cm respectively.

The forward end plate has a reduced thickness, near the outer radius, to minimize the

radiation length a particle must travel before entering the calorimeter system. The

outer support tube, which is composed of two carbon fiber layers around a Nomex

core, is the structural support that carries the load of the internal wire. The inner

support tube is made of beryllium, again, to minimize the radiation length. The

chamber, which is filled with 80% helium and 20% ISO-butane, contains an array of

sense and field wires. A diagram of the DCH can be seen in Figure 3.6.

IP
1618

469
236

551 973

17.1920235

Figure 3.6: A cross sectional view of the DCH [89, Figure 3-7].

The charged sense wires, which detect the signal, are 20μm gold plated tungsten-

rhenium wires. Although the sense wires were maintained at a potential of 1900V

and 1960V at the beginning of the experiment, the majority of the data was recorded

with a potential of 1930V on the sense wires. The wires employed to produce the
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electric field pattern, the field wires, are 120μm and 80μm gold plated aluminum.

The field wires surrounding the sense wires are grounded while the other field wires

have a potential of 340V. The array of sense and field wires consists of 40 stereo (U

and V) and axial (A) layers, with the charged sense wires positioned between the

super-layers. In the axial layers the field wires and sense wires are parallel to the

z axis, yielding a position measurement in the axial or xy plane. In contrast, the

stereo wires have an angle relative to the z axis. In addition to this, the stereo angle

varies with the radial distance of the wires from the beam axis to maintain the shape

of the cells. The absolute magnitude of the stereo angle is between of 42.0mrad to

66.5mrad. These layers are arranged in sets of four, where each layer has a unique

stereo angle and twist that increases in magnitude with the radial distance from the

interaction region. Figure 3.7 illustrates the stereo axial pattern employed in the

Drift Chamber. The U stereo layers correspond to the wire arrangements with both

a positive stereo angle and a positive twist angle, while the V stereo layers correspond

to a negative stereo angle and a negative twist angle. This difference in stereo angle

between the U, V and A layers set up a non-orthogonal basis for the solid angle that

allows the particles path to be reconstructed in terms of θ in addition to φ and the

radius r.

The field wires within the layers form hexagonal cells around the sense wires,

and, thus the potential difference between the field and sense wires produces an

electric field. When a subatomic particle travels through a cell, it ionizes the gas.

The free electrons, attracted by the positive charge, drift with a mean velocity of

vdrift towards the sense wire. The length of the path that the electrons travel, Lpath,

is dependent upon the position, where the ionization took place, and the electric and

magnetic field in that cell. Due to the strong electric field, the electrons in the gas

undergo amplification when within a distance of several wire radii from the sense
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Figure 3.7: A diagram of the axial and stereo arrangement [89, Figure 3-8].

wire. Positive ions are produced in an avalanche close to the sense wire, and their

movement away from the wire creates a measurable signal on the sense wire. This

signal is proportional to the ionization created by the subatomic particle travelling

through the gas. Hence, the dE
dx

7 information is obtained from summing the total

charge deposited on the wire and correcting for the incident angle of the charged

particle. In order to obtain a precise measurement of the trajectory, the drift time is

measured and converted to a drift distance from prior knowledge of the drift velocity.

To use the “time-to-distance relationship” the time that the particle transversed the

cell, t0, is required. The t0 time is obtained from a knowledge of the collision times of

the beams and the distance that the particle travelled from the interaction point to

the location of inonization in the cell. The time-to-distance relations can be depicted

graphically in terms of “isochrones”, or surfaces of equal drift time. The maximum

time for the electrons to drift to the sense wire is approximately 600ns. Figure 3.8 is

a diagram of a typical cell with lines of equal isochrone superimposed [89, 90]. The

intrinsic resolution of a DCH cell is ∼ 100μm.

7 dE
dx is the average energy loss per unit length.
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Figure 3.8: A diagram of the isochrones in a typical DCH cell. The isochrones are
spaced by 50ns [89, Figure 3-9].

The Drift Chamber was constructed at TRIUMF in Vancouver, Canada as the

Canadian contribution to the experiment.

3.3.3 The DIRC

The DIRC, the third detector from the centre in Figure 3.2, is a “new kind” of

ring Cherenkov detector and is intended for particle identification. The DIRC was

designed to distinguish between kaons and pions which have a momentum of 1.7GeV

to 4.2GeV, and to tag the flavour of a B meson decay through a b→ c→ s cascade [91,

Section 8.1]. The DIRC has a geometric acceptance of 25.5◦ to 147◦ in the laboratory

frame. A schematic of the DIRC can be seen in Figure 3.9 [90, Chapter 6].

The DIRC has two major components that measure the Cherenkov Cone: the

Standoff Box and the set of twelve Bar Boxes. The Standoff Box, which is composed

of stainless steel, is a toroidal structure with 12 cone shaped sectors. Each sector

has 896 Photo Multiplier Tubes at a radial distance of ≈ 1.17m from the end of

the Fused Silica Bars. The Standoff Box is filled with 6000L of purified water, a

substance with an index of refraction similar to that of fused silica, to minimize the

total internal reflection at the Fused Silica/water surface. Each of the Bar Boxes,
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Figure 3.9: A diagram of the components in the DIRC [90, Figure 6-10].

composed of thin aluminium-hexel panels, are connected to an individual sector of

the Standoff Box with a 10mm thick Fused Silica window. Inside the Bar Box, the

Fused Silica window is glued to a Fused Silica wedge, which, in turn, is glued to twelve

optically isolated Fused Silica Bars with mirrors attached on the opposing end. It is in

these 144 optically isolated Fused Silica Bars that the Cherenkov light8 is produced.

The 144 Fused Silica Bars are composed of four 1.225m bars of spectrosil, a fused

silica [91, Chapter 8].

When a charged particle travelling above 0.679c, the speed of light in fused silica,

enters one of the 144 Fused Silica Bars, it emits an electromagnetic radiation wave

front, called a Cherenkov Cone. The angle of this Cherenkov Cone is

θC = arccos

(
1

β
√
ε(ω)

)
, (3.2)

where the β is the ratio of the particles velocity to the speed of light in the vacuum,

8Cherenkov light is the resulting light produced by a particle travelling faster than the speed of
light in a medium.
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and ε(ω) is the frequency dependent dielectric constant of the medium through which

the particle is travelling [92, eq.13.50]. Part or all of the cone will be transmitted

through total internal reflection or specular reflection at the bar’s end down the bar

and into the Standoff Box. The geometry of the bar and wedge are such that the

angle of the light is preserved. The light then travels to the detector surface where the

incident number of photons is counted by the Photo Multiplier Tubes. An illustration

of this can be seen in Figure 3.10.

Figure 3.10: An illustration of the operation of the DIRC [88, DIRC Detector Image
Collection].

3.3.4 The Electromagnetic Calorimeter

The Electromagnetic Calorimeter (EMC) is the fourth sub-detector in the BABAR

Detector. The EMC is designed to measure the energy and momentum of photons

and electrons. It is therefore useful for the measurement of photons that may have

come from π0 → γγ and to assist in distinguishing electrons from muons as well as

electrons from charged pions. To achieve this, the EMC has both a high angular and

energy resolution. The angular resolution of the EMC is
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σθ =
3mr√
E

⊕ 2mr, (3.3)

where E is the energy in units of GeV. The angular resolution in Equation 3.3 is a

result of the “transverse crystal size and (the) average distance to the interaction

point” [90, pg. 248]. The energy resolution, which is defined for a photon with an

angle of θ = π/2, is

σE

E
=

1%

E
1
4

⊕ 1.2%. (3.4)

Again, the energy E is in units of GeV. The systematic error is a result of internal

calibration errors, inhomogeneous light collection and leakage in the front and rear

components.

The EMC is composed of a barrel section and conical endcap. The barrel and

endcap have a combined geometric acceptance region from 15.8◦ to 140.8◦ in the

laboratory frame. This corresponds to a geometric acceptance of 26.5◦ to 156.3◦ in

the c.m. frame. The barrel section contains 5880 trapezoidal CsI(Tl) crystals in 49

rows of 120 crystals. Each row has a specific size and shape so that the face of the

crystal, in the row, points toward the interaction point. This is to minimize the

leakage due to both the gaps between the crystals and the material through which

the particle must transverse to enter the crystals. The CsI(Tl) crystals also vary

in radiation length from 16.0X0 in the backward direction to 17.5X0 in the forward

direction by 0.5X0 increments. In contrast, the endcap is composed of 900 CsI(Tl)

crystals with a radiation length of 17.5X0. These crystals are also trapezoidal in

shape. These crystals are arranged into nine rows so that the crystal dimensions

are approximately uniform. The three outermost rows have 120 crystals, while the

middle three rows and inner three rows have 100 and 80 crystals respectively. Figure
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3.11 is a schematic of the crystal arrangement in the EMC.

Figure 3.11: A schematic of the EMC [90, Figure 7-4].

CsI(Tl) crystals are scintillators, that fluoresce when valence electrons, which

are excited into the band gap by subatomic particles, decay into the valence band.

Each crystal is connected to a wavelength shifter that shifts the fluoresce radiation

scintillated from the CsI(Tl) crystal, a peak wavelength of 565nm to 960nm. This is

within the absorption wavelength range of the photo diodes, which have a quantum

efficiency of 75%. The two photo diodes are not affected by the 1.5 Tesla magnetic

field. The crystals are covered with Aluminum Mylar on the front, and Teflon AF,

Diffused Reflector and Aluminum Mylar on the sides to ensure all the light is directed

onto the photo diodes. A schematic of a CsI(Tl) crystal and photo diodes can be seen

in Figure 3.12. The CsI(Tl) crystals are then mounted inside modules that house the

signal cables and the cooling system, as shown in Figure 3.13. These modules are

attached to a carbon fiber support cylinder with an aluminum frame [89, 90].
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Figure 3.12: A schematic of a CsI(Tl) crystal and photo diodes [90, Figure 7-19].

3.3.5 The Instrumented Flux Return

The Instrumented Flux Return (IFR) facilitates a dual purpose as the magnetic flux

return for the 1.5 Tesla super conduction magnet, and as a neutral hadron and muon

detector. The IFR is composed of three components, the barrel and two endcaps.

The barrel consists of six sextants each 3.75m in length and between 1.88m and

3.23m width while the endcaps are hexagonal plates. The IFR barrel is constructed

with 18 layers of iron plates where the first nine interior plates are 2cm in thickness,

the next four plates are 3cm thick, followed by two 5cm thick iron plates and the

two exterior plates are 10 cm thick. The endcaps have a similar arrangement of iron

plates except there are three 5cm thick plates and only one 10cm thick exterior plate.

The variation in the plate sizes with the radius is to allow low momentum muons to

be detected, while insuring that hadrons are completely absorbed. An illustration of

the IFR iron structure can be seen in Figure 3.14.

The IFR has 21 layers of Resistive Plate Counters (RPC) located in the 17 gaps

between the plates, on the outside of the detector, between the solenoid magnet
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Figure 3.13: A schematic of the barrel module in the EMC [90, Figure 7-5].

and IFR iron plates and in a double layer around the outside of the EMC. The

RPC are segmented along the z and φ directions in the barrel section, and along

the x and y direction in the end plates. Therefore, with the layer in which the hit

occurred identified, the position can be reconstructed. Moreover, the hits are matched

with the SVT and DCH tracks during reconstruction. RPC are a type of capacitor,

a device in which two conducting plates, with different potentials, are separated

by a dielectric material. In the RPC, the dielectric material is composed of a two

layers of Bakelite along the conductors with a gas mixture, 134A (C2H2F6), Freon

(CxClyFz) [93], Argon and a small amount of ISO-butane in the central layer. When

a particle travels through the gas filled layer, the gas becomes ionized, breaking down

the dielectric resulting in a signal [90]. Unfortunately, it was found that the RPC

degraded rapidly. Therefore, the muon detection system was upgraded with Limited

Streamer Tubes (LST) during the detector shutdown periods from 2004-2006. The

RPC’s, in the inner 18 layers of the detector, were replaced with 12 layers of LST

detectors and 6 layers of brass to compensate for the loss of absorbing material by
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Figure 3.14: A schematic of the IFR [90, Figure 8-9].

removing the RPC detectors. The brass was positioned in every other layer starting

in the 5th innermost layer. The LST detector consists of 7 to 8 LST cells which are

380mm long, 15mm high and 17mm wide. The cells are composed of PVC plastic

coated with a graphite paint that is maintined at a grounded potential, a central

high voltage gold plated anode which is held in place by 6 wire holders, and are filled

with a (89:8:3) gas mixture of CO2, ISO-butane, and Argon. When a particle travels

through a LST cell, it ionizes the gas causing a current to flow between the anode

and the grounded exterior. The resulting decrease in the anode voltage while the

current flows is the signal [94].

3.3.6 Trigger Selection

The selection of events of interest in the BaBar Detector has been decomposed into

two stages: the hardware based level 1 Trigger (L1) and the software based Level 3

Trigger (L3). An additional trigger, Level 2 which was not implemented, was also

included in the data-flow design in case the luminosity produced a higher background

in the detector than expected. These triggers are designed to select events of interest
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while reducing the background and random noise [95].

Level 1 Trigger

The Level 1 Trigger accepts information from the DCH, EMC and IFR. A signal

consisting of one bit from each of the 7104 cells in the DCH is processed by the Drift

Chamber Trigger (DCT) to identify tracks. The Electromagnetic Trigger (EMT)

receives input from the 280 towers9 in the EMC, and identifies the energy deposits in

the EMC. The IFR is decomposed into ten sections from which eight of the φ readout

layers provide input for the IFR Trigger (IFT). These sections are the six sextants

and the two half doors. The primary functions of the IFT are to veto cosmic events

and to identify muons from the interaction e+e− → μ+μ− which can be used for

measuring detector parameters such as the luminosity. The output of the DCT, and

the EMT and the IFT are utilized to determine if the signal contains a physics event

by a Global Level Trigger. The frequency at which the events are accepted by the

Level 1 Trigger is approximately 1kHz, a result of the luminosity and the background

rate of the detector [95].

Level 3 Trigger

The Level 3 Trigger, which runs on a farm of Linux machines, has a primary purpose

of reducing the frequency of selected events from its maximum input rate, 2KHz, to

less than 120Hz with a high efficiency in physics events of interest. The L3 Trigger

also supports the online fast monitoring, and selects calibration samples. The L3

Trigger receives input from the L1 Trigger and two subdetectors, the DCH and the

EMC. After an initial reconstruction of the charged tracks in the DCH and the

9The Barrel section of the EMC contains 240 towers each consisting of 24 crystals in a 8 by
3 array defined along the θ and φ axis respectively. While the End Cap contains 40 towers with
19-22 crystals arranged in wedges. The threshold for a signal in the CsI(Tl) crystals is 15MeV. This
threshold energy in the CsI(Tl) crystals was changed from 20MeV to 15MeV in 2000.
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neutral cluster in the EMC, the physics content of the event is evaluated. The

“Physics Filters” are designed to select τ+τ−, two photon, BB̄ and cc̄ events with a

high efficiency. In addition to the “Physics Filters”, the “Bhabha Filters” isolate the

unique topology of electron-positron scattering and rejects them from the selected

events. This selection reduces frequency to a rate in which the entire event from all

of the subdetectors and the two triggers can be written to tape for storage and later,

a complete reconstruction of the events [95].
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Chapter 4

Branching Fraction Measurement
of τ− → h−h−h+ντ

4.1 Methodology of Analysis

The strategy for the τ− → h−h−h+ντ analysis is to select a pure sample of τ− →
h−h−h+ντ decays from e+e− → τ+τ− events by requiring τ+ partner to decay lep-

tonically: τ+ → e+ντνe or τ+ → μ+ντνμ. Charge conjugation1 is implied throughout

this thesis. The selected hadron tracks, h± tracks, are then identified uniquely as a

kaon or pion and the decays are categorized as τ− → π−π−π+ντ , τ
− → K−π−π+ντ ,

τ− → K−π−K+ντ , and τ− → K−K−K+ντ . The number of signal events are then

determined by means of an efficiency migration matrix, εij , obtained from Monte

Carlo (MC) Simulations, that takes into account cross-feed between the four chan-

nels where i is the selected decay index and j is the true decay index. Data control

samples of kaons and pions from D∗+ → π+D0 and D0 → K−π+ decays are used to

modify the efficiency migration matrix to correct for small data/MC differences in

the modelling of the particle identification. The number of signal events for decay

mode j is:

1Charge conjugation operator is the operator which changes a particle into its antiparticle. When
charge conjugation is assumed for a decay, it means that the decay is assumed to be invariant under
the charge conjugation operator.
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NSig
j =

∑
i

(ε−1)ji

(
NData

i −NBkg
i

)
(4.1)

where NData
i is the number of data events selected as decay mode i, and NBkg

i is

the number of MC background events selected as decay mode i excluding the τ− →
h−h−h+ν cross-feed channels. Accounting for the integrated luminosity, L, and the

τ pair cross section, στ+τ−, one obtains the branching fraction

Brj =
NSig

j

2Lστ+τ−
(4.2)

for decay mode j, where the number of τ pairs produced in the collision is Lστ+τ−.

4.2 BABAR Data Set

The analysis employs a BABAR data sample from runs 1-5 which corresponds to

an integrated luminosity of L =342 fb−1 and includes both on-resonance and off-

resonance data2. The most significant MC samples are those describing the e+e− →
τ+τ− events. The e+e− → τ+τ− events were simulated with the “e+e− → τ+τ− ”

KK2F Monte Carlo Generator [96,97] which employs the TAUOLA Software Package

[98]. The τ− → K−π−π+ν and τ− → K−K−K+ν generators were incorporated into

the TAUOLA simulation by means of the K(1650) resonance decaying into φ K and

by an improved form factor for τ → K−π−π+ν, respectively. The improved form

factors for the τ → K−π−π+ν MC use the modelling parameters [99]: M(1270) =

1.254 GeV/c2, M(1400) = 1.463 GeV/c2, Γ(1270) = 0.26 GeV, Γ(1400) = 0.30 GeV, F1

= BW[K1(1270)] X BW[ρ(770)], F2 = (η BW[K1(1270)]+BW[K1(1400)]) X BW[K*]

2For the BABAR experiment, the PEP-II storage rings operate with a c.m. energy around the
Υ (4S) resonance, 10.58GeV. Data that is collected on the Υ (4S) is referred to as on-resonance and
data that is collected slightly below the Υ (4S) resonance is referred to as off-resonance.
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and η=0.33 [100]3. The non-τ backgrounds were simulated for: e+e− → μ+μ−(γ) [96],

e+e− → Υ (4S) → B0B
0
, e+e− → Υ (4S) → B+B−, e+e− → cc, e+e− → uu, e+e− →

dd, and e+e− → ss [101,102]. The MC Simulation included a complete simulation of

the BABAR Detector response by means of the GEANT4 Software Package [103]. The

simulated events are then reconstructed in the same manner as data. The run-by-run

integrated luminosities for the MC and data are displayed in Table 4.1.

Run 1 Run 2 Run 3 Run 4 Run 5 Total
Data 23.0 68.1 34.8 110.4 106.0 342.4
τ+τ− 39.8 151.1 74.4 100.3 99.8 465.3
μ+μ− 41.7 136.7 75.9 101.0 105.6 461.0
uds 41.6 120.61 74.0 101.5 101.9 439.6
cc̄ 63.3 216.7 103.429 120.8 98.8 602.9
B+B− 126.5 452.7 216.724 306.0 306.9 1409.0
B0B̄0 125.9 461.4 226.2 303.8 302.5 1419.7
τ− → K−π−π+ν 210K 628K 330K 1012K 730K 2910K
τ− → K−K−K+ν 166K 500K 264K 806K 586K 2322K
τ− → K−π−π+π0ν 20K 20K 20K 20K 20K 100K
τ− → K−π−K+π0ν 20K 20K 20K 20K 20K 100K
τ− → K−K−K+π0ν 20K 20K 20K 20K 20K 100K

Table 4.1: The Data (on-resonance+off-resonance) and equivalent MC integrated
luminosity for Runs 1-5 in fb−1. For the τ− → K−π−π+ντ and τ− → K−K−K+ντ

MC the total number of events produced is quoted, while the τ− → π−π−π+ντ and
τ− → K−π−K+ντ are included in the generic τ+τ− MC.

4.3 Selection Procedure

4.3.1 Characteristic Event Shape

The event selection of τ− → h−h−h+ντ begins by selecting events which have an event

shape consistent with the kinematic constraint from e+e− → τ+τ− events in which

one τ decays leptonically and the other decays into τ− → h−h−h+ντ . Therefore,

3BW stands for Breit-Wigner function.
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events are required to have four well reconstructed tracks, which do not originate

from conversions in the material of the detectors, and have a net charge of zero. In

e+e− → τ+τ− at the BABAR collison energy, ∼ √
s = 10.58 GeV, the individual τ

decays are well separated in the c.m. frame. This makes it convenient to select events

by splitting the event into hemispheres in the c.m. frame, with the plane orthogonal

to the thrust axis4 with three of the tracks in one hemisphere and the other track

isolated in the opposite hemisphere. These events are referred to as 1 verses 3 prong

events. An event display of a typical 1 verses 3 prong τ decay can be seen in Figure

4.1.

To remove contamination from qq̄ and two photon backgrounds, the event is

required to have kinematic distributions that are consistent with coming from τ+τ−

events. Because the τ+τ− pairs have a high momentum in the c.m. frame, the events

have a jetty shape, and therefore a thrust higher than 0.85 is required to remove

qq̄ and two photon backgrounds which have a more spherically symmetrical shape

and lower thrust. In addition, the transverse momentum in the c.m. frame of the

event, the momentum orthogonal to the beam axis, is required to be greater than

0.9% of the c.m. energy to remove events that do not have missing particles, namely

neutrinos.

To allow for a clean particle identification of the selected tracks in the event, the

track must be within the acceptance of the relevant sub-detectors. Therefore, the

tracks in the event are required to be within the geometric acceptance of both the

DIRC and the EMC, (−0.76 < cos(θ) < 0.80). Furthermore, the track must have a

minimum transverse momentum of 250MeV/c, enabling them to reach the DIRC.

4The thrust axis is defined by the unit vector that maximizes the projected momentum from
all the charged and neutral reconstructed particles in the event. The thrust axis gives the axis
of energy flow in the event. The thrust of an event is a shape parameter determined from the
normalized projection of all the momenta from the relevant reconstructed particles onto the thrust
axis [104, 105].
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Figure 4.1: An event display of a typical 1 vs 3 prong τ pair event (τ+ → μ+νν̄
and τ− → π−π−π+ν). The image on the left-hand side is a front view of the BABAR

Detector, while the image on the right-hand side is a lateral view of the event. The
two inner most detectors are the Silicon Vertex Tracker (SVT) and the drift Chamber
(DCH). In these detectors, you can see the measured ionization from four particles
that transversed the detector. The energy per unit of distance (dE/dx) left by a
particle can be used to identify the tracks. Exterior to the DCH are the 12 quartz
bars from the DIRC. As the high energy particles transverse the quartz bars, the
Cherenkov light is collected and reflected into the standoff box. The Cherenkov
angle is measured in the standoff box component of the DIRC and used for particle
identification. The outside of the DIRC is the Electromagnetic Calorimeter (EMC).
The green blocks near the tracks in the EMC indicate that the particles have only
deposited a small amount of energy. The solid purple hit on the isolated track in the
outermost detector, the IFR and the small signal in the EMC clearly indicates that
the isolated particle was a muon. With the additional information from the SVT, the
DCH and the DIRC, the three tracks that do not produce a signal in the IFR and
have a small signal in the electromagnetic calorimeter are identified as pion tracks.

4.3.2 Tag Selection

The isolated track or “tag track” is required to be identified as either an electron or

a muon. A detailed description of these selectors can be found in Appendix A. To
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remove contamination from Bhabha events, e+e− → e+e−(γ), and e+e− → μ+μ−(γ),

in which an undetected photon converts into an e+e− pair, the tag track is required

to have a maximum momentum of less than 80% of
√
s/2c.

4.3.3 3 Prong Selection

To further reduce the Bhabha contamination, the 3 prong tracks must fail the stan-

dard BABAR electron selector. The remaining backgrounds are primarily from τ de-

cays with π0 and K0
S. The τ events containing K0

S are considered to be backgrounds

because the reconstruction efficiency of tracks originating from a K0
S decays differs

from that of tracks originating from the interaction point in the detector. Identified

pairs of oppositely charged tracks which have a mass consistent with being that of the

K0
S are removed, if the vertex of the track pair is more than six standard deviations

from the interaction point.

4.3.4 Neutral Rejection

To reduce contamination from π0 events and non-τ backgrounds, a neutral veto is

required. The neutral veto removes any events with well reconstructed π0 candi-

dates or events with large unassociated net neutral energies. The neutral association

employed in this analysis is based on the proximity of the neutrals to the track

or tracks in the same c.m. hemisphere as the neutral and the energy of the neu-

tral. Reconstructed neutrals are classified as being associated with a track if they

have: an Ecal < 0.200 GeV or an Ecal < 1GeV − 0.016 GeV/ cm ∗ d for an electron;

Ecal < 0.200 GeV for a muon; or Ecal < 0.200 GeV and d < 50cm for a hadron.

d is defined as the distance in centimetres between the cluster associated with the

track and the nearest neutral at the inner surface of the calorimeter. The remain-

ing unassociated neutrals with an energy greater than 0.050GeV are then consid-
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ered. In the electron tag hemisphere, the event is vetoed if a residual neutral has

an energy ETag
res ≥ 1.0 GeV. Similarly, the muon hemisphere is vetoed if a residual

neutral has an energy ETag
res ≥ 0.5 GeV. For the 3 prong hemisphere, the event is

vetoed if the total residual energy is E3prong
res ≥ 0.200 GeV. After applying the neu-

tral cuts, the e+e− → qq̄ background in the τ− → h−h−h+ντ sample is reduced to

∼ 0.1%. Contribution from τ decays with an extra π0 to each of the four decay modes

τ− → π−π−π+ντ , τ
− → K−π−π+ντ , τ

− → K−π−K+ντ , and τ− → K−K−K+ντ are

estimated to be (3.6 ± 0.3)%, (2.3 ± 0.4)%, (0.4 ± 0.1)%, and less than 5.0% respec-

tively.

4.3.5 Selection of the π−π−π+, K−π−π+, K−π−K+ and K−K−K+

Channels.

Once the events have been selected, the signal tracks are then identified as either a

kaon or a pion to classify the event into the four decay modes: τ− → π−π−π+ντ ;

τ− → K−π−π+ντ ; τ
− → K−π−K+ντ ; and τ− → K−K−K+ντ . The particle identifi-

cation of kaons and pions by the BABAR Detector utilizes information from the DIRC,

namely the Cherenkov angle (θC), the SVT, and the Drift Chamber, specifically the

differential ionization energy loss per unit length (dE
dx

), to distinguish the two particle

types. This information is employed in a likelihood approach to identify kaon and

pion tracks with a standard BABAR particle identification selector defined in Appendix

A. After selecting the pions and kaons with the standard BABAR kaon selector, there

is a discrepancy between data and MC around Plab=0.7 GeV/c for events that are in

the θC vs P regions A and B as defined in Figure 4.2. This discrepancy can be seen

in the pion control sample selected as a kaon illustrated in Figure 4.3 (left). These

regions correspond to when the information from the Cherenkov angle is not usable

and where the separation between pion and kaon dE
dx

curves is minimal. Therefore, a



Chapter 4. Branching Fraction Measurement of τ− → h−h−h+ντ 72

track that satisfies the kaon criteria is required to be in region C of the θC vs Plab or

have Plab > 0.8 GeV/c to be identified as a kaon, while a track that fails the standard

kaon selector is classified as a pion. The improved agreement in the pion control

sample selected as a kaon after the extra selection criteria are applied can be seen

in Figure 4.3 (right). The characteristic kaon identification efficiency is ∼ 80% and

pion misidentification rate is ∼ 1%.
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Figure 4.2: The particle identification regions for θC as a function of momentum.
The lower rectangular region is referred to as region A, the upper triangular region
is referred to as region B and the remaining region is referred to as region C.

An event is selected as τ− → π−π−π+ντ if all three hadron tracks are classified as

pions. If there are two oppositely charged pions and one kaon, the event is selected as

τ− → K−π−π+ντ ; if there are two oppositely charged kaons and one pion, the event

is selected as τ− → K−π−K+ντ . Lastly, if all the hadrons are classified as kaons, the

event is selected as τ− → K−K−K+ντ . The component of the efficiency matrix, Mij,

associated with the pion-kaon particle separation and the classification of the events

can be seen in Table 4.2 .
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Figure 4.3: The Data-MC discrepancy for the standard BABAR kaon selector before
(left) and after (right) the selection criteria that a track selected as a kaon is required
to be in region C of the θC vs Plab or have Plab > 0.8 GeV/c has been applied the pion
control sample. This control sample selects τ− → h−h−h+ντ cross-feed events using
the τ− → K−π−K+ντ selection criteria in this analysis with the additional constraint
that the invariant mass of the selected events is between 1.65 GeV/c2 − 1.82 GeV/c2

and the corresponding particle identification for the kaon. The data is represented
by the points with the error bars representing the statistical uncertainty. The open
histogram represents the τ− → K−π−π+ντ MC, while the lightly shaded histogram
represents the τ− → π−π−π+ντ cross-feed. The remaining τ backgrounds and the
non-τ backgrounds are represented by the dark histogram.

The 3 prong hemisphere is required to have a total invariant mass, determined

with the selected particle masses, consistent with coming from a τ decay, M3prong <

1.82 GeV/c2. The mass cut is conservatively placed above the τ mass to account for

resolution effects.

4.4 3D Dalitz Weighting

In the invariant mass distributions, seen in Figures 4.4 to 4.7, there are small dis-

crepancies between the data and MC due to the modelling of resonance structure in
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Candidates Decay modes
πππ Kππ KπK KKK

πππ 97.40 22.49 4.73 1.02
Kππ 1.42 74.87 16.43 6.38
KπK 0.01 0.49 59.63 25.54
KKK − − 0.26 50.87

Table 4.2: The component of the efficiency migration matrix associated with pion-
kaon particle identification represented as percentages for the τ− → h−h−h+ντ analy-
sis. Note: this efficiency matrix includes efficiency losses resulting from the cross-feed
of the wrong charge combinations and small factors associated with data control sam-
ple corrections to the MC cross-feed efficiencies. As a result, the columns in this table
do not add up to 100%.

the decays. This means that the kinematic distributions of the signal tracks in the

MC, namely Plab and θ which detector acceptance and efficiency depend on, will have

slight deviations from the data. As a result, the efficiency of the event selection may

be biased by the poor modelling of the resonance structure in the τ− → h−h−h+ντ de-

cays. To correct for this, the reconstructed MC events are weighted so that their three

dimensional Daltiz distribution5 match the measured three dimensional Daltiz distri-

bution in the data for the τ− → π−π−π+ντ , τ
− → K−π−π+ντ , and τ− → K−π−K+ντ

decays, thereby constraining all the kinematic variables in the decay. This weighting

was done in an iterative process to account for shifts in the cross-feed. Due to limita-

tions from statistics, the reconstructed MC events for the τ− → K−K−K+ντ decay

are weighted to have the same invariant mass distribution as the measured data. The

invariant mass distributions after the Dalitz weighting has been applied to the MC

can be found in Appendix B.

5For a three body decay, the kinematic structure of the event is described by two variables in the
Dalitz plot. Typically, the two variables used in Dalitz plots are M13 and M23. However, due to the
missing neutrino in τ decays, the invariant mass of the hadronic system, M123, must be included in
the Daltiz distribution if the kinematics of the decay are to be described completely.
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Figure 4.4: The Raw τ− → π−π−π+ντ invariant mass distributions for M123

(left), M13 and M23 (right). The data is represented by the points with the er-
ror bars representing the statistical uncertainty. The open histogram represents
the signal MC for the respective channels, while the lightly shaded histogram
represents the cross-feed from the other τ− → h−h−h+ντ channels. The re-
maining τ backgrounds and the non-τ backgrounds are represented by the dark
histogram.

4.5 Systematic Uncertainty Studies

The systematic uncertainties in this analysis originate from event reconstruction and

selection, the MC simulation modelling of the background, the detector response,

and the signal efficiency.

4.5.1 Normalization Systematic Uncertainty

• The systematic uncertainty associated with the normalization has two compo-

nents: the luminosity uncertainty and the cross-section uncertainty. The uncer-

tainty in the cross-section is σe+e−→τ+τ− = (0.919±0.003) [106]. The luminosity

uncertainty is determined from Bhabha events, μ pair events and two photon

events [107,108]. After removing the μ-pair theoretical uncertainty, which can-
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Figure 4.5: The Raw τ− → K−π−π+ντ invariant mass distributions for M123

(top), M13 (bottom-left), and M23 (bottom-right). The data is represented by
the points with the error bars representing the statistical uncertainty. The
open histogram represents the signal MC for the respective channels, while
the lightly shaded histogram represents the cross-feed from the other τ− →
h−h−h+ντ channels. The remaining τ backgrounds and the non-τ backgrounds
are represented by the dark histogram.

cels in σL, the total luminosity uncertainty is 0.94%6 [107,108]. Therefore, the

6The total luminosity uncertainty of 0.94% is the run by run luminosity uncertainty. This
systematic uncertainty results in a ∼ 20% probability for the probability of the run variations
between runs 2 to 5.
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Figure 4.6: The Raw τ− → K−π−K+ντ invariant mass distributions for M123

(top), M13 (bottom-left), and M23 (bottom-right). The data is represented by
the points with the error bars representing the statistical uncertainty. The
open histogram represents the signal MC for the respective channels, while
the lightly shaded histogram represents the cross-feed from the other τ− →
h−h−h+ντ channels. The remaining τ backgrounds and the non-τ backgrounds
are represented by the dark histogram.

systematic uncertainty due to normalization is 1.0%.
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Figure 4.7: The Raw τ− → K−K−K+ντ invariant mass distributions for M123

(left), M13 and M23 (right). The data is represented by the points with the error
bars representing the statistical uncertainty. The open histogram represents the
signal MC for the respective channels, while the lightly shaded histogram repre-
sents the cross-feed from the other τ− → h−h−h+ντ channels. The remaining τ
backgrounds and the non-τ backgrounds are represented by the dark histogram.

4.5.2 Mij and Particle-ID

• The components of the efficiency migration matrix, which are determined from

the τ pair MC, have a statistical uncertainty associated with the MC number

of events generated. The propagation of these uncertainties to the measured

branching fractions are determined from a Toy MC7 program with 10,000 trials.

• The migration matrix Mij is modified, using data control samples of kaons

and pions from D∗+ → π+D0, D0 → π+K− decays, to account for the small

differences between MC and data. There are two sources of uncertainties arising

from the particle identification corrections.

7A program which uses the Monte Carlo Technique to compute the variation in a measurement
from an initial set of measured uncertainties is commonly referred to as a Toy MC program.



Chapter 4. Branching Fraction Measurement of τ− → h−h−h+ντ 79

1. There is a systematic uncertainty related to statistical uncertainties on the

entries from the data and MC control samples used to produce the particle

identification correction. The statistical uncertainties for the data and MC

control samples, on the measured branching fractions, is determined from

a Toy MC program with 100 trials.

2. There is a systematic uncertainty associated with the difference between

the event environment of the control sample events used to create the stan-

dard BABAR particle-ID table corrections and the environment of the events

selected in the τ− → h−h−h+ντ analysis. Such differences could arise from

track and photon multiplicity differences. To account for the possible dif-

ferences in the efficiency from the environment, the particle identification

efficiency for each element, in the efficiency matrix, is determined from

the selected τ− → h−h−h+ντ MC events, using the truth information and

compared to the average particle identification efficiency determined from

the D∗+ → π+D0, D0 → π+K− pion and kaon MC control samples. As

an estimate, the percent difference, of the efficiency determined from the

τ− → h−h−h+ντ MC events relative to the efficiency from the particle-ID

MC control samples, was taken as the systematic uncertainty.

• In Section 4.3.5, it was shown that there is a discrepancy in the standard

kaon selector. This results in a data-MC discrepancy in the amount of pi-

ons feeding down into the channels that have more kaons. To quantify the

uncertainty associated with the discrepancy in the rate of pions being mis-

identified as kaons with the modified kaon selector, the τ− → π−π−π+ντ events

selected as τ− → K−π−π+ντ events, that had an invariant mass above the

τ− → K−π−π+ντ signal, were used as a control sample. The reduction in the
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data-MC disagreement, from the extra selection criteria, is quantified by tak-

ing the ratio of excess data events before and after the extra selection criteria

has been applied to the control sample in Figure 4.3. The systematic uncer-

tainty associated with a data-MC discrepancy is then the difference between

the branching fraction measured with the modified kaon selector and the stan-

dard kaon selector multiplied by the ratio which describes the reduction in the

data-MC disagreement.

• A similar particle identification discrepancy of kaons being mis-identified as pi-

ons was observed in the τ− → π−π−K+ντ and τ− → K−K−π+ντ decay modes

which are highly suppressed8. Since, there is no evidence for these decay modes

in the data, they are utilized as control samples to determine a systematic

uncertainty associated with a kaon being identified as a pion. This data-MC

discrepancy in the selected τ− → π−π−K+ντ and τ− → K−K−π+ντ events

originates from the same the problematic region as the data-MC discrepancy of

pions being selected as kaons. From these control samples, a very conservative

upper limit of 40% is assigned as the systematic uncertainty on the selected

events with kaon mis-identification as pion rate for the τ− → π−π−π+ντ , and

τ− → K−π−K+ντ channels. For the τ− → K−π−π+ντ decay mode the system-

atic uncertainty is the difference in the τ− → K−π−π+ντ branching fraction

with and without the pion being required to satisfy the extra selection criteria

that the track be in region C of the θC vs Plab or have Plab > 0.8 GeV/c.

8The Feynman Diagram for these decay modes requires an extra weak interaction relative to the
other τ− → h−h−h+ντ decay modes.
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4.5.3 Signal Modelling

• In Section 4.4, the reconstructed MC is weighted to correct the modelling of

resonance structure in the τ− → h−h−h+ντ decays. The systematic uncertainty

assigned for the modelling of the resonance structure is taken at the full shift in

the branching fractions determined with and without the 3D Dalitz weighting.

4.5.4 EMC and DCH Response

• The systematic uncertainty associated with the scale and resolution modelling

of the reconstructed tracks in the tracking detectors is estimated by varying

the scale and resolution of the momentum in the MC using a control sample of

e+e− → μ+μ−γ events. The measured momentum from the tracking detectors

can be written in terms of the momentum MC Truth, P Truth
MC , the measured

momentum, P reco
MC , a momentum resolution, RP , is the Data-MC momentum

resolutions ratio, and SP is the Data-MC momentum scale ratio for the mo-

mentum.

P reco′
MC (P Truth

MC , P reco
MC , SP ) =

(
P Truth

MC +RP

(
P Truth

MC − P reco
MC

))
SP . (4.3)

For positive tracks SP = 0.99994 ± 0.00033 and RP = 0.9488 ± 0.0031 and

for negative tracks SP = 0.99928 ± 0.00035 and RP = 0.9425 ± 0.0032 [109].

The uncertainty associated with the momentum scale is taken as the change in

the branching fractions when the momentum scale in the MC is modified using

Equation 4.3. Similarly, the uncertainty on the momentum resolution is taken

as the change in the branching fractions when the momentum resolution in the

MC is modified using Equation 4.3.

• The determination of the energy scale and resolution systematic is determined
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with an approach analogous to that used for the momentum energy scale and

resolution. The EMC energy, when parameterized in terms of the data MC

energy resolution, RE = 0.95±0.14, and the energy scale offset, SE = −0.0020±
0.0031GeV, is

Ereco′
MC (ETruth

MC , Ereco
MC , RE) =

(
ETruth

MC +RE

(
ETruth

MC − Ereco
MC

))
+ SE (4.4)

where Ereco
MC is the reconstructed MC energy, and ETruth

MC is the energy MC

Truth [109]. The uncertainty on the energy resolution is taken as the change

in the branching fractions when the energy resolution in the MC is modified

using Equation 4.4 and the uncertainty associated with the energy scale is taken

as the change in the branching fractions when the energy scale in the MC is

modified using Equation 4.4.

• The modelling of θ in the MC is accurate to 0.000897 ± 0.000005rad [109].

Therefore, the θ is shifted by ±0.000897rad in the MC and the maximum change

in the branching ratios is taken as the systematic uncertainty.

• The c.m. energy is known to an accuracy of ±2MeV [110]. The systematic

resulting from the c.m. energy scale and energy spread was determined as the

maximum shift resulting from varying the c.m. energy in the MC by ±2MeV .

• The systematic uncertainty related to the modelling of the tracking efficiency

was determined with a 1 versus 3 prong τ pair control sample [111–113]. Be-

cause the data and MC tracking efficiencies were consistent within the uncer-

tainties of the control sample no correction was applied. The uncertainty on

the ratio of data and MC efficiencies determined from the 1 versus 3 prong τ

pair control sample was taken as the systematic uncertainty on each track.
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• There is a 3% systematic uncertainty associated with the efficiency of the π0

rejection [114]. Therefore, a systematic uncertainty of 3% is applied to all of

the remaining backgrounds that contain π0’s.

• There is a systematic uncertainty associated with the modelling of the signal

distributions for which cuts were applied. For each of the cuts applied in the

τ− → h−h−h+ντ analysis associated with tracking or the EMC, the mean of the

selected distribution of the cut parameter for the data and MC were compared

to verify the modelling in the MC. If the means on the data and MC have a sta-

tistical deviation of more than 2 standard deviations, a systematic uncertainty

was assigned to account for possible modelling bias of the MC signal associated

with the cut variable. The systematic uncertainty is evaluated as the change in

the branching fractions, caused by altering the cut value applied to the MC, to

account for the deviation between the data and MC means for the cut variable.

The cut variable that had this modelling bias uncertainty applied are:

1. The cut applied to the residual neutral energy of the 1 prong lepton tracks.

The difference between the data and MC means used to shift the signal

MC distribution for the 1 prong residual neutral energy cut is 0.00039 GeV

for the electron track and 0.00021 GeV for the muon track. Figures 4.8 and

4.9 show the data MC agreement in the 1 prong residual neutral energy

distribution. The systematic uncertainty is calculated for the electron and

muon cases separately and then combined using the standard propagation

of errors.

2. The cut applied to the residual neutral energy of the 3 prong signal tracks.

The difference between the data and MC means used to shift the MC

distribution for the 3 prong residual neutral energy cut is 0.00019 GeV.
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The data MC agreement in the 3 prong residual neutral energy distribution

is shown in Figures 4.10 and 4.11 .

3. The cut applied to remove contamination from τ decays containing K0
S.

The difference between the data and MC means used to shift the MC

distribution for the K0
S significance cut is 0.0311. The distribution of the

K0
S significance in the xy plane can be seen in Figure 4.12.

4.5.5 Trigger

• The systematic uncertainty associated with the trigger is estimated from run-

ning the selection criteria with and without the trigger for τ− → K−π−π+ντ

and τ− → K−K−K+ντ MC events. Using the conservative estimate that the

trigger is correctly modelled to the 10% level [109], the systematic uncertainty

applied to the branching fractions is defined as 10% of the largest relative

shift in the number of selected MC events. This turned out to be a negligible

systematic uncertainty and is therefore applied to the τ− → π−π−π+ντ and

τ− → K−π−K+ντ channels as well.

4.5.6 Backgrounds

• The systematic uncertainty from the τ backgrounds was determined for all the

major background modes by shifting branching fraction in the MC by one stan-

dard deviation about their values [39]. The branching fraction for the dominant

backgrounds can be seen in Table 4.3. For the τ− → K−K−K+π0ντ back-

ground, there is only an upper limit on the branching ratio. Therefore, the un-

certainty, associated with this background mode, is defined as the change in the

measured branching fraction caused by subtracting the τ− → K−K−K+π0ντ

MC background, where the branching fraction is normalized to the τ− →
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Figure 4.8: The 1 prong residual neutral energy distribution for the electron
track vs the τ− → π−π−π+ντ (top-left), τ− → K−π−π+ντ (top-right), τ− →
K−π−K+ντ (bottom-left), and τ− → K−K−K+ντ (bottom-right) channels.
The data is represented by the points with the error bars representing the
statistical uncertainty. The open histogram represents the signal MC for the
respective channels, while the lightly shaded histogram represents the cross-feed
from the other τ− → h−h−h+ντ channels. The remaining τ backgrounds and
the non-τ backgrounds are represented by the dark histogram. The dotted line
represents the cut value while the hatching indicated which side of the cut is
rejected. The sharp discontinuity in these distributions is a result of the neutral
association definitions.
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Figure 4.9: The 1 prong residual neutral energy distribution for the muon
track vs the τ− → π−π−π+ντ (top-left), τ− → K−π−π+ντ (top-right), τ− →
K−π−K+ντ (bottom-left), and τ− → K−K−K+ντ (bottom-right) channels.
The data is represented by the points with the error bars representing the
statistical uncertainty. The open histogram represents the signal MC for the
respective channels, while the lightly shaded histogram represents the cross-feed
from the other τ− → h−h−h+ντ channels. The remaining τ backgrounds and
the non-τ backgrounds are represented by the dark histogram. The dotted line
represents the cut value while the hatching indicated which side of the cut is
rejected. The sharp discontinuity in these distributions is a result of the neutral
association definitions.
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Figure 4.10: The 3 prong residual neutral energy distribution from 0 GeV to
5 GeV for τ− → π−π−π+ντ (top-left), τ− → K−π−π+ντ (top-right), τ− →
K−π−K+ντ (bottom-left), and τ− → K−K−K+ντ (bottom-right). The data
is represented by the points with the error bars representing the statistical
uncertainty. The open histogram represents the signal MC for the respective
channels, while the lightly shaded histogram represents the cross-feed from the
other τ− → h−h−h+ντ channels. The remaining τ backgrounds and the non-τ
backgrounds are represented by the dark histogram. The dotted line represents
the cut value while the hatching indicated which side of the cut is rejected. The
sharp discontinuity in these distributions is a result of the neutral association
definitions.
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Figure 4.11: The 3 prong residual neutral energy distribution from 0 GeV to
1 GeV for τ− → π−π−π+ντ (top-left), τ− → K−π−π+ντ (top-right), τ− →
K−π−K+ντ (bottom-left), and τ− → K−K−K+ντ (bottom-right). The data
is represented by the points with the error bars representing the statistical
uncertainty. The open histogram represents the signal MC for the respective
channels, while the lightly shaded histogram represents the cross-feed from the
other τ− → h−h−h+ντ channels. The remaining τ backgrounds and the non-τ
backgrounds are represented by the dark histogram. The dotted line represents
the cut value while the hatching indicated which side of the cut is rejected. The
sharp discontinuity in these distributions is a result of the neutral association
definitions.
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Figure 4.12: The K0
S significance in the xy plane distribution for τ− →

π−π−π+ντ (top-left), τ− → K−π−π+ντ (top-right), τ− → K−π−K+ντ (bottom-
left), and τ− → K−K−K+ντ (bottom-right). The data is represented by the
points with the error bars representing the statistical uncertainty. The open his-
togram represents the signal MC for the respective channels, while the lightly
shaded histogram represents the cross-feed from the other τ− → h−h−h+ντ

channels. The remaining τ backgrounds and the non-τ backgrounds are repre-
sented by the dark histogram. The dotted line represents the cut value while
the hatching indicated which side of the cut is rejected.

K−K−K+π0ντ branching fraction estimated, from the τ− → K−K−K+π0ντ

upper-limit [115], compared to when there is no τ− → K−K−K+π0ντ back-
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ground subtraction.

Decay Br.

τ− → π−π−π+π0ντ 4.46 ± 0.06
τ− → K−π−π+π0ντ (7.9 ± 1.2)−4

τ− → K−π−K+π0ντ (6.4 ± 2.1)−5

τ− → K−K−K+π0ντ (2.9 ± 2.9) × 10−6 (4.8 × 10−6@90% CL [115])
τ− → K0

Sπ
−ντ → π−π−π+ντ (8.9 ± 0.4) × 10−3

τ− → K−K̄0γντ (1.54 ± 0.16) × 10−3

τ− → ρ−ντ (25.50 ± 0.10) × 10−2

Table 4.3: The dominant branching fractions for the τ backgrounds used for deter-
mining the τ background systematic [39].

• The dominant systematic uncertainty associated with μ pairs is the cross-section

of the μ pairs. Therefore, the systematic uncertainty associated with the μ pairs

is determined from the shift in the branching fraction caused by shifting the μ

pairs by one standard deviation of the cross-section. This results in a negligible

uncertainty.

• The systematic uncertainty associated with the qq̄ background utilizes the side

band region above the 3 prong invariant mass cut, M > 1.82GeV/c2, to deter-

mine the deviation between data and the qq̄ background. The qq̄ MC is then

scaled to match the data in this region and the resulting shift in the branching

fraction is taken as the systematic uncertainty. The scale factors used in this

analysis were: 3.91 for the qq̄ background in the τ− → π−π−π+ντ channel;

1.78 for the qq̄ background in the τ− → K−π−π+ντ channel; 1.79 for the qq̄

background in the τ− → K−π−K+ντ channel; and -0.32 for the qq̄ background

in the τ− → K−K−K+ντ channel.

• In the τ− → h−h−h+ντ analysis, there is no Bhabha MC available, therefore

a systematic uncertainty is required to account for possible biases caused by
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Bhabha contamination in this work. In the default analysis, none of the three

hadron candidates on the 3 prong side are allowed to pass the electron veto.

To estimate the Bhabha contamination, the number of electron vetoes is loos-

ened by requiring only 0, 1 or 2 electron vetoes and then measuring the percent

deviation between the data and MC in the region 0.6c−1 < Pcm/
√
s < 0.8c−1,

where, due to kinematics, the Bhabha contamination is the highest. It is as-

sumed that the percent deviation is the result of Bhabha contamination. From

these percent deviations for 0, 1, and 2 electron vetoes, a least square fit is used

to estimate the percent Bhabha contamination when all three electron vetoes

are applied. The resulting estimate of the percent Bhabha contamination is

used to set a conservative systematic for the Bhabha contamination.

• There is a systematic uncertainty associated with the modelling of the back-

ground distributions for which cuts were applied. For each of the cuts applied in

the τ− → h−h−h+ντ analysis associated with tracking or the EMC, the validity

modelling of the background MC was characterized by comparing the mean of

the data and MC distributions in the region being rejected by the cut. If the

means on the data and MC differ by more than 2 standard deviations, a sys-

tematic uncertainty was assigned to account for possible modelling bias of the

MC backgrounds associated with the cut variable. The systematic uncertainty

is evaluated as the change in the branching fractions caused by altering the cut

value applied to the MC, to account for the deviation between the data and

MC means for the cut variable. The cut variables which have a background

modelling uncertainty assigned are:

1. The cut applied to the residual neutral energy of the 1 prong lepton tracks.

The difference between the data and MC means used to shift the back-
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ground MC distributions for the 1 prong residual neutral energy cut on

the electron track is 0.025 GeV for the τ− → π−π−π+ντ channel. The MC

for the other channels were not altered because they were not of statistical

significance.

2. The cut applied to the residual neutral energy of the 3 prong signal

tracks. The difference between the data and MC means used to shift

the background MC distributions for the 3 prong residual neutral energy

cut are: 0.0108 GeV for the τ− → π−π−π+ντ channel; 0.016 GeV for the

τ− → K−π−π+ντ channel; and -0.073 GeV for the τ− → K−π−K+ντ

channel. The background τ− → K−K−K+ντ cut was not altered for the

MC because the data MC deviation is less than 1 standard deviation.

3. The cut applied to remove contamination from τ decays containing K0
S.

The difference between the data and MC means used to shift the back-

ground MC distributions for the K0
S significance cut is -0.17; for the

τ− → π−π−π+ντ channel; -0.67 for the τ− → K−π−π+ντ channel; and 2.10

for the τ− → K−π−K+ντ channel. The background τ− → K−K−K+ντ

cut was not altered for the MC because the data MC deviation is less than

1 standard deviation.

• The MC Backgrounds have a statistical uncertainty associated with the number

of MC events generated. The propagation of these uncertainties to the measured

branching fractions are determined from a Toy MC program with 10,000 trials.

4.6 Results

The branching fraction results for the τ− → h−h−h+ντ analysis are presented in Table

4.4 with the Particle Data Group (PDG) [39] for comparison. These measurements
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represent a significant improvement in our understanding of these branching fractions

and are consistent with the previous PDG world averages.

τ− → π−π−π+ντ τ− → K−π−π+ντ

ε 0.028 0.031
NData (1.5953 ± 0.0013) × 106 (6.956 ± 0.0026) × 104

NBkg (0.0642 ± 0.0002) × 106 (0.226 ± 0.0064) × 104

NSig (55.59 ± 0.05) × 106 (171.5 ± 1.2) × 104

B (this work) (8.83 ± 0.01 ± 0.13)% (0.273 ± 0.002 ± 0.009)%
B (PDG fit) (9.02 ± 0.08)% (0.333 ± 0.035)% [51,116,117]

τ− → K−π−K+ντ τ− → K−K−K+ντ

ε 0.035 0.039
NData (1.819 ± 0.013) × 104 275 ± 17
NBkg (0.0145 ± 0.0008) × 104 2.5 ± 1.5
NSig (84.71 ± 0.66) × 104 (9.93 ± 0.84) × 104

B (this work) (0.1346 ± 0.0010 ± 0.0036)% (1.58 ± 0.13 ± 0.12) × 10−5

B (PDG fit) (0.153 ± 0.010)% ≤ 3.7 × 10−5@90%CL

Table 4.4: These tables summarize the τ− → h−h−h+ντ branching fraction results.
The first row contains the characteristic efficiencies before the application of particle
identification. The number of selected events, background events and signal events
determined using Equation 4.1 are displayed in rows 2 through 4. In the 5th line,
the branching fractions from this work are presented where the first uncertainty is
statistical and the second uncertainty is the systematic uncertainty. For comparison,
the bottom row contains the corresponding world average branching fractions [39].

A decomposition of the uncertainties related to the measured τ− → h−h−h+ντ

branching ratios can be found in Table 4.5. The decay modes τ− → π−π−π+ντ ,

τ− → K−π−π+ντ , and τ− → K−π−K+ντ are systematically limited. For τ− →
π−π−π+ντ , the dominant uncertainties are the luminosity uncertainty and the EMC

and DCH response uncertainty. The main contribution to the EMC and DCH re-

sponse uncertainty is from the modelling of neutrals and their association to the

hadron tracks in the EMC for the 3 prong hemisphere. For the τ− → K−π−π+ντ

and τ− → K−π−K+ντ decay modes, the dominant uncertainty is related to the mod-
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πππ Kππ KπK KKK
Statistical Uncertainties

data statistics 0.08 0.66 0.74 8.24
Systematic Uncertainties

Lσe+e−→τ+τ− 1.0 1.0 1.0 1.0
Mij and particle ID 0.4 3.0 1.9 4.9
signal modelling 0.2 0.2 1.3 2.0
EMC and DCH response 0.8 0.9 0.8 1.2
trigger 0.1 0.1 0.1 0.1
backgrounds 0.4 0.7 0.4 5.5
Total 1.4 3.4 2.7 7.8

Error Correlation Matrix
πππ 0.544 0.390 0.031
Kππ 0.177 0.093
KπK 0.087

Table 4.5: A summary of the uncertainties for the τ− → h−h−h+ντ analysis expressed
in percentages. The individual systematic uncertainties are added in quadrature to
obtain the total systematic uncertainty. The bottom of the table contains the error
correlation matrix which includes both statistical and systematic components.

elling of the kaon and pion separation. These decay modes also have a significant

contribution to the total systematic uncertainty from the modelling of neutrals and

their association to the hadron tracks in the EMC for the 3 prong hemisphere. In con-

trast to the latter modes, the τ− → K−K−K+ντ decay mode is statistically limited.

However, a significant contribution to the uncertainty comes from the uncertainty

in the τ− → K−K−K+π0ντ background, described in Section 4.5.6, and the MC

statistical uncertainty of the migration matrix elements.
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Chapter 5

Fitting the φ Resonance in
τ− → K−π−K+ντ and
τ− → K−K−K+ντ Decays

5.1 Methodology of Analysis

In the τ− → h−h−h+ντ analysis, the τ decays τ− → K−π−K+ντ and τ− → K−K−K+ντ

were observed to have a φ resonance contribution in their K−K+ invariant mass

spectra seen in Figures 4.6 and 4.7. The B(τ− → φπ−ντ ) is useful in under-

standing the mixing of the ω − φ and Okubo-Zweig-Iizuka (OZI) suppression [118],

while a complete investigation of the non-resonance and resonance component of

the τ− → K−K−K+ντ has never been studied before. A binned maximum likeli-

hood fit is used to measure the φ resonance in the background subtracted τ− →
K−π−K+ντ and τ− → K−K−K+ντ K

−K+ invariant mass spectra and thereby de-

termine B(τ− → φπ−ντ ), B(τ− → φK−ντ ) and B(τ− → K−K−K+ντ [ex.φ]). The

number of τ− → φπ−ντ and τ− → φK−ντ signal events are then determined using an

efficiency migration matrix, εij , obtained from MC as in the τ− → h−h−h+ντ analy-

sis, where again, the modelling of the particle identification in the efficiency matrix

has been corrected using data control samples of kaons and pions from D∗+ → K+D0

and D0 → K−π+ decays. The number of signal events for decay mode j is then
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NSig
j =

∑
i

(ε−1)ji

(
NF it

i

)
(5.1)

where NF it
i is the number of φ resonance events extracted from the binned max-

imum likelihood fit. The branching fractions are obtained by accounting for the

luminosity, L, and the τ pair cross-section, στ+τ− as described in Equation 4.2.

The non-resonance τ− → K−K−K+ντ contribution is determined from the τ− →
K−K−K+ντ binned maximum likelihood fit. After correcting for the non-resonance

τ− → K−K−K+ντ efficiency obtained from MC simulation, an upper-limit on the

branching fraction B(τ− → K−K−K+ντ [ex.φ]) is made.

5.2 Fitting Procedure for the φ peak for πφ and

Kφ

The statistics for both of the K−K+ invariant mass spectra were enhanced by loosen-

ing the kaon selection algorithm compared to that used for the τ− → h−h−h+ντ anal-

ysis as this provides a significantly higher signal-to-background ratio. The component

of the migration matrix associated with particle identification for the loosened kaon

selector can be found in Table 5.3. The τ and non-τ backgrounds were removed from

the K−K+ invariant mass distribution for τ− → K−π−K+ντ and τ− → K−K−K+ντ

channels. In the τ− → K−π−K+ντ channel, the φ peak in the K−K+ invariant mass

distribution was fitted with Breit-Wigner convoluted with a Gaussian to describe

that φ peak, while the non-πφ background was modelled with a polynomial of 3rd

order. A summary of the parameters used in this fit can be found in Table 5.1. For

the τ− → K−K−K+ντ channel, the K−K+ invariant mass distribution with both

combinations of K−K+ included, was fitted with a Breit-Wigner convoluted with a

Gaussian to describe that φ peak, while the combinatoric background was modelled
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Parameter Value Explanation
K−π−K+ Signal Function (Breit-Wigner)

mφ (1019.78 ± 0.33) MeV/c2 The φ mass was floated in the fit and
is consistent with the world average
value, (1019.460 ± 0.019)MeV/c2 [39].

Γφ (4.2600 ± 0.50) MeV The φ width [39] is fixed in this fit.
K−π−K+ Detector Resolution Function (Gaussian)

σ 1.28MeV/c2 The detector resolution value is fixed
K−π−K+ Signal Normalization

nsig (4.50 ± 0.55) × 10−2 The percent of signal events in the dis-
tribution measured in the fit.

K−π−K+ Background Function (3rd Order Polynomial)
p0 (5.150 ± 0.040) × 105 This value is determined from the fit.
p1 (−9.737 ± 0.067) × 105 This value is determined from the fit.
p2 (4.565 ± 0.036) × 105 This value is determined from the fit.

Table 5.1: The fit parameters for the φ resonance in the K−K+ invariant mass
distribution for the K−π−K+ channel.

with the function:

f(m) =

⎧⎪⎪⎨
⎪⎪⎩

[m− 2mK ] e[a∗(m
2−(2mK )2][m2−(2mK )2]

b

, if m > 2mK

0, if m ≤ 2mK

(5.2)

where mK is the kaon mass [119]. Table 5.2 contains a summary of the parameters

used in this fit. For both the τ− → K−π−K+ντ and the τ− → K−K−K+ντ fits,

the σ for the Gaussian, which describes the detector resolution, was fixed to a value

determined from fitting the MC signal, 1.28MeV/c2, and the mass of the φ peak was

fitted with a Gaussian constraint using the φ mass from [39].
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Parameter Value Explanation
K−K−K+ Signal Function (Breit-Wigner)

mφ (1019.64 ± 0.23) MeV/c2 The φ mass was floated in the fit and
is consistent with the world average
value, (1019.460 ± 0.019)MeV/c2 [39].

Γφ (4.2600 ± 0.50) MeV The φ width [39] is fixed in this fit.
K−K−K+ Detector Resolution Function (Gaussian)

σ (1.28)MeV/c2 The detector resolution value is fixed
for the fit.

K−K−K+ Signal Normalization
nsig (4.94 ± 0.29) × 10−1 The percent of signal events in the dis-

tribution. This value is determined
from the fit.

K−π−K+ Background Function (Equation 5.2)
a −0.77 ± 0.15 Phase space parameter 1. This value is

determined from the fit.
b −3.4 ± 1.5 Phase space parameter 2. This value is

determined from the fit.
mK (493.677 ± 0.016)MeV/c2 The kaon mass is fixed to the world av-

erage value [39] for this fit.

Table 5.2: The fit parameters for the φ resonance in the K−K+ invariant mass
distribution for the K−K−K+ channel.

5.3 τ− → K−K−K+ν Non-resonance Upper Limit

The upper limit of the τ− → K−K−K+ντ non-resonance branching fraction is deter-

mined from the τ− → φK−ντ fit 1. The number of τ− → K−K−K+ντ non-resonance

events is the number of events τ− → K−K−K+ντ events in the τ− → φK−ντ fit

minus the number of measured τ− → φK−ντ events from the fit. After correcting

for the τ− → K−K−K+ντ non-resonance selection efficiency, (2.5456 ± 0.13)%, the

luminosity, and the τ pair cross-section, the upper limit was calculated with both the

1An upper limit on the τ− → K−K−K+ντ non-resonance branching fraction was also determined
by selecting events from the non-φ regions of the Dalitz plane, but the upper limit extracted with
this method was not competitive with the upper limit extracted from the τ− → φK−ντ fit.
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Candidates Decay modes
KπK KKK

φπ 72.54 19.20
φK 0.83 66.06

Table 5.3: The component of the efficiency migration matrix associated with pion-
kaon particle identification represented as percentages for the τ− → φπ−ντ and τ− →
φK−ντ measurements. Note: this efficiency matrix includes efficiency losses resulting
from the events being misidentified as τ− → π−π−π+ντ , τ

− → K−π−π+ντ events,
wrong charge combinations, and small factors associated with data control sample
corrections to the MC cross-feed efficiencies. As a result, the columns in this table
do not add up to 100%.

Gaussian assumption2 and the method defined in [120].

5.4 Systematic Uncertainties

The systematic uncertainties for the τ− → φπ−ντ , τ
− → φK−ντ and non-resonance

τ− → K−K−K+ντ decays include the systematic uncertainties from the τ− →
h−h−h+ντ analysis as well as the uncertainties originating from the φ → K+K−

branching fraction, the binned maximum likelihood fit and the backgrounds associ-

ated with these channels.

5.4.1 B(φ→ K+K−) Uncertainty

• The systematic uncertainty for the B(φ→ K+K−) is given in [39].

5.4.2 Fit Parameterization

• The systematic uncertainty associated with the fit parameterization was esti-

mated by varying the model used to describe the background in the binned

2If one assumes that the uncertainty can be approximated by a Gaussian, the upper limit can be
calculated x+

√
2erf−1(0.90)σ for a 90% C.L. where x is the measured value and σ is the uncertainty

on the measured value.
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maximum likelihood fit and comparing the stability of the result. In these

studies, polynomials of 4th and 5th order were used to model the backgrounds

in the τ− → φπ−ντ fit and a 4th order polynomial was used to model the

combinatoric background in the τ− → φK−ντ fit.

5.4.3 Fit Bias

• The fit bias was determined using MC studies. In the τ− → φπ−ντ fit, the bias

was determined as the difference between the number of fitted φ events and the

number of φ events in the MC. The τ− → φπ−ντ fit bias was determined to

be negligible. For the τ− → φK−ντ fit, the bias was determined as the shift

in nsig measured from the fit relative to the known amount in the MC. The

τ− → φK−ντ fit bias was determined to be 1.3%.

5.4.4 Additional Backgrounds

• The systematic uncertainty on the peaking qq̄ background was estimated by

doubling the peaking qq̄ background in the background subtraction. This scal-

ing factor was estimated from the 3 prong invariant mass M > 1.82GeV/c2

region as documented in Section 4.5.6.

• The contamination from τ− → φπ−π0ν is estimated with the τ− → K−π−K+π0ν

contamination in the τ− → K−π−K+ν channel. The τ− → φπ−π0ν, like

the τ− → φπ−ν channel, is OZI suppressed. Therefore, the suppression of

τ− → φπ−π0ν is estimated as being equivalent to the suppression of the

τ− → φπ−ν. To account for any difference in the OZI suppression and the

resonance structure, this estimate of the τ− → φπ−π0ν is increased by a factor

of 10.
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5.5 Results

The φ peak in the τ− → K−π−K+ντ can clearly be seen in K+K− invariant mass

distribution Figure 5.1 with the corresponding binned maximum likelihood fit located

in the inset. After background subtraction of the non-τ− → K−π−K+ντ events, the
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Figure 5.1: The K+K− invariant mass in τ− → K−π−K+ντ decays. The data is
represented by the points with the error bars representing the statistical uncertainty.
The open histogram represents the τ− → K−π−K+ντ MC, while the lightly shaded
histogram represents the τ− → h−h−h+ντ cross-feed. The non-τ backgrounds are
represented by the dark histogram. The inset shows the fit results for τ− → φπ−ντ

overlaid upon the background subtracted data. The solid line represents the complete
fit function, while the dotted line represents the fit function for the non-resonant
component. The points represent the data and the error bars represent the statistical
uncertainty and the MC statistical uncertainty from the background subtraction.

K+K− mass distribution, below 1.09 GeV/c2, from the τ− → φπ−ντ decay is well

described by a Breit-Wigner convoluted with a Gaussian resolution function for the

signal and a 3rd order polynomial for the background. The χ2 per degree of freedom
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for the binned maximum likelihood fit is 26.28/21, a probability value of 19.6%. The

signal yields from the fit is 344±42 τ− → φπ−ντ candidates.
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Figure 5.2: TheK+K− invariant mass in τ− → K−K−K+ντ decays with bothK+K−

combination per event. The data is represented by the points with the error bars
representing the statistical uncertainty. The open histogram represents the τ− →
K−K−K+ντ MC, while the lightly shaded histogram represents the τ− → h−h−h+ντ

cross-feed. The non-τ backgrounds are represented by the dark histogram. The inset
shows the fit results for τ− → φK−ντ overlaid upon the background subtracted data.
The solid line represents the complete fit function, while the dotted line represents
the fit function for the combinatoric background. The points represent the data and
the error bars represent the statistical uncertainty and the MC statistical uncertainty
from the background subtraction.

Similarly, Figure 5.2 illustrates the φ peak in the τ− → K−π−K+ντ decay and

the corresponding binned maximum likelihood fit in the inset. Below 1.15 GeV/c2

in the K+K− invariant mass distribution for the τ− → K−K−K+ντ decay, the φ

resonance is well described by a Breit-Wigner convoluted with a Gaussian resolution

function and the combinatoric background is well described by Equation 5.2. The χ2
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per degree of freedom is 140/176 resulting in a fit probability of 97.9%. The number

of τ− → φK−ντ signal events determined from this fit is 274±16.

The resulting branching fractions for the τ− → φπ−ντ and τ− → φK−ντ decays

are (3.42 ± 0.55 ± 0.25) × 10−5 and (3.39 ± 0.20 ± 0.28) × 10−5 respectively, with a

correlation of -0.07. In addition to these branching fractions, the τ− → φK−ντ fit is

used to set the first upper limit on B(τ− → K−K−K+ντ [ex.φ]) ≤ 2.5×10−6@90%CL

using the prescription defined in Section 5.3. A summary of the systematic uncertain-

ties for these values can be found in Table 5.4. The B(τ− → φπ−ντ ) is statistically

limited while the B(τ− → φK−ντ ) is limited by both the statistical uncertainty and

the systematic uncertainty. In both modes, the dominant systematic uncertainty is

due to backgrounds. For the τ− → φK−ντ decay mode this is a result of the lack of

information available for the τ− → K−K−K+π0ντ decay, while in the τ− → φπ−ντ

decay mode the background is qq̄ events and potential τ− → K−π−K+nπ0ντ events

which peak at the φ.
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Decays 104

KπK KKK
Statistical Uncertainties

fit statistics 16.1 5.9
Systematic Uncertainties

B(φ→ K+K−) 1.2 1.2
fit parameterization 1.0 2.0
fit bias na 1.3
Lσe+e−→τ+τ− 1.0 1.0
Mij and particle ID 1.9 4.9
signal modelling 1.3 2.0
EMC and DCH response 0.8 1.2
trigger 0.1 0.1
backgrounds 6.7 5.5
Total 7.3 8.3

Table 5.4: A summary of the uncertainties for the τ− → φπ−ντ and τ− → φK−ντ

analysis expressed in percentages. The individual systematic uncertainties are added
in quadrature to obtain the total systematic uncertainty.
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Chapter 6

Unfolding the Invariant Mass
Distribution

6.1 Introduction to Unfolding

When measuring a physical observable, the imperfections of the apparatus generally

cause distortions in the measured observable. These distortions are typically caused

by the finite resolution of the detector, the non-linear response of the scale and/or the

resolution of the detector over the distribution of the observable, and the probability

of acceptance which may vary over the distribution of the observable. In order to

compare an experimental measurement of an observable to the theoretical prediction

or to another experimental measurement, the distortions, in the measured observable,

must be corrected to obtain the “true” distribution of the observable. This process

is referred to as “unfolding” or “deconvolution”. The unfolding of an observable

requires the sources of the distortions, caused by the detector, during the process

of measurement to be understood, well modelled, and should be numerically stable

independent of the physics model used to describe the observable. Unfolding methods

that are commonly employed in particle physics include: Bayesian Unfolding [7],

Singular Value Decomposition [121], parameterization of the detectors response with

spline interpolations [122], and simple migration where each bin is assumed to be
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uncorrelated. The unfolding technique used in this analysis is the Bayesian Unfolding.

6.1.1 Bayesian Unfolding

Bayesian Unfolding is an iterative unfolding method that is based on Bayes Theorem.

Bayes’ Theorem states that conditional probability of the cause, Ci, given the event,

E, referred to as the posterior probability is

P (Ci|E) =
P (E|Ci)P (Ci)∑nc

l=1 P (E|Cl)P (Cl)
(6.1)

where P (Ci) is the prior probability for the cause Ci and P (E|Ci) is the conditional

probability of the event E given the cause Ci. The denominator is a normaliza-

tion condition of the probability P (E). For the measurement of an observable, the

cause corresponds to the “true” distribution before the distorting effect of the mea-

surement, and the event corresponds to the distribution of the measured observable.

The conditional probability P (E|Ci) takes into account the effects of measuring the

observable with the detector and is commonly determined using a full MC simula-

tion of the detector. The iterative process of Bayesian Unfolding begins with the

assumption of the prior probability P (Ci) which represents the best knowledge of the

initial or “true” distribution. Then, using the Bayes’ Theorem and the conditional

probability P (E|Ci) the posterior probability can be determined. From the posterior

probability the number of events for each cause is calculated, n̂′(Ci) = n(E)P (Ci|E),

and therefore a prior probability P ′(Ci) = n̂′/Ntotal, where Ntotal =
∑nc

i=1 n̂(Ci) is

the total number of events. This new prior probability will be between the original

prior and the true probability for each cause. By replacing the original prior with

P ′(Ci) and repeating the process, the unfolded distribution can be brought closer

to the true distribution in an iterative process. The number of iterations is chosen

to minimize the statistical uncertainty and the bias, where the bias is the deviation
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between the unfolded distribution and the “true” distribution which results from

the dependence of the unfolding method on the physics model used to simulate the

detector’s response [7].

6.2 Procedure

The unfolding of the invariant mass distributions, M123, M13 and M23, begin with the

data and MC data sets and selection criteria from the branching fraction measurement

defined in Section 4.1. The 3 dimensional Dalitz re-weighting of the MC is not applied

to allow for the evaluation of the bias caused by Bayesian Unfolding technique. The

details on the determination of the bias due to the unfolding can be found in Section

6.3.3. Before unfolding, the backgrounds, including the cross-feed from the other

signal channels, is subtracted from the data. The Bayesian Unfolding procedure

is applied to the given invariant mass data distribution for a range of iterations,

n = 1 → 30. The optimal numbers of iterations for the unfolding is the number of

iterations with the minimum total mean square error, σMES =
√∑

i σ
2
stat,i + σ2

bias,i,

where σstat,i is the statistical error in the ith bin of the invariant mass distribution and

σbias,i is the unfolding bias in the ith bin of the invariant mass distribution. Using the

invariant mass distribution unfolded with the optimized number of iterations, the bin

by bin efficiency correction, which is determined from MC truth, is applied and the

distribution is normalized to unity. The statistical uncertainty was determined using

a 1,000 trial MC distributions which simulated the mean and statistical uncertainty

on the measured data distribution. The systematic uncertainties are then determined

for the normalized invariant mass distribution.
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6.3 Systematic Uncertainty Studies

The systematic uncertainties relevant for the unfolding are those which can alter the

shape of the invariant mass distributions. These uncertainties originate from event

reconstruction and selection, the MC simulation modelling of the backgrounds, the

signal efficiency and the detector resolution.

6.3.1 Normalization Systematic Uncertainty

• There is a systematic uncertainty associated with the luminosity [107,108] and

the cross-section [106] for the subtracted backgrounds. This systematic un-

certainty is only determined for the τ backgrounds because the uncertainty

associated with the non-τ backgrounds is determined with control samples,

and is described in Section 6.3.6. The backgrounds are increased by the nor-

malization uncertainty, 1.0%, and then subtracted from the measured invariant

mass distributions and unfolded. The resulting shift in each bin relative to the

default unfolded distribution is taken as the systematic uncertainty.

6.3.2 Mij and Particle-ID

• The MC statistical uncertainty for the signal and backgrounds are estimated

separately with Toy-MC simulations for the backgrounds and signal. Each of

the Toy-MC studies had 1,000 trials where the Toy-MC simulated the mean,

the statistical uncertainty, and the correlation on the respective distributions.

• The particle-ID Statistical Systematic was estimated with a Toy-MC study with

100 trials. In each trial, the Toy-MC particle-ID tables were generated from

the standard BABAR particle-ID tables, with the particle-ID efficiency being

modelled by a Gaussian distribution. The MC events were then selected and
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weighted with the Toy-MC particle-ID tables. The invariant mass distribution,

after being background subtracted, was then unfolded. The RMS of each bin

and the associated correlations were then calculated from 100 unfolded distri-

butions which used the Toy-MC for unfolding.

• The systematic uncertainty related to pions being mis-identified as kaons has a

similar methodology to that of the branching fraction measurement in Section

4.5.2. The event selection is run without the extra selection critera requirements

so that the kaon tracks are not in the problematic region for particle identifica-

tion described in Sections 4.3.5 and 4.5.2. After the invariant mass distributions

are unfolded, the difference in the bin values, relative to the default unfolded

invariant mass distributions, are scaled by the ratio of data-MC disagreement

from the pion cross-feed sample with and without the extra particle-ID require-

ments, described in Section 4.5.2, to obtain the systematic uncertainty.

• The systematic uncertainty associated with the mis-identification of a kaon

as a pion is based on the same strategy that the τ− → h−h−h+ντ analysis

used in Section 4.5.2, the use of the τ− → π−π−K+ντ and τ− → K−K−π+ντ

decay modes to estimate the systematic uncertainty. For the τ− → π−π−π+ντ ,

and τ− → K−π−K+ντ channels, the MC cross-feeds for decay modes, with an

additional kaon to the mode being studied, are scaled by 140% and used in

the background subtraction. Again, the invariant mass distribution is unfolded

and the difference between the default unfolded distributions and the invariant

mass distributions are taken as the systematic uncertainty. For the τ− →
K−π−K+ντ channels, the cross-feed decay modes are scaled to account for

the full shift in the branching ratio measurement. The selection of the MC is

run with the extra requirements that the pion tracks are not in the problematic
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region for particle identification descibed in Sections 4.3.5 and 4.5.2. Again, the

systematic uncertainty is taken as the deviation between the resulting unfolded

distribution and the default unfolded distribution.

6.3.3 Unfolding Bias

• The bias in the unfolding is estimated by unfolding the signal MC spectra, that

has had the 3D Dalitz weighting described in Section 4.4 applied, as if it were

the data and comparing the results to the MC truth of the weighted invariant

mass spectra. The deviation in each bin is the bais due to the unfolding and is

taken as the systematic uncertainty.

6.3.4 EMC and DCH Response

• The systematic uncertainty associated with the momentum scale in the track-

ing detectors was determined using the data-MC scale ratio determined from

a control sample [109] in a similar procedure to Section 4.5.4. The momentum

scale in the MC is adjusted by the data-MC scale ratio from the control sample

and the selection criteria was applied to the MC. The invariant mass distribu-

tions were then unfolded using the modified MC. The systematic uncertainty in

each bin is taken as the shift relative to the unfolded distribution determined

from the unmodified MC. The same method was applied for the momentum

resolution of the tracking detectors where the MC track resolution was scaled

by the data-MC momentum resolution ratio from [109].

• The systematic uncertainty for the scale and resolution in the EMC was de-

termined using an analogous procedure to the systematic for the scale and

resolution in the tracking detectors. The energy scale in the MC was modified

by the data-MC scale ratio from [109] and then the selection was applied to the
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MC. After unfolding, the shift in each bin of the unfolded spectra, relative to

the default unfolded spectra, is taken as the systematic uncertainty. For the en-

ergy resolution, a similar procedure is applied where the MC energy resolution

is modified with the data-MC energy resolution ratio [109].

• The systematic resulting from the θ scale was determined by shifting the polar

angle by one standard deviation, ±0.000897rad, about the mean value in the

MC. Two modified MC sets are obtained, one for the positive shift and one

for the negative shift of the polar angle. After applying the event selection

and unfolding, the systematic uncertainty for each bin is taken as half of the

deviation between the two modified MC sets.

• There is a systematic uncertainty associated with the uncertainty on the beam

collision energy [110]. The same procedure used for determining the θ distribu-

tion was applied to obtain the systematic uncertainty for the beam energy.

• The tracking efficiency and correction factor are dependent on the cos(θ) and

momentum distribution of the tracks, variables that the invariant mass is also

dependent on. Therefore, the tracking uncertainty associated with variation in

cos(θ) and momentum, 0.16% [111–113], is applied as a flat correction factor

for each of the 3 hadron tracks and the lepton tag.

• There is a systematic uncertainty associated with the modelling of the signal

distributions to which the cuts were applied. For each of the cuts applied in

the τ− → h−h−h+ντ , analysis associated with tracking or the EMC, the mean

of the selected distribution of the cut parameter for the data and MC were

compared to verify the modelling in the MC. If the means on the data and MC

have a statistical deviation of more than 2 standard deviations, a systematic
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uncertainty was assigned to account for the possible modelling biasing of the MC

signal associated with the cut variable. The systematic uncertainty is evaluated

by altering the cut value applied to the MC to account for the deviation between

the data and MC means for the cut variable. After the event selection and the

unfolding have been applied, the deviation in each bin of the unfolded spectra,

relative to the default unfolded spectra, is taken as the systematic uncertainty.

The cut variables that had this modelling bias uncertainty applied are:

1. The cut applied to the residual neutral energy of the 1 prong lepton tracks.

2. The cut applied to the residual neutral energy of the 3 prong signal tracks.

3. The cut applied to remove contamination from τ decays containing K0
S.

6.3.5 Trigger

• The affects of the trigger on the unfolding was determined by comparing the

unfolded distribution on the MC selected with and without the trigger applied

to the τ− → K−π−π+ντ and τ− → K−K−K+ντ MC. Using the conservative

estimate that the trigger is correctly modelled to the 10% level, [109] the sys-

tematic uncertainty applied to each bin, in the unfolded distribution, is defined

as 10% of the largest relative shift in the number of selected MC events from

the τ− → K−π−K+ντ and τ− → K−K−K+ντ channels. The mean value of the

systematic uncertainty in the τ− → K−π−K+ντ unfolded distribution is taken

as the uncertainty for each bin in the τ− → π−π−π+ντ and τ− → K−π−K+ντ

unfolded distribution.
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6.3.6 Backgrounds

• The systematic uncertainty from the τ backgrounds was determined for all the

major background modes by shifting branching fractions in the MC by one stan-

dard deviation about their measured values. For the τ− → h−h−h+ντ channels,

the values measured in this paper are used, while for the other branching frac-

tions, the world average values [39] are used. The remaining background modes

are shifted together by their combined uncertainty

στ,Bkg
i =

∑
j

wij
σj

Bj
(6.2)

where wij is the amount of contamination from mode j in channel i, and
σj

Bj
is the

percent uncertainty on the jth background mode. The background subtraction

is applied to the data and the unfolding procedure is applied. The deviation

caused by the modified background in the unfolded spectra is taken as the

systematic uncertainty.

• The correction factor for the qq̄ background was determined from the 3 prong

invariant mass region, M3prong > 1.82 GeV/c2 from the same procedure as in

Section 4.5.6. The deviation between the unfolded invariant mass distribution

with the correction factor applied to the subtracted non-τ backgrounds and the

unfolded invariant mass from the default procedure is defined as the systematic

uncertainty.

• There is a 3% systematic uncertainty associated with the modelling of the π0

rejection efficiency [114]. To assess the systematic uncertainty associated with

this, all the backgrounds that contain π0’s are increased by 3% before being

subtracted from the data. After unfolding, the systematic uncertainty is deter-
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mined from the resulting shift relative to the default unfolded distributions.

• The systematic uncertainty from Bhabha contamination was estimated by al-

lowing an increase on the Bhabha contamination into the invariant mass distri-

butions to account for the increased data statistics and the biasing of the shape

in the invariant mass distributions. More specifically, the 3 electron vetoes in

the 3 prong hemisphere were removed, and the resulting data distribution was

normalized to the default number of events in the data plus a correction factor

to account for the extra Bhabha background events. The correction factor is

3× the Bhabha systematic uncertainty defined in Section 4.5.6. This normal-

ization corrects for the efficiency difference caused by removing the electron

vetoes. The data is then background subtracted and unfolded using the de-

fault MC. The systematic uncertainty is defined as 1/3 the difference between

the modified unfolded invariant mass distributions and the default unfolded

distributions.

• There is a systematic uncertainty associated with the modelling of the back-

ground distributions for which cuts were applied. For each of the cuts applied in

the τ− → h−h−h+ντ analysis associated with tracking or the EMC, the means

of the τ− → h−h−h+ντ distribution of the cut parameter for the data and MC

were compared to verify the modelling in the MC. If the means on the data and

MC have a statistical deviation of more than 2 standard deviations, a system-

atic uncertainty was assigned to account for possible modelling biasing of the

MC signal associated with the cut variable. The systematic uncertainty is eval-

uated by altering the cut value applied to the MC in all of the τ− → h−h−h+ντ

channels to account for the deviation between the data and MC means for the

cut variable. After the events selection and the unfolding have been applied,
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the deviation in each bin of the unfolded spectra relative to the default unfolded

spectra is taken as the systematic uncertainty. The cut variables that had this

modelling bias uncertainty applied are:

1. The cut applied to the residual neutral energy of the 1 prong lepton tracks.

2. The cut applied to the residual neutral energy of the 3 prong signal tracks.

3. The cut applied to remove contamination from τ decays containing K0
S.

6.4 Results

The unfolded invariant mass distributions can be seen in Figures 6.1 to 6.4.
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Figure 6.1: The unfolded τ− → π−π−π+ντ invariant mass distributions forM123

(left), M13 and M23 (right). The data is represented by the points with the
inner error bars representing the statistical uncertainty and the outer error bars
representing the total uncertainty. The integral of the unfolded distributions
have been normalized to 100%.

The numerical values and the corresponding correlation tables can be found in Ap-

pendices C to F. The largest uncertainties in the unfolding of the τ− → π−π−π+ντ
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Figure 6.2: The unfolded τ− → K−π−π+ντ invariant mass distributions for
M123 (top), M13 (bottom-left) and M23 (bottom-right). The data is represented
by the points with the inner error bars representing the statistical uncertainty
and the outer error bars representing the total uncertainty. The integral of the
unfolded distributions have been normalized to 100%.

invariant mass spectras originate from, the bias uncertainty, the momentum scale un-

certainty, the uncertainty associated with kaons being mis-identified as pions, and the

limited MC statistics for the τ− → π−π−π+ντ decay. For the τ− → K−π−π+ντ the

dominant uncertainties originate from the limited background and signal MC statis-
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Figure 6.3: The unfolded τ− → K−π−K+ντ invariant mass distributions for
M123 (top), M13 (bottom-left) and M23 (bottom-right). The data is represented
by the points with the inner error bars representing the statistical uncertainty
and the outer error bars representing the total uncertainty. The integral of the
unfolded distributions have been normalized to 100%.

tics, the uncertainty associated with kaons being mis-identified as pions, the particle-

ID Table statistical uncertainty, and the bias uncertainty. In the τ− → K−π−K+ντ

unfolded spectra, the largest uncertainties come from the statistical uncertainty and

the MC signal statistical uncertainty. The τ− → K−K−K+ντ unfolded spectra are



Chapter 6. Unfolding the Invariant Mass Distribution 118

)2 (GeV/c123M
1.5 1.6 1.7

)2
P

er
ce

n
t/

(2
0M

eV
/c

0

5

10

15

20

)2 (GeV/c13and23M
1 1.1 1.2 1.3

)2
P

er
ce

n
t/

(2
0M

eV
/c

0

50

Figure 6.4: The unfolded τ− → K−K−K+ντ invariant mass distributions for
M123 (left), M13 and M23 (right). The data is represented by the points with the
inner error bars representing the statistical uncertainty and the outer error bars
representing the total uncertainty. The integral of the unfolded distributions
have been normalized to 100%.

statistically limited.
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Chapter 7

Measurements of
B(τ−→K−ντ )
B(τ−→π−ντ ) ,

B(τ−→K−ντ )
B(τ−→e−ντνe),

B(τ−→π−ντ )
B(τ−→e−ντνe), and

B(τ−→μ−ντνμ)
B(τ−→e−ντνe)

7.1 Methodology of Analysis

The approach for this analysis is to select a pure sample of 1 prong τ− decays with

no neutrals using a 3 prong τ+ → π+π+π−ντ decay of the τ+. After selection, the

corrected number of decays produced in the experiment are calculated for each chan-

nel separately using the efficiencies determined from MC simulations. The efficiency,

Ei, of each channel is modified using data control samples of kaons and pions from

D∗+ → π+D0, D0 → π+K− decays, electrons from e+e− → e+e−γ events, and muons

from e+e− → μ+μ−γ to account for small differences between MC and data. The

number of decay mode i signal events measured in the sample, NSig
i , is then:

NSig
i = (E−1)i

(
NData

i −NBkg
i

)
(7.1)
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, B(τ−→K−ντ )
B(τ−→e−ντ νe)

, B(τ−→π−ντ )
B(τ−→e−ντ νe)

, and
B(τ−→μ−ντνμ)

B(τ−→e−ντνe)
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where NData
i is the number of data events selected in decay channel i and NBkg

i is

the estimated number of background events in decay channel i. From this, both the

branching fraction, Bi =
NSig

i

2Lσe+e−→τ+τ−
, and the branching ratio relative to τ− →

e−ντνe, Bratio,i =
NSig

i

NSig

τ−→e−ντ νe

, can be computed for each decay mode i. The measure-

ments in this analysis were blinded by normalizing the data in the histograms to the

MC and scaling the number of selected events in each channel by a separate random

number from 0.95-1.05 in a reproducible manner until the selection procedure and

systematic uncertainties were completed and approved by an internal BABAR review

committee.

7.1.1 BABAR Data Set

The analysis employs BABAR data recorded in runs 1-6 and includes data that was

recorded with the collision energy on the Υ (4S) resonance, 10.58GeV, and below

the Υ (4S) resonance at 10.54GeV. This data sample corresponds to an integrated

luminosity for L =467 fb−1 where 423 fb−1 is recorded on the Υ (4S) resonance and

44 fb−1 is recorded below the Υ (4S). The generic MC samples employed in this

analysis were produced in a similar manner to the τ− → h−h−h+ντ analysis. The

most significant generic MC was the e+e− → τ+τ− events simulated with the KK2F

Monte Carlo Generator [96, 97] which employs the TAUOLA Software Package [98].

The non-τ backgrounds were simulated for: e+e− → μ+μ−(γ) [96], e+e− → Υ (4S) →
B0B

0
, e+e− → Υ (4S) → B+B− e + e− → cc, e + e− → uu, and e + e− → dd,

e+ e− → ss [101, 102]. The signal MC, τ∓ → π∓ντ - τ± → π±π±π∓ντ , τ
∓ → K∓ντ

- τ± → π±π±π∓ντ , and τ∓ → (1 prong)∓ντ - τ± → π±π±π∓ντ events were simulated

with the “e+e− → τ+τ− ” KK2F Monte Carlo Generator [96, 97]. The GEANT4

Software Package [103] was used to simulate the BABAR Detector response for the

MC. The integrated luminosities for the MC and data are displayed in Table 7.1.
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Run 1 Run 2 Run 3 Run 4 Run 5 Run 6 Total
Data 23.0 68.0 34.7 110.4 147.7 83.4 467.3
τ+τ− 22.1 60.4 30.5 98.0 143.9 75.1 430.0
μ+μ− 22.6 62.1 32.1 101.0 148.7 77.7 444.2
uds 22.5 62.3 31.9 101.6 151.4 76.2 445.8
cc̄ 45.3 129.9 64.6 194.5 282.1 153.4 869.8
B+B− 67.2 187.5 90.5 305.4 444.0 232.9 1327.6
B0B̄0 67.6 187.9 91.9 300.5 441.0 237.4 1326.4
(1 prong)− 1687K 4740K 2644K 8095K 10629K 5541K 33336K
(1 prong)− 1687K 5030K 2644K 8025K 10649K 5437K 33472K
τ− → π−ντ 2112K 6288K 3306K 10120K 13321K 4490K 39637K
τ− → π−ντ 2112K 6288K 3306K 10118K 13088K 4918K 39830K
τ− → K−ντ 528K 1570K 827K 2531K 3325K 1222K 10003K
τ− → K−ντ 528K 1570K 827K 2531K 3329K 1234K 10019K

Table 7.1: The Data (on-resonance and off-resonance) and equivalent MC integrated
luminosity for Runs 1-6 in fb−1. For the generated signal MC the total number of
events produced is quoted.

7.2 Selection Procedure

Events that have a total net charge of zero and four well reconstructed tracks, which

are not consistent with originating from the conversion of a photon in the material of

the detector, are selected. The four tracks are required 1) to be within the angular

acceptance of the DIRC and EMC and 2) that they reach the DIRC, pt > 250MeV/c,

to insure good particle identification from the EMC, DIRC and DCH. The plane

orthogonal to the thrust axis [104,105] is used to divide the event into two hemispheres

in the c.m., where each hemisphere is associated with one of the τ decays. The

“signal” hemisphere is required to have a single track and the other tracks are in the

“3 prong” hemisphere. To ensure a clean separation between the particles, the signal

track momentum is required to be between 1 GeV/c to 4 GeV/c.

To remove two photon and Bhabha background, the event must have a missing

energy in the c.m. between 10% and 70% of
√
s. The angle of the missing momentum
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in the c.m., θcm
miss, is constrained to satisfy the relation |cos(θcm

miss)| < 0.7. To further

reduce the two photon contamination, the thrust [104, 105] of the event is required

to be above 0.9, and the net missing transverse momentum in the c.m. is greater

than 0.009
√
s/c. The 3 prong tracks have an electron veto applied to them to further

reduce the Bhabha contamination. This results in less than 0.025% contamination

from two photon events and less than 0.031% contamination from Bhabha events.

To increase the purity of the τ+τ− pair sample, the tracks in the 3 prong hemi-

sphere are required to be consistent with being pions. Events which contain track

pairs consistent with coming from a K0
S are vetoed. Large unassociated net neutral

energy > 0.200MeV in the 3 prong hemisphere is also removed to reduce the non-τ

backgrounds.

Once a sample of 1 prong τ events has been selected, the events are then classified

as τ− → K−ντ , τ
− → π−ντ , τ

− → e−ντνe, or τ− → μ−ντνμ based upon particle

identification information from the five sub-detectors at BABAR . The 1 prong track

in the τ− → K−ντ channel is required to be consistent with being a kaon, to have

a ratio of deposited electromagnetic energy to the particle momentum in the lab

frame (E/p) less than 0.85c, and for momentums above 3 GeV/c, in the laboratory

frame, they must be inconsistent with being a muon. For the τ− → π−ντ channel,

the 1 prong track must be consistent with being pion and not a muon and have an

E/p<0.85c. In the τ− → e−ντνe channels, the signal track must be consistent with

being an electron, and in the τ− → μ−ντνμ channel, the signal track is required to

be consistent with being a muon and not an electron. The particle identification

and mis-identification of kaons, pions and muons were verified and/or corrected with

a K− control track from a τ− → K−π−K+ντ control sample, a π+ control track

from a τ− → π−π−π+ντ control sample, and the low momentum muon control track

from the e+e− → μ+μ−γ and e+e− → μ+μ−γ → μ+μ−e+e− samples. Similarly, the
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electron particle identification is validated using an e+e− → e+e−γ control sample

for data compared to the selected τ− → e−ντνe signal MC. A detailed description

of the control samples with plots of the momentum spectra after the corrections, in

Figure G.1 and G.2, have been applied can be found in Appendix G. Channel specific

selection criteria are then applied. For τ− → e−ντνe, and τ− → μ−ντνμ events, the

remaining Bhabha and e+e− → μ+μ− background is vetoed by requiring the signal

track to have a momenta less than 80% of
√
s/2c. Events with an unassociated

neutral energy > 1.0GeV (> 0.5GeV) in the 1 prong hemisphere are removed from

the τ− → e−ντνe (τ− → μ−ντνμ) channel to reduce the non-τ backgrounds. In

the τ− → K−ντ and τ− → π−ντ channels τ− → ρ−ντ , τ
− → K−π0ντ and non-τ

backgrounds are reduced by rejecting the net unassociated energy >0.200MeV in the

1 prong hemisphere.

The primary background for the τ− → K−ντ channel are τ− → K−K0
Lντ , τ

− →
K−π0ντ , τ

− → ρ−ντ , τ
− → π−ντ and non-τ backgrounds and for the τ− → π−ντ

channel are τ− → ρ−ντ , τ
− → μ−ντνμ and non-τ backgrounds. To suppress these

events, an algorithm that uses an approximation of the τ directions to determine

the “pseudo-mass” of the neutrino is employed. The c.m. direction of the τ that

produced the signal track is approximated from the 3 prong system by assuming the

τ+τ− pairs are back-to-back. The angle between the τ that decayed to the 3 prong

system and direction of the hadronic system in the c.m. is

α = arccos

(√
sEcm

πππ −m2
τ c

4 −m2
πππc

4

2P cm
τ P cm

πππc
2

)
(7.2)

where Ecm
πππ, mπππ, and Pπππ are the energy, mass, and momentum of the 3 prong

hadronic system in c.m., P cm
τ is the momentum of the τ particle in the c.m. and

mτ is the mass of the τ [123]. The projection angle of the τ out of the plane of the
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signal track and 3 prong hadronic system, δ, is fixed to an optimized value. From this

approximate τ direction, and the c.m. direction of the signal track, the invariant mass

of the neutrino, the “pseudo-mass”, is evaluated. The angle δ and the cut on the

“pseudo-mass” are optimized to minimize the statistical and background systematic

uncertainties. This approach is taken instead of a cone matching algorithm [123] to

reduce the sensitivity of the calculation to the modelling of the angular resolution of

the detector and initial-final-state-radiation. A detailed description of this method

can be found in Appendix H.

7.3 Systematic Uncertainty Studies

The systematic uncertainties in the τ− → K−ντ analysis originate from event recon-

struction and selection, the MC simulation modelling of the background, the detector

response, and the signal efficiency.

7.3.1 Normalization Systematic Uncertainty

• The normalization of the MC events for the background subtraction does not

cancel in the ratio of branching fraction, therefore a systematic uncertainty

is required. Taking the luminosity uncertainty on this data set, 0.64%, in

quadrature with the uncertainty in the cross-section, σe+e−→τ+τ− = (0.919 ±
0.003) [106], we have a normalization uncertainty of 0.69% on the background

normalization. Because the non-τ MC is scaled, using a control sample, and the

control sample is used to determine the corresponding systematic uncertainty

which includes the normalization, this systematic is only applied to the τ pair

MC background events.

• The branching fraction of τ− → π−π−π+ντ and the other 3 prong branching
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fractions which contribute to the normalization uncertainty also contributes to

the normalization of the backgrounds. The τ− → π−π−π+ντ is the most signif-

icant decay mode in the 3 prong hemisphere, resulting in the branching fraction

uncertainty from τ− → π−π−π+ντ dominating the normalization uncertainty.

This analysis uses the τ− → π−π−π+ντ branching fraction determined in [8].

7.3.2 Efficiency Statistical and Particle-ID Systematic Un-
certainty

• The signal efficiencies have a statistical uncertainty associated with the number

of MC events generated.

• The particle-ID Statistical Systematic was determined with a Toy-MC study

using a similar method defined in Section 4.5.2. In the Toy-MC Study, 100 Toy

particle-ID tables were produced using a Gaussian distribution, where the 100

Toy-MC particle-ID tables were generated from the standard BABAR particle-

ID tables, and where the particle-ID efficiency was taken as the mean of the

Gaussian and the uncertainty on the particle-ID efficiency was the RMS of the

Gaussian. The analysis was then run for each of the Toy particle-ID tables

and the resulting RMS of the measured quantities was taken as the systematic

uncertainty.

• To validate the correction factors applied to correct the data MC particle-ID

discrepancy from D∗+ → π+D0, D0 → π+K−, e+e− → μ+μ−γ, e+e− → e+e−γ

particle-ID control samples and the E/p cut, additional particle-ID control

samples were developed for this analysis which have event characteristics that

are more similar to the events selected in this analysis. The τ− → π−π−π+ντ

events are used for the pion control sample, τ− → K−π−K+ντ events are used
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for the kaon control sample, e+e− → e+e−γ events, where the photon converts,

are used as a control sample for the electrons, and e+e− → μ+μ−γ events,

where the photon is detected in the EMC and where the photon converts, are

used as control samples for the muon. For the τ− → π−π−π+ντ control sample,

the odd sign track is used as the control track, while for the τ− → K−π−K+ντ

control sample the like sign track is used for the kaon control track. The

e+e− → e+e−γ, e+e− → μ+μ−γ control sample’s track which is closest to

the photon or the conversion in the c.m. frame, is used for the control track.

The systematic uncertainties determined from the control samples for the kaon

particle identification including the E/p cut are:

1. In the kaon control track selected as a kaon, the data/MC ratio from

the control sample is consistent with 1.0. Because this particle-ID study

included the E/p cut, the systematic uncertainty is taken as the statistical

uncertainty on the control sample. This yields a 0.66% uncertainty.

2. In the muon control track selected as a kaon, the data/MC ratio from

the control sample is inconsistent with 1.0 after being weighted to the

muon background. Therefore the muon background is corrected and the

systematic uncertainty is taken as the statistical uncertainty on the control

sample. This gives a 0.33% uncertainty.

3. In the pion control track selected as a kaon, the data/MC ratio from

the control sample is inconsistent with 1.0 after being weighted to the

pion background. Therefore the pion background is corrected and the

systematic uncertainty is taken as the statistical uncertainty on the control

sample. This produces a 0.35% uncertainty.

The systematic uncertainties determined from the control samples for the pion
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particle identification including the E/p cut are:

1. In the pion control track selected as a pion, the data/MC ratio from the

control sample is inconsistent with 1.0. Therefore the pion efficiency is

corrected and the systematic uncertainty is taken as the statistical uncer-

tainty on the control sample. This means there is a 0.061% uncertainty.

2. In the muon control track selected as a pion, the data/MC ratio from

the control sample is inconsistent with 1.0 after being weighted to the

muon background. Therefore the muon background is corrected and the

systematic uncertainty is taken as the statistical uncertainty on the control

sample. This gives a 0.36% uncertainty.

The systematic uncertainties determined from the control samples for the muon

particle identification are:

1. In the muon control tracks selected as a muon, the data/MC ratios from

the control sample are consistent with 1.0. Therefore, no systematic un-

certainty is applied.

2. In the pion control track selected as a muon, the data/MC ratio from

the control sample is inconsistent with 1.0 after being weighted to the

pion background. Therefore the pion background is corrected and the

systematic uncertainty is taken as the statistical uncertainty on the control

sample. This yields a 0.06% uncertainty.

The systematic uncertainties determined from the control samples for the elec-

tron particle identification are:

1. In the electron control track selected as an electron, the data/MC ra-

tio from the control sample deviates from 1 by two standard deviation.
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Because the control sample does not cover the entire cos(θ) range, the

full data/MC deviations from 1.0 is taken as the systematic uncertainty,

0.21%.

The total systematic uncertainty associated with the particle identification in

each channel is the quadratic sum of the signal particle identification and the

particle mis-identification uncertainties. From this, the particle identification

uncertainty on the branching ratios is determined using normal error propa-

gation. To validate the correction factors determined from the control sam-

ples developed in this analysis, the analysis was run with an alternative set of

particle identification selectors. The alternative selectors have a substantially

different signal efficiency and mis-identification rates from the default selectors

for this analysis. For the kaon and pion selectors, the mis-identification rates

were approximately ∼ 1.5−2 times larger than the default selectors. Before ap-

plying the particle identification correction factors determined from the control

samples developed in this work, the B(τ−→π−ντ )
B(τ−→e−ντ νe)

deviated by ∼ 5% between

the two selectors, the B(τ−→K−ντ )
B(τ−→e−ντ νe)

deviated by ∼ 3% between the two selec-

tors and the B(τ−→μ−ντ νμ)
B(τ−→e−ντ νe)

deviated by ∼ 1.5%. After applying the correction

factors, all the branching ratios were consistent within the assigned systematic

uncertainty for particle identification added in quadrature with the correlated

statistical uncertainty.

7.3.3 τ− → h−h−h+ντ Modelling

• The determination of the pseudo-neutrino mass uses the 3 prong four vector,

and therefore is sensitive to the kinematic resonance structure of the τ− →
π−π−π+ντ decay. A systematic uncertainty associated with the modelling of
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the τ− → π−π−π+ντ decay is determined from the full shift in the branching

fractions determined with and without the 3D Dalitz weighting described in

Section 4.4.

7.3.4 EMC and DCH Responses

• The systematic uncertainties associated with the DCH and EMC response are:

1. the momentum scale and resolution modelling;

2. the energy scale and resolution modelling;

3. the modelling of θ;

4. the modelling of the beam energy scale and spread.

To determine these systematic uncertainties, this analysis uses the same proce-

dure as the τ− → h−h−h+ντ analysis which is described in Section 4.5.4.

• The systematic uncertainty related to the modelling of the tracking efficiency in

the MC does not cancel for the subtracted background events in the branching

ratio. Therefore, the tracking efficiency uncertainty [111–113] is applied to τ

pair MC background events and propagated into the branching ratio. This

systematic uncertainty is not applied to the non-τ background events because

the non-τ MC is scaled using a control sample and a systematic uncertainty is

applied.

• There is a systematic uncertainty associated with the modelling of the signal

distributions for which cuts were applied. In the τ− → h−h−h+ντ analysis it

was found that there are possible modelling biases associated with tracking or

the EMC. A systematic uncertainty was assigned to account for possible mod-

elling biasing of the MC signal associated with the cut variable. The systematic
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uncertainty is evaluated as the change in the branching fractions, caused by al-

tering the cut value applied to the MC, to account for the deviation between

the data and MC means for the cut variable. The cut variables that had this

modelling bias uncertainty applied are:

1. The cut applied to the residual neutral energy of the 1 prong lepton tracks.

The difference between the data and MC means used to shift the signal MC

distribution for the 1 prong residual neutral energy cut are: -0.00013 GeV

for the τ− → e−ντνe decay channel; 0.00010 GeV for the τ− → μ−ντνμ de-

cay channel; 0.0017 GeV for the τ− → π−ντ decay channel; and 0.0016 GeV

for the τ− → K−ντ decay channel.

2. The cut applied to the residual neutral energy of the 3 prong tracks as-

sociated with the signal. The difference between the data and MC means

used to shift the signal MC distribution was 0.00019 GeV for the most

significant decay mode, τ− → π−π−π+ντ .

3. The cut applied to remove contamination from τ decays containing K0
S.

The difference between the data and MC means used to shift the signal

MC distribution was -0.0052 for the most significant decay mode, τ− →
π−π−π+ντ .

E/p Background Uncertainty

• In addition to the E/p cut efficiency systematic which is included in the particle-

ID systematic uncertainty, there is a systematic uncertainty associated with

the modelling of the electron background in the E/p cut. The region 0.95c <

E/p < 1.05c is used as a side band region to obtain a data/MC scaling factor

for the electron background. The resulting shift in the branching ratios caused
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by scaling the τ− → e−ντνe MC background in the τ− → K−ντ and τ− →
π−ντ channel by the ratio of data/MC in the side band region is taken as the

systematic uncertainty.

7.3.5 Backgrounds

• The default analysis requires that none of the three hadron candidates on the

3 prong side pass an electron veto. To study the Bhabha contamination we

loosen the electron vetoes by only requiring z=0, 1 or 2 of the vetoes on the

hadrons. The branching ratios with z electron vetoes Bi,hhh=z are fit with a

linear least-square fit, and the resulting linear equation is used to estimate the

Bhabha contamination when all three electron vetoes are applied.

• The two-photon background is not modelled by the MC. Therefore, it is iden-

tified as an excess of data in the side band regions: − log
2
√

(ptot,cm
x )2+(ptot,cm

y )2

EPEP
cm

;

thrust; ECM
Miss/E

CM
PEP ; and cos(θCM

miss). To quantify the contamination from two-

photon events, the − log
2
√

(ptot,cm
x )2+(ptot,cm

y )2

EPEP
cm

< 4.0 cut is changed to

− log
2
√

(ptot,cm
x )2+(ptot,cm

y )2

EPEP
cm

> 3.0 to select two-photon events. Then the number

of two-photon events are determined as the excess number of selected events

relative to the MC. Since, the τ− → K−ντ channel had the largest number

of excess events, 3, relative to the number of signal events, we set an up-

per limit of 5.01 events at 95% confidence. Therefore, the systematic asso-

ciated with two-photon background is less than 0.025% before applying the

− log
2
√

(ptot,cm
x )2+(ptot,cm

y )2

EPEP
cm

cut.

• The branching ratios of τ decays are set to the PDG 2007 values [12]. The

percent uncertainty of these branching ratios is taken as the uncertainty on the

τ backgrounds.
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στ,Bkg
i =

√√√√∑
j

(
wij

σj

Bj

)2

(7.3)

where wij is the amount of contamination from mode j in channel i, and Bj

branching fraction of τ background events of type j and σj is the uncertainty

on the branching fraction of τ background events of type j.

• The qq background is corrected by employing a control sample where mhhh >

1.82 GeV/c2. The control sample has the same cuts applied as the signal except

the mass cut on the 3 prong side. The non-τ MC is scaled by ratio of data to

MC after the τ pair and μ pair MC have been subtracted in the control sample.

The statistical uncertainty on the correction factor is taken as the uncertainty

on the non-τ background correction factor. To determine the possible Bhabha

contamination in the mhhh > 1.82GeV control sample, the control sample was

selected before the electron vetoes on the 3 prong side were applied. The

resulting difference for τ− → K−ντ control sample is 0.32%, for the τ− → π−ντ

control sample was 1.2%, for the τ− → e−ντνe control sample was 137% and

for the τ− → μ−ντνμ control sample was 8.8%. The resulting shift in the

branching ratio caused by assuming that the scaling factor is off by 1/3 of the

latter numbers results in a negligible uncertainty, less than 0.1% for the worst

case. For the τ− → K−ντ channel, the correction factor was also determined

using the sideband regions cos(θmiss) > 0.9 and 0.6<Thrust<0.8. These values

were consistent with the mhhh > 1.82 GeV/c2 control sample, however, due to

the known two-photon contamination in these regions, these results are only

used as a cross check.

• There is statistical uncertainty associated with the number of background MC
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of events generated.

• There is a systematic uncertainty associated with the modelling of the back-

ground distributions for which cuts were applied. In the τ− → h−h−h+ντ

analysis it was found that there are possible modelling biases associated with

tracking or the EMC. A systematic uncertainty was assigned to account for pos-

sible modelling biasing of the MC signal associated with the cut variable. The

systematic uncertainty is evaluated as the change in the branching fractions,

caused by altering the cut value applied to the MC, to account for the deviation

between the data and MC means for the cut variable. The cut variables which

have a background modelling uncertainty assigned are:

1. The cut applied to the residual neutral energy of the 1 prong signal tracks.

The difference between the data and MC means used to shift the back-

ground MC distributions for the residual neutral energy of the 1 prong cut

are: 0.0039 GeV for the τ− → e−ντνe decay channel; -0.010 GeV for the

τ− → μ−ντνμ decay channel; 0.032 GeV for the τ− → π−ντ decay channel;

and 0.011 GeV for the τ− → K−ντ decay channel.

2. The cut applied to the residual neutral energy of the 3 prong lepton tracks.

The difference between the data and MC means used to shift the back-

ground MC distributions for the residual neutral energy of the 3 prong cut

are: -0.021 GeV.

3. The cut applied to remove contamination from τ decays containing K0
S.

The difference between the data and MC means used to shift the back-

ground MC distributions for the K0
S significance cut is 0.17.
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7.3.6 Trigger

• In the τ− → h−h−h+ντ analysis, the trigger efficiency was determined with a

MC study where the trigger selection was removed, and the difference in the

number of selected events was used to determine the trigger systematic under

the assumption that the trigger is correctly modelled to 10%. In this study, the

trigger systematic for electron and muon tag tracks were similar. Because the

selection characteristics of pions and kaons are between electrons and muons,

a conservative upper limit of 0.1% is applied to the branching ratios with the

assumption of a 50% correlation between the trigger systematic for the different

1 prong particles.

7.4 Results

The branching ratios measured in this analysis are shown in Table 7.2 with the world

averages [12] for comparison. The B(τ−→K−ντ )
B(τ−→e−ντνe)

and B(τ−→K−ντ )
B(τ−→π−ντ )

branching ratios

are a significant improvement over the current world average. The B(τ−→μ−ντ νμ)
B(τ−→e−ντ νe)

is consistent and more precise than the current world average, while B(τ−→π−ντ )
B(τ−→e−ντ νe)

branching ratio is competitive and consistent with the world average. The c.m.

momentum for the τ− → e−ντνe and τ− → μ−ντνμ decays are shown in Figure 7.1

while the τ− → π−ντ and τ− → K−ντ c.m. momentum are in Figure 7.2. A summary

of the selected events in this analysis can be found in Table 7.3, while a more detailed

discussion of the MC backgrounds can be found in Appendix I. The background

modes which dominate the τ− → K−ντ , τ
− → π−ντ and τ− → μ−ντνμ channels

are τ -pair events. These events are selected as a result of particle mis-identification

and/or neutral particles that were not measured.

A summary of the systematic uncertainties are shown in Table 7.4. The dominate
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B(τ−→K−ντ )
B(τ−→e−ντ νe)

B(τ−→π−ντ )
B(τ−→e−ντ νe)

B (this work) (3.882 ± 0.032 ± 0.057) × 10−2 (5.945 ± 0.014 ± 0.061) × 10−1

B (PDG fit) (3.84 ± 0.13) × 10−2 (6.076 ± 0.061) × 10−1

B(τ−→μ−ντ νμ)
B(τ−→e−ντ νe)

B(τ−→K−ντ )
B(τ−→π−ντ )

B (this work) (9.796 ± 0.016 ± 0.035) × 10−1 (6.531 ± 0.056 ± 0.093) × 10−2

B (PDG fit) (9.725 ± 0.039) × 10−1 (6.33 ± 0.21) × 10−2

Table 7.2: The 1 prong branching ratios measured in this analysis and the corre-
sponding world averages for the branching ratios [12].

systematic uncertainties originate from particle identification and backgrounds. In

the τ− → K−ντ channel, the most significant background uncertainties originated

from the uncertainty on the τ− → K−K0
Lντ branching fraction, and the statistics of

the sideband region used to scale the non-τ backgrounds. For the τ− → π−ντ channel,

the most significant uncertainty related to the background comes from the τ− →
e−ντνe background correction factor determined from the E/p sideband region. For

the τ− → e−ντνe channel, the uncertainty associated with the Bhabha contamination

is the largest background uncertainty, while in the τ− → μ−ντνμ channel the limited

statistics in the non-τ is the largest background uncertainty. In the B(τ−→π−ντ )
B(τ−→e−ντνe)

and

the B(τ−→K−ντ )
B(τ−→e−ντνe)

branching ratios, the modelling of the neutrals is the most significant

contribution to the EMC and DCH response uncertainty.
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Figure 7.1: The τ− → e−ντνe (left) and τ− → μ−ντνμ (right) c.m. momentum shown
both linear (top) and logarithmic scale(bottom). The legends for the τ− → e−ντνe

and τ− → μ−ντνμ channels are shown above the respective plots.
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Figure 7.2: The τ− → π−ντ (left) and τ− → K−ντ (right) c.m. momentum shown
both linear (top) and logarithmic scale(bottom). The legends for the τ− → π−ντ and
τ− → K−ντ channels are shown above the respective plots.
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, B(τ−→K−ντ )
B(τ−→e−ντ νe)

, B(τ−→π−ντ )
B(τ−→e−ντ νe)

, and
B(τ−→μ−ντνμ)

B(τ−→e−ντνe)
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Channel τ− → K−ντ τ− → π−ντ

ε 0.003297 0.003240
Purity 0.7662 0.7871
NData (2.512 ± 0.016) × 104 (3.691 ± 0.006) × 105

NBkg 5963±56 80700±304
NSig (1.916±0.016)×104 (2.884±0.006)×105

Channel τ− → e−ντνe τ− → μ−ντνμ

ε 0.005892 0.004925
Purity 0.9969 0.9732
NData (8.844 ± 0.009) × 105 (7.311 ± 0.009) × 105

NBkg 2772±43 20138±84
NSig (8.817±0.009)×105 (7.110±0.009)×105

Table 7.3: Summary of selected events for the B(τ−→K−ντ )
B(τ−→e−ντνe)

, B(τ−→π−ντ )
B(τ−→e−ντ νe)

,
B(τ−→μ−ντνμ)
B(τ−→e−ντνe)

, and B(τ−→K−ντ )
B(τ−→π−ντ )

analysis.

B(τ−→K−ντ )
B(τ−→e−ντ νe)

B(τ−→π−ντ )
B(τ−→e−ντ νe)

B(τ−→μ−ντνμ)

B(τ−→e−ντ νe)
B(τ−→K−ντ )
B(τ−→π−ντ )

Statistical Uncertainties
data statistics 0.84 0.24 0.16 0.85

Systematic Uncertainties
normalization 0.45 0.44 0.05 0.06
ε and particle ID 0.94 0.51 0.32 0.99
τ− → π−π−π+ντ modelling 0.27 0.07 0.01 0.29
EMC and DCH response 0.54 0.64 0.08 0.25
trigger 0.10 0.10 0.10 0.10
backgrounds 0.85 0.44 0.08 0.95
radiation modelling 0.04 0.10 0.04 0.10
Total 1.5 1.0 0.36 1.4

Table 7.4: A summary of the uncertainties for the B(τ−→K−ντ )
B(τ−→π−ντ )

, B(τ−→K−ντ )
B(τ−→e−ντ νe)

,
B(τ−→π−ντ )
B(τ−→e−ντνe)

, and B(τ−→μ−ντνμ)
B(τ−→e−ντ νe)

analysis expressed in percentages. The individual
systematic uncertainties are added in quadrature to obtain the total systematic un-
certainty.
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Chapter 8

Discussion

In this section, the implications of the experimental results presented in this work on

the Standard Model of Particle Physics are discussed.

8.1 Results of τ− → h−h−h+ντ Analysis

The τ− → h−h−h+ντ branching fractions, compared to the previous measurements

which are included in the world average [39] of these decay modes, can be seen in

Figure 8.1. The B(τ− → π−π−π+ντ ) measurement from this work is also consis-

tent with a precision measurement of B(τ− → π−π−π+ντ (ex.ω)) [41] when the ω

contribution is taken into account. The B(τ− → K−π−π+ντ ) measurement dis-

agrees with [51, 116] by more than 2 standard deviations, but is in agreement with

[117]. The B(τ− → K−K−K+ντ ) measurement is the first measurement of the

τ− → K−K−K+ντ decay in which no resonance structure is assumed with a signifi-

cance of 8.2σ. The B(τ− → h−h−h+ντ ) = (9.24 ± 0.14)%, determined by combining

the four τ− → h−h−h+ντ branching fractions, is consistent with the world average

(9.44 ± 0.14)% [39].

With these new branching fractions, and the recent B(τ− → π−K0
Sντ ) from

BABAR [8, 9] and Belle [10], the strange spectral density function can be updated
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Figure 8.1: A comparison of τ− → π−π−π+ντ (top-left), τ− → K−π−π+ντ

(top-right), τ− → K−π−K+ντ (bottom-left), and τ− → K−K−K+ντ (bottom-
right) branching fractions measured in this thesis to the the world average and
global fit from the PDG [39]. The points represent the measured values, while
the inner error bars represent the statistical uncertainty and the outer error
bars represent the total uncertainty.

yielding a measurement of |Vus|. Figure 8.2 includes the updated values of |Vus| from

[124]. Although the R(0,0) spectral moments are known to have theoretical issues with

convergence, the other weights do not exhibit this problem to the same extent. The

deviation of |Vus| extracted with τ decays using FESR and the R(0,0) moment from
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the unitarity value raises the possibility of new physics involving the 3rd generation

of charged leptons. This makes a complete measurement of the strange spectral

density function from hadronic τ decays, independent from previous measurements

very important. Furthermore, it strongly motivated the use of τ− → K−ντ as a

powerful precision probe of |Vus| involving the τ lepton, but with both theoretical

and experimental errors that are independent of |Vus| obtained from the FESR and

the R(0,0) moment.

8.2 Results from the τ− → φπ−ντ and τ− → φK−ντ
Fit

The B(τ− → φπ−ντ ) = (3.42± 0.55± 0.25)× 10−5 measurement is the first measure-

ment of this Okubo-Zweig-Iizuka (OZI) suppressed [118] decay mode and is consis-

tent with the upper limit of B(τ− → φπ−ντ ) < (1.2 − 2.0) × 10−4 from CLEO [128].

This measurement deviates from the value predicted by a vector dominance model,

B(τ− → φπ−ντ ) < (1.20±0.28)×10−5 at 90% C.L. [118], by 3.3 standard deviations.

The B(τ− → φπ−ντ ), when compared to the B(τ− → ωπ−ντ ), can provide important

information about φ− ω mixing [118].

The measurement of B(τ− → φK−ντ ) = (3.39± 0.20± 0.28)× 10−5 is consistent

with a recent Belle result of B(τ− → φK−ντ ) = (4.05 ± 0.25 ± 0.26) × 10−5 [129],

and is similar to the ∼ 2.1 × 10−5 expected from a naive prediction [128]. Because

there was no evidence of τ− → K−K−K+ντ excluding φ in the fit, an upper limit

of B(τ− → K−K−K+ντ (ex.φ)) < 2.5 × 10−6 at 90% C.L. was set. The B(τ− →
φπ−ντ ) and B(τ− → φK−ντ ) have been reproduced theoretically using the SU(3)

flavour symmetry, the ideal ω − φ mixing. The “post-dicted” values are B(τ− →
φπ−ντ ) = (3.64 ± 0.93) × 10−5, and B(τ− → φK−ντ ) = (4.0 ± 1.2) × 10−5 [130].
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Figure 8.2: The current status of the |Vus| compared to the unitarity value [39].
The recent measurements from kaon decays, Kl3 [125] and Kl2 [40], and the hyperon
decay data [126] are located above the dashed line, while the values of |Vus| from
hadronic τ decays are below the dashed line. The upper most value of |Vus| from
τ decays is extracted with the R0,0 moment [55] and does not include the recent
hadronic measurements from this work or BABAR [9] and Belle [10]. The next two
values of |Vus| were extracted in [127] using the PDG [39] value of τ− → K−ντ and the
predicted value. The remaining values of |Vus| were measured by [124] and includes
a branching ratio re-scaling of the us+ ud ALEPH99 spectral density functions [41].

The measured ratio for this analysis of B(τ−→φK−ντ )
B(τ−→φπ−ντ )

is 0.99± 0.21 which is consistent

with a vector meson dominance model value B(τ−→φK−ντ )
B(τ−→φπ−ντ )

∼ 1.08 [131, and references

within]. Assuming CVC [13–15, 17], the B(τ− → φπ−ντ ) branching fraction can be

predicted from B(e+e− → φπ0) [132]. This e+e− measurement predicts BCV C(τ− →
φπ−ντ ) = (3.8±0.9±0.2)×10−5 [132,133], which is consistent with the measurement

presented in this work.
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8.3 Results from the Unfolding

The τ− → π−π−π+ντ M123 invariant mass is dominated by the a1(1260), while the

M13and23 invariant mass spectra show a strong ρ(770) resonance. The resonance

structure in the τ− → K−π−π+ντ M13 invariant mass appears to be dominated

by the K∗(892) resonance while the M13 invariant mass is dominated by the ρ(770)

resonance. The τ− → K−π−π+ντ M123 invariant mass spectra contains both a strong

peak from theK1(1270) resonance and a peak from theK1(1400) resonance. From the

unfolded τ− → K−π−K+ντ M23 invariant mass distribution, it can be seen that τ− →
K−K∗(892)ντ is the primary decay mode. The assumption of a Conserved Vector

Current can be tested by comparing the vector component of the τ− → K−K∗(892)ντ

branching ratio measured from the τ− → K−π−K+ντ channel to the corresponding

e+e− decay mode, e+e− → K−K∗(892). In order to make this comparison, the axial-

vector and vector components of the τ− → K−π−K+ντ branching fraction must be

separated. This is beyond the scope of this work.

8.4 Results from the
B(τ−→μ−ντνμ)

B(τ−→e−ντνe)
Measurement and

e-μ Universality

The B(τ−→μ−ντ νμ)

B(τ−→e−ντνe)
branching ratio was measured to be (9.796 ± 0.016 ± 0.035) ×

10−1. This measurement has a slightly smaller uncertainty than the world average

of (9.725 ± 0.039) × 10−1 [12] which combines measurements of τ− → e−ντνe and

measurements τ− → μ−ντνμ from five different experiments. The branching fraction

B(τ− → μ−ντνμ) can be determined from the branching ratio using the world average

value of B(τ− → e−ντνe) = (17.82 ± 0.05) × 10−2 [12]. This results in a branching

fraction of B(τ− → μ−ντνμ) = (17.46 ± 0.03 ± 0.08) × 10−2. A comparison of the

B(τ− → μ−ντνμ) branching fraction to the previous measurements which are included
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in the world average [12] can be seen in Figure 8.3. The B(τ− → μ−ντνμ) branching

fraction is both consistent with and competitive with the previous measurements

which are used in the world averages.
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Figure 8.3: A comparison of τ− → μ−ντνμ (top), τ− → π−ντ (bottom-left),
and τ− → K−ντ (bottom-right) branching fractions measured in this thesis to
the previous measurements and the world average from the PDG [12] where the
world average of τ− → π−ντ comes from the ALEPH measurement [41]. The
points represent the measured values, while the inner error bars represent the
statistical uncertainty and the outer error bars represent the total uncertainty.

The dominant uncertainties in the B(τ−→μ−ντνμ)
B(τ−→e−ντ νe)

branching ratio measurement
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originate from particle identification uncertainty, the data statistics and the limited

signal MC statistics. Since the particle identification uncertainty is limited by the

statistics of the control samples, the uncertainty for this analysis is almost entirely

statistical. This means that proposed new experiments, which are expected to have

substantially larger data sets, namely Super B [134] and Super KEK B [135], can

expect to reduce the systematic associated with the statistical limitation of the control

samples uncertainty on this measurement by approximately a factor of 10.

The B(τ−→μ−ντ νμ)
B(τ−→e−ντνe)

branching ratio may be used to make a precision test of μ-e

lepton universality as shown in Equation 8.1.

(
gμ

ge

)
τ

=

√
B(τ− → μ−ντνμ)f(m2

e/m
2
τ )

B(τ− → e−ντνe)f(m2
e/m

2
τ )

(8.1)

where f(x) = 1− 8x+ 8x3 − x4 − 12x2logx, under the assumption that the neutrino

masses are negligible [20]. Applying Equation 8.1 to the branching ratio measured in

this analysis yields

(
gμ

ge

)
τ

= 1.0036 ± 0.0020, (8.2)

a value which is consistent with the Standard Model’s assumption of lepton univer-

sality. Combining this with the world average from τ decay,
(

gμ

ge

)
τ

= 1.0000±0.0020

[12], one obtains
(

gμ

ge

)
τ

= 1.0018 ± 0.0014. This is consistent with:
(

gμ

ge

)
π

=

1.0023 ± 0.0016 [136–138] determined from π− → μ−νμ and π− → e−νe decays;(
gμ

ge

)
Kl2

= 1.004± 0.007 [39,139–141] determined from K− → μ−νμ and K− → e−νe

decays;
(

gμ

ge

)
Kl3

= 1.0021 ± 0.0025 [142, 143] determined from K → πμνμ and

K → πeνe decays; and
(

gμ

ge

)
W

= 0.997 ± 0.010 [144] determined from W− → μ−νμ

and W− → e−νe decays. Assuming that these values of
(

gμ

ge

)
can be combined with

the new average from τ decays and that they are uncorrelated, the new world aver-



Chapter 8. Discussion 146

age is
(

gμ

ge

)
= 1.0020± 0.0010. This is 2.0 standard deviations away from the lepton

universality assumption. Figure 8.4 shows the status of
(

gμ

ge

)
with the updated value

of
(

gμ

ge

)
τ

and the new world average.
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Figure 8.4: The current status of the
(

gμ

ge

)
determined from W± decays [144], Kl3

decays [142, 143], Kl2 decays [39, 139–141], π− → μ−νμ and π− → e−νe decays

[136–138], and τ decays [12], with the updated value of
(

gμ

ge

)
τ

and the new world
average.

8.5 Results from the B(τ−→π−ντ )
B(τ−→e−ντνe)

and B(τ−→K−ντ )
B(τ−→e−ντνe)

Measurements and τ − μ Universality

The B(τ−→π−ντ )
B(τ−→e−ντ νe)

branching ratio is measured to be (5.945±0.014±0.061)×10−1, and

is consistent with the world average (6.076±0.061)×10−1 [12], which is based on the

measurement by [41] and the electron world average. The branching fraction B(τ− →
π−ντ ) =(10.59 ± 0.03 ± 0.11) × 10−2 is determined from the B(τ−→π−ντ )

B(τ−→e−ντ νe)
branching

ratio using the electron branching fraction world average value [12]. Figure 8.3 shows
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a comparison of the B(τ− → π−ντ ) branching fraction to the world average value [41].

The B(τ− → π−ντ ) branching ratio is consistent within 1.5 standard deviations and

competitive with the only previous measurements used in the world average [41].

The dominant systematic uncertainties for the B(τ−→π−ντ )
B(τ−→e−ντνe)

branching ratio are the

neutral energy modelling, the normalization, and the particle identification.

For B(τ−→K−ντ )
B(τ−→e−ντνe)

, the measured branching ratio, B(τ−→K−ντ )
B(τ−→e−ντ νe)

=(3.882 ± 0.032 ±
0.057) × 10−2, is a significant improvement compared to the world average (3.84 ±
0.13) × 10−2 [12]. Using the electron branching fraction world average value [12],

the branching fraction B(τ− → K−ντ ) was determined to be (6.92 ± 0.06 ± 0.10) ×
10−3. From Figure 8.3 it can be seen that this B(τ− → K−ντ ) branching fraction is

consistent with and two times more precise than the current world average. The two

largest systematic uncertainties for the B(τ−→K−ντ )
B(τ−→e−ντ νe)

are the statistical uncertainty and

particle identification uncertainty. However, there are also significant uncertainties

related to the backgrounds, the neutral energy modelling and the normalization.

As a result, the B(τ−→π−ντ )
B(τ−→e−ντνe)

and B(τ−→K−ντ )
B(τ−→e−ντνe)

systematic uncertainties are highly

correlated.

The B(τ− → π−ντ ) and B(τ− → K−ντ ) branching fractions can be used to

test the τ − μ lepton universality both in strange and non-strange decays. For the

non-strange decay modes,

(
gτ

gμ

)
π

=

√
B(τ− → π−ντ )2mπm2

μτπ

B(π− → μ−νμ)δτ/πm3
τττ

(
1 −m2

μ/m
2
π

1 −m2
π/m

2
τ

)2

(8.3)

where mπ is the pion mass, mμ is the muon mass, mτ is the τ mass, τπ is the pion

life time, ττ is the τ life time, and δτ/π = (1.0016 ± 0.0014) [145] is the electroweak

radiative correction. Similarly, for the strange decay modes,
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(
gτ

gμ

)
K

=

√
B(τ− → K−ντ )2mKm2

μτK

B(K− → μ−νμ)δτ/Km3
τττ

(
1 −m2

μ/m
2
K

1 −m2
K/m

2
τ

)2

(8.4)

where mK is the kaon mass, and δτ/K = (1.0090 ± 0.0022) [145] is the radiative

correction. Using the world average values for the masses and life times [12],

(
gτ

gμ

)
π

= 0.9856 ± 0.0057 (8.5)

for the non-strange decay modes and

(
gτ

gμ

)
K

= 0.9827 ± 0.0086 (8.6)

for the strange decay modes. These are consistent with each other and can be aver-

aged. After taking into account the correlations between B(τ−→π−ντ )
B(τ−→e−ντ νe)

and B(τ−→K−ντ )
B(τ−→e−ντ νe)

one obtains an averaged

(
gτ

gμ

)
π/K

= 0.9850 ± 0.0054. (8.7)

The previous world average values of
(

gτ

gμ

)
for non-strange and strange τ decays

are 0.996 ± 0.005 [12] and 0.976 ± 0.017 [12] respectively. Taking into account the

correlations from the masses and the lifetimes, these values are combined with the

measurements from this paper to obtain
(

gτ

gμ

)
π

= 0.9914 ± 0.0046 for non-strange τ

decays and
(

gτ

gμ

)
K

= 0.9820 ± 0.0079 for strange τ decays. The new world average

values
(

gτ

gμ

)
determined from non-strange and strange τ decays, are combined to give

a new world average
(

gτ

gμ

)
π/K

= 0.9904 ± 0.0045 for τ decay, where the correlations

from the lifetime and masses have been accounted for.
(

gτ

gμ

)
is also measured from

τ− → e−ντνe decay using the τ , μ lifetimes and masses,
(

gτ

gμ

)
τ−→e−ντνe

= 1.0006 ±
0.0022 [12], and from W− → τ−ντ and W− → μ−νμ decays,

(
gτ

gμ

)
W

= 1.039 ± 0.013

[144]. These values deviate within 2.3 and 3.5 standard deviations respectively from
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the new world average determined from τ− → π−ντ and τ− → K−ντ decays. The

current status of
(

gτ

gμ

)
can be seen in Figure 8.5.

μ /gτg
0.86 0.88 0.9 0.92 0.94 0.96 0.98 1 1.02 1.04

2

3

4

5

6

7

))μν-μ → -(KΓ)/τν- K→ -τ(ΓThis Work (
0.0086)±(0.9827

))μν-μ → -π(Γ)/τν-π → -τ(ΓThis Work (
57)±(0.9856

))μν-μ → -(KΓ)/τν- K→ -τ(Γ(
0.017)±(0.976

))μν-μ → -π(Γ)/τν-π → -τ(Γ(
0.005)±(0.996

)μτ,ττ),eντν- e→ -τ(Γ Decays ((τ
0.0022)±(1.0006

W Decays 
0.013)±(1.039

Figure 8.5: The current status of the
(

gτ

gμ

)
determined from W± decays [144], τ− →

e−ντνe decays [12], and the non-strange and strange decays from [12] and this work.

8.6 Results from the B(τ−→K−ντ )
B(τ−→π−ντ )

Measurement and

|Vus|
The branching ratio B(τ−→K−ντ )

B(τ−→π−ντ )
was measured to be (6.531± 0.056 ± 0.093) × 10−2,

which is a significant improvement compared to the world average, (6.33±0.21)×10−2

[12]. The limiting systematic uncertainties in this branching ratio came from parti-

cle identification uncertainty and the background uncertainty. Because the particle

identification uncertainty is limited by the control samples, and the backgrounds are

dominated by τ− → K−K0
Lντ and the limited statistics in the non-τ sideband region,

future experiments, such as Super KEK B [135] and Super B [134], with significantly
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higher statistics will be able to improve this measurement to the 0.5% level.

From Equation 2.81, B(τ−→K−ντ )
B(τ−→π−ντ )

branching ratio can be written in terms of the

decay strengths, the CKM matrix elements Vus and Vud and a mass correction factor.

Using the QCD Lattice value fk

fπ
= 1.189 ± 0.007 [40] we obtain

|Vus| = 0.2255 ± 0.0023, (8.8)

a value which is consistent with the unitarity value of |Vus| = 0.2262 ± 0.0011. A

comparision of |Vus| extracted using B(τ−→K−ντ )
B(τ−→π−ντ )

to the previous measurements of |Vus|
can be seen in Figure 8.6.
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|
us

|V
0.18 0.19 0.2 0.21 0.22 0.23

Unitarity
0.0011±0.2262

)ν K→τ, pred. 
(0,0)

T
 Decays (wτ

0.0017)±0.0030±(0.2144

)τν-π →-τ(Γ)/τν- K→-τ(ΓThis Work: 
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Hyperon Decays

0.0050)±(0.2260

)π/f
K

Decays (+lattice f 2μπ,  2μK

0.0019)±(0.2244
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0.0013)±(0.2237

Figure 8.6: The current status of the |Vus| with |Vus| determined from B(τ−→K−ντ )
B(τ−→π−ντ )

.

The recent measurements from kaon decays, Kl3 [125] and Kl2 [40], and the hyperon
decay data [126] are located above the dashed lines, while the value of |Vus| from
B(τ−→K−ντ )
B(τ−→π−ντ )

is located between the dashed lines. Below the dashed lines is W 0,0
T

measured in [124] using measurements from this work, BABAR [9] and Belle [10], which
has been included to represent the current status of |Vus| extracted using hadronic τ
decays.
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Chapter 9

Conclusion

A number of branching fractions and ratios of the 3rd generation of charged leptons

were measured and interpreted in the context of the Standard Model of particle

physics. The B(τ− → π−π−π+ντ ) is measured to be (8.83 ± 0.01 ± 0.13)%, a value

more precise than the previous measurement that directly identified the pions [116].

The τ− → K−π−π+ντ and τ− → K−π−K+ντ branching fractions were measured to

be (0.273 ± 0.002 ± 0.009)% and (0.1346 ± 0.0010 ± 0.0036)% respectively, both of

which are significantly more precise than the world average. This first measurement

of τ− → K−K−K+ντ branching fraction, in which no resonance structure is assumed,

yields a value of (1.58 ± 0.13 ± 0.12) × 10−5.

The τ− → φπ−ντ and τ− → φK−ντ decay modes were observed in the MK+K−

invariant mass spectrum. The B(τ− → φπ−ντ ) and B(τ− → φK−ντ ) were extracted

from the MK+K− invariant mass spectrum by means of a binned maximum likelihood

fit and then using the corresponding efficiency matrix to account for the cross-feed.

The first measurement of B(τ− → φπ−ντ ) was determined to be (3.42±0.55±0.25)×
10−5, while B(τ− → φK−ντ ) was measured to be (3.39± 0.20± 0.28)× 10−5, a value

which is both competitive and consistent with the concurrent result by Belle [129].

From the binned maximum likelihood of the MK+K− invariant mass spectrum, no
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evidence was found for τ− → K−K−K+ντ excluding φ so the first upper limit on

B(τ− → K−K−K+ντ (ex.φ)) was determined to be B(τ− → K−K−K+ντ (ex.φ)) <

2.5 × 10−6 at 90% C.L..

Updating the current spectral density functions with these measured τ− →
h−h−h+ντ branching fractions and the recent results from Belle [10] the value of

|Vus| extracted using FESR is approximately 3 standard deviations below unitar-

ity. This indicated a possible deviation of |Vus| from the unitarity value in τ de-

cays. To investigate the possibility for new physics, related to |Vus| in τ decays,

an alternative method for measuring |Vus| the branching ratio B(τ−→K−ντ )
B(τ−→π−ντ )

was used.

This method has a theoretical uncertainty which is completely independent from the

FESR approach and does not have problems related to the convergence of OPE se-

ries. The B(τ−→K−ντ )
B(τ−→π−ντ )

was measured to be (6.531 ± 0.056 ± 0.093) × 10−2. Using

the QCD Lattice value fk

fπ
= 1.189 ± 0.007 and |Vud| = [40], |Vus| is determined

to be |Vus| = 0.2255 ± 0.0023, a value which is consistent with the expected value

determined from unitarity |Vus| = 0.2262 ± 0.0011.

In the 1 prong branching ratio analysis, B(τ−→μ−ντνμ)
B(τ−→e−ντ νe)

was determined to be

(9.796 ± 0.016 ± 0.035) × 10−1. Using this branching ratio, a lepton universality

test between the muon and the electron was performed. gμ

ge
was measured to be

1.0036 ± 0.0020, a value which is consistent with the lepton universality assumption

in the Standard Model. Using the world average [39] electron branching fraction, the

B(τ− → μ−ντνμ) was determined to be (17.42±0.03±0.08)×10−2, a value that is both

competitive with and consistent with previous measurements. For the B(τ−→π−ντ )
B(τ−→e−ντ νe)

,

the branching ratio was determined to be (5.945 ± 0.014 ± 0.061) × 10−1. Using the

world average for the electron branching fraction [39], B(τ− → π−ντ ) is determined

to be (10.59 ± 0.03 ± 0.11) × 10−2 a value which is competitive with and consis-

tent with the previous measurements [41,146]. Comparing this branching fraction to
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the π− → μνμ branching fraction after correcting for the masses and the lifetimes,

one obtains ( gτ

gμ
)π = 0.9856 ± 0.0057. This value is within 2.5 standard deviations

of the prediction for lepton universality in the Standard Model. The B(τ−→K−ντ )
B(τ−→e−ντ νe)

branching ratio was measured to be (3.882 ± 0.032 ± 0.057) × 10−2, which results in

a B(τ− → K−ντ ) fraction of (6.92 ± 0.06 ± 0.10) × 10−3. This branching fraction is

both consistent with and a significant improvement relative to the world average [39].

From this, ( gτ

gμ
)K = 0.9827±0.0086 was determined to be 0.9856±0.0057. After tak-

ing into account the correlations between B(τ− → K−ντ ) and B(τ− → π−ντ ) the

combined gτ

gμ
ratio was determined to be ( gτ

gμ
)π/K = 0.9850 ± 0.0054. This value is

within 2.8 standard deviations from the universality assumption. The B(τ−→K−ντ )
B(τ−→π−ντ )

,

B(τ−→K−ντ )
B(τ−→e−ντνe)

, and B(τ−→μ−ντ νμ)
B(τ−→e−ντ νe)

branching fractions were limited by statistics of the

data set and the control samples. Therefore, one should be able to significantly im-

prove the precision of these measurements at future experiments such as SuperB [134]

and Super KEK B [135] .

The τ− → h−h−h+ντ invariant mass spectra is determined in this paper using

a Bayesian Unfolding algorithm [7]. The τ− → π−π−π+ντ invariant mass spectra

is competitive with the previously measured invariant mass distributions [41,52,53],

while the τ− → K−π−π+ντ and τ− → K−π−K+ντ are significant improvements

relative to the current ALEPH and OPAL measurements [42, 51, 53]. The τ− →
K−K−K+ντ invariant mass distribution is the first unfolded distribution. When the

invariant mass spectra being measured by other members of the BABAR Collaboration

are available, these invariant mass spectra will result in a significant improvement

in the strange and non-strange spectral density function and are required to fully

examine the existing 3σ deviation from unitarity of the |Vus| as determined using the

FESR formalism.
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Appendix A

Particle Identification

In particle physics, subatomic particles are identified through their interactions with

the detector. A summary of the detector parameters utilized to select electrons,

muons, pions and kaons in this work are displayed in Table A.1 and A.2.

Variable Description
Tracking Detectors Variables (SVT and DCH)

dE
dx

The mean energy loss per unit length
P The momentum of a track (GeV/c)
Pt The momentum of a track in the plane perpendicular to the beam axis

(GeV/c)
q The charge of the track

DIRC Variables
Nγ DIRC The number of DIRC photons
θc The Cherenkov angle (rad)
θx

c The Cherenkov angle for the x particle hypothesis (rad)
EMC Variables

Eraw The energy deposited in the EMC (GeV)
φEMC The φ coordinate of the extrapolated track position in the EMC (rad)
φcluster The φ coordinate of the position of a cluster in the EMC (rad)
Ncrystal The number of EMC crystals associated with a track
Lat The Lateral moment in the EMC [147]
A42 The 42nd Zernike moment in the EMC

Table A.1: The definition of the variables used for particle identification Part 1.
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IFR Variables
NL The number of IFR layers that registered a hit
λ The number of interaction lengths1 transversed by the track
λexp The number of interaction lengths expected to be transversed if the track

is a muon
χ2

fit The χ2/ndof2 for the fit applied to the IFR cluster
χ2

trk The χ2/ndof between the extrapolated track and the clusters in the IFR
Tc The continuity of a track in the IFR
m̄ The mean number of IFR strips hit per layer
σm The standard deviation on the mean number of IFR strips hit per layer

Table A.2: The definition of the variables used for particle identification Part 2.

A.1 Electron selectors

In this work, there are two electron selectors. One which is used to identify electrons

and one which is used to reject electrons. The electron selector, which identifies elec-

trons, has an efficiency of above 90% and a pion fake rate between 0.05-0.01% [148].

This selector is referred to as the “PidLHElectrons” selector within the BABAR Col-

laboration. This selector uses information from the EMC, DIRC and the DCH to

identify electrons with the likelihood method after some initial pre-selection. The

initial pre-selection requires that the energy deposited in the EMC is consistent with

originating from an electron and is described in Table A.3. For the EMC, the Prob-

ability Density Function (PDF) are used to model the Eraw/P for the deposited

energy, the lateral moment of the deposited energy, and the longitudinal moment of

the deposited energy. These PDFs are determined in bins of momentum and cos(θ)

for the electron and pion control samples and in bins of momentum for the kaon and

protons which have lower statistics. For a given track, the probability is determined

from the PDFs by a bilinear extrapolation between the PDF values for the two clos-

1An interaction length is the mean distance between inelastic collisions.
2The number of degrees of freedom for a χ2 fit is the number of points minus the number of

parameters in the fit.
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est bins. The PDFs for the Eraw/P for the deposited energy are determined using

a Gaussian like shape which has an exponential decay in the tails for the electrons

and a double Gaussian for the hadrons. A similar procedure is used to determine the

probabilities of the lateral moment and longitudinal moment of the deposited energy

from the track, except that a double Gaussian is used for the electron PDF and the

longitudinal moment is binned in terms of transverse momentum instead of the mo-

mentum. However, because of correlations in the hadronic shower shape, the Eraw/P

for the deposited energy and the lateral moment of the deposited energy are corre-

lated. Therefore, two dimensional PDFs are constructed to include the correlations.

For the θC angle, the probability is used in the likelihood function only if Nγ DIRC > 6

and the momentum is less than 1.5 GeV/c. The PDFs for the θC angle, which are

binned in cos(θ), uses a triple Gaussian function for the pions, a double Gaussian

function for the electrons and a Gaussian function for the kaons and protons, where

the parameters of the Gaussians are fitted functions that take into account affects

such as the momentum dependence, delta ray production and particle decay. The

PDF, used for the DCH likelihood function, is a normalized Gaussian PDF where the

mean value and the momentum dependent relative uncertainty are determined from

the dE/dx calibration. In this calibration, the resolution is determined in terms of

its dependence on the dE/dx, the number of hits on the DCH wires, the transverse

momentum and the polar angle. From the likelihoods of the individual parameters,

a total likelihood function is determined for each of these five variables for the four

particle hypotheses, x = e, π,K, p, and a likelihood fraction is determined,

fL =
peLe

peLe + pπLπ + pKLK + ppLp
(A.1)

where px are prior probabilities that a track is selected as a electron if it passes
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pre-selection [149].

Preselection Cuts

500 < dE
dx
< 1000

0.5c < Eraw

P
< 1.5c

4 ≤ Ncrystal

Nγ DIRC > 6 and P < 1.5 GeV/c for DIRC to be included
Selection Cuts
fL > 0.95

Table A.3: The electron selector criteria “PidLHElectrons” [149].

For rejecting electrons, a selection criteria with a slightly higher efficiency is used.

In the BABAR Collaboration, this selector is referred to as the “eMicroVeryTight”

selector. The selection criteria of this selector are summarized in Table A.4. The

Δφ = q(φEMC − φcluster) cut referred to in Table A.4 is a geometric cut in the Δφ vs

Pt plane that separates electrons and pions at Pt [150]. An illustration of this cut on

both electron and pion distributions can be seen in Figure A.1.

Selection Cuts

540 < dE
dx
< 860

0.89c < Eraw

P
< c1.2

3 < Ncrystal

0 < Lat < 0.6
−10 < A42 < 0.11

|θc − θe
c | < 3σθc if Nγ DIRC > 10

Δφ = q(φEMC − φcluster) cut

Table A.4: The electron criteria used for the electron veto “eMicroVeryTight” [150] .
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Figure A.1: Δφ = q(φEMC − φcluster) as a function of Pt with the Δφ cut employed
in the electron veto superimposed for both electron (left) and pion (right) MC [150].



Appendix A. Particle Identification 176

A.2 Muon Selectors

To select muons, a cut based selector, which employs information from the EMC and

the IFR, is used for the τ− → h−h−h+ντ analysis. This selector has a muon selection

efficiency of approximately ∼ 60% and a pion percent mis-id rate of ∼5% [148]. This

selector is referred to as the “muMicroTight” selector in the BABAR Collaboration

[151,152]. Table A.5 summarizes the muon selection criteria.

Selection Cuts
0.05 GeV < Eraw < 0.4 GeV for tracks in the EMC with θ < 2.45rads

NL ≥ 2
λ > 2.2

|λ− λexp| < 1
χ2

fit < 3
χ2

trk < 5
Tc > 0.3 for 0.3rad < θ < 1.0rad

m̄ < 8
σm < 4

Table A.5: The muon selection criteria for the τ− → h−h−h+ντ analysis [151, 152].

In the B(τ−→μ−ντ νμ)
B(τ−→e−ντνe)

measurement, a neural network selector was used to identify

the signal muon. This selector has a muon selection efficiency of approximately

∼ 70%, a pion percent mis-id rate of ∼2% and kaon fake rate of ∼2% [148] and is

referred to as the “muNNTight” in the BABAR Collaboration. This selector uses the

neural network application in ROOT. The input layer for the muon selector neural

network contains eight layers corresponding to the input parameters: λexp − λ, χ2
trk,

σm, TC , Ecal, λ, m̄ and χ2
fit. The input layer connects to a hidden layer with 16

nodes that then output to a single node in the output layer. Each node modifies the

input so that it receives into an output using a transfer function which depends on

the input activity (Ai) and the weight (Wij). The transfer function employed in this
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neural net is the “sigmoid” function,

f(Ai,Wij) =
1

1 − e−
∑

AiWij
. (A.2)

To account for variation in the behaviour of the detector as a function of time,

momentum and polar angle, the neural network is trained in bins of momentum, θ

and time. The training utilized a muon control sample from e+e− → μ+μ−γ events

and a pion control sample from τ− → π−π−π+ντ events with a lepton tag [153]. These

control samples are split into two sets, one to train the neural network and another

to validate the neural network. After training and validation, the cut placed on the

output of the neural network is tuned to have a constant muon selection efficiency of

70% for this selector [153].

To reject muons in the measurement of B(τ−→π−ντ )
B(τ−→e−ντ νe)

a looser selection criteria

with a substantially higher efficiency, which has been optimized to have a small pion

fake rate, is required. This selector is referred to as the “muNNVeryLooseFakeRate”

selector in the BABAR Collaboration. This selector has a muon selection efficiency

of approximately ∼ 90%, a pion percent mis-id rate of ∼ 5% and kaon fake rate

of ∼ 10% [148]. This selector uses the same neural network as the “muNNTight”

selector, but has the pion mis-id rate tuned to a constant rate of 5% [153].

For the measurement of B(τ−→K−ντ )
B(τ−→e−ντ νe)

a looser selection criteria with a substan-

tially higher efficiency was used to reject muons. This selector is referred to as the

“muMicroLoose” selector in the BABAR Collaboration. This selector has a muon se-

lection efficiency of approximately ∼ 85%, a pion percent mis-id rate of ∼ 10% and

kaon fake rate of ∼ 10% [148, 151, 152]. The selection criteria for this selector is

summarized in Table A.6

The standard BABAR pion selector used in the B(τ−→π−ντ )
B(τ−→e−ντ νe)

analysis also has a

muon veto in it, but it is not sufficient to reduce the contamination from τ− →
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Selection Cuts
Eraw < 0.5(GeV) for tracks with clusters in the EMC

NL ≥ 2
λ > 2

|λ− λexp| < 2
χ2

fit < 4
χ2

trk < 7
Tc > 0.2 for 0.3rad < θ < 1.0rad

m̄ < 10
σm < 6

Table A.6: The muon selection criteria for the B(τ−→K−ντ )
B(τ−→e−ντ νe)

measurement [151, 152].

μ−ντνμ events. This selector is referred to as “muMicroVeryTight” in the BABAR

Collaboration. This selector has a muon selection efficiency of approximately ∼ 60%,

a pion percent mis-id rate of ∼1% and kaon fake rate of ∼ 0.5% [148,151,152]. The

selection criteria for this selector is summarized in Table A.7

Selection Cuts
0.05 < Eraw < 0.4(GeV) for tracks in the EMC with θ < 2.45rads

NL ≥ 2
λ > 2.2

|λ− λexp| < 0.8
χ2

fit < 3
χ2

trk < 5
Tc > 0.34 for 0.3rad < θ < 1.0rad

m̄ < 8
σm < 4

Table A.7: The muon veto included in the standard BABAR pion selector [151, 152].
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A.3 Kaon Selectors

The kaon identification is based on a likelihood approach and is referred to as the

“MicroVeryTightKaon” selector. The MicroVeryTightKaon selector utilizes infor-

mation from the SVT, DCH and DIRC to obtain a total likelihood function upon

which the selection criteria are applied. For the DCH and the SVT, the likeli-

hood function is a normalized Gaussian PDF, where the mean value and the mo-

mentum dependent relative uncertainty are determined from the dE/dx calibra-

tion. The DIRC likelihood consists of two components: gi the normalized Gaus-

sian PDF for the Cherenkov angle, where the mean value is the theoretical predic-

tion for the given mass hypothesis and the uncertainty is determined from the fit

of the Cherenkov angle; and pi the normalized Poisson PDF for the fitted num-

ber of photons signal with background and the expected number of photons with

background. The dE/dx information from the SVT is considered when the mo-

mentum of the track is between 0.025 GeV/c < P < 0.6 GeV/c or P > 1.5 GeV/c

and there are at least three dE/dx SVT hits. The DCH likelihood information is

used when 0.090 GeV/c < P < 0.6 GeV/c or P > 1.5 GeV/c and there are at least

ten dE/dx DCH hits. The likelihood information from the DIRC is utilized when

0.6 GeV/c < P < 10 GeV/c and the expected number of photons for the electron

hypothesis is greater than 0 and the θC vs P is located outside region A, as defined in

Figure 4.2. The total likelihood function, Lx = LDIRC
x ×LDCH

x ×LSV T
x , is determined

for the x = K, π, p. To be identified as a pion the particle must satisfy the selection

criteria in Table A.8. This selector has an efficiency of ∼80%, a pion fake rate of

∼1-2%, an electron fake rate of < 2% and a muon fake rate of < 1% [148,154].
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Selection Cuts

lK > rπlπ for rπ =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

3, if P < 0.4 GeV/c

20, if 0.4 GeV/c < P < 0.7 GeV/c

3, if 0.70 GeV/c < P < 2.5 GeV/c

200, if P > 2.5 GeV/c

20 + 14e(−5.+1.25P ), if P > 2.5 GeV/c

lK > lp
P > 1.0 GeV/c and Nγ DIRC > 5
P > 1.5 GeV/c and Nγ DIRC > 10

Table A.8: The Kaon Selection Criteria [154].
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A.4 Pion Selectors

The pion selector, used to select pions in the τ → π−ν measurement, is referred to

as the “piLHVeryTight” selector in the BABAR Collaboration. As the name suggests,

this selector is based on a likelihood approach. The total likelihood function, used

in the pion selector, is determined from the likelihood functions from the individual

detectors, namely the SVT, the DCH and the DIRC. For the DCH the likelihood

function is a normalized Gaussian PDF where the mean value and the momentum

dependent relative uncertainty are determined relative to the Bethe-Bloch parame-

terization. For the SVT the likelihood function is a normalized Bifurcated Gaussian

PDF where the mean value and the momentum dependent relative uncertainty are

determined relative to the Bethe-Bloch parameterization. For the DIRC, the like-

lihood is determined from the MC simulation in a binned likelihood table. This

table is binned in terms of the P, θC and Nγ DIRC . The total likelihood function,

Lx = LDIRC
x ×LDCH

x ×LSV T
x , is determined for the x = K, π, p [155]. To be identified

as a pion the particle must satisfy the selection criteria in Table A.9. This selector

has an efficiency of ∼85%, a kaon fake rate of ∼2-4%, an electron fake rate of ∼5%,

and a muon fake rate of ∼20% [148].

Selection Cuts
LK/(LK + Lπ) < 0.2
Lp/(Lp + Lπ) < 0.5

fail the “eLHTight” selector defined in Section A.1
fail the “MicroVeryTight” selector defined in Section A.2

Table A.9: The Pion Selection Criteria [156].
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Appendix B

Dalitz Weighting in the
τ− → h−h−h+ντ Analysis

In the τ− → h−h−h+ντ analysis Section 4.4, it was found that the kinematics of

the decay structure needed to be corrected in the MC to model the data. The bin

configurations used for this 3D Dalitz weighting of the MC were: 20 × 20 bins for

the τ− → π−π−π+ντ decay; 10 × 10 bins for the τ− → K−π−π+ντ decay; 10 × 10

bins for the τ− → K−π−K+ντ decay; 10 bins for the invariant mass only in the

τ− → K−K−K+ντ decay. The number of bins for each decay mode was limited by

the statistics. Two iterations of the Dalitz weighting were applied to account for

the cross-feed between the channels. Figure B.1 to B.4 show the τ− → h−h−h+ντ

M123, M13, and M23 invariant mass distributions with the Dalitz weighted MC. The

background subtracted Dalitz plots can be seen in Figure B.5.
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Figure B.1: The Raw τ− → π−π−π+ντ invariant mass distributions for M123

(left), M13 and M23 (right) with Dalitz Weighted MC. The data is represented
by the points with the error bars representing the statistical uncertainty. The
open histogram represents the signal MC for the respective channels, while
the lightly shaded histogram represents the cross-feed from the other τ− →
h−h−h+ντ channels. The remaining τ backgrounds and the non-τ backgrounds
are represented by the dark histogram.
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Figure B.2: The Raw τ− → K−π−π+ντ invariant mass distributions for M123

(top), M13 (bottom-left), and M23 (bottom-right with Dalitz Weighted MC).
The data is represented by the points with the error bars representing the
statistical uncertainty. The open histogram represents the signal MC for the
respective channels, while the lightly shaded histogram represents the cross-feed
from the other τ− → h−h−h+ντ channels. The remaining τ backgrounds and
the non-τ backgrounds are represented by the dark histogram.
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Figure B.3: The Raw τ− → K−π−K+ντ invariant mass distributions for M123

(top), M13 (bottom-left), and M23 (bottom-right) with Dalitz Weighted MC.
The data is represented by the points with the error bars representing the
statistical uncertainty. The open histogram represents the signal MC for the
respective channels, while the lightly shaded histogram represents the cross-feed
from the other τ− → h−h−h+ντ channels. The remaining τ backgrounds and
the non-τ backgrounds are represented by the dark histogram.
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the lightly shaded histogram represents the cross-feed from the other τ− →
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are represented by the dark histogram.
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Appendix C

Unfolded τ− → π−π−π+ντ Invariant
Mass Spectra

C.1 The Unfolded τ− → π−π−π+ντ M123 Invariant

Mass Spectra
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Figure C.1: A comparison of the τ− → π−π−π+ντ MC Truth and reconstructed MC
for the M123 invariant mass spectra. The reconstructed MC M123 invariant mass as
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of the BABAR Detector in the unfolding of the τ− → π−π−π+ντ M123 invariant mass
spectrum. The reconstructed MC M123 invariant mass minus the MC Truth M123

invariant mass (right) illustrates the average response of the BABAR Detector for the
τ− → π−π−π+ντ M123 invariant mass spectrum.



Appendix C. Unfolded τ− → π−π−π+ντ Invariant Mass Spectra 190
B

in
L
ow

er
U

p
p
er

V
a
lu

e
T
o
ta

l
S
ta

t.
S
y
s.

E
d
g
e

(G
eV

/
c2

)
E

d
g
e

(G
eV

/
c2

)
U

n
ce

rt
a
in

ty
U

n
ce

rt
a
in

ty
U

n
ce

rt
a
in

ty
1

0
.4

2
0
.4

4
0
.0

0
.0

0
.0

0
.0

2
0
.4

4
0
.4

6
0
.0

0
.0

0
.0

0
.0

3
0
.4

6
0
.4

8
0
.0

0
0
0
2

0
.0

0
0
1
7

0
.0

0
0
0
1
1

0
.0

0
0
1
7

4
0
.4

8
0
.5

0
0
.0

0
0
0
0
6

0
.0

0
0
0
4
3

0
.0

0
.0

0
0
0
4
3

5
0
.5

0
0
.5

2
0
.0

0
0
0
0
8

0
.0

0
0
0
5
2

0
.0

0
.0

0
0
0
5
2

6
0
.5

2
0
.5

4
0
.0

0
0
0
1
6

0
.0

0
0
0
6
2

0
.0

0
.0

0
0
0
6
2

7
0
.5

4
0
.5

6
0
.0

0
0
0
5
5

0
.0

0
0
1
0
0

0
.0

0
0
0
1
5

0
.0

0
0
0
9
9

8
0
.5

6
0
.5

8
0
.0

0
0
0
6
1

0
.0

0
0
0
7
3

0
.0

0
0
0
1
2

0
.0

0
0
0
7
2

9
0
.5

8
0
.6

0
0
.0

0
0
0
6
8

0
.0

0
0
0
7
4

0
.0

0
0
0
1
3

0
.0

0
0
0
7
3

1
0

0
.6

0
0
.6

2
0
.0

0
0
1
1
2

0
.0

0
0
0
7
5

0
.0

0
0
0
1
6

0
.0

0
0
0
7
3

1
1

0
.6

2
0
.6

4
0
.0

0
0
2
0
6

0
.0

0
0
0
8
1

0
.0

0
0
0
1
8

0
.0

0
0
0
7
9

1
2

0
.6

4
0
.6

6
0
.0

0
0
2
7
6

0
.0

0
0
0
7
8

0
.0

0
0
0
2
1

0
.0

0
0
0
7
5

1
3

0
.6

6
0
.6

8
0
.0

0
0
3
8
2

0
.0

0
0
0
8
3

0
.0

0
0
0
2
1

0
.0

0
0
0
8
1

1
4

0
.6

8
0
.7

0
0
.0

0
0
5
3
5

0
.0

0
0
0
8
3

0
.0

0
0
0
2
4

0
.0

0
0
0
7
9

1
5

0
.7

0
0
.7

2
0
.0

0
0
7
8
1

0
.0

0
0
0
8
9

0
.0

0
0
0
2
7

0
.0

0
0
0
8
5

1
6

0
.7

2
0
.7

4
0
.0

0
1
1
2

0
.0

0
0
1
1

0
.0

0
0
0
3
0

0
.0

0
0
1
0

1
7

0
.7

4
0
.7

6
0
.0

0
1
3
4

0
.0

0
0
1
1

0
.0

0
0
0
3
2

0
.0

0
0
1
0

1
8

0
.7

6
0
.7

8
0
.0

0
1
8
0

0
.0

0
0
1
1

0
.0

0
0
0
3
4

0
.0

0
0
1
1

1
9

0
.7

8
0
.8

0
0
.0

0
2
4
6

0
.0

0
0
1
3

0
.0

0
0
0
3
9

0
.0

0
0
1
2

2
0

0
.8

0
0
.8

2
0
.0

0
3
3
9

0
.0

0
0
1
5

0
.0

0
0
0
4
5

0
.0

0
0
1
4

2
1

0
.8

2
0
.8

4
0
.0

0
4
5
6

0
.0

0
0
1
7

0
.0

0
0
0
5
0

0
.0

0
0
1
6

2
2

0
.8

4
0
.8

6
0
.0

0
6
3
8

0
.0

0
0
1
7

0
.0

0
0
0
5
7

0
.0

0
0
1
6

2
3

0
.8

6
0
.8

8
0
.0

0
8
7
6

0
.0

0
0
1
7

0
.0

0
0
0
6
5

0
.0

0
0
1
6

2
4

0
.8

8
0
.9

0
0
.0

1
1
9
9

0
.0

0
0
1
8

0
.0

0
0
0
7
3

0
.0

0
0
1
6

2
5

0
.9

0
0
.9

2
0
.0

1
5
8
8

0
.0

0
0
1
9

0
.0

0
0
0
8
2

0
.0

0
0
1
7

2
6

0
.9

2
0
.9

4
0
.0

2
0
5
2

0
.0

0
0
1
7

0
.0

0
0
0
9
6

0
.0

0
0
1
4

2
7

0
.9

4
0
.9

6
0
.0

2
5
3
0

0
.0

0
0
2
1

0
.0

0
0
1
0

0
.0

0
0
1
8

2
8

0
.9

6
0
.9

8
0
.0

3
0
0
0

0
.0

0
0
1
8

0
.0

0
0
1
1

0
.0

0
0
1
5

2
9

0
.9

8
1
.0

0
0
.0

3
4
5
4

0
.0

0
0
2
0

0
.0

0
0
1
1

0
.0

0
0
1
6

3
0

1
.0

0
1
.0

2
0
.0

3
8
7
6

0
.0

0
0
2
2

0
.0

0
0
1
2

0
.0

0
0
1
8

3
1

1
.0

2
1
.0

4
0
.0

4
2
1
2

0
.0

0
0
2
9

0
.0

0
0
1
3

0
.0

0
0
2
6

3
2

1
.0

4
1
.0

6
0
.0

4
5
0
3

0
.0

0
0
2
4

0
.0

0
0
1
3

0
.0

0
0
1
9

3
3

1
.0

6
1
.0

8
0
.0

4
7
2
7

0
.0

0
0
2
6

0
.0

0
0
1
3

0
.0

0
0
2
2

3
4

1
.0

8
1
.1

0
0
.0

4
8
6
8

0
.0

0
0
2
6

0
.0

0
0
1
3

0
.0

0
0
2
2

3
5

1
.1

0
1
.1

2
0
.0

4
9
0
4

0
.0

0
0
2
6

0
.0

0
0
1
4

0
.0

0
0
2
2

3
6

1
.1

2
1
.1

4
0
.0

4
9
0
6

0
.0

0
0
2
6

0
.0

0
0
1
3

0
.0

0
0
2
2

3
7

1
.1

4
1
.1

6
0
.0

4
8
2
3

0
.0

0
0
2
8

0
.0

0
0
1
3

0
.0

0
0
2
5

3
8

1
.1

6
1
.1

8
0
.0

4
7
0
5

0
.0

0
0
3
6

0
.0

0
0
1
3

0
.0

0
0
3
3

3
9

1
.1

8
1
.2

0
0
.0

4
5
3
2

0
.0

0
0
3
0

0
.0

0
0
1
2

0
.0

0
0
2
7

T
ab

le
C

.1
:

B
ay

es
ia

n
E

rr
or

T
ab

le
fo

r
th

e
τ
−
→

π
−
π
−
π

+
ν τ
M

1
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
1)



Appendix C. Unfolded τ− → π−π−π+ντ Invariant Mass Spectra 191

B
in

L
ow

er
U

p
p
er

V
a
lu

e
T
o
ta

l
S
ta

t.
S
y
s.

E
d
g
e

(G
eV

/
c2

)
E

d
g
e

(G
eV

/
c2

)
U

n
ce

rt
a
in

ty
U

n
ce

rt
a
in

ty
U

n
ce

rt
a
in

ty
4
0

1
.2

0
1
.2

2
0
.0

4
3
3
8

0
.0

0
0
2
2

0
.0

0
0
1
2

0
.0

0
0
1
8

4
1

1
.2

2
1
.2

4
0
.0

4
0
7
1

0
.0

0
0
2
3

0
.0

0
0
1
2

0
.0

0
0
2
0

4
2

1
.2

4
1
.2

6
0
.0

3
7
9
9

0
.0

0
0
2
3

0
.0

0
0
1
2

0
.0

0
0
2
0

4
3

1
.2

6
1
.2

8
0
.0

3
5
0
9

0
.0

0
0
2
6

0
.0

0
0
1
1

0
.0

0
0
2
4

4
4

1
.2

8
1
.3

0
0
.0

3
1
7
6

0
.0

0
0
2
7

0
.0

0
0
1
1

0
.0

0
0
2
4

4
5

1
.3

0
1
.3

2
0
.0

2
8
5
9

0
.0

0
0
4
6

0
.0

0
0
0
9
6

0
.0

0
0
4
5

4
6

1
.3

2
1
.3

4
0
.0

2
5
4
8

0
.0

0
0
2
1

0
.0

0
0
0
9
6

0
.0

0
0
1
9

4
7

1
.3

4
1
.3

6
0
.0

2
2
5
0

0
.0

0
0
2
0

0
.0

0
0
0
8
8

0
.0

0
0
1
9

4
8

1
.3

6
1
.3

8
0
.0

1
9
3
5

0
.0

0
0
4
7

0
.0

0
0
0
8
5

0
.0

0
0
4
6

4
9

1
.3

8
1
.4

0
0
.0

1
5
9
6

0
.0

0
0
3
8

0
.0

0
0
0
7
3

0
.0

0
0
3
8

5
0

1
.4

0
1
.4

2
0
.0

1
2
9
1

0
.0

0
0
5
7

0
.0

0
0
0
6
7

0
.0

0
0
5
7

5
1

1
.4

2
1
.4

4
0
.0

1
0
6
5

0
.0

0
0
1
2

0
.0

0
0
0
5
9

0
.0

0
0
1
1

5
2

1
.4

4
1
.4

6
0
.0

0
8
6
8

0
.0

0
0
2
8

0
.0

0
0
0
5
4

0
.0

0
0
2
7

5
3

1
.4

6
1
.4

8
0
.0

0
7
2
7

0
.0

0
0
2
3

0
.0

0
0
0
5
1

0
.0

0
0
2
3

5
4

1
.4

8
1
.5

0
0
.0

0
5
9
5

0
.0

0
0
1
4

0
.0

0
0
0
4
5

0
.0

0
0
1
3

5
5

1
.5

0
1
.5

2
0
.0

0
4
9
5
3

0
.0

0
0
0
7
1

0
.0

0
0
0
4
1

0
.0

0
0
0
5
9

5
6

1
.5

2
1
.5

4
0
.0

0
4
0
3
6

0
.0

0
0
0
9
6

0
.0

0
0
0
3
6

0
.0

0
0
0
8
8

5
7

1
.5

4
1
.5

6
0
.0

0
3
3
4

0
.0

0
0
1
7

0
.0

0
0
0
3
4

0
.0

0
0
1
6

5
8

1
.5

6
1
.5

8
0
.0

0
2
6
6
6

0
.0

0
0
0
5
7

0
.0

0
0
0
2
9

0
.0

0
0
0
4
9

5
9

1
.5

8
1
.6

0
0
.0

0
2
0
8
0

0
.0

0
0
0
5
3

0
.0

0
0
0
2
5

0
.0

0
0
0
4
7

6
0

1
.6

0
1
.6

2
0
.0

0
1
7
3
0

0
.0

0
0
0
4
9

0
.0

0
0
0
2
3

0
.0

0
0
0
4
3

6
1

1
.6

2
1
.6

4
0
.0

0
1
3
3
9

0
.0

0
0
0
5
4

0
.0

0
0
0
2
0

0
.0

0
0
0
5
0

6
2

1
.6

4
1
.6

6
0
.0

0
0
9
4
2

0
.0

0
0
0
4
2

0
.0

0
0
0
1
7

0
.0

0
0
0
3
9

6
3

1
.6

6
1
.6

8
0
.0

0
0
6
5
1

0
.0

0
0
0
3
6

0
.0

0
0
0
1
5

0
.0

0
0
0
3
2

6
4

1
.6

8
1
.7

0
0
.0

0
0
4
3
8

0
.0

0
0
0
4
8

0
.0

0
0
0
1
1

0
.0

0
0
0
4
6

6
5

1
.7

0
1
.7

2
0
.0

0
0
2
7
0

0
.0

0
0
0
2
8

0
.0

0
.0

0
0
0
2
7

6
6

1
.7

2
1
.7

4
0
.0

0
0
1
2
5

0
.0

0
0
0
2
9

0
.0

0
.0

0
0
0
2
9

6
7

1
.7

4
1
.7

6
0
.0

0
0
0
6

0
.0

0
0
1
2

0
.0

0
.0

0
0
1
2

6
8

1
.7

6
1
.7

8
0
.0

0
.0

0
.0

0
.0

T
ab

le
C

.2
:

B
ay

es
ia

n
E

rr
or

T
ab

le
fo

r
th

e
τ
−
→

π
−
π
−
π

+
ν τ
M

1
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
2)



Appendix C. Unfolded τ− → π−π−π+ντ Invariant Mass Spectra 192
1

2
3

4
5

6
7

8
9

1
0

1
1

1
2

1
3

1
4

1
5

1
6

1
7

1
0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

2
0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

3
0
.0

0
0

0
.0

0
0

1
.0

0
0

0
.7

7
5

0
.7

7
4

0
.7

6
9

0
.7

5
3

0
.7

4
8

0
.7

3
8

0
.6

6
6

0
.6

3
9

0
.6

4
3

0
.6

1
8

0
.5

9
8

0
.5

4
8

0
.5

1
5

0
.4

8
5

4
0
.0

0
0

0
.0

0
0

0
.7

7
5

1
.0

0
0

0
.9

8
2

0
.9

7
2

0
.9

5
1

0
.9

5
2

0
.9

3
4

0
.8

4
6

0
.8

2
3

0
.8

1
4

0
.7

8
5

0
.7

6
2

0
.7

0
0

0
.6

5
7

0
.6

0
9

5
0
.0

0
0

0
.0

0
0

0
.7

7
4

0
.9

8
2

1
.0

0
0

0
.9

7
9

0
.9

5
5

0
.9

5
6

0
.9

4
0

0
.8

6
5

0
.8

3
7

0
.8

2
8

0
.8

0
0

0
.7

7
8

0
.7

2
0

0
.6

7
9

0
.6

2
9

6
0
.0

0
0

0
.0

0
0

0
.7

6
9

0
.9

7
2

0
.9

7
9

1
.0

0
0

0
.9

5
4

0
.9

5
2

0
.9

4
0

0
.8

7
0

0
.8

3
9

0
.8

3
4

0
.8

0
8

0
.7

8
5

0
.7

2
9

0
.6

8
9

0
.6

3
9

7
0
.0

0
0

0
.0

0
0

0
.7

5
3

0
.9

5
1

0
.9

5
5

0
.9

5
4

1
.0

0
0

0
.9

4
6

0
.9

4
1

0
.8

7
8

0
.8

6
8

0
.8

6
4

0
.8

4
6

0
.8

1
8

0
.7

6
7

0
.7

4
3

0
.7

0
6

8
0
.0

0
0

0
.0

0
0

0
.7

4
8

0
.9

5
2

0
.9

5
6

0
.9

5
2

0
.9

4
6

1
.0

0
0

0
.9

4
2

0
.8

7
8

0
.8

5
2

0
.8

4
2

0
.8

1
9

0
.8

0
1

0
.7

5
0

0
.7

1
0

0
.6

6
0

9
0
.0

0
0

0
.0

0
0

0
.7

3
8

0
.9

3
4

0
.9

4
0

0
.9

4
0

0
.9

4
1

0
.9

4
2

1
.0

0
0

0
.8

9
8

0
.8

6
6

0
.8

6
7

0
.8

5
1

0
.8

2
4

0
.7

7
5

0
.7

5
5

0
.7

1
4

1
0

0
.0

0
0

0
.0

0
0

0
.6

6
6

0
.8

4
6

0
.8

6
5

0
.8

7
0

0
.8

7
8

0
.8

7
8

0
.8

9
8

1
.0

0
0

0
.8

9
7

0
.8

5
3

0
.8

5
5

0
.8

3
4

0
.8

0
5

0
.7

8
7

0
.7

5
6

1
1

0
.0

0
0

0
.0

0
0

0
.6

3
9

0
.8

2
3

0
.8

3
7

0
.8

3
9

0
.8

6
8

0
.8

5
2

0
.8

6
6

0
.8

9
7

1
.0

0
0

0
.8

8
0

0
.8

7
3

0
.8

4
3

0
.8

2
3

0
.8

1
7

0
.8

0
6

1
2

0
.0

0
0

0
.0

0
0

0
.6

4
3

0
.8

1
4

0
.8

2
8

0
.8

3
4

0
.8

6
4

0
.8

4
2

0
.8

6
7

0
.8

5
3

0
.8

8
0

1
.0

0
0

0
.8

8
9

0
.8

4
5

0
.8

1
7

0
.8

1
0

0
.7

9
2

1
3

0
.0

0
0

0
.0

0
0

0
.6

1
8

0
.7

8
5

0
.8

0
0

0
.8

0
8

0
.8

4
6

0
.8

1
9

0
.8

5
1

0
.8

5
5

0
.8

7
3

0
.8

8
9

1
.0

0
0

0
.8

6
9

0
.8

2
4

0
.8

3
5

0
.8

2
1

1
4

0
.0

0
0

0
.0

0
0

0
.5

9
8

0
.7

6
2

0
.7

7
8

0
.7

8
5

0
.8

1
8

0
.8

0
1

0
.8

2
4

0
.8

3
4

0
.8

4
3

0
.8

4
5

0
.8

6
9

1
.0

0
0

0
.8

2
9

0
.8

0
4

0
.7

8
2

1
5

0
.0

0
0

0
.0

0
0

0
.5

4
8

0
.7

0
0

0
.7

2
0

0
.7

2
9

0
.7

6
7

0
.7

5
0

0
.7

7
5

0
.8

0
5

0
.8

2
3

0
.8

1
7

0
.8

2
4

0
.8

2
9

1
.0

0
0

0
.8

3
8

0
.7

8
2

1
6

0
.0

0
0

0
.0

0
0

0
.5

1
5

0
.6

5
7

0
.6

7
9

0
.6

8
9

0
.7

4
3

0
.7

1
0

0
.7

5
5

0
.7

8
7

0
.8

1
7

0
.8

1
0

0
.8

3
5

0
.8

0
4

0
.8

3
8

1
.0

0
0

0
.8

6
1

1
7

0
.0

0
0

0
.0

0
0

0
.4

8
5

0
.6

0
9

0
.6

2
9

0
.6

3
9

0
.7

0
6

0
.6

6
0

0
.7

1
4

0
.7

5
6

0
.8

0
6

0
.7

9
2

0
.8

2
1

0
.7

8
2

0
.7

8
2

0
.8

6
1

1
.0

0
0

1
8

0
.0

0
0

0
.0

0
0

0
.5

2
1

0
.6

7
0

0
.6

9
1

0
.6

9
7

0
.7

4
1

0
.7

2
4

0
.7

6
1

0
.7

8
7

0
.8

2
2

0
.8

0
9

0
.8

2
9

0
.8

0
2

0
.7

9
7

0
.8

2
3

0
.8

4
0

1
9

0
.0

0
0

0
.0

0
0

0
.4

5
4

0
.5

7
6

0
.5

9
5

0
.6

0
7

0
.6

6
8

0
.6

2
6

0
.6

8
0

0
.7

1
7

0
.7

7
4

0
.7

6
6

0
.7

9
1

0
.7

5
7

0
.7

6
9

0
.8

1
1

0
.8

1
9

2
0

0
.0

0
0

0
.0

0
0

0
.4

0
7

0
.5

3
0

0
.5

5
3

0
.5

6
5

0
.6

3
5

0
.5

8
5

0
.6

4
8

0
.7

0
3

0
.7

5
6

0
.7

3
1

0
.7

6
4

0
.7

0
8

0
.7

3
8

0
.7

9
8

0
.8

1
2

2
1

0
.0

0
0

0
.0

0
0

0
.3

4
5

0
.4

4
9

0
.4

7
0

0
.4

7
8

0
.5

5
7

0
.4

9
9

0
.5

6
0

0
.6

1
9

0
.7

0
0

0
.6

7
2

0
.7

1
0

0
.6

7
5

0
.6

7
7

0
.7

6
6

0
.7

9
6

2
2

0
.0

0
0

0
.0

0
0

0
.2

8
2

0
.3

6
5

0
.3

8
4

0
.3

9
5

0
.4

7
3

0
.4

1
2

0
.4

7
5

0
.5

2
9

0
.6

3
0

0
.5

9
2

0
.6

3
9

0
.5

8
1

0
.6

1
2

0
.6

9
4

0
.7

4
0

2
3

0
.0

0
0

0
.0

0
0

0
.2

2
6

0
.2

9
0

0
.3

1
1

0
.3

2
0

0
.3

9
5

0
.3

3
4

0
.3

9
1

0
.4

5
4

0
.5

5
1

0
.5

1
1

0
.5

6
3

0
.5

0
7

0
.5

6
5

0
.6

3
2

0
.6

6
8

2
4

0
.0

0
0

0
.0

0
0

0
.1

6
0

0
.2

0
7

0
.2

2
7

0
.2

3
9

0
.3

2
3

0
.2

5
1

0
.3

1
9

0
.3

9
4

0
.4

8
1

0
.4

4
1

0
.5

0
0

0
.4

3
3

0
.4

9
1

0
.5

7
5

0
.6

2
9

2
5

0
.0

0
0

0
.0

0
0

0
.1

1
2

0
.1

4
3

0
.1

6
2

0
.1

7
0

0
.2

5
5

0
.1

8
4

0
.2

4
7

0
.3

2
1

0
.4

2
8

0
.3

7
4

0
.4

3
5

0
.3

6
9

0
.4

2
3

0
.5

1
4

0
.5

7
3

2
6

0
.0

0
0

0
.0

0
0

0
.0

1
1

0
.0

1
7

0
.0

2
5

0
.0

3
1

0
.1

0
0

0
.0

4
6

0
.0

9
9

0
.1

4
7

0
.2

4
8

0
.1

9
9

0
.2

5
5

0
.1

9
9

0
.2

2
4

0
.3

1
3

0
.3

7
3

2
7

0
.0

0
0

0
.0

0
0

-0
.0

9
6

-0
.1

0
1

-0
.0

9
8

-0
.0

9
2

-0
.0

6
3

-0
.0

8
8

-0
.0

5
6

-0
.0

2
8

-0
.0

0
6

-0
.0

6
2

0
.0

0
6

-0
.0

6
5

-0
.0

2
1

0
.0

1
9

0
.0

4
8

2
8

0
.0

0
0

0
.0

0
0

-0
.1

4
9

-0
.1

9
6

-0
.1

8
7

-0
.1

8
5

-0
.1

4
6

-0
.1

9
3

-0
.1

5
2

-0
.1

2
8

-0
.0

9
5

-0
.1

1
0

-0
.0

5
1

-0
.1

2
8

-0
.0

8
0

-0
.0

1
6

0
.0

3
5

2
9

0
.0

0
0

0
.0

0
0

-0
.0

6
9

-0
.0

6
5

-0
.0

6
3

-0
.0

6
2

-0
.0

4
6

-0
.0

7
6

-0
.0

5
0

-0
.0

6
1

-0
.0

4
8

-0
.0

7
2

-0
.0

3
6

-0
.1

0
9

-0
.0

6
3

-0
.0

3
6

-0
.0

1
8

3
0

0
.0

0
0

0
.0

0
0

-0
.2

5
8

-0
.2

9
9

-0
.3

0
1

-0
.2

9
4

-0
.2

5
7

-0
.3

0
4

-0
.2

5
7

-0
.2

5
4

-0
.2

1
9

-0
.2

2
6

-0
.1

7
7

-0
.2

2
5

-0
.1

9
4

-0
.1

1
8

-0
.0

7
3

3
1

0
.0

0
0

0
.0

0
0

-0
.2

6
1

-0
.3

1
0

-0
.3

1
5

-0
.3

0
6

-0
.3

0
0

-0
.3

2
2

-0
.2

8
4

-0
.2

9
8

-0
.3

0
4

-0
.3

2
0

-0
.2

7
8

-0
.3

3
9

-0
.3

1
4

-0
.2

6
3

-0
.2

4
3

3
2

0
.0

0
0

0
.0

0
0

-0
.3

3
5

-0
.4

0
3

-0
.4

1
3

-0
.4

1
8

-0
.4

3
5

-0
.4

3
0

-0
.4

3
2

-0
.4

7
2

-0
.4

7
5

-0
.4

6
2

-0
.4

6
0

-0
.4

8
1

-0
.4

1
7

-0
.4

5
2

-0
.4

4
7

3
3

0
.0

0
0

0
.0

0
0

-0
.3

3
2

-0
.3

8
7

-0
.4

0
3

-0
.3

9
5

-0
.4

1
3

-0
.4

1
2

-0
.3

9
9

-0
.4

3
6

-0
.4

5
8

-0
.4

6
1

-0
.4

3
3

-0
.4

6
7

-0
.4

4
0

-0
.4

3
2

-0
.4

1
8

3
4

0
.0

0
0

0
.0

0
0

-0
.3

6
7

-0
.4

5
2

-0
.4

6
8

-0
.4

6
6

-0
.4

7
9

-0
.4

8
0

-0
.4

6
8

-0
.4

9
5

-0
.5

3
0

-0
.5

1
4

-0
.5

0
3

-0
.5

1
0

-0
.5

1
8

-0
.5

0
4

-0
.4

8
2

3
5

0
.0

0
0

0
.0

0
0

-0
.3

4
9

-0
.4

3
2

-0
.4

4
4

-0
.4

4
7

-0
.4

8
6

-0
.4

5
7

-0
.4

8
6

-0
.5

1
9

-0
.5

4
9

-0
.5

5
4

-0
.5

5
5

-0
.5

3
7

-0
.5

3
2

-0
.5

6
9

-0
.5

8
1

3
6

0
.0

0
0

0
.0

0
0

-0
.0

9
6

-0
.0

8
4

-0
.0

9
9

-0
.1

0
1

-0
.1

4
7

-0
.1

2
3

-0
.1

4
0

-0
.2

1
5

-0
.2

6
6

-0
.2

7
3

-0
.2

7
3

-0
.2

9
1

-0
.3

1
8

-0
.3

4
2

-0
.3

6
7

3
7

0
.0

0
0

0
.0

0
0

-0
.3

7
0

-0
.4

2
1

-0
.4

3
4

-0
.4

3
8

-0
.4

8
0

-0
.4

5
3

-0
.4

7
2

-0
.5

2
4

-0
.5

6
5

-0
.5

5
8

-0
.5

5
6

-0
.5

6
2

-0
.5

6
0

-0
.5

8
3

-0
.5

8
8

3
8

0
.0

0
0

0
.0

0
0

-0
.3

0
2

-0
.3

4
6

-0
.3

6
0

-0
.3

5
3

-0
.3

8
7

-0
.3

7
5

-0
.3

5
6

-0
.3

9
5

-0
.4

6
3

-0
.4

4
6

-0
.4

3
3

-0
.4

5
9

-0
.4

9
7

-0
.4

7
2

-0
.4

5
7

3
9

0
.0

0
0

0
.0

0
0

-0
.2

7
8

-0
.3

2
7

-0
.3

3
2

-0
.3

5
1

-0
.3

7
1

-0
.3

4
4

-0
.4

0
1

-0
.4

1
0

-0
.3

7
7

-0
.3

6
0

-0
.4

0
0

-0
.3

2
7

-0
.3

0
9

-0
.3

7
1

-0
.3

9
0

T
ab

le
C

.3
:

B
ay

es
ia

n
T
ot

al
C

or
re

la
ti

on
T
ab

le
fo

r
th

e
τ
−
→

π
−
π
−
π

+
ν τ
M

1
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
1)



Appendix C. Unfolded τ− → π−π−π+ντ Invariant Mass Spectra 193
1
8

1
9

2
0

2
1

2
2

2
3

2
4

2
5

2
6

2
7

2
8

2
9

3
0

3
1

3
2

3
3

3
4

1
0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

2
0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

3
0
.5

2
1

0
.4

5
4

0
.4

0
7

0
.3

4
5

0
.2

8
2

0
.2

2
6

0
.1

6
0

0
.1

1
2

0
.0

1
1

-0
.0

9
6

-0
.1

4
9

-0
.0

6
9

-0
.2

5
8

-0
.2

6
1

-0
.3

3
5

-0
.3

3
2

-0
.3

6
7

4
0
.6

7
0

0
.5

7
6

0
.5

3
0

0
.4

4
9

0
.3

6
5

0
.2

9
0

0
.2

0
7

0
.1

4
3

0
.0

1
7

-0
.1

0
1

-0
.1

9
6

-0
.0

6
5

-0
.2

9
9

-0
.3

1
0

-0
.4

0
3

-0
.3

8
7

-0
.4

5
2

5
0
.6

9
1

0
.5

9
5

0
.5

5
3

0
.4

7
0

0
.3

8
4

0
.3

1
1

0
.2

2
7

0
.1

6
2

0
.0

2
5

-0
.0

9
8

-0
.1

8
7

-0
.0

6
3

-0
.3

0
1

-0
.3

1
5

-0
.4

1
3

-0
.4

0
3

-0
.4

6
8

6
0
.6

9
7

0
.6

0
7

0
.5

6
5

0
.4

7
8

0
.3

9
5

0
.3

2
0

0
.2

3
9

0
.1

7
0

0
.0

3
1

-0
.0

9
2

-0
.1

8
5

-0
.0

6
2

-0
.2

9
4

-0
.3

0
6

-0
.4

1
8

-0
.3

9
5

-0
.4

6
6

7
0
.7

4
1

0
.6

6
8

0
.6

3
5

0
.5

5
7

0
.4

7
3

0
.3

9
5

0
.3

2
3

0
.2

5
5

0
.1

0
0

-0
.0

6
3

-0
.1

4
6

-0
.0

4
6

-0
.2

5
7

-0
.3

0
0

-0
.4

3
5

-0
.4

1
3

-0
.4

7
9

8
0
.7

2
4

0
.6

2
6

0
.5

8
5

0
.4

9
9

0
.4

1
2

0
.3

3
4

0
.2

5
1

0
.1

8
4

0
.0

4
6

-0
.0

8
8

-0
.1

9
3

-0
.0

7
6

-0
.3

0
4

-0
.3

2
2

-0
.4

3
0

-0
.4

1
2

-0
.4

8
0

9
0
.7

6
1

0
.6

8
0

0
.6

4
8

0
.5

6
0

0
.4

7
5

0
.3

9
1

0
.3

1
9

0
.2

4
7

0
.0

9
9

-0
.0

5
6

-0
.1

5
2

-0
.0

5
0

-0
.2

5
7

-0
.2

8
4

-0
.4

3
2

-0
.3

9
9

-0
.4

6
8

1
0

0
.7

8
7

0
.7

1
7

0
.7

0
3

0
.6

1
9

0
.5

2
9

0
.4

5
4

0
.3

9
4

0
.3

2
1

0
.1

4
7

-0
.0

2
8

-0
.1

2
8

-0
.0

6
1

-0
.2

5
4

-0
.2

9
8

-0
.4

7
2

-0
.4

3
6

-0
.4

9
5

1
1

0
.8

2
2

0
.7

7
4

0
.7

5
6

0
.7

0
0

0
.6

3
0

0
.5

5
1

0
.4

8
1

0
.4

2
8

0
.2

4
8

-0
.0

0
6

-0
.0

9
5

-0
.0

4
8

-0
.2

1
9

-0
.3

0
4

-0
.4

7
5

-0
.4

5
8

-0
.5

3
0

1
2

0
.8

0
9

0
.7

6
6

0
.7

3
1

0
.6

7
2

0
.5

9
2

0
.5

1
1

0
.4

4
1

0
.3

7
4

0
.1

9
9

-0
.0

6
2

-0
.1

1
0

-0
.0

7
2

-0
.2

2
6

-0
.3

2
0

-0
.4

6
2

-0
.4

6
1

-0
.5

1
4

1
3

0
.8

2
9

0
.7

9
1

0
.7

6
4

0
.7

1
0

0
.6

3
9

0
.5

6
3

0
.5

0
0

0
.4

3
5

0
.2

5
5

0
.0

0
6

-0
.0

5
1

-0
.0

3
6

-0
.1

7
7

-0
.2

7
8

-0
.4

6
0

-0
.4

3
3

-0
.5

0
3

1
4

0
.8

0
2

0
.7

5
7

0
.7

0
8

0
.6

7
5

0
.5

8
1

0
.5

0
7

0
.4

3
3

0
.3

6
9

0
.1

9
9

-0
.0

6
5

-0
.1

2
8

-0
.1

0
9

-0
.2

2
5

-0
.3

3
9

-0
.4

8
1

-0
.4

6
7

-0
.5

1
0

1
5

0
.7

9
7

0
.7

6
9

0
.7

3
8

0
.6

7
7

0
.6

1
2

0
.5

6
5

0
.4

9
1

0
.4

2
3

0
.2

2
4

-0
.0

2
1

-0
.0

8
0

-0
.0

6
3

-0
.1

9
4

-0
.3

1
4

-0
.4

1
7

-0
.4

4
0

-0
.5

1
8

1
6

0
.8

2
3

0
.8

1
1

0
.7

9
8

0
.7

6
6

0
.6

9
4

0
.6

3
2

0
.5

7
5

0
.5

1
4

0
.3

1
3

0
.0

1
9

-0
.0

1
6

-0
.0

3
6

-0
.1

1
8

-0
.2

6
3

-0
.4

5
2

-0
.4

3
2

-0
.5

0
4

1
7

0
.8

4
0

0
.8

1
9

0
.8

1
2

0
.7

9
6

0
.7

4
0

0
.6

6
8

0
.6

2
9

0
.5

7
3

0
.3

7
3

0
.0

4
8

0
.0

3
5

-0
.0

1
8

-0
.0

7
3

-0
.2

4
3

-0
.4

4
7

-0
.4

1
8

-0
.4

8
2

1
8

1
.0

0
0

0
.8

2
5

0
.7

7
6

0
.7

4
0

0
.6

6
4

0
.5

9
9

0
.5

3
6

0
.4

8
3

0
.2

9
3

-0
.0

0
8

-0
.0

5
3

-0
.0

6
1

-0
.1

7
6

-0
.2

9
7

-0
.4

6
0

-0
.4

5
3

-0
.5

0
7

1
9

0
.8

2
5

1
.0

0
0

0
.8

1
7

0
.7

9
4

0
.7

3
0

0
.6

7
1

0
.6

0
7

0
.5

7
3

0
.3

6
9

-0
.0

3
6

-0
.0

2
8

-0
.0

8
0

-0
.1

2
2

-0
.3

2
3

-0
.4

7
4

-0
.4

9
6

-0
.5

3
8

2
0

0
.7

7
6

0
.8

1
7

1
.0

0
0

0
.8

2
4

0
.7

5
5

0
.6

9
9

0
.6

7
6

0
.6

2
1

0
.4

3
0

0
.1

6
8

0
.0

9
6

0
.0

6
7

0
.0

0
8

-0
.1

2
6

-0
.3

9
3

-0
.3

3
3

-0
.4

1
2

2
1

0
.7

4
0

0
.7

9
4

0
.8

2
4

1
.0

0
0

0
.8

4
7

0
.7

3
8

0
.6

9
2

0
.6

6
7

0
.4

7
2

0
.0

6
7

0
.0

9
0

0
.0

0
7

0
.0

1
4

-0
.2

2
5

-0
.4

3
1

-0
.4

0
7

-0
.4

6
4

2
2

0
.6

6
4

0
.7

3
0

0
.7

5
5

0
.8

4
7

1
.0

0
0

0
.8

0
7

0
.7

1
3

0
.6

9
3

0
.5

1
1

0
.1

3
8

0
.1

5
1

0
.0

6
8

0
.0

8
7

-0
.1

6
8

-0
.3

8
3

-0
.3

3
6

-0
.4

1
8

2
3

0
.5

9
9

0
.6

7
1

0
.6

9
9

0
.7

3
8

0
.8

0
7

1
.0

0
0

0
.7

5
1

0
.6

7
9

0
.5

0
0

0
.1

5
8

0
.1

7
2

0
.1

0
3

0
.0

9
2

-0
.1

4
4

-0
.3

0
7

-0
.3

1
2

-0
.3

8
3

2
4

0
.5

3
6

0
.6

0
7

0
.6

7
6

0
.6

9
2

0
.7

1
3

0
.7

5
1

1
.0

0
0

0
.7

3
1

0
.5

1
5

0
.2

5
3

0
.2

4
5

0
.1

7
0

0
.1

7
5

-0
.0

2
4

-0
.2

5
2

-0
.2

2
2

-0
.2

9
6

2
5

0
.4

8
3

0
.5

7
3

0
.6

2
1

0
.6

6
7

0
.6

9
3

0
.6

7
9

0
.7

3
1

1
.0

0
0

0
.6

1
8

0
.2

3
1

0
.2

5
8

0
.1

5
2

0
.1

7
8

-0
.0

3
3

-0
.2

4
4

-0
.2

1
6

-0
.2

7
0

2
6

0
.2

9
3

0
.3

6
9

0
.4

3
0

0
.4

7
2

0
.5

1
1

0
.5

0
0

0
.5

1
5

0
.6

1
8

1
.0

0
0

0
.3

9
6

0
.2

8
1

0
.1

9
5

0
.2

2
9

0
.0

6
8

-0
.1

3
2

-0
.0

8
4

-0
.1

5
6

2
7

-0
.0

0
8

-0
.0

3
6

0
.1

6
8

0
.0

6
7

0
.1

3
8

0
.1

5
8

0
.2

5
3

0
.2

3
1

0
.3

9
6

1
.0

0
0

0
.5

3
1

0
.4

1
5

0
.3

5
6

0
.4

7
6

0
.2

0
2

0
.3

4
2

0
.2

4
5

2
8

-0
.0

5
3

-0
.0

2
8

0
.0

9
6

0
.0

9
0

0
.1

5
1

0
.1

7
2

0
.2

4
5

0
.2

5
8

0
.2

8
1

0
.5

3
1

1
.0

0
0

0
.4

8
4

0
.3

7
8

0
.3

4
4

0
.1

6
3

0
.1

9
8

0
.1

7
3

2
9

-0
.0

6
1

-0
.0

8
0

0
.0

6
7

0
.0

0
7

0
.0

6
8

0
.1

0
3

0
.1

7
0

0
.1

5
2

0
.1

9
5

0
.4

1
5

0
.4

8
4

1
.0

0
0

0
.4

8
7

0
.3

9
3

0
.1

7
4

0
.2

6
7

0
.2

1
1

3
0

-0
.1

7
6

-0
.1

2
2

0
.0

0
8

0
.0

1
4

0
.0

8
7

0
.0

9
2

0
.1

7
5

0
.1

7
8

0
.2

2
9

0
.3

5
6

0
.3

7
8

0
.4

8
7

1
.0

0
0

0
.5

3
1

0
.2

2
5

0
.2

8
0

0
.2

6
0

3
1

-0
.2

9
7

-0
.3

2
3

-0
.1

2
6

-0
.2

2
5

-0
.1

6
8

-0
.1

4
4

-0
.0

2
4

-0
.0

3
3

0
.0

6
8

0
.4

7
6

0
.3

4
4

0
.3

9
3

0
.5

3
1

1
.0

0
0

0
.4

3
4

0
.5

0
8

0
.4

7
9

3
2

-0
.4

6
0

-0
.4

7
4

-0
.3

9
3

-0
.4

3
1

-0
.3

8
3

-0
.3

0
7

-0
.2

5
2

-0
.2

4
4

-0
.1

3
2

0
.2

0
2

0
.1

6
3

0
.1

7
4

0
.2

2
5

0
.4

3
4

1
.0

0
0

0
.5

1
5

0
.3

8
2

3
3

-0
.4

5
3

-0
.4

9
6

-0
.3

3
3

-0
.4

0
7

-0
.3

3
6

-0
.3

1
2

-0
.2

2
2

-0
.2

1
6

-0
.0

8
4

0
.3

4
2

0
.1

9
8

0
.2

6
7

0
.2

8
0

0
.5

0
8

0
.5

1
5

1
.0

0
0

0
.6

1
0

3
4

-0
.5

0
7

-0
.5

3
8

-0
.4

1
2

-0
.4

6
4

-0
.4

1
8

-0
.3

8
3

-0
.2

9
6

-0
.2

7
0

-0
.1

5
6

0
.2

4
5

0
.1

7
3

0
.2

1
1

0
.2

6
0

0
.4

7
9

0
.3

8
2

0
.6

1
0

1
.0

0
0

3
5

-0
.5

7
0

-0
.6

0
3

-0
.5

2
6

-0
.5

5
5

-0
.5

0
7

-0
.4

5
4

-0
.4

2
2

-0
.3

9
4

-0
.1

9
2

0
.1

4
6

0
.0

8
5

0
.1

1
5

0
.1

3
1

0
.3

1
7

0
.3

7
3

0
.4

2
8

0
.5

6
3

3
6

-0
.3

3
7

-0
.4

4
2

-0
.3

1
3

-0
.4

0
0

-0
.3

9
6

-0
.3

7
5

-0
.3

1
2

-0
.3

2
9

-0
.1

6
4

0
.2

3
4

0
.0

8
6

0
.2

1
6

0
.1

5
1

0
.4

0
6

0
.2

3
5

0
.3

8
0

0
.4

0
4

3
7

-0
.5

6
7

-0
.6

4
0

-0
.5

2
1

-0
.6

0
2

-0
.5

4
3

-0
.4

9
3

-0
.4

1
4

-0
.4

0
6

-0
.2

2
2

0
.2

2
1

0
.1

1
7

0
.1

9
2

0
.1

9
3

0
.4

4
2

0
.4

0
3

0
.4

9
2

0
.5

1
4

3
8

-0
.4

5
7

-0
.5

5
5

-0
.3

8
1

-0
.4

9
3

-0
.4

6
4

-0
.4

4
4

-0
.3

3
3

-0
.3

5
2

-0
.1

9
4

0
.2

9
8

0
.1

5
1

0
.2

4
2

0
.2

4
7

0
.5

8
0

0
.3

2
7

0
.5

4
8

0
.5

6
0

3
9

-0
.3

4
4

-0
.2

6
9

-0
.4

4
3

-0
.3

0
0

-0
.2

7
9

-0
.2

2
8

-0
.3

1
8

-0
.2

5
0

-0
.2

2
7

-0
.4

0
4

-0
.2

2
9

-0
.2

8
4

-0
.1

9
6

-0
.3

6
8

0
.0

5
3

-0
.1

6
4

-0
.1

0
5

T
ab

le
C

.4
:

B
ay

es
ia

n
T
ot

al
C

or
re

la
ti

on
T
ab

le
fo

r
th

e
τ
−
→

π
−
π
−
π

+
ν τ
M

1
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
2)



Appendix C. Unfolded τ− → π−π−π+ντ Invariant Mass Spectra 194
3
5

3
6

3
7

3
8

3
9

4
0

4
1

4
2

4
3

4
4

4
5

4
6

4
7

4
8

4
9

5
0

5
1

1
0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

2
0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

3
-0

.3
4
9

-0
.0

9
6

-0
.3

7
0

-0
.3

0
2

-0
.2

7
8

-0
.2

8
6

-0
.3

1
9

-0
.2

8
0

-0
.2

2
2

-0
.2

0
0

-0
.0

7
2

-0
.2

4
6

-0
.1

5
0

-0
.0

2
5

-0
.0

2
6

-0
.0

6
9

-0
.1

0
6

4
-0

.4
3
2

-0
.0

8
4

-0
.4

2
1

-0
.3

4
6

-0
.3

2
7

-0
.3

5
7

-0
.3

9
9

-0
.3

4
7

-0
.2

8
3

-0
.2

7
0

-0
.1

0
8

-0
.3

1
2

-0
.2

1
2

-0
.0

4
0

-0
.0

4
1

-0
.0

7
2

-0
.1

2
6

5
-0

.4
4
4

-0
.0

9
9

-0
.4

3
4

-0
.3

6
0

-0
.3

3
2

-0
.3

7
1

-0
.4

1
9

-0
.3

6
0

-0
.2

8
7

-0
.2

7
4

-0
.1

0
5

-0
.3

2
6

-0
.2

1
5

-0
.0

3
6

-0
.0

3
8

-0
.0

8
0

-0
.1

3
4

6
-0

.4
4
7

-0
.1

0
1

-0
.4

3
8

-0
.3

5
3

-0
.3

5
1

-0
.3

8
8

-0
.4

2
7

-0
.3

7
7

-0
.3

0
8

-0
.2

8
7

-0
.1

2
6

-0
.3

1
7

-0
.2

2
6

-0
.0

5
5

-0
.0

5
6

-0
.0

5
8

-0
.1

1
6

7
-0

.4
8
6

-0
.1

4
7

-0
.4

8
0

-0
.3

8
7

-0
.3

7
1

-0
.4

2
2

-0
.4

5
4

-0
.4

0
7

-0
.3

3
5

-0
.3

0
3

-0
.1

2
8

-0
.3

5
6

-0
.2

3
9

-0
.0

4
8

-0
.0

4
9

-0
.0

8
2

-0
.1

5
5

8
-0

.4
5
7

-0
.1

2
3

-0
.4

5
3

-0
.3

7
5

-0
.3

4
4

-0
.3

9
2

-0
.4

2
6

-0
.3

7
4

-0
.3

0
3

-0
.2

7
7

-0
.1

0
6

-0
.3

3
9

-0
.2

1
7

-0
.0

3
3

-0
.0

3
3

-0
.0

8
4

-0
.1

3
3

9
-0

.4
8
6

-0
.1

4
0

-0
.4

7
2

-0
.3

5
6

-0
.4

0
1

-0
.4

4
3

-0
.4

5
1

-0
.4

2
4

-0
.3

6
0

-0
.3

2
2

-0
.1

6
6

-0
.3

2
6

-0
.2

6
5

-0
.0

8
6

-0
.0

8
1

-0
.0

3
9

-0
.1

1
9

1
0

-0
.5

1
9

-0
.2

1
5

-0
.5

2
4

-0
.3

9
5

-0
.4

1
0

-0
.5

0
3

-0
.5

0
7

-0
.4

6
0

-0
.3

7
8

-0
.3

2
0

-0
.1

4
8

-0
.3

5
8

-0
.2

5
6

-0
.0

6
2

-0
.0

6
3

-0
.0

5
7

-0
.1

1
7

1
1

-0
.5

4
9

-0
.2

6
6

-0
.5

6
5

-0
.4

6
3

-0
.3

7
7

-0
.4

9
3

-0
.5

3
0

-0
.4

6
8

-0
.3

6
3

-0
.3

0
8

-0
.1

0
1

-0
.4

4
8

-0
.2

3
4

-0
.0

0
4

-0
.0

1
2

-0
.1

3
5

-0
.2

0
9

1
2

-0
.5

5
4

-0
.2

7
3

-0
.5

5
8

-0
.4

4
6

-0
.3

6
0

-0
.4

8
5

-0
.4

7
5

-0
.4

3
4

-0
.3

3
8

-0
.2

6
8

-0
.0

8
5

-0
.3

9
5

-0
.2

0
4

0
.0

0
6

0
.0

1
0

-0
.1

4
0

-0
.1

9
3

1
3

-0
.5

5
5

-0
.2

7
3

-0
.5

5
6

-0
.4

3
3

-0
.4

0
0

-0
.5

0
8

-0
.5

1
2

-0
.4

8
2

-0
.3

7
4

-0
.3

2
1

-0
.1

3
0

-0
.4

0
6

-0
.2

5
1

-0
.0

3
6

-0
.0

3
7

-0
.1

0
9

-0
.1

8
5

1
4

-0
.5

3
7

-0
.2

9
1

-0
.5

6
2

-0
.4

5
9

-0
.3

2
7

-0
.4

6
6

-0
.4

4
7

-0
.4

1
2

-0
.3

0
5

-0
.2

2
1

-0
.0

4
6

-0
.4

1
1

-0
.1

8
1

0
.0

4
6

0
.0

4
6

-0
.1

7
5

-0
.2

1
1

1
5

-0
.5

3
2

-0
.3

1
8

-0
.5

6
0

-0
.4

9
7

-0
.3

0
9

-0
.4

5
7

-0
.4

7
6

-0
.4

1
6

-0
.2

8
1

-0
.2

4
6

-0
.0

2
7

-0
.4

7
2

-0
.1

7
8

0
.0

5
5

0
.0

5
3

-0
.2

1
6

-0
.2

6
5

1
6

-0
.5

6
9

-0
.3

4
2

-0
.5

8
3

-0
.4

7
2

-0
.3

7
1

-0
.5

1
3

-0
.4

9
9

-0
.4

7
5

-0
.3

6
2

-0
.2

9
6

-0
.0

9
7

-0
.4

3
5

-0
.2

2
1

-0
.0

0
0

0
.0

0
4

-0
.1

5
3

-0
.2

2
5

1
7

-0
.5

8
1

-0
.3

6
7

-0
.5

8
8

-0
.4

5
7

-0
.3

9
0

-0
.5

3
1

-0
.5

2
1

-0
.4

8
5

-0
.3

7
0

-0
.2

9
7

-0
.1

1
1

-0
.4

3
6

-0
.2

3
1

-0
.0

0
9

-0
.0

0
9

-0
.1

4
2

-0
.2

3
2

1
8

-0
.5

7
0

-0
.3

3
7

-0
.5

6
7

-0
.4

5
7

-0
.3

4
4

-0
.4

9
0

-0
.4

7
1

-0
.4

5
3

-0
.3

5
5

-0
.2

6
7

-0
.0

6
6

-0
.4

3
7

-0
.1

9
7

0
.0

2
8

0
.0

2
7

-0
.1

6
3

-0
.2

1
8

1
9

-0
.6

0
3

-0
.4

4
2

-0
.6

4
0

-0
.5

5
5

-0
.2

6
9

-0
.4

8
2

-0
.4

5
8

-0
.4

1
2

-0
.2

7
4

-0
.1

8
8

0
.0

2
9

-0
.4

8
8

-0
.1

2
0

0
.1

3
5

0
.1

3
4

-0
.2

7
5

-0
.2

8
8

2
0

-0
.5

2
6

-0
.3

1
3

-0
.5

2
1

-0
.3

8
1

-0
.4

4
3

-0
.5

5
1

-0
.5

6
7

-0
.5

4
6

-0
.4

5
9

-0
.3

9
6

-0
.2

1
6

-0
.4

1
9

-0
.3

1
3

-0
.1

1
8

-0
.1

1
9

-0
.0

3
9

-0
.1

7
7

2
1

-0
.5

5
5

-0
.4

0
0

-0
.6

0
2

-0
.4

9
3

-0
.3

0
0

-0
.5

0
1

-0
.5

0
9

-0
.4

6
6

-0
.3

3
3

-0
.2

4
5

-0
.0

3
5

-0
.4

9
0

-0
.1

6
3

0
.0

6
9

0
.0

6
5

-0
.2

1
5

-0
.2

7
1

2
2

-0
.5

0
7

-0
.3

9
6

-0
.5

4
3

-0
.4

6
4

-0
.2

7
9

-0
.4

6
6

-0
.5

0
6

-0
.4

6
3

-0
.3

2
4

-0
.2

6
8

-0
.0

4
7

-0
.4

7
9

-0
.1

8
2

0
.0

4
8

0
.0

4
2

-0
.2

0
0

-0
.2

9
3

2
3

-0
.4

5
4

-0
.3

7
5

-0
.4

9
3

-0
.4

4
4

-0
.2

2
8

-0
.4

3
2

-0
.4

8
1

-0
.4

2
1

-0
.2

8
0

-0
.2

5
4

-0
.0

2
7

-0
.5

0
2

-0
.1

6
8

0
.0

6
3

0
.0

5
0

-0
.2

2
4

-0
.3

2
1

2
4

-0
.4

2
2

-0
.3

1
2

-0
.4

1
4

-0
.3

3
3

-0
.3

1
8

-0
.4

3
1

-0
.4

9
0

-0
.4

5
1

-0
.3

5
4

-0
.3

2
7

-0
.1

4
8

-0
.3

9
3

-0
.2

3
4

-0
.0

7
1

-0
.0

7
8

-0
.0

8
6

-0
.2

3
4

2
5

-0
.3

9
4

-0
.3

2
9

-0
.4

0
6

-0
.3

5
2

-0
.2

5
0

-0
.3

9
1

-0
.4

6
8

-0
.3

9
8

-0
.3

0
0

-0
.2

6
9

-0
.0

8
1

-0
.4

1
3

-0
.1

8
8

-0
.0

0
5

-0
.0

1
2

-0
.1

4
6

-0
.2

6
8

2
6

-0
.1

9
2

-0
.1

6
4

-0
.2

2
2

-0
.1

9
4

-0
.2

2
7

-0
.2

6
0

-0
.3

5
6

-0
.3

5
0

-0
.2

8
3

-0
.2

7
1

-0
.1

4
0

-0
.3

0
2

-0
.1

9
4

-0
.0

8
4

-0
.0

9
7

-0
.0

4
1

-0
.2

0
6

2
7

0
.1

4
6

0
.2

3
4

0
.2

2
1

0
.2

9
8

-0
.4

0
4

-0
.1

8
1

-0
.3

1
9

-0
.3

6
6

-0
.4

2
0

-0
.5

4
2

-0
.5

4
6

0
.0

6
0

-0
.5

1
6

-0
.5

7
1

-0
.5

9
2

0
.4

6
0

0
.1

0
9

2
8

0
.0

8
5

0
.0

8
6

0
.1

1
7

0
.1

5
1

-0
.2

2
9

-0
.1

3
3

-0
.2

4
4

-0
.2

3
1

-0
.2

4
4

-0
.3

4
7

-0
.3

1
6

-0
.0

0
8

-0
.3

0
9

-0
.3

2
6

-0
.3

5
0

0
.2

3
6

-0
.0

2
5

2
9

0
.1

1
5

0
.2

1
6

0
.1

9
2

0
.2

4
2

-0
.2

8
4

-0
.1

3
7

-0
.2

4
8

-0
.2

5
9

-0
.3

4
4

-0
.4

3
9

-0
.4

2
7

0
.0

5
2

-0
.3

9
1

-0
.4

4
0

-0
.4

5
7

0
.3

5
5

0
.0

5
4

3
0

0
.1

3
1

0
.1

5
1

0
.1

9
3

0
.2

4
7

-0
.1

9
6

-0
.0

9
1

-0
.1

6
4

-0
.1

9
9

-0
.2

6
4

-0
.3

0
7

-0
.3

4
9

0
.1

0
6

-0
.2

8
8

-0
.3

7
1

-0
.3

7
0

0
.2

9
7

0
.0

4
8

3
1

0
.3

1
7

0
.4

0
6

0
.4

4
2

0
.5

8
0

-0
.3

6
8

-0
.0

3
2

-0
.0

8
0

-0
.2

3
1

-0
.3

7
1

-0
.4

6
5

-0
.6

4
2

0
.3

6
2

-0
.4

8
7

-0
.6

8
5

-0
.6

8
4

0
.6

6
9

0
.3

5
0

3
2

0
.3

7
3

0
.2

3
5

0
.4

0
3

0
.3

2
7

0
.0

5
3

0
.2

4
4

0
.1

3
9

0
.1

4
4

0
.0

8
6

-0
.0

7
0

-0
.1

4
3

0
.1

9
1

-0
.1

0
0

-0
.2

2
8

-0
.2

2
9

0
.1

9
8

0
.0

5
9

3
3

0
.4

2
8

0
.3

8
0

0
.4

9
2

0
.5

4
8

-0
.1

6
4

0
.1

4
5

0
.0

8
4

-0
.0

1
2

-0
.1

5
8

-0
.2

6
3

-0
.4

3
7

0
.3

5
6

-0
.3

0
6

-0
.5

0
2

-0
.5

0
4

0
.5

2
3

0
.3

0
0

3
4

0
.5

6
3

0
.4

0
4

0
.5

1
4

0
.5

6
0

-0
.1

0
5

0
.1

4
9

0
.1

6
7

0
.0

4
8

-0
.1

1
5

-0
.1

8
2

-0
.3

8
9

0
.4

3
6

-0
.2

4
2

-0
.4

5
2

-0
.4

5
2

0
.5

0
5

0
.3

3
2

3
5

1
.0

0
0

0
.5

2
5

0
.5

2
3

0
.4

4
4

0
.0

7
5

0
.2

8
6

0
.2

1
1

0
.1

5
8

0
.0

7
0

-0
.0

3
6

-0
.1

7
1

0
.3

3
6

-0
.0

7
0

-0
.2

4
4

-0
.2

6
4

0
.2

9
5

0
.1

8
9

3
6

0
.5

2
5

1
.0

0
0

0
.5

9
8

0
.5

3
3

-0
.2

2
3

0
.0

7
4

0
.0

3
7

-0
.0

8
3

-0
.2

0
6

-0
.3

1
0

-0
.4

5
9

0
.3

6
1

-0
.3

3
7

-0
.5

1
3

-0
.5

2
7

0
.5

3
5

0
.3

1
9

3
7

0
.5

2
3

0
.5

9
8

1
.0

0
0

0
.6

7
5

-0
.0

2
6

0
.2

6
9

0
.2

2
0

0
.1

0
2

-0
.0

3
9

-0
.1

4
2

-0
.3

3
2

0
.4

4
9

-0
.2

0
1

-0
.4

2
0

-0
.4

2
5

0
.4

8
2

0
.3

1
3

3
8

0
.4

4
4

0
.5

3
3

0
.6

7
5

1
.0

0
0

-0
.2

1
0

0
.1

0
2

0
.1

5
3

-0
.0

6
0

-0
.2

7
5

-0
.3

0
5

-0
.6

0
5

0
.5

8
8

-0
.3

8
0

-0
.6

6
4

-0
.6

5
0

0
.7

5
5

0
.5

3
2

3
9

0
.0

7
5

-0
.2

2
3

-0
.0

2
6

-0
.2

1
0

1
.0

0
0

0
.5

1
9

0
.3

7
3

0
.5

0
9

0
.6

1
8

0
.6

0
3

0
.6

9
8

-0
.1

6
2

0
.5

7
6

0
.6

6
2

0
.6

5
4

-0
.6

1
8

-0
.3

3
5

T
ab

le
C

.5
:

B
ay

es
ia

n
T
ot

al
C

or
re

la
ti

on
T
ab

le
fo

r
th

e
τ
−
→

π
−
π
−
π

+
ν τ
M

1
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
3)



Appendix C. Unfolded τ− → π−π−π+ντ Invariant Mass Spectra 195
5
2

5
3

5
4

5
5

5
6

5
7

5
8

5
9

6
0

6
1

6
2

6
3

6
4

6
5

6
6

6
7

6
8

1
0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

2
0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

3
0
.0

1
9

-0
.0

4
9

-0
.0

1
3

0
.0

4
8

0
.1

0
4

0
.0

0
2

0
.1

1
9

0
.1

9
4

0
.1

8
8

0
.2

6
2

0
.2

7
0

0
.3

4
8

0
.2

6
2

0
.3

4
8

0
.2

9
5

0
.0

6
2

0
.0

4
2

4
0
.0

1
0

-0
.0

4
3

-0
.0

1
7

0
.0

4
5

0
.1

1
9

0
.0

2
2

0
.1

3
9

0
.2

2
1

0
.2

2
5

0
.3

1
2

0
.3

3
3

0
.4

4
0

0
.3

2
6

0
.4

3
8

0
.3

5
6

0
.0

7
8

0
.0

7
0

5
0
.0

1
4

-0
.0

4
9

-0
.0

2
1

0
.0

5
2

0
.1

2
5

0
.0

1
4

0
.1

4
2

0
.2

3
1

0
.2

3
0

0
.3

2
5

0
.3

5
0

0
.4

5
7

0
.3

4
5

0
.4

5
9

0
.3

7
7

0
.0

7
9

0
.0

7
0

6
-0

.0
0
2

-0
.0

2
9

0
.0

0
3

0
.0

6
1

0
.1

1
7

0
.0

3
6

0
.1

5
5

0
.2

2
7

0
.2

4
4

0
.3

2
2

0
.3

4
8

0
.4

6
5

0
.3

3
8

0
.4

6
7

0
.3

7
9

0
.0

8
6

0
.0

8
9

7
0
.0

0
4

-0
.0

6
4

-0
.0

3
5

0
.0

1
2

0
.0

9
4

0
.0

0
3

0
.1

0
8

0
.1

9
7

0
.2

1
4

0
.2

9
8

0
.3

2
3

0
.4

2
8

0
.3

2
5

0
.4

4
3

0
.3

6
6

0
.0

7
7

0
.0

6
8

8
0
.0

2
0

-0
.0

5
3

-0
.0

2
0

0
.0

6
0

0
.1

2
7

0
.0

1
1

0
.1

5
4

0
.2

4
0

0
.2

3
5

0
.3

4
2

0
.3

6
7

0
.4

7
6

0
.3

6
0

0
.4

8
1

0
.4

0
1

0
.0

8
2

0
.0

6
9

9
-0

.0
3
0

-0
.0

1
8

0
.0

1
3

0
.0

2
4

0
.0

7
4

0
.0

4
9

0
.1

4
0

0
.1

9
1

0
.2

3
4

0
.2

9
0

0
.3

2
1

0
.4

3
4

0
.2

9
7

0
.4

4
1

0
.3

4
9

0
.0

8
1

0
.1

0
4

1
0

-0
.0

0
8

-0
.0

2
3

0
.0

1
5

0
.0

8
5

0
.1

0
2

0
.0

2
9

0
.1

9
5

0
.2

5
4

0
.2

9
9

0
.3

9
7

0
.4

4
1

0
.5

4
9

0
.4

0
0

0
.5

7
7

0
.4

9
3

0
.1

0
4

0
.1

1
5

1
1

0
.0

3
9

-0
.1

1
5

-0
.0

8
6

0
.0

1
7

0
.1

0
4

-0
.0

6
2

0
.0

7
6

0
.1

8
6

0
.1

8
5

0
.3

3
3

0
.3

7
3

0
.4

6
3

0
.3

8
4

0
.4

9
8

0
.4

4
4

0
.0

7
3

0
.0

3
7

1
2

0
.0

5
9

-0
.1

2
9

-0
.0

8
3

0
.0

1
7

0
.1

1
8

-0
.0

6
8

0
.0

6
7

0
.1

8
9

0
.1

7
1

0
.3

0
9

0
.3

2
5

0
.4

0
0

0
.3

4
9

0
.4

4
3

0
.3

9
2

0
.0

5
7

0
.0

2
0

1
3

0
.0

1
5

-0
.1

0
6

-0
.0

7
2

-0
.0

2
2

0
.0

7
1

-0
.0

4
4

0
.0

4
9

0
.1

4
5

0
.1

5
3

0
.2

6
0

0
.2

9
7

0
.3

7
8

0
.3

0
5

0
.4

1
1

0
.3

5
7

0
.0

6
4

0
.0

4
5

1
4

0
.0

9
1

-0
.1

6
4

-0
.1

2
4

0
.0

1
5

0
.1

3
5

-0
.1

0
7

0
.0

7
0

0
.2

1
1

0
.1

3
6

0
.3

2
9

0
.3

5
6

0
.4

1
8

0
.3

8
6

0
.4

5
3

0
.4

2
0

0
.0

5
8

-0
.0

1
4

1
5

0
.1

0
9

-0
.2

0
0

-0
.1

7
1

0
.0

0
4

0
.1

4
7

-0
.1

4
7

0
.0

1
1

0
.1

9
6

0
.1

2
9

0
.3

2
0

0
.3

3
3

0
.3

8
9

0
.3

8
7

0
.4

5
4

0
.4

3
6

0
.0

5
0

-0
.0

4
1

1
6

0
.0

5
2

-0
.1

5
0

-0
.1

2
6

-0
.0

2
4

0
.0

8
2

-0
.0

9
9

0
.0

0
5

0
.1

2
4

0
.1

1
4

0
.2

5
3

0
.2

8
2

0
.3

3
7

0
.3

0
9

0
.3

9
0

0
.3

6
8

0
.0

5
8

0
.0

0
2

1
7

0
.0

3
2

-0
.1

6
0

-0
.1

2
7

-0
.0

5
4

0
.0

5
0

-0
.1

0
0

-0
.0

2
3

0
.0

7
7

0
.0

8
5

0
.2

0
6

0
.2

4
1

0
.3

0
2

0
.2

7
8

0
.3

5
2

0
.3

2
5

0
.0

5
5

0
.0

0
9

1
8

0
.0

6
7

-0
.1

6
2

-0
.1

1
9

-0
.0

0
9

0
.0

8
4

-0
.1

1
7

0
.0

0
6

0
.1

3
1

0
.1

0
7

0
.2

6
2

0
.2

8
4

0
.3

4
0

0
.3

2
3

0
.3

9
0

0
.3

5
6

0
.0

5
1

-0
.0

1
1

1
9

0
.1

7
7

-0
.2

8
4

-0
.2

2
8

-0
.0

3
3

0
.1

5
8

-0
.2

3
5

-0
.0

6
7

0
.1

5
4

0
.0

2
4

0
.2

7
5

0
.2

7
7

0
.2

8
6

0
.3

6
1

0
.3

5
9

0
.3

8
2

0
.0

1
8

-0
.1

1
6

2
0

-0
.0

7
9

-0
.0

6
2

-0
.0

5
8

-0
.1

1
7

-0
.0

6
2

-0
.0

1
4

-0
.0

5
4

0
.0

0
3

0
.1

3
5

0
.1

4
2

0
.1

7
8

0
.2

5
5

0
.1

8
0

0
.3

2
7

0
.2

6
5

0
.0

6
7

0
.0

8
6

2
1

0
.1

0
4

-0
.2

4
8

-0
.2

3
4

-0
.1

2
4

0
.0

5
0

-0
.2

0
6

-0
.1

4
5

0
.0

1
1

-0
.0

4
5

0
.1

4
6

0
.1

7
1

0
.1

9
2

0
.2

4
6

0
.2

4
1

0
.2

6
9

0
.0

1
7

-0
.0

9
0

2
2

0
.0

7
2

-0
.2

4
7

-0
.2

4
8

-0
.1

8
3

0
.0

0
9

-0
.2

0
5

-0
.2

1
2

-0
.0

5
7

-0
.0

9
2

0
.0

6
5

0
.0

9
0

0
.1

1
1

0
.1

7
4

0
.1

5
9

0
.1

9
4

-0
.0

0
2

-0
.0

9
2

2
3

0
.0

8
0

-0
.2

5
9

-0
.2

6
8

-0
.1

9
0

0
.0

0
9

-0
.2

3
0

-0
.2

6
3

-0
.0

6
9

-0
.1

0
3

0
.0

5
5

0
.0

6
8

0
.0

7
5

0
.1

6
6

0
.1

5
1

0
.1

7
7

-0
.0

1
5

-0
.1

0
3

2
4

-0
.0

4
8

-0
.1

3
3

-0
.1

6
5

-0
.2

2
3

-0
.0

9
7

-0
.1

0
0

-0
.2

0
6

-0
.1

2
6

-0
.0

4
6

-0
.0

3
0

0
.0

0
6

0
.0

3
9

0
.0

5
3

0
.1

1
5

0
.1

1
8

0
.0

1
1

-0
.0

0
5

2
5

0
.0

0
8

-0
.1

9
6

-0
.2

3
1

-0
.2

2
3

-0
.0

6
7

-0
.1

7
7

-0
.2

6
3

-0
.1

2
7

-0
.1

0
6

-0
.0

2
5

-0
.0

1
4

0
.0

0
1

0
.0

7
1

0
.0

8
3

0
.1

0
8

-0
.0

1
9

-0
.0

7
1

2
6

-0
.0

8
2

-0
.0

9
2

-0
.1

5
6

-0
.2

7
6

-0
.1

6
3

-0
.0

8
6

-0
.2

8
5

-0
.2

0
9

-0
.1

3
6

-0
.1

5
4

-0
.1

3
3

-0
.1

2
9

-0
.0

8
1

-0
.0

6
7

-0
.0

5
6

-0
.0

2
5

-0
.0

2
1

2
7

-0
.5

7
2

0
.4

0
8

0
.2

4
4

-0
.3

5
1

-0
.5

2
4

0
.4

1
1

-0
.1

4
4

-0
.4

3
3

0
.0

7
9

-0
.4

2
5

-0
.3

7
1

-0
.2

0
6

-0
.4

6
8

-0
.2

0
2

-0
.3

4
8

0
.0

6
4

0
.3

9
0

2
8

-0
.3

3
8

0
.1

6
9

0
.0

5
1

-0
.3

2
1

-0
.3

7
6

0
.1

6
7

-0
.2

0
1

-0
.3

7
0

-0
.0

7
8

-0
.3

8
8

-0
.3

6
0

-0
.2

9
3

-0
.3

8
1

-0
.2

7
4

-0
.3

1
3

-0
.0

1
4

0
.1

6
6

2
9

-0
.4

6
0

0
.3

0
4

0
.1

6
9

-0
.3

4
9

-0
.4

7
1

0
.2

9
4

-0
.2

0
2

-0
.4

3
6

-0
.0

0
2

-0
.4

0
0

-0
.3

5
4

-0
.2

3
2

-0
.4

2
3

-0
.2

3
2

-0
.3

5
3

0
.0

2
0

0
.2

8
1

3
0

-0
.3

8
4

0
.2

4
0

0
.1

2
6

-0
.3

0
7

-0
.4

1
8

0
.2

1
9

-0
.2

2
7

-0
.4

2
9

-0
.1

0
3

-0
.4

7
0

-0
.4

5
1

-0
.3

7
0

-0
.4

7
7

-0
.3

6
2

-0
.4

1
5

-0
.0

1
5

0
.1

9
8

3
1

-0
.7

0
4

0
.6

0
8

0
.4

8
3

-0
.3

0
7

-0
.6

5
3

0
.5

9
7

-0
.0

5
1

-0
.4

9
0

0
.1

2
8

-0
.5

6
3

-0
.4

9
6

-0
.3

3
8

-0
.6

8
7

-0
.3

8
4

-0
.5

7
4

0
.0

7
0

0
.4

9
4

3
2

-0
.2

4
1

0
.1

8
4

0
.0

9
1

-0
.1

8
4

-0
.2

5
0

0
.1

5
8

-0
.1

3
9

-0
.2

5
0

-0
.0

6
9

-0
.3

4
8

-0
.3

8
2

-0
.3

5
8

-0
.3

8
5

-0
.3

3
3

-0
.3

6
0

-0
.0

4
8

0
.0

9
6

3
3

-0
.5

3
1

0
.4

7
0

0
.3

5
9

-0
.2

4
5

-0
.4

9
0

0
.4

6
3

-0
.0

5
1

-0
.4

0
8

0
.0

6
7

-0
.4

9
5

-0
.4

6
9

-0
.3

6
6

-0
.5

9
6

-0
.3

9
8

-0
.5

3
9

-0
.0

1
5

0
.3

6
0

3
4

-0
.4

7
6

0
.4

7
2

0
.3

7
3

-0
.1

8
7

-0
.4

6
3

0
.4

4
4

-0
.0

1
6

-0
.3

6
9

0
.0

4
8

-0
.4

6
5

-0
.4

3
4

-0
.3

6
1

-0
.5

7
6

-0
.4

0
6

-0
.5

2
5

-0
.0

0
1

0
.3

3
6

3
5

-0
.2

7
9

0
.2

9
2

0
.1

9
2

-0
.1

1
8

-0
.2

5
6

0
.2

5
1

-0
.0

4
4

-0
.2

3
8

-0
.0

5
3

-0
.3

5
9

-0
.3

4
5

-0
.3

1
8

-0
.4

1
9

-0
.3

8
5

-0
.4

1
5

-0
.0

3
2

0
.1

7
2

3
6

-0
.5

3
2

0
.5

2
1

0
.4

1
1

-0
.1

8
2

-0
.4

6
0

0
.5

0
8

0
.0

5
7

-0
.3

1
3

0
.1

2
6

-0
.3

8
7

-0
.3

5
6

-0
.2

2
2

-0
.5

0
6

-0
.2

7
8

-0
.4

3
5

0
.0

4
4

0
.4

0
3

3
7

-0
.4

5
5

0
.4

6
4

0
.3

6
3

-0
.1

5
6

-0
.4

0
2

0
.4

4
0

0
.0

1
8

-0
.3

3
1

0
.0

4
4

-0
.4

2
5

-0
.4

2
0

-0
.3

5
4

-0
.5

4
8

-0
.3

9
9

-0
.5

0
9

0
.0

0
8

0
.3

2
1

3
8

-0
.6

8
3

0
.7

1
8

0
.6

3
3

-0
.1

2
3

-0
.5

7
9

0
.7

0
5

0
.1

4
1

-0
.4

1
8

0
.2

1
0

-0
.5

0
1

-0
.4

3
8

-0
.2

9
6

-0
.6

8
4

-0
.3

8
5

-0
.5

9
9

0
.0

6
3

0
.5

5
4

3
9

0
.6

3
4

-0
.5

8
8

-0
.5

4
5

0
.1

2
4

0
.4

9
5

-0
.6

2
6

-0
.2

0
4

0
.2

4
3

-0
.4

1
1

0
.1

9
1

0
.1

0
4

-0
.1

1
7

0
.3

2
8

-0
.1

0
0

0
.1

5
3

-0
.1

6
6

-0
.5

7
5

T
ab

le
C

.6
:

B
ay

es
ia

n
T
ot

al
C

or
re

la
ti

on
T
ab

le
fo

r
th

e
τ
−
→

π
−
π
−
π

+
ν τ
M

1
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
4)



Appendix C. Unfolded τ− → π−π−π+ντ Invariant Mass Spectra 196

1
2

3
4

5
6

7
8

9
1
0

1
1

1
2

1
3

1
4

1
5

1
6

1
7

4
0

0
.0

0
0

0
.0

0
0

-0
.2

8
6

-0
.3

5
7

-0
.3

7
1

-0
.3

8
8

-0
.4

2
2

-0
.3

9
2

-0
.4

4
3

-0
.5

0
3

-0
.4

9
3

-0
.4

8
5

-0
.5

0
8

-0
.4

6
6

-0
.4

5
7

-0
.5

1
3

-0
.5

3
1

4
1

0
.0

0
0

0
.0

0
0

-0
.3

1
9

-0
.3

9
9

-0
.4

1
9

-0
.4

2
7

-0
.4

5
4

-0
.4

2
6

-0
.4

5
1

-0
.5

0
7

-0
.5

3
0

-0
.4

7
5

-0
.5

1
2

-0
.4

4
7

-0
.4

7
6

-0
.4

9
9

-0
.5

2
1

4
2

0
.0

0
0

0
.0

0
0

-0
.2

8
0

-0
.3

4
7

-0
.3

6
0

-0
.3

7
7

-0
.4

0
7

-0
.3

7
4

-0
.4

2
4

-0
.4

6
0

-0
.4

6
8

-0
.4

3
4

-0
.4

8
2

-0
.4

1
2

-0
.4

1
6

-0
.4

7
5

-0
.4

8
5

4
3

0
.0

0
0

0
.0

0
0

-0
.2

2
2

-0
.2

8
3

-0
.2

8
7

-0
.3

0
8

-0
.3

3
5

-0
.3

0
3

-0
.3

6
0

-0
.3

7
8

-0
.3

6
3

-0
.3

3
8

-0
.3

7
4

-0
.3

0
5

-0
.2

8
1

-0
.3

6
2

-0
.3

7
0

4
4

0
.0

0
0

0
.0

0
0

-0
.2

0
0

-0
.2

7
0

-0
.2

7
4

-0
.2

8
7

-0
.3

0
3

-0
.2

7
7

-0
.3

2
2

-0
.3

2
0

-0
.3

0
8

-0
.2

6
8

-0
.3

2
1

-0
.2

2
1

-0
.2

4
6

-0
.2

9
6

-0
.2

9
7

4
5

0
.0

0
0

0
.0

0
0

-0
.0

7
2

-0
.1

0
8

-0
.1

0
5

-0
.1

2
6

-0
.1

2
8

-0
.1

0
6

-0
.1

6
6

-0
.1

4
8

-0
.1

0
1

-0
.0

8
5

-0
.1

3
0

-0
.0

4
6

-0
.0

2
7

-0
.0

9
7

-0
.1

1
1

4
6

0
.0

0
0

0
.0

0
0

-0
.2

4
6

-0
.3

1
2

-0
.3

2
6

-0
.3

1
7

-0
.3

5
6

-0
.3

3
9

-0
.3

2
6

-0
.3

5
8

-0
.4

4
8

-0
.3

9
5

-0
.4

0
6

-0
.4

1
1

-0
.4

7
2

-0
.4

3
5

-0
.4

3
6

4
7

0
.0

0
0

0
.0

0
0

-0
.1

5
0

-0
.2

1
2

-0
.2

1
5

-0
.2

2
6

-0
.2

3
9

-0
.2

1
7

-0
.2

6
5

-0
.2

5
6

-0
.2

3
4

-0
.2

0
4

-0
.2

5
1

-0
.1

8
1

-0
.1

7
8

-0
.2

2
1

-0
.2

3
1

4
8

0
.0

0
0

0
.0

0
0

-0
.0

2
5

-0
.0

4
0

-0
.0

3
6

-0
.0

5
5

-0
.0

4
8

-0
.0

3
3

-0
.0

8
6

-0
.0

6
2

-0
.0

0
4

0
.0

0
6

-0
.0

3
6

0
.0

4
6

0
.0

5
5

-0
.0

0
0

-0
.0

0
9

4
9

0
.0

0
0

0
.0

0
0

-0
.0

2
6

-0
.0

4
1

-0
.0

3
8

-0
.0

5
6

-0
.0

4
9

-0
.0

3
3

-0
.0

8
1

-0
.0

6
3

-0
.0

1
2

0
.0

1
0

-0
.0

3
7

0
.0

4
6

0
.0

5
3

0
.0

0
4

-0
.0

0
9

5
0

0
.0

0
0

0
.0

0
0

-0
.0

6
9

-0
.0

7
2

-0
.0

8
0

-0
.0

5
8

-0
.0

8
2

-0
.0

8
4

-0
.0

3
9

-0
.0

5
7

-0
.1

3
5

-0
.1

4
0

-0
.1

0
9

-0
.1

7
5

-0
.2

1
6

-0
.1

5
3

-0
.1

4
2

5
1

0
.0

0
0

0
.0

0
0

-0
.1

0
6

-0
.1

2
6

-0
.1

3
4

-0
.1

1
6

-0
.1

5
5

-0
.1

3
3

-0
.1

1
9

-0
.1

1
7

-0
.2

0
9

-0
.1

9
3

-0
.1

8
5

-0
.2

1
1

-0
.2

6
5

-0
.2

2
5

-0
.2

3
2

5
2

0
.0

0
0

0
.0

0
0

0
.0

1
9

0
.0

1
0

0
.0

1
4

-0
.0

0
2

0
.0

0
4

0
.0

2
0

-0
.0

3
0

-0
.0

0
8

0
.0

3
9

0
.0

5
9

0
.0

1
5

0
.0

9
1

0
.1

0
9

0
.0

5
2

0
.0

3
2

5
3

0
.0

0
0

0
.0

0
0

-0
.0

4
9

-0
.0

4
3

-0
.0

4
9

-0
.0

2
9

-0
.0

6
4

-0
.0

5
3

-0
.0

1
8

-0
.0

2
3

-0
.1

1
5

-0
.1

2
9

-0
.1

0
6

-0
.1

6
4

-0
.2

0
0

-0
.1

5
0

-0
.1

6
0

5
4

0
.0

0
0

0
.0

0
0

-0
.0

1
3

-0
.0

1
7

-0
.0

2
1

0
.0

0
3

-0
.0

3
5

-0
.0

2
0

0
.0

1
3

0
.0

1
5

-0
.0

8
6

-0
.0

8
3

-0
.0

7
2

-0
.1

2
4

-0
.1

7
1

-0
.1

2
6

-0
.1

2
7

5
5

0
.0

0
0

0
.0

0
0

0
.0

4
8

0
.0

4
5

0
.0

5
2

0
.0

6
1

0
.0

1
2

0
.0

6
0

0
.0

2
4

0
.0

8
5

0
.0

1
7

0
.0

1
7

-0
.0

2
2

0
.0

1
5

0
.0

0
4

-0
.0

2
4

-0
.0

5
4

5
6

0
.0

0
0

0
.0

0
0

0
.1

0
4

0
.1

1
9

0
.1

2
5

0
.1

1
7

0
.0

9
4

0
.1

2
7

0
.0

7
4

0
.1

0
2

0
.1

0
4

0
.1

1
8

0
.0

7
1

0
.1

3
5

0
.1

4
7

0
.0

8
2

0
.0

5
0

5
7

0
.0

0
0

0
.0

0
0

0
.0

0
2

0
.0

2
2

0
.0

1
4

0
.0

3
6

0
.0

0
3

0
.0

1
1

0
.0

4
9

0
.0

2
9

-0
.0

6
2

-0
.0

6
8

-0
.0

4
4

-0
.1

0
7

-0
.1

4
7

-0
.0

9
9

-0
.1

0
0

5
8

0
.0

0
0

0
.0

0
0

0
.1

1
9

0
.1

3
9

0
.1

4
2

0
.1

5
5

0
.1

0
8

0
.1

5
4

0
.1

4
0

0
.1

9
5

0
.0

7
6

0
.0

6
7

0
.0

4
9

0
.0

7
0

0
.0

1
1

0
.0

0
5

-0
.0

2
3

5
9

0
.0

0
0

0
.0

0
0

0
.1

9
4

0
.2

2
1

0
.2

3
1

0
.2

2
7

0
.1

9
7

0
.2

4
0

0
.1

9
1

0
.2

5
4

0
.1

8
6

0
.1

8
9

0
.1

4
5

0
.2

1
1

0
.1

9
6

0
.1

2
4

0
.0

7
7

6
0

0
.0

0
0

0
.0

0
0

0
.1

8
8

0
.2

2
5

0
.2

3
0

0
.2

4
4

0
.2

1
4

0
.2

3
5

0
.2

3
4

0
.2

9
9

0
.1

8
5

0
.1

7
1

0
.1

5
3

0
.1

3
6

0
.1

2
9

0
.1

1
4

0
.0

8
5

6
1

0
.0

0
0

0
.0

0
0

0
.2

6
2

0
.3

1
2

0
.3

2
5

0
.3

2
2

0
.2

9
8

0
.3

4
2

0
.2

9
0

0
.3

9
7

0
.3

3
3

0
.3

0
9

0
.2

6
0

0
.3

2
9

0
.3

2
0

0
.2

5
3

0
.2

0
6

6
2

0
.0

0
0

0
.0

0
0

0
.2

7
0

0
.3

3
3

0
.3

5
0

0
.3

4
8

0
.3

2
3

0
.3

6
7

0
.3

2
1

0
.4

4
1

0
.3

7
3

0
.3

2
5

0
.2

9
7

0
.3

5
6

0
.3

3
3

0
.2

8
2

0
.2

4
1

6
3

0
.0

0
0

0
.0

0
0

0
.3

4
8

0
.4

4
0

0
.4

5
7

0
.4

6
5

0
.4

2
8

0
.4

7
6

0
.4

3
4

0
.5

4
9

0
.4

6
3

0
.4

0
0

0
.3

7
8

0
.4

1
8

0
.3

8
9

0
.3

3
7

0
.3

0
2

6
4

0
.0

0
0

0
.0

0
0

0
.2

6
2

0
.3

2
6

0
.3

4
5

0
.3

3
8

0
.3

2
5

0
.3

6
0

0
.2

9
7

0
.4

0
0

0
.3

8
4

0
.3

4
9

0
.3

0
5

0
.3

8
6

0
.3

8
7

0
.3

0
9

0
.2

7
8

6
5

0
.0

0
0

0
.0

0
0

0
.3

4
8

0
.4

3
8

0
.4

5
9

0
.4

6
7

0
.4

4
3

0
.4

8
1

0
.4

4
1

0
.5

7
7

0
.4

9
8

0
.4

4
3

0
.4

1
1

0
.4

5
3

0
.4

5
4

0
.3

9
0

0
.3

5
2

6
6

0
.0

0
0

0
.0

0
0

0
.2

9
5

0
.3

5
6

0
.3

7
7

0
.3

7
9

0
.3

6
6

0
.4

0
1

0
.3

4
9

0
.4

9
3

0
.4

4
4

0
.3

9
2

0
.3

5
7

0
.4

2
0

0
.4

3
6

0
.3

6
8

0
.3

2
5

6
7

0
.0

0
0

0
.0

0
0

0
.0

6
2

0
.0

7
8

0
.0

7
9

0
.0

8
6

0
.0

7
7

0
.0

8
2

0
.0

8
1

0
.1

0
4

0
.0

7
3

0
.0

5
7

0
.0

6
4

0
.0

5
8

0
.0

5
0

0
.0

5
8

0
.0

5
5

6
8

0
.0

0
0

0
.0

0
0

0
.0

4
2

0
.0

7
0

0
.0

7
0

0
.0

8
9

0
.0

6
8

0
.0

6
9

0
.1

0
4

0
.1

1
5

0
.0

3
7

0
.0

2
0

0
.0

4
5

-0
.0

1
4

-0
.0

4
1

0
.0

0
2

0
.0

0
9

T
ab

le
C

.7
:

B
ay

es
ia

n
T
ot

al
C

or
re

la
ti

on
T
ab

le
fo

r
th

e
τ
−
→

π
−
π
−
π

+
ν τ
M

1
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
5)



Appendix C. Unfolded τ− → π−π−π+ντ Invariant Mass Spectra 197

1
8

1
9

2
0

2
1

2
2

2
3

2
4

2
5

2
6

2
7

2
8

2
9

3
0

3
1

3
2

3
3

3
4

4
0

-0
.4

9
0

-0
.4

8
2

-0
.5

5
1

-0
.5

0
1

-0
.4

6
6

-0
.4

3
2

-0
.4

3
1

-0
.3

9
1

-0
.2

6
0

-0
.1

8
1

-0
.1

3
3

-0
.1

3
7

-0
.0

9
1

-0
.0

3
2

0
.2

4
4

0
.1

4
5

0
.1

4
9

4
1

-0
.4

7
1

-0
.4

5
8

-0
.5

6
7

-0
.5

0
9

-0
.5

0
6

-0
.4

8
1

-0
.4

9
0

-0
.4

6
8

-0
.3

5
6

-0
.3

1
9

-0
.2

4
4

-0
.2

4
8

-0
.1

6
4

-0
.0

8
0

0
.1

3
9

0
.0

8
4

0
.1

6
7

4
2

-0
.4

5
3

-0
.4

1
2

-0
.5

4
6

-0
.4

6
6

-0
.4

6
3

-0
.4

2
1

-0
.4

5
1

-0
.3

9
8

-0
.3

5
0

-0
.3

6
6

-0
.2

3
1

-0
.2

5
9

-0
.1

9
9

-0
.2

3
1

0
.1

4
4

-0
.0

1
2

0
.0

4
8

4
3

-0
.3

5
5

-0
.2

7
4

-0
.4

5
9

-0
.3

3
3

-0
.3

2
4

-0
.2

8
0

-0
.3

5
4

-0
.3

0
0

-0
.2

8
3

-0
.4

2
0

-0
.2

4
4

-0
.3

4
4

-0
.2

6
4

-0
.3

7
1

0
.0

8
6

-0
.1

5
8

-0
.1

1
5

4
4

-0
.2

6
7

-0
.1

8
8

-0
.3

9
6

-0
.2

4
5

-0
.2

6
8

-0
.2

5
4

-0
.3

2
7

-0
.2

6
9

-0
.2

7
1

-0
.5

4
2

-0
.3

4
7

-0
.4

3
9

-0
.3

0
7

-0
.4

6
5

-0
.0

7
0

-0
.2

6
3

-0
.1

8
2

4
5

-0
.0

6
6

0
.0

2
9

-0
.2

1
6

-0
.0

3
5

-0
.0

4
7

-0
.0

2
7

-0
.1

4
8

-0
.0

8
1

-0
.1

4
0

-0
.5

4
6

-0
.3

1
6

-0
.4

2
7

-0
.3

4
9

-0
.6

4
2

-0
.1

4
3

-0
.4

3
7

-0
.3

8
9

4
6

-0
.4

3
7

-0
.4

8
8

-0
.4

1
9

-0
.4

9
0

-0
.4

7
9

-0
.5

0
2

-0
.3

9
3

-0
.4

1
3

-0
.3

0
2

0
.0

6
0

-0
.0

0
8

0
.0

5
2

0
.1

0
6

0
.3

6
2

0
.1

9
1

0
.3

5
6

0
.4

3
6

4
7

-0
.1

9
7

-0
.1

2
0

-0
.3

1
3

-0
.1

6
3

-0
.1

8
2

-0
.1

6
8

-0
.2

3
4

-0
.1

8
8

-0
.1

9
4

-0
.5

1
6

-0
.3

0
9

-0
.3

9
1

-0
.2

8
8

-0
.4

8
7

-0
.1

0
0

-0
.3

0
6

-0
.2

4
2

4
8

0
.0

2
8

0
.1

3
5

-0
.1

1
8

0
.0

6
9

0
.0

4
8

0
.0

6
3

-0
.0

7
1

-0
.0

0
5

-0
.0

8
4

-0
.5

7
1

-0
.3

2
6

-0
.4

4
0

-0
.3

7
1

-0
.6

8
5

-0
.2

2
8

-0
.5

0
2

-0
.4

5
2

4
9

0
.0

2
7

0
.1

3
4

-0
.1

1
9

0
.0

6
5

0
.0

4
2

0
.0

5
0

-0
.0

7
8

-0
.0

1
2

-0
.0

9
7

-0
.5

9
2

-0
.3

5
0

-0
.4

5
7

-0
.3

7
0

-0
.6

8
4

-0
.2

2
9

-0
.5

0
4

-0
.4

5
2

5
0

-0
.1

6
3

-0
.2

7
5

-0
.0

3
9

-0
.2

1
5

-0
.2

0
0

-0
.2

2
4

-0
.0

8
6

-0
.1

4
6

-0
.0

4
1

0
.4

6
0

0
.2

3
6

0
.3

5
5

0
.2

9
7

0
.6

6
9

0
.1

9
8

0
.5

2
3

0
.5

0
5

5
1

-0
.2

1
8

-0
.2

8
8

-0
.1

7
7

-0
.2

7
1

-0
.2

9
3

-0
.3

2
1

-0
.2

3
4

-0
.2

6
8

-0
.2

0
6

0
.1

0
9

-0
.0

2
5

0
.0

5
4

0
.0

4
8

0
.3

5
0

0
.0

5
9

0
.3

0
0

0
.3

3
2

5
2

0
.0

6
7

0
.1

7
7

-0
.0

7
9

0
.1

0
4

0
.0

7
2

0
.0

8
0

-0
.0

4
8

0
.0

0
8

-0
.0

8
2

-0
.5

7
2

-0
.3

3
8

-0
.4

6
0

-0
.3

8
4

-0
.7

0
4

-0
.2

4
1

-0
.5

3
1

-0
.4

7
6

5
3

-0
.1

6
2

-0
.2

8
4

-0
.0

6
2

-0
.2

4
8

-0
.2

4
7

-0
.2

5
9

-0
.1

3
3

-0
.1

9
6

-0
.0

9
2

0
.4

0
8

0
.1

6
9

0
.3

0
4

0
.2

4
0

0
.6

0
8

0
.1

8
4

0
.4

7
0

0
.4

7
2

5
4

-0
.1

1
9

-0
.2

2
8

-0
.0

5
8

-0
.2

3
4

-0
.2

4
8

-0
.2

6
8

-0
.1

6
5

-0
.2

3
1

-0
.1

5
6

0
.2

4
4

0
.0

5
1

0
.1

6
9

0
.1

2
6

0
.4

8
3

0
.0

9
1

0
.3

5
9

0
.3

7
3

5
5

-0
.0

0
9

-0
.0

3
3

-0
.1

1
7

-0
.1

2
4

-0
.1

8
3

-0
.1

9
0

-0
.2

2
3

-0
.2

2
3

-0
.2

7
6

-0
.3

5
1

-0
.3

2
1

-0
.3

4
9

-0
.3

0
7

-0
.3

0
7

-0
.1

8
4

-0
.2

4
5

-0
.1

8
7

5
6

0
.0

8
4

0
.1

5
8

-0
.0

6
2

0
.0

5
0

0
.0

0
9

0
.0

0
9

-0
.0

9
7

-0
.0

6
7

-0
.1

6
3

-0
.5

2
4

-0
.3

7
6

-0
.4

7
1

-0
.4

1
8

-0
.6

5
3

-0
.2

5
0

-0
.4

9
0

-0
.4

6
3

5
7

-0
.1

1
7

-0
.2

3
5

-0
.0

1
4

-0
.2

0
6

-0
.2

0
5

-0
.2

3
0

-0
.1

0
0

-0
.1

7
7

-0
.0

8
6

0
.4

1
1

0
.1

6
7

0
.2

9
4

0
.2

1
9

0
.5

9
7

0
.1

5
8

0
.4

6
3

0
.4

4
4

5
8

0
.0

0
6

-0
.0

6
7

-0
.0

5
4

-0
.1

4
5

-0
.2

1
2

-0
.2

6
3

-0
.2

0
6

-0
.2

6
3

-0
.2

8
5

-0
.1

4
4

-0
.2

0
1

-0
.2

0
2

-0
.2

2
7

-0
.0

5
1

-0
.1

3
9

-0
.0

5
1

-0
.0

1
6

5
9

0
.1

3
1

0
.1

5
4

0
.0

0
3

0
.0

1
1

-0
.0

5
7

-0
.0

6
9

-0
.1

2
6

-0
.1

2
7

-0
.2

0
9

-0
.4

3
3

-0
.3

7
0

-0
.4

3
6

-0
.4

2
9

-0
.4

9
0

-0
.2

5
0

-0
.4

0
8

-0
.3

6
9

6
0

0
.1

0
7

0
.0

2
4

0
.1

3
5

-0
.0

4
5

-0
.0

9
2

-0
.1

0
3

-0
.0

4
6

-0
.1

0
6

-0
.1

3
6

0
.0

7
9

-0
.0

7
8

-0
.0

0
2

-0
.1

0
3

0
.1

2
8

-0
.0

6
9

0
.0

6
7

0
.0

4
8

6
1

0
.2

6
2

0
.2

7
5

0
.1

4
2

0
.1

4
6

0
.0

6
5

0
.0

5
5

-0
.0

3
0

-0
.0

2
5

-0
.1

5
4

-0
.4

2
5

-0
.3

8
8

-0
.4

0
0

-0
.4

7
0

-0
.5

6
3

-0
.3

4
8

-0
.4

9
5

-0
.4

6
5

6
2

0
.2

8
4

0
.2

7
7

0
.1

7
8

0
.1

7
1

0
.0

9
0

0
.0

6
8

0
.0

0
6

-0
.0

1
4

-0
.1

3
3

-0
.3

7
1

-0
.3

6
0

-0
.3

5
4

-0
.4

5
1

-0
.4

9
6

-0
.3

8
2

-0
.4

6
9

-0
.4

3
4

6
3

0
.3

4
0

0
.2

8
6

0
.2

5
5

0
.1

9
2

0
.1

1
1

0
.0

7
5

0
.0

3
9

0
.0

0
1

-0
.1

2
9

-0
.2

0
6

-0
.2

9
3

-0
.2

3
2

-0
.3

7
0

-0
.3

3
8

-0
.3

5
8

-0
.3

6
6

-0
.3

6
1

6
4

0
.3

2
3

0
.3

6
1

0
.1

8
0

0
.2

4
6

0
.1

7
4

0
.1

6
6

0
.0

5
3

0
.0

7
1

-0
.0

8
1

-0
.4

6
8

-0
.3

8
1

-0
.4

2
3

-0
.4

7
7

-0
.6

8
7

-0
.3

8
5

-0
.5

9
6

-0
.5

7
6

6
5

0
.3

9
0

0
.3

5
9

0
.3

2
7

0
.2

4
1

0
.1

5
9

0
.1

5
1

0
.1

1
5

0
.0

8
3

-0
.0

6
7

-0
.2

0
2

-0
.2

7
4

-0
.2

3
2

-0
.3

6
2

-0
.3

8
4

-0
.3

3
3

-0
.3

9
8

-0
.4

0
6

6
6

0
.3

5
6

0
.3

8
2

0
.2

6
5

0
.2

6
9

0
.1

9
4

0
.1

7
7

0
.1

1
8

0
.1

0
8

-0
.0

5
6

-0
.3

4
8

-0
.3

1
3

-0
.3

5
3

-0
.4

1
5

-0
.5

7
4

-0
.3

6
0

-0
.5

3
9

-0
.5

2
5

6
7

0
.0

5
1

0
.0

1
8

0
.0

6
7

0
.0

1
7

-0
.0

0
2

-0
.0

1
5

0
.0

1
1

-0
.0

1
9

-0
.0

2
5

0
.0

6
4

-0
.0

1
4

0
.0

2
0

-0
.0

1
5

0
.0

7
0

-0
.0

4
8

-0
.0

1
5

-0
.0

0
1

6
8

-0
.0

1
1

-0
.1

1
6

0
.0

8
6

-0
.0

9
0

-0
.0

9
2

-0
.1

0
3

-0
.0

0
5

-0
.0

7
1

-0
.0

2
1

0
.3

9
0

0
.1

6
6

0
.2

8
1

0
.1

9
8

0
.4

9
4

0
.0

9
6

0
.3

6
0

0
.3

3
6

T
ab

le
C

.8
:

B
ay

es
ia

n
T
ot

al
C

or
re

la
ti

on
T
ab

le
fo

r
th

e
τ
−
→

π
−
π
−
π

+
ν τ
M

1
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
6)



Appendix C. Unfolded τ− → π−π−π+ντ Invariant Mass Spectra 198

3
5

3
6

3
7

3
8

3
9

4
0

4
1

4
2

4
3

4
4

4
5

4
6

4
7

4
8

4
9

5
0

5
1

4
0

0
.2

8
6

0
.0

7
4

0
.2

6
9

0
.1

0
2

0
.5

1
9

1
.0

0
0

0
.5

0
5

0
.4

0
3

0
.3

9
0

0
.3

2
2

0
.2

9
0

0
.1

0
0

0
.2

6
5

0
.2

2
5

0
.2

1
2

-0
.1

7
2

-0
.0

8
1

4
1

0
.2

1
1

0
.0

3
7

0
.2

2
0

0
.1

5
3

0
.3

7
3

0
.5

0
5

1
.0

0
0

0
.5

7
0

0
.3

8
7

0
.4

2
3

0
.2

7
9

0
.2

5
0

0
.3

3
8

0
.2

3
1

0
.2

5
1

-0
.1

0
4

0
.0

7
7

4
2

0
.1

5
8

-0
.0

8
3

0
.1

0
2

-0
.0

6
0

0
.5

0
9

0
.4

0
3

0
.5

7
0

1
.0

0
0

0
.6

4
1

0
.5

2
6

0
.4

8
8

0
.0

7
6

0
.4

8
1

0
.4

3
8

0
.4

3
8

-0
.3

6
1

-0
.1

3
6

4
3

0
.0

7
0

-0
.2

0
6

-0
.0

3
9

-0
.2

7
5

0
.6

1
8

0
.3

9
0

0
.3

8
7

0
.6

4
1

1
.0

0
0

0
.7

0
5

0
.6

9
0

-0
.1

1
5

0
.5

6
8

0
.6

3
4

0
.6

2
9

-0
.5

9
3

-0
.3

0
4

4
4

-0
.0

3
6

-0
.3

1
0

-0
.1

4
2

-0
.3

0
5

0
.6

0
3

0
.3

2
2

0
.4

2
3

0
.5

2
6

0
.7

0
5

1
.0

0
0

0
.7

5
7

-0
.0

8
5

0
.6

2
5

0
.6

9
7

0
.7

0
7

-0
.5

9
3

-0
.2

2
6

4
5

-0
.1

7
1

-0
.4

5
9

-0
.3

3
2

-0
.6

0
5

0
.6

9
8

0
.2

9
0

0
.2

7
9

0
.4

8
8

0
.6

9
0

0
.7

5
7

1
.0

0
0

-0
.3

4
0

0
.7

1
6

0
.9

1
3

0
.9

0
6

-0
.8

9
2

-0
.5

0
4

4
6

0
.3

3
6

0
.3

6
1

0
.4

4
9

0
.5

8
8

-0
.1

6
2

0
.1

0
0

0
.2

5
0

0
.0

7
6

-0
.1

1
5

-0
.0

8
5

-0
.3

4
0

1
.0

0
0

-0
.0

5
3

-0
.4

3
6

-0
.4

1
4

0
.5

7
8

0
.5

1
4

4
7

-0
.0

7
0

-0
.3

3
7

-0
.2

0
1

-0
.3

8
0

0
.5

7
6

0
.2

6
5

0
.3

3
8

0
.4

8
1

0
.5

6
8

0
.6

2
5

0
.7

1
6

-0
.0

5
3

1
.0

0
0

0
.7

6
0

0
.7

1
6

-0
.6

3
7

-0
.2

8
5

4
8

-0
.2

4
4

-0
.5

1
3

-0
.4

2
0

-0
.6

6
4

0
.6

6
2

0
.2

2
5

0
.2

3
1

0
.4

3
8

0
.6

3
4

0
.6

9
7

0
.9

1
3

-0
.4

3
6

0
.7

6
0

1
.0

0
0

0
.9

5
0

-0
.9

1
4

-0
.5

1
0

4
9

-0
.2

6
4

-0
.5

2
7

-0
.4

2
5

-0
.6

5
0

0
.6

5
4

0
.2

1
2

0
.2

5
1

0
.4

3
8

0
.6

2
9

0
.7

0
7

0
.9

0
6

-0
.4

1
4

0
.7

1
6

0
.9

5
0

1
.0

0
0

-0
.8

8
5

-0
.4

7
6

5
0

0
.2

9
5

0
.5

3
5

0
.4

8
2

0
.7

5
5

-0
.6

1
8

-0
.1

7
2

-0
.1

0
4

-0
.3

6
1

-0
.5

9
3

-0
.5

9
3

-0
.8

9
2

0
.5

7
8

-0
.6

3
7

-0
.9

1
4

-0
.8

8
5

1
.0

0
0

0
.6

8
5

5
1

0
.1

8
9

0
.3

1
9

0
.3

1
3

0
.5

3
2

-0
.3

3
5

-0
.0

8
1

0
.0

7
7

-0
.1

3
6

-0
.3

0
4

-0
.2

2
6

-0
.5

0
4

0
.5

1
4

-0
.2

8
5

-0
.5

1
0

-0
.4

7
6

0
.6

8
5

1
.0

0
0

5
2

-0
.2

7
9

-0
.5

3
2

-0
.4

5
5

-0
.6

8
3

0
.6

3
4

0
.1

9
4

0
.2

1
0

0
.4

1
8

0
.6

1
8

0
.6

8
2

0
.9

0
2

-0
.4

4
8

0
.6

9
9

0
.9

3
1

0
.9

2
8

-0
.9

1
4

-0
.4

5
1

5
3

0
.2

9
2

0
.5

2
1

0
.4

6
4

0
.7

1
8

-0
.5

8
8

-0
.1

5
6

-0
.0

8
6

-0
.3

2
8

-0
.5

5
9

-0
.5

6
5

-0
.8

4
5

0
.5

5
3

-0
.5

9
3

-0
.8

6
6

-0
.8

5
0

0
.9

3
2

0
.6

4
7

5
4

0
.1

9
2

0
.4

1
1

0
.3

6
3

0
.6

3
3

-0
.5

4
5

-0
.1

6
9

-0
.0

2
2

-0
.2

6
5

-0
.5

0
1

-0
.4

4
2

-0
.7

3
3

0
.5

4
5

-0
.4

7
6

-0
.7

4
0

-0
.7

1
0

0
.8

4
6

0
.6

5
4

5
5

-0
.1

1
8

-0
.1

8
2

-0
.1

5
6

-0
.1

2
3

0
.1

2
4

0
.0

4
4

0
.1

6
3

0
.1

5
6

0
.1

6
0

0
.2

6
0

0
.2

3
7

0
.0

3
6

0
.2

5
1

0
.2

5
9

0
.2

8
0

-0
.1

5
1

0
.0

8
9

5
6

-0
.2

5
6

-0
.4

6
0

-0
.4

0
2

-0
.5

7
9

0
.4

9
5

0
.1

4
1

0
.1

5
7

0
.3

4
0

0
.5

1
2

0
.5

5
5

0
.7

3
7

-0
.3

6
4

0
.5

7
5

0
.7

6
5

0
.7

7
1

-0
.7

4
7

-0
.3

7
3

5
7

0
.2

5
1

0
.5

0
8

0
.4

4
0

0
.7

0
5

-0
.6

2
6

-0
.1

8
4

-0
.1

1
0

-0
.3

4
7

-0
.5

8
3

-0
.5

7
9

-0
.8

6
5

0
.5

5
0

-0
.6

1
1

-0
.8

8
3

-0
.8

6
6

0
.9

3
8

0
.6

3
6

5
8

-0
.0

4
4

0
.0

5
7

0
.0

1
8

0
.1

4
1

-0
.2

0
4

-0
.0

8
5

0
.0

4
8

-0
.0

2
4

-0
.1

3
6

-0
.0

2
7

-0
.1

6
9

0
.2

6
0

-0
.0

5
1

-0
.1

6
0

-0
.1

3
6

0
.2

5
8

0
.3

2
2

5
9

-0
.2

3
8

-0
.3

1
3

-0
.3

3
1

-0
.4

1
8

0
.2

4
3

0
.0

3
1

0
.0

7
6

0
.1

9
8

0
.2

8
3

0
.3

3
7

0
.4

5
4

-0
.2

0
1

0
.3

6
1

0
.4

8
0

0
.4

9
2

-0
.4

5
1

-0
.1

7
6

6
0

-0
.0

5
3

0
.1

2
6

0
.0

4
4

0
.2

1
0

-0
.4

1
1

-0
.2

1
0

-0
.1

3
2

-0
.2

2
7

-0
.3

3
7

-0
.2

9
8

-0
.4

0
8

0
.1

9
9

-0
.2

9
5

-0
.3

9
8

-0
.3

7
6

0
.4

3
4

0
.3

5
0

6
1

-0
.3

5
9

-0
.3

8
7

-0
.4

2
5

-0
.5

0
1

0
.1

9
1

-0
.0

5
3

-0
.0

0
5

0
.1

3
1

0
.2

3
6

0
.3

1
8

0
.4

6
9

-0
.2

8
6

0
.3

4
7

0
.4

9
8

0
.5

0
5

-0
.4

8
2

-0
.2

0
6

6
2

-0
.3

4
5

-0
.3

5
6

-0
.4

2
0

-0
.4

3
8

0
.1

0
4

-0
.1

0
9

-0
.0

5
8

0
.0

5
9

0
.1

5
2

0
.2

4
0

0
.3

5
1

-0
.2

5
2

0
.2

5
7

0
.3

9
6

0
.4

0
3

-0
.3

6
6

-0
.1

2
0

6
3

-0
.3

1
8

-0
.2

2
2

-0
.3

5
4

-0
.2

9
6

-0
.1

1
7

-0
.1

9
7

-0
.1

7
9

-0
.1

1
3

-0
.0

6
4

0
.0

1
5

0
.0

8
8

-0
.1

7
4

0
.0

3
5

0
.1

2
8

0
.1

3
4

-0
.1

2
0

0
.0

1
9

6
4

-0
.4

1
9

-0
.5

0
6

-0
.5

4
8

-0
.6

8
4

0
.3

2
8

-0
.0

2
7

-0
.0

3
7

0
.1

6
6

0
.3

5
0

0
.4

2
0

0
.6

5
7

-0
.4

6
4

0
.4

6
6

0
.6

9
9

0
.6

9
7

-0
.7

1
5

-0
.3

8
7

6
5

-0
.3

8
5

-0
.2

7
8

-0
.3

9
9

-0
.3

8
5

-0
.1

0
0

-0
.2

3
8

-0
.2

0
4

-0
.1

1
6

-0
.0

4
7

0
.0

1
5

0
.1

4
6

-0
.2

7
0

0
.0

6
9

0
.1

9
2

0
.1

9
8

-0
.2

1
3

-0
.0

8
9

6
6

-0
.4

1
5

-0
.4

3
5

-0
.5

0
9

-0
.5

9
9

0
.1

5
3

-0
.1

3
5

-0
.1

3
3

0
.0

5
6

0
.1

9
4

0
.2

4
3

0
.4

6
4

-0
.4

1
8

0
.3

0
4

0
.5

0
4

0
.5

0
7

-0
.5

3
8

-0
.3

0
0

6
7

-0
.0

3
2

0
.0

4
4

0
.0

0
8

0
.0

6
3

-0
.1

6
6

-0
.1

0
7

-0
.0

7
7

-0
.1

1
8

-0
.1

5
8

-0
.1

6
1

-0
.1

6
2

0
.0

6
4

-0
.1

4
7

-0
.1

6
0

-0
.1

5
7

0
.1

5
5

0
.0

9
3

6
8

0
.1

7
2

0
.4

0
3

0
.3

2
1

0
.5

5
4

-0
.5

7
5

-0
.2

1
9

-0
.1

7
3

-0
.3

6
8

-0
.5

3
6

-0
.5

4
8

-0
.7

5
2

0
.4

0
1

-0
.5

7
1

-0
.7

5
9

-0
.7

4
9

0
.7

8
2

0
.5

0
3

T
ab

le
C

.9
:

B
ay

es
ia

n
T
ot

al
C

or
re

la
ti

on
T
ab

le
fo

r
th

e
τ
−
→

π
−
π
−
π

+
ν τ
M

1
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
7)



Appendix C. Unfolded τ− → π−π−π+ντ Invariant Mass Spectra 199

5
2

5
3

5
4

5
5

5
6

5
7

5
8

5
9

6
0

6
1

6
2

6
3

6
4

6
5

6
6

6
7

6
8

4
0

0
.1

9
4

-0
.1

5
6

-0
.1

6
9

0
.0

4
4

0
.1

4
1

-0
.1

8
4

-0
.0

8
5

0
.0

3
1

-0
.2

1
0

-0
.0

5
3

-0
.1

0
9

-0
.1

9
7

-0
.0

2
7

-0
.2

3
8

-0
.1

3
5

-0
.1

0
7

-0
.2

1
9

4
1

0
.2

1
0

-0
.0

8
6

-0
.0

2
2

0
.1

6
3

0
.1

5
7

-0
.1

1
0

0
.0

4
8

0
.0

7
6

-0
.1

3
2

-0
.0

0
5

-0
.0

5
8

-0
.1

7
9

-0
.0

3
7

-0
.2

0
4

-0
.1

3
3

-0
.0

7
7

-0
.1

7
3

4
2

0
.4

1
8

-0
.3

2
8

-0
.2

6
5

0
.1

5
6

0
.3

4
0

-0
.3

4
7

-0
.0

2
4

0
.1

9
8

-0
.2

2
7

0
.1

3
1

0
.0

5
9

-0
.1

1
3

0
.1

6
6

-0
.1

1
6

0
.0

5
6

-0
.1

1
8

-0
.3

6
8

4
3

0
.6

1
8

-0
.5

5
9

-0
.5

0
1

0
.1

6
0

0
.5

1
2

-0
.5

8
3

-0
.1

3
6

0
.2

8
3

-0
.3

3
7

0
.2

3
6

0
.1

5
2

-0
.0

6
4

0
.3

5
0

-0
.0

4
7

0
.1

9
4

-0
.1

5
8

-0
.5

3
6

4
4

0
.6

8
2

-0
.5

6
5

-0
.4

4
2

0
.2

6
0

0
.5

5
5

-0
.5

7
9

-0
.0

2
7

0
.3

3
7

-0
.2

9
8

0
.3

1
8

0
.2

4
0

0
.0

1
5

0
.4

2
0

0
.0

1
5

0
.2

4
3

-0
.1

6
1

-0
.5

4
8

4
5

0
.9

0
2

-0
.8

4
5

-0
.7

3
3

0
.2

3
7

0
.7

3
7

-0
.8

6
5

-0
.1

6
9

0
.4

5
4

-0
.4

0
8

0
.4

6
9

0
.3

5
1

0
.0

8
8

0
.6

5
7

0
.1

4
6

0
.4

6
4

-0
.1

6
2

-0
.7

5
2

4
6

-0
.4

4
8

0
.5

5
3

0
.5

4
5

0
.0

3
6

-0
.3

6
4

0
.5

5
0

0
.2

6
0

-0
.2

0
1

0
.1

9
9

-0
.2

8
6

-0
.2

5
2

-0
.1

7
4

-0
.4

6
4

-0
.2

7
0

-0
.4

1
8

0
.0

6
4

0
.4

0
1

4
7

0
.6

9
9

-0
.5

9
3

-0
.4

7
6

0
.2

5
1

0
.5

7
5

-0
.6

1
1

-0
.0

5
1

0
.3

6
1

-0
.2

9
5

0
.3

4
7

0
.2

5
7

0
.0

3
5

0
.4

6
6

0
.0

6
9

0
.3

0
4

-0
.1

4
7

-0
.5

7
1

4
8

0
.9

3
1

-0
.8

6
6

-0
.7

4
0

0
.2

5
9

0
.7

6
5

-0
.8

8
3

-0
.1

6
0

0
.4

8
0

-0
.3

9
8

0
.4

9
8

0
.3

9
6

0
.1

2
8

0
.6

9
9

0
.1

9
2

0
.5

0
4

-0
.1

6
0

-0
.7

5
9

4
9

0
.9

2
8

-0
.8

5
0

-0
.7

1
0

0
.2

8
0

0
.7

7
1

-0
.8

6
6

-0
.1

3
6

0
.4

9
2

-0
.3

7
6

0
.5

0
5

0
.4

0
3

0
.1

3
4

0
.6

9
7

0
.1

9
8

0
.5

0
7

-0
.1

5
7

-0
.7

4
9

5
0

-0
.9

1
4

0
.9

3
2

0
.8

4
6

-0
.1

5
1

-0
.7

4
7

0
.9

3
8

0
.2

5
8

-0
.4

5
1

0
.4

3
4

-0
.4

8
2

-0
.3

6
6

-0
.1

2
0

-0
.7

1
5

-0
.2

1
3

-0
.5

3
8

0
.1

5
5

0
.7

8
2

5
1

-0
.4

5
1

0
.6

4
7

0
.6

5
4

0
.0

8
9

-0
.3

7
3

0
.6

3
6

0
.3

2
2

-0
.1

7
6

0
.3

5
0

-0
.2

0
6

-0
.1

2
0

0
.0

1
9

-0
.3

8
7

-0
.0

8
9

-0
.3

0
0

0
.0

9
3

0
.5

0
3

5
2

1
.0

0
0

-0
.8

3
5

-0
.7

2
0

0
.2

8
5

0
.7

9
2

-0
.8

7
3

-0
.1

3
7

0
.5

1
3

-0
.3

6
9

0
.5

3
3

0
.4

2
9

0
.1

7
2

0
.7

3
0

0
.2

3
5

0
.5

4
5

-0
.1

5
2

-0
.7

4
4

5
3

-0
.8

3
5

1
.0

0
0

0
.8

8
1

-0
.0

6
8

-0
.6

7
2

0
.9

1
5

0
.3

2
5

-0
.3

5
3

0
.4

8
5

-0
.3

8
8

-0
.2

7
8

-0
.0

3
3

-0
.6

2
0

-0
.1

1
3

-0
.4

3
4

0
.1

5
5

0
.7

7
1

5
4

-0
.7

2
0

0
.8

8
1

1
.0

0
0

0
.1

6
0

-0
.5

2
7

0
.8

4
5

0
.4

1
2

-0
.2

2
5

0
.5

1
0

-0
.2

5
6

-0
.1

5
6

0
.0

5
8

-0
.4

8
6

-0
.0

1
7

-0
.3

1
3

0
.1

4
7

0
.7

0
1

5
5

0
.2

8
5

-0
.0

6
8

0
.1

6
0

1
.0

0
0

0
.4

9
7

-0
.0

8
3

0
.3

6
4

0
.4

3
2

0
.1

9
9

0
.4

3
5

0
.4

2
0

0
.4

0
0

0
.4

0
7

0
.3

7
8

0
.4

1
3

0
.0

3
1

-0
.0

8
1

5
6

0
.7

9
2

-0
.6

7
2

-0
.5

2
7

0
.4

9
7

1
.0

0
0

-0
.6

2
5

0
.0

7
5

0
.5

7
3

-0
.1

7
6

0
.5

8
6

0
.5

1
7

0
.3

3
1

0
.7

2
3

0
.3

6
5

0
.6

0
6

-0
.1

0
3

-0
.5

8
1

5
7

-0
.8

7
3

0
.9

1
5

0
.8

4
5

-0
.0

8
3

-0
.6

2
5

1
.0

0
0

0
.4

0
3

-0
.3

4
9

0
.4

9
0

-0
.3

8
6

-0
.2

8
0

-0
.0

2
3

-0
.6

2
5

-0
.1

1
4

-0
.4

3
2

0
.1

7
3

0
.7

6
9

5
8

-0
.1

3
7

0
.3

2
5

0
.4

1
2

0
.3

6
4

0
.0

7
5

0
.4

0
3

1
.0

0
0

0
.4

5
0

0
.4

7
5

0
.2

9
5

0
.3

4
1

0
.4

2
1

0
.1

5
3

0
.3

7
2

0
.2

7
2

0
.1

2
5

0
.2

7
4

5
9

0
.5

1
3

-0
.3

5
3

-0
.2

2
5

0
.4

3
2

0
.5

7
3

-0
.3

4
9

0
.4

5
0

1
.0

0
0

0
.2

9
6

0
.6

5
6

0
.5

9
8

0
.5

1
0

0
.6

7
9

0
.5

6
0

0
.6

7
4

-0
.0

0
9

-0
.2

7
4

6
0

-0
.3

6
9

0
.4

8
5

0
.5

1
0

0
.1

9
9

-0
.1

7
6

0
.4

9
0

0
.4

7
5

0
.2

9
6

1
.0

0
0

0
.3

1
9

0
.2

7
6

0
.4

1
8

0
.0

2
7

0
.4

0
5

0
.2

1
1

0
.1

4
2

0
.4

4
7

6
1

0
.5

3
3

-0
.3

8
8

-0
.2

5
6

0
.4

3
5

0
.5

8
6

-0
.3

8
6

0
.2

9
5

0
.6

5
6

0
.3

1
9

1
.0

0
0

0
.8

1
2

0
.6

4
2

0
.7

7
7

0
.6

8
2

0
.7

8
5

0
.0

0
3

-0
.2

8
5

6
2

0
.4

2
9

-0
.2

7
8

-0
.1

5
6

0
.4

2
0

0
.5

1
7

-0
.2

8
0

0
.3

4
1

0
.5

9
8

0
.2

7
6

0
.8

1
2

1
.0

0
0

0
.7

7
5

0
.7

3
9

0
.7

0
3

0
.7

6
2

0
.0

4
8

-0
.1

7
8

6
3

0
.1

7
2

-0
.0

3
3

0
.0

5
8

0
.4

0
0

0
.3

3
1

-0
.0

2
3

0
.4

2
1

0
.5

1
0

0
.4

1
8

0
.6

4
2

0
.7

7
5

1
.0

0
0

0
.6

6
6

0
.7

3
1

0
.6

9
5

0
.0

9
3

0
.0

4
7

6
4

0
.7

3
0

-0
.6

2
0

-0
.4

8
6

0
.4

0
7

0
.7

2
3

-0
.6

2
5

0
.1

5
3

0
.6

7
9

0
.0

2
7

0
.7

7
7

0
.7

3
9

0
.6

6
6

1
.0

0
0

0
.7

2
2

0
.8

6
8

-0
.0

3
4

-0
.4

8
3

6
5

0
.2

3
5

-0
.1

1
3

-0
.0

1
7

0
.3

7
8

0
.3

6
5

-0
.1

1
4

0
.3

7
2

0
.5

6
0

0
.4

0
5

0
.6

8
2

0
.7

0
3

0
.7

3
1

0
.7

2
2

1
.0

0
0

0
.8

4
3

0
.0

9
4

-0
.0

2
7

6
6

0
.5

4
5

-0
.4

3
4

-0
.3

1
3

0
.4

1
3

0
.6

0
6

-0
.4

3
2

0
.2

7
2

0
.6

7
4

0
.2

1
1

0
.7

8
5

0
.7

6
2

0
.6

9
5

0
.8

6
8

0
.8

4
3

1
.0

0
0

0
.0

2
4

-0
.3

5
9

6
7

-0
.1

5
2

0
.1

5
5

0
.1

4
7

0
.0

3
1

-0
.1

0
3

0
.1

7
3

0
.1

2
5

-0
.0

0
9

0
.1

4
2

0
.0

0
3

0
.0

4
8

0
.0

9
3

-0
.0

3
4

0
.0

9
4

0
.0

2
4

1
.0

0
0

0
.1

8
3

6
8

-0
.7

4
4

0
.7

7
1

0
.7

0
1

-0
.0

8
1

-0
.5

8
1

0
.7

6
9

0
.2

7
4

-0
.2

7
4

0
.4

4
7

-0
.2

8
5

-0
.1

7
8

0
.0

4
7

-0
.4

8
3

-0
.0

2
7

-0
.3

5
9

0
.1

8
3

1
.0

0
0

T
ab

le
C

.1
0:

B
ay

es
ia

n
T
ot

al
C

or
re

la
ti

on
T
ab

le
fo

r
th

e
τ
−
→

π
−
π
−
π

+
ν τ
M

1
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
8)



Appendix C. Unfolded τ− → π−π−π+ντ Invariant Mass Spectra 200

C.2 The Unfolded τ− → π−π−π+ντ M13and23 Invari-

ant Mass Spectra
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Figure C.2: A comparison of the τ− → K−π−π+ντ MC Truth and reconstructed MC
for the M13and23 invariant mass spectra. The reconstructed MC M13and23 invariant
mass as a function of MC Truth M13and23 invariant mass (left) is used to describe the
response of the BABAR Detector in the unfolding of the τ− → K−π−π+ντ M13and23

invariant mass spectrum. The reconstructed MC M13and23 invariant mass minus the
MC Truth M13and23 invariant mass (right) illustrates the average response of the
BABAR Detector for the τ− → K−π−π+ντ M13and23 invariant mass spectrum.
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Appendix D

Unfolded τ− → K−π−π+ντ
Invariant Mass Spectra

D.1 The Unfolded τ− → K−π−π+ντ M123 Invariant

Mass Spectra
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Figure D.1: A comparison of the τ− → K−π−π+ντ MC Truth and reconstructed MC
for the M123 invariant mass spectra. The reconstructed MC M123 invariant mass as
a function of MC Truth M123 invariant mass (left) is used to describe the response
of the BABAR Detector in the unfolding of the τ− → K−π−π+ντ M123 invariant mass
spectrum. The reconstructed MC M123 invariant mass minus the MC Truth M123

invariant mass (right) illustrates the average response of the BABAR Detector for the
τ− → K−π−π+ντ M123 invariant mass spectrum.
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D.2 The Unfolded τ− → K−π−π+ντ M13 Invariant

Mass Spectra
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Figure D.2: A comparison of the τ− → K−π−π+ντ MC Truth and reconstructed MC
for the M13 invariant mass spectra. The reconstructed MC M13 invariant mass as
a function of MC Truth M13 invariant mass (left) is used to describe the response
of the BABAR Detector in the unfolding of the τ− → K−π−π+ντ M13 invariant mass
spectrum. The reconstructed MC M13 invariant mass minus the MC Truth M13

invariant mass (right) illustrates the average response of the BABAR Detector for the
τ− → K−π−π+ντ M13 invariant mass spectrum.
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D.3 The Unfolded τ− → K−π−π+ντ M23 Invariant

Mass Spectra

)2 (GeV/cMC-Truth
23M

0.5 1

)2
 (

G
eV

/c
M

C
-R

ec
o

23
M

0.5

1

0

200

400

600

800

100

120

140

160

180

)2 (GeV/cMC-Reco
23-MMC-Truth

23M

-0.02 -0.01 0 0.01 0.02

)2
E

ve
n

ts
/(

0.
25

M
eV

/c

0

500

1000

1500

Figure D.3: A comparison of the τ− → K−π−π+ντ MC Truth and reconstructed MC
for the M23 invariant mass spectra. The reconstructed MC M23 invariant mass as
a function of MC Truth M23 invariant mass (left) is used to describe the response
of the BABAR Detector in the unfolding of the τ− → K−π−π+ντ M23 invariant mass
spectrum. The reconstructed MC M23 invariant mass minus the MC Truth M23

invariant mass (right) illustrates the average response of the BABAR Detector for the
τ− → K−π−π+ντ M23 invariant mass spectrum.
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Appendix E

Unfolded τ− → K−π−K+ντ
Invariant Mass Spectra

E.1 The Unfolded τ− → K−π−K+ντ M123 Invariant

Mass Spectra
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Figure E.1: A comparison of the τ− → K−π−K+ντ MC Truth and reconstructed
MC for the M123 invariant mass spectra. The reconstructed MC M123 invariant mass
as a function of MC Truth M123 invariant mass (left) is used to describe the response
of the BABAR Detector in the unfolding of the τ− → K−π−K+ντ M123 invariant mass
spectrum. The reconstructed MC M123 invariant mass minus the MC Truth M123

invariant mass (right) illustrates the average response of the BABAR Detector for the
τ− → K−π−K+ντ M123 invariant mass spectrum.



Appendix E. Unfolded τ− → K−π−K+ντ Invariant Mass Spectra 237

B
in

L
ow

er
U

p
p
er

V
a
lu

e
T
o
ta

l
S
ta

t.
S
y
s.

E
d
g
e

(G
eV

/
c2

)
E

d
g
e

(G
eV

/
c2

)
U

n
ce

rt
a
in

ty
U

n
ce

rt
a
in

ty
U

n
ce

rt
a
in

ty
1

1
.1

6
1
.1

8
0
.0

0
0
0
9

0
.0

0
0
6
2

0
.0

0
0
1
3

0
.0

0
0
6
0

2
1
.1

8
1
.2

0
0
.0

0
0
2

0
.0

0
1
0

0
.0

0
0
1
7

0
.0

0
1
0

3
1
.2

0
1
.2

2
0
.0

0
0
2
2

0
.0

0
0
3
7

0
.0

0
0
1
8

0
.0

0
0
3
2

4
1
.2

2
1
.2

4
0
.0

0
0
9
0

0
.0

0
0
3
3

0
.0

0
0
2
2

0
.0

0
0
2
5

5
1
.2

4
1
.2

6
0
.0

0
1
7
0

0
.0

0
0
4
9

0
.0

0
0
3
2

0
.0

0
0
3
7

6
1
.2

6
1
.2

8
0
.0

0
1
2
7

0
.0

0
0
4
2

0
.0

0
0
3
1

0
.0

0
0
2
9

7
1
.2

8
1
.3

0
0
.0

0
1
7
2

0
.0

0
0
3
9

0
.0

0
0
3
0

0
.0

0
0
2
5

8
1
.3

0
1
.3

2
0
.0

0
2
4
0

0
.0

0
0
4
5

0
.0

0
0
3
5

0
.0

0
0
2
8

9
1
.3

2
1
.3

4
0
.0

0
4
5
5

0
.0

0
0
6
4

0
.0

0
0
4
9

0
.0

0
0
4
0

1
0

1
.3

4
1
.3

6
0
.0

0
8
2
6

0
.0

0
0
9
2

0
.0

0
0
6
3

0
.0

0
0
6
8

1
1

1
.3

6
1
.3

8
0
.0

1
4
0

0
.0

0
1
0

0
.0

0
0
7
7

0
.0

0
0
7
1

1
2

1
.3

8
1
.4

0
0
.0

3
1
6

0
.0

0
1
4

0
.0

0
1
1

0
.0

0
0
8
9

1
3

1
.4

0
1
.4

2
0
.0

5
6
9

0
.0

0
1
9

0
.0

0
1
5

0
.0

0
1
2

1
4

1
.4

2
1
.4

4
0
.0

6
8
8

0
.0

0
2
2

0
.0

0
1
6

0
.0

0
1
5

1
5

1
.4

4
1
.4

6
0
.0

8
0
8

0
.0

0
2
4

0
.0

0
1
6

0
.0

0
1
8

1
6

1
.4

6
1
.4

8
0
.0

9
4
0

0
.0

0
2
8

0
.0

0
1
8

0
.0

0
2
1

1
7

1
.4

8
1
.5

0
0
.0

9
1
7

0
.0

0
2
4

0
.0

0
1
7

0
.0

0
1
6

1
8

1
.5

0
1
.5

2
0
.0

9
2
1

0
.0

0
2
7

0
.0

0
1
8

0
.0

0
2
0

1
9

1
.5

2
1
.5

4
0
.0

8
2
6

0
.0

0
2
4

0
.0

0
1
7

0
.0

0
1
7

2
0

1
.5

4
1
.5

6
0
.0

7
9
6

0
.0

0
3
0

0
.0

0
1
7

0
.0

0
2
5

2
1

1
.5

6
1
.5

8
0
.0

7
1
0

0
.0

0
2
6

0
.0

0
1
6

0
.0

0
2
0

2
2

1
.5

8
1
.6

0
0
.0

6
0
1

0
.0

0
2
2

0
.0

0
1
5

0
.0

0
1
7

2
3

1
.6

0
1
.6

2
0
.0

4
8
4

0
.0

0
2
4

0
.0

0
1
4

0
.0

0
2
0

2
4

1
.6

2
1
.6

4
0
.0

3
8
0

0
.0

0
1
9

0
.0

0
1
3

0
.0

0
1
4

2
5

1
.6

4
1
.6

6
0
.0

2
5
9

0
.0

0
1
7

0
.0

0
0
9
5

0
.0

0
1
4

2
6

1
.6

6
1
.6

8
0
.0

1
8
3

0
.0

0
1
2

0
.0

0
0
8
3

0
.0

0
0
9
0

2
7

1
.6

8
1
.7

0
0
.0

1
1
9

0
.0

0
1
2

0
.0

0
0
6
9

0
.0

0
1
0

2
8

1
.7

0
1
.7

2
0
.0

0
7
5
3

0
.0

0
0
9
7

0
.0

0
0
6
0

0
.0

0
0
7
6

2
9

1
.7

2
1
.7

4
0
.0

0
3
5
9

0
.0

0
0
6
4

0
.0

0
0
4
0

0
.0

0
0
5
0

3
0

1
.7

4
1
.7

6
0
.0

0
1
5
0

0
.0

0
0
4
9

0
.0

0
0
2
4

0
.0

0
0
4
3

3
1

1
.7

6
1
.7

8
0
.0

0
0
4

0
.0

0
1
4

0
.0

0
0
0
9
9

0
.0

0
1
4

T
ab

le
E

.1
:

B
ay

es
ia

n
E

rr
or

T
ab

le
fo

r
th

e
τ
−
→

K
−
π
−
K

+
ν τ
M

1
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
1)



Appendix E. Unfolded τ− → K−π−K+ντ Invariant Mass Spectra 238

1
2

3
4

5
6

7
8

9
1
0

1
1

1
2

1
3

1
4

1
5

1
6

1
7

1
1
.0

0
0

0
.0

1
1

0
.0

1
0

0
.0

2
7

0
.0

1
6

0
.0

2
5

-0
.0

0
5

0
.0

0
9

0
.0

1
5

-0
.0

2
1

0
.0

0
5

-0
.0

2
8

-0
.0

5
0

-0
.0

3
6

-0
.0

2
2

-0
.0

2
8

-0
.0

0
7

2
0
.0

1
1

1
.0

0
0

0
.0

2
8

0
.0

0
8

-0
.0

0
0

0
.0

2
3

0
.0

1
1

0
.0

2
1

-0
.0

1
3

0
.0

0
8

0
.0

1
4

0
.0

0
8

-0
.0

1
3

-0
.0

4
4

-0
.0

2
4

-0
.0

3
6

-0
.0

6
3

3
0
.0

1
0

0
.0

2
8

1
.0

0
0

0
.0

5
1

0
.0

2
7

0
.0

3
5

0
.0

2
2

0
.0

1
8

0
.0

2
3

-0
.0

0
4

0
.0

0
5

-0
.0

0
3

-0
.0

2
2

0
.0

1
0

-0
.0

2
8

-0
.0

2
2

-0
.0

1
0

4
0
.0

2
7

0
.0

0
8

0
.0

5
1

1
.0

0
0

0
.0

4
5

0
.0

2
0

0
.0

6
5

0
.0

6
1

0
.0

6
0

0
.0

8
4

0
.0

5
4

-0
.0

0
3

-0
.0

1
4

0
.0

1
8

0
.0

1
6

-0
.0

6
6

0
.0

0
8

5
0
.0

1
6

-0
.0

0
0

0
.0

2
7

0
.0

4
5

1
.0

0
0

0
.0

9
9

0
.0

6
4

0
.0

8
6

-0
.0

1
3

-0
.0

4
5

-0
.0

4
3

-0
.0

1
2

0
.0

1
8

-0
.0

6
2

-0
.1

0
2

0
.0

2
8

-0
.0

8
0

6
0
.0

2
5

0
.0

2
3

0
.0

3
5

0
.0

2
0

0
.0

9
9

1
.0

0
0

0
.2

4
9

0
.1

3
7

0
.0

4
8

0
.0

6
2

0
.0

5
0

0
.0

2
7

-0
.0

2
7

-0
.0

4
4

-0
.0

4
8

-0
.0

9
9

-0
.0

3
4

7
-0

.0
0
5

0
.0

1
1

0
.0

2
2

0
.0

6
5

0
.0

6
4

0
.2

4
9

1
.0

0
0

0
.2

5
0

0
.1

4
0

0
.1

3
3

0
.0

9
3

-0
.0

0
2

-0
.0

2
9

0
.0

3
7

-0
.0

1
0

-0
.1

1
7

-0
.0

2
1

8
0
.0

0
9

0
.0

2
1

0
.0

1
8

0
.0

6
1

0
.0

8
6

0
.1

3
7

0
.2

5
0

1
.0

0
0

0
.2

4
8

0
.1

8
3

0
.1

0
4

0
.0

3
2

-0
.0

2
8

0
.0

6
7

0
.0

1
9

-0
.1

2
4

-0
.0

1
8

9
0
.0

1
5

-0
.0

1
3

0
.0

2
3

0
.0

6
0

-0
.0

1
3

0
.0

4
8

0
.1

4
0

0
.2

4
8

1
.0

0
0

0
.2

5
9

0
.1

1
3

0
.0

1
2

-0
.0

2
8

0
.0

9
2

0
.0

6
0

-0
.0

6
5

0
.0

0
3

1
0

-0
.0

2
1

0
.0

0
8

-0
.0

0
4

0
.0

8
4

-0
.0

4
5

0
.0

6
2

0
.1

3
3

0
.1

8
3

0
.2

5
9

1
.0

0
0

0
.3

8
1

0
.0

1
1

-0
.0

5
8

0
.1

6
1

0
.2

3
1

-0
.2

7
2

0
.0

7
2

1
1

0
.0

0
5

0
.0

1
4

0
.0

0
5

0
.0

5
4

-0
.0

4
3

0
.0

5
0

0
.0

9
3

0
.1

0
4

0
.1

1
3

0
.3

8
1

1
.0

0
0

0
.0

8
8

-0
.0

3
3

0
.1

0
0

0
.1

4
0

-0
.2

8
1

0
.0

2
1

1
2

-0
.0

2
8

0
.0

0
8

-0
.0

0
3

-0
.0

0
3

-0
.0

1
2

0
.0

2
7

-0
.0

0
2

0
.0

3
2

0
.0

1
2

0
.0

1
1

0
.0

8
8

1
.0

0
0

0
.2

2
0

-0
.0

4
3

-0
.0

6
9

0
.0

2
9

-0
.0

5
2

1
3

-0
.0

5
0

-0
.0

1
3

-0
.0

2
2

-0
.0

1
4

0
.0

1
8

-0
.0

2
7

-0
.0

2
9

-0
.0

2
8

-0
.0

2
8

-0
.0

5
8

-0
.0

3
3

0
.2

2
0

1
.0

0
0

0
.0

7
3

-0
.0

9
3

-0
.0

3
4

-0
.0

7
9

1
4

-0
.0

3
6

-0
.0

4
4

0
.0

1
0

0
.0

1
8

-0
.0

6
2

-0
.0

4
4

0
.0

3
7

0
.0

6
7

0
.0

9
2

0
.1

6
1

0
.1

0
0

-0
.0

4
3

0
.0

7
3

1
.0

0
0

0
.1

8
9

-0
.1

6
0

-0
.0

0
4

1
5

-0
.0

2
2

-0
.0

2
4

-0
.0

2
8

0
.0

1
6

-0
.1

0
2

-0
.0

4
8

-0
.0

1
0

0
.0

1
9

0
.0

6
0

0
.2

3
1

0
.1

4
0

-0
.0

6
9

-0
.0

9
3

0
.1

8
9

1
.0

0
0

-0
.1

2
1

-0
.0

1
7

1
6

-0
.0

2
8

-0
.0

3
6

-0
.0

2
2

-0
.0

6
6

0
.0

2
8

-0
.0

9
9

-0
.1

1
7

-0
.1

2
4

-0
.0

6
5

-0
.2

7
2

-0
.2

8
1

0
.0

2
9

-0
.0

3
4

-0
.1

6
0

-0
.1

2
1

1
.0

0
0

-0
.0

3
2

1
7

-0
.0

0
7

-0
.0

6
3

-0
.0

1
0

0
.0

0
8

-0
.0

8
0

-0
.0

3
4

-0
.0

2
1

-0
.0

1
8

0
.0

0
3

0
.0

7
2

0
.0

2
1

-0
.0

5
2

-0
.0

7
9

-0
.0

0
4

-0
.0

1
7

-0
.0

3
2

1
.0

0
0

1
8

-0
.0

2
3

-0
.0

3
8

-0
.0

2
7

-0
.0

2
1

-0
.1

0
2

0
.0

1
2

-0
.0

0
1

0
.0

1
0

0
.0

2
2

0
.2

0
1

0
.1

7
6

-0
.0

7
1

-0
.0

8
3

0
.0

5
9

0
.1

2
2

-0
.2

9
2

0
.2

0
5

1
9

-0
.0

3
9

-0
.0

3
1

0
.0

0
8

-0
.0

2
8

-0
.0

5
3

0
.0

3
1

-0
.0

3
1

-0
.0

2
4

-0
.0

8
3

-0
.0

0
5

0
.0

1
3

-0
.0

9
3

-0
.0

9
0

-0
.0

5
4

-0
.0

1
6

-0
.1

9
7

-0
.0

6
6

2
0

-0
.0

2
6

-0
.0

1
2

-0
.0

0
6

-0
.0

9
2

0
.0

8
5

-0
.0

3
9

-0
.1

0
3

-0
.1

2
1

-0
.1

5
2

-0
.3

8
6

-0
.3

1
9

-0
.0

7
0

-0
.0

3
4

-0
.3

1
1

-0
.3

2
4

0
.2

2
1

-0
.2

4
8

2
1

0
.0

1
1

-0
.0

4
1

-0
.0

1
7

-0
.0

4
6

0
.0

3
5

-0
.0

0
3

-0
.0

6
4

-0
.1

1
1

-0
.1

3
9

-0
.2

5
8

-0
.1

7
2

-0
.1

3
3

-0
.1

1
9

-0
.1

9
5

-0
.2

1
6

0
.0

0
9

-0
.1

9
1

2
2

0
.0

0
8

-0
.0

5
2

-0
.0

3
5

0
.0

3
4

-0
.0

5
9

-0
.0

2
6

-0
.0

0
7

0
.0

0
8

0
.0

1
6

0
.1

4
4

0
.1

2
7

-0
.0

5
5

-0
.0

8
4

-0
.0

0
2

0
.0

7
3

-0
.2

5
1

-0
.0

0
3

2
3

0
.0

0
1

-0
.0

0
6

0
.0

0
6

-0
.0

4
7

0
.0

6
2

-0
.0

2
7

-0
.0

6
2

-0
.0

7
5

-0
.1

0
7

-0
.3

3
8

-0
.2

6
7

-0
.0

0
9

-0
.0

6
0

-0
.2

4
5

-0
.3

6
3

0
.1

8
8

-0
.2

1
0

2
4

-0
.0

2
7

-0
.0

2
1

-0
.0

5
7

0
.0

0
1

-0
.0

4
7

-0
.0

0
3

0
.0

2
8

0
.0

0
4

-0
.0

1
8

0
.0

1
8

0
.0

1
9

-0
.0

9
6

-0
.0

5
4

-0
.0

7
5

-0
.0

4
1

-0
.1

6
8

-0
.0

9
9

2
5

-0
.0

3
5

-0
.0

3
6

-0
.0

4
0

-0
.0

5
3

0
.0

7
5

-0
.0

2
8

-0
.0

5
7

-0
.0

9
9

-0
.1

2
1

-0
.3

0
4

-0
.2

6
2

-0
.0

3
4

-0
.0

3
4

-0
.2

1
9

-0
.3

1
8

0
.2

0
2

-0
.1

8
4

2
6

0
.0

0
9

-0
.0

6
8

-0
.0

0
0

-0
.0

1
2

0
.0

0
1

-0
.0

2
8

0
.0

3
6

-0
.0

5
1

-0
.0

5
4

-0
.0

7
5

-0
.0

5
2

-0
.0

8
5

-0
.0

5
9

-0
.0

8
8

-0
.0

8
2

-0
.0

4
9

-0
.0

7
0

2
7

-0
.0

0
5

-0
.0

2
1

0
.0

0
5

0
.0

7
3

-0
.0

6
3

0
.0

0
6

0
.0

5
4

0
.0

8
1

0
.1

0
5

0
.2

8
8

0
.1

8
9

-0
.0

9
5

-0
.1

0
4

0
.1

2
9

0
.1

8
7

-0
.2

8
9

0
.0

4
2

2
8

-0
.0

0
3

0
.0

0
4

0
.0

1
6

0
.0

2
0

0
.0

2
3

-0
.0

6
9

-0
.0

1
1

-0
.0

0
4

-0
.0

1
2

-0
.0

5
8

-0
.1

2
5

0
.0

0
2

-0
.0

3
6

-0
.0

4
6

-0
.1

1
9

0
.0

9
5

-0
.0

7
6

2
9

0
.0

4
3

0
.0

1
3

0
.0

1
5

0
.0

4
2

0
.0

2
3

0
.0

2
5

0
.0

5
3

0
.0

3
9

0
.0

1
3

0
.0

4
8

0
.0

1
8

-0
.0

6
4

-0
.0

8
1

-0
.0

2
5

-0
.0

1
9

-0
.0

6
1

-0
.0

3
6

3
0

0
.0

3
0

0
.0

1
3

0
.0

4
3

0
.0

2
0

0
.0

9
9

0
.0

0
9

-0
.0

2
0

-0
.0

6
4

-0
.0

6
8

-0
.1

4
9

-0
.0

9
2

-0
.0

6
6

-0
.0

4
9

-0
.1

3
9

-0
.1

6
2

0
.0

6
3

-0
.0

4
0

3
1

-0
.0

0
6

-0
.0

0
9

-0
.0

0
2

-0
.0

1
0

-0
.0

2
2

0
.0

0
9

-0
.0

0
2

-0
.0

0
0

0
.0

0
4

0
.0

6
2

0
.0

4
5

-0
.0

2
0

-0
.0

1
9

-0
.0

1
7

0
.0

3
1

-0
.1

0
2

-0
.0

0
6

T
ab

le
E

.2
:

B
ay

es
ia

n
T
ot

al
C

or
re

la
ti

on
T
ab

le
fo

r
th

e
τ
−
→

K
−
π
−
K

+
ν τ
M

1
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
1)



Appendix E. Unfolded τ− → K−π−K+ντ Invariant Mass Spectra 239

1
8

1
9

2
0

2
1

2
2

2
3

2
4

2
5

2
6

2
7

2
8

2
9

3
0

3
1

1
-0

.0
2
3

-0
.0

3
9

-0
.0

2
6

0
.0

1
1

0
.0

0
8

0
.0

0
1

-0
.0

2
7

-0
.0

3
5

0
.0

0
9

-0
.0

0
5

-0
.0

0
3

0
.0

4
3

0
.0

3
0

-0
.0

0
6

2
-0

.0
3
8

-0
.0

3
1

-0
.0

1
2

-0
.0

4
1

-0
.0

5
2

-0
.0

0
6

-0
.0

2
1

-0
.0

3
6

-0
.0

6
8

-0
.0

2
1

0
.0

0
4

0
.0

1
3

0
.0

1
3

-0
.0

0
9

3
-0

.0
2
7

0
.0

0
8

-0
.0

0
6

-0
.0

1
7

-0
.0

3
5

0
.0

0
6

-0
.0

5
7

-0
.0

4
0

-0
.0

0
0

0
.0

0
5

0
.0

1
6

0
.0

1
5

0
.0

4
3

-0
.0

0
2

4
-0

.0
2
1

-0
.0

2
8

-0
.0

9
2

-0
.0

4
6

0
.0

3
4

-0
.0

4
7

0
.0

0
1

-0
.0

5
3

-0
.0

1
2

0
.0

7
3

0
.0

2
0

0
.0

4
2

0
.0

2
0

-0
.0

1
0

5
-0

.1
0
2

-0
.0

5
3

0
.0

8
5

0
.0

3
5

-0
.0

5
9

0
.0

6
2

-0
.0

4
7

0
.0

7
5

0
.0

0
1

-0
.0

6
3

0
.0

2
3

0
.0

2
3

0
.0

9
9

-0
.0

2
2

6
0
.0

1
2

0
.0

3
1

-0
.0

3
9

-0
.0

0
3

-0
.0

2
6

-0
.0

2
7

-0
.0

0
3

-0
.0

2
8

-0
.0

2
8

0
.0

0
6

-0
.0

6
9

0
.0

2
5

0
.0

0
9

0
.0

0
9

7
-0

.0
0
1

-0
.0

3
1

-0
.1

0
3

-0
.0

6
4

-0
.0

0
7

-0
.0

6
2

0
.0

2
8

-0
.0

5
7

0
.0

3
6

0
.0

5
4

-0
.0

1
1

0
.0

5
3

-0
.0

2
0

-0
.0

0
2

8
0
.0

1
0

-0
.0

2
4

-0
.1

2
1

-0
.1

1
1

0
.0

0
8

-0
.0

7
5

0
.0

0
4

-0
.0

9
9

-0
.0

5
1

0
.0

8
1

-0
.0

0
4

0
.0

3
9

-0
.0

6
4

-0
.0

0
0

9
0
.0

2
2

-0
.0

8
3

-0
.1

5
2

-0
.1

3
9

0
.0

1
6

-0
.1

0
7

-0
.0

1
8

-0
.1

2
1

-0
.0

5
4

0
.1

0
5

-0
.0

1
2

0
.0

1
3

-0
.0

6
8

0
.0

0
4

1
0

0
.2

0
1

-0
.0

0
5

-0
.3

8
6

-0
.2

5
8

0
.1

4
4

-0
.3

3
8

0
.0

1
8

-0
.3

0
4

-0
.0

7
5

0
.2

8
8

-0
.0

5
8

0
.0

4
8

-0
.1

4
9

0
.0

6
2

1
1

0
.1

7
6

0
.0

1
3

-0
.3

1
9

-0
.1

7
2

0
.1

2
7

-0
.2

6
7

0
.0

1
9

-0
.2

6
2

-0
.0

5
2

0
.1

8
9

-0
.1

2
5

0
.0

1
8

-0
.0

9
2

0
.0

4
5

1
2

-0
.0

7
1

-0
.0

9
3

-0
.0

7
0

-0
.1

3
3

-0
.0

5
5

-0
.0

0
9

-0
.0

9
6

-0
.0

3
4

-0
.0

8
5

-0
.0

9
5

0
.0

0
2

-0
.0

6
4

-0
.0

6
6

-0
.0

2
0

1
3

-0
.0

8
3

-0
.0

9
0

-0
.0

3
4

-0
.1

1
9

-0
.0

8
4

-0
.0

6
0

-0
.0

5
4

-0
.0

3
4

-0
.0

5
9

-0
.1

0
4

-0
.0

3
6

-0
.0

8
1

-0
.0

4
9

-0
.0

1
9

1
4

0
.0

5
9

-0
.0

5
4

-0
.3

1
1

-0
.1

9
5

-0
.0

0
2

-0
.2

4
5

-0
.0

7
5

-0
.2

1
9

-0
.0

8
8

0
.1

2
9

-0
.0

4
6

-0
.0

2
5

-0
.1

3
9

-0
.0

1
7

1
5

0
.1

2
2

-0
.0

1
6

-0
.3

2
4

-0
.2

1
6

0
.0

7
3

-0
.3

6
3

-0
.0

4
1

-0
.3

1
8

-0
.0

8
2

0
.1

8
7

-0
.1

1
9

-0
.0

1
9

-0
.1

6
2

0
.0

3
1

1
6

-0
.2

9
2

-0
.1

9
7

0
.2

2
1

0
.0

0
9

-0
.2

5
1

0
.1

8
8

-0
.1

6
8

0
.2

0
2

-0
.0

4
9

-0
.2

8
9

0
.0

9
5

-0
.0

6
1

0
.0

6
3

-0
.1

0
2

1
7

0
.2

0
5

-0
.0

6
6

-0
.2

4
8

-0
.1

9
1

-0
.0

0
3

-0
.2

1
0

-0
.0

9
9

-0
.1

8
4

-0
.0

7
0

0
.0

4
2

-0
.0

7
6

-0
.0

3
6

-0
.0

4
0

-0
.0

0
6

1
8

1
.0

0
0

0
.1

9
1

-0
.3

5
7

-0
.2

9
0

0
.0

4
5

-0
.3

5
4

-0
.0

5
8

-0
.3

1
1

-0
.0

7
6

0
.1

4
1

-0
.1

6
0

-0
.0

3
7

-0
.1

5
3

0
.0

0
6

1
9

0
.1

9
1

1
.0

0
0

-0
.0

0
2

-0
.1

3
9

-0
.1

0
8

-0
.1

6
1

-0
.0

5
6

-0
.1

2
1

-0
.0

3
8

-0
.0

0
3

-0
.1

4
5

-0
.0

7
0

-0
.0

4
9

-0
.0

2
6

2
0

-0
.3

5
7

-0
.0

0
2

1
.0

0
0

0
.3

2
5

-0
.2

9
0

0
.3

2
5

-0
.1

3
8

0
.2

8
0

-0
.0

0
6

-0
.3

6
7

0
.0

9
0

-0
.0

5
9

0
.1

6
6

-0
.1

5
8

2
1

-0
.2

9
0

-0
.1

3
9

0
.3

2
5

1
.0

0
0

-0
.0

3
9

0
.1

7
6

-0
.1

0
2

0
.1

4
3

0
.0

0
4

-0
.1

5
9

-0
.0

0
5

-0
.0

5
3

0
.1

3
7

-0
.1

2
1

2
2

0
.0

4
5

-0
.1

0
8

-0
.2

9
0

-0
.0

3
9

1
.0

0
0

-0
.0

8
8

-0
.0

0
4

-0
.2

2
9

-0
.0

8
2

0
.1

2
9

-0
.1

1
6

-0
.0

1
3

-0
.1

0
3

0
.0

6
5

2
3

-0
.3

5
4

-0
.1

6
1

0
.3

2
5

0
.1

7
6

-0
.0

8
8

1
.0

0
0

0
.0

5
5

0
.2

8
6

-0
.0

1
7

-0
.3

3
4

0
.0

6
8

-0
.0

4
8

0
.1

2
0

-0
.1

2
0

2
4

-0
.0

5
8

-0
.0

5
6

-0
.1

3
8

-0
.1

0
2

-0
.0

0
4

0
.0

5
5

1
.0

0
0

0
.1

1
7

-0
.0

0
5

0
.0

7
0

-0
.0

7
2

0
.0

3
2

-0
.0

6
6

-0
.0

0
3

2
5

-0
.3

1
1

-0
.1

2
1

0
.2

8
0

0
.1

4
3

-0
.2

2
9

0
.2

8
6

0
.1

1
7

1
.0

0
0

0
.2

2
3

-0
.2

5
2

0
.0

9
3

-0
.0

1
1

0
.1

3
8

-0
.0

8
7

2
6

-0
.0

7
6

-0
.0

3
8

-0
.0

0
6

0
.0

0
4

-0
.0

8
2

-0
.0

1
7

-0
.0

0
5

0
.2

2
3

1
.0

0
0

0
.1

1
9

-0
.0

0
7

0
.0

5
0

0
.0

5
3

-0
.0

3
9

2
7

0
.1

4
1

-0
.0

0
3

-0
.3

6
7

-0
.1

5
9

0
.1

2
9

-0
.3

3
4

0
.0

7
0

-0
.2

5
2

0
.1

1
9

1
.0

0
0

0
.1

1
4

0
.0

8
6

-0
.0

9
3

0
.0

6
1

2
8

-0
.1

6
0

-0
.1

4
5

0
.0

9
0

-0
.0

0
5

-0
.1

1
6

0
.0

6
8

-0
.0

7
2

0
.0

9
3

-0
.0

0
7

0
.1

1
4

1
.0

0
0

0
.2

0
2

0
.0

5
0

-0
.0

2
7

2
9

-0
.0

3
7

-0
.0

7
0

-0
.0

5
9

-0
.0

5
3

-0
.0

1
3

-0
.0

4
8

0
.0

3
2

-0
.0

1
1

0
.0

5
0

0
.0

8
6

0
.2

0
2

1
.0

0
0

0
.2

0
2

-0
.0

1
2

3
0

-0
.1

5
3

-0
.0

4
9

0
.1

6
6

0
.1

3
7

-0
.1

0
3

0
.1

2
0

-0
.0

6
6

0
.1

3
8

0
.0

5
3

-0
.0

9
3

0
.0

5
0

0
.2

0
2

1
.0

0
0

-0
.0

1
5

3
1

0
.0

0
6

-0
.0

2
6

-0
.1

5
8

-0
.1

2
1

0
.0

6
5

-0
.1

2
0

-0
.0

0
3

-0
.0

8
7

-0
.0

3
9

0
.0

6
1

-0
.0

2
7

-0
.0

1
2

-0
.0

1
5

1
.0

0
0

T
ab

le
E

.3
:

B
ay

es
ia

n
T
ot

al
C

or
re

la
ti

on
T
ab

le
fo

r
th

e
τ
−
→

K
−
π
−
K

+
ν τ
M

1
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
2)



Appendix E. Unfolded τ− → K−π−K+ντ Invariant Mass Spectra 240

E.2 The Unfolded τ− → K−π−K+ντ M13 Invariant

Mass Spectra
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Figure E.2: A comparison of the τ− → K−π−K+ντ MC Truth and reconstructed
MC for the M13 invariant mass spectra. The reconstructed MC M13 invariant mass
as a function of MC Truth M13 invariant mass (left) is used to describe the response
of the BABAR Detector in the unfolding of the τ− → K−π−K+ντ M13 invariant mass
spectrum. The reconstructed MC M13 invariant mass minus the MC Truth M13

invariant mass (right) illustrates the average response of the BABAR Detector for the
τ− → K−π−K+ντ M13 invariant mass spectrum.
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E.3 The Unfolded τ− → K−π−K+ντ M23 Invariant

Mass Spectra
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Figure E.3: A comparison of the τ− → K−π−K+ντ MC Truth and reconstructed
MC for the M23 invariant mass spectra. The reconstructed MC M23 invariant mass
as a function of MC Truth M23 invariant mass (left) is used to describe the response
of the BABAR Detector in the unfolding of the τ− → K−π−K+ντ M23 invariant mass
spectrum. The reconstructed MC M23 invariant mass minus the MC Truth M23

invariant mass (right) illustrates the average response of the BABAR Detector for the
τ− → K−π−K+ντ M23 invariant mass spectrum.
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Appendix F

Unfolded τ− → K−K−K+ντ
Invariant Mass Spectra

F.1 The Unfolded τ− → K−K−K+ντ M123 Invariant

Mass Spectra
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Figure F.1: A comparison of the τ− → K−K−K+ντ MC Truth and reconstructed
MC for the M123 invariant mass spectra. The reconstructed MC M123 invariant mass
as a function of MC Truth M123 invariant mass (left) is used to describe the response
of the BABAR Detector in the unfolding of the τ− → K−K−K+ντ M123 invariant
mass spectrum. The reconstructed MC M123 invariant mass minus the MC Truth
M123 invariant mass (right) illustrates the average response of the BABAR Detector
for the τ− → K−K−K+ντ M123 invariant mass spectrum.



Appendix F. Unfolded τ− → K−K−K+ντ Invariant Mass Spectra 250

B
in

L
ow

er
U

p
p
er

V
a
lu

e
T
o
ta

l
S
ta

t.
S
y
s.

E
d
g
e

(G
eV

/
c2

)
E

d
g
e

(G
eV

/
c2

)
U

n
ce

rt
a
in

ty
U

n
ce

rt
a
in

ty
U

n
ce

rt
a
in

ty
1

1
.5

0
1
.5

2
0
.0

0
7
6

0
.0

0
7
9

0
.0

0
5
5

0
.0

0
5
6

2
1
.5

2
1
.5

4
0
.1

2
7

0
.0

2
9

0
.0

2
3

0
.0

1
7

3
1
.5

4
1
.5

6
0
.1

4
2

0
.0

2
7

0
.0

2
4

0
.0

1
3

4
1
.5

6
1
.5

8
0
.1

2
3

0
.0

2
2

0
.0

2
0

0
.0

0
9
1

5
1
.5

8
1
.6

0
0
.1

6
9

0
.0

2
8

0
.0

2
6

0
.0

1
1

6
1
.6

0
1
.6

2
0
.1

0
8

0
.0

2
6

0
.0

2
2

0
.0

1
5

7
1
.6

2
1
.6

4
0
.0

9
3

0
.0

2
8

0
.0

2
2

0
.0

1
7

8
1
.6

4
1
.6

6
0
.0

6
4

0
.0

2
2

0
.0

1
8

0
.0

1
3

9
1
.6

6
1
.6

8
0
.0

6
9

0
.0

2
9

0
.0

2
1

0
.0

2
0

1
0

1
.6

8
1
.7

0
0
.0

3
6

0
.0

2
1

0
.0

1
6

0
.0

1
3

1
1

1
.7

0
1
.7

2
0
.0

5
7

0
.0

2
8

0
.0

1
9

0
.0

2
0

1
2

1
.7

2
1
.7

4
0
.0

0
4

0
.0

2
1

0
.0

1
4

0
.0

1
6

1
3

1
.7

4
1
.7

6
0
.0

0
0

0
.0

1
9

0
.0

1
3

0
.0

1
5

T
ab

le
F
.1

:
B

ay
es

ia
n

E
rr

or
T
ab

le
fo

r
th

e
τ
−
→

K
−
K

−
K

+
ν τ
M

1
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
1)



Appendix F. Unfolded τ− → K−K−K+ντ Invariant Mass Spectra 251

1
2

3
4

5
6

7
8

9
1
0

1
1

1
2

1
3

1
1
.0

0
0

0
.0

7
7

-0
.0

1
1

-0
.0

0
5

-0
.0

1
6

-0
.0

0
0

-0
.0

3
4

-0
.0

1
8

-0
.0

3
0

-0
.0

4
0

-0
.0

3
9

-0
.0

0
2

-0
.0

4
8

2
0
.0

7
7

1
.0

0
0

0
.0

1
9

-0
.0

2
2

-0
.0

2
1

-0
.0

6
8

-0
.1

4
4

-0
.0

6
0

-0
.1

4
8

-0
.1

1
0

-0
.0

7
8

-0
.1

0
5

-0
.1

4
6

3
-0

.0
1
1

0
.0

1
9

1
.0

0
0

0
.0

8
0

-0
.0

2
6

-0
.1

4
8

-0
.1

4
6

-0
.0

0
8

-0
.1

7
1

-0
.1

2
7

-0
.1

1
6

-0
.1

5
1

-0
.1

2
0

4
-0

.0
0
5

-0
.0

2
2

0
.0

8
0

1
.0

0
0

0
.0

8
9

-0
.1

3
7

-0
.1

4
4

-0
.0

0
8

-0
.1

7
5

-0
.1

3
6

-0
.0

9
9

-0
.1

8
3

-0
.1

1
8

5
-0

.0
1
6

-0
.0

2
1

-0
.0

2
6

0
.0

8
9

1
.0

0
0

0
.0

1
9

-0
.1

4
0

-0
.0

5
4

-0
.2

3
7

-0
.1

9
8

-0
.1

5
6

-0
.1

6
9

-0
.1

9
6

6
-0

.0
0
0

-0
.0

6
8

-0
.1

4
8

-0
.1

3
7

0
.0

1
9

1
.0

0
0

0
.0

5
9

-0
.2

6
5

-0
.1

0
3

-0
.0

9
1

-0
.1

9
9

-0
.0

6
3

-0
.0

6
3

7
-0

.0
3
4

-0
.1

4
4

-0
.1

4
6

-0
.1

4
4

-0
.1

4
0

0
.0

5
9

1
.0

0
0

-0
.0

5
6

-0
.0

8
5

-0
.0

8
0

-0
.1

8
6

-0
.0

9
5

-0
.0

7
7

8
-0

.0
1
8

-0
.0

6
0

-0
.0

0
8

-0
.0

0
8

-0
.0

5
4

-0
.2

6
5

-0
.0

5
6

1
.0

0
0

-0
.0

6
7

-0
.1

1
6

0
.0

1
7

-0
.2

2
0

-0
.0

5
0

9
-0

.0
3
0

-0
.1

4
8

-0
.1

7
1

-0
.1

7
5

-0
.2

3
7

-0
.1

0
3

-0
.0

8
5

-0
.0

6
7

1
.0

0
0

0
.0

4
9

-0
.0

9
2

-0
.0

1
9

-0
.0

5
0

1
0

-0
.0

4
0

-0
.1

1
0

-0
.1

2
7

-0
.1

3
6

-0
.1

9
8

-0
.0

9
1

-0
.0

8
0

-0
.1

1
6

0
.0

4
9

1
.0

0
0

0
.0

6
0

0
.0

0
5

-0
.0

4
2

1
1

-0
.0

3
9

-0
.0

7
8

-0
.1

1
6

-0
.0

9
9

-0
.1

5
6

-0
.1

9
9

-0
.1

8
6

0
.0

1
7

-0
.0

9
2

0
.0

6
0

1
.0

0
0

0
.0

5
0

0
.0

1
8

1
2

-0
.0

0
2

-0
.1

0
5

-0
.1

5
1

-0
.1

8
3

-0
.1

6
9

-0
.0

6
3

-0
.0

9
5

-0
.2

2
0

-0
.0

1
9

0
.0

0
5

0
.0

5
0

1
.0

0
0

0
.1

4
8

1
3

-0
.0

4
8

-0
.1

4
6

-0
.1

2
0

-0
.1

1
8

-0
.1

9
6

-0
.0

6
3

-0
.0

7
7

-0
.0

5
0

-0
.0

5
0

-0
.0

4
2

0
.0

1
8

0
.1

4
8

1
.0

0
0

T
ab

le
F
.2

:
B

ay
es

ia
n

T
ot

al
C

or
re

la
ti

on
T
ab

le
fo

r
th

e
τ
−
→

K
−
K

−
K

+
ν τ
M

1
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
1)



Appendix F. Unfolded τ− → K−K−K+ντ Invariant Mass Spectra 252

F.2 The Unfolded τ− → K−K−K+ντ M13and23 Invari-

ant Mass Spectra
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Figure F.2: A comparison of the τ− → K−K−K+ντ MC Truth and reconstructed MC
for the M13and23 invariant mass spectra. The reconstructed MC M13and23 invariant
mass as a function of MC Truth M13and23 invariant mass (left) is used to describe the
response of the BABAR Detector in the unfolding of the τ− → K−K−K+ντ M13and23

invariant mass spectrum. The reconstructed MC M13and23 invariant mass minus the
MC Truth M13and23 invariant mass (right) illustrates the average response of the
BABAR Detector for the τ− → K−K−K+ντ M13and23 invariant mass spectrum.



Appendix F. Unfolded τ− → K−K−K+ντ Invariant Mass Spectra 253

B
in

L
ow

er
U

p
p
er

V
a
lu

e
T
o
ta

l
S
ta

t.
S
y
s.

E
d
g
e

(G
eV

/
c2

)
E

d
g
e

(G
eV

/
c2

)
U

n
ce

rt
a
in

ty
U

n
ce

rt
a
in

ty
U

n
ce

rt
a
in

ty
1

0
.9

7
0
.9

9
0
.0

9
0
.3

4
0
.0

7
6

0
.3

4
2

0
.9

9
1
.0

1
0
.0

7
2

0
.0

4
1

0
.0

1
4

0
.0

3
9

3
1
.0

1
1
.0

3
0
.4

8
0
.2

0
0
.0

4
9

0
.1

9
4

1
.0

3
1
.0

5
0
.1

2
3

0
.0

5
8

0
.0

2
0

0
.0

5
5

5
1
.0

5
1
.0

7
0
.0

5
1

0
.0

3
3

0
.0

1
4

0
.0

3
0

6
1
.0

7
1
.0

9
0
.0

7
8

0
.0

4
5

0
.0

1
6

0
.0

4
2

7
1
.0

9
1
.1

1
0
.0

2
2

0
.0

3
9

0
.0

1
2

0
.0

3
7

8
1
.1

1
1
.1

3
0
.0

4
8

0
.0

9
2

0
.0

1
4

0
.0

9
1

9
1
.1

3
1
.1

5
0
.0

2
0

0
.0

8
1

0
.0

1
1

0
.0

8
0

1
0

1
.1

5
1
.1

7
0
.0

1
8

0
.0

5
1

0
.0

1
0

0
.0

5
0

1
1

1
.1

7
1
.1

9
0
.0

1
1

0
.0

4
3

0
.0

0
7
8

0
.0

4
2

1
2

1
.1

9
1
.2

1
-0

.0
0
3

0
.0

7
1

0
.0

0
4
6

0
.0

7
1

1
3

1
.2

1
1
.2

3
-0

.0
0
8

0
.0

3
7

0
.0

0
4
2

0
.0

3
7

1
4

1
.2

3
1
.2

5
-0

.0
1

0
.1

7
0
.0

0
2
9

0
.1

7
1
5

1
.2

5
1
.2

7
0
.0

1
0
.3

9
0
.0

1
5

0
.3

9
1
6

1
.2

7
1
.2

9
0
.0

0
.0

0
.0

0
.0

1
7

1
.2

9
1
.3

1
0
.0

0
0
0
0

0
.0

0
0
2
6

0
.0

0
.0

0
0
2
6

T
ab

le
F
.3

:
B

ay
es

ia
n

E
rr

or
T
ab

le
fo

r
th

e
τ
−
→

K
−
K

−
K

+
ν τ
M

1
3
a
n
d
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
1)



Appendix F. Unfolded τ− → K−K−K+ντ Invariant Mass Spectra 254

1
2

3
4

5
6

7
8

9
1
0

1
1

1
2

1
3

1
4

1
5

1
6

1
7

1
1
.0

0
0

-0
.5

1
9

-0
.5

8
3

-0
.5

3
5

-0
.4

2
9

-0
.4

6
1

-0
.1

3
8

-0
.1

8
9

-0
.0

8
5

-0
.0

9
8

-0
.0

9
1

0
.0

1
6

-0
.0

2
0

-0
.0

0
5

-0
.0

0
1

0
.0

0
0

-0
.2

9
4

2
-0

.5
1
9

1
.0

0
0

0
.7

4
6

0
.6

8
7

0
.4

9
3

0
.5

7
9

0
.1

1
4

-0
.0

7
4

-0
.1

5
4

0
.0

3
7

0
.0

1
4

-0
.1

9
8

-0
.0

8
5

-0
.3

5
7

-0
.0

0
3

0
.0

0
0

0
.3

8
4

3
-0

.5
8
3

0
.7

4
6

1
.0

0
0

0
.8

4
4

0
.6

0
2

0
.6

4
2

0
.1

1
6

-0
.2

6
4

-0
.3

5
7

0
.0

1
2

0
.0

2
3

-0
.1

3
9

-0
.1

0
5

-0
.3

6
8

-0
.0

0
4

0
.0

0
0

0
.3

9
4

4
-0

.5
3
5

0
.6

8
7

0
.8

4
4

1
.0

0
0

0
.5

2
7

0
.6

2
2

0
.0

9
1

-0
.2

3
9

-0
.3

2
1

0
.0

3
2

0
.0

3
5

-0
.1

4
2

-0
.0

9
1

-0
.3

4
0

-0
.0

0
4

0
.0

0
0

0
.4

1
2

5
-0

.4
2
9

0
.4

9
3

0
.6

0
2

0
.5

2
7

1
.0

0
0

0
.4

5
4

0
.3

3
8

-0
.1

1
1

-0
.1

7
7

-0
.0

4
6

0
.0

5
1

-0
.0

6
7

-0
.0

4
9

-0
.3

3
2

-0
.0

0
2

0
.0

0
0

0
.2

8
2

6
-0

.4
6
1

0
.5

7
9

0
.6

4
2

0
.6

2
2

0
.4

5
4

1
.0

0
0

0
.0

7
5

-0
.1

1
0

-0
.1

8
6

-0
.0

8
4

-0
.0

2
3

-0
.1

3
9

-0
.0

5
0

-0
.2

8
1

-0
.0

0
2

0
.0

0
0

0
.3

0
7

7
-0

.1
3
8

0
.1

1
4

0
.1

1
6

0
.0

9
1

0
.3

3
8

0
.0

7
5

1
.0

0
0

-0
.0

1
0

0
.0

1
9

0
.0

4
3

0
.0

1
4

-0
.3

5
2

-0
.0

5
6

-0
.0

9
1

0
.0

0
0

0
.0

0
0

0
.0

7
6

8
-0

.1
8
9

-0
.0

7
4

-0
.2

6
4

-0
.2

3
9

-0
.1

1
1

-0
.1

1
0

-0
.0

1
0

1
.0

0
0

0
.8

6
1

-0
.0

4
0

-0
.0

6
1

-0
.0

3
5

0
.0

0
1

-0
.0

6
4

-0
.0

0
0

0
.0

0
0

-0
.1

0
0

9
-0

.0
8
5

-0
.1

5
4

-0
.3

5
7

-0
.3

2
1

-0
.1

7
7

-0
.1

8
6

0
.0

1
9

0
.8

6
1

1
.0

0
0

-0
.0

2
9

-0
.0

5
4

-0
.1

6
3

0
.0

0
2

-0
.0

3
7

0
.0

0
0

0
.0

0
0

-0
.1

2
3

1
0

-0
.0

9
8

0
.0

3
7

0
.0

1
2

0
.0

3
2

-0
.0

4
6

-0
.0

8
4

0
.0

4
3

-0
.0

4
0

-0
.0

2
9

1
.0

0
0

-0
.0

0
4

-0
.0

6
4

-0
.0

0
7

-0
.0

5
0

0
.0

0
0

0
.0

0
0

0
.0

4
2

1
1

-0
.0

9
1

0
.0

1
4

0
.0

2
3

0
.0

3
5

0
.0

5
1

-0
.0

2
3

0
.0

1
4

-0
.0

6
1

-0
.0

5
4

-0
.0

0
4

1
.0

0
0

0
.0

0
9

-0
.0

1
2

-0
.0

5
5

-0
.0

0
0

0
.0

0
0

-0
.0

1
9

1
2

0
.0

1
6

-0
.1

9
8

-0
.1

3
9

-0
.1

4
2

-0
.0

6
7

-0
.1

3
9

-0
.3

5
2

-0
.0

3
5

-0
.1

6
3

-0
.0

6
4

0
.0

0
9

1
.0

0
0

0
.1

0
2

0
.0

3
1

0
.0

0
1

0
.0

0
0

-0
.1

1
6

1
3

-0
.0

2
0

-0
.0

8
5

-0
.1

0
5

-0
.0

9
1

-0
.0

4
9

-0
.0

5
0

-0
.0

5
6

0
.0

0
1

0
.0

0
2

-0
.0

0
7

-0
.0

1
2

0
.1

0
2

1
.0

0
0

0
.0

2
8

0
.0

0
1

0
.0

0
0

0
.0

4
8

1
4

-0
.0

0
5

-0
.3

5
7

-0
.3

6
8

-0
.3

4
0

-0
.3

3
2

-0
.2

8
1

-0
.0

9
1

-0
.0

6
4

-0
.0

3
7

-0
.0

5
0

-0
.0

5
5

0
.0

3
1

0
.0

2
8

1
.0

0
0

-0
.0

0
2

0
.0

0
0

-0
.0

7
7

1
5

-0
.0

0
1

-0
.0

0
3

-0
.0

0
4

-0
.0

0
4

-0
.0

0
2

-0
.0

0
2

0
.0

0
0

-0
.0

0
0

0
.0

0
0

0
.0

0
0

-0
.0

0
0

0
.0

0
1

0
.0

0
1

-0
.0

0
2

1
.0

0
0

0
.0

0
0

-0
.0

1
4

1
6

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

0
.0

0
0

1
7

-0
.2

9
4

0
.3

8
4

0
.3

9
4

0
.4

1
2

0
.2

8
2

0
.3

0
7

0
.0

7
6

-0
.1

0
0

-0
.1

2
3

0
.0

4
2

-0
.0

1
9

-0
.1

1
6

0
.0

4
8

-0
.0

7
7

-0
.0

1
4

0
.0

0
0

1
.0

0
0

T
ab

le
F
.4

:
B

ay
es

ia
n

T
ot

al
C

or
re

la
ti

on
T
ab

le
fo

r
th

e
τ
−
→

K
−
K

−
K

+
ν τ
M

1
3
a
n
d
2
3

In
va

ri
an

t
M

as
s

(P
ar

t
1)



255

Appendix G

PID Control Samples

G.1 Kaon Control Sample: τ− → K−π−K+ν

The Kaon control sample uses τ+ → e+νν-τ− → K−π−K+ν and τ+ → μ+νν-

τ− → K−π−K+ν events to select a pure sample of Kaons. The like charged particle,

which is not a pion in the 3 prong hemisphere, is the control track. The event se-

lection for this control sample is based on the event selection from the B(τ−→K−ντ )
B(τ−→π−ντ )

,

B(τ−→K−ντ )
B(τ−→e−ντνe)

, B(τ−→π−ντ )
B(τ−→e−ντνe)

, and B(τ−→μ−ντ νμ)
B(τ−→e−ντ νe)

analysis.

• 4 well reconstructed tracks, which do not originate from conversions in the

material of the detectors, with 3 tracks in one hemisphere and one isolated

track. The hemispheres are defined by the thrust axis which is calculated from

the 4 tracks and neutrals.

• The net charge is zero.

• All the tracks are required to be within the acceptance of the calorimeter

(−0.76 < cos(θ) < 0.80) .

• DIRC acceptance Pt > 0.250 GeV/c .
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• pt balance cut:

− log
2
√

(ptot,cm
x )2 + (ptot,cm

y )2

EPEP
cm

< 4.0. (G.1)

• thrust > 0.90.

• 0.1 < Emiss
cm /EPEP

cm < 0.70.

• |cos(θmiss)| < 0.7.

• KS cut

R
K0

S
xy

σ
R

K0
S

xy

< 6.0. (G.2)

• In the 1 prong hemisphere the event is vetoed if the residual neutral energy

is ETag
res ≥ 1.0GeV for an electron signal track or ETag

res ≥ 0.5GeV for a muon

signal track.

• 2pcm/EPEP,cm < 0.8c for the 1 prong track.

• The 1 prong track must be identified as an electron or a muon .

• In the 3 prong hemisphere, there are two “like charged” tracks and one “op-

positely charged” track. One like charged track in the 3 prong hemisphere is

required to be a pion and not an electron, while the oppositely charged track

in the 3 prong hemisphere is required to be a kaon and not a electron.

• In the 3 prong hemisphere the event is vetoed if the total residual energy is

E3prong
res ≥ 0.200GeV .

• M123 < 1.82 GeV/c2.
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The kaon control sample has a significant contamination mainly τ− → π−π−π+ν

events (∼ 20 − 30%). However, the background is known to the 1.4% level and

can be removed at a precision of about ∼ 0.5%. This control sample has the same

Bhabha and two photon vetoes as the default analysis and therefore has a similar

background, ∼ 0.069% Bhabha in the electron tag < 0.069% for the muon tag and

< 0.025% two-photon, before applying the kaon and pion particle-ID.

G.2 Pion Control Sample: τ− → π−π−π+ν

The Pion control sample uses τ+ → e+νν-τ− → π−π−π+ν and τ+ → μ+νν-τ− →
π−π−π+ν events to select a pure sample of pions. The oppositely charged particle in

the 3 prong hemisphere is the control track. The event selection for this control sam-

ple is based on the event selection from the B(τ−→K−ντ )
B(τ−→π−ντ )

, B(τ−→K−ντ )
B(τ−→e−ντ νe)

, B(τ−→π−ντ )
B(τ−→e−ντ νe)

,

and B(τ−→μ−ντ νμ)
B(τ−→e−ντ νe)

analysis.

• 4 well reconstructed tracks, which do not originate from conversions in the

material of the detectors, with 3 tracks in one hemisphere and one isolated

track. The hemispheres are defined by the thrust axis which is calculated from

the 4 tracks and neutrals.

• The net charge is zero.

• All the tracks are required to be within the acceptance of the calorimeter

(−0.76 < cos(θ) < 0.80) .

• DIRC acceptance Pt > 0.250 GeV/c .

• pt balance cut:
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− log
2
√

(ptot,cm
x )2 + (ptot,cm

y )2

EPEP
cm

< 4.0. (G.3)

• thrust > 0.90.

• 0.1 < Emiss
cm /EPEP

cm < 0.70.

• |cos(θmiss)| < 0.7.

• KS cut

R
K0

S
xy

σ
R

K0
S

xy

< 6.0. (G.4)

• In the 1 prong hemisphere the event is vetoed if the residual neutral energy

is ETag
res ≥ 1.0GeV for an electron signal track or ETag

res ≥ 0.5GeV for a muon

signal track.

• 2pcm/EPEP,cm < 0.8c for the 1 prong track.

• The 1 prong track must be identified as an electron or a muon.

• In the 3 prong hemisphere, there are two “like charged” tracks and one “op-

positely charged” track. The two like charged track in the 3 prong hemisphere

are required to both be selected as pions and not electrons.

• In the 3 prong hemisphere the event is vetoed if the total residual energy is

E3prong
res ≥ 0.200GeV .

• M123 < 1.82 GeV/c2.
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This control sample has a non-τ background of 0.25% (this 0.25% contains pions

and kaons) and a τ background of 0.19%. After correcting for the pion non-τ back-

ground, this gives a total purity of about 99.8%. This control sample has the same

Bhabha and two-photon vetoes as the default analysis and therefore has a similar

background, ∼ 0.069% Bhabha in the electron tag < 0.069% for the muon tag and

< 0.025% two-photon, before applying the pion particle-ID.

G.3 Electron Control Sample: e+e− → e−e+γ(→
e+e−)

The electron control sample uses e+e− → e−e+γ(→ e+e−) events for selecting elec-

trons in the data and the signal electron from the τ−e−νν channel in the default

analysis for the electron in MC. The 3 prong track not associated with the conver-

sion is used as the conversion track. This is because it is the only track which has a

sufficient number of events in the momentum range 1GeV¡P¡4GeV.

• 4 well reconstructed tracks with 3 tracks in one hemisphere and one isolated

track. The hemispheres are defined by the thrust axis which is calculated from

the 4 tracks and neutrals.

• The net charge is zero.

• |P1prongc− EPEP,cm| < 1.5GeV.

• The 1 prong track must be identified as an electron .

• Two of the oppositely charged 3 prong tracks have an invariant mass less than

100MeV/v2 (electron mass is assumed for the two tracks).
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• The control track is required to be within the acceptance of the calorimeter

(−0.76 < cos(θ) < 0.80) .

• The control track has 1 GeV/c < P < 4gev/c.

G.4 Muon Control Sample 1: e+e− → μ−μ+γ(→
e+e−)

The muon control sample uses e+e− → μ−μ+γ(→ e+e−) events for selecting a high

purity sample of muon. In this sample, the muon in the 3 prong hemisphere is the

control track.

• 4 well reconstructed tracks with 3 tracks in one hemisphere and one isolated

track. The hemispheres are defined by the thrust axis which is calculated from

the 4 tracks and neutrals.

• The net charge is zero.

• thrust > 0.90.

• |P1prongc− EPEP,cm| < 0.2GeV.

• In the 1 prong hemisphere the event is vetoed if the residual neutral energy is

ETag
res ≥ 0.5GeV .

• E/P<0.1c for the 1 prong track.

• One of the muon candidates is required to be selected as a muon and not an

electron.

• 2 of the oppositely charged 3 prong tracks have an invariant mass less than

100MeV (electron mass is assumed for the two tracks).
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• The control track has 1GeV/c< P <4GeV/c.

• The control track is required to be within the acceptance of the calorimeter

(−0.76 < cos(θ) < 0.80) .

This control sample has a 0.89% Bhabha contamination (upper limit), while the

other impurities are less than 0.0093%.

G.5 Muon Control Sample 2: e+e− → μ−μ+γ

• A 1-vs-1 topology.

• the total visible energy in the event, calculated by summing up all the tracks

and the neutral bumps above 50 MeV energy threshold with lateral moment less

than 0.8, to be within 500 MeV from the total beam energy in the laboratory

frame.

• One of the tracks is required to have the signature of a minimum ionizing parti-

cle with energy deposited in the electromagnetic calorimeter between 100MeV

and 500 MeV.

• |P1prongc− EPEP,cm| < 0.2GeV.

• E/P<0.1c for the 1 prong track.

• The control track has 1GeV/c< P <4GeV/c.

• The control track is required to be within the acceptance of the calorimeter

(−0.76 < cos(θ) < 0.80) .

This control sample has a purity of 99.9278%, where ∼ 0% comes from Bhabha

events, 0.00555705% comes from τ pair events, 0.0664345% comes from e+e− → uu,

e+e− → dd, and e+e− → ss events and 0.000173436% comes from e+e− → cc events.
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G.6 Data MC Agreement with Control Samples

The control samples were used to validate the standard BABAR particle-ID tables

and to apply additional corrections when there was a significant deviation. The

corrections were applied to: pions selected as muons; muons selected as pions; muons

selected as kaons; pions selected as pions; and pions selected as kaons. The complete

discussion of the systematic uncertainties is described in Section 7.3.2. Figures G.1

and G.2 illustrate the data MC agreement after the particle identification corrections

from these control samples have been applied.
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Figure G.1: The τ− → e−ντνe (left) and τ− → μ−ντνμ (right) laboratory momentum
shown both linear (top) and logarithmic scale(bottom). The legends for the τ− →
e−ντνe and τ− → μ−ντνμ channels are shown above the respective plots. This plot
illustrated the data MC agreement after the Corrections from the Control Samples
were applied.
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Figure G.2: The τ− → π−ντ (left) and τ− → K−ντ (right) laboratory momentum
shown both linear (top) and logarithmic scale(bottom). The legends for the τ− →
π−ντ and τ− → K−ντ channels are shown above the respective plots. This plot
illustrated the data MC agreement after the Corrections from the Control Samples
were applied.



265

Appendix H

Neutrino Pseudo-mass

The neutrino mass is calculated using a kaon 4-vector and the 4-vector of the mother τ

particle which is calculated from a cone matching algorithm [123]. First, the 4-vector

of the 3 prong hadronic system is calculated, and the angle between the hadronic

3-vector and the 3-vector of its mother τ particle in calculated in the c.m. frame. A

diagram of this can be seen in Figure H.1.

cos(α1) =
Ecm

BeamE
cm
hhh −m2

τ c
4 −m2

hhhc
4

2P cm
τ P cm

hhhc
2

(H.1)

where Ecm
Beam is collision energy of the e+e− in the c.m. frame, Ehhh is the energy of

the hadronic system in the c.m. frame, mτ is the mass of the τ , mhhh is the mass of

the hadronic system, P cm
τ is the momentum of the τ in the c.m. frame, and P cm

hhh is the

momentum of the hadronic system in the c.m. frame. Similarly, the angle between

the kaon and its mother τ particle is

cos(α2) =
Ecm

BeamE
cm
K −m2

τc
4 −m2

Kc
4

2P cm
τ P cm

K c2
(H.2)

where the index hhh has been replaced with an index representing the kaon, K. The

angle between the kaon 3-vector and the 3-vector of the hadronic system is called

β. cos(β) is determined from the dot product. If any of these angles are unphysical
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(|cos(α1)| > 1, |cos(α2)| > 1, or |cos(β)| > 1) the direction of the mother τ of the

kaon is defined from the 3-vector of the hadronic system, by normalizing it to unity

and inverting the direction. The occurrence of unphysical angles is primarily a result

of the initial state radiation. If the angles are physical, one can define an orthogonal

axis relative to the hadronic 3-vector in the c.m. frame which can be used to express

the direction of the mother τ . Using the 3-vector of the hadronic system as the z

axis and the vector, perpendicular to the z axis in the plane of the kaon and hadronic

system, as the x axis, one can write the direction of the mother τ of the hadronic

system as:

τ̂1 =

⎡
⎢⎢⎢⎢⎣
sin(α1)cos(δ)x̂

sin(α1)sin(δ)ŷ

cos(α1)ẑ

⎤
⎥⎥⎥⎥⎦ (H.3)

where δ is the unknown azimuthal angle. Similarly, if one defines the an orthogonal

axis relative to the kaon in the same manner to that of the hadronic system, the

direction of the mother τ for the kaon becomes:

τ̂ ′2 =

⎡
⎢⎢⎢⎢⎣
sin(α2)cos(δ

′)x̂′

sin(α2)sin(δ′)ŷ′

cos(α2)ẑ
′

⎤
⎥⎥⎥⎥⎦ (H.4)

where δ′ is the unknown azimuthal angle for the signal decay. Using an Euler rotation

of β about the y axis, the latter equations become

τ̂2 =

⎡
⎢⎢⎢⎢⎣

∓sin(β)cos(α2) + cos(β)sin(α2)cos(δ
′)x̂

sin(α2)sin(δ′)ŷ

cos(β)cos(α2) ± sin(β)sin(α2)cos(δ
′)ẑ

⎤
⎥⎥⎥⎥⎦ (H.5)

where the signs (∓,±) depend on whether the rotation is counter clockwise or clock-
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wise. Since the two τ are back to back, τ̂1 = −τ̂2, in the events, there are three

equations:

sin(α1)cos(δ) = − (∓sin(β)cos(α2) + cos(β)sin(α2)cos(δ
′)) (H.6)

sin(α1)sin(δ) = − (sin(α2)sin(δ′)) (H.7)

cos(α1) = − (cos(β)cos(α2) ± sin(β)sin(α2)cos(δ
′)) . (H.8)

From Equation H.7 we have

sin(α1)

sin(α2)
sin(δ) = sin(δ′) (H.9)

or

1 −
(
sin(α1)

sin(α2)
sin(δ)

)2

= cos(δ′)2. (H.10)

Rearranging and squaring Equation H.8 one obtains

(cos(α1) + cos(β)cos(α2))
2 = sin(β)2sin(α2)

2cos(δ′)2 (H.11)

= sin(β)2sin(α2)
2

×
(

1 −
(
sin(α1)

sin(α2)
sin(δ)

)2
)
. (H.12)

Therefore,

sin(β)2sin(α2)
2 − (cos(α1) + cos(β)cos(α2))

2

sin(β)2sin(α1)2
= sin(δ)2. (H.13)

From ẑ and ẑ′ the orthogonal basis of the non-primed system may be defined as ẑ,

x̂ = ẑ′−ẑcos(β)

|ẑ′−ẑcos(β)| , and ŷ = ẑ× x̂′. From this, one can compute the τ direction, τ̂1, where

the sign of sin(α1) can be determined by the constraint that τ̂1 = τ̂2. In other words

±α1cos(δ), ±α2cos(δ
′) and β must add to π.

Unfortuntely, this method is sensitive to the modelling of the IFSR and the
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angular resolution of the detector. This results in data-MC discrepancies that limit

the τ− → K−ντ measurement. Therefore, another method that is less sensitive to

the modelling of the IFSR and the angular resolution is required.

The sensitivity to the angular resolution and modelling imperfections of the IFSR

can be avoided if we use a pseudo-mass that does not depend on the calculation of δ.

Using the single cone from the 3-prong decay reduces the sensitivity to the angular

resolution because it does not depend on the difference between small angles. The

dependence on the IFSR is reduced with this method, since the differences in α1 and

α2, due to the IFSR, are amplified when the difference is taken. If a fixed value

of δ is assumed then the τ direction can be estimated allowing for a pseudo-mass,

mCone−hhh
ν , of the neutrino to be calculated. A diagram illustrating the pseudomass

method be seen in Figure H.2. When the τ direction is solved with this method one

only obtains the magnitude for the angles which define the τ direction relative to

the 3 prong system. The sign ambiguity of the angle α1 is solved from the τ cone

matching algorithm [123]. The sign ambiguity of δ, the angle of projection out of

the α1 plane, is not solved; instead the direction of the y axis is determined from the

cross product of the 3 prong momentum and the kaon momentum in the c.m. frame.

The optimal value of δ and pseudo-mass cut values are the values that minimize the

combined statistical uncertainty, the K0
L uncertainty and the non-τ uncertainty. The

optimal value of δ and the associated cut are δ = 58.5◦ with mhhh−Cone
ν = 0.56. The

neutrino pseudo-mass distribution for δ = 58.5◦ can be seen in Figure H.3.
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 ν − K→ −τ
)ν −π → −τ(

ν −h+h+ h→ +τ

β

1α
1α

2α
2α

Figure H.1: A 2D projection of the k/π − hhh plane used for determining the
τ direction in the c.m. frame. The green lines represent the direction of the
hadronic systems, the signal particle is on the left and hhh is on the right.
The blue lines represent the projection of the cone for the τ direction about
each of the hadronic systems. For the hhh system, the angle of the cone
about the hadronic system is α1 which is defined in Equation 7.2, and for the
signal particle the angle of the cone about the hadron is α2 which is defined in
Equation H.2. β is the angle between the signal particle the hadronic system.
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hadronic plane

δ fixed to
58.5° but
still with
2-fold
ambiguity

ambiguity plane

δ

τ2
τ1

-h1h3

z y
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<

<

< <

8-2009
8794A1
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Figure H.2: A powerful discriminator against background τ decays containing an
unmeasured neutral hadron or photon is the pseudo missing mass associated with
the signal decay. This requires an estimator of the signal τ momentum which, owing
to the presence of neutrinos, is imperfect. The diagram provides the definitions of
the quantities in the c.m. frame of the annihiliating e+e− system used to calculate
the estimators for the unmeasured τ momenta. As we assume both τ ’s are back-
to-back and have half the c.m. energy, we only require a method for estimating the
direction of the momentum of the signal τ , denoted by the unit vector τ̂ . The unit
vector along the measured momentum of the 3-prong tag-side hadronic system is
denoted by ĥ+

3 . The unit vector opposite to the measured momentum of the 1-prong
signal-side system is denoted by −ĥ−1 . The kinematics for a τ decaying to a hadronic
system of a particular mass determines the opening angle between momentum of the
τ and that of the hadronic system to which it decays thereby forcing τ̂ to lie on a
cone whose axis is along the momentum of the hadronic system. These are depicted
in the figure by the cones having axes ĥ+

3 and −ĥ−1 and represent all τ̂ which are
kinematically possible. When both τ leptons decay hadronically, there are only two
kinematically allowed values of τ̂ which are given by the intersection of the two cones:
τ̂1 and τ̂2. We construct the z′ axis along the direction of ĥ+

3 with the y′ axis given
by ĥ−1 × ĥ+

3 /|ĥ−1 × ĥ+
3 |. The x′ axis is then determined in the right-handed coordinate

system, as shown. We label the plane containing ĥ+
3 and −ĥ−1 as the ‘hadronic

plane’ and the plane perpendicular to the hadronic plane containing τ̂1 and τ̂2 as
the ‘ambiguity plane’. To estimate τ̂ we only use the intersections of the two cones
to specify the orientation of the co-ordinate system and, rather than constraining it
to lie on either τ̂1 or τ̂2, we choose to fix the azimuthal angle δ, as measured from
the x′ axis, shown in the diagram, to an optimized value of 58.5◦. This renders the
missing mass estimator less sensitive to initial and final state radiation as well as to
the details of the detector modelling. Note that both +58.5◦ and -58.5◦ yield the
same pseudo missing mass value.
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Figure H.3: The neutrino pseudo-mass distribution (δ = 58.5◦) for the τ− → π−ντ

(left) and τ− → K−ντ (right) channels shown both in linear (top) and logarithmic
scale(bottom). The legends for the τ− → π−ντ and τ− → K−ντ channels are shown
above the respective plots.
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Figure H.4: The neutrino pseudo-mass distribution (δ = 58.5◦) for the τ− → e−ντνe

(left) and τ− → μ−ντνμ (right) channels shown both in linear (top) and logarithmic
scale(bottom). The legends for the τ− → e−ντνe and τ− → μ−ντνμ channels are
shown above the respective plots.
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B(τ−→K−ντ )
B(τ−→π−ντ ) ,

B(τ−→K−ντ )
B(τ−→e−ντνe),

B(τ−→π−ντ )
B(τ−→e−ντνe), and

B(τ−→μ−ντνμ)
B(τ−→e−ντνe)

Backgrounds

Channel τ− → K−ν τ− → π−ν τ− → e−νν τ− → μ−νν
non-τ Background

Scale Factor 1.64±0.23 1.34±0.21 1.20±0.11 1.26±0.14
uū, dd̄, and ss̄ 319±18 826±33 86±14 298±18
cc̄ 75±6.7 122.7±9.3 1326±28 638±20
B0B̄0 3.7±1.13 13.6±5.0 86.7±7.1 48.1±5.2
B+B− 3.9±1.2 9.6±2.7 45.9±4.3 21.0±3.0
μ-pair 0±0 0±0 0±0 0±0

τ -pair Background
τ− → e−νν 106±8.0 4339±67 na 1.04±0.74
τ− → μ−νν 702±28 48732±220 20±3.3 na
τ− → π−ν 2565± 25 na 239.5±8.8 10880 ± 41
τ− → K−ν na 605±10 6.6±1.2 335.5±5.4
τ− → K−K0ν 987±23 36.9±5.4 0.96±0.67 56.5±6.7
τ− → K−π0ν 503±17 20.6±4.5 3.9±1.6 66.5±7.1
τ− → ρ−ν 273± 15 22274±117 412±20 6289± 60
other 168±11 3388±45 240±16 1241±26

Table I.1: Background Summary for the B(τ−→K−ν)
B(τ−→e−νν)

, B(τ−→π−ν)
B(τ−→e−νν)

and B(τ−→μ−νν)
B(τ−→e−νν)

anal-
ysis.


