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Abstract

This work presents simultaneous branching fraction measurements of the decay
modes τ− → K−nπ0ντ with n = 0, 1, 2, 3 and τ− → π−nπ0ντ with n = 3, 4. The
analysis is based on a data sample of 427 × 106 τ+τ− pairs recorded with the
BABAR detector, which corresponds to an integrated luminosity of 464.4 fb−1.
The measured values are B(τ− → K−ντ ) = (6.57± 0.03± 0.11)× 10−3, B(τ− →
K−π0ντ ) = (4.61 ± 0.03 ± 0.11) × 10−3, B(τ− → K−π0π0ντ ) = (5.05 ± 0.17 ±
0.44) × 10−4, B(τ− → K−π0π0π0ντ ) = (1.31 ± 0.43 ± 0.40) × 10−4, B(τ− →
π−π0π0π0ντ ) = (1.263 ± 0.008 ± 0.078) × 10−2 and B(τ− → π−π0π0π0π0ντ ) =
(9.6 ± 0.5 ± 1.2) × 10−4, where the uncertainties are statistical and systematic,
respectively. All measurements are compatible with the current world averages
whereas the uncertainties are significantly smaller by a factor of up to five.
The determination of B(τ− → π−π0π0π0π0ντ ) is the first measurement of this
branching fraction. The measured branching fractions are combined with the
current world averages. Using the new averages, an updated determination of |Vus|
from hadronic τ decays yields |Vus| = 0.2146± 0.0025, which improves previous
measurements by 19 %. Its uncertainty is comparable to the one of the current
world average from semileptonic kaon decays.

Kurzfassung

In der vorliegenden Arbeit werden die Verzweigungsverhältnisse der Zerfälle
τ− → K−nπ0ντ mit n = 0, 1, 2, 3 und τ− → π−nπ0ντ mit n = 3, 4
gemessen. Der verwendete Datensatz von 427 × 106 τ+τ−-Paaren wurde mit
dem BABAR-Detektor aufgezeichnet und entspricht einer integrierten Luminosität
von 464.4 fb−1. Die gemessenen Verzweigungsverhältnisse sind B(τ− → K−ντ ) =
(6.57 ± 0.03 ± 0.11) × 10−3, B(τ− → K−π0ντ ) = (4.61 ± 0.03 ± 0.11) × 10−3,
B(τ− → K−π0π0ντ ) = (5.05 ± 0.17 ± 0.44) × 10−4, B(τ− → K−π0π0π0ντ ) =
(1.31±0.43±0.40)×10−4, B(τ− → π−π0π0π0ντ ) = (1.263±0.008±0.078)×10−2

und B(τ− → π−π0π0π0π0ντ ) = (9.6±0.5±1.2)×10−4, wobei die ersten Unsicher-
heiten statistischer und die zweiten systematischer Natur sind. Alle Messungen
sind mit den aktuellen Weltmittelwerten kompatibel, wobei die Unsicherheiten um
bis zu einen Faktor fünf kleiner sind. Die Bestimmung von B(τ− → π−π0π0π0π0ντ )
ist die erste Messung dieses Verzweigungsverhältnisses. Die gemessenen Verzwei-
gungsverhältnisse werden mit den aktuellen Weltmittelwerten kombiniert. Eine
aktualisierte Bestimmung von |Vus| aus hadronischen τ -Zerfällen unter Verwen-
dung der neuen Mittelwerte ergibt |Vus| = 0.2146 ± 0.0025. Dies stellt eine
Verbesserung bisheriger Messungen um 19 % dar. Die Unsicherheit ist mit der
des aktuellen Weltmittelwertes aus semileptonischen Kaonzerfällen vergleichbar.
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Introduction

The parameters of the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrix [1, 2]
are fundamental parameters of the Standard Model of Particle Physics and cannot be
predicted theoretically. A precise determination of all elements of the CKM matrix is
an important test of the restrictions that are imposed by the Standard Model. One of
these constraints is the unitarity of the quark mixing matrix.

The amplitude of the flavor-changing weak s→ u transition is proportional to the
element Vus of the CKM matrix. This element can thus be measured in kaon decays.
The current world average of |Vus| is solely based on measurements of semileptonic
kaon decays [3]. The precision of these measurements is of the order of 1 %. After
long-standing deviations [3], current results are now compatible with the unitarity
condition for the first row of the CKM matrix. However, the determination of |Vus|
from semileptonic kaon decays is limited by the theoretical precision of the form factor
calculations that are needed to extract |Vus| from the measurements [3]. Different
methods of calculating the form factors yield results that deviate by up to 2 % [3].

Hadronic τ decays into final states with net strangeness provide a method to measure
|Vus| that is both theoretically and experimentally independent of semileptonic kaon
decays [4, 5]. All τ decays into final states with net strangeness involve the creation of
a us quark pair from the QCD vacuum:

�W−
τ−

ντ

u

s

Vus

Their inclusive rate is thus proportional to |Vus|2 and can be used to extract |Vus|.
Experimentally, the inclusive rate is measured as the sum of all exclusive final states
with net strangeness, i. e., containing an odd number of kaons. Additional information
can be inferred from a measurement of the invariant mass spectra of the final states.
This necessitates the exclusive reconstruction of all final state particles. A precise
measurement of the invariant mass spectra might allow for a simultaneous determination
of |Vus| and the strange-quark mass ms [4, 5].

Current measurements of |Vus| based on the world averages of the τ branching
fractions of final states with net strangeness differ by 2.5 standard deviations from the
measurements using semileptonic kaon decays and thus from unitarity [3, 6, 7]. The
uncertainties of the measurements using τ decays are completely dominated by the
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2

experimental uncertainties of the branching fractions of the τ lepton into final states
with net strangeness [4–6]. Improved determinations of the contributing τ branching
fractions are essential to further investigate the observed deviation. So far, most
measurements of τ branching fractions are dominated by analyses of the LEP and
CLEO collaborations [3]. Their measurements of the Cabibbo-suppressed modes with
net strangeness are statistically limited.

The BABAR experiment at the PEP-II collider located at the Stanford Linear
Accelerator Center near San Francisco provides a huge data sample of τ decays. In
the center of the BABAR detector, electrons collide with positrons at a center-of-mass
energy of 10.58 GeV, which corresponds to the mass of the Υ (4S) resonance [8]. The
Υ (4S) resonance decays almost entirely into BB pairs [3]. Due to the huge number
of produced B mesons, PEP-II is called a B factory. As the cross section for the
production of ττ pairs is comparable to the one for BB pairs [9], PEP-II is also a τ
factory. During its operating time, the BABAR experiment has recorded a data set of
approximately 488× 106 ττ pairs.

Within this work, a subset of 427× 106 ττ pairs—corresponding to an integrated
luminosity of 464.4 fb−1—is used to measure the branching fractions of the decay modes

τ− → K−nπ0ντ with n = 0, 1, 2, 3 .

They contribute a significant fraction to the total branching fraction of the τ lepton
into final states with net strangeness and to its uncertainty.

It is also interesting to note that the current PDG world average of the branching
fraction of the decay mode τ− → K−ντ differs by 1.3 standard deviations from a
prediction based on lepton universality and the measurement of the decay mode
K− → µ−νµ [3, 10]. A possible deviation between these two values could indicate new
physics beyond the Standard Model [7]. A more precise measurement of the branching
fraction B(τ− → K−ντ ) is needed to clarify this issue.

In addition to the above four decay channels, the branching fractions of the modes

τ− → π−nπ0ντ with n = 3, 4

are also measured within this analysis. They represent significant backgrounds to the
kaon modes. For the decay mode containing four π0 mesons, the branching fraction has
not been measured so far. Only the branching fraction of the combined decay channel
τ− → h−π0π0π0π0ντ with h = π,K has been measured [3].

All of the branching fractions measured within this work are averaged with the
current PDG world averages—if available. On the basis of the updated world averages
for the decay modes τ− → K−nπ0ντ with n = 0, 1, 2, 3, an updated value of the inclusive
branching fraction of the τ lepton into final states with net strangeness is determined.
This value is used to perform an updated measurement of |Vus| from hadronic τ decays.



Chapter 1

Theoretical background and
experimental status

This chapter presents the theoretical background and the current experimental status
of hadronic τ decays and the determination of |Vus|. Section 1.1 briefly summarizes
today’s knowledge of fundamental interactions with a specific focus on the properties
and consequences of the quark mixing matrix. The experimental status of hadronic τ
decays is described in Section 1.2. Section 1.3 summarizes the theoretical description
of hadronic τ decays within the framework of perturbative QCD. Finally, Section 1.4
presents methods to measure the element |Vus| of the quark mixing matrix, as well as
current experimental results.

1.1 The Standard Model

The Standard Model of Particle Physics summarizes today’s knowledge of fundamental
particles and their interactions [11–13]. It is a gauge field theory, which includes three of
the four known fundamental forces, the electromagnetic, weak and strong interactions.
Gravity, the fourth fundamental force, cannot yet be described in a consistent way
with the three field theories. The main building blocks of the Standard Model are
fundamental fermions (spin-1/2 particles, matter) and interaction fields, which are
mediated by gauge bosons (spin-1 vector bosons).

Fermions can be divided into two sectors. Quarks carry strong charge (color),
while leptons are color-neutral and do not interact strongly. In contrast, all fermions
carry weak charge and participate in the weak interaction. Both sectors occur in three
generations following a mass hierarchy. Each generation contains two quark and two
lepton states (up- and down-type quarks, neutrinos and (charged) leptons). Thus,
the Standard Model contains six quarks and six leptons, i. e., six flavors per sector,
as summarized in Table 1.1. Additionally, an anti-fermion exists for each fermion
flavor. Apart from their flavor quantum numbers, corresponding particles from different
generations have identical quantum numbers and only differ by their masses. All
(known) stable matter is made from fermions of the first generation. However, all
fermions listed in Table 1.1 have been observed experimentally.

The three forces of the Standard Model form a gauge group of the type SUC(3)×

3



4 1 Theoretical background and experimental status

Table 1.1: Fermion content of the Standard Model and its division into three generations.
The approximate particle masses are given in parenthesis [3]. For the light quarks, u, d,
s, these are current-quark masses at a scale µ ≈ 2 GeV. The c and b quark masses are
running masses in the MS scheme, while the t mass is obtained from the direct observation
of top events. Within the original Standard Model, neutrinos are massless. However, the
observation of neutrino oscillations provides evidence that at least two neutrino flavors
have non-zero masses [3].

Type 1st generation 2nd generation 3rd generation

Quarks
up u (2 MeV/c2) c (1.25 GeV/c2) t (174 GeV/c2)

down d (5 MeV/c2) s (95 MeV/c2) b (4.2 GeV/c2)

Leptons
neutrino νe (0) νµ (0) ντ (0)

lepton e (511 keV/c2) µ (106 MeV/c2) τ (1.78 GeV/c2)

SUT (2)× UY (1). The symbol C denotes the color of the strong interaction and T the
weak isospin. The weak hypercharge Y is defined as Y = Q− T3, where Q is the electric
charge and T3 the third component of the weak isospin. Thus, UY (1) is the symmetry
group of the weak hypercharge. The group SUT (2)× UY (1) is the gauge group of the
electroweak unified theory by Glashow, Salam and Weinberg [14–16].

The Standard Model also contains a spin-0 boson, which is responsible for the masses
of the fermions and gauge bosons (Higgs boson). Unlike all other building blocks of
the Standard Model, it has not (yet) been observed directly. Table 1.2 summarizes the
(gauge) boson content of the Standard Model as well as their masses. Tables 1.1 and

Table 1.2: Boson content of the Standard Model and the approximate particle masses.
All gauge bosons are spin-1 (vector) bosons, while the Higgs particle is a spin-0 (scalar)
boson. In the Standard Model, photon and gluons are massless. The given Z0 mass is
the mass parameter of the Z0 Breit-Wigner resonance. The cited limit on the mass of
the scalar Standard Model Higgs boson H0 is given at 95 % CL and obtained from direct
searches at the LEP experiments [3].

Interaction (Gauge) bosons Mass

Electromagnetic photon (γ) 0

Weak
W± 80 GeV/c2

Z0 91 GeV/c2

Strong gluons (g1, . . . , g8) 0

— Higgs boson (H0) > 114 GeV/c2
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1.2 show huge differences in the observed mass scales, both between the fermions and
the gauge bosons.

1.1.1 The electroweak interaction

The electroweak interaction is mediated by the W± and Z0 bosons (weak part) and the
photon γ (electromagnetic part). All left-handed fermion fields are doublets with respect
to the weak isospin, while right-handed fermion fields are isospin singlets. Table 1.3
summarizes the (electroweak) flavor quantum numbers of leptons and quarks. In the
original Standard Model, neutrinos are massless and thus only interact weakly. Since
right-handed neutrinos would be isospin singlets, they would not interact at all and
hence do not exist in the limit of massless neutrinos. This changes since neutrinos
obtain finite masses as indicated by neutrino oscillations [3, 12].

Table 1.3: Weak flavor quantum numbers of leptons and quarks. The symbol T denotes
the weak isospin, T3 is its third component, Y = Q− T3 the weak hypercharge, where Q
is the electric charge in units of the elementary charge e. The subscripts L and R indicate
left- and right-handed states. Weak isospin doublets are surrounded by brackets. The
quarks d′, s′ and b′ are related to the quarks d, s and b of well-defined mass via the quark
mixing matrix (Equation 1.1). Table taken from Reference [12].

Generations T T3 Y Q(
νeL

eL

) (
νµL

µL

) (
ντL

τL

)
1/2

+

−
1/2

1/2

−
−

1/2

1/2 −
0

1

eR µR τR 0 0 −1 −1(
uL

d′L

) (
cL

s′L

) (
tL

b′L

)
1/2

+

−
1/2

1/2

+

+

1/6

1/6

+

−
2/3

1/3

uR cR tR 0 0 +2/3 +2/3

dR sR bR 0 0 −1/3 −1/3

The quark eigenstates of the weak interaction—as summarized in Table 1.3— are not
identical to the states of well-defined mass from Table 1.1. The weak eigenstates of the
down-type quarks (d′, s′, b′)T can be described as a rotation of their mass eigenstates
(d, s, b)T, where T indicates a transposed matrix:d

′

s′

b′

 = V CKM

ds
b

 . (1.1)

The matrix V CKM is called quark mixing or Cabibbo-Kobayashi-Maskawa (CKM) ma-
trix [1, 2]. In principle, the rotation could also be attributed to the up-type quarks.
However, it has traditionally always been located in the down-type sector.



6 1 Theoretical background and experimental status

The occurrence of the quark mixing matrix is due to the fact that both up-type and
down-type quarks acquire mass [12]. Within the Standard Model, the two corresponding
mass matrices cannot be diagonalized simultaneously. Since only the charged leptons
are massive within the original Standard Model, no mixing matrix occurs for the lepton
sector. The effects of the quark mixing can be illustrated by considering the part of
the electroweak Lagrangian density that describes the coupling of the fermions to the
gauge bosons, i. e., the interactions [12]:

Lew
int = −e

{
AµJ µ

em +
1

sin θW cos θW

ZµJ µ
NC

+
1√

2 sin θW

[
W+

µJ
µ
CC + W−

µJ
µ†
CC

]}
. (1.2)

The symbols Aµ, Zµ and W±
µ denote the photon, Z0 and W± fields, e is the positron

charge and θW the weak mixing angle. A † marks a Hermitian conjugate operator.
Using Equation 1.1, the electromagnetic (em), neutral (NC) and charged (CC) weak
currents take the following form [12]:

J µ
em =

∑
`=e,µ,τ

− ` γµ ` +
∑

q=u,c,t,d,s,b

Qq q γ
µ q ,

J µ
NC =

∑
`=e,µ,τ

{
ν` γ

µ 1

2

1− γ5

2
ν` − ` γµ

(
− 1

2

1− γ5

2
+ sin2 θW

)
`

}
+

∑
q=u,c,t,d,s,b

q γµ
(
T3

1− γ5

2
− Qq sin2 θW

)
q , (1.3)

J µ
CC = (νeL,νµL,ντL) γµ

eL

µL

τ L

+
(
uL, cL, tL

)
γµ

d
′
L

s′L

b′L



= (νeL,νµL,ντL) γµ

eL

µL

τ L

+
(
uL, cL, tL

)
γµV CKM

dL

sL

bL

 .

The symbol ` and ν` with ` = e, µ, τ denote the lepton fields, q′ the weak and q the
mass eigenstates of the relevant quarks fields, where q = u, c, t, d, s, b. Their adjoint
fields are marked by a bar. The quark charges in units of the positron charge are named
Qq and T3 is the third component of their isospin (Table 1.3). The γµ are the Dirac
matrices and γ5 is defined as γ5 ≡ iγ0γ1γ2γ3. The subscript L denotes left-handed
fermion states.

Equation 1.3 shows that the inequality of the weak and the mass eigenstates of the
down-type quarks, i. e., the occurrence of the CKM matrix, results in flavor-changing
(FC) charged quark currents, e. g.,

d → u+W− (V11 ≡ Vud) ,

FC : s → u+W− (V12 ≡ Vus) ,

FC : b → u+W− (V13 ≡ Vub) .

(1.4)
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The amplitudes of the given reactions are proportional to the indicated matrix elements
Vuj . Due to the structure of the flavor-changing charged quark currents in Equation 1.3,
the matrix elements are intuitively named

V CKM ≡

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

 . (1.5)

This work is aimed at the precise measurement of the element |Vus|.
Because of the unitarity of the CKM matrix, V CKM(V CKM)† = 1, flavor-changing

neutral currents at tree level do not exist in the Standard Model. Similarly, due to
the absence of a mixing matrix in the lepton sector, no flavor-changing charged lepton
currents occur within the Standard Model. This changes since neutrinos have mass. A
lepton mixing matrix has to be introduced and flavor mixing occurs in charged lepton
currents. This results, e. g., in neutrino oscillations. Thus, the observation of neutrino
oscillations [3] indicates that neutrinos indeed have finite masses. In contrast to the
quark sector, the lepton mixing matrix is usually associated with the neutrinos (i. e., the
up-type leptons). It is called the neutrino mixing or Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix.

1.1.2 Properties of the quark mixing matrix

The quark mixing matrix V CKM describes a basis transformation of the mass into the
weak (isospin) eigenstates of the down-type quarks:d

′

s′

b′

 =

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb


ds
b

 . (1.6)

By definition, the CKM matrix is unitary, V CKM(V CKM)† = 1, which results in the
following unitarity conditions:

3∑
k=1

Vki
∗Vkj = δij with δij =

{
1 : i = j

0 : i 6= j
. (1.7)

The unitarity reflects the fact that an up-type quark qu must transform into a down-type
quark qd if a charged current interaction occurs. It cannot disappear within the Standard
Model and any deviation from unitarity indicates physics beyond the Standard Model.

The unitarity conditions leave nine free parameters for the nine complex matrix
elements Vij . Five of these parameters can be absorbed into the unobservable phases of
the quark fields, as the Lagrangian density is invariant under phase transformations [12].
The four remaining parameters are three mixing angles θij with i 6= j and one CP -
violating phase δ. This Kobayashi-Maskawa phase is responsible for all CP -violating
phenomena in flavor-changing processes within the Standard Model [2, 3, 12].
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A standard parametrization of the quark mixing matrix is [3, 17]

V CKM =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 , (1.8)

where sij ≡ sin θij and cij ≡ cos θij.
The four parameters are free parameters of the Standard Model and have to be

determined experimentally. The experiments show that s13 � s23 � s12 � 1. This
hierarchy of the CKM matrix can be expressed by the Wolfenstein parametrization [3, 17],
which defines:

λ ≡ s12 =
|Vus|√

|Vud|2 + |Vus|2
,

Aλ2 ≡ s23 = λ

∣∣∣∣VcbVus

∣∣∣∣ , (1.9)

Aλ3 (ρ+ iη) ≡ s13e
iδ = Vub

∗ .

The matrix then takes the following form [3]:

V CKM =

 1− λ2

2
λ Aλ3 (ρ− iη)

−λ 1− λ2

2
Aλ2

Aλ3 (1− ρ− iη) −Aλ2 1

+O(λ4) . (1.10)

Experimentally [3],

λ ≈ 0.22 ⇒ O(λ4) ≈ 10−3 ,

A ≈ 0.82 . (1.11)

The unitarity condition that involves the matrix element Vus is

|Vud|2 + |Vus|2 + |Vub|2 = 1 (1.12)

with the following estimates of the contributing matrix elements [3]:

|Vud| ≈ 1− λ2

2
≈ 0.98 ,

|Vus| ≈ λ ≈ 0.22 , (1.13)

|Vub| ≈ Aλ3
√
ρ2 + η2 ≈ 3.5× 10−3 .

1.1.3 The strong interaction

In analogy to the optical theory of colors, the strong interaction is also called Quantum
Chromodynamics (QCD). The charge of the strong interaction is named color and, in
contrast to one single electric charge/anti-charge pair, comprises three pairs, red/anti-red,
green/anti-green and blue/anti-blue. Of the two fermion sectors, only the quarks carry
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color and feel the strong force. Leptons are color singlets, i. e., they are color-neutral
(white) and do not interact strongly. Due to the three colors, the quarks are color
triplets and the underlying symmetry group of QCD is the SUC(3) group of colors. This
results in eight gauge bosons, the gluons, which mediate the interaction. Because of the
non-Abelian character of QCD, gluons carry color themselves and interact strongly, in
contrast to the photon of Quantum Electrodynamics (QCD). Each gluon carries one
color and one anti-color [12].

Another specific feature of QCD is confinement. Free quark systems (hadrons) must
be color-neutral (white). This is caused by the dependence of the effective coupling
constant αS on the momenta which are involved in the interaction. At large momenta,
i. e., small distances, αS is small, but it increases with decreasing momentum, i. e.,
increasing distances [10]:

αS(m2
τ ≈ 1.782 GeV2/c4) ≈ 0.344 ,

αS(m2
Z ≈ 912 GeV2/c4) ≈ 0.1212 . (1.14)

Hence, free quarks or gluons do not exist. Only bound, color-neutral quark and gluon
states are observable. In analogy to the theory of colors, two types of color-neutral
quark states exist. Firstly, di-quark systems that are made of color/anti-color pairs
(mesons, qCq

′
C

). Secondly quark triplets, in which each quark carries a different color
(baryons, qrq

′
gq
′′
b ).

Due to the potentially large value of the coupling constant αS, perturbation theory
can only be applied to calculate QCD processes in regions where αS is sufficiently small,
i. e., in interactions with large transferred momenta. Otherwise, large non-perturbative
corrections invalidate the use of perturbation theory.

1.2 Experimental status of hadronic τ decays

Experimentally, hadronic τ decays are described by the branching fractions of exclusive
decays into specific final states and the invariant mass spectra of the latter. The
branching fraction of a mode τ → i is defined as the ratio of its decay width Γi to the
total width Γ of the τ lepton,

Bi ≡
Γi
Γ
. (1.15)

It is measured as the number of decays of the type τ → i relative to the number of all
τ lepton decays, Bi = Ni/Nτ (Chapter 6).

In the following, the experimental status of the branching fraction measurements is
presented for the decay modes which are most important to this analysis. A more detailed
review may be found in Reference [10]. Since leptonic τ decays are complementary
to all hadronic modes and are known with good precision, they provide the most
precise means to determine the total hadronic branching fraction of the τ lepton. The
current experimental situation of leptonic τ decays is reviewed before presenting actual
measurements of hadronic τ decays.
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1.2.1 Branching fractions of leptonic τ decays

The current world averages for the leptonic τ branching fractions [3] are1

Be ≡ B(τ− → e−νeντ ) = (17.82± 0.05) % ,

Bµ ≡ B(τ− → µ−νµντ ) = (17.33± 0.05) % .
(1.16)

Lepton universality can be used to further improve the knowledge of the leptonic
branching fractions as discussed in the following paragraphs.

Within the standard V − A theory, the decay width of a lepton L = µ, τ into a
lepton ` = e, µ and the corresponding neutrinos can be calculated [10] using

Γ(L− → `−ν`νL(γ)) =
GLG`

192π3
f

(
m2
`

m2
L

)
δLW δ

L
γ (1.17)

with

G` ≡
g2
`

4
√

2m2
W

,

δLW ≡ 1 +
3

5

m2
L

m2
W

,

δLγ ≡ 1 +
α(mL)

2π

(
25

4
− π2

)
,

f(x) ≡ 1− 8x+ 8x3 − x4 − 12x2 lnx .

The symbols g` denote the weak leptonic couplings, mW is the mass of the W boson, mL

the one of the lepton L and α(mL) the electromagnetic fine structure constant at the L
mass scale. Numerically, the W -propagator and radiative corrections are small, both for
τ leptons and muons: δτW ≈ 1 + 2.9× 10−4, δτγ ≈ 1− 43.2× 10−4, δµW ≈ 1 + 1.0× 10−6

and δµγ ≈ 1− 42.4× 10−4.
Using lepton universality, ge = gµ = gτ , the ratio of the two leptonic τ branching frac-

tions can be calculated from the corresponding decay widths according to Equations 1.15
and 1.17 [10]:

rµe ≡
Bµ
Be

=
f
(
m2
µ/m

2
τ

)
f (m2

e/m
2
τ )

= 0.972565± 0.000009 . (1.18)

The world averages as of 2004 are used for the lepton masses [10, 18] and the uncertainty
is dominated by the uncertainty of the τ mass. Equation 1.18 facilitates an independent
measurement of the electronic branching fraction on the basis of the muonic one:

B(µ)
e ≡

Bµ
rµe

= (17.82± 0.05) % , (1.19)

where the exact numerical agreement with the measurement from Equation 1.16 should
be considered as being accidental.

1Whenever a particle or decay mode is given, the charged conjugate particle or mode is also implied.
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The electronic branching fraction of the τ lepton can also be obtained from a
measurement of the τ lepton and muon masses and lifetimes ττ and τµ. Assuming τ −µ
universality in weak charged currents and applying Equations 1.15 and 1.17 to both
the electronic τ lepton and muon decays yields

B(µ→e)
e ≡ B(τ− → e−νeντ )

B(µ− → e−νeνµ)

=
ττ
τµ

(
mτ

mµ

)5
f (m2

e/m
2
τ )

f
(
m2
e/m

2
µ

) δτW δτγ
δµW δ

µ
γ

= (17.81± 0.07) % . (1.20)

Here, the electronic branching fraction of the muon is B(µ− → e−νeνµ(γ)) = 1 and
the Heisenberg uncertainty principle is used to express the total decay width Γ via the
lifetime τ, Γ = ~/τ. Again, the world averages as of 2004 are used for the lepton masses
and lifetimes [10, 18].

The direct measurement of the electronic τ branching fraction (Equation 1.16) and
the two derived values (Equations 1.18, 1.20) are in good agreement. Their combination
results in the universality-improved value of the electronic τ branching fraction,

B(uni)
e = (17.818± 0.032) % . (1.21)

1.2.2 Branching fractions of hadronic τ decays

The most precise measurement of the total branching fraction of the τ lepton into
hadronic final states Bhad ≡ B(τ− → X−hadντ ) can be calculated as follows:

B(uni)
had = 1− Be − Bµ = 1− (1 + rµe)B(uni)

e

= (64.853± 0.063) % . (1.22)

Table 1.4 summarizes the current world averages of the measured branching fractions
of the τ lepton into hadronic final states with net strangeness, i. e., with an odd number
of kaons. The summary is taken from Reference [10] and is based on measurements by
the ALEPH, OPAL and CLEO collaborations [3, 19–23]. Recent measurements from
the BABAR and Belle collaborations are included as described in Reference [7].

In analogy to the electronic τ branching fraction (Equation 1.20), the branching
fraction BK ≡ B(τ− → K−ντ ) can be determined from the branching fraction of
the decay K− → µ−νµ under the assumption of τ − µ universality in charged weak
currents [10]:

B(uni)
K =

ττB(K− → µ−νµ)

τK

m3
τ

2mKm2
µ

(
1−m2

K/m
2
τ

1−m2
µ/m

2
K

)2

δτ/K

= (7.15± 0.03)× 10−3 . (1.23)

The world averages as of 2004 are used for the branching fraction of the mode K− →
µ−νµ as well as for the τ and K masses (mτ , mK) and lifetimes (ττ , τK). The symbol
δτ/K denotes a small radiative correction factor, δτ/K = 1.0090 ± 0.0022 [10]. The
measured branching fraction from Table 1.4 differs by 1.3 standard deviations from
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Table 1.4: World averages for the branching fractions of τ decays into final states with
net strangeness, taken from References [7, 10]. The averages are based on measurements
by the ALEPH, OPAL and CLEO collaborations [3, 19–23], as well as recent analyses
of the BABAR and Belle collaborations [24, 25]. The BABAR measurement of the mode
τ− → K−π0ντ [26] is not included in the world average for this channel as it is superseded
by the more precise measurement performed within this work (Chapter 6). The value
for the τ− → (Kπππ)−ντ branching fraction takes into account measurements from
ALEPH and CLEO, as well as estimates for unseen final states using isospin relations.
The estimate for the very small mode τ− → (Kππππ)−ντ is obtained from an empirical
observation of pionic modes and Cabibbo suppression.

Mode B [10−3]

τ− → K−ντ 6.85 ± 0.23

τ− → K−π0ντ 4.54 ± 0.30

τ− → π−K0ντ 8.31 ± 0.28

τ− → K−π0π0ντ 0.58 ± 0.24

τ− → π−K0π0ντ 3.6 ± 0.4

τ− → K−π+π−ντ 2.80 ± 0.16

τ− → K−ηντ 0.27 ± 0.06

τ− → (Kπππ)−ντ 0.74 ± 0.30

τ− → K1(1270)−ντ → K−ωντ 0.67 ± 0.21

τ− → (Kππππ)−ντ & τ− → K∗−ηντ 0.40 ± 0.12

τ− → K−K+K−ντ 0.016 ± 0.002

τ− → X−S ντ =
∑

28.78 ± 0.79

the predicted value in Equation 1.23. If confirmed, this could be an indication of the
violation of lepton universality and thus physics beyond the Standard Model. The
measurement of the mode τ− → K−ντ within this analysis is an important step to
clarify this issue.

Using the predicted value instead of the measurement from Table 1.4, the total
branching fraction of τ decays into strange final states BS ≡ B(τ− → X−S ντ ) becomes

B(uni)
S = (29.08± 0.75)× 10−3 . (1.24)

The branching fractions of the τ lepton into final states without net strangeness have
been measured precisely by the ALEPH, OPAL and CLEO collaborations [3, 19–23].
However, the most precise determination of the total branching fraction of the τ lepton
into non-strange final states BNS ≡ B(τ− → X−NSντ ) is obtained from the total hadronic



1.2 Experimental status of hadronic τ decays 13

and the total strange branching fractions (Equations 1.22, 1.24, Table 1.4):

BNS = B(uni)
had − BS = (61.97± 0.10) % ,

B(uni)
NS = B(uni)

had − B
(uni)
S = (61.95± 0.10) % .

(1.25)

1.2.3 Hadronic decay rate of the τ lepton

For the theoretical treatment of hadronic τ decays and the extraction of |Vus| in the
following sections, the hadronic decay rate is defined as the hadronic decay width
normalized to the electronic one:

Rτ ≡
Γ(τ− → X−hadντ )

Γ(τ− → e−νeντ )
=
B(τ− → X−hadντ )

B(τ− → e−νeντ )

≡ Rτ,NS +Rτ,S , (1.26)

where Rτ,NS and Rτ,S are the corresponding decay rates into non-strange and strange
final states.

Their values are obtained using the universality-improved electronic branching
fraction B(uni)

e [27]:

R(uni)
τ =

1− Be − Bµ
Be

=
1

B(uni)
e

− (1 + rµe)

= 3.640± 0.010 ,

Rτ,S =
BS

B(uni)
e

= 0.1615± 0.0044 , (1.27)

Rτ,NS = R(uni)
τ −Rτ,S =

1

B(uni)
e

− (1 + rµe)−
BS

B(uni)
e

= 3.478± 0.011 .

If lepton universality in the leptonic weak currents is used to calculate the branching
fraction B(τ− → K−ντ ), the result changes to [27]

R
(uni)
τ,S = 0.1632± 0.0042 ,

R
(uni)
τ,NS = 3.477± 0.011 . (1.28)

1.2.4 Spectral functions of hadronic τ decays

Spectral functions in τ decays describe the structure of the hadronic final states.
They represent the probability to produce a given hadronic final state from the QCD
vacuum as a function of its invariant mass-squared s. For a hadronic τ decay into
a vector (axial-vector) final state τ− → V −(A−)ντ with or without net strangeness,

the spectral functions v
(V )
J (s) (a

(A)
J (s)) are defined according to the spin J of the

hadronic system. They are obtained by dividing the normalized invariant mass-squared
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distribution (1/NV/A)(dNV/A/ds) for a given hadronic mass
√
s by an appropriate

kinematic factor [10]:

a
(A)
0 (s) ≡ m2

τ

6 |VCKM|2
B(τ− → A−ντ )

B(τ− → eνeντ )

1

NA

dNA

ds

(
1− s

m2
τ

)−2

,

v
(V )
1 (s)/a

(A)
1 (s) ≡ m2

τ

6 |VCKM|2
B(τ− → V −/A−ντ )

B(τ− → eνeντ )
(1.29)

× 1

NV/A

dNV/A

ds

[(
1− s

m2
τ

)2(
1 +

2s

m2
τ

)]−1

.

The symbol VCKM denotes the CKM matrix element appropriate to the observed decay
mode τ− → V −(A−)ντ and SEW are electroweak radiative corrections. In the limit of
conserved vector currents (CVC), the spin-0 vector spectral function vanishes. Since
CVC is a very good approximation, it is set to zero for the purpose of this analysis,
v0(s) = 0. The main contributions to the spin-0 axial-vector spectral functions are
the pion and kaon poles with (1/Nπ/K)(dNπ/K/ds) = δ(s − mπ/K). Generally, the
spectral functions are dominated by known single-particle resonances at low masses [10].
Experimentally, the spectral functions are obtained from the measured invariant mass-
squared spectra by unfolding of detector effects.

Figure 1.1 shows the inclusive vector plus axial-vector spectral functions (vus(s) +
aus(s)) for hadronic final states with net strangeness as measured by the ALEPH and
OPAL collaborations. Both distributions clearly show the K∗−(892) resonance at small

(a) ALEPH. (b) OPAL.

Figure 1.1: Inclusive vector plus axial-vector spectral functions (vus(s) + aus(s)) for
τ decays into final states with net strangeness as measured by the (a) ALEPH and
(b) OPAL collaborations [19, 20], taken from Reference [10]. The contributions from
the different decay modes are indicated by the colored histograms. The yellow peak in
the OPAL distribution is the kaon pole, which has been scaled to the world average of
the corresponding branching fraction. In case of the ALEPH plot, the kaon pole is not
included and the shape of modes with three or more pions is taken from a phase-space
Monte Carlo simulation.

invariant masses, while the higher mass parts are consistent with the expectation from
the parton model/perturbative QCD—albeit within the large (statistical) uncertainties.
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1.3 Hadronic τ decays and QCD

Hadronic τ decays are one of the most powerful testing grounds for (perturbative) Quan-
tum Chromodynamics and an ideal laboratory for weak hadronic currents. Considering
Figure 1.1, the question arises why and how hadronic τ decays can at all be described by
perturbative QCD. It shows that hadronic τ decays are dominated by resonant single-
particle final states such as τ− → K∗−(892)ντ → (Kπ)−ντ or τ− → a−1 ντ → (πππ)−ντ .
The corresponding QCD interaction that binds the quarks and gluons into the hadrons
necessarily involves small transferred momenta, i. e., large couplings αS, and pertur-
bation theory is not applicable. It is indeed the inclusive character of the sum of all
hadronic τ decays that allows to probe fundamental short distance physics described
by perturbative QCD [10]. A more detailed description and derivation of the presented
contents may be found in References [5, 10].

1.3.1 Hadronic decay rate of the τ lepton

Inclusive observables, e. g., the total hadronic τ decay rate Rτ , can be described as a
function of the strong coupling constant αS(m2

τ ) at the τ mass scale using perturbation
theory with small non-perturbative corrections. The scale mτ lies in a compromise
region where αS is large enough such that Rτ is sensitive to its value, yet small enough
to ensure convergence of the perturbative QCD series (αS(m2

τ ) ≈ 0.344). The variable
Rτ is particularly suited as it is doubly inclusive: First, the measured distributions are
integrated over all hadronic final states at a given invariant mass. Then, the spectral
function is integrated over all invariant masses up to the τ mass.

Neglecting strong and electroweak corrections, the parton model predicts for NC = 3
colors

Rτ = Rτ,NS +Rτ,S

= NC

(
|Vud|2 + |Vus|2

)
= 3 . (1.30)

Comparing this value with the measured ones from Equations 1.27 and 1.28, a pertur-
bative correction of approximately 21 % can be estimated. This illustrates the increased
sensitivity to αS compared to the Z0 hadronic width, where perturbative corrections
amount to approximately 4 % only [10].

Quantitatively, Rτ can be obtained from the hadronic spectral functions by inte-
grating over the invariant mass-squared s:

Rτ = 6 · SEW

m2
τ∫

0

ds

m2
τ

(
1− s

m2
τ

)2{(
1 +

2s

m2
τ

)
[v1(s) + a1(s)] + a0(s)

}
. (1.31)

The inclusive vector (axial-vector) spectral functions vJ(s) (aJ(s)) for the spin J of the
hadronic system are defined using the spectral functions from Equation 1.29:

v/aJ(s) ≡ |Vud|2 v/aūdJ (s) + |Vus|2 v/aūsJ (s) . (1.32)
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Using unitarity and analyticity, the spectral functions can be connected to the two-point
correlation (or hadronic vacuum polarization) functions

Πµν
ij,U(q) ≡ i

∫
d4x eiqx

〈
0
∣∣∣T (Uµ

ij(x)U ν
ij(x)†

)∣∣∣ 0〉
=

(
−gµνq2 + qµνν

)
Π

(1)
ij,U(q2) + qµqνΠ

(0)
ij,U(q2) (1.33)

of vector (Uµ
ij = V µ

ij = qjγ
µqi) or axial-vector (Uµ

ij = Aµij = qjγ
µγ5qi) color-singlet quark

currents [10]. The qi are the involved quark flavors, qµ is the four-momentum transfer,
T denotes the time-order operator and gµν is the metric tensor. The imaginary part of
the correlators corresponds to the spectral functions v

ud(s)
J (s) (a

ud(s)
J (s)) for non-strange

(strange) quark currents [10]:

=Π
(1)
ud(s),V/A(s) =

1

2π
v/a

ud(s)
1 (s) , =Π

(0)
ud(s),A(s) =

1

2π
a
ud(s)
0 (s) . (1.34)

Lorentz decomposition is used to separate the spin J = 0 and J = 1 parts. The
correlation functions obey a dispersion relation which connects the function to its
imaginary part [10]:

Π
(J)
ij,U(q2) =

1

π

∞∫
0

ds
=Π

(J)
ij,U(s)

s− q2 − iε
+ subtractions . (1.35)

Equations 1.34 and 1.35 allow the connection of the experimentally accessible spectral
functions v/a

ud(s)
J (s) to the correlation function Π

(J)
ud(s),V/A(q2), which can be derived

from theory (QCD).
Inserting Equation 1.34 into Equation 1.31 yields the hadronic τ decay rate Rτ in

terms of the hadronic vacuum polarization functions:

Rτ = 12πSEW

m2
τ∫

0

ds

m2
τ

(
1− s

m2
τ

)2{(
1 +

2s

m2
τ

)
=Π(1)(s) + =Π(0)(s)

}
. (1.36)

The inclusive two-point correlation functions Π(J)(s) for spin J are defined as

Π(J)(s) ≡ |Vud|2
[
Π

(J)

ud̄V
(s) + Π

(J)

ud̄A
(s)
]

+ |Vus|2
[
Π

(J)
us̄V (s) + Π

(J)
us̄A(s)

]
. (1.37)

The functions Π(J)(s) are analytic everywhere in the complex s plane except on the real
axis, where singularities exist. Thus, Cauchy’s theorem can be applied to express the
line integral along the real axis in Equation 1.36 as a contour integral in the complex
plane around a circle with radius |s| = m2

τ [10]:

1

π

m2
τ∫

0

dsw(s)=Π(J)(s) = − 1

2πi

∮
|s|=m2

τ

dsw(s)Π(J)(s) , (1.38)

where w(s) is an arbitrary analytic function and the contour integral runs counter-
clockwise from s = m2

τ + iε to s = m2
τ − iε.
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The integral over all hadronic final state masses s = 0 . . .m2
τ in Equation 1.36

can be replaced by a contour integral at |s| = m2
τ using Equation 1.38. This is the

mathematical expression of the fact that the inclusiveness of Rτ allows its calculation
from perturbative QCD although the scales of the individual resonances in the hadronic
final states are small. While perturbation theory cannot be applied to the individual
final states, the energy scale m2

τ is large enough such that αS(m2
τ ) and thus contributions

form non-perturbative effects are small. In consequence, perturbation theory can be
applied in form of the Operator Product Expansion (OPE). In this framework, the
contributions to Rτ are organized in a series of local gauge-invariant operators of
increasing dimension D = 2n (n ∈ IN) [10]:

Rτ = 3
(
|Vud|2 + |Vus|2

)
SEW

{
1 + δ(0) + δ′EW +

∑
D≥2

δ(D)

}
≡ Rτ,NS +Rτ,S , (1.39)

where

δ(D) ≡ |Vud|2

|Vud|2 + |Vus|2
δ

(D)
ud +

|Vus|2

|Vud|2 + |Vus|2
δ(D)
us (1.40)

is the average of the dimension D contributions with and without net strangeness.
The electroweak radiative correction has the value SEW = 1.0201 ± 0.0003 and the
residual electroweak correction is δ′EW = 0.0010. The symbol δ(0) denotes the massless

perturbative correction of dimension zero and the δ
(D)
ij are dimension D ≥ 2 operators,

which contain an implicit suppression factor 1/mD
τ . For D = 2, δ(2) = δ(2)(mq) is the

perturbative contribution from the quark mass mq. While it is small for u and d quarks,

δ
(2)
ud < 0.1 %, it is much larger for the s quark due to its larger mass (Table 1.1).

The contributions to the Operator Product Expansion can be calculated up to orders
of D = 6(8) using perturbation theory up to third (fourth) order in αS [10]. Estimates
are used for higher-order corrections.

The longitudinal sector

The contributions of the final states with different spin J = 0, 1 in Equation 1.36 can
also be decomposed in the following form [4, 5]:

Rτ = 12πSEW

m2
τ∫

0

ds

m2
τ

(
1− s

m2
τ

)2{(
1 +

2s

m2
τ

)
=Π(1+0)(s)− 2(s/m2

τ )=Π(0)(s)

}
,

(1.41)
where the J = 1 + 0 part is called transverse and the J = 0 part longitudinal con-
tribution. While the perturbation series for the transverse part is well behaved and
converges reasonably well—as does the longitudinal part for the non-strange sector—the
longitudinal contribution in the above expression shows a bad convergence for final
states with net strangeness [4, 5, 10]. This is reflected by large uncertainties of these
contributions, which result mainly from higher-order perturbative corrections.

The problem can be alleviated by using a phenomenological parametrization of
the J = 0 contribution R

(J=0)
τ [4, 5]. In this approach, R

(J=0)
τ is predicted using well-

known resonances. For final states with net strangeness, R
(J=0)
τ,S is dominated by the
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pseudoscalar contribution, which in turn is dominated by the well-known kaon pole.
Additionally, minor higher resonances are also included, as is the small contribution
from scalar resonances. The parametrization improves the uncertainty of R

(J=0)
τ,S by

one order of magnitude with respect to the perturbative QCD calculation [4, 5]. For
completeness and with an improvement of a factor of two, the longitudinal contribution
of final states without net strangeness, R

(J=0)
τNS , is also parametrized. It is dominated by

the pion pole.

1.3.2 Spectral moments of hadronic τ decays

Additional information on hadronic τ decays can be obtained from the shape of the
spectral functions. The shape can be described using spectral moments

Rkl
τ ≡

m2
τ∫

0

ds

(
1− s

m2
τ

)k (
s

m2
τ

)l
dRτ

ds
(1.42)

with spectral weights (1 − s/m2
τ )
k and (s/m2

τ )
l and (k, l ∈ IN). Thus, Rτ ≡ R00

τ . All
moments Rkl

τ can be calculated in analogy to Rτ (Equations 1.36, 1.39) using the
Operator Product Expansion:

Rkl
τ = 3

(
|Vud|2 + |Vus|2

)
SEW

{
1 + δkl(0) + δ′EW +

∑
D≥2

δkl(D)

}
≡ Rkl

τ,NS +Rkl
τ,S . (1.43)

Higher moments are especially sensitive to higher-order perturbative and non-perturbative
contributions to the Operator Product Expansion.

The strong coupling constant αS from hadronic τ decays

A measurement that demonstrates the power of hadronic τ decays and their interpreta-
tion using perturbative QCD and the Operator Product Expansion is the determination
of αS(m2

τ ) from the measured and predicted rate and spectral moments of τ decays into
final states without net strangeness [10, 28]. The result is

α
(τ)
S (m2

τ ) = 0.344± 0.005(exp) ± 0.007(theo)

= 0.344± 0.009 , (1.44)

where (τ) indicates the determination from τ decays. The total uncertainty is obtained
by adding the experimental and theoretical contributions in quadrature. Evolution
of the measured value to the Z0 mass scale yields the most precise determination of
αS(m2

Z):

α
(τ)
S (m2

Z) = 0.1212± 0.0005(exp) ± 0.0008(theo) ± 0.0005(evol)

= 0.1212± 0.0011 , (1.45)
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where the third uncertainty results from the evolution to the Z0 mass scale. The
measurement is in good agreement with the direct determination from the global fit to
the electroweak data at the Z0 mass scale,

α
(Z)
S (m2

Z) = 0.1191± 0.0027(exp) ± 0.0001(theo)

= 0.1191± 0.0027 . (1.46)

The agreement of both values over a range of two orders of magnitude of the mass
scale provides a stringent test of the running of the strong coupling constant αS and of
asymptotic freedom as predicted by Quantum Chromodynamics [10, 28].

1.4 Determination of |Vus|
As Equation 1.3 shows, the amplitude of the flavor-changing us quark current is
proportional to the CKM matrix element Vus. This is illustrated by the Feynman
diagram for an s→ u transition in Figure 1.2.

�W
s u

Vus

Figure 1.2: Feynman diagram for a transition of an s quark into a u quark.

Thus, us quark currents can be used to measure |Vus|. Two methods are presented
in the following sections. Firstly, the measurement of |Vus| using semileptonic kaon
decays is summarized. This is the basis for the actual world average of |Vus| as listed in
Reference [3]. Secondly, an independent method to determine |Vus| from hadronic τ
decays is outlined as presented in Reference [4]. Within this work, the second method
is used to perform an updated determination of |Vus| on the basis of the improved
branching fractions of the modes τ− → K−nπ0ντ , n = 0, 1, 2, 3, which are measured in
this analysis.

1.4.1 Semileptonic kaon decays

Figure 1.3 shows the Feynman diagram for the semileptonic kaon decays K− → π0`−ν`
and K0 → π+`−ν` with ` = e, µ. The basis for the extraction of |Vus| from semileptonic
kaon decays, so called K`3 decays, K → π`ν`(γ), is the measurement of their partial
decay widths

ΓK`3 ≡ Γ(K → π`ν`(γ)) with ` = e, µ . (1.47)

Experimentally, the ΓK`3 are obtained from a measurement of the branching fractions
BK`3 ≡ B(K → π`ν`(γ)) and the lifetimes of the corresponding kaons τK . The branching
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� ν`

`−

Vus

u/du/d }
π0/π+

{
K−/K0

us

W−

Figure 1.3: Feynman diagram of the semileptonic kaon decays K− → π0`−ν` and
K0 → π+`−ν` with ` = e, µ.

fraction is defined as Bi ≡ Γi/Γ (Equation 1.15), where Γ is the total decay width,
Γ = ~/τ.

Theoretically, the semileptonic decay widths can be calculated as follows [29]:

ΓK`3 =
G2
Fm

2
K

192π3
C2
KSEW|Vus|2 |f+(0)|2 IK`

(
1 + δ

SU(2)
K + δEM

K`

)2

. (1.48)

The symbol GF denotes the Fermi constant, mK is the relevant kaon mass, K denotes
K0 → π± and K± → π0 transitions, for which C2

K = 1 and C2
K = 1/2, respectively, and

SEW is the electroweak (short distance) radiative correction. The form factor f+(t) for a
momentum transfer t to the `ν` system results from the fact that kaons and pions are not
point-like particles but compound objects made from quarks and gluons. Traditionally,
only the form factor f+(0) ≡ fK

0π−
+ (0) for the transition K0 → π± and zero momentum

transfer is explicitly used in Equation 1.48. Its momentum and mode dependence
is absorbed into the correction factors δ

SU(2)
K and δEM

K` , which are calculated using

perturbation theory. More specifically, δ
SU(2)
K are SU(2) breaking corrections that depend

on the kaon species, δK0 = 0, δK± = O(2.4) %. The long-distance electromagnetic
corrections δEM

K` depend on the meson charges and are approximately δK0` = O(0.6 %),
δK±` = O(0.0 %). The symbol IK` denotes the phase space integral, which includes
additional form factor corrections that are estimated from the experimental data.

Using Equation 1.48, the product |f+(0)Vus| can be obtained from a measurement of
the semileptonic kaon decay widths ΓK`3 . The world average of the different semileptonic
kaon decays yields [3]

|f+(0)Vus| = 0.21668± 0.00045 (0.21 %) , (1.49)

where the last number is the relative uncertainty. The form factor f+(0), which is
needed to extract |Vus| from the experimental measurements of the combined quantity
|f+(0)Vus|, has to be calculated theoretically. The world average of |Vus| as advocated
by Reference [3] uses an older but still widely accepted calculation within the framework
of Chiral Perturbation Theory [30]. It yields

f+(0) = 0.961± 0.008 (0.83 %) . (1.50)

The value of |Vus| that is obtained from the measurement of Equation 1.49 with the
help of this calculation is [3]

|Vus|K`3 = 0.2255± 0.0019 (0.84 %) . (1.51)
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While recent lattice gauge theory calculations result in similar values for the form factor
as Equation 1.50, a word of caution is appropriate [3, 31]. Recent evaluations on the basis
of Chiral Perturbation Theory that include additional higher-order corrections yield
results that deviate from Equation 1.50 by as much as 2 %, giving relative uncertainties
of around 1 % [3, 29, 31]. For example, a recent update finds f+(0) = 0.974 ± 0.012,
which implies a lower value of |Vus| = 0.2225 ± 0.0028 [3, 31]. This fact and the
relative uncertainties from the above given values of |f+(0)Vus|, f+(0) and |Vus| reveal
a shortcoming of the measurement of |Vus| using semileptonic kaon decays. At the
current experimental precision reached for the measurements of the branching fractions
of semileptonic kaon decays, all determinations of |Vus| using this method are dominated
by the theoretical uncertainty of the form factor calculation.

1.4.2 Hadronic τ decays

Hadronic τ decays into final states with net strangeness also facilitate a measurement of
|Vus|. It is completely independent of the one using semileptonic kaon decays and thus
allows an important cross check of the latter method. Figure 1.4 displays the Feynman
diagrams of hadronic τ decays on quark level τ− → usντ/udντ and the corresponding
fully leptonic τ decays τ− → `−ν`ντ with ` = e, µ.

�W−
τ−

ντ

u

s/d

Vus/Vud

(a) τ− → usντ/udντ .

�W−
τ−

ντ

ν`

`−

1

(b) τ− → `−ν`ντ .

Figure 1.4: Feynman diagram of a hadronic τ decay with/without net strangeness
τ− → usντ/udντ and its leptonic counterpart τ− → `−ν`ντ with ` = e, µ. The us/ud
quark pair either builds only a kaon (pion) or hadronizes, e. g., into the final states
π−/K−nπ0 with n ≥ 1.

Figure 1.4(a) and Equation 1.39 show that the hadronic decay rate of the τ lepton
into final states with net strangeness Rτ,S is directly proportional to |Vus|2:

Rτ,S ≡
Γ(τ− → X−S ντ )

Γ(τ− → e−νeντ )
≡ Γ(τ− → usντ )

Γ(τ− → e−νeντ )

= 3 |Vus|2 SEW

{
1 + δ(0) + δ′EW +

∑
D≥2

δ(D)
us

}
, (1.52)

where the higher order corrections δ
(D)
us depend on the strange-quark mass ms, δ

(D)
us =

δ
(D)
us (ms).
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The value of Rτ,S can be calculated as a function of |Vus| as outlined in Section 1.3
using perturbative QCD and phenomenological parametrizations. Thus, in principle,
a measurement of Rτ,S as summarized in Section 1.2.3 allows a determination of |Vus|
on the basis of Equation 1.52. Due to its inclusiveness, i. e., the summation over all
hadronic final states, Rτ,S does not depend on hadronic form factors—in contrast to
the semileptonic kaon decay width. Only the production of the us quark pair enters
into the calculation and although the rates of the individual exclusive hadronic final
states do contain form factors, they cancel in the inclusive sum of all final states with
net strangeness [10]. Hence, hadronic τ decays allow a determination of |Vus| that is
completely independent of the measurement using semileptonic kaon decays.

However, a more precise determination of |Vus| can be obtained from a measurement
of the decay rates of the τ lepton both into final states without (Rτ,NS) and with (Rτ,S)
net strangeness. This allows the determination of the flavor-SUF (3) breaking difference
between the CKM-normalized hadronic τ decay rates into final states without and with
net strangeness [4, 5]:

δRτ ≡
Rτ,NS

|Vud|2
−

Rτ,S

|Vus|2
. (1.53)

In the limit of flavor-SUF (3) symmetry, i. e., in the limit of vanishing quark masses,
this difference also vanishes. The breaking of the symmetry is mainly induced by the
strange-quark mass ms, which is much larger than the masses of the u and d quarks
(Table 1.1). Thus, δRτ basically is a function of the strange-quark mass [4, 5]:

δRτ = δRτ (ms) . (1.54)

It can be calculated theoretically in analogy to the terms Rτ,S and Rτ,NS [4, 5, 10]:

δR(theo)
τ = 3SEW

∑
D≥2

{
δ

(D)
ud − δ

(D)
us

}
. (1.55)

Many theoretical uncertainties and especially the D = 0 perturbative correction δ(0)

cancel in this difference, allowing for a much increased precision of the calculation with
respect to the ones of Rτ,S and Rτ,NS. A QCD calculation yields [6]

δR(QCD)
τ = 0.227± 0.054 , (1.56)

where the strange-quark mass ms(2 GeV) = (96± 10) MeV/c2 from QCD sum rules and
lattice QCD is the most crucial input. However, this calculation is plagued with the
same convergence problems in the J = 0 longitudinal contribution as the calculations
of Rτ,S and Rτ,NS (Section 1.3.1, [4, 5, 10]). Thus, the uncertainty of δRτ is large and

dominated by the longitudinal contribution δR
(QCD,J=0)
τ [6]:

δR(QCD,J=0)
τ = 0.166± 0.051 . (1.57)

Using a phenomenological approach for δR
(J=0)
τ as described in Section 1.3.1 results in

the much more precise values [6] of

δR
(pheno,J=0)
τ = 0.1544± 0.0037 ,

δR
(pheno)
τ = 0.216± 0.016 .

(1.58)
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Both are consistent with the pure QCD calculations but δR
(pheno)
τ is 3.4 times more

precise than its QCD counterpart. Hence, the phenomenologically improved value
δR

(pheno)
τ is used within this analysis.
The measurements of Rτ,S, Rτ,NS and |Vud| can now be used to obtain |Vus| from

Equation 1.53:

|Vus| =

√√√√ Rτ,S

Rτ,NS

|Vud|2
− δRτ

. (1.59)

The values of the current world averages of Rτ,S and Rτ,NS from Equations 1.27 and
1.28 as well as the world average |Vud| = (0.97418± 0.00027) [3] result in

|Vus| = 0.2164± 0.0005(theo) ± 0.0031(exp)

= 0.2164± 0.0031 (1.45 %) ,

|Vus|(uni) = 0.2176± 0.0005(theo) ± 0.0030(exp)

= 0.2176± 0.0030 (1.38 %) .

(1.60)

The first value uses the measured branching fraction for the mode τ− → K−ντ while
the second assumes the universality-improved value as described in Section 1.2.2. The
values in brackets specify the relative uncertainties. Equation 1.60 shows that the
theoretical uncertainty is much smaller than the experimental one—in contrast to the
determination of |Vus| from semileptonic kaon decays (Section 1.4.1) and despite the
relative uncertainty of 7.5 % on δRτ (Equation 1.58). This is due to the fact that δRτ

is only a small correction compared to Rτ,S/ |Vus|
2 and Rτ,NS/ |Vud|

2 in Equation 1.59.
Hence, the uncertainty of |Vus| is dominated by the uncertainties of Rτ,S and Rτ,NS.
Both Rτ,S and Rτ,NS are determined from the branching fraction of the τ lepton into
final states with net strangeness and the electronic τ branching fraction (Equation 1.27).
Due to the precision of the latter (Equation 1.21), the uncertainty of |Vus| as determined
from hadronic τ decays is completely dominated by the branching fraction of the τ
lepton into final states with net strangeness BS.

The uncertainty of BS should be significantly reduced once the B factories BABAR
and Belle measure all decay modes of the τ lepton into final states with net strangeness
using their huge τ data samples (Section 2.3). A reduction of the uncertainty of BS

to 1 % would result in a relative uncertainty of |Vus| of 0.6 % [6]. This corresponds
to an improvement of a factor of 2.8 with respect to today’s world average as listed
in Table 1.4. It would make the determination from hadronic τ decays one of the
most precise measurements of |Vus| available. In addition, the measurement would be
completely independent from other existing methods, e. g., semileptonic kaons decays.

Table 1.4 shows that the decay modes τ− → K−nπ0ντ with n = 0, 1, 2, 3 contribute
a significant fraction to BS and its uncertainty. Their measurement as performed in this
analysis is an important step towards a reduction of the experimental uncertainties of
|Vus| as obtained from hadronic τ decays. Moreover, the measured and the universality-
improved branching fraction of the mode τ− → K−ντ deviate by approximately 1.3
standard deviations. Although this could very well be a statistical fluctuation, it will
be enlightening to further investigate this feature by improving the experimental value
of B(τ− → K−ντ ).
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Analogous to Equation 1.53, the flavor-SUF (3) breaking difference of the non-strange
and strange spectral moments (Equations 1.42 and 1.43) is defined as

δRkl
τ ≡

Rkl
τ,NS

|Vud|2
−

Rkl
τ,S

|Vus|2
. (1.61)

It can be determined from the experimentally measured non-strange and strange spectral
functions as provided, e. g., by the ALEPH and OPAL collaborations (Figure 1.1). The
differences of the moments can also be calculated using the Operator Product Expansion
analogous to Equation 1.55:

δRkl(theo)
τ = 3SEW

∑
D≥2

{
δ
kl(D)
ud − δkl(D)

us

}
. (1.62)

Similar to δRτ , they mainly depend on the strange-quark mass ms. Thus, instead of
using ms as an input to calculate the moments δRkl

τ , a fit of several moments δRkl
τ to

the experimentally measured corresponding non-strange and strange spectral moments
Rkl
τ,NS and Rkl

τ,S allows—in principle—a simultaneous extraction of |Vus| and ms [4, 5].
However, a few caveats exist. Firstly, the experimentally measured moments of

different orders k, l are highly correlated [10]. Secondly, independent determinations of
ms already provide a level of precision that is unlikely to be reached using τ decays [4, 5].
Thirdly—and most importantly—while the perturbative QCD series for Rτ ≡ R00

τ is
reasonably well behaved at least in its J = (1 + 0) part (Section 1.3.1), this is not the
case for higher moments k, l > 0 [4, 5, 10]. These depend strongly on higher-order
terms of the OPE which are less certain and induce large uncertainties. The results of
the fits to several moments k, l > 0 show a strong dependence on the specific moments
that are used [10]. This undermines the reliability of the method.

In consequence, until these theoretical problems are solved, the state-of-the-art and
preferred, most precise method to extract |Vus| from hadronic τ decays is the one using
the 00-moment, i. e., the decay rate of the τ lepton into final states with net strangeness
(Equation 1.59, [4, 5, 10]). This is the method that is used within this analysis.

1.4.3 Summary of current |Vus| results

Figure 1.5 shows a summary of current determinations of |Vus| as described in Sec-
tions 1.4.1 and 1.4.2 and References [3, 29, 31, 32]. Unitarity refers to the value obtained
from the world averages of |Vud| and |Vub| = (4.31±0.30)×10−3 [3] by imposing unitarity

|Vus|(unitarity) =
√

1− |Vud|2 − |Vub|2 = 0.2257± 0.0012 (0.52 %) . (1.63)

The measurement of π`2 and K`2 decays π−/K− → `−ν` with ` = e, µ allows the
determination of |Vus|2/|Vud|2. This can be converted into a measurement of |Vus| using
the world average of |Vud| [3, 32]. Hyperon decays, e. g., Λ → pπ− or Σ− → nπ−,
facilitate a measurement of |Vus| in analogy to the method using K`3 decays [31].

Similar to the extraction from semileptonic kaon decays, both methods also rely on
form factors to extract |Vus| from the measured branching fractions. Thus, all three
results—|Vus| from K`3, K`2 and hyperon decays—are dominated by the theoretical
uncertainties of these calculations. As described in Section 1.4.2, the measurement
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|
us

|V

0.18 0.19 0.2 0.21 0.22 0.23

Unitarity  0.0012)±(0.2257 

 decaysl3K  0.0019)±(0.2255 

 decaysl2K  0.0014)±(0.2262 

Hyperon decays  0.0050)±(0.2260 

 decaysτ  0.0031)±(0.2164 

 decays (uni)τ  0.0030)±(0.2176 

Figure 1.5: Summary of current measurements of |Vus| [3]. Unitarity refers to the value
obtained from the world averages of |Vud| and |Vub| by imposing unitarity (Equation 1.63).
The measurement using K`3 decays is described in Section 1.4.1. Hyperon [31] and K`2

decays [32] provide similar methods to determine |Vus|. All three measurements are
dominated by theoretical uncertainties [3, 31, 32]. The independent measurements using
τ decays are described in Section 1.4.2 and summarized in Equation 1.60. The appendix
(uni) denotes the method using the theoretically predicted branching fraction for the
decay mode τ− → K−ντ (Section 1.2.2). Both values are dominated by experimental
uncertainties. The current world average [3] is marked by the grey band. The yellow
band indicates the measurement from τ decays.

using hadronic τ decays is completely independent from these measurements. It is
dominated by the experimental uncertainty of the branching fraction of the τ lepton
into final states with net strangeness. It thus provides an excellent means to verify the
theoretically dominated methods.

While the measurements from kaon and hyperon decays are all compatible with
unitarity, the measurements from τ decays deviate from Equation 1.63 by 2.8 and 2.5
standard deviations respectively. This tendency was further enhanced by the recent
measurements of the BABAR and Belle collaborations, which all yield smaller branching
fractions than the averages of the LEP and CLEO measurements [7, 24, 25]. This
resulted in a smaller value of Rτ,S and |Vus| (Equation 1.59). In this context, it is
particularly important to further enhance the precision of the measurements of τ decays
into final states with net strangeness using the huge τ samples of the B factories. This
will shed light onto the evolution of the observed deviation. Since it could also be caused
by unobserved decay modes of the τ lepton, it is particularly important to precisely
measure high-multiplicity final states, e. g., τ− → K−π0π0π0ντ . This thesis provides
a contribution to all of these topics by the measurement of the branching fractions
τ− → K−nπ0ντ with n = 0, 1, 2, 3 and the following extraction of |Vus|.





Chapter 2

The BABAR experiment

The BABAR experiment is located at the Stanford Linear Accelerator Center (SLAC)
near San Francisco. It was operated from October 1999 until April 2008 by the Leland
Stanford Junior University for the US Department of Energy. Its primary goal was the
reconstruction of B meson decays and the precise measurement of CP violation in the
B meson system. The B mesons are produced as BB pairs in e+e− collisions within
the Positron Electron Project (PEP-II) collider facility. Due to the large cross section
for the production of B meson pairs (σBB = 1.05 nb, [33]), PEP-II is also called a B
factory . However, the cross section for the production of τ+τ− pairs is of similar size
(σττ = 0.919 nb, [9]), thus PEP-II also is a τ factory . During its operating time, BABAR
has recorded a data set of approximately 488× 106 τ+τ− pairs, of which 427× 106 are
used within this analysis.

This chapter briefly introduces the most important properties of the PEP-II collider
(Section 2.1) and the BABAR detector (Section 2.2). A more detailed description may
be found in References [8, 34]. The data set and the Monte Carlo simulated event
samples that are used for the presented analysis are described in Section 2.3.

2.1 The PEP-II collider

The PEP-II facility is an asymmetric e+e− storage ring system, in which electrons with
an energy of 9.0 GeV collide head-on with positrons with an energy of 3.1 GeV. The
resulting center-of-mass energy is 10.58 GeV, which corresponds to the mass of the
Υ (4S) resonance. This resonance decays into BB pairs with a probability of more than
96 % [3]. Due to the asymmetric energies of the colliding beams, the center-of-mass
system is boosted with a factor βγ = 0.56 in the flight direction of the incoming electron
beam. This facilitates the reconstruction of the decay vertices of the B mesons, which
are needed to measure the relative decay length and the time dependence of the B
decays.

Figure 2.1 [35] shows a schematic view of the accelerator facilities and the PEP-II
ring system. Electrons and positrons are accelerated in the 3 km long linear accelerator
(Linac). When they have reached their respective energies, they are injected into the
two storage rings.1 Both beams collide head-on in the interaction region, which is

1Because of the different energies, two storage rings are necessary.
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Figure 2.1: Schematic view of the accelerator facilities and storage ring system of the
PEP-II B and τ factory. The linear accelerator (Linac) is part of the Stanford Linear
Collider (SLC). The BABAR detector is located around the interaction region in the upper
right straight of the PEP-II hexagon. Image taken from Reference [35].

surrounded by the BABAR detector. To obtain the high rate of B mesons needed for
the measurements of rare decay modes with branching fractions B <∼ O(10−6), a high
luminosity is an essential prerequisite to the success of the BABAR physics program.
During its operation, the original design luminosity of 3 × 1033 cm−2s−1 [8] has been
surpassed by a factor of four, reaching a peak luminosity of 12× 1033 cm−2s−1 [36].

2.2 The BABAR detector

Figure 2.2 [8] shows a schematic longitudinal section through the center of the BABAR
detector. To account for the boost of the center-of-mass system, the detector is
asymmetric with respect to the forward and backward directions. In this context,
forward is defined as the flight direction of the incoming high energy electron beam.
The detector components are arranged in a radially symmetric way around the beam
axis.

The tracking system is closest to the beam pipe. It consists of the silicon vertex
tracker (SVT), which directly surrounds the interaction point, and the drift chamber
(DCH). They are in turn surrounded by the Cherenkov detector (DIRC), followed by
the electromagnetic calorimeter (EMC). All these sub-systems are contained inside a
superconducting coil, which provides a solenoidal magnetic field of 1.5 T. This facilitates
the measurement of the momenta of charged particles with the tracking system. The
iron yoke used to return the magnetic flux is instrumented with ionization detectors
(IFR).

2.2.1 The silicon vertex tracker

In conjunction with the drift chamber, the silicon vertex tracker is used to detect charged
particles and measure their momenta. In addition, both tracking devices are also used to
measure the specific energy loss dE/dx as a contribution to the identification of charged
particles (Section 3.3). Figure 2.3 [8] shows a schematic longitudinal and transverse



2.2 The BABAR detector 29

��

� �

���� ����

����

����

����

���

����

��������

�

���

����

�

�

�

�
�

Scale

BABAR Coordinate System

0 4m

Cryogenic
Chimney

Magnetic Shield
for DIRC

Bucking Coil

Cherenkov
Detector
(DIRC)

Support
Tube

e– e+

Q4
Q2

Q1

B1

Floor

y
x

z
1149 1149

Instrumented
Flux Return (IFR))

Barrel
Superconducting

Coil

Electromagnetic
Calorimeter (EMC)

Drift Chamber
(DCH)

Silicon Vertex
Tracker (SVT)

IFR
Endcap

Forward
End Plug

1225

810

1375

3045

3500

3-2001
8583A50

1015 1749

4050

370

I.P.

Detector CL

Figure 2.2: Schematic longitudinal section through the center of the BABAR detector.
The high energy electrons (9.0 GeV) enter the detector from the left side, the low energy
positrons (3.1 GeV) from the right. Thus, the center-of-mass system is boosted to the
right side of the drawing. The interaction point is marked as I.P. and CL denotes the
geometric center of the BABAR detector, The most important components are—from the
center outwards—the silicon vertex tracker, the drift chamber, the Cherenkov detector,
the electromagnetic calorimeter and the instrumented flux return. The symbols Q1/2/4
and B1 denote pairs of quadrupole and dipole magnets respectively. All dimensions are
given in mm unless noted otherwise. Image taken from Reference [8].

cross-section of the SVT and its arrangement around the beam pipe. The sub-detector
consists of five cylindrical layers of double-sided silicon strip detectors. The outer side
of each layer has strips parallel to the z-direction to allow a precise measurement of the
azimuthal angle φ. In contrast, the strips of the inner sides are aligned perpendicular
to the outer ones and thus measure the z-coordinate. The SVT covers a polar angular
range of 20.1◦ to 150.2◦ [8].

As indicated by its name, the silicon vertex tracker is specifically optimized for
the reconstruction of the primary and secondary decay vertices. To minimize the
influence of multiple scattering on the vertex extrapolation, the innermost three layers
are mounted as closely to the water-cooled beryllium beam pipe (r ≈ 27.8 mm) as
practically possible (r1 ≈ 32 mm). The outer two layers are located at much larger radii
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Figure 2.3: Schematic (a) longitudinal and (b) transverse cross-section of the silicon
vertex tracker. The roman numerals label the six different types of sensors. The inner three
layers are mounted as close to the beam pipe (r ≈ 27.8 mm) as possible (r1 ≈ 32 mm),
each consisting of six modules. The outer two layers are located at larger distances
(r5 ≈ 144 mm) and mainly link the SVT to the DCH tracks. They consist of 16 and 18
modules respectively. Images taken from Reference [8].

(r5 ≈ 144 mm) and are mainly used to link the SVT and DCH tracks. In total, the SVT
provides an excellent vertex resolution of approximately 70µm for a fully reconstructed
B meson decay [8]. This is one of the prerequisites to the successful measurements of
the time-dependent CP asymmetries in B decays.

2.2.2 The drift chamber

The drift chamber provides a precise measurement of the transverse momentum of
charged particles using the curvature of their trajectories in the magnetic field. Fig-
ure 2.4 [8, 35] shows a schematic longitudinal and transverse cross-section of the DCH.
It is built as a multi-wire proportional chamber with an inner radius of 26.6 cm, an
outer one of 80.9 cm and a length of 280 cm. The volume is divided into 7104 hexag-
onal drift cells. The cells are arranged into ten super-layers of four layers each, thus
providing up to 40 position and ionization loss measurements per trajectory. To allow
position measurements along the beam axis, six super layers are stereo layers with
alternating tilts of ±(45− 76) mrad. The remaining four super layers are axial layers.
The arrangement of the layers in an alternating pattern (Figure 2.4(b)) guarantees an
optimal spatial resolution. The mean resolution of a single position measurement is
125µm [8].

The measurement of dE/dx in the tracking system allows a separation of pions and
kaons up to momenta of 700 MeV/c (Section 3.3.1, Figure 3.1(a)) in addition to the
information provided by the Cherenkov detector. The resolution σpT of the tracking
system for the measurement of the transverse momentum pT is [8]:

σpT
pT

= (0.13± 0.01) % · pT [ GeV/c] + (0.45± 0.03) % . (2.1)
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Figure 2.4: Schematic (a) longitudinal cross-section of the drift chamber and (b)
transverse section of one of its segments. The interaction point—which is offset by
370 mm with respect to the geometrical center of the chamber—is marked as IP. The
pattern of the axial (A) and stereo (U, V) layers is indicated in (b). All dimensions are
given in mm. Images taken from References [8, 35].

2.2.3 The Cherenkov detector

The Cherenkov detector is mainly used for the identification of charged particles, in
particular the separation of pions and kaons. As the tracking system only provides
reliable pion-kaon separation up to momenta of 700 MeV/c, this is crucial for many B
analyses as well as the measurements described in this document (Sections 3.3, 4.2.2).
The Cherenkov detector provides an excellent separation of pions and kaons of five
standard deviations up to momenta of 2.5 GeV/c, which slowly decreases to an acceptable
level of 2.5 standard deviations at 4 GeV/c [8].

To minimize the amount of material in front of the electromagnetic calorimeter and
thus the reduction of its energy resolution, the Cherenkov device uses a novel design for
ring-imaging Cherenkov detectors. It is designed as a detector of internally reflected
Cherenkov light (DIRC). Only the active detector material is located between the drift
chamber and the electromagnetic calorimeter, while all read-out devices are located
in a standoff box at the rear end of the BABAR detector. Figure 2.5(a) [37] shows a
schematic view of the construction. In total, the active detector material of the DIRC,
which surrounds the drift chamber, consists of 144 bars of fused silica (quartz) with a
refractive index of n = 1.473 [8]. The bars have a length of 4.9 m, a width of 35 mm and
a thickness of 17 mm. The latter corresponds to approximately 0.17− 0.30 radiation
lengths X0, depending on the polar angle. Twelve bars are combined into a bar box
and twelve boxes form the dodecagonal shape visible in Figure 2.5(a).

The working principle of the DIRC is illustrated in Figure 2.5(b) [35]. When a
charged particle traverses the silica bars with a velocity β = v/c ≥ 1/n, it emits
Cherenkov light at an angle

θC =
1

nβ
=

√
1 + m2c2

p2

n
. (2.2)
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Figure 2.5: (a) Schematic view and (b) working principle of the Cherenkov detector.
The sketch in (a) shows the twelve boxes, each of which contains twelve quartz bars. It
also indicates the water-filled standoff box, which is surrounded by 10572 photomultiplier
tubes (PMTs). The mirrors in the standoff box are used to reflect the Cherenkov light
towards the PMTs. The working principle in (b) is illustrated for a single quartz bar.
The drawing displays the trajectory of a charged particle (red), which emits Cherenkov
photons (green) inside the quartz bar (blue). The light is internally reflected and detected
by the PMTs in the standoff box. Images taken from References [35, 37].

The symbol m denotes the particle’s mass, p its momentum and c the velocity of light
in vacuum. The position and the direction of the traversing particle as well as its
momentum are measured using the tracking system. Thus, the measurement of θC

allows the identification of the particle type. To reconstruct θC, the Cherenkov light
is guided into the standoff box via total reflection in the quartz bars. The standoff
box is filled with approximately 6000 liters of purified water. Its solenoidal surface is
covered with 10572 photomultiplier tubes (PMTs), which are immersed directly into
the water. Each PMT has a diameter of 29 mm and the average distance to the silica
bars is 1.17 m. As reflection preserves the original emission angle, the detection of the
Cherenkov photons with the PMTs allows the reconstruction of the Cherenkov angle
θC. However, the reflections introduce discrete ambiguities in the reconstruction of the
original direction of the light cone. These are resolved using additional information
on the photon arrival times relative to the particle crossing as well as a sophisticated
pattern recognition algorithm [8].

2.2.4 The electromagnetic calorimeter

The electromagnetic calorimeter is used to measure the energy, position and shape
of electromagnetic showers. It also provides information on the energy deposits of
traversing muons and hadrons. In conjunction with the tracking system, this facilitates
the calculation of E/p, where E is the energy deposited in the calorimeter and p
the momentum of the particle. Both the shower shape and E/p are used for the
identification of charged particles (Section 3.3).
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Figure 2.6 [8] displays a longitudinal cross-section of the upper half of the BABAR
calorimeter. The EMC is designed as a scintillating crystal calorimeter. It consists
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Figure 2.6: Schematic longitudinal cross-section of the upper half of the electromagnetic
calorimeter. Due to the boost of the center-of-mass system, the arrangement of the
crystals is asymmetric, consisting of a central barrel and a forward endcap. The detector
is axially symmetric around the beam axis. Each of the 56 plotted crystals corresponds
to an axially symmetric crystal ring. All dimensions are given in mm. Image taken from
Reference [8].

of 6580 crystals of thallium-doped cesium iodide (CsI(Tl)). The material has been
chosen partially due to its small Molière radius RM ≈ 3.8 cm and short radiation
length X0 ≈ 1.85 cm [8]. This allows for a compact design of the calorimeter while
providing precise angular measurements and fully contained electromagnetic showers.
The calorimeter consists of a central barrel with a length of 3 m, an inner radius of
91 cm and an outer one of 136 cm. Together with the conical forward endcap, it provides
an angular coverage of 15.8 < θ < 140.8◦. The length of the crystals varies between
29.8 cm (16.1X0, backward barrel) and 32.6 cm (17.6X0, endcap) [8]. The scintillation
light is read out by two silicon photodiodes at the rear end of each crystal.

The excellent energy and angular resolutions σE and σθ/φ can be parametrized by
the empirical formulae [8]

σE
E

=
(2.32± 0.30) %

4
√
E [ GeV]

⊕ (1.85± 0.12) % , (2.3)

σθ = σφ =

(
3.87± 0.07√
E [ GeV]

+ 0.00± 0.04

)
mrad . (2.4)

The symbol E denotes the energy measured in the calorimeter and θ and φ are the
polar and azimuthal angles respectively.

2.2.5 The instrumented flux return

All sub-detector components described so far are located inside a solenoidal super-
conducting coil. It creates a 1.5 T magnetic field, which is parallel to the beam axis.
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The magnetic flux is returned using an iron yoke. Its components are displayed in
Figure 2.7 [8]. They are arranged in a central barrel and two endcap sections, which
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Figure 2.7: Schematic view of the instrumented flux return (IFR). The IFR is divided
into a central barrel (left) and a forward and backward endcap (right). Each consists
of 19 (18) layers of instrumented iron plates. During the operating time of the BABAR
experiment, the original resistive plate chambers (RPCs) have been replaced with limited
streamer tubes (LSTs). All dimensions are given in mm. Image taken from Reference [8].

are instrumented with 19 and 18 layers of ionization detectors between the iron plates,
respectively. The instrumented flux return is used to detect and identify muons as well
as neutral hadrons, e. g., K0

L mesons and neutrons. For this purpose, the thickness of
the iron plates increases from 2 cm in the innermost plane to 10 cm in the outermost
one. The originally installed resistive plate chambers (RPCs) have been replaced with
limited streamer tubes (LSTs).

2.3 Data and Monte Carlo simulated event samples

This section introduces the data set and the Monte Carlo simulation used within this
work.

2.3.1 Data

During its operating time from 1999 until 2008, the BABAR experiment has recorded
an integrated luminosity of 531 fb−1 [38]. The majority of this data sample has been
taken at a center-of-mass energy of 10.58 GeV corresponding to the Υ (4S) resonance
(On-Peak). About 10 % of the data have been recorded at energies 40 MeV below the
resonance (Off-Peak). This energy is below the threshold for BB production and the
data are used to estimate backgrounds in BB analyses. The cross section for τ+τ−

production only changes by about 0.65 % between On-Peak and Off-Peak data [9, 39] and
the kinematic properties of τ+τ− events show no significant difference. In this analysis,
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both On-Peak and Off-Peak data are used. The cross section difference is accounted
for when scaling the Monte Carlo simulation to the data luminosity (Section 6.1). No
further distinction is made between the two data samples.

The BABAR data sample is divided into seven runs. A run period is characterized
by constant data taking conditions and lasts roughly one year. This analysis uses the
run I–VI sub-sample of the BABAR data set. It was recorded in the years 1999–2007.
Table 2.1 shows the integrated luminosity divided into run periods and On-Peak and
Off-Peak samples. The given numbers for the integrated luminosities are obtained

Table 2.1: Integrated luminosities for the different run periods [40–43]. The luminosities
are specified for the entire run period (LP) as well as separately for the On-Peak and
Off-Peak fractions (LOn-Peak, LOff-Peak).

Run period LP [fb−1 ] LOn-Peak [fb−1 ] LOff-Peak [fb−1 ]

run I 22.99 ± 0.22 20.37 ± 0.19 2.62 ± 0.02

run II 68.07 ± 0.64 61.15 ± 0.57 6.92 ± 0.07

run III 34.75 ± 0.33 32.28 ± 0.30 2.47 ± 0.02

run IV 108.56 ± 0.76 98.46 ± 0.69 10.10 ± 0.07

run V 146.6 ± 1.0 132.12 ± 0.92 14.49 ± 0.10

run VI 83.43 ± 0.58 76.16 ± 0.53 7.28 ± 0.05

run I–VI 464.4 ± 3.0 420.5 ± 2.7 43.87 ± 0.29

from the numbers of Bhabha, di-muon and two-photon events in the recorded data
sample [42, 43]. The data sample analyzed within this work corresponds to an integrated
luminosity of

L = (464.4± 3.0) fb−1 . (2.5)

The uncertainty of the luminosity determination results from the uncertainties of the
event reconstruction and selection as well as the dominant Bhabha cross section.

2.3.2 Monte Carlo simulation

Simulated events are produced using Monte Carlo methods. They are needed for the
development of the event selection criteria, the calculation of the selection efficiencies
and the estimation of background contributions (Section 6.2).

Reactions of the type e+e− → τ+τ−(γ) and e+e− → µ+µ−(γ) are generated with
the program kk2f [44], where (γ) indicates a possible initial or final state photon.
The decays of the τ lepton are described using the TAUOLA library [45]. To calculate
the decays, TAUOLA uses the world averages of the measured branching fractions as of
2002 [46]. In the framework of this analysis, the branching fractions of all τ decay
modes with a single charged track in the final state are reweighted to the actual world
averages [3]. The program EvtGen [47] is used to generate all processes e+e− → qq
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with q = u, d, s, c, b. The detector simulation is based on the GEANT4 package [48].
All simulated events are reconstructed and selected using the same tools as for data
(Chapters 3, 4). Table 2.2 contains the cross sections and the numbers of generated
events for the different run periods. Since the simulated data is generated and simulated

Table 2.2: Cross sections [9, 33] and numbers of Monte Carlo generated events for the
different run periods. The events of the type e+e− → τ+τ− do not include the decay
modes listed in Table 2.3 (see text).

e+e− → τ+τ− µ+µ− uu, dd, ss cc bb

σ[nb] 0.919± 0.003 1.147± 0.004 2.09a 1.30a 1.05a

run I [×106] 20.4 17.6 47.2 58.9 74.2

run II [×106] 55.6 69.2 130.9 168.8 206.6

run III [×106] 28.0 17.4 54.5 84.0 100.3

run IV [×106] 89.9 79.4 213.4 252.8 335.5

run V [×106] 132.3 89.5 289.8 343.6 489.1

run VI [×106] 56.4 73.9 127.9 156.9 203.2

run I–VI [×106] 382.5 347.0 863.7 1065.1 1408.9

a No estimate of the cross section uncertainties exists for these reactions. Since they only
constitute a minor background in this analysis (Section 4.8), the uncertainty of the measured
branching fractions due to these cross sections is negligible.

in parallel to real data taking, each Monte Carlo simulated event corresponds to a
specific set of detector and beam conditions. The fraction of events simulated for
each set of conditions roughly equals the fraction of real data recorded under these
circumstances.

The τ+τ− event sample listed in Table 2.2 does not contain all τ decay modes.
Channels with small branching fractions, B <∼ 10−3, or large uncertainties, ∆B/B >∼ 40 %,
are not included. Some signal and important background modes are affected, e. g.,
decays of the type τ− → K−nπ0ντ with n = 2, 3 and τ− → π−π0π0π0π0ντ . They are
generated as dedicated event samples listed in Table 2.3. In each case, one τ lepton
always decays into the given decay channel, while the second τ decays into one of
the modes of the general event sample of ττ reactions. For the signal decay modes,
τ− → K−nπ0ντ with n = 2, 3 and τ− → π−π0π0π0π0ντ , the available simulated events
correspond to O(10) times the integrated data luminosity.

Bhabha scattering, e+e− → e+e−, constitutes a significant background in this
analysis. Due to the large cross section of approximately 40 nb within the acceptance of
the BABAR detector and its angular distribution, the resulting background contribution
is hard to simulate. Therefore, no Monte Carlo simulation is used in this analysis to
estimate background from Bhabha scattering. Instead, very strict precautions are taken
to reject any residual e+e− → e+e− events in the data (Section 4.5).
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Table 2.3: Branching fractions [3] and numbers of generated signal and background
Monte Carlo simulated ττ events. Only the total event numbers for run I–VI are specified.
The listed decay modes are not included in the e+e− → τ+τ− reactions from Table 2.2.

τ− → B [×10−4] Generated Events [×103 ]

K−π0π0ντ 5.8 ± 2.4 7653

K−π0π0π0ντ 3.7 ± 2.4 7543

π−π0π0π0π0ντ 11.2 ± 5.1a 7273

π−ηπ0π0ντ 1.5 ± 0.5 522

K−ηντ 2.7 ± 0.6 513

K−ηπ0ντ 1.8 ± 0.9 548

π−K0ηντ 2.2 ± 0.7 636

a This is the actual world average [3] for B(τ− → h−π0π0π0π0ντ ).
No measurement exists for B(τ− → π−π0π0π0π0ντ ). Since the
decay mode τ− → π−π0π0π0π0ντ is measured in this analysis,
the number is neither needed nor used any further.





Chapter 3

Particle reconstruction and
identification

This chapter introduces the particle reconstruction and identification methods that are
provided by the BABAR collaboration. It also describes the reconstruction and selection
of neutral pions, which is specifically developed in the framework of this thesis.

This analysis uses the Monte Carlo simulation to develop the event selection and
test the understanding of the selected data (Chapter 4). Simulated events are further
used to estimate the amount of remaining background in the selected data sample
and to calculate absolute selection efficiencies for the determination of the branching
fractions (Chapter 6). Thus, the best possible agreement between data and Monte
Carlo simulation is essential for this analysis. Any discrepancies lead to systematic
errors in the measurement of the branching fractions. The agreement is discussed within
this chapter focusing on corrections for simulated events due to the reconstruction and
identification of charged particles. They are also provided by the BABAR collaboration.
Corrections due to the reconstruction of neutral pions are developed within this analysis
and discussed in detail in Chapter 5.

3.1 Charged particle reconstruction

Charged particles are reconstructed using the tracking system of the BABAR detector.
It consists of two independent subsystems, the silicon vertex tracker and the drift
chamber (Sections 2.2.1, 2.2.2). Both are contained inside the 1.5 T magnetic field.
Charged particles in a magnetic field are constrained to a helix-shaped trajectory.
When traversing the tracking system, a charged particle ionizes the detector material
and—with a certain probability—deposits a measurable amount of energy at a defined
position [49]. If the energy deposit is detected, the corresponding space point is called
a hit. A sophisticated pattern recognition algorithm combines hits that belong to
one helical trajectory. The helix parameters of these tracks are fitted with a Kalman
filter [8, 33, 50, 51]. The filter includes, amongst other things, multiple scattering,
inhomogeneities of the magnetic field and energy loss in the detector material.

On top of the basic reconstruction, the distance of closest approach of a track to
the primary vertex is considered to select tracks that are relevant for the presented

39
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analysis. All final state particles considered in this work are produced directly by
the τ decay or via very short-lived resonances, e. g., ρ− or K∗−. Decay modes that
proceed via longer-lived intermediate resonances, e. g., K0

S ,1 are not to be included into
the measurements. Since the average τ flight length at the PEP-II collider is around
250µm—in contrast to about 5 cm for a 1-GeV K0

S meson—the distance of closest
approach of a track to the primary vertex in the xy-plane d0 and along the z-axis z0

are required to fulfill the following criteria [52]:

d0 < 1.5 cm ,

z0 < 2.5 cm .
(3.1)

These criteria assure that the measured track is compatible with coming from the
interaction point. In addition to longer-lived intermediate resonances, they also reject
tracks originating from interactions with the detector material.

Intermediate K0
S resonances are further suppressed by explicit identification. The

selection algorithm is described in detail in Reference [52]. It is based on the decay
mode K0

S → π+π− and combines pairs of tracks. From these track pairs, K0
S candidates

are selected by considering, e. g., the invariant mass of the track pair, the distance of
closest approach of the two tracks and the distance of closest approach of the vertex of
the track pair to the primary vertex. Due to the average flight length of a K0

S meson, its
decay vertex can be separated from the primary vertex, as opposed to the τ decay vertex.
If a track pair is consistent with originating from a K0

S decay, the constituent tracks
are excluded from the list of charged particles that are considered in this analysis [52].

Similar to K0
S mesons, Λ baryons and photon conversions are identified using the

reactions Λ → pπ− and γ → e+e− [52]. The constituent tracks are also rejected and
ignored in the remainder of this analysis.

The reconstruction efficiency of the resulting tracks2 [53] is

εtrack = (93.34± 0.24) % (3.2)

in data, independent of the particle’s momentum. Differences between data and Monte
Carlo simulation and the efficiency measurement are discussed in Section 3.5.

3.2 Neutral particle reconstruction

Neutral particles, e. g., π0 and K0
L mesons, are measured with the electromagnetic

calorimeter and the instrumented flux return (Sections 2.2.4, 2.2.5). When traversing
these detector parts, they deposit energy by means of electromagnetic or hadronic
showers [33, 49].

Energy deposits in adjacent calorimeter crystals are combined to clusters. Particles
that are close together, e. g., photons from high-energetic π0 mesons, may deposit
their energy in contiguous crystals and produce one single cluster with two local
maxima. These maxima are used to split the cluster into two bumps [8, 33]. Each bump
corresponds to one particle. For clusters with one single maximum, bump and cluster

1τ(K0
S) = (0.8935± 0.0008)× 10−10 s [3].

2In the BABAR analysis framework, these tracks are called GoodTracksVeryLoose.
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are identical. Care needs to be taken when splitting clusters, since local maxima are
also created by shower fluctuations. These spurious local maxima are called split-offs.
Within electromagnetic showers, they are eliminated reliably using shower shape models
and are thus not separated from the cluster. Due to the irregularity and the lack of
accurate shower models, hadronic split-offs cannot be treated correctly [8, 33]. The
implications for this analysis are discussed in Section 5.3.2.

To identify bumps in the calorimeter as originating from neutral particles, all tracks
are extrapolated into the electromagnetic calorimeter. If the position of a calorimeter
bump is consistent with the track direction, it is associated with the charged particle.
All remaining bumps are considered as originating from neutral particles [8, 33]. To
suppress electronic noise and background from beam-gas interactions, only calorimeter
bumps with an energy of more than 30 MeV are retained as neutral particles.3

3.3 Charged particle identification

3.3.1 Measured quantities

Charged particles are primarily reconstructed in the tracking system (Section 3.1).
Their momenta are measured using the curvature of their trajectories in the magnetic
field. While muons and hadrons penetrate the instrumented flux return, electrons
deposit their entire energy in the electromagnetic calorimeter. In addition, the specific
energy loss dE/dx in the tracking system, the Cherenkov angle measured in the DIRC
and the shower shape in the electromagnetic calorimeter depend on the particle type.
These properties can be used to identify charged particles and are described shortly in
the following sections.

Specific energy loss

For moderately relativistic charged particles other than electrons,4 energy loss in matter
is dominated by ionization and atomic excitation. The specific energy loss dE/dx is
described by the Bethe-Bloch formula as detailed in Reference [3]. Figure 3.1(a) [54]
displays the measured specific energy loss of different particle types in the BABAR drift
chamber as a function of their momentum. It illustrates that the specific energy loss
can be used to differentiate between the particle types at small momenta.

Cherenkov angle

A charged particle emits Cherenkov light if it traverses a medium faster than the local
phase velocity of light [3, 49]. The angle of the Cherenkov radiation relative to the
particle’s flight direction θC in the DIRC is shown in Figure 3.1(b) [35] as a function of
the laboratory momentum of the traversing particle. A measurement of θC allows a good
separation of pions and kaons up to momenta above 4 GeV/c. This is very important

3In the BABAR analysis framework, these neutral particles are called CalorNeutral objects.
4Due to their low mass, the energy loss of electrons is dominated by bremsstrahlung at small

energies already, (dE/dx)brems / (dE/dx)ion ∼ ZE/580 MeV [49].
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(a) Specific energy loss dE/dx. (b) Cherenkov angle θC.

Figure 3.1: (a) Specific energy loss dE/dx in the BABAR drift chamber and (b)
Cherenkov angle θC in the DIRC [55] as a function of the particle momentum p in
the laboratory system, taken from References [35, 54].

for the discrimination of τ decay modes with net strangeness, τ− → K−nπ0ντ , against
the much more abundant decays τ− → π−nπ0ντ (Section 4.2).

Showers in the electromagnetic calorimeter

Electrons and photons produce electromagnetic showers and deposit most of their energy
E in the calorimeter. A typical electromagnetic shower with an energy E > 0.1 GeV has
a size of more than five crystals. The electron momentum is measured with the tracking
system. This facilitates the identification of electrons due to their energy-momentum
ratio E/p ≈ 1. In contrast, muons are minimum ionizing particles. They only lose a
small amount of energy in isolated crystals [33, 56] (E ≈ 200 MeV, E/p� 1). Hadrons
may deposit a significant part of their energy in hadronic showers, which in some cases
start already in the electromagnetic calorimeter. This leads to a significant tail in the
distribution of E/p→ 1 and complicates the discrimination against electrons.

An additional criterion to separate hadrons from electrons is the size and shape of
the calorimeter shower. Electromagnetically interacting particles deposit most of their
energy in two to three crystals. Hadronic showers are less concentrated and exhibit
larger energy deposits at larger distances from the bump center. A quantitative measure
for the shower width is the lateral moment LAT [33], which is defined as

LAT ≡

Ncrystals∑
i=3

Eir
2
i

E1r2
0 + E2r2

0 +
Ncrystals∑
i=3

Eir2
i

∈ [0, 1] . (3.3)

The summation includes all crystals belonging to the bump and the symbol Ei denotes
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the energy deposited in crystal i, ordered such that E1 > E2 > · · · > ENcrystals
. The ri

are the distances of the crystals to the bump centroid and r0 is the average distance
between two crystals.5 While the lateral moment is small for electromagnetic showers,
it takes larger values for hadronic showers.

Showers in the instrumented flux return

In their interactions with the instrumented flux return, muons and hadrons differ with
respect to the penetration depth and the transverse size of the cluster. As opposed
to muons, pions and other hadrons produce extended showers. In consequence, the
number of IFR layers hit and the amount of traversed material measured in hadronic
interaction lengths is used to distinguish between the two particle types [33, 57].

3.3.2 Particle identification criteria

In this analysis, electrons, muons and kaons are identified. Pions are only selected as
being “not kaons,” i. e., they are required to fail the kaon selection criteria. The BABAR
collaboration provides three types of particle identification algorithms [33, 58].

Cut-based methods impose a set of selection criteria on a charged particle. If the
candidate passes these criteria, it is assumed to be of the tested particle type [33, 59].

Likelihood algorithms calculate a likelihood for a track to originate from a given
particle type. The likelihood is based on measured quantities from different subdetectors.
They are compared to the expectation values for the different particle hypotheses. A
specific selection algorithm requires the likelihood to be above a certain value to assign
the particle type to the track. Or else, it requests that the likelihood for a given
hypothesis be larger than the ones for the other particle types [33, 56, 60].

Neural networks use a set of input variables from the BABAR subdetectors. They
are trained to identify the wanted particle type and produce one single output variable.
If the output for any particle hypothesis is larger than a preset value, this hypothesis is
assigned to the charged particle [33, 57].

Electrons

This work uses a likelihood-based selection algorithm to identify electrons.6 Input
objects are tracks that have been matched to a calorimeter bump. The calculation of
the likelihood [56] is based on the following quantities:

• The specific energy loss in the drift chamber,

• the number of Cherenkov photons associated with the track,

• the Cherenkov angle measured in the DIRC,

• the number of crystals in the calorimeter bump,

• the lateral moment in the calorimeter, LAT ,

5At BABAR, r0 ≈ 5 cm [33].
6In the BABAR analysis framework, this selection algorithm is called PidLHElectrons.
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• the track-bump separation angle between the track intersection with the calorime-
ter front face and the bump centroid and

• E/p as measured with the calorimeter and the tracking system.

Figure 3.2(a) [58] shows the electron identification efficiency for data and Monte Carlo
simulation as a function of the laboratory momentum. For data, it is approximately
flat at 93 % over the entire momentum range from 0.5 to 5 GeV. The probability to
misidentify a pion as an electron (pion-as-electron misidentification) is smaller than
0.1 % for all momenta (Figure 3.2(b)). Thus, the most abundant background in leptonic
τ decays, τ− → π−ντ decays,7 is effectively eliminated. Figure 3.2(c) displays the
corresponding kaon-as-electron misidentification. It is smaller than 0.4 % for momenta
above 0.8 GeV. The peak of approximately 3 % at momenta p ≈ 0.6 GeV is due to
the intersection of the dE/dx curves for kaons and electrons (Figure 3.1(a)). At such
low momenta, kaons do not produce Cherenkov light (Figure 3.1(b)) and the energy
loss dE/dx is an important means to separate electrons from kaons. However, since
most kaons in τ decays have momenta of 1− 4 GeV (Figure 4.14), the relatively large
misidentification rate has no significant effect on the measurements of this analysis.
The efficiency measurement and differences between the data and the Monte Carlo
simulation are discussed in Section 3.5.

(a) Efficiency. (b) Pion misidentification. (c) Kaon misidentification.

Figure 3.2: (a) Efficiency, (b) pion-as-electron and (c) kaon-as-electron misidentification
probability of the electron selection algorithm for data and Monte Carlo simulation as a
function of the laboratory momentum p, taken from Reference [58].

In addition to the positive electron selection, this analysis uses electron identification
to reject (veto) Bhabha scattering and events with two leptonic τ decays (Section 4.1).
A cut-based selection algorithm is used for this purpose.8 Its input variables [59] are

• the specific energy loss in the drift chamber,

• the number of crystals in the calorimeter bump,

• the lateral moment in the calorimeter, LAT , and

7B(τ− → π−ντ ) = (10.83± 0.11) % versus B(τ− → e−νeντ ) = (17.82± 0.05) % [3].
8In the BABAR analysis framework, this selection algorithm is called eMicroTight.



3.3 Charged particle identification 45

• E/p as measured with the calorimeter and the tracking system.

Figure 3.3(a) [58] displays the identification efficiency of this algorithm for data and
Monte Carlo simulation. Because of the looser selection criteria compared to the above
described positive electron identification algorithm, the selection provides a larger
efficiency of 97− 98 % for all momenta present in electronic τ decays. This is necessary
to reject the abundant Bhabha reactions e+e− → e+e−, for which no suitable Monte
Carlo simulation exists (Sections 2.3.2, 4.1).9

(a) Efficiency. (b) Pion misidentification. (c) Kaon misidentification.

Figure 3.3: (a) Efficiency, (b) pion-as-electron and (c) kaon-as-electron misidentification
probability of the electron selection algorithm used as electron veto in this analysis. Both
quantities are shown for data and Monte Carlo simulation as a function of the laboratory
momentum p, taken from Reference [58].

But the relatively loose selection criteria needed to obtain such a high efficiency
cause an increased pion-as-electron and kaon-as-electron misidentification probability
(Figures 3.3(b), 3.3(c)). The pion-as-electron misidentification is around 1.5 % for
large momenta p >∼ 1.4 GeV and increases to approximately 4− 5 % at small momenta
p ≈ 0.4 GeV. As for the peak in the kaon misidentification described above, this is
due to the intersection of the dE/dx curves of pions and electrons at p ≈ 0.2 GeV
(Figure 3.1(a)). Similarly, the kaon-as-electron misidentification rate is below 1 % for
momenta above 1.2 GeV and exhibits a peak at low momenta, p ≈ 0.6 GeV. Due to the
looser selection criteria, it reaches a value of approximately 25 %. Since most kaons
in τ decays have momenta of 1− 4 GeV (Figure 4.14), the loss in kaon identification
efficiency is tolerable considering the effective rejection of Bhabha scattering.

In addition to the relatively large absolute values, the misidentification rates differ by
a factor of two between data and Monte Carlo simulation. This is amended by efficiency
corrections for the Monte Carlo simulation. Their determination and application are
discussed in Section 3.5.

9The effective production cross section at PEP-II within the acceptance of the BABAR detector is
σee→ee ≈ 40 nb [33] compared to the total production cross section σee→ττ = (0.919± 0.003) nb [9].
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Muons

Muons are identified using a neural network selection algorithm.10 The calculation of
the network output [57] is based on the following input variables:

• The amount of energy deposited in the calorimeter,

• the distance traveled in the BABAR detector measured in hadronic interaction
lengths,

• the average multiplicity of hits per IFR detector layer, as well as its standard
deviation,

• the fit probability of the track hypothesis in the instrumented flux return and

• the fit probability of the IFR track with respect to the track extrapolation from
the tracking system.

The performance of the muon identification is shown in Figure 3.4 [58] for data and
Monte Carlo simulation. For momenta above 1.5 GeV, the selection efficiency in data is
approximately constant at 70 %. The IFR is a key component in muon identification [33,
57] and this relatively low efficiency value is caused by the degradation of the performance
of the resistive plate chambers that instrument the flux return (Section 2.2.5). For
momenta below 1.5 GeV the efficiency decreases rapidly as the muons do not reach
the IFR chambers due to the detector material in front of it. The pion-as-muon
misidentification probability is smaller than 1.5 % over the entire momentum range up
to 5 GeV. Similarly, the kaon-as-muon misidentification is below 1 % for all momenta.
Due to the missing hadronic calorimeter in the BABAR detector, a better muon-pion
and muon-kaon separation is not feasible.

(a) Efficiency. (b) Pion misidentification. (c) Kaon misidentification.

Figure 3.4: (a) Efficiency, (b) pion-as-muon and (c) kaon-as-muon misidentification
probability of the muon selection algorithm as a function of the laboratory momentum p,
taken from Reference [58].

While the electron efficiency is reasonably well described by the Monte Carlo
simulation, the muon efficiency shows a discrepancy of up to 20 % at large momenta.

10In the BABAR analysis framework, this selection algorithm is called muNNTight.
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This is caused by the above degradation of the resistive plate chambers, which varies
significantly with time and the position in the detector [61] and is hard to simulate.
Again, corrections are used to compensate for the differences (Section 3.5).

Kaons

A likelihood-based selection algorithm is used to identify kaons.11 The determination of
the likelihood [60] is based on

• the specific energy loss in the tracking system,

• the number of Cherenkov photons contributing to the DIRC ring and

• the Cherenkov angle in the DIRC.

Due to their huge branching fractions, τ decays with pions instead of kaons are the
most important backgrounds for decay modes into final states with net strangeness.12

Thus, a small pion-as-kaon misidentification rate is crucial for this analysis. The kaon
identification criteria used within this work are the tightest that are available in the
BABAR analysis framework.

Figure 3.5 [58] shows the performance of the kaon identification for data and
Monte Carlo simulation as a function of the laboratory momentum. At low momenta,
p <∼ 600 MeV, kaons can be separated effectively from pions using dE/dx measurements
(Figure 3.1(a)). This is reflected in the high efficiency ( >∼ 90 %, Figure 3.5(a)) and the
low pion-as-kaon misidentification rate (< 1 %, Figure 3.5(b)) in this region. Around
p ≈ 700 MeV, both dE/dx- and DIRC-based methods are used for the kaon identification.
Since neither of them provides a good separation in this region (Figure 3.1), harder
selection criteria are required to keep the pion-as-kaon misidentification tolerable.
Thus, the efficiency sharply drops below 70 %. For momenta above 0.8 GeV, the kaon
identification is based on the Cherenkov detector. This method provides a good kaon-
pion separation up to 3 GeV (Figure 3.1(b)) with an efficiency of 80 − 85 % and a
pion-as-kaon misidentification of 1− 1.5 %. Above 3 GeV, the DIRC-based kaon-pion
separation degrades quickly. Again, harder selection criteria result in a steep drop of
the selection efficiency.

Pions

In this work, pions are identified as particles “not being kaons.” The pion selection
efficiency επ-as-π and the kaon-as-pion misidentification rate εK-as-π are given by

επ-as-π = 1− επ-as-K ,

εK-as-π = 1− εK-as-K .
(3.4)

The symbol επ-as-K denotes the pion-as-kaon misidentification rate and εK-as-K is the
efficiency of the kaon selection. From Figure 3.5, it follows that the pion selection
efficiency is very high, επ-as-π ≈ 98− 99 %, due to the stringent kaon selection criteria.

11In the BABAR analysis framework, this selection algorithm is called KMicroVeryTight.
12E. g., B(τ− → π−ντ ) = (10.83± 0.11) % versus B(τ− → K−ντ ) = (6.85± 0.23)× 10−3 [3].
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(a) Efficiency. (b) Pion misidentification.

Figure 3.5: (a) Efficiency and (b) pion-as-kaon misidentification probability of the kaon
selection algorithm for data and Monte Carlo simulation as a function of the laboratory
momentum p, taken from Reference [58].

However, these criteria also entail a large kaon-as-pion misidentification of εK-as-π ≈
25− 30 %. This could be amended by using a looser kaon identification algorithm. But
because of the huge ratio of the τ branching fractions into pions and kaons and the
scope of this work to measure τ decays into final states with net strangeness, a clean
kaon selection is more important than a high kaon reconstruction efficiency.

3.4 Neutral pion identification

Neutral pions are reconstructed in their dominant decay mode into two photons,
B(π0 → γγ) = (98.798± 0.032) % [3]. Two methods need to be considered.

Composite π0 mesons are combined from photons that leave two separate signatures
in the calorimeter, i. e., two neutral bumps as selected in Section 3.2. The properties of
the π0 mesons are obtained from the constituent photons.

In contrast, merged π0 mesons are constructed from a single calorimeter object, e. g.,
a neutral cluster. Due to their small angular separation, photons from high-energetic π0

mesons can produce one single cluster with one or two bumps in the calorimeter [33]. The
π0 is identified using cluster properties, e. g., the energy and the second moment13 [62].

Since clusters with two bumps can be used both to reconstruct merged and—after
being splitted (Section 3.2)—composite π0 mesons, the two samples of π0 mesons are
not disjoint. However, due to the energy spectra of π0 mesons in τ decays, the rate of
merged π0 mesons is small compared to the rate of composite π0 mesons. About 7 % of
all ττ events with a single π0 meson contain a merged π0. Due to the lower average π0

energies, only 3 % of all two-π0 final states contain a merged π0 and the rate of events
with two merged π0 mesons is negligible.

In consequence, to reduce systematic effects, only composite π0 mesons are considered
within this analysis. The following sections describe the π0 selection, which is designed

13The second moment S of a cluster is defined as S ≡ 1/E
∑
iEi∆α

2
i . The symbol E denotes the

energy of the cluster, Ei are the energies of the constituent crystals and αi their angular distance from
the cluster centroid.
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specifically for this analysis. Due to large background from spurious photons, e. g., in
conjunction with a radiative Bhabha reaction, the selection variables are not shown
at this stage of the analysis. Since Bhabha reactions and other QED background are
not included in the Monte Carlo simulation (Section 2.3.2), no sensible comparison
of data and simulated events is possible until the full event selection is performed
(Chapter 4). The agreement between data and Monte Carlo simulation and systematic
studies concerning the π0 selection are discussed in Chapter 5.

3.4.1 Photon selection

A clean sample of photon candidates is needed to reconstruct composite π0 mesons.
It is obtained by additional selection criteria on top of the reconstruction of neutral
calorimeter bumps as described in Section 3.2. To further eliminate calorimeter bumps
from electronic noise or beam-gas interactions, the energy of photon candidates is
required to be

Eγ > 0.075 GeV . (3.5)

A good measurement of the photon properties is assured by requiring that photon
candidates are fully contained within the calorimeter. Only bumps whose centroid is
separated by at least three crystal rings from the front or backward boundary of the
calorimeter are accepted. Three crystal rings correspond to approximately four Molière
radii of cesium iodide14 (Section 2.2.4). Since 99 % of the energy of an electromagnetic
shower are contained inside a cylinder with a radius of 3.5 Molière radii [3], the above
requirement ensures full containment of all photon candidates considered in this analysis.
It corresponds to an angular range of

0.37 < θγ < 2.36 rad , (3.6)

where θγ is the polar angle of the photon.

To separate electromagnetic from hadronic bumps, the lateral moment (Equation 3.3)
of the photon candidate is required to be (Section 3.3.1)

0.0 < LAT γ < 0.8 . (3.7)

In the remaining part of this thesis, the term photon refers to neutral calorimeter
bumps that fulfill the above selection criteria, unless explicitly mentioned otherwise.
Their four-momenta are calculated using the energy and the direction of the calorimeter
bump.

3.4.2 Neutral pion selection

Neutral pions are reconstructed by combining pairs of photons. The invariant mass of
a photon pair is defined as

mγγ =
√
pµγγp

γγ
µ , (3.8)

14RM(CsI(Th)) ≈ 3.8 cm [8]. The average distance between two crystals at BABAR is r0 ≈ 5 cm [33].
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where pµγγ = pµ(γ1) + pµ(γ2) is the four-momentum of the π0 candidate. It is calculated
from the four-momenta of the two photons, pµ(γ1) and pµ(γ2). The invariant mass is
required to be consistent with the π0 mass, mπ0 ≈ 135 MeV/c2 [3]:

0.100 < mγγ < 0.160 GeV/c2 . (3.9)

All resulting π0 mesons are required to have an energy of

Eπ0 = Eγ1 + Eγ2 > 0.200 GeV (3.10)

to suppress spurious π0 candidates made from two low-energy photons. In case two
selected π0 mesons share a common daughter photon, only one π0 is kept. This removal
of wrongly combined photon-photon pairs is essential for multi-π0 final states. Otherwise,
a sample of selected events containing n π0 mesons would be dominated by combinatorial
background (Section 5.2.1).

In order to decide which π0 is kept, a kinematic fit is performed for each selected π0

meson. Only the best fit of two π0 mesons with a common daughter, i. e., the one with
the smallest χ2 of the kinematic fit, is kept. In the fit, the invariant photon-photon
mass is constrained to the π0 mass and the origin of the two photons is fixed to the
primary vertex. Taking into account the average flight length of a τ lepton in the
BABAR detector (Section 3.1), the average distance of the π0 decay vertex from the
primary vertex is around 250µm. This is in principle resolvable, given the excellent
vertex resolution of the SVT of approximately 60µm [8]. However, τ decays into final
states containing one charged particle only—as considered in this analysis—do not
allow the reconstruction of the τ decay vertex. Hence, the primary vertex is the best
estimate of the τ decay vertex that is available.

The π0 selection criteria are summarized in Table 3.1. Their efficiency and the
description of the data by the Monte Carlo simulation are discussed in Chapter 5.

Table 3.1: Summary of the π0 selection criteria. All quantities are calculated in the
laboratory system.

Quantity Selection criteria

Photon energy Eγ > 0.075 GeV

Photon fiducial volume 0.37 < θγ < 2.36 rad

Photon lateral moment 0.0 < LAT γ < 0.8

Invariant γγ mass 0.100 < mγγ < 0.160 GeV/c2

π0 energy Eπ0 > 0.200 GeV

3.5 Efficiency corrections for simulated events

This work uses the Monte Carlo simulation to
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• develop the event selection (Chapter 4),

• test the understanding of the selected data (Section 4.8),

• extract the π0 efficiency correction for simulated events from any remaining
differences with respect to the data in the precisely measured decay channel
τ− → π−π0ντ [3] (Chapter 5),

• estimate the amount of remaining background in the selected data sample (Chap-
ter 6) and

• calculate absolute selection efficiencies for the determination of the branching
fractions (Chapter 6).

Thus, the best possible agreement between data and Monte Carlo simulation is essential
for this analysis. It is achieved by an independent determination of the tracking
and charged particle identification efficiencies for data and simulated events. Any
significant difference is amended by the application of corrections to the Monte Carlo
simulation. Furthermore, it is crucial to obtain a thorough understanding of the
systematic uncertainties resulting from efficiency differences between data and Monte
Carlo simulation. They are also estimated from the efficiency studies.

3.5.1 Tracking efficiency correction

The tracking efficiency is determined in an independent study by the Charged Particles
Reconstruction Working Group of the BABAR collaboration [53]. The study uses Tau31
events, i. e., reactions of the type e+e− → τ+τ− in which one τ lepton decays into three
charged hadrons, τ− → h−h+h−ντ with h− = π−, K−, while the second one decays
leptonically, τ+ → `+ν`ντ with `+ = e+, µ+. Tau31 events are selected by requiring two
charged particles that recoil against one isolated lepton. Due to charge conservation, the
existence of one additional hadronic track can be inferred. This allows the determination
of the track reconstruction efficiency (Equation 3.2). The ratio of the tracking efficiency
in data εdata

track and Monte Carlo simulation εMC
track is [53]

ηtrack ≡
εdata

track

εMC
track

= (1.0000± 0.0021) (3.11)

per track, independent of the particle’s momentum. Hence, no correction is applied to
the Monte Carlo simulation.

3.5.2 Charged particle identification efficiency correction

The Charged Particles Identification Working Group of the BABAR collaboration provides
efficiencies and misidentification probabilities for all available algorithms to select
electrons, muons, pions, kaons and protons [63]. They are determined from control
samples in data and Monte Carlo simulation. A control sample consists of events in
which the charged particle types are known without using any selection algorithm,
solely based on topological and kinematic properties. E. g., pions and kaons are selected
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from D∗+ decays, D∗+ → D0π+
slow with D0 → π+K−. The subscript slow indicates the

low energy of the charged pion. In a first step, pairs of charged particles—the pion
and kaon candidates—are combined to a D0, e. g., based on their invariant mass. The
resulting D0 is added to the slow pion. If the combination is consistent with being a
D∗+, i. e., if its invariant mass is consistent with the D∗+ mass, the pion and kaon have
been identified without using any particle identification algorithms. The charge of the
slow pion indicates the charge of the pion to be selected.

Figures 3.2–3.5 show the efficiencies of the selection algorithms used in this analysis
along with the misidentification probabilities of the most important backgrounds as a
function of the particle’s momentum. While the agreement between the efficiencies in
data and Monte Carlo simulation is reasonable for electrons and kaons, large deviations
exist in case of the misidentification rates of the electron selection algorithms and
especially for the entire muon identification. The particle identification for simulated
events needs to be corrected to the efficiency and misidentification probability determined
for data. The corrections for the Monte Carlo simulation are also provided by the
Charged Particles Identification Working Group for all selection algorithms as a function
of the run period, the particle’s momentum p and its position in the detector (θ, φ).
For each identified or vetoed charged particle, a correction factor is extracted from a
table and applied as a weight to the simulated event. In case of a positive selection,
i. e., the particle is required to pass the selection algorithm, the correction factor is

ηPID ≡
εdata

PID

εMC
PID

. (3.12)

Depending on the true particle type, the εdata
PID and εMC

PID are the efficiencies or misiden-
tification probabilities for the specific selection algorithm in data and Monte Carlo
simulation. For a veto, i. e., the particle must fail the selection criteria, a correction of

ηveto
PID ≡

1− εdata
PID

1− εMC
PID

(3.13)

is applied. If a particle is selected in a region of phase space for which the control
samples provide no information, the average of all remaining weights for this selection
algorithm is used as correction factor within this analysis. No official recipe for these
cases exists within the BABAR collaboration.

To obtain the best possible agreement, the corrections are applied for all selection
algorithms used in this analysis. I. e., the (mis)identification correction (Equation 3.12)
is used for electrons, muons, and kaons, while the veto correction (Equation 3.13) is
applied for the electron veto and the pion selection. The overall weight to be applied to
a Monte Carlo simulated event is the product of the single particle correction factors
according to Equations 3.12 and 3.13:

ηevent
PID = ηe/µ · ηveto

e · ηK/π . (3.14)

In addition to the efficiencies, misidentification probabilities and correction factors, the
control samples also provide estimates of their uncertainties [63]. In case of a particle
outside their phase space, the root mean squared width of the remaining weights
is used to estimate the uncertainty. The uncertainties of the correction factors are
needed to calculate the uncertainty of the branching fractions resulting from the particle
identification (Section 6.5).



Chapter 4

Event selection

In e+e− collisions, τ leptons are produced in pairs, e+e− → τ+τ−. Figure 4.1 displays a
schematic view of a τ+τ− event in the (e+e−) center-of-mass system. Due to momentum
conservation, the two τ leptons recoil in opposite directions. One τ lepton is shown to
decay according to τ → π/Kπ0π0ντ , while the second τ decays leptonically, τ → `ν`ντ
with ` = e, µ. Because of the boost of the τ leptons in the center-of-mass system,1

the final states of the two τ decays are well separated from each other. The neutrinos
escape undetected and the event signature thus consists of the final state particles
from the hadronically decaying (signal) τ lepton, which recoil against a single isolated
charged lepton from the second τ decay. The utilization of such a signature to identify
ττ reactions is called lepton tag. It allows the selection of ττ events with high purity
and is therefore used within this analysis. Furthermore, all final state particles except
the tag lepton can be associated with the hadronic decay of the signal τ lepton.

In this work, all decays of the signal τ lepton in the modes τ− → K−nπ0ντ with
n = 0, 1, 2, 3 and τ− → π−nπ0ντ with n = 1, 2, 3, 4 are analyzed. In the remainder
of this chapter, an event that contains such a decay is called signal event. The
branching fractions of the decays τ− → K−nπ0ντ are measured simultaneously. They
are needed for the extraction of |Vus| (Section 1.4.2). Since the branching fractions
of the modes τ− → π−nπ0ντ with n = 3, 4 are not well known2 and since they are a
major background for τ− → K−nπ0ντ decays with multiple π0 mesons, their branching
fractions are also determined in the simultaneous measurement. The precisely measured
decay modes τ− → π−nπ0ντ with n = 1, 2 are used to determine and verify corrections
to simulated events due to different π0 selection efficiencies in data and Monte Carlo
simulation (Chapter 5).3 Similar to the corrections for charged particle reconstruction
and identification (Section 3.5), these corrections are needed as the Monte Carlo
simulation is, amongst other things, used to estimate remaining background after the
event selection and to determine absolute selection efficiencies. Because of irreducible
backgrounds from QED reactions and leptonic τ decays, the well measured mode
τ− → π−ντ cannot be analyzed—at least as long as a lepton tag is used to select ττ
reactions.4

1
√
s = 10.58 GeV, mτ = (1.77690± 0.00020) GeV/c2 [3], βγ = 2.42.

2∆B/B(τ− → π−π0π0π0ντ ) = 9.2 %, ∆B/B(τ− → h−π0π0π0π0ντ ) = 46 % [3].
3∆B/B(τ− → π−π0ντ ) = 0.47 %, ∆B/B(τ− → π−π0π0ντ ) = 1.3 % [3].
4∆B/B(τ− → π−ντ ) = 1.0 % [3].
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Figure 4.1: Schematic view of a reaction of the type e+e− → τ(→ `ν`ντ )τ(→
π/Kπ0π0ντ ) with ` = e, µ in the center-of-mass system. Only the final state parti-
cles indicated in black are reconstructed either directly (charged particles, solid lines)
or using their decay products (π0 mesons, dashed lines). The event is divided into two
hemispheres by a plane perpendicular to the thrust axis (Equation 4.2). Due to the boost
of the τ leptons, the decay products of each τ are constrained to its respective hemi-
sphere. Signal events (Equation 4.1) hence contain exactly one track in each hemisphere.
According to the charged particle which the hemispheres contain, they are called signal
hemisphere and tag hemisphere.

Due to the use of a lepton tag, the non-signal τ lepton in the event is only re-
constructed in its fully leptonic decay modes, τ+ → `+ν`ντ with `+ = e+, µ+. Each
signal event to be selected hence contains exactly two tracks, one from each τ lepton
(Figure 4.1). As neutral pions are reconstructed in their dominant decay mode π0 → γγ
(Section 3.4),5 the full decay chain of such an event is:

Signal decay : τ− → π−/K− nπ0 ντ , n = 1, 2, 3, 4 / n = 0, 1, 2, 3

�

γγ

Tag decay : τ+ → `+ν`ντ , `+ = e+, µ+

(4.1)

This chapter presents the selection of these events. It is performed in three steps.
First, e+e− → τ+τ− reactions are selected from the BABAR data set. In a second step,
events that contain a τ decay into any of the signal modes are selected. Finally, the
remaining background is rejected. All steps are performed in parallel for data and Monte
Carlo simulation. The truth information of the simulated events allows the development
of the selection procedure. The selection criteria are summarized in Tables 4.2 and 4.3
and in Equation 4.27 at the end of this chapter.

5B(π0 → γγ) = (98.798± 0.032) % [3].
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4.1 Selection of e+e− → τ+τ− reactions

At the BABAR experiment, an e+e− interaction needs to pass a set of hardware and
software trigger criteria in order to be recorded on disk. These criteria are designed to
select reactions intended for analysis by the BABAR collaboration [64, 65]. The trigger
criteria used in this analysis require a significant signal either in the drift chamber or in
the calorimeter, e. g., a track with significant transverse momentum or a high-energetic
cluster.

All events that pass the trigger system are classified by filter algorithms according
to their topology and event category. One of the filter algorithms applied within this
work is the τ filter. It is designed to select ττ events that contain one hadronic and one
leptonic τ decay. Only events with two tracks and a total charge of zero are accepted.
One of the tracks needs to have an energy-momentum ratio E/p < 0.8 in order to
qualify for a hadronic particle (Section 3.3.1). In addition, the filter requires a significant
transverse momentum and missing energy due to the undetected neutrinos in τ decays
[66–68].

Since all trigger and filter criteria are superseeded by tighter selection criteria in
this analysis, they are not described in detail here. The filter algorithms are mainly
needed to reduce the total BABAR data sample of two petabytes to a manageable size
of 1.7 terabytes. A full definition of the trigger and filter criteria may be found in
References [64–68].

The following paragraphs describe the selection steps that are applied on top of
the trigger and filter criteria in order to select ττ events. Possible backgrounds from
reactions that do not contain a τ pair are:

e+e− → qq with q = u, d, s, c, b. Due to the heavy quark masses and/or fragmentation
and hadronization processes, these reactions produce a huge number of different
final states. On average, these contain more charged and neutral particles than τ
decays. They may however pass the selection criteria for τ decays into final states
with several π0 mesons.

e+e− → `+`−(γ) with ` = e, µ. These di-lepton events may be reconstructed as events
of the type e+e− → τ+(→ `+ν`ντ )τ

−(→ K−ντ ) if one lepton is misidentified as a
kaon (Section 3.3.2).

e+e− → e+e−ff with f = fermions = e, µ, π. These reactions may be selected as
events of the type e+e− → τ+(→ `+ν`ντ )τ

−(→ K−ντ ), e. g., if the electrons
escape detection by staying inside the beam pipe, one fermion is identified as a
lepton and the other one as a kaon.

Figure 4.2(a) shows a typical reconstructed Monte Carlo simulated ττ signal event
containing a τ decay of the type τ− → K−π0π0π0ντ . The second τ decays into a charged
electron and two neutrinos. In contrast, Figure 4.2(b) displays a typical simulated
background reaction of the type e+e− → BB. The two pictures illustrate the main
steps in discriminating e+e− → τ+τ− events against this background.

Due to the low center-of-mass momentum of the heavy B mesons in e+e− → BB
events at the Υ (4S) resonance,6 all final state particles are distributed isotropically.

6
√
s = 10.58 GeV, mB0 = (5.2794± 0.0005) GeV/c2, mB± = (5.2790± 0.0005) GeV/c2 [3].
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(a) e+e− → τ+(→ e+νeντ )τ−(→ K−π0π0π0ντ ). (b) e+e− → B0B0.

Figure 4.2: Display of an (a) e+e− → τ+(→ e+νeντ )τ−(→ K−π0π0π0ντ ) signal and a
(b) e+e− → B0B0 background event in a radial view of the BABAR detector (Section 2.2).
Both images show Monte Carlo simulated reactions. From the center outwards, the
detector sketch shows the layers of the vertex tracker, the volume of the drift chamber, the
quartz bars of the Cherenkov detector and a crystal ring of the calorimeter. Reconstructed
pion tracks are displayed in red. Kaons are shown in yellow and electrons in light
blue. The amount of energy deposited in the calorimeter is marked in green and the
orange arrows indicate the momentum direction of reconstructed π0 mesons. Due to
the low center-of-mass energies of the heavy B mesons, the final state particles in the
e+e− → B0B0 event are distributed isotropically. In contrast, the e+e− → τ+τ− event
exhibits a jet-like structure. In addition, the BB event contains more tracks than the ττ
reaction.

In contrast, τ leptons have smaller masses7 and large center-of-mass momenta. Their
decay products are boosted and form a jet-like event structure (Figure 4.2(a)). This
can be measured by the thrust variable T , which quantifies the maximal longitudinal
projection of the center-of-mass momentum:

T ≡ max
nT


∑
i(FS)

|pcms
i · nT |∑

i

|pcms
i |

 ∈ [0.5, 1] . (4.2)

The pcms
i are the center-of-mass momenta of all reconstructed final state particles (FS)

and nT is the thrust axis, i. e., the unit vector, which maximizes the sum of their
longitudinal projections T . To calculate the thrust, all tracks and neutral particles as
defined in Section 3.2 are used. Since longer-lived resonances like K0

S mesons and Λ
baryons also contribute to the event balance, their daughters are added to the tracks in
this specific case.

7mτ = (1.77690± 0.00020) GeV/c2 [3].
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Spherical e+e− → BB events have low thrust values, while jet-like e+e− → τ+τ−

events tend towards higher ones. To discriminate against BB events, the following
selection criterion is applied:

T > 0.87 . (4.3)

All thrust distributions are shown in Figures A.9 and A.10 (Appendix A).
The thrust axis can be used as an estimate of the ττ direction (Figure 4.1). An

event can thus be divided into two hemispheres by a plane perpendicular to the thrust
axis. Each hemisphere corresponds to one τ lepton. Due to the boost of the τ leptons,
the decay products of each τ are constrained to its respective hemisphere. Figure 4.1
illustrates the definition for a ττ signal event. The hemisphere that contains the decay
products of the signal τ decay is called signal hemisphere, while the one containing the
leptonic τ decay is named tag hemisphere.

Figure 4.2 exemplifies that e+e− → BB events contain on average more tracks than
e+e− → τ+τ− events. Similarly, other e+e− → qq reactions also contain on average
more than two charged particles because of fragmentation and hadronization processes.
In contrast, due to the lepton tag, signal events within this work comprehend exactly
two tracks, one in each hemisphere (Figure 4.1). This is called a 1–1 topology. All qq
backgrounds are thus suppressed by requiring a reconstructed

1–1 topology . (4.4)

Because of charge conservation, an event always contains an even number of charged
particles. At least two tracks have to be missed for a multi-track event to be reconstructed
with a 1–1 topology. Considering the high track reconstruction efficiency (Section 3.1),
the probability for this to happen is only (1 − εtrack)2 ≈ 0.4 %. In consequence, the
topological selection is a very effective criterion to reject e+e− → qq decays. For the
same reason, it also rejects most hadronic τ decays into final states that contain more
than one charged particle.

Since the daughter tracks from the decay K0
S → π+π− are excluded from the charged

particles considered in this analysis (Section 3.1), τ decays into final states with one
charged particle and an additional K0

S decaying into two charged pions are sorted into
the 1–1 topology. They need to be explicitly rejected by requiring that selected events
contain no reconstructed K0

S candidates.
Similarly, the daughter tracks of photon conversions, γ → e+e−, are also excluded

from the list of tracks (Section 3.1). As their presence distorts the momentum distribu-
tion of the photon’s mother particle, events containing photon conversions are explicitly
rejected.

In summary, the following criteria are applied:

Number of reconstructed K0
S NK0

S
= 0 ,

Number of reconstructed photon conversions Nconv = 0 .
(4.5)

The total event charge of a fully reconstructed event is zero, Q ≡ q1 + q2 = 0, where
the qi are the individual track charges. This is not necessarily the case for e+e− → qq
reactions. They mainly enter the 1–1 topology if several tracks escape detection. Thus,
these events are further suppressed by requiring

charge conservation Q = 0 . (4.6)
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To ensure a good particle identification (Sections 3.1, 3.3), both tracks are required
to lie within the fiducial volume of the BABAR calorimeter and the Cherenkov detector
(Section 2.2):

0.45 < θtrack < 2.36 rad , (4.7)

where θtrack is the polar angle of the considered track in the laboratory system. (Unless
explicitly mentioned otherwise, all kinematic quantities within this chapter are calculated
in the laboratory system.)

The leptonic τ decay is determined by requiring that at least one of the tracks passes
the charged particle identification criteria for an electron or a muon. I. e., the number
of reconstructed leptons ` in the event N` is required to fulfill

N` ≥ 1 with ` = e, µ . (4.8)

Special care is taken if both tracks are identified as leptons.8 The non-leptonic track is
called signal track.

Radiative Bhabha reactions, e+e− → e+e−(γ), are suppressed by an electron veto.
An event is rejected if the charged particle in the signal hemisphere passes the electron
identification criteria. I. e., the number of identified electrons in the signal hemisphere
N e

sig is required to be
N e

sig = 0 . (4.9)

Since no appropriate Monte Carlo simulated event sample exists for Bhabha reactions
(Section 2.3.2), it is particularly important to reject these events. Di-muon events
are reasonably well described by the Monte Carlo simulation. Thus, because of the
inefficiencies of the BABAR muon detectors and the corresponding muon selection
(Section 3.3.2), no such veto is applied against events with a reconstructed muon on
the signal side. They are rejected by the remaining selection criteria (Section 4.5).9

4.2 Selection of τ− → π−/K−nπ0ντ decays

The event sample selected in Section 4.1 contains ττ events with the signal τ lepton
decaying into one charged hadron and any number of additional neutral particles.
Charged hadrons in τ decays are either pions and kaons or very short-lived resonances,
e. g., ρ− and K∗−. Other particles are excluded by the kinematic limit of the τ mass and
by baryon number conservation. The resonances also decay into final states comprising
pions and kaons [3]. Due to the short lifetime of the resonances, they cannot be
measured directly. They can only be observed in the invariant mass spectra of their
decay products. For the purpose of event reconstruction, the signal track thus is either
a pion or a kaon. Neutral particles mainly comprise photons, π0, K0 and η mesons. The
latter three are not detected directly but observed by means of their decay products
(Section 3.4).

8If one track is identified as a muon and the other one as an electron, the muon is chosen as the tag
lepton. If both tracks are identified as identical leptons, the negatively charged particle is considered
as the tag lepton.

9Due to the selection of the muon as the tag lepton in case of two identified leptons, the veto also
rejects fully leptonic ττ events of the type e+e− → τ+(→ e+νeντ )τ−(→ `−ν`ντ ) with ` = e, µ.
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4.2.1 Identification of charged pions and kaons

Charged kaons are identified using the selection algorithm described in Section 3.3.2.
No explicit pion identification is performed. If the track in the signal hemisphere fails
the kaon selection criteria, it is considered to be a pion (kaon veto).

Despite the application of the particle identification corrections (Section 3.5.2), a
deviation between data and Monte Carlo simulation is observed at small kaon momenta,
p ≈ 0.7 GeV/c. This has already been noted by earlier analyses of τ decays at the
BABAR experiment [69, 70]. It was found to be related to the reconstruction of the
Cherenkov cone in the DIRC.

Figure 4.3 shows the Cherenkov angle of identified charged kaons θC in data events as
a function of their laboratory momentum p. According to Reference [60], the distribution
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Figure 4.3: Cherenkov angle θC in the DIRC as a function of the kaon momentum p
in the laboratory system for identified kaons from a subset of the recorded data. A, B
and C denote the different regions discussed in the text and the dashed lines indicate the
derived selection criteria.

can be divided into three regions:

A No Cherenkov cone has been reconstructed for the particles in this region. Their
Cherenkov angle is set to zero, θC = 0. The kaon identification is based on the
specific energy loss in the tracking system dE/dx and is thus restricted to small
momenta (Section 3.3.1).

B Identified kaons with momenta p ≈ 0.7 GeV/c and Cherenkov angles θC ≈ 0.8 rad.
These are kaons that decay shortly in front of the DIRC or interact with the
detector material. The momentum and energy loss (dE/dx) measurement in the
tracking system refer to the kaon, while the Cherenkov angle is measured for the
secondary particle. Since the direction of the secondary particle is not well known,
the measured Cherenkov angle varies significantly and may be bigger than the
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allowed maximal value of 0.825 rad [55]. The kaon identification is performed
using the measurement of dE/dx. Thus, only small kaon momenta occur.

C This quantitatively biggest region is the kaon band from Figure 3.1(b).

The deviation between data and Monte Carlo simulation at small kaon momenta was
found to be caused by an excess of data events in the regions A and B [69, 70]. It is
removed by requiring reconstructed kaons to fulfill [60, 69, 70]

θC > 0.1 rad ,

θC < 0.65 rad + 0.125 p
rad

GeV/c
. (4.10)

Thus, only kaons from the kaon band C are accepted within this analysis.

4.2.2 Separation into the decay modes τ− → π−/K−nπ0ντ

Using the above criteria to distinguish between kaons and pions, the event sample is
separated into two categories according to the particle type of the track in the signal
hemisphere:

Final states with net strangeness τ− → K− n neutrals ντ ,

Final states without net strangeness τ− → π− n neutrals ντ .
(4.11)

The two event classes are further divided by considering the number of neutral pions
as selected in Section 3.4. For final states with net strangeness, decays of the type
τ− → K−nπ0ντ with n = 0, 1, 2, 3 are considered. Decays without net strangeness,
τ− → π−nπ0ντ , are analyzed in the modes with n = 1, 2, 3, 4. Reactions of the type
τ− → K−π0π0π0π0ντ are not measured due to the low statistics expected for this decay
channel. In contrast, τ− → π−ντ decays cannot be analyzed due to the large remaining
background from di-lepton, two-photon and fully leptonic ττ events. The resulting eight
categories of selected decay modes of the signal τ lepton are summarized in Table 4.1.
They are mutually exclusive to allow a simultaneous determination of all branching
fractions (Chapter 6).

4.3 Graphical display of simulated distributions

All distributions in the remainder of this thesis show both data and Monte Carlo
simulation. The data is displayed as black dots and the Monte Carlo simulation is
splitted according to the final state X of the reaction e+e− → X. Events of the type
e+e− → τ+τ− are additionally splitted according to the decay mode of the signal τ
lepton. Figure 4.4 shows an exhaustive legend of the displayed reactions and τ decay
modes as well as their corresponding symbols and colors. The symbol τ− → rest refers
to all decay modes of the signal τ lepton that are not explicitly listed. They contain at
least three charged particles in their final state and their contribution to the selected
event samples is negligible within this analysis. All listed modes and reactions are
displayed as cumulative sum in the Monte Carlo simulated distributions. This allows
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Table 4.1: Separation of selected events into the different decay channels of the signal τ
lepton according to the numbers of pions, kaons and π0 mesons they contain.

Signal τ decay channel Signal track Nπ0

τ− → K−ντ K Nπ0 = 0

τ− → π−/K−π0ντ π/ K Nπ0 = 1

τ− → π−/K−π0π0ντ π/ K Nπ0 = 2

τ− → π−/K−π0π0π0ντ π/ K Nπ0 = 3

τ− → π−π0π0π0π0ντ π Nπ0 = 4

Data

τν- K→ -τ

τν0π- K→ -τ

τν0π0π- K→ -τ

τν0π0π0π- K→ -τ

τν-π → -τ

τν0π-π → -τ

τν0π0π-π → -τ

τν0π0π0π-π → -τ

τν0π0π0π0π-π → -τ

τν0π nη)-/K-π (→ -τ

τν0π n
0

K)-/K-π (→ -τ

τν)0/Kη (
0

K-π → -τ

 

 

q q→ -e+e

-µ+µ → -e+e

 rest→ -τ

τνµe/ν)-µ/- (e→ -τ

 

Figure 4.4: Legend for the display of data and Monte Carlo simulated distributions.
The legend shows the symbols and colors that are used to display the data, the different
simulated decay modes of the signal τ lepton and the simulated non-ττ reactions e+e− →
X in the remainder of this thesis.

a clear identification of the main backgrounds, e. g., in order to develop additional
selection criteria or to verify the selection procedure. Some modes and reactions may
however be suppressed in the legends and/or combined if they are negligible for the
reconstructed decay channel displayed in the corresponding figure. Additionally, the
ratio of data and Monte Carlo simulation, Data/MC, is shown if it is useful in the given
context.

Unless explicitly mentioned otherwise, all plots in this thesis only include statistical
uncertainties. The Monte Carlo simulated events are scaled to the data luminosity
and the branching fractions of the measured decay modes are reweighted to the results
obtained in Chapter 6. All corrections described in Section 3.5 and the π0 efficiency
correction from Sections 5.1 and 5.2 are applied to the Monte Carlo simulated events.
In addition, the split-off correction derived in Section 5.3.2 is applied to the data
distributions. When calculating the branching fractions, background due to split-offs
that is not described by the Monte Carlo simulation is subtracted from the numbers of
selected data events. Thus, to correctly display the level of agreement between data
and simulated distributions, all data histograms in the remainder of this chapter are
scaled by the corresponding correction factor 1− fexcess. The symbol fexcess denotes the
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fractional excess of data events caused by split-offs (Table 5.1). This is a reasonable
approach for most variables which are expected to be uncorrelated with the occurrence
of split-offs. However, correlations may exist, e. g., for the momentum of the charged
hadron in single-π0 reactions. In any case, the scaling has no effect on the branching
fractions as determined in Section 6.3.

All figures shown in the remainder of this chapter are (n− 1) distributions , i. e., all
selection criteria except the one on the plotted variable are applied as summarized in
Section 4.8. For most variables, only the distributions of two of the eight reconstructed
decay modes τ− → π−nπ0ντ (n = 1, 2, 3, 4) and τ− → K−nπ0ντ (n = 0, 1, 2, 3) are
displayed to illustrate the effect of the selection criteria. The histograms of the remaining
decay modes are displayed in Appendix A.

4.4 Cross feed rejection

After the division of all selected events into the different decay channels, these still
contain cross feed, i. e., an event sample with n reconstructed π0 mesons still contains
events with m real π0 mesons, where m 6= n.

Figure 4.5 shows the maximal hadron-π0 angle in the center-of-mass system αcms
hπ0 ,

i. e., the maximal angle between the track in the signal hemisphere and any reconstructed
π0 meson, for selected events of the type τ− → π−π0π0π0ντ and τ− → π−π0π0π0π0ντ .
As split-offs are a track related phenomenon, they only affect the reconstruction of π0

mesons close to the charged hadron (Section 5.3.2). For events that contain multiple
π0 mesons, the maximal hadron-π0 angle is thus uncorrelated with the occurrence of
split-offs. Both event classes show significant cross feed, mainly from the corresponding
decay channels with one or two π0 mesons less. This can happen, e. g., if the π−

or the π+ meson in an event of the true type τ− → π−π0π0ντ and τ+ → π+π0ντ is
misidentified as a muon. The event is reconstructed as a muon tagged reaction with
three neutral pions, τ− → π−π0π0π0ντ and τ+ → µ+νµντ . Since at least one of the π0

mesons originates from the non-signal τ lepton, it is contained in the tag hemisphere
(Figure 4.1). Thus, cross feed events are concentrated at large maximal hadron-π0

angles around 2.75 rad (160◦). In contrast, due to the boost of the τ lepton, π0 mesons
in correctly reconstructed decay channels are located at small angles of about 0.5 rad
(30◦).

Cross feed is a significant effect due to the much larger branching fraction of
the decay channel with one π0 meson less with respect to the reconstructed mode,
e. g., B(τ− → π−π0π0ντ )/B(τ− → π−π0π0π0ντ ) ≈ 10 [3]. Given the ratio of the
branching fractions B(τ+ → π+π0ντ )/B(τ+ → µ+νµντ ) ≈ 1.5, τ pairs produce about
15 times more cross feed candidates of the type τ− → π−π0π0ντ and τ+ → π+π0ντ
than real τ− → π−π0π0π0ντ events with τ+ → µ+νµντ . Taking into account the
suppression of cross feed events with the pion-as-muon misidentification of the order
of 1.5 % (Figure 3.4(b)), these candidates lead to the observed amount of cross feed
in Figure 4.5(a). If the cross feed event is considered as an event of the true type
τ+ → π+π0ντ or τ− → π−π0π0ντ depends on which of the two charged pions is
misidentified as the muon.

Since the pion misidentification is much larger for muons than for electrons (Fig-
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(a) τ− → π−π0π0π0ντ .
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(b) τ− → π−π0π0π0π0ντ .

Figure 4.5: Distributions of the maximal hadron-π0 angle in the center-of-mass system
αcms
hπ0 for selected events of the type (a) τ− → π−π0π0π0ντ and (b) τ− → π−π0π0π0π0ντ ,

using muon tagged reactions only. The selection criteria on this variable are indicated by
the vertical lines.

ures 3.2, 3.4), muon tagged reactions are chosen to illustrate the effect in Figure 4.5.
The distributions for the remaining decay channels are displayed in Figures A.1 and
A.2. They show that similar scenarios occur for all other decay channels with multiple
π0 mesons. As indicated by Figure 4.5(b), the amount of cross feed increases strongly
with the number of reconstructed π0 mesons.

To reject cross feed from τ decays into final states with fewer neutral pions, selected
π0 mesons are restricted to a cone around the (signal) hadron track:

αcms
hπ0 < 1.5 rad . (4.12)

Cross feed from events with additional neutral pions occurs if a π0 escapes detection,
e. g., if one photon is outside the fiducial detector volume. This can be suppressed
using the unassociated energy in the signal event hemisphere Eunass. It is defined as the
sum of the energies Ei of all photons in the signal hemisphere that are not used in the
reconstruction of a π0 meson,

Eunass =
∑

i(unass)

Ei . (4.13)

Events with additional undetected π0 mesons contain more unassociated energy than
events in which all neutral pions are reconstructed.

As an example, Figure 4.6 displays the unassociated energy for τ− → π−π0ντ and
τ− → K−ντ events. Both distributions exhibit significant deviations between data
and Monte Carlo simulation. But they also show that the unassociated energy is an
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Figure 4.6: Distributions of the unassociated energy in the signal event hemisphere
Eunass for selected events of the type (a) τ− → π−π0ντ and (b) τ− → K−ντ . Only the
lowest energy bin is accepted by the selection criterion.

effective means to eliminate cross feed from decay channels that contain additional π0

mesons. The minimization of this background is essential to the determination of the π0

efficiency correction as described in Section 5.1. Thus, all selected events are required
to have

Eunass < 0.1 GeV . (4.14)

The selection criterion is chosen such that the uncertainty of the branching fractions due
to the π0 efficiency correction as determined in Section 5.4 is minimized. All remaining
decay channels show similar distributions. They are presented in Figures A.3 and A.4.

4.5 Rejection of remaining QED backgrounds

Despite the application of the criteria to select ττ reactions in Section 4.1, the selected
events still contain background from non-ττ QED processes, e. g., di-lepton reactions
e+e− → `+`−(γ) with ` = e, µ or two-photon processes e+e− → e+e−ff with f = e, µ, π.
Since no suitable Monte Carlo simulation is available for Bhabha scattering and two-
photon reactions (Section 2.3.2), an effective rejection of these events is essential for
the success of this analysis.

Figure 4.7(a) shows the s-channel Feynman diagram for a di-lepton reaction.10 Since

10For e+e−(γ) final states, an additional t-channel diagram exists.
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Figure 4.7: Feynman diagrams of an (a) e+e− → `+`−(γ), ` = e, µ, di-lepton and a
(b) e+e− → e+e−ff , f = fermions = e, µ, π, two-photon background event. For e+e−(γ)
final states, a t-channel diagram exists in addition to the s-channel reaction shown in
(a). While all signal events e+e− → τ+(→ e+νeντ )τ−(→ π−/K−nπ0ντ ) contain three
undetected neutrinos in their final state, di-lepton events do not contain any undetected
particles. Two-photon events are only reconstructed as signal events if two charged
particles escape detection. This happens, for example, if the electrons do not leave the
beam pipe.

the final state of di-lepton events does not contain any undetected neutrinos, each
lepton has a center-of-mass momentum close to the individual momenta of the incoming
electrons and positrons, pcms

` ≈ pcms
e = 5.29 GeV/c. Differences only occur via initial

and final state radiation or interactions with detector material. In contrast, leptons in
signal events have significantly lower momenta because of the two final state neutrinos
in leptonic τ decays, τ− → `−ν`ντ . This is used to reject di-lepton events by requiring
the reconstructed lepton to fulfill the criterion

pcms
` < 5.0 GeV/c . (4.15)

Additionally, the missing mass is used to further suppress di-lepton events. It is
defined as

mmiss =
√
pµmissp

miss
µ . (4.16)

The symbol pµmiss denotes the missing four-momentum,

pµmiss = pµee −
∑
i(FS)

pµi , (4.17)

where pµee is the total four-momentum of the incoming electron and positron and the pµi
are the four-momenta of all reconstructed final state particles (FS). The missing momen-
tum is calculated using all tracks and neutral particles as defined in Sections 3.1, 3.2. As
for the thrust definition, the daughters of K0

S mesons, Λ baryons and photon conversions
are also added to the tracks.
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Signal events of the type e+e− → τ+(→ `+ν`ντ )τ
−(→ π−/K−nπ0ντ ) comprise three

neutrinos within their end products and their missing mass is significantly larger than
zero. In contrast, because of the absence of any final state neutrinos, the missing mass
of di-lepton events is approximately zero.

Figure 4.8 shows the missing mass distributions for events of the type τ− → π−π0ντ
and τ− → K−ντ . For both decay modes, the comparison with the Monte Carlo
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Figure 4.8: Distributions of the missing mass mmiss for selected events of the type
(a) τ− → π−π0ντ and (b) τ− → K−ντ , using electron tagged reactions. The selection
criteria on this variable are indicated by the vertical lines.

simulation shows an excess of data events at small missing masses—as visible in the
plotted ratio histograms. This excess is due to remaining background from di-lepton
reactions, e+e− → `+`−(γ), which are not included in the Monte Carlo simulated
event samples (Section 2.3.2). Since the effect is more pronounced in electron than
in muon tagged decays, only the former are displayed in Figure 4.8. The general
agreement is similar for both event types. The distributions of the remaining decay
modes are displayed in Figures A.5 and A.6. Because of the larger number of π0

mesons, they are less affected by background from di-lepton events and the amount of
remaining background decreases with the number of reconstructed π0 mesons. Thus,
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the background is rejected by the following decay-channel dependent selection criteria:

τ− → K−ντ mmiss > 3.00 GeV/c2 ,

τ− → π−/K−π0ντ mmiss > 1.75 GeV/c2 ,

τ− → π−/K−π0π0ντ mmiss > 1.50 GeV/c2 ,

τ− → π−/K−π0π0π0(π0)ντ mmiss > 1.00 GeV/c2 .

(4.18)

Two-photon reactions constitute an additional class of background events. Fig-
ure 4.7(b) shows a possible Feynman diagram. At least two charged particles need to
remain undetected in order to allow a reconstruction as a signal event. Due to the
event kinematics, the two high-energetic electrons are most likely to remain inside
the beam pipe and escape detection. Two-photon events hence tend to have large
missing masses close to the kinematic limit, mmiss →

√
s = 10.58 GeV−2mec

2. As these
reactions are not included in the Monte Carlo simulated events samples (Section 2.3.2),
remaining background from these events is visible as data excess at large missing masses
in Figure 4.8. To remove these reactions, selected events are required to have

mmiss < 7.50 GeV/c2 . (4.19)

In order to test the level of remaining QED background, Figure 4.9 displays the
hadron-lepton acoplanarity ∆φcms

h` , i. e., the difference in the tracks’ azimuthal angles in
the center-of-mass system, for selected events of the type τ− → π−π0ντ and τ− → K−ντ .
The distribution for τ− → π−π0ντ decays in Figure 4.9(a) shows that the data is well
described by the Monte Carlo simulation. All other decay channels with π0 mesons in
their final state exhibit a similar level of agreement (Figures A.7, A.8). In contrast,
τ− → K−ντ reactions (Figure 4.9(b)) display a huge excess of data events at large
acoplanarities near 180◦ (3.14 rad). They are particularly affected by QED background
that is not included in the Monte Carlo simulation and the excess is due to still remaining
Bhabha background, e+e− → e+e−, in this decay channel. Since e+e− → e+e− events
only comprise two final state particles, these are back-to-back , i. e., their opening angle
in the center-of-mass system is close to 180◦ (3.14 rad). Again, electron tagged events
are used to illustrate this effect, since they exhibit the largest discrepancy. Muon tagged
events display a similar but smaller deviation. The background events are removed by
requiring the acoplanarity for selected events of the type τ− → K−ντ to be

τ− → K−ντ ∆φcms
h` < 2.95 rad . (4.20)

4.6 Rejection of remaining qq background

Similarly to the selected samples of final states with few π0 mesons, which still contained
QED background, event samples of decay modes with multiple π0 mesons still contain
background of the type e+e− → qq.

Figure 4.10(a) shows the thrust T (Equation 4.2) for selected events of the type τ− →
π−π0π0π0π0ντ . A significant level of qq background is visible at low thrust values. As
illustrated by the distribution for events of the type τ− → K−π0π0ντ in Figure 4.10(b),
remaining cross feed from non-strange reactions, i. e., τ− → π−π0π0(π0)ντ , in the strange
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Figure 4.9: Distributions of the hadron-lepton acoplanarity ∆φcms
h` in the center-of-mass

system for selected events of the type (a) τ− → π−π0ντ and (b) τ− → K−ντ , using
electron tagged reactions. The selection criterion on this variable is indicated by the
vertical line.

modes τ− → K−π0π0(π0)ντ is also enriched at small thrust values. The kinematic
constraint of the τ mass and the larger kaon mass force the final state particles of decays
of the type τ− → K−nπ0ντ to be closer to the initial τ direction than in the case of
τ− → π−nπ0ντ reactions. Thus, the thrust value of events that contain a charged kaon
is larger than the one of corresponding events with a charged pion.

Both the qq and the non-strange backgrounds are reduced by the following selection
criteria:

τ− → π−π0π0π0π0ντ T > 0.92 ,

τ− → K−π0π0ντ T > 0.91 ,

τ− → K−π0π0π0ντ T > 0.92 .

(4.21)

The distribution for events of the type τ− → K−π0π0ντ is shown alongside all other
decay modes in Figures A.9 and A.10. It also displays significant background at low
thrust values in contrast to all remaining modes.

4.7 Rejection of remaining ττ background

Remaining background from ττ reactions mainly consists of τ decays that produce final
states similar or identical to the one of the signal decay modes, e. g., via intermediate
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Figure 4.10: Distributions of the thrust for selected events of the type (a) τ− →
π−π0π0π0π0ντ and (b) τ− → K−π0π0ντ . The selection criteria on this variable are
indicated by the vertical lines.

resonances. These comprise the following decay channels:

τ− → π−/K−K0/ηnπ0ντ with n = 0, 1, 2. τ decays into final states containing
neutral kaons may enter the selected event samples in two ways. Firstly, a K0

meson that decays as a K0
L is not identified in this analysis due to the insufficient

description of the instrumented flux return by the Monte Carlo simulation [61].
It thus escapes detection and the event is reconstructed in the corresponding
mode without K0. Secondly, an event containing a K0 meson that decays as a K0

S

may enter event samples with additional π0 mesons via the decay K0
S → π0π0.11

Similarly, decays with additional η mesons may enter selected event samples via
the decay η → π0π0π0.12 The latter two possibilities fully enter into the selected
event samples unless explicit measures against resonant multiple-π0 final states
are applied.

Since K0
L mesons scarcely interact in the electromagnetic calorimeter, τ decays into

final states containing any K0
L mesons, e. g., τ− → K−K0

Lντ , are not discarded by the
selection criteria described so far. As their branching fractions are not well measured,13

their subtraction from the selected data events (Section 6.1) would induce a significant
uncertainty of the measured branching fractions.

11B(K0 → K0
L) = B(K0 → K0

S) = 50 %, B(K0
S → π0π0) = (30.69± 0.05) % [3].

12B(η → π0π0π0) = (32.52± 0.26) % [3].
13E. g., ∆B/B(τ− → K−K0ντ ) = 11 % [3].
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Events that contain an additional K0
L meson with respect to a measured decay mode

are thus rejected using an estimate of the mass mν of the neutrino resulting from the
signal τ decay:

m2
ν = pµ(ν)pµ(ν) with pµ(ν) = pµ(τ)− pµ(π/Knπ0) . (4.22)

The pµ(ν) and pµ(τ) are the center-of-mass four-momenta of the neutrino and the τ
lepton, while pµ(π/Knπ0) is the center-of-mass four-momentum of all reconstructed
final state particles in the signal hemisphere:

pµ(π/Knπ0) = pµ(π/K) +
n∑
i=1

pµ(π0
i ) . (4.23)

It is calculated from the four-momentum of the charged hadron pµ(π/K) and those of
the reconstructed π0 mesons pµ(π0

i ). The energy and momentum of the τ lepton in the
center-of-mass system are known by four-momentum conservation,

Eτ = Ee ,

pτ =
√

(Ee)
2 −m2

τ .
(4.24)

The symbol Ee denotes the center-of-mass energy of the incoming electron beam,
Ee =

√
s/2 = 5.29 GeV, and mτ = (1.77690 ± 0.00020) GeV/c2 is the τ mass. An

estimate of the τ direction is obtained by the thrust axis nT :

pµ(τ) = (Eτ , pτnT ) . (4.25)

If all final state particles except the neutrino are reconstructed, the neutrino mass
should be consistent with zero, mν ≈ 0. In contrast, if an additional particle, e. g., a
K0

L, escapes detection, the neutrino mass is expected to be significantly larger than
zero, mν � 0.

Figure 4.11 shows the calculated squared neutrino masses for selected events of
the type τ− → K−ντ and τ− → K−π0ντ . A reasonable agreement between data and
Monte Carlo simulation is observed for both decay channels except at large values.
Due to the rough estimate of the τ direction using the thrust axis, a wide spread
of the calculated neutrino masses is observed. In combination with the finite energy
and momentum resolution, even negative values occur for the squared invariant mass
m2
ν . However, on average, events with additional K0 mesons, τ− → K−K0nπ0ντ , are

concentrated at larger masses than signal events of the type τ− → K−nπ0ντ . The excess
of Monte Carlo simulated events in this region, which is observed in both decay modes,
indicates that the actual world averages14 may overestimate these branching fractions.
Figure A.12 contains the distributions of the remaining modes with net strangeness,
τ− → K−π0π0ντ and τ− → K−π0π0π0ντ . They exhibit a similar behavior, although
the statistical uncertainties are rather large.

14B(τ− → K−K0ντ ) = (1.58± 0.17)× 10−3, B(τ− → K−K0π0ντ ) = (1.44± 0.23)× 10−3 [3]
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Figure 4.11: Distributions of the squared invariant neutrino mass m2
ν for selected events

of the type τ− → K−ντ and τ− → K−π0ντ . Negative values occur because of the finite
detector resolution and due to the rough estimate of the τ direction using the thrust
direction. The selection criteria on this variable are indicated by the vertical lines.

In consequence, decays of the type τ− → K−K0nπ0ντ are suppressed by imposing
the following selection criteria:

τ− → K−ντ −0.5 < m2
ν < 0.9 GeV2/c4

τ− → K−π0ντ −0.4 < m2
ν < 0.4 GeV2/c4

τ− → K−π0π0ντ −0.4 < m2
ν < 0.2 GeV2/c4

τ− → K−π0π0π0ντ −0.4 < m2
ν < 0.1 GeV2/c4

(4.26)

In addition to events with missing K0
L mesons, these selection criteria also suppress

reactions with additional π0 mesons that escaped detection.
The selection criteria are chosen such that the uncertainties of the measured branch-

ing fractions that are induced by the uncertainties of the branching fractions of the
subtracted backgrounds (Section 6.5.3) are of similar size as the total statistical uncer-
tainties (Table 6.5). Thus, the imprecisely known backgrounds are suppressed as much
as possible while assuring that the statistical uncertainties remain small.
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All decay modes without net strangeness exhibit similar distributions of the squared
neutrino mass. They are displayed in Figure A.11. Since the ratio of the branching frac-
tions for the reactions τ− → π−K0nπ0ντ and τ− → π−nπ0ντ is much smaller than for
the corresponding decay channels with net strangeness (e. g., B(τ− → π−π0ντ )/B(τ− →
π−K0π0ντ ) ≈ 70 versus B(τ− → K−π0ντ )/B(τ− → K−K0π0ντ ) ≈ 3 [3]), the back-
ground contribution is strongly reduced in decay channels without net strangeness. In
consequence, no selection criteria are applied for these modes.

After the rejection of all remaining backgrounds with different final states than those
of the reconstructed decay channels, the selected event samples still contain background
from resonant τ decays into the reconstructed final states, e. g., τ− → KK0ντ (K0

S →
π0π0) and τ− → K−ηντ (η → π0π0π0). Since resonant τ decays are not to be included
into the measurements within this thesis, they are rejected by excluding the resonance
regions in the invariant mass distributions of final state π0 pairs and triplets.

Figure 4.12 shows the resonance regions of the invariant π0π0 masses for τ− →
K−nπ0ντ events with n = 2, 3 and the π0π0π0 masses for τ− → K−π0π0π0ντ and
τ− → π−π0π0π0π0ντ reactions. All data distributions are reasonably well described
by the Monte Carlo simulation. Given the masses of K0 and η mesons, mK0 =
(497.648 ± 0.022) MeV/c2 and mη = (547.41 ± 0.18) MeV/c2 [3], the resonances are
rejected in the above decay modes by the following criteria:

K0
S → π0π0 ( mπ0π0 < 0.44 GeV/c2 ) ‖ ( mπ0π0 > 0.52 GeV/c2 )

η → π0π0π0 ( mπ0π0π0 < 0.50 GeV/c2 ) ‖ ( mπ0π0π0 > 0.60 GeV/c2 )
(4.27)

The remaining distributions for τ− → π−nπ0ντ events are shown in Appendix A.
Since τ− → π−ηντ decays are forbidden in the limit of strong isospin and G-parity
conservation [71], background from η → π0π0π0 decays in selected τ− → π−π0π0π0ντ
reactions is restricted to the mode τ− → π−ηπ0ντ with an undetected π0 meson and
thus small. Because of the ratios of the relevant branching fractions [3], the background
contribution from K0

S → π0π0 decays is also relatively small in τ− → π−nπ0ντ events.
Since the π0π0 mass distributions are not well described by the Monte Carlo simulation,
no selection criteria are applied for these modes.

4.8 Summary of the selection criteria

All criteria applied to select reactions of the type e+e− → τ+τ− and to reject cross feed
between the different decay modes of the signal τ lepton are summarized in Table 4.2.

Table 4.3 summarizes the selection criteria that are applied to reject remaining
background from QED processes and reactions of the type e+e− → qq and e+e− → τ+τ−.

Figures 4.13 and 4.14 display the momentum of the charged hadron in the signal
hemisphere for all selected decay channels. No selection criterion is imposed on this
quantity. The distributions of the modes τ− → π−π0ντ , τ

− → K−ντ and τ− → K−π0ντ
only display a small shift of the data towards smaller momenta—visible as the slope in the
ratio of the data and Monte Carlo simulated distributions. In contrast, the distributions
of the decay channels τ− → π−π0π0ντ , τ

− → π−π0π0π0ντ and τ− → π−π0π0π0π0ντ
exhibit huge shifts of the data towards larger momenta. This is discussed for the most
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Figure 4.12: Distributions of the invariant π0π0 masses mπ0π0 for τ− → K−nπ0ντ events
with n = 2, 3 (a, b) and the invariant π0π0π0 masses mπ0π0π0 for (c) τ− → K−π0π0π0ντ
and (d) τ− → π−π0π0π0π0ντ reactions in the relevant resonance regions (see text). The
labels 2π0s and 3π0s refer to the combinations of π0 pairs and triplets plotted in each
histogram. Due to the ambiguity in combining the π0 mesons, (b) contains three and
(d) four entries per event. The selection criteria on these variables are indicated by the
vertical lines.

significant case of selected events of the type τ− → π−π0π0ντ in Section 5.5. The
agreement for the modes τ− → K−π0π0ντ and τ− → K−π0π0π0ντ is reasonable, albeit
strongly statistically limited, especially in the latter case.

However, the agreement in the overall normalization is reasonably well described—
also for the mode τ− → π−π0π0ντ , whose branching fraction is known with high
precision, B(τ− → π−π0π0ντ ) = (9.24± 0.12) % [3]. This is an important feature for
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Table 4.2: Summary of the criteria applied to select reactions of the type e+e− → τ+τ−

and to reject cross feed between the different decay modes of the signal τ lepton.

Quantity Selection criteria

Thrust T > 0.87

Event topology 1–1

K0
S veto NK0

S
= 0

Photon conversion veto Nconv = 0

Charge conservation Q = 0

Track fiducial volume 0.45 < θtrack < 2.36 rad

Lepton identification N` ≥ 1

Electron veto N e
sig = 0

Hadron-π0 angle αcms
hπ0 < 1.5 rad

Unassociated neutral energy Eunass < 0.1 GeV

this analysis. In Section 5.4, any remaining deviations in the overall normalization
are used to estimate the uncertainties of the branching fractions that result from the
method of the π0 efficiency correction as described in Sections 5.1 and 5.2. In addition,
uncertainties due to deviations in the description of the selection variables by the Monte
Carlo simulation are derived in Section 6.5.11.
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Figure 4.13: Distributions of the momentum ph of the charged hadron for the different
event categories without net strangeness, τ− → π−nπ0ντ with n = 1, 2, 3, 4. No selection
criterion is imposed on this quantity.
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Figure 4.14: Distributions of the momentum ph of the charged hadron for the different
event categories with net strangeness, τ− → K−nπ0ντ with n = 0, 1, 2, 3. No selection
criterion is imposed on this quantity.





Chapter 5

Systematics of the π0 selection

Differences between the π0 selection efficiency in data and Monte Carlo simulation
are the dominant systematic uncertainty for branching fraction measurements of τ
decays into final states containing π0 mesons [26]. They are caused by deviations
in the underlying photon quantities, e. g., the shower shape in the electromagnetic
calorimeter (Figure 5.11). The standard treatment of these differences within the
BABAR collaboration is an efficiency correction of (−1.9 ± 3.3) % per π0, which is
applied to simulated events [72]. Two problems arise when using this correction
within the presented analysis. Firstly, an uncertainty of 3.3 % per π0 severely limits the
possible precision of branching fraction measurements for final states containing multiple
π0 mesons. Secondly, at an early stage of this analysis, the standard π0 efficiency
correction was used to study the precisely measured decay modes τ− → π−π0ντ
and τ− → π−π0π0ντ as selected in Chapter 4. The study showed that significant
normalization differences between data and Monte Carlo simulation of 6 and 12 %,
respectively, still remain after the application of the standard π0 efficiency correction.

One reason for the remaining deviations are differences in the selections of π0

mesons for the determination of the standard correction and in the framework of this
analysis. The standard π0 efficiency correction is only determined using relatively loose
π0 selection criteria, which are not suited for the analysis of final states containing
multiple π0 mesons. As the deviations are caused by differences in the underlying photon
quantities, which are used to select π0 mesons, the discrepancies between data and
Monte Carlo simulation are expected to depend on the selection criteria. In addition,
the π0 efficiencies in data and Monte Carlo simulation that are used to determine the
standard efficiency correction are determined from the ratio of selected events of the
type τ− → π−π0ντ and τ− → π−ντ [72]. A lepton tag is required, i. e., the second
τ lepton in the event is reconstructed in its fully leptonic decay mode, τ− → `−ν`ντ
with `− = e−, µ− (Chapter 4). However, it was found within this work that decays of
the type τ− → π−ντ cannot be properly reconstructed in conjunction with a lepton
tag due to the large amount of remaining QED backgrounds in the data, for which
no appropriate Monte Carlo simulation exists (Sections 4.5, 2.3). In consequence, the
correctness of the standard π0 efficiency correction is questionable and it is not used
within this analysis.

A possible solution to avoid both the large uncertainties in case of multiple π0

mesons and the incorrectness of the standard π0 efficiency correction would be a relative

79
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measurement of each decay mode τ− → K−nπ0ντ with respect to the corresponding
mode τ− → π−nπ0ντ . In this case, most systematic effects and uncertainties related
to the π0 selection would cancel in first order. However, as many of the quantities
needed for the event selection and the determination of the branching fractions are
correlated between the different modes (Section 6.5) and as cross feed between modes
with different numbers of π0 mesons is not negligible (Section 4.4), the correlations
between the measured branching fractions are expected to be significant and cannot be
neglected. In consequence, separate relative measurements for each decay mode are
not possible and a simultaneous determination of all branching fractions is needed to
correctly account for all correlations.

To still profit from the benefits of a relative measurement, the π0 efficiency correction
is determined using the precisely measured decays of the type τ− → π−π0ντ and
applied for each π0 in events containing (multiple) π0 mesons. In this way, all π0-
related uncertainties cancel for the first π0 in first order. The basic principle of this
method is the fact that—apart from the π0 selection efficiency—the Monte Carlo
simulation of these decays is well understood and describes the data. It uses the
precisely measured branching fraction B(τ− → π−π0ντ ) = (25.46± 0.12) % [3] and all
known deviations between data and Monte Carlo simulation, e. g., due to the charged
particle reconstruction and identification, are corrected as described in Section 3.5.
Thus, any remaining deviations are solely attributed to differences in the π0 selection
efficiency between data and simulated reactions.

This chapter presents the determination of the π0 efficiency correction as needed
for this analysis (Section 5.1) It also describes the application of this correction to
simulated events containing (multiple) π0 mesons (Section 5.2). Section 5.3 discusses
systematic studies performed to validate and test the π0 efficiency correction using the
precisely measured decays of the type τ− → π−π0ντ and τ− → π−π0π0ντ . In particular,
reactions of the type τ− → π−π0π0ντ are used to estimate a systematic uncertainty of
the π0 efficiency correction method (Section 5.4). A study of the kinematics in final
states of the type π−π0π0 is summarized in Section 5.5. The chapter ends with a critical
discussion of the presented methods and phenomena in Section 5.6.

5.1 Determination of the π0 efficiency correction

The π0 selection efficiency επ0 is defined as the probability to reconstruct a π0 meson
using the selection criteria summarized in Section 3.4. If a sample contains Nprod

π0

(produced) neutral pions of which N sel
π0 are reconstructed (selected), the efficiency is

επ0 ≡
N sel
π0

Nprod
π0

. (5.1)

It can be determined with the help of events of the (true) type e+e− → τ+(→
`+ν`ντ )τ

−(→ π−π0ντ ). They are selected as described in Chapter 4. Each of these
events contains one π0 meson. The number of events thus corresponds to the number
of π0 mesons in the event sample. The total efficiency to select an event of this type
εππ0 can be splitted into the efficiency to select a π0 meson επ0 and the efficiency of the
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remaining selection criteria ε 6π
0

ππ0 (e. g., tracking and charged particle identification):

εππ0 ≡
N sel
ππ0

Nprod
ππ0

= ε 6π
0

ππ0 · επ0 . (5.2)

The symbols N sel
ππ0 and Nprod

ππ0 denote the numbers of selected respectively produced
events of the type τ− → π−π0ντ . Thus, the π0 selection efficiency can be obtained from
events of the type τ− → π−π0ντ as

επ0 =
N sel
ππ0

ε 6π
0

ππ0N
prod
ππ0

. (5.3)

Deviations between the π0 selection efficiency in data and the one in the Monte Carlo
simulation can occur due to differences in the underlying photon quantities. They can
be corrected for by the application of a π0 efficiency correction factor ηπ0 to simulated
events:

ηπ0 ≡
εdata
π0

εMC
π0

=

(Nsel
ππ0)data“

ε6π
0

ππ0

”
data

(Nprod

ππ0 )
data

(Nsel
ππ0)MC“

ε 6π
0

ππ0

”
MC

(Nprod

ππ0 )
MC

. (5.4)

The εdata
π0 and εMC

π0 are the above defined π0 selection efficiencies, the (ε 6π
0

ππ0)data/MC the

efficiencies of the remaining selection criteria and the (N
sel/prod

ππ0 )data/MC the numbers of
selected/produced events of the type τ− → π−π0ντ in data and Monte Carlo simulation
respectively. While the efficiency of the remaining selection criteria in the Monte
Carlo simulation can be directly determined from the known number of selected events
of (true) type τ− → π−π0ντ at each stage of the event selection, the corresponding
efficiency in data cannot be obtained directly. However, if the simulation describes all
aspects of the real data apart from the π0 efficiency, the efficiency is equal in data and
Monte Carlo simulation and cancels in Equation 5.4. Thus, for the remainder of this
chapter, all known deviations between data and Monte Carlo simulation other than
those due to the π0 selection, i. e., the ones due to the charged particle reconstruction
and identification, are corrected as described in Section 3.5. In this case, any remaining
deviation between data and Monte Carlo simulation results from differences in the π0

selection efficiencies.
Similarly, if the Monte Carlo simulation uses the precisely measured branching

fraction B(τ− → π−π0ντ ) = (25.46± 0.12) % [3] and is scaled to the data luminosity as
described in Section 6.1, the number of produced events of (true) type τ− → π−π0ντ in
the Monte Carlo simulation is equal to the a-priori unknown one in data. Thus, both
numbers also cancel and Equation 5.4 simplifies to

ηπ0 =

(
N sel
ππ0

)
data(

N sel
ππ0

)
MC

. (5.5)

The number of selected events of the (true) type τ− → π−π0ντ is determined directly
for the Monte Carlo simulation. However, the selected data sample is not free from
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remaining background. Its amount N sel
BG is estimated using Monte Carlo simulation and

subtracted from the number of selected events in data N sel
data:(

N sel
ππ0

)
data

= N sel
data −N sel

MC,BG

= N sel
data −

∑
j

N sel
MC,BG(j) . (5.6)

The symbol N sel
MC,BG denotes the number of selected background events in the Monte

Carlo simulation. It is obtained as a sum of the selected events N sel
MC,BG(j) from all

contributing background modes j. In this case, the sum over the background modes j
contains all simulated modes other than τ− → π−π0ντ , including the decay channels
measured in this analysis (Chapter 6). Combining Equations 5.5 and 5.6, the π0

efficiency correction can be obtained from selected events of the type τ− → π−π0ντ as

ηπ0 =

(
N sel
ππ0

)
data(

N sel
ππ0

)
MC

=
N sel

data −N sel
MC,BG(

N sel
ππ0

)
MC

. (5.7)

However, this method only works if the remaining background in the data sample is
well described by the subtracted simulated background, i. e., if all deviations between
data and Monte Carlo simulation—including those due to differences in the π0 selection—
are corrected for the simulated background events. In consequence, the π0 efficiency
correction is determined iteratively according to Equation 5.5. For each iteration, the π0

efficiency correction from the previous one is used to correct the Monte Carlo simulated
background as described in Section 5.2.

In principle, this iterative procedure would in turn have to be performed multiple
times, as the subtracted backgrounds also contain the decay modes that are measured
in this analysis. Their branching fractions are needed to correctly scale the subtracted
backgrounds to the data luminosity (Section 6.1). But the background in selected events
of the type τ− → π−π0ντ is dominated by the precisely measured modes τ− → π−ντ
and τ− → π−π0π0ντ (Figure 5.1, [3]). The background contribution from decay modes
that are measured within this analysis is negligible. In consequence, the determination
of the π0 efficiency correction is performed using the world averages for all τ branching
fractions [3].

Due to the correlation between the π0 energy and the opening angle of the two
daughter photons,1 the deviations between data and Monte Carlo simulation are
expected to depend on the π0 energy. E. g., differences between the shower shapes
in data and Monte Carlo simulation are expected to cause different effects at small
photon-photon angles (i. e., at large π0 energies) than at large angles (small energies).
Because of the different π0 energy spectra of the decay modes that are analyzed in this
work (Figures B.1, B.2), an energy-dependent π0 efficiency correction is thus necessary.
This is achieved by considering Equation 5.5 as a function of the π0 energy Eπ0 :

ηπ0(Eπ0) =
N sel

data(Eπ0)−N sel
MC,BG(Eπ0)(

N sel
ππ0

)
MC

(Eπ0)
, (5.8)

1The invariant photon-photon mass is mγγ =
√

2Eγ1Eγ2 (1 + cosαγ1γ2), where Eγi
is the energy of

photon i and αγ1γ2 is the photon-photon opening angle. It is constrained to the π0 mass and thus
relates the opening angle and the π0 energy Eπ0 = Eγ1 + Eγ2 .
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where N sel
data(Eπ0) is the number of selected events of the type τ− → π−π0ντ in data as

a function of the π0 energy. The symbol N sel
MC,BG(Eπ0) denotes the number of selected

simulated background events and (N sel
ππ0)MC(Eπ0) the number of selected simulated

events of the (true) type τ− → π−π0ντ .

5.1.1 Description of the data by the Monte Carlo simulation

An essential prerequisite for the above described determination of the π0 efficiency
correction is a good agreement between data and Monte Carlo simulation in all aspects
that are not related to the π0 reconstruction. This can be verified using the decay
products of the leptonic τ decay. Due to kinematic correlations between the decay
products of the signal τ lepton, the kinematics of the charged pion are influenced by the
energy-dependent differences of the π0 efficiency in data and Monte Carlo simulation.
They cannot be used to verify the agreement prior to the application of the π0 efficiency
correction.

Figure 5.1 shows the lepton momentum and polar angle in the laboratory system
for selected events of the type τ− → π−π0ντ . To remove the normalization difference
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Figure 5.1: Distributions of the (a) lepton momentum p` and (b) polar angle θ` in the
laboratory system for selected events of the type τ− → π−π0ντ . Data and Monte Carlo
simulated distributions have been normalized to equal area. Only statistical uncertainties
are included and all corrections except the π0 efficiency correction are applied to the
Monte Carlo simulated events as described in Section 3.5. The deviation at small momenta
is caused by a known artifact of the track reconstruction [53, 73].

caused by differing π0 efficiencies, data and Monte Carlo simulated distributions have
been normalized to equal area. Both quantities exhibit a good description of the data
by the Monte Carlo simulation except at very small momenta. This deviation is due to
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a known artifact of the track reconstruction [53, 73]. Its influence on the overall event
rate needed to extract the branching fractions is corrected for by the tracking efficiency
correction. In consequence, selected events of the type τ− → π−π0ντ can be used to
extract an energy-dependent π0 efficiency correction [53].

5.1.2 The π0 efficiency correction

To determine the numbers of selected events in data and Monte Carlo simulation as
needed in Equation 5.8, events that contain a decay of the type τ− → π−π0ντ are
selected. Since the rate of spurious π0 mesons due to hadronic split-offs at small angles
to the signal track is not described by the Monte Carlo simulation (Sections 3.2, 5.3.2),
a minimal angular separation of the π0 and the charged pion is required in addition to
all selection criteria described in Chapter 4:

αππ0 > 0.25 rad , (5.9)

where αππ0 is the angle between the π0 and the pion track in the laboratory system.
A detailed study of split-offs and the implications for this analysis are presented in
Section 5.3.2.

Figure 5.2(a) shows the π0 energy distribution in selected events of the type τ− →
π−π0ντ . For each bin, the energy-dependent π0 efficiency correction ηπ0 is calculated
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(a) π0 energy.
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Figure 5.2: Neutral pion efficiency correction as a function of the π0 energy Eπ0 extracted
from τ− → π−π0ντ decays. The π0 energy is shown in (a) for selected events of the
type τ− → π−π0ντ . All corrections except the π0 efficiency correction are applied to the
Monte Carlo simulated events as described in Section 3.5 and only statistical uncertainties
are included. (b) displays the π0 efficiency correction ηπ0 as obtained from the ratio
(Ndata −NMC,BG)/NMC, sig according to Equation 5.8.

according to Equation 5.8. To correctly treat the subtracted background, the iterative
procedure is used as described above. The iteration is terminated if the correction
factors in each bin as well as the energy-averaged overall correction factor do not change
anymore within their statistical uncertainties. Figure 5.2(b) displays the resulting π0
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efficiency correction ηπ0 after three iterations. To facilitate a smooth description and
application of the π0 efficiency correction, the actual correction for a given energy Eπ0

is obtained as a linear interpolation of the neighboring energy bins.

5.2 Application of the π0 efficiency correction

Analogous to the track efficiency correction and the efficiency correction for the charged
particle identification (Section 3.5), the π0 efficiency correction is applied in the form
of event weights to each simulated event. A general event in this analysis contains
nprod produced π0 mesons of which (nreco ≤ nprod) are reconstructed. In addition to the
event weights for all reconstructed π0 mesons, weights also need to be applied for those
π0 mesons that escape detection, i. e., that are missed. This is necessary to correctly
simulate the down-feed of events with n (true) π0 mesons into the event sample with
(n− 1) reconstructed π0 mesons. Using the definition of the π0 efficiency correction ηπ0

from Equation 5.4, the correction weight η6π0 for a missed π0 is

η 6π0 ≡
εdata
6π0

εMC
6π0

=
1− εdata

π0

1− εMC
π0

=
1− εMC

π0 ηπ0

1− εMC
π0

. (5.10)

The εdata
π0 and εMC

π0 are the π0 efficiencies in data and Monte Carlo simulation and the
ε 6π0 = 1 − επ0 are the corresponding inefficiencies. The total weight η(nreco,nprod) for a
general event with nprod produced and nreco reconstructed, i. e., nmiss = (nprod − nreco)
missed π0 mesons is the product of the (energy-dependent) weights for all π0 mesons:

η(nreco,nprod)({Ei}) =
nreco∏
j

ηπ0(Ej)

(nprod−nreco)∏
k

η6π0(Ek)

=
nreco∏
j

ηπ0(Ej)

(nprod−nreco)∏
k

1− εMC
π0 ηπ0

1− εMC
π0

(Ek) , (5.11)

where the Ei are the energies of all produced π0 mesons.
Equation 5.11 shows that, in addition to the π0 efficiency correction, the energy-

dependent absolute π0 efficiency in the Monte Carlo simulation is needed to calculate the
full correction factor. It is determined from simulated events of the type τ− → π−π0ντ
and displayed in Figure 5.3. The decrease at small energies is caused by the requirement
of a minimal photon energy of 0.075 GeV (Section 3.4). In contrast, the decrease at
large energies is due to an increasing fraction of merged π0 mesons. The constraint
of the invariant photon-photon mass to the π0 mass causes an anti-correlation of the
π0 energy and the photon-photon angle (Section 5.1). I. e., the photon daughters of
high-energetic π0 mesons are closer together, which increases the relative fraction of
merged π0 mesons. As these are not reconstructed in this analysis, they cause a decrease
of the selection efficiency. A more detailed study of the relative fractions of merged and
composite π0 mesons for the specific π0 energy spectra in this analysis is presented in
Section 5.3.3.

To obtain a smooth description of the π0 efficiency, the individual bins in Figure 5.3
are interpolated with a linear function when extracting the π0 efficiency for a given π0

energy Eπ0 .
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Figure 5.3: The π0 efficiency as a function of the π0 energy Eπ0 extracted from simulated
decays of the type τ− → π−π0ντ . The numbers of events with (N sel, red dots) and without
(Nprod, black dots) π0 selection are shown in (a) as a function of the π0 energy. (b)
displays the efficiency of the π0 selection, εMC ≡ (N sel/Nprod)MC. Only statistical
uncertainties are included.

5.2.1 Combinatorial photon pairs

When applying the π0 efficiency correction, which is determined from single-π0 events,
to final states that contain multiple π0 mesons, a fundamental difference between these
two types of events needs to be considered: combinatorial background from randomly
combined photons. Each one-π0 event ideally contains exactly two real photons and
hence one unique π0 candidate (modulo initial and final state radiation). In contrast,
final states with n π0 mesons contain at least 2n real photons and thus

nγγ =

(
2n

2

)
(5.12)

two-photon combinations, i. e., π0 candidates. For events with two π0 mesons, nγγ = 6,
in case of three π0 mesons, nγγ = 15.

As described in Section 3.4.2, spurious π0 mesons caused by randomly combined
photons are rejected by requiring that each photon be only used once to reconstruct
a π0 meson. The necessity of this criterion is illustrated by Figure 5.4. Figure 5.4(a)
shows the π0 energies for selected events of the type τ− → π−π0π0π0ντ , where a π0 is
defined as a photon-photon combination that fulfills the criteria specified in Table 3.1.
I. e., spurious π0 mesons due to random γγ combinations are not removed once they
pass the listed selection criteria. The measured branching fractions in the Monte Carlo
simulation—including the one of the mode τ− → π−π0π0π0ντ—are reweighted to the
results obtained in Chapter 6 and the mode τ− → π−π0π0ντ uses the precisely measured
world average B(τ− → π−π0π0ντ ) = (9.24 ± 0.12) % [3]. All corrections summarized
in Section 3.5 including the π0 efficiency correction described above are applied to the
Monte Carlo simulated events.
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(a) No removal of combinatorial background.
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(b) Removed combinatorial background.

Figure 5.4: Distributions of the π0 energies Eπ0 for selected reactions of the type
τ− → π−π0π0π0ντ . The histogram in (a) contains events in which spurious π0 mesons
due to combinatorial photon pairs have not been eliminated, (b) displays reactions in
which combinatorial photon pairs have been removed as described in Section 3.4.2. In
both cases, the measured branching fractions are reweighted to the results obtained in
Chapter 6 and the mode τ− → π−π0π0ντ uses the precisely measured world average
B(τ− → π−π0π0ντ ) = (9.24±0.12) % [3]. All corrections described in Section 3.5 including
the π0 efficiency correction from Section 5.1 are applied to the Monte Carlo simulated
events.

Two important features are observed in Figure 5.4(a). Firstly, the sample of events
that contain three reconstructed π0 mesons is dominated by events of the (true) type
τ− → π−π0π0ντ . This is caused by the above described combinatorial photon pairs
in conjunction with the ratio of the branching fractions, B(τ− → π−π0π0ντ )/B(τ− →
π−π0π0π0ντ ) ≈ 10 [3]. Secondly, the data is not described by the Monte Carlo simulation.
An overall excess of 10 % is observed in the data with respect to the simulated event
sample. Since the simulated decays of the type τ− → π−π0π0ντ use the precisely
measured branching fraction B(τ− → π−π0π0ντ ) = (9.24± 0.12) % [3], they cannot be
the reason for the deviation. However, the observed deviation is of similar size as the
total amount of selected events of the type τ− → π−π0π0π0ντ . If these reactions were
responsible for the deviation, their branching fraction as measured in Section 6.3 would
have to be too small by a factor of two. This corresponds to a deviation of more than
ten standard deviations from the current world average of B(τ− → π−π0π0π0ντ ) =
(0.98 ± 0.09) % [3]. In consequence, events of the type τ− → π−π0π0π0ντ are not
responsible for the observed deviation either. It is caused by an excess of approximately
10 % of background due to combinatorial photon pairs in data with respect to the
Monte Carlo simulation. As no combinatorial background exists in single-π0 reactions,
it cannot be corrected for by the π0 efficiency correction, which is determined using
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decays of the type τ− → π−π0ντ (Section 5.1).
Figure 5.4(b) shows the π0 energies for selected events of the type τ− → π−π0π0π0ντ

as described in Section 3.4.2, including the rejection of combinatorial π0 candidates. In
this case, at most n π0 mesons can be reconstructed from 2n photons. This is similar to
the situation in single-π0 events. Hence, the π0 efficiency correction can be applied to
multi-π0 final states whose combinatorial background has been rejected. The reasonable
agreement of data and Monte Carlo simulation in Figure 5.4(b) shows that the π0

efficiency correction works well for final states containing multiple π0 mesons. Moreover,
the background from events of the type τ− → π−π0π0ντ is negligible.

5.3 Systematic studies

This section describes studies that are performed to validate the method of the π0

efficiency correction. To this end, the description of important π0 and photon quantities
in selected events of the type τ− → π−π0ντ is examined after the application of the π0

efficiency correction. Thus, for the remainder of this chapter, all corrections including
the π0 efficiency correction are applied to all simulated event numbers and distributions.

5.3.1 Precision of the π0 efficiency correction

Figure 5.5 shows the π0 energy and the energies of the two daughter photons in
the laboratory system for selected events of the type τ− → π−π0ντ . The agreement
between data and Monte Carlo simulation at the 1 % level over the entire π0 energy
range in Figure 5.5(a) indicates the precision of the correction procedure. In addition,
Figure 5.5(b) displays an agreement between data and simulated events at the sub-per
cent level for all but the smallest photon energies and a discontinuity around 1 GeV.
The discontinuity is caused by an additional energy correction for high-energy photons
that is switched on at an energy of 1 GeV [74]. The difference at small photon energies
is due to a known deviation in the photon reconstruction efficiency [72]. However, the
agreement in Figure 5.5(a) shows that the effect is accounted for by the π0 efficiency
correction. In consequence, a correction of the π0 efficiency as a function of the π0

energy is sufficient within this analysis. A two-dimensional correction as a function of
the photon energies is not necessary.

5.3.2 Split-offs

Figure 5.6 displays the π−-π0 angle αππ0 in the laboratory system and the distance
∆EMC
πγ between the track extrapolation and the closest of the two daughter photons in

the calorimeter front face (cf. Figure 5.7). A significant excess of data events is observed
at both small angles, αππ0 < 0.25 rad, and small distances, ∆EMC

πγ < 30 cm. For all other
angles and distances, the data is described by the Monte Carlo simulation at the 1 and
0.5 % level, respectively.

These deviations could be due to hadronic split-offs as described in Section 3.2.
Split-offs produce spurious photons and are not described by the Monte Carlo simulation
as the used models are not adequate to simulate hadronic showers in this detail. If the
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(a) π0 energy.
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(b) Photon energies.

Figure 5.5: Distributions of the (a) π0 and (b) π0 daughter photon energies, Eπ0 , Eγ ,
in the laboratory system for events of the type τ− → π−π0ντ . All corrections including
the π0 efficiency correction are applied to the Monte Carlo simulation. The difference
at small photon energies is due to a known deviation in the photon reconstruction
efficiency [72]. The discontinuity in the photon energy distribution around 1 GeV is caused
by an additional energy correction for high-energy photons that is switched on at an
energy of 1 GeV [74].

split-offs produced more spurious photons in data than in the Monte Carlo simulation,
an excess of data events at small track-photon distances could be caused by random
combinations of the split-offs with real photons.

This hypothesis is investigated by the examination of two types of events:

1. Events with split-off enhanced photon candidates. To enrich split-offs, events are
considered in which the π0 daughter photon with the smallest distance to the
pion track originates from the same multi-bump calorimeter cluster to which the
pion track is matched. In this way, 603, 256 events are selected.

2. Events with split-off suppressed photon candidates. To suppress split-offs, only
those events are selected in which the π0 daughter photon with the smallest
distance to the pion track originates from a single-bump cluster. This event
sample contains 9, 819, 847 events and is thus approximately 16 times bigger than
the split-off enhanced event sample.

Figure 5.7 illustrates the definition of the two event categories. It displays a schematic
view of the energy deposits of the charged pion and the closest π0 daughter photon for
a split-off (Figure 5.7(a)) and a well separated, real photon (Figure 5.7(b)).

The distance ∆EMC
πγ is shown in Figure 5.8 for the two event categories. Split-off
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(a) π−-π0 angle.
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(b) Minimal pion-photon distance.

Figure 5.6: Distributions of the (a) π−-π0 angle in the laboratory system αππ0 and the
(b) distance in the calorimeter front face between the track extrapolation and the closest
of the two daughter photons ∆EMC

πγ for events of the type τ− → π−π0ντ .

candidates are located at small distances and exhibit a large excess of data events
(Figure 5.8(a)). Moreover, most background reactions of the type τ− → π−ντ are
contained in the split-off enhanced event sample at very small track-photon distances.
Since these reactions are only reconstructed as τ− → π−π0ντ events if a spurious π0

exists, this is a strong indication that the data excess in the split-off enhanced event
sample is indeed caused primarily by split-offs. In contrast, split-off suppressed events
are described reasonably well by the Monte Carlo simulation (Figure 5.8(b)). Their
photons are distributed over a wide range of distances but only few entries exist at
small values. Thus, the excess of data events at small angles and distances in Figure 5.6
is correlated with the excess of split-off candidates in Figure 5.8(a).

To further examine the nature of these reactions, Figures 5.9(a) and 5.9(b) show
the ratio of the calorimeter energy associated with the track and the track momentum
Ecalo
π /pπ for the above defined split-off enhanced and suppressed events. While tracks

that created a split-off are expected to produce extended hadronic showers, a large
fraction of the remaining tracks is expected not to shower. I. e., their energy deposit in
the calorimeter should be similar to the one of minimum ionizing particles, (Ecalo

π /pπ ∼
0.1 [33]).

Indeed, most tracks in split-off enhanced events deposit a significant part of their
energy in the calorimeter (Ecalo

π /pπ ≈ 0.5 for data events, Figure 5.9(a)), i. e., they
produce extended hadronic showers. In contrast, a large fraction of the charged particles
in split-off suppressed events do not produce hadronic showers, i. e., they are minimum
ionizing particles (Ecalo

π /pπ <∼ 0.2, Figure 5.9(b)). However, as visible from the numbers
of events at large Ecalo

π /pπ ≈ 0.5, the split-off suppressed event sample also contains a
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(a) Split-off.
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(E)
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(b) Well separated, real photon.

Figure 5.7: Illustration of split-offs. The drawings show a schematic view of an (a)
split-off and a (b) well separated, real photon. The interaction point is denoted as IP and
the horizontal line symbolizes the calorimeter front face. The histograms show the energy
deposit in the electromagnetic calorimeter, where each bin corresponds to one crystal
and the bin content is proportional to the deposited energy. Each subfigure contains a
reconstructed track (solid line) with energy Ecalo

π and momentum pπ and a reconstructed
photon candidate (dashed line) with energy Eγ . In (a), the photon candidate is a local
maximum in a multi-bump cluster. The cluster originates from the extended hadronic
shower of the charged particle and the local maximum is spuriously split off as indicated by
the dashed line. In (b), the charged pion is a minimum ionizing particle and only deposits
a small amount of energy in the calorimeter. The photon candidate is an electromagnetic
shower that creates a single-bump cluster and is well separated from the track.

significant fraction of tracks that produce an extended hadronic shower. These showers
are not described by the Monte Carlo simulation either. But in contrast to the split-off
enhanced sample, they do not produce split-offs and thus do not induce a deviation
between the number of selected events in data and in the Monte Carlo simulation.
In addition, both figures show that, on average, hadronic particles that have started
to shower deposit more energy in the calorimeter in data than in the Monte Carlo
simulation.

The ratio of the photon energy and the track’s calorimeter energy Eγ/E
calo
π is

displayed for both event classes in Figures 5.9(c) and 5.9(d). In case of split-off
suppressed events, i. e., without multi-bump clusters, the photon with the smallest
distance to the pion track is chosen to calculate the ratio. For split-offs, only a small
part of the hadronic shower is expected to be splitted. Thus, split-offs are expected
to have only a small fraction of the energy that the track deposited in the calorimeter.
In contrast, real photons deposit—on average—more energy in the electromagnetic
calorimeter with respect to the corresponding track as a large fraction of the latter do
not shower.

Indeed, the ratio of the energy of the photon candidate to the track calorimeter
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(a) Split-off enhanced events.
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(b) Split-off suppressed events.

Figure 5.8: Distributions of the distance in the calorimeter front face between the track
extrapolation and the closest of the two daughter photons ∆EMC

πγ for (a) split-off enhanced
events and (b) split-off suppressed events using reactions of the type τ− → π−π0ντ .

energy peaks at small values for split-off candidates, Eγ/E
calo
π ≈ 0.2 (Figure 5.9(c)).

In addition, most of the data excess in the split-off candidates is concentrated at
small values, Eγ/E

calo
π ≈ 0.2. These “photons” only carry a small fraction of the

hadron’s energy, as expected for split-offs in hadronic showers. The interpretation is
supported by the fact that most reactions of the type τ− → π−ντ that are selected as
τ− → π−π0ντ decays are located in this region of the distribution. Such events can only
be reconstructed as τ− → π−π0ντ reactions if a spurious π0, e. g., in conjunction with
a hadronic split-off, is accepted. In contrast, the distribution for split-off suppressed
events is much broader and shifted to larger values (Figure 5.9(d)). As expected, “real”
photons from these events are on average more energetic compared to the charged
hadron’s energy deposit in the calorimeter. The data excess at small Eγ/E

calo
π for

split-off suppressed events as defined above indicates that these still contain a small
fraction of possible split-offs in data.

All findings thus support the hypothesis that the excess of data events at small track-
photon distances could be caused by hadronic split-offs. Due to inaccurate hadronic
shower models, they cannot be described by the Monte Carlo simulation.

Due to their origin, split-offs are concentrated at small photon energies. They would
thus distort the energy dependence of the π0 efficiency correction. In addition, the
mean π0 efficiency correction would be falsified by the excess of data events. Since
these excess events are caused by a track-related phenomenon, they only occur per
track. The π0 efficiency correction is however applied per π0, i. e., multiple times in
multi-π0 events. Thus, the data excess due to split-offs would be over-corrected in τ
decays into final states containing more than one π0 meson. In conjunction with the
smaller mean π0 energies in events containing multiple π0 mesons, this could produce
a sizeable deviation between data and Monte Carlo simulation although the absolute
data excess due to split-offs in events of the type τ− → π−π0ντ is small (see below).
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π /pπ for split-off enhanced events.
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π /pπ for split-off suppressed events.
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(c) Eγ/Ecalo
π for split-off enhanced events.
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(d) Eγ/Ecalo
π for split-off suppressed events.

Figure 5.9: Distributions of the ratio of the calorimeter energy associated with the track
and the track momentum Ecalo

π /pπ (a, b) and of the ratio of the photon energy and the
track calorimeter energy Eγ/Ecalo

π (c, d) for (a, c) split-off enhanced and (b, d) split-off
suppressed events using reactions of the type τ− → π−π0ντ . The different quantities are
illustrated in Figure 5.7.

In consequence, the data excess at small π−-π0 angles, which is caused by split-offs, is
excluded from the determination of the π0 efficiency correction by requiring a minimal
π−-π0 angle (Section 5.1),

αππ0 > 0.25 rad . (5.13)

To estimate the effect of such a selection criterion on decay modes with multiple
π0 mesons, Figure 5.10 shows the minimal K−/π−-π0 angle for events of the type
τ− → K−π0π0ντ and τ− → π−π0π0π0ντ . They exemplify that kinematic conservation
laws force the π0 mesons to be closer to the hadron track the more π0 mesons an
event contains and the heavier the charged particle is. A requirement on the minimal
distance of the π0 daughter photons to the hadron track would thus reject a large
fraction of the already rare τ decays into final states with net strangeness and multiple
π0 mesons. As the π0 efficiency correction is not expected to depend on the K−/π−-π0

angle [72], no criterion is applied when selecting the final states for the branching



94 5 Systematics of the π0 selection

Data

τν- K→ -τ

τν0π- K→ -τ

τν0π0π- K→ -τ

τν0π0π0π- K→ -τ

τν-π → -τ

τν0π-π → -τ

τν0π0π-π → -τ

τν0π0π0π-π → -τ

τν0π0π0π0π-π → -τ

τν0π nη)-/K-π (→ -τ

τν0π n
0

K)-/K-π (→ -τ

τν)0/Kη (
0

K-π → -τ

 

 

q q→ -e+e

-µ+µ → -e+e

 rest→ -τ

τνµe/ν)-µ/- (e→ -τ

 

E
ve

nt
s 

/ 0
.0

2 
ra

d

0

0.5

1
310×

E
ve

nt
s 

/ 0
.0

2 
ra

d

0

0.5

1
310×

 [rad]0πKα
0 0.2 0.4 0.6 0.8 1 1.2 1.4

D
at

a 
/ M

C

0.8

0.9

1

1.1

1.2

(a) τ− → K−π0π0ντ .

 [rad]0ππα
0 0.2 0.4 0.6 0.8 1 1.2 1.4

D
at

a 
/ M

C

0.8

0.9

1

1.1

1.2
E

ve
nt

s 
/ 0

.0
2 

ra
d

0

2

4

310×

E
ve

nt
s 

/ 0
.0

2 
ra

d
0

2

4

310×

(b) τ− → π−π0π0π0ντ .

Figure 5.10: Distributions of the minimal K−/π−-π0 angle απ/Kπ0 for events of the
type (a) τ− → K−π0π0ντ and (b) τ− → π−π0π0π0ντ . The data excess at small angles
is caused by spurious π0 mesons due to split-offs.

fraction measurements. The π0 efficiency correction is extrapolated from the region
αππ0 > 0.25 rad to smaller K−/π−-π0 angles.

Thus, the selected data event samples that are used for the extraction of the branching
fractions still contain an excess of background events due to split-offs with respect to
the Monte Carlo simulation (cf. Figure 5.10). The amount of excessive background is
estimated for each of the analyzed decay modes and subtracted from the number of
selected data events. This estimate is performed in two steps. Firstly, a general relation
is developed that quantifies the excess of split-off events in the selected data relative to
the total number of selected events in the considered mode. Secondly, the relation is
evaluated for each decay mode using the excess of data events in selected reactions of
the type τ− → π−π0ντ .

Let f track
excess be the fractional excess of data events with respect to the Monte Carlo

simulation that are reconstructed with an additional π0 meson due to split-offs. As
split-offs are a track related occurrence, f track

excess is in first order constant for τ decays into
final states containing one charged hadron. The main background that enters an event



5.3 Systematic studies 95

sample with n π0 mesons due to hadronic split-offs originates from the corresponding
event category with one π0 less, e. g., τ− → Kπ0ντ reactions as background in selected
τ− → Kπ0π0ντ events. Thus, the fractional data excess in events with n reconstructed
π0 mesons fnπ

0

excess can be estimated in first order by the product of the fractional excess
per charged hadron f track

excess and the ratio R(n−1)π0,nπ0 of the branching fractions of the
decay modes containing (n− 1) and n π0 mesons:

fnπ
0

excess = f track
excess R(n−1)π0,nπ0 (5.14)

with

R(n−1)π0,nπ0 =
B(τ− → π−/K−(n− 1)π0ντ )

B(τ− → π−/K−nπ0ντ )
. (5.15)

Split-off events with different identities π/K of the charged particles are additionally
suppressed by the kaon/pion selection. Hence, only the branching fractions of modes with
charged hadrons of the same type, i. e., B(τ− → π−nπ0ντ ) and B(τ− → π−(n− 1)π0ντ ),
and B(τ− → K−nπ0ντ ) and B(τ− → K−(n− 1)π0ντ ), are considered for this estimate.

The fractional excess of background due to split-offs in selected data events of the
type τ− → π−π0ντ f

ππ0

excess can be directly estimated by the excess of data events at
small π−-π0 angles relative to the number of all selected events (Figure 5.6(a)):

fππ
0

excess =
N<0.25 rad

data −N<0.25 rad
MC

Ndata

= 0.11 % , (5.16)

where Ndata is the number of all selected data events. The symbols N<0.25 rad
data and

N<0.25 rad
MC denote the numbers of selected events in data and Monte Carlo simulation

that contain π0 mesons at less than 0.25 rad from the hadron track.
In conjunction with Equation 5.14, this fraction can be used to calculate the fractional

data excess due to split-offs for all remaining decay modes:

fnπ
0

excess = fππ
0

excess

R(n−1)π0,nπ0

Rπ,ππ0

. (5.17)

Table 5.1 lists the ratio R(n−1)π0,nπ0 , the double ratio R(n−1)π0,nπ0/Rπ,ππ0 and the
resulting fractional excess of remaining background in the data with respect to the
Monte Carlo simulation due to split-offs fππ

0

excess for all decay modes included into this
analysis.

As described above, the number of selected events of the type τ− → π−/K−nπ0ντ
with n > 0 is increased in data by the additional background from events of the type
τ− → π−/K−(n− 1)π0ντ in conjunction with split-offs. In contrast, data events of the
type τ− → K−ντ are more often reconstructed as events of the type τ− → K−π0ντ
due to split-offs than the corresponding Monte Carlo simulated reactions. Thus, the
fractional difference in the number of selected events due to split-offs is estimated and
added to the number of reconstructed data events in the case of reactions of the type
τ− → K−ντ . The fractional excess of events that are falsely reconstructed in the decay
mode τ− → K−π0ντ in data with respect to simulated events is given by the fractional
excess per track:

fKexcess = −f track
excess . (5.18)
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Table 5.1: Estimate of the excess of remaining background in the data due to split-offs for
all selected event samples. The table specifies the selected event sample with n π0 mesons,
the ratio of its branching fraction R(n−1)π0,nπ0 with respect to the main background
sample with (n− 1) π0 mesons (Equation 5.15), the double ratio with respect to selected
τ− → π−π0ντ reactions R(n−1)π0,nπ0/Rπ,ππ0 and the estimated fractional excess of the
remaining background fnπ

0

excess in the data with respect to the Monte Carlo simulation
according to Equations 5.17 and 5.19. A systematic uncertainty of 50 % is assigned to all
corrections.

Selected sample nπ0 R(n−1)π0,nπ0

R(n−1)π0,nπ0

Rπ,ππ0
fnπ

0

excess [%]

τ− → π−π0ντ n = 1 0.4 1 0.11 ± 0.05

τ− → π−π0π0ντ n = 2 2.8 6.5 0.70 ± 0.35

τ− → π−π0π0π0ντ n = 3 7.3 17 1.8 ± 0.9

τ− → π−π0π0π0π0ντ n = 4 13 31 3.3 ± 1.6

τ− → K−ντ n = 0 − − −0.26 ± 0.13

τ− → K−π0ντ n = 1 1.4 3.4 0.36 ± 0.18

τ− → K−π0π0ντ n = 2 9.1 21 2.2 ± 1.1

τ− → K−π0π0π0ντ n = 3 3.9 9.1 1.0 ± 0.5

Using Equation 5.14, this fraction can be calculated from the measured fractional excess
in events of the type τ− → π−π0ντ as follows:

fKexcess = − f
ππ0

excess

Rπ,ππ0

. (5.19)

The resulting fraction is also listed in Table 5.1.
When calculating the branching fractions (Section 6.3), the fractional excess of

data with respect to the Monte Carlo simulation is subtracted from the number of the
selected data events. I. e., in the case of events of the type τ− → K−ντ , the number
of selected data events is increased by the corresponding fraction. Due to the rough
estimate, a 50 % uncertainty is assigned to all fractions and subtracted or added event
numbers.

5.3.3 Merged π0 mesons

Figure 5.11(a) displays the lateral moment of the two π0 daughter photons for single-π0

events of the type τ− → π−π0ντ . The shift of the data to larger values with respect to
the Monte Carlo simulation illustrates that photon showers are on average wider in data
than in the simulation. Two π0 daughter photons with broader showers in data may
produce a single merged cluster at larger distances than corresponding photons in the
Monte Carlo simulation. Two photons in the data may hence no longer be separable at
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(b) γγ distance.

Figure 5.11: Distributions of the (a) lateral moment LAT and the (b) distance ∆EMC
γγ in

the calorimeter front face of the π0 daughters for selected events of the type τ− → π−π0ντ .

a given photon-photon distance, while the corresponding simulated photons can still be
splitted into two bumps. This is illustrated by Figure 5.12. Figure 5.12(a) displays a
calorimeter cluster that consists of two merged electromagnetic showers. Due to the
two distinct local maxima, the cluster can be splitted into two bumps and be used in
the reconstruction of composite π0 mesons (Section 3.4). In contrast, Figure 5.12(b)
shows a calorimeter cluster that can no longer be splitted into its components. The
photons are too close together and no local maxima can be distinguished anymore.

The sketches illustrate that larger showers may no longer be separable, while narrower
ones still can be splitted. Due to the different size of the electromagnetic showers in
data and in the Monte Carlo simulation (Figure 5.11(a)), this may lead to a larger
fraction of non-separable merged π0 mesons in data than in simulated events. Since
only composite π0 mesons are considered in this analysis (Section 3.4), this could result
in a deviation between data and Monte Carlo simulation with respect to the fraction
of π0 mesons of a given energy that are reconstructed as composite π0 mesons. While
these effects are in principle covered by the π0 efficiency correction, the dependence of
the photon-photon distance on the π0 energy and on the position in the detector would
bias the π0 efficiency correction.

To investigate any deviations between data and Monte Carlo simulation due to
merged π0 mesons, Figure 5.11(b) shows the distance of the two π0 daughter photons
in the calorimeter front face (Figure 5.12) for selected events of the type τ− → π−π0ντ
after the application of the π0 efficiency correction. If different fractions of π0 mesons
were inseparably merged in data and Monte Carlo simulation, this should be visible as a
deviation between data and simulated events at small photon-photon distances. E. g., if
a larger fraction of π0 mesons were inseparably merged in data due to the larger shower
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EMC front face
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(a) Separable photons.

EMC front face
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photon 2photon 1

(b) Inseparable photons.

Figure 5.12: Illustration of (a) separable and (b) inseparable photons. The drawings
show a schematic view of the energy deposits of the photons in the electromagnetic
calorimeter. The interaction point is denoted as IP and the horizontal line symbolizes the
calorimeter front face. The histograms show the energy deposit in the electromagnetic
calorimeter, where each bin corresponds to one crystal and the bin content is proportional
to the deposited energy. Each subfigure contains two photons whose energy deposits
are merged into a single cluster. The measured clusters are symbolized by the solid
lines, while the individual photon energies are indicated by the dashed ones. In (a),
the cluster contains two local maxima and can be splitted into the bumps from the two
photons. In (b), the cluster does not exhibit any local maxima. The photons are too close
together and can no longer be separated. The minimal separable distance depends on the
transverse size of the showers and may be different for data and Monte Carlo simulation.

size, data events should be depleted at small distances, as only composite π0 mesons are
included in Figure 5.11. The reasonable agreement at small distances indicates that the
fractions and rates of merged π0 mesons pose no problem within this analysis. Due to
the decrease of the average energy of the π0 mesons in samples with kaons and multiple
π0 mesons (Figures B.1, B.2), i. e., the increase of the average angular separation of the
daughter photons, the problem is less important in these modes.

5.4 Systematic uncertainty of the π0 efficiency cor-

rection

This section discusses the description of events of the type τ− → π−π0π0ντ by the Monte
Carlo simulation after the application of the π0 efficiency correction. A systematic
uncertainty of the π0 efficiency correction method is derived from any remaining
deviations. Within this section, the Monte Carlo simulation uses the precisely measured
branching fraction B(τ− → π−π0π0ντ ) = (9.24± 0.12) % [3] and all measured branching
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fractions are scaled to the values obtained in Chapter 6. All corrections are applied as
described in Sections 3.5 and 5.2.

Figure 5.13 displays the lepton momentum p` for selected events of the type e+e− →
τ+(→ `+ν`ντ )τ

−(→ π−π0π0ντ ) with ` = e, µ. The overall scale agrees between data

Data

τν-π → -τ

τν0π-π → -τ

τν0π0π-π → -τ

τν0π0π0π-π → -τ

τν0π0π0π0π-π → -τ

q q→ -e+e

τν0π n
0

K)-/K-π (→ -τ

 [GeV/c]
l

p
0 1 2 3 4 5 6

D
at

a 
/ M

C

0.8

0.9

1

1.1

1.2

E
ve

nt
s 

/ 0
.1

 G
eV

/c

0

20

40

60

310×

E
ve

nt
s 

/ 0
.1

 G
eV

/c

0

20

40

60

310×

Figure 5.13: Distribution of the lepton momentum p` for selected events of the type
τ− → π−π0π0ντ .

and Monte Carlo simulation at the 3 % level. In addition, a similar level of agreement is
observed with respect to the kinematics of the leptonic τ decay. The observed difference
is fully attributed to the π0 efficiency correction. It is considered as the systematic
uncertainty of the determination of the π0 efficiency correction from events of the type
τ− → π−π0ντ and its application to reactions containing multiple π0 mesons. As there
are two π0 mesons per event, the uncertainty is

∆ηπ0 = 1.5 % (5.20)

for each selected π0 meson. It is considered when calculating the uncertainties of the
branching fractions in Section 6.5.

As the selection criterion on the unassociated energy mainly determines the amount
of background from events with additional π0 mesons (Section 4.4), it strongly influences
the agreement between data and Monte Carlo simulation in Figure 5.13. The criterion
from Equation 4.14 is chosen such that the uncertainty from Equation 5.20 is minimized.
The disagreement between data and Monte Carlo simulation with respect to the
unassociated energy is thus closely related to the observed deviation in Figure 5.13 and
covered by the corresponding uncertainty.
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5.5 Kinematics of τ− → π−π0π0ντ decays

In addition to the overall scale from Section 5.4, the kinematic description of hadronic τ
decays into the final states π−π0π0ν is briefly discussed in this section. Within the scope
of this analysis, i. e., for the measurement of the branching fractions, a good description
of these kinematics is not needed as long as all selection variables agree reasonably well
between data and Monte Carlo simulation. However, the study provides a first glimpse
at the feasibility of a measurement of the hadronic spectral functions in τ decays using
the BABAR experiment (see Chapter 1). While the most precise measurements of |Vus|
from τ decays are obtained using the branching fractions of the τ lepton into final states
with net strangeness [4, 5, 75–78]—as performed in this work, the determination of the
spectral functions provides additional insight into the physics of hadronic τ decays [10].
It also allows a simultaneous determination of |Vus| and ms—although with limited
precision and strong theoretical limitations [4, 5, 75–78]. As the spectral functions are
obtained from the invariant mass spectra of the hadronic final states (Section 1.2.4), a
good description of their kinematics is a prerequisite for this measurement.

To investigate the description of the kinematics of the hadronic τ decay, Figure 5.14
displays the π− momentum pπ and the π0 energies Eπ0 for selected events of the type
τ− → π−π0π0ντ . The π− momentum is shifted to significantly lower momenta in the
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(a) π− momentum.
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(b) π0 energies.

Figure 5.14: Distributions of the (a) π− momentum pπ and the (b) π0 energies Eπ0

for selected events of the type τ− → π−π0π0ντ .

Monte Carlo simulation—as demonstrated by the positive slope of the ratio of data
and simulated event numbers. In contrast, the π0 energy is significantly larger in the
Monte Carlo simulation than in real data.
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In the simulated events used within this analysis, the final state π−π0π0 is produced
exclusively via the a1 resonance. The a1 in turn decays exclusively via the lowest-
dimensional (mainly s-wave) (ρπ)− Born amplitude [79–81]:

τ− → a−1 ντ

�

ρ− π0

�

π− π0 .

(5.21)

However, analysis of the hadronic structure of the decay τ− → π−π0π0ντ by the
CLEO collaboration [81] showed that significant contributions from amplitudes of further
a1 decays a1 → σπ, a1 → f0(1370)π and a1 → f2(1270)π0 as well as higher-dimensional
a1 → ρπ and a1 → ρ′π amplitudes exist. Notably, the σπ amplitude accounts for
approximately 15 % of the total τ− → π−π0π0ντ decay rate. As the angular distribution
of the π−π0π0 final state particles depends strongly on the nature of the intermediate
resonances, the oversimplified decay model used by the Monte Carlo simulation cannot
be expected to correctly describe the data.

Thus, while the agreement between data and Monte Carlo simulation is sufficient
for the purpose of this analysis—the precise measurement of the branching fractions—
an improved Monte Carlo simulation would be beneficial to measure the invariant
final state masses for a determination of the spectral functions. As the π0 efficiency
correction is determined using single-π0 events of the type τ− → π−π0ντ , it cannot
be expected to correct for specific problems in the description of the kinematics of
final states that contain two neutral pions. However, as the description of the higher
moments in the spectral function of final states with net strangeness still suffers from
theoretical problems (Section 1.4.2, [10]), a simultaneous determination of |Vus| and
ms from hadronic τ decays is not feasible until further improvement of the theoretical
calculations is achieved. The best determination of |Vus| is provided by the branching
fractions and the hadronic decay rate of the τ lepton as performed in this analysis
(Sections 1.4.2, 7.2).

5.6 Critical discussion

The method of the π0 efficiency correction as derived in Section 5.1 relies on the accurate
description of all effects that are not related to the π0 selection by the Monte Carlo
simulation. The best possible agreement between data and simulated events is achieved
by correcting for known deviations, e. g., due to the charged particle reconstruction and
identification. The level of agreement is illustrated by Figure 5.1.

The determination of the π0 efficiency correction from selected events of the type
τ− → π−π0ντ and its application to the decay mode τ− → K−π0ντ is similar to a
relative measurement. Many of the uncertainties that are not related to the π0 selection
cancel for this decay mode in first order, i. e., neglecting dependencies on the π0 energy
spectra and the background contributions. Moreover, many of the uncertainties that are
related to the π0 reconstruction cancel for the first π0 in all other decay modes in first
order due to the same argument. The remaining uncertainty inherent to the presented
method has been estimated by the deviation of the rate of observed reactions of the
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type τ− → π−π0π0ντ from the prediction using the world average of the branching
fraction B(τ− → π−π0π0ντ ) = (9.24± 0.12) % [3].

A set of systematic studies of the π0 selection and the description of the data by
the Monte Carlo simulation has been presented in Section 5.3. The studies have been
used to estimate additional systematic uncertainties from deviations between data and
simulated events. The displayed distributions, which sometimes exhibit large deviations
between data and Monte Carlo simulation, have been chosen to best illustrate the
investigated phenomena (Figures 5.6, 5.8–5.11) and to estimate their influence on the
measured branching fractions. However, none of the shown quantities are used for the
event selection or for any other purpose than the estimate of additional uncertainties.
All selection variables are displayed in Chapter 4 and Appendix A. They generally show
a good agreement of data and Monte Carlo simulation. Uncertainties due to deviations
between the distributions of the selection variables in data and Monte Carlo simulation
are estimated in Section 6.5.11.

Finally, Section 5.5 presents the disagreement between data and simulated events in
the description of the kinematics of τ− → π−π0π0ντ decays. The explanation for the
observed differences is provided. However, the remedy for the deviations is beyond the
scope of this thesis as it is not necessary for the presented measurements. Any systematic
effects on the overall event numbers needed for the extraction of the branching fractions
are estimated by the uncertainty derived in Section 5.4.

In consequence, although significant deviations between data and Monte Carlo
simulation have been presented in some cases in this chapter, their influence on the
presented measurements has in each case been carefully estimated, corrected for and
included into the systematic uncertainties of the measured branching fractions.



Chapter 6

Extraction of the branching
fractions

Chapter 4 describes the selection of events that contain a τ decay into one charged
hadron and additional neutral pions from the BABAR data set. In detail, the selected τ
decays are

τ− → π−π0ντ ,

τ− → π−π0π0ντ ,

τ− → π−π0π0π0ντ ,

τ− → π−π0π0π0π0ντ ,

τ− → K−ντ ,

τ− → K−π0ντ ,

τ− → K−π0π0ντ ,

τ− → K−π0π0π0ντ .

(6.1)

The decay mode τ− → π−ντ is not selected due to large irreducible QED backgrounds.
Reactions of the type τ− → π−π0ντ are used to determine the π0 efficiency correction.
Its validity and its applicability to multi-π0 final states are assured and verified with
the help of events of the type τ− → π−π0π0ντ (Chapter 5). This chapter describes
the simultaneous extraction of the branching fractions for the remaining six decay
modes (Sections 6.1–6.3). In addition, the statistical and systematic uncertainties of
the measured branching fractions are estimated as well as their correlations between
the different decay channels (Sections 6.4, 6.5).

The method to simultaneously extract the branching fractions and the basic recipe of
estimating their uncertainties were developed in cooperation with a diploma student [82].
All analyses and studies concerned with π0 mesons are unique to this work. On the basis
of two earlier diploma theses that developed the selection of τ decays into final states
containing three charged particles [83, 84], the cooperation resulted in the simultaneous
measurement of the decay modes τ− → h−h+h−ντ with h = π,K [82].
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6.1 Calculation of branching fractions

The branching fraction B of the decay τ → signal is defined as the ratio of its decay width
Γ(τ → signal) to the total decay width of the τ lepton Γτ ≡ Γ(τ → anything) [3]. It is
measured using the number of τ leptons decaying into the signal mode N(τ → signal)
and the total number of τ leptons Nτ ≡ N(τ → anything):

B(τ → signal) ≡ Γ(τ → signal)

Γτ
≡ N(τ → signal)

Nτ

. (6.2)

The τ leptons are produced in τ+τ− pairs via the reaction e+e− → τ+τ−. The event
selection in Chapter 4 describes the selection of specific τ+τ− events. Per event, only
one signal decay is reconstructed, although events with two signal τ decays occur. Thus,
only events and not single τ decays can be counted. This necessitates a consistent
definition of a signal event that provides a well-defined relation between the number
of signal events and the number of signal τ decays. In principle, two definitions seem
sensible. An event may be called a signal event if

1. one τ lepton decays into the signal mode and the second one leptonically:
(τ1 → signal, τ2 → `νν) with ` = e, µ,

2. at least one τ lepton decays into the signal mode. The second one decays into any
final state, which may also be the signal mode: (τ1 → signal, τ2 → anything).

These definitions of signal events are based on the “true nature” of an event and are
independent of any selection criteria.

If a signal event is defined according to method 1, the branching fraction of the
signal mode is obtained from

B(τ → signal) =
N(τ1 → signal, τ2 → `νν)

2B(τ → `νν)Nττ

. (6.3)

The symbol N(τ1 → signal, τ2 → `νν) denotes the number of signal events according
to definition 1 that are produced in e+e− collisions at the BABAR experiment. The
branching fraction of τ decays into leptons is symbolized by B(τ → `νν) and Nττ is
the total number of produced τ+τ− pairs. This method has a significant disadvantage.
Events that contain two signal decays are per definition background. They enter the
sample of selected events if one of the signal decays is misidentified as a leptonic (tag)
τ decay (Section 4.1). Like any other background (see below), their number has to be
subtracted from the number of selected events in order to determine the number of
signal events N(τ1 → signal, τ2 → `νν). This number of double signal events depends
on the branching fraction to be measured—and thus so does the number of subtracted
background reactions.

This problem does not occur if the branching fraction is calculated using the definition
of a signal event according to method 2. But instead of Equation 6.3, method 2 results
in a non-linear relation between the numbers of events and the branching fraction. This
is caused by the inclusion of double signal events, in which both the negative and the
positive τ lepton decay in the signal channel, τ− → sig and τ+ → sig. In addition, a
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signal event is obtained if either the negative or the positive τ lepton decays in the
signal mode while the second one decays in another (non-signal) channel, τ± → sig and
τ∓ 6→ sig. Thus, if Bsig ≡ B(τ → signal) is the branching fraction of the signal mode,
the number of signal events according to definition 2 that are produced at the BABAR
experiment is

N(τ1 → signal, τ2 → anything)

=

 Bsig︸︷︷︸
τ−→sig

· (1− Bsig)︸ ︷︷ ︸
τ+ 6→sig

+ (1− Bsig)︸ ︷︷ ︸
τ− 6→sig

· Bsig︸︷︷︸
τ+→sig

+ Bsig︸︷︷︸
τ−→sig

· Bsig︸︷︷︸
τ+→sig

×Nττ

=
{

2Bsig − (Bsig)2}×Nττ . (6.4)

The branching fraction is then calculated according to

B(τ → signal) = 1−

√
1− N(τ1 → signal, τ2 → anything)

Nττ

. (6.5)

The second solution of the quadratic Equation 6.4 is unphysical and hence discarded. If
B(τ → signal)� 1, i. e., N(τ1 → signal, τ2 → anything)� Nττ , Equation 6.5 results
in

B(τ → signal) ≈ N(τ1 → signal, τ2 → anything)

2Nττ

. (6.6)

In contrast to Equation 6.3, this is independent of the branching fraction to be measured.
Thus, method 2 is used for the following measurements. It is however noted that—due
to the lepton tag selection (Section 4.1)—Equation 6.6 still contains a dependence on
the leptonic branching fraction B(τ− → `−ν`ντ ). The dependence does not appear
explicitly as for definition 1 but has been absorbed into the signal efficiency (see below).

The number of τ+τ− pairs produced at the BABAR experiment is obtained from the
integrated luminosity of the data sample used in this analysis, L = (464.4±3.0) fb−1, and
the cross section for the reaction e+e− → τ+τ−, σττ = (0.919±0.003) nb (Tables 2.1, 2.2):

Nττ = L · σττ = (426.8± 3.1)× 106 . (6.7)

Due to the different center-of-mass energies of the On-Peak and Off-Peak data samples
(Section 2.3.1), a luminosity-averaged cross section is used for all calculations within
this thesis.

To obtain the number of produced signal events N(τ1 → signal, τ2 → anything)
from the number of selected events in data, two steps are necessary. Despite the careful
selection, the sample of selected events is not free from remaining background (cf.
Figures 4.13, 4.14). Its amount is estimated using the Monte Carlo simulation and
subtracted from the number of selected events in data. In addition, only a fraction of
all signal events passes the selection criteria as described in Chapter 4. This fraction is
called the signal efficiency εsig. For data, it is estimated by the signal efficiency in the
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Monte Carlo simulation:

εsig ≡ εdata
sig ≈ εMC

sig ≡
N sel

MC, sig

Ngen
MC, sig

, (6.8)

where N sel
MC, sig is the number of signal events in the Monte Carlo simulated selected

event sample. The efficiency corrections described in Sections 3.5 and 5.2 are applied
to each selected simulated event. The symbol Ngen

MC, sig denotes the number of generated
signal events before any reconstruction or event selection is applied. It corresponds to
the (unknown) number of signal events in data, which are produced via e+e− collisions
at the BABAR experiment.

With these approximations of the remaining background and the signal efficiency,
the number of produced signal events in data can be calculated:

N(τ1 → signal, τ2 → anything)

=
N sel

sig

εsig

(6.9)

=

N sel −
∑
i∈BG

wiN
sel
MC,BG(i)

εMC
sig

,

where N sel
sig is the number of selected signal events and N sel the number of all selected

events in data. The symbol N sel
MC,BG(i) denotes the number of simulated events of

background type i that are selected as signal. The sum comprises all background modes
included into the Monte Carlo simulation. All efficiency corrections are applied to these
selected background events. The wi are weights to scale the numbers of simulated
events to the integrated luminosity L of the data:

wi =
L · σi

Ngen
MC,BG(i)

, (6.10)

where σi is the cross section for the reaction e+e− → BG(i) and Ngen
MC,BG(i) is the number

of generated events of background type i. Using Equation 6.9, the branching fraction
can be calculated according to Equation 6.5.

6.2 Determination of the event migration

Within this work, the branching fractions of six τ decay modes are determined. Since
their final states are very similar, they are also mutual backgrounds (Figures 4.13, 4.14).
E. g., 6 % of all τ− → π−π0π0π0ντ candidates are expected to be decays of the type
τ− → π−π0π0π0π0ντ where one π0 meson has not been reconstructed.

According to Equation 6.9, the remaining background needs to be subtracted from
the number of selected data events in order to calculate the branching fraction. For a
background contribution from a τ decay τ → iτ , the effective production cross section
σiτ for this analysis (Equation 6.10) is the product of the ττ production cross section σττ
and the probability that a ττ event is an event of the type iτ according to definition 2. If
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Biτ is the corresponding branching fraction, this probability is Niτ/Nττ = {2Biτ−(Biτ )2}
(Equation 6.4), where Niτ is the number of events that contain a decay of the type
τ → iτ . Thus, the effective production cross section σiτ is obtained as

σiτ =
{

2Biτ − (Biτ )
2}σττ . (6.11)

The weight wiτ and hence the branching fraction to be measured depend on the
branching fraction of the τ decay channel iτ . In the case of a measurement of several
decay modes that are mutual backgrounds, this results in a system of coupled equations.
It can, e. g., be solved iteratively.

In this analysis, a different ansatz is used. Let Nprod(j) be the number of signal
events of the (“true”) type j produced in e+e− collisions at the BABAR experiment.
The corresponding vector for all n decay channels to be measured simultaneously is

Nprod =
(
Nprod(1), . . . , Nprod(n)

)
. (6.12)

The number of selected events of (reconstructed) type i is called N sel(i). Subtracting

the number of selected background events N
sel(i)
BG , the number of signal events selected

in decay mode i, N
sel(i)
sig , is obtained:

N
sel(i)
sig = N sel(i) −N sel(i)

BG

= N sel(i) −
∑
j∈BG

wj N
sel(i)
MC,BG(j) . (6.13)

The N
sel(i)
MC,BG(j) are the numbers of simulated events of background type j that are

selected in decay mode i. They are scaled to the data luminosity using the weights wj
as defined in Equation 6.10. In the above sum and in the remainder of this chapter, the
background modes j ∈ BG do not comprise the migrated events of (true) type j 6= i of
the n decay channels to be measured simultaneously. They are contained in the signal
events N

sel(i)
sig selected in decay channel i and are referred to as cross feed. The vector

for all analyzed decay modes is called Nsel
sig.

If Mij is the probability of reconstructing an event of produced type j as selected
type i, the relation between the produced and selected event numbers is given by

N
sel(i)
sig =

n∑
j=1

MijN
prod(j) . (6.14)

For selected events of type τ− → K−ντ , the resulting equation is

N
sel(K)
sig = MK,π3π0 Nprod(π3π0)

+ MK,π4π0 Nprod(π4π0)

+ MK,K Nprod(K)

+ MK,Kπ0 Nprod(Kπ0)

+ MK,K2π0 Nprod(K2π0)

+ MK,K3π0 Nprod(K3π0) .

(6.15)
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The linear equation system of Equation 6.14 can be written in matrix form as

Nsel
sig = M ·Nprod . (6.16)

The matrix M is called migration matrix. Its elements Mij are specified by Equation 6.14.
For a decay mode i, the diagonal element Mii corresponds to the signal efficiency
from Equation 6.8, Mii ≡ εsig(i). The off-diagonal elements are the misidentification
probabilities to select an event of decay channel j 6= i in decay channel i. Analogous
to the signal efficiencies, the matrix elements are estimated using the Monte Carlo
simulation:

Mij ≡
N

sel(i),prod(j)
data

N
prod(j)
data

≈ N
sel(i),gen(j)
MC

N
gen(j)
MC

. (6.17)

The N
sel(i),prod(j)
data (N

sel(i),gen(j)
MC ) denote the numbers of events of produced (generated)

type j selected as type i in data (Monte Carlo simulation). All efficiency corrections
are applied to each selected simulated event as described in Sections 3.5 and 5.2.

The inverse migration matrix M−1 can be used to extract the numbers of initially
produced events in data from the numbers of selected events simultaneously for all
decay modes:

Nprod = M−1 ·Nsel
sig . (6.18)

According to Equation 6.5, the branching fractions Bi are then calculated by

Bi = 1−

√
1− Nprod(i)

Nττ

. (6.19)

6.3 Measurement of the branching fractions

In this analysis, the migration matrix method is used to determine the branching
fractions of the six decay modes τ− → π−nπ0ντ with n = 3, 4 and τ− → K−nπ0ντ with
n = 0, 1, 2, 3. The extended form of the migration matrix M = (Msel,prod) is

M =



Mπ3π0,π3π0 Mπ3π0,π4π0 Mπ3π0,K Mπ3π0,Kπ0 Mπ3π0,K2π0 Mπ3π0,K3π0

Mπ4π0,π3π0 Mπ4π0,π4π0 Mπ4π0,K Mπ4π0,Kπ0 Mπ4π0,K2π0 Mπ4π0,K3π0

MK,π3π0 MK,π4π0 MK,K MK,Kπ0 MK,K2π0 MK,K3π0

MKπ0,π3π0 MKπ0,π4π0 MKπ0,K MKπ0,Kπ0 MKπ0,K2π0 MKπ0,K3π0

MK2π0,π3π0 MK2π0,π4π0 MK2π0,K MK2π0,Kπ0 MK2π0,K2π0 MK2π0,K3π0

MK3π0,π3π0 MK3π0,π4π0 MK3π0,K MK3π0,Kπ0 MK3π0,K2π0 MK3π0,K3π0


.

The first index denotes the reconstructed (selected) decay mode, while the second one
indicates the (true) produced decay channel.

The numbers of selected events needed to calculate the migration matrix elements
(Equation 6.17) are provided by the event selection (Chapter 4). Tables 2.2 and 2.3
specify the numbers of generated events. In case of a signal decay mode isig that is
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contained in the simulated ττ event sample, the number of generated events Ngen(isig)

is calculated according to Equation 6.4:

Ngen(isig) =
{

2Bisig −
(
Bisig

)2
}
×Ngen(ττ) . (6.20)

The symbol Ngen(ττ) denotes the number of generated τ+τ− events and Bisig is the
branching fraction of the decay mode isig that is used to simulate the decay of the
generated τ leptons.

An event in which both τ leptons decay into a signal mode, e. g., τ− → K−π0π0ντ
and τ+ → K+ντ , is counted as generated event in both channels. However, if selected,
i. e., if one of the decays is misidentified as a leptonic τ decay, it is only counted once
as selected event in the decay channel that is reconstructed in the signal hemisphere
(Section 4.2). If these double signal events constitute a significant fraction of the selected
event sample, each measured branching fraction depends on the branching fractions
of the remaining signal modes. Due to the stringent selection criteria, double signal
events only represent a minor contribution of less than 0.08 % of all selected events.
The dependence is thus negligible.

The migration matrix that results from the numbers of selected and generated event
numbers according to Equation 6.17 is

M =



7.83 ·10−3 5.19 ·10−3 5.82 ·10−7 5.61 ·10−6 8.96 ·10−5 9.64 ·10−4

2.24 ·10−5 9.97 ·10−4 0.00 0.00 1.04 ·10−6 5.85 ·10−6

1.41 ·10−6 3.29 ·10−7 2.20 ·10−2 1.20 ·10−3 2.52 ·10−4 2.13 ·10−5

8.48 ·10−6 3.67 ·10−6 1.18 ·10−4 2.22 ·10−2 3.81 ·10−3 3.93 ·10−4

3.12 ·10−5 9.81 ·10−6 1.40 ·10−6 8.87 ·10−5 1.24 ·10−2 2.14 ·10−3

1.92 ·10−5 1.10 ·10−5 0.00 0.00 2.90 ·10−5 8.25 ·10−4


.

Its diagonal elements are the signal efficiencies for the selected decay channels,

εsig =



επ3π0

sig

επ4π0

sig

εKsig

εKπ
0

sig

εK2π0

sig

εK3π0

sig


=



0.78 %

0.10 %

2.20 %

2.22 %

1.24 %

0.08 %


. (6.21)

The general decrease of the signal efficiency with increasing number of π0 mesons is
due to the finite π0 selection efficiency (Section 5.2). In contrast, the relatively low
efficiency for the decay mode τ− → K−ντ is due to the stringent criteria applied to reject
remaining QED background (Section 4.5). The low level of the selection efficiencies
is partly caused by the boost of the e+e− center-of-mass system (Section 2.1). Due
to this boost, a significant fraction of the τ decay products escapes detection outside
the fiducial volume of the BABAR detector. Additionally, the branching fractions of
the leptonic tag decays are absorbed into the selection efficiencies (Section 6.1), which
reduces the efficiencies by a factor of three [3].
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Because of the finite size of the generated event samples, the calculated signal
efficiencies and migration matrix elements are subject to statistical fluctuations. Since
the numbers of selected events are subsets of the numbers of generated events, the
resulting uncertainties are estimated using binomial statistics:

∆M
(stat)
ij =

√
N sel(i),gen(j) [Ngen(j) −N sel(i),gen(j)]

[Ngen(j)]
3 . (6.22)

The relative statistical uncertainties of the above migration matrix ∆Mij/Mij are

∆M

M
=



3.91 ·10−3 1.42 ·10−2 5.43 ·10−1 2.15 ·10−1 1.50 ·10−1 5.73 ·10−2

7.34 ·10−2 3.24 ·10−2 − − 1.39 7.36 ·10−1

2.92 ·10−1 1.78 2.76 ·10−3 1.47 ·10−2 8.95 ·10−2 3.85 ·10−1

1.19 ·10−1 5.34 ·10−1 3.81 ·10−2 3.37 ·10−3 2.30 ·10−2 8.98 ·10−2

6.21 ·10−2 3.26 ·10−1 3.50 ·10−1 5.40 ·10−2 1.27 ·10−2 3.84 ·10−2

7.93 ·10−2 3.09 ·10−1 − − 2.64 ·10−1 6.19 ·10−2


.

A “−” indicates that no uncertainty can be calculated since no events of type j are
selected as type i.1 The resulting uncertainties of the measured branching fractions are
derived in Section 6.5.6.

The numbers of events in data that pass the selection criteria as described in
Chapter 4 are

Nsel =



N sel(π3π0)

N sel(π4π0)

N sel(K)

N sel(Kπ0)

N sel(K2π0)

N sel(K3π0)


=



(1.0897± 0.0033 ) · 105

(1.287 ± 0.035 ) · 103

(1.7013± 0.0041 ) · 105

(1.4119± 0.0038 ) · 105

(1.504 ± 0.012 ) · 104

(5.48 ± 0.23 ) · 102


. (6.23)

The given uncertainties are statistical only and assume a Poisson distribution of the
numbers of selected events, i. e., the uncertainty is ∆N sel(i) =

√
N sel(i). The resulting

numbers of background subtracted events in data (Equation 6.13) are

Nsel
sig =



N
sel(π3π0)
sig

N
sel(π4π0)
sig

N
sel(K)
sig

N
sel(Kπ0)
sig

N
sel(K2π0)
sig

N
sel(K3π0)
sig


=



8.83 · 104

1.06 · 103

1.28 · 105

8.96 · 104

6.30 · 103

3.19 · 102


. (6.24)

1It makes no sense to derive upper limits on individual migration matrix elements as their uncer-
tainties are correlated.
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In addition to the background as estimated from the Monte Carlo simulation (Equa-
tion 6.13), the excess of selected data events due to hadronic split-offs has also been
subtracted (Section 5.3.2). The fractional excess with respect to the total selected
data samples is summarized for the analyzed decay modes in Table 5.1. Since the
subtracted background event numbers are not independent for the different decay
modes, no uncertainties are given for the background subtracted event numbers in data.
The uncertainties of the branching fractions due to the background subtraction are
determined in Sections 6.5.7 and 6.5.9.

Using Equation 6.18 and the inverse of the migration matrix, the numbers of signal
events that are produced in e+e− collisions at the BABAR experiment are obtained:

Nprod =



Nprod(π3π0)

Nprod(π4π0)

Nprod(K)

Nprod(Kπ0)

Nprod(K2π0)

Nprod(K3π0)


=



1.07 · 107

8.22 · 105

5.59 · 106

3.92 · 106

4.31 · 105

1.12 · 105


. (6.25)

Inserting these event numbers and the number of τ+τ− pairs from Equation 6.7 into
Equation 6.19 results in the measured branching fractions of

B(τ− → π−π0π0π0ντ ) = 1.263×10−2 ,

B(τ− → π−π0π0π0π0ντ ) = 9.63 ×10−4 ,

B(τ− → K−ντ ) = 6.574×10−3 ,

B(τ− → K−π0ντ ) = 4.607×10−3 ,

B(τ− → K−π0π0ντ ) = 5.05 ×10−4 ,

B(τ− → K−π0π0π0ντ ) = 1.31 ×10−4 .

(6.26)

6.4 Statistical uncertainties and their correlations

Due to the simultaneous extraction and the similar selection procedure, the numbers
of selected events and the measured branching fractions are correlated between the
different analyzed decay modes. The determination of the correlations necessitates a
treatment of the uncertainties in form of covariance and correlation matrices. Statistical
uncertainties resulting from the statistical fluctuations of the numbers of selected data
events are determined in this section. The uncertainties due to the limited numbers of
available simulated events are studied and estimated in the next section together with
the systematic uncertainties inherent to this measurement.
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To be able to calculate the statistical uncertainties, the error propagation is summa-
rized for a general function f with

f(x) ≡


f1(x1, x2, . . . , xn)

f2(x1, x2, . . . , xn)
...

fm(x1, x2, . . . , xn)

 . (6.27)

The f = (f1, f2, . . . , fm) symbolize the quantities of interest that are calculated from
the measured quantities x = (x1, x2, . . . , xn). Let Vx be the covariance matrix of the
measured quantities x = (x1, x2, . . . , xn),

Vx ≡


V11 V12 . . . V1n

...
...

. . .
...

Vn1 Vn2 . . . Vnn

 , (6.28)

with elements
Vij ≡ cov(xi, xj) . (6.29)

The covariance matrix Vf of f is then obtained according to

Vf = J ·Vx · JT , (6.30)

where J is the Jacobian matrix of f and JT its transpose:

J ≡ ∂f

∂x
≡


∂f1
∂x1

∂f1
∂x2

. . . ∂f1
∂xn

...
...

. . .
...

∂fm
∂x1

∂fm
∂x2

. . . ∂fm
∂xn

 . (6.31)

A detailed derivation of the presented formulae may be found in Reference [85].

For the determination of the branching fractions, the numbers of produced events in
data Nprod are calculated from the measured numbers of selected events in data Nsel

using Equations 6.13 and 6.18:

Nprod = M−1 ·Nsel
sig

= M−1 ·
(
Nsel −Nsel

BG

)
. (6.32)

The symbol M−1 denotes the inverse migration matrix and Nsel
BG are the numbers of

selected background events in the Monte Carlo simulation. They do not include the
cross feed events from the measured decay channels (Equation 6.13).

In this section, only the statistical uncertainties from statistical variations of the
selected event numbers in data Nsel are calculated. The subtracted background events
Nsel

BG are also subject to statistical fluctuations due to the finite size of the simulated
event samples. They are considered in the context of systematic uncertainties in
Section 6.5.7.
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If Vsel is the covariance matrix of the selected event numbers in data Nsel, the one
of the produced event numbers Nprod, Vprod, is calculated from Equation 6.32 according
to Equation 6.30:

Vprod = M−1 ·Vsel ·
(
M−1

)T
, (6.33)

where Jprod = M−1. Equation 6.19 specifies the relations between the branching
fractions Bi and the produced event numbers. Their Jacobian matrix JB is diagonal:

JBij =
∂Bi

∂Nprod(j)
= δij

1

2Lσττ

√
1− Nprod(j)

Lσττ
with δij =

{
1 : i = j

0 : i 6= j
. (6.34)

The resulting covariance matrix VB of the measured branching fractions is

VB = JB ·Vprod ·
(
JB
)T

= JB ·M−1 ·Vsel ·
(
M−1

)T · (JB)T (6.35)

= JB ·M−1 ·Vsel ·
(
JB ·M−1

)T
.

All numbers of selected events in data N sel(i) from Equation 6.23 are assumed to be
statistically independent, i. e., their statistical covariance matrix is diagonal. Here, the
statistical independence needs to be distinguished from correlations due to the event
selection. The latter are considered as systematic uncertainties in Section 6.5. The
N sel(i) are assumed to be Poisson distributed, i. e., their variances Vij are Vij = δijN

sel(i)

and the full covariance matrix takes the form

Vsel =


N sel(1) 0 . . . 0

0 N sel(2) 0
...

... 0
. . . 0

0 . . . 0 N sel(n)

 . (6.36)

The matrix VB is calculated from Vsel as described by Equation 6.35. Instead of
giving the covariance matrix, the standard deviations σBi of the branching fractions and
the corresponding correlation matrix ρB are specified for each estimated uncertainty.
The standard deviations are defined as

σBi ≡
√
V Bii (6.37)

and the elements of the correlation matrix are

ρBij ≡
V Bij

σBiσBj
∈ [−1,+1] . (6.38)

Per definition, ρBii = 1. The standard deviation σBi is used to specify the uncertainty of
the single branching fraction Bi, while the correlation matrix illustrates the correlations
between the different decay channels more intuitively than the covariance matrix.
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The resulting statistical uncertainties, i. e., standard deviations, for the measured
branching fractions are

B(τ− → π−π0π0π0ντ ) = ( 1.263± 0.006(stat) )×10−2 ,

B(τ− → π−π0π0π0π0ντ ) = ( 9.63 ± 0.43(stat) )×10−4 ,

B(τ− → K−ντ ) = ( 6.574± 0.022(stat) )×10−3 ,

B(τ− → K−π0ντ ) = ( 4.607± 0.020(stat) )×10−3 ,

B(τ− → K−π0π0ντ ) = ( 5.05 ± 0.13(stat) )×10−4 ,

B(τ− → K−π0π0π0ντ ) = ( 1.31 ± 0.34(stat) )×10−4 .

(6.39)

Their correlations are given by the following statistical correlation matrix

π3π0 π4π0 K Kπ0 K2π0 K3π0

ρB(stat) =



1.000 −0.513 −0.000 −0.002 0.034 −0.100

−0.513 1.000 0.000 −0.000 0.002 0.001

−0.000 0.000 1.000 −0.055 −0.001 0.001

−0.002 −0.000 −0.055 1.000 −0.109 0.021

0.034 0.002 −0.001 −0.109 1.000 −0.455

−0.100 0.001 0.001 0.021 −0.455 1.000



π3π0

π4π0

K

Kπ0

K2π0

K3π0

(6.40)

The branching fractions of decay channels that differ by one π0, e. g., τ− → K−π0π0ντ
with respect to τ− → K−π0ντ and τ− → K−π0π0π0ντ , are anti-correlated. If a true
decay of the type τ− → K−π0π0ντ is reconstructed as a τ− → K−π0ντ reaction, the
number of selected events of the type τ− → K−π0ντ increases by one while the number
of τ− → K−π0π0ντ reactions decreases. The same argument holds for the case that
a τ− → K−π0π0ντ decay is selected as a reaction of the type τ− → K−π0π0π0ντ .
Similarly, due to the identification of charged pions as “not being kaons” (Section 3.3.2),
the branching fractions of τ− → π−π0π0π0ντ and τ− → K−π0π0π0ντ decays are also
anti-correlated. If an event of true type τ− → π−π0π0π0ντ is spuriously identified
as an event of the type τ− → K−π0π0π0ντ , the event is not counted in the decay
mode τ− → π−π0π0π0ντ while the number of reconstructed τ− → K−π0π0π0ντ events
increases. Thus, the two modes are anti-correlated.

6.5 Systematic uncertainties

This section describes the investigation of systematic effects and the estimate of the cor-
responding uncertainties of the branching fractions. Most of the systematic uncertainties
are determined numerically using a variation method. It facilitates the calculation of the
full covariance matrices for the branching fractions. As for the statistical uncertainties,
the standard deviations are quoted as the uncertainties and the correlation matrices
are specified instead of the covariances (Equations 6.37, 6.38).

If a quantity X, e. g., the τ+τ− production cross section in e+e− collisions, enters
into the calculation of the branching fractions, the corresponding systematic uncertainty
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is estimated by varying X within its uncertainty ∆X. This is achieved by generating a
random number r according to a Gaussian distribution with mean zero and standard
deviation one. The varied quantity Xvar is calculated as

Xvar = X + r ·∆X . (6.41)

The full extraction of the branching fractions is then performed using the varied quantity
Xvar. Since most quantities enter both the determination of the π0 efficiency correction
and the calculation of the branching fractions (Sections 5.1, 6.1), this implies two steps:

1. The determination of the π0 efficiency correction according to Section 5.1 and

2. the measurement of the branching fractions according to Section 6.3, using the
varied π0 efficiency correction from step 1.

The variation procedure is repeated N = 1000 times, each time generating a new
random number r. The covariance matrix of the branching fractions VB resulting from

the uncertainty of X is calculated from the N varied branching fractions B(k)
i according

to its definition [85]

V Bij ≡ cov(Bi,Bj) ≡
1

N

N∑
k=1

(
B(k)
i − Bi

)(
B(k)
j − Bj

)
. (6.42)

The sum comprises all variations and the Bi are the mean values of the varied branching
fractions:

Bi ≡
1

N

N∑
k=1

B(k)
i . (6.43)

They should agree with the measured values of the Bi in Equation 6.26. The systematic
uncertainties for the different decay channels are estimated by the standard deviations
as defined in Equation 6.37 and their correlations are specified in form of the correlation
matrix (Equation 6.38). For each of the following uncertainties, the standard deviations
of all measured branching fractions are listed in Table 6.5. For the sake of legibility, the
corresponding individual correlation matrices are not listed in this chapter but included
in Appendix C. The total statistical and systematic correlation matrices are specified
in Section 6.6.

6.5.1 ττ production cross section σ(e+e− → τ+τ−)

The τ+τ− production cross section in e+e− collisions σττ ≡ σ(e+e− → τ+τ−) enters
into the number of τ+τ− pairs produced at the BABAR experiment (Equation 6.7). It
is needed to normalize the τ backgrounds to the data luminosity when calculating
the π0 efficiency correction (Section 5.1) and when extracting the branching fractions
(Equations 6.10, 6.11). Its relative uncertainty for the data set used in this analysis is
calculated using Monte Carlo simulation methods [9]:

∆σττ
σττ

= 0.31 % . (6.44)
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The resulting uncertainties of the branching fractions are determined using the variation
method according to Equation 6.41. As expected, the uncertainty of the mode τ− →
K−π0ντ is very small (Table 6.5). The method of the π0 efficiency correction results in
a way in a relative measurement of the mode τ− → K−π0ντ with respect to the channel
τ− → π−π0ντ (Section 5.1). In consequence, many uncertainties cancel in first order. It
is also observed that the uncertainties increase with increasing number of π0 mesons.
This is due to the fact that the ττ production cross section enters the calculation of the
π0 efficiency correction, which is applied for each reconstructed π0 meson. The same
arguments hold for the integrated luminosity and the tracking efficiency, which enter
the calculation of the branching fractions in the same way as the ττ production cross
section (Sections 6.5.2, 6.5.4).

6.5.2 Luminosity

The integrated luminosity L is measured using Bhabha, di-muon and two-photon
processes. According to References [41–43], its uncertainty depends on the run periods
of BABAR data taking (Section 2.3) and consists of two contributions:

1. The uncertainty from the reconstruction, selection and analysis of the Bhabha,
di-muon and two-photon events. This part is correlated for the data taking periods

(a) run I–III with a relative uncertainty of 0.8 % and

(b) run IV–VI with a relative uncertainty of 0.49 %.

Both contributions in (a) and (b) are uncorrelated between the two periods.

2. The uncertainty due to the dominant Bhabha cross section with a relative size
of 0.5 %. It is fully correlated for all run periods but uncorrelated with either
contribution from 1.

The variation of Equation 6.41 is extended to accommodate all three contributions of
the uncertainty. For each run period i = I, . . . ,VI (Table 2.1), the varied luminosity
Lvar
i is calculated as

Lvar
i = Li ·

[
1 + r1(a/b)

(
∆Li
Li

)
1(a/b)

+ r2

(
∆Li
Li

)
2

]
. (6.45)

The (∆Li/Li)j are the above contributions to the luminosity uncertainty and the rj
are the corresponding random numbers. For each run period either the contribution
1a or 1b and the contribution 2 are used to calculate the varied luminosity. I. e., for
i = I, . . . , III, (∆Li/Li)1a = 0.8 % is used, for i = IV, . . . ,VI, (∆Li/Li)1b = 0.49 % is
applied. The uncertainty (∆Li/Li)2 = 0.5 % is used for all run periods. To account
for the correlations of the uncertainties 1a and 1b for the run periods I–III and IV–VI,
respectively, and 2 for all run periods, only three random numbers rj are generated per
variation. They are used for all run periods.
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6.5.3 Background normalization

Background from non-migrating τ decays

According to Equations 6.10 and 6.11, the branching fraction Biτ of a τ background
τ → BG(i) is needed in addition to the ττ cross section in order to normalize the
Monte Carlo simulated events to the data luminosity. Since all background branching
fractions are known with finite precision only, this introduces an additional uncertainty
of the measured branching fractions. Within this analysis, the branching fractions of all
major τ decays into final states containing one charged particle are varied within their
uncertainties as specified in Reference [3]. However, no Monte Carlo simulation and no
branching fraction measurements exist for the decay channels τ− → π−π0π0π0π0π0ντ
and τ− → K−π0π0π0π0ντ . The uncertainty resulting from these two modes is estimated
in Section 6.5.10.

In addition to being background for the signal decay modes, the modes τ− → `−ν`ντ
with ` = e, µ are used to tag the selected ττ events (Section 4.1). Their branching
fractions also enter into the measured selection efficiency as they are used to generate
the decay of the tag τ lepton. The variation of the branching fractions includes the
decay of the tag τ lepton and thus covers the additional uncertainty.

Table 6.1 lists the branching fractions and their relative uncertainties for all decay
modes included into the variation [3]. For each mode, the branching fraction is varied
according to Equation 6.41. Since the measurements from Reference [3] are assumed to
be uncorrelated, a different random number r is used for each branching fraction.

Non-τ background

Backgrounds from reactions other than e+e− → τ+τ− are negligible within this analysis
(Figures 4.13, 4.14). So is the uncertainty due to their production cross sections.

6.5.4 Tracking efficiency

Section 3.5.1 briefly summarizes the determination of the tracking efficiency from ττ
reactions. In principle, this efficiency εtrack can be different in data and Monte Carlo
simulated events. In this case, a correction factor of

ηtrack ≡
εdata

track

εMC
track

(6.46)

has to be applied for each reconstructed track in the Monte Carlo simulation. According
to Reference [53], the tracking efficiency correction at the BABAR experiment is consistent
with one but has a non-zero uncertainty:

ηtrack = (1.0000± 0.0021) . (6.47)

Since the correction factor is estimated from τ decays, uncertainties due to residual
dependencies of the track efficiency on the position in the detector need not be considered
in this analysis. The mean position of the tracks mainly depends on the direction of
the original τ lepton and is very similar for all τ decays. The dependencies thus cancel
for all analyses of τ final states [53]. They are not included in the above value.
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Table 6.1: Decay modes of the τ lepton whose normalization to the data luminosity is
varied according to the uncertainties of their branching fractions. The table specifies the
branching fractions and their relative uncertainties in [%] as summarized in Reference [3].

B ∆B
B [%]

τ− → π−ντ 10.83 % 1.0

τ− → π−π0ντ 25.46 % 0.47

τ− → π−π0π0ντ 9.24 % 1.3

τ− → π−ηπ0ντ 1.73×10−3 14

τ− → π−ηπ0π0ντ 1.5 ×10−4 33

τ− → K−ηντ 2.7 ×10−4 22

τ− → K−ηπ0ντ 1.8 ×10−4 50

τ− → π−K0ντ 8.8 ×10−3 5.7

τ− → π−K0π0ντ 3.6 ×10−3 11

τ− → K−K0ντ 1.58×10−3 11

τ− → K−K0π0ντ 1.44×10−3 16

τ− → π−K0ηντ 2.2 ×10−4 32

τ− → π−K0K0ντ 1.53×10−3 22

τ− → e−νeντ 17.82 % 0.28

τ− → µ−νµντ 17.33 % 0.29

As each event contains two tracks whose reconstruction efficiencies are fully corre-
lated, the total varied tracking efficiency correction is calculated as

ηvar
track = ηtrack + 2r ·∆ηtrack , (6.48)

where r is a random number.
Since the down feed of events with more than two tracks into the selected event

sample is small (O(0.4 %), Section 4.1), the uncertainty due to deviations between data
and Monte Carlo simulation with respect to this down feed is neglected.

6.5.5 Charged particle identification efficiency

As described in Sections 3.3.2 and 3.5.2, the charged particle identification efficiencies
and misidentification probabilities in the Monte Carlo simulation have to be corrected
to describe the data. Correction factors are applied for each identified or vetoed particle
in the Monte Carlo simulation. In this analysis, the track in the lepton hemisphere
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(Figure 4.1) is required to originate from an electron or muon and the signal track must
either pass the kaon or the pion selection criteria. In addition, the signal track has to
fail the electron selection criteria used as electron veto (Section 3.3.2). Thus, three
correction factors are applied to each Monte Carlo simulated event in the form of event
weights.

The correction factors are provided for each particle hypothesis by the Charged
Particles Identification Working Group of the BABAR collaboration [63] in the form
of look-up tables. They depend on the run period, the particle’s momentum p and
its position in the detector (θ, φ). Along with the corrections, the tables also provide
uncertainties for each correction factor. These include uncertainties due to the limited
statistics of the control samples as well as those that are inherent to the method
of determining the weights [41]. All uncertainties are independent for the different
run periods and each bin in (p, θ, φ). In the case of a reconstructed charged particle
in a phase space region for which the control samples provide no information, the
average of all remaining weights for this selection algorithm is used as correction factor
(Section 3.5). The assigned uncertainty is estimated from the standard deviation of the
weights that are used to calculate the average.

To estimate the resulting uncertainties of the branching fractions, a random number
is generated for each particle hypothesis and run period and for each of the phase space
bins in the corresponding table.

6.5.6 Signal selection efficiencies

Due to the finite number of Monte Carlo simulated events used for the determination of
the migration matrix (Tables 2.2, 2.3), its elements Mij are subject to statistical fluctu-
ations (Section 6.3). Unlike the remaining uncertainties discussed in Section 6.5—apart
from the background misidentification probabilities—these are of inherent statistical
nature and thus, e. g., independent between the different run periods. To determine the
uncertainties of the branching fractions caused by these fluctuations, the Mij are varied
within their uncertainties.

However, care needs to be taken since the migration matrix elements are partly
correlated. The reason is similar to the one for the statistical correlations in Section 6.4.
If an event of true type τ− → K−π0ντ passes the selection criteria for any of the
reconstructed modes τ− → h−nπ0ντ with n = 3, 4 for h− = π− and n = 0, 1, 2, 3
for h− = K−, it is sorted into one of these decay channels. One of the migration
matrix elements Mi,Kπ0 is increased. If the event is correctly identified, it is counted
for MKπ0,Kπ0 . In contrast, if the event is misidentified, e. g., as a τ− → K−ντ reaction,
MK,Kπ0 is increased and the event is not counted for MKπ0,Kπ0 . Thus, MKπ0,Kπ0 and
MK,Kπ0 are partly anti-correlated.

In consequence, all matrix elements belonging to a true decay mode jgen are correlated,
where jgen symbolizes any of the six measured decay modes τ− → h−nπ0ντ with n = 3, 4
for h− = π− and n = 0, 1, 2, 3 for h− = K−. That is to say, all elements Mi,jgen of
one column of the migration matrix (cf. Section 6.3) are correlated, whereas they are
independent with respect to different true decay modes jgen. The elements Mi,jgen can
thus not be varied independently, but they are not fully correlated either.

A method to determine the correlations is the division of the event selection into
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several steps. First, all signal events of the type τ− → h−nπ0ντ with n = 3, 4 for
h− = π− and n = 0, 1, 2, 3 for h− = K− are selected. In each of the following steps, the
remaining event sample is separated into those events that are selected as one of the
measured decay channels, e. g., τ− → π−π0π0π0ντ , and those that are not selected in this
mode. If ε ≡ N sel/Ngen is the efficiency to select an event of the type τ− → π−π0π0π0ντ
from all τ− → h−nπ0ντ reactions, the efficiency to obtain an event that is not selected
as a τ− → π−π0π0π0ντ decay is (1− ε). Both efficiencies are fully anti-correlated. The
corresponding uncertainty ∆ε is calculated using binomial statistics (Equation 6.22):

∆ε =

√
N sel [N sel −Ngen]

[Ngen]3
. (6.49)

Figure 6.1 illustrates the division of the selection procedure into such steps for all
selected events of a true decay mode jgen.

jgen -
ε0

hnπ0
sel

-
ε1

π3π0
sel

?
1− ε0

not selected -
1− ε1

���π3π0
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-
ε2

π4π0
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-
1− ε2

���π4π0
sel

-
ε3
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-
1− ε3

��Ksel
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ε4
Kπ0

sel

-
1− ε4
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-
ε5

K2π0
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-
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K3π0
sel

Figure 6.1: Division of the selection procedure into several steps in order to determine
the statistical correlations of the migration matrix elements. The abbreviation jgen

symbolizes the generated events of any of the measured signal modes τ− → h−nπ0ντ . The
superscript sel symbolizes events that are selected as the given decay mode, while a symbol
that is crossed out indicates events that are selected as not being of the given type. For
each selection step, the corresponding efficiencies εi and (1− εi) are fully anti-correlated,
whereas all εi are uncorrelated for different selection steps i. The migration matrix
elements are obtained as products of these single-step efficiencies. Per construction, the
correlations of the matrix elements are considered.
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The migration matrix elements are obtained as products of the single-step efficiencies:

Mπ3π0,jgen = ε0 · ε1 ,

Mπ4π0,jgen = ε0 · (1− ε1) · ε2 ,

MK,jgen = ε0 · (1− ε1) · (1− ε2) · ε3 ,

MKπ0,jgen = ε0 · (1− ε1) · (1− ε2) · (1− ε3) · ε4 ,

MK2π0,jgen = ε0 · (1− ε1) · (1− ε2) · (1− ε3) · (1− ε4) · ε5 ,

MK3π0,jgen = ε0 · (1− ε1) · (1− ε2) · (1− ε3) · (1− ε4) · (1− ε5) .

(6.50)

Their numerical values do not depend on the specific division of the selection procedure
as illustrated in Figure 6.1. Any permutation of the selected final states yields identical
results for the matrix elements. Since the efficiencies εi are uncorrelated for the different
selection steps i, the correlations of the matrix elements are automatically considered.
Equation 6.50 results in 36 equations for the 36 migration matrix elements, of which
the six equations belonging to one generated decay mode jgen are correlated.

Each of the 36 independent εi is varied according to Equation 6.41 using 36 random
numbers ri and the varied migration matrix elements are calculated:

Mvar
π3π0,jgen

= (ε0 + r0∆ε0) · (ε1 + r1∆ε1) ,

Mvar
π4π0,jgen

= (ε0 + r0∆ε0) · (1− ε1 − r1∆ε1) · (ε2 + r2∆ε2) ,

Mvar
K,jgen

= (ε0 + r0∆ε0) · (1− ε1 − r1∆ε1) · (1− ε2 − r2∆ε2) ·
(ε3 + r3∆ε3) ,

Mvar
Kπ0,jgen

= (ε0 + r0∆ε0) · (1− ε1 − r1∆ε1) · (1− ε2 − r2∆ε2) ·
(1− ε3 − r3∆ε3) · (ε4 + r4∆ε4) ,

Mvar
K2π0,jgen

= (ε0 + r0∆ε0) · (1− ε1 − r1∆ε1) · (1− ε2 − r2∆ε2) ·
(1− ε3 − r3∆ε3) · (1− ε4 − r4∆ε4) · (ε5 + r5∆ε5) ,

Mvar
K3π0,jgen

= (ε0 + r0∆ε0) · (1− ε1 − r1∆ε1) · (1− ε2 − r2∆ε2) ·
(1− ε3 − r3∆ε3) · (1− ε4 − r4∆ε4) · (1− ε5 − r5∆ε5) .

(6.51)

As the statistical uncertainties of the migration matrix elements have no effect
on the determination of the π0 efficiency correction, only the branching fractions are
re-calculated for each varied migration matrix. This strongly limits the amount of
computing time needed to perform a variation. Hence, N = 10000 variations are
performed to determine the resulting uncertainties of the branching fractions.

6.5.7 Background misidentification probabilities

The remaining background in the selected data samples is estimated using Monte
Carlo simulated reactions and subtracted from the data according to Equations 6.9
and 6.10. As for the determination of the signal efficiencies, only a finite set of Monte
Carlo simulated events is available. Thus, the numbers of selected events N sel

MC,BG(j) of
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background type BG(j) are subject to statistical fluctuations. The ratio

εj ≡
N sel

MC,BG(j)

Ngen
MC,BG(j)

(6.52)

from Equations 6.9 and 6.10 is the probability to misidentify (i. e., select) an event
of background type BG(j) as signal, where Ngen

MC,BG(j) is the number of generated
background reactions. It has the functional form of an efficiency and its uncertainty is
calculated according to Equation 6.49.

In case of the migration matrix method (Section 6.2), the probability to misidentify
an event of background type BG(j) as a signal event of type i is

εBG
ij ≡

N
sel(i),gen(j)
MC,BG

N
gen(j)
MC,BG

(6.53)

in full analogy to the migration matrix elements in Equation 6.17. The N
gen(j)
MC,BG denote

the number of generated events of background BG(j) and N
sel(i),gen(j)
MC,BG the subset of

these that is selected as signal type i. Only the non-migrating backgrounds, i. e., those
that do not originate from any of the measured decay modes, are considered.

As in the case of the migration matrix, the six εi,jBG
that belong to a specific

background type BG(j) are not independent. They are correlated in the same way as
the migration matrix elements Mi,jgen in Figure 6.1 and Equation 6.50. Similarly, the
misidentification probabilities are independent for different background types BG(j).
In consequence, the εi,jBG

are varied like the migration matrix elements according to
Equation 6.51 in order to obtain the resulting uncertainties of the branching fractions.

All background modes from Table 6.1 are included into the variations and 10000
iterations are performed. Due to the relatively small number of selected τ− → π−π0ντ
events in the measured signal modes and the huge number of generated τ− → π−π0ντ
reactions, correlations with the uncertainty of the π0 efficiency correction are neglected.
This uncertainty is considered in Section 6.5.8.

6.5.8 π0 efficiency correction

The π0 efficiency correction is discussed in Chapter 5. Section 5.4 describes the
derivation of a systematic uncertainty of the correction method by considering the
decay mode τ− → π−π0π0ντ . An uncertainty of ∆ηπ0 = 1.5 % per reconstructed π0

meson is assigned to account for the remaining differences between data and Monte
Carlo simulation. Due to the derivation from the overall difference between data and
Monte Carlo simulation, the uncertainty of the correction factor is assumed to be fully
correlated for all π0 energies.

The resulting uncertainties of the branching fractions are obtained by varying the π0

efficiency correction factor for each selected event and π0 meson within the uncertainty
of 1.5 % according to Equation 6.41. To account for the correlations, only one random
number r is generated per variation and used for all π0 energies.
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6.5.9 Split-offs

The uncertainties of the selected event numbers N in data due to spurious π0 mesons that
are created by hadronic split-offs are discussed in Section 5.3.2. They are summarized
for the measured decay channels in Table 5.1. Since split-offs are a track-related
phenomenon, the uncertainties of the selected data event numbers are assumed to be
fully correlated between the different decay modes. I. e., all elements of the correlation
matrix of these event numbers are set to one, ρNij = +1.

The resulting uncertainties of the branching fractions are obtained by varying the
numbers of selected data events within the uncertainties from Table 5.1 according
to Equation 6.41. To account for the correlations, only one random number r is
generated per variation and used for all decay modes. As split-offs are rejected for the
determination of the π0 efficiency correction (Section 5.1), only the branching fractions
need to be re-calculated for each variation. Thus, 10000 iterations are performed.

6.5.10 Background with additional π0 mesons

Figures 4.13 and 4.14 show that the down feed of events that contain an additional π0

meson contributes a significant amount of background to the selected data samples.
For example, 6 % of all selected events of the type τ− → π−3π0ντ originate from (true)
τ− → π−4π0ντ decays. This is accounted for by the Monte Carlo simulation in case of
selected events of the type τ− → π−nπ0ντ with n ≤ 3 and τ− → K−nπ0ντ with n ≤ 2.
However, no Monte Carlo simulation exists to estimate the down feed of τ− → π−5π0ντ
decays into selected events of the type τ− → π−4π0ντ or of τ− → K−4π0ντ reactions
into the sample of τ− → K−3π0ντ events. These backgrounds cannot be subtracted
from the number of selected data events when calculating the branching fractions
(Equation 6.9).

Instead, the resulting uncertainty of the measured branching fractions is estimated
by an upper limit on the number of events of the true type τ− → π−5π0ντ (τ− →
K−4π0ντ ) that are reconstructed as τ− → π−4π0ντ (τ− → K−3π0ντ ) decays in data.
In the following discussion, events of the type τ− → π−5π0ντ and τ− → K−4π0ντ
are generically named events with (n + 1) π0 mesons. Similarly, the corresponding
τ− → π−4π0ντ and τ− → K−3π0ντ reactions are denoted as n π0 reactions. The entire
procedure is applied to both events of the type τ− → π−5π0ντ as background in selected
τ− → π−4π0ντ reactions and to decays of the type τ− → K−4π0ντ as background in
the sample of selected τ− → K−3π0ντ events.

The upper limit is obtained in two steps. First, events that contain (n+1) π0 mesons
are explicitly selected in data and Monte Carlo simulation. As there is no signal Monte
Carlo simulation for these events, the selected simulated events are all background
reactions that have been misidentified. In contrast, the selected data contains both
potential signal and background events. The applied selection criteria are—apart from
the number of reconstructed π0 mesons—identical to those used to reconstruct the
corresponding mode with n π0 mesons. An upper limit on the number of selected data
events that truly contain (n+ 1) π0 mesons is calculated from the numbers of selected
events in data and Monte Carlo simulation. In a second step, the ratio of the number
of (n+ 1) π0 background events in the n π0 sample to the number of correctly selected
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(n+ 1) π0 events is estimated. The product of this ratio and the derived upper limit on
the number of correctly reconstructed (n+ 1) π0 events yields an upper limit on the
number of (n+ 1) π0 background events in the selected n π0 sample.

Table 6.2 summarizes the numbers of explicitly selected events of the type τ− →
π−5π0ντ and τ− → K−4π0ντ for data and Monte Carlo simulation, respectively. The

Table 6.2: Upper limits on the numbers of explicitly selected data events of the type
τ− → π−5π0ντ and τ− → K−4π0ντ . The table lists the numbers of selected events in
data and Monte Carlo simulation N sel

data and N sel
MC and the derived upper limits on the

number of true signal events in the data µCL
sig at CL = 68, 90, 95 % confidence level.

τ− → π−5π0ντ τ− → K−4π0ντ

N sel
data 60 80

N sel
MC 25.3 93.7

µ68
sig 39.0 8.4

µ90
sig 46.8 15.0

µ95
sig 50.3 18.6

calculation of the upper limit—as described in the next paragraphs—follows the proce-
dure outlined in Reference [3]. Let µBG and µsig be the true numbers of background
and signal events, respectively. Assuming that the selected event numbers are Poisson
distributed [3], the probabilities to observe NBG background and Nsig+BG signal and
background events, PµBG

(NBG) and Pµsig+µBG
(Nsig+BG;µBG), are

PµBG
(NBG) =

(µBG)NBG

(NBG)!
e−µBG ,

Pµsig+µBG
(Nsig+BG;µBG) =

(µsig + µBG)Nsig+BG

(Nsig+BG)!
e−(µsig+µBG) . (6.54)

In this study, the number of background events is given by the number of selected
simulated events, NBG ≡ N sel

MC. The number of selected data events corresponds to the
number of signal and background events, Nsig+BG ≡ N sel

data. The combined probability
for µsig true signal events is

Pµsig
(Nsig+BG, NBG) =

∞∫
0

dµBG PµBG
(NBG)Pµsig+µBG

(Nsig+BG;µBG) (6.55)

=

∞∫
0

dµBG
(µBG)NBG

(NBG)!
e−µBG

(µsig + µBG)Nsig+BG

(Nsig+BG)!
e−(µsig+µBG) .

The upper limit on the number of selected events µCL
sig that truly contain (n + 1) π0
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mesons is obtained at the confidence level CL by the requirement

CL
!

=

µCL
sig∫
0

dµsig Pµsig
(Nsig+BG, NBG)

∞∫
0

dµsig Pµsig
(Nsig+BG, NBG)

. (6.56)

The resulting values for the decay modes τ− → π−5π0ντ and τ− → K−4π0ντ are
summarized in Table 6.2 at 68 % CL (one standard deviation) as well as at 90 % and
95 % CL.

All selection criteria—apart from the number of reconstructed π0 mesons—are
identical for the selection of events containing n and (n+ 1) π0 mesons. The efficiency
of these non-π0 related selection criteria is assumed to be similar for the selected n and
(n+ 1) π0 events. This is sufficient for the estimate of an uncertainty. Thus, the only
factor that determines into which sample an event is selected is the π0 reconstruction.
Given the π0 selection efficiency επ0 , the probability to reconstruct an event that
contains (n+ 1) π0 mesons as such ε(n+1)→(n+1) is

ε(n+1)→(n+1) ∝ (επ0)(n+1) . (6.57)

In contrast, the probability to misidentify the event as an n π0 reaction ε(n+1)→n is

ε(n+1)→n ∝ (n+ 1) (1− επ0) (επ0)n , (6.58)

where (1− επ0) is the probability to miss a π0. The factor (n + 1) is due to the fact
that each of the (n+ 1) π0 mesons may be missed. The ratio rn,(n+1) of the number of
(n+ 1) π0 background events in the n π0 sample to the number of correctly selected
(n+ 1) π0 events is given by the ratio of the π0 efficiency terms from Equations 6.58
and 6.57:

rn,(n+1) =
ε(n+1)→n

ε(n+1)→(n+1)

≈ (n+ 1) (1− επ0)

επ0

. (6.59)

The remaining number of (n+ 1) π0 background events NCL
BG in the selected n π0 sample

can thus be estimated at confidence level CL as

NCL
BG = rn,(n+1) · µCL

(n+1) =
(n+ 1) (1− επ0)

επ0

· µCL
(n+1) . (6.60)

To calculate these numbers, the average efficiency to select a π0 meson in correctly
reconstructed n π0 events is used. These events most closely match the event environment
of real (n+1) π0 reactions that are reconstructed as n π0 events. In the case of reactions
of the type τ− → π−4π0ντ and τ− → K−3π0ντ , the average π0 selection efficiencies are

〈επ4π0

π0 〉 = 76.3 % ,

〈εK3π0

π0 〉 = 74.5 % . (6.61)

The resulting upper limits on the remaining background are summarized in Table 6.3
for (n+ 1) π0 events of the type τ− → π−5π0ντ (τ− → K−4π0ντ ) that feed down into
selected n π0 reactions of the type τ− → π−4π0ντ (τ− → K−3π0ντ ).
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Table 6.3: Upper limits on the numbers of background events of the type τ− → π−5π0ντ
and τ− → K−4π0ντ in selected τ− → π−4π0ντ and τ− → K−3π0ντ reactions, respectively.
The symbols NCL

BG denote the upper limits at CL = 68, 90, 95 % confidence level. The
table also lists the total numbers of selected events N sel for the two event samples.

τ− → π−4π0ντ τ− → K−3π0ντ

N68
BG 60.6 11.4

N90
BG 72.6 20.5

N95
BG 78.0 25.4

N sel 1287 548

The uncertainties of the numbers of selected events of the type τ− → π−4π0ντ
(τ− → K−3π0ντ ) in data are estimated by the full upper limit on the background
contribution from τ− → π−5π0ντ (τ− → K−4π0ντ ) reactions at 68 % CL, i. e., at one
standard deviation:

∆Ndata
π4π0 = 60.6 ,

∆Ndata
K3π0 = 11.4 . (6.62)

The resulting uncertainties of the measured branching fractions are obtained by
varying the numbers of selected data events of the type τ− → π−4π0ντ and τ− →
K−3π0ντ within the above uncertainties according to Equation 6.41. Since the branching
fractions of the modes τ− → π−5π0ντ and τ− → K−4π0ντ are uncorrelated, two random
numbers r1,2 are used per variation. As the down feed is most significant in the channel
with one π0 meson less and the same identity of the charged hadron, only the down
feed into selected events of the type τ− → π−4π0ντ and τ− → K−3π0ντ is considered.
However, due to the changes in the calculated branching fractions of these two modes,
the backgrounds also induce small uncertainties of the modes with two π0 mesons
difference. This is correctly accounted for by the variation method. As only the
numbers of selected data events of the type τ− → π−4π0ντ and τ− → K−3π0ντ are
varied, only the branching fractions need to be re-calculated. Thus, 10000 iterations
are performed.

6.5.11 Variation of the selection criteria

The event selection described in Chapter 4 is partially based on selection criteria that
are applied to kinematic quantities, e. g., the thrust or the missing mass. A basic
requirement for this method is the description of the data distributions in the region of
the selection criterion by the Monte Carlo simulation. Otherwise, the resulting efficiency
of the criterion may be different for data and simulated reactions. As the Monte
Carlo simulation is used to estimate the selection efficiency for the data (Section 6.2),
this would introduce an additional uncertainty of the measured branching fractions.
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Since the agreement of data and simulated distributions is not always given within
the statistical uncertainties (see, e. g., Figure 4.8), the resulting uncertainties of the
branching fractions have to be quantified.

This is achieved by estimating how much the simulated distribution of a specific
selection variable needs to be shifted to obtain a good description of the data in the
region of the selection criterion. The analysis is then repeated with the selection criterion
on the simulated events shifted by the estimated difference, while the criterion on the
data is left at its nominal value. The resulting deviation of the branching fractions
measured in this way with respect to their nominal values is taken as an estimate of
the corresponding uncertainty. The method is illustrated in Figure 6.2 for the selection
criterion on the thrust and the upper selection criterion on the missing mass. It has
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Figure 6.2: Illustration of the variation of the selection criteria. The histograms show a
part of the (a) thrust and the (b) missing mass distributions (Figure 4.8) for the decay
mode τ− → π−π0ντ for data (red) and Monte Carlo simulation (blue) in the region of
the selection criteria (T > 0.87, mmiss < 7.50 GeV/c2). Both values are indicated by the
vertical red lines. The shift of the Monte Carlo simulation with respect to the data is
estimated by fitting each distribution with a linear function as indicated by the red and
blue curves. The difference between the values of the selection variable in data and Monte
Carlo simulation (x-axis) that correspond to the number of events (y-axis) of the data
distribution at the nominal value of the selection criterion is taken as a measure of the
relative shift of the distributions. The resulting shifts are marked by horizontal black
lines. The shifted selection criteria on the simulated events are indicated by the vertical
blue lines.

been verified that all remaining distributions of the selection variables can also be
approximated by a linear function in the region of the selection criterion. All deviations
can be corrected by a shift of the Monte Carlo simulated distributions as exemplified in
Figure 6.2.

Table 6.4 lists the resulting variations of the most important selection criteria.
The distributions of the remaining selection criteria, i. e., the hadron-π0 angle, the
hadron-lepton acoplanarity and the invariant neutrino mass, agree between data and
Monte Carlo simulation within the statistical uncertainties for the relevant decay modes.
Hence, the selection criteria on these variables are not varied. The disagreement between
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Table 6.4: Summary of the varied selection criteria. The table lists the changes of the
selection criteria for the Monte Carlo simulation with respect to the nominal criteria
(Tables 4.2, 4.3) as applied to the data.

Quantity Variation

Thrust 0.0008

Missing mass
Lower boundary −0.015 GeV/c2

Upper boundary −0.024 GeV/c2

data and Monte Carlo simulation with respect to the unassociated energy is discussed
in Section 5.4. It is covered by the systematic uncertainty of the method of the π0

efficiency correction. The unassociated energy is thus not varied separately.
The selection criteria on the missing mass are assumed to be fully correlated, i. e.,

the resulting uncertainties are added linearly. All remaining variations are treated
as being independent, i. e., the uncertainties are added in quadrature. The resulting
combined uncertainties from all variations of the selection criteria are listed in Table 6.5
for the measured decay modes. In principle, the variations would have to be performed
several times to obtain the correlations of the uncertainties between the different decay
channels. As each variation requires a large amount of computing power, they are
only performed once. Due to the similarity of the selection criteria for the different
decay modes, the resulting uncertainties are assumed to be fully correlated between the
measured channels, i. e., ρBij = +1 for all i, j.

6.5.12 Dependencies on the flavor of the tag lepton

Figure 6.3 shows the measured branching fractions as determined from electron-tagged
and muon-tagged reactions as well as the entire event sample. The electron- and muon-
tagged event samples are statistically independent and have partially different systematic
uncertainties, e. g., the uncertainty due to the electron and muon identification. The
systematic uncertainties caused by the charged particle identification are determined
in a variation procedure simultaneously for all selected particle types (Section 6.5.5).
Hence, the uncertainties plotted in Figure 6.3 only include the uncertainties that are of
inherent statistical nature, i. e., those due to the statistical fluctuations of the numbers
of selected data and simulated events (Sections 6.4, 6.5.6, 6.5.7). The contributions are
added in quadrature. For completeness, the full set of the measured branching fractions
for the different tag-lepton and run-period sub-samples is listed in Table D.1.

The consistency of the N = 2 branching fractions Bi measured with the different
sub-samples is tested using a χ2 variable [3]:

χ2 ≡
N∑
1

(
B − Bi

)2

(∆Bi)2 . (6.63)

The ∆Bi are the uncertainties and B is the mean of the contributing measurements (cf.
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Figure 6.3: Measured branching fractions for electron-tagged and muon-tagged reactions
as well as the entire event sample. The plotted uncertainties include all uncertainties that
are of inherent statistical nature. All contributions are added in quadrature. The red
lines mark the value (dashed) and the uncertainty band (solid) of the total measured
branching fractions. The given χ2 values are calculated according to Equation 6.63. Their
expectation value is one if the measurements follow a Gaussian distribution. The values
P (χ2) are the corresponding probabilities that this is the case.

Equation 7.7). The resulting values are also specified in Figure 6.3. If the measurements
follow a Gaussian distribution, the expectation value for χ2 is (N − 1) = 1. The
corresponding probabilities P (χ2) for a χ2 value that is larger than the calculated
one—if the contributing measurements follow a Gaussian distribution—are also given.
They exhibit a good consistency for all decay modes but τ− → K−π0ντ . However, care
needs to be taken since—as described above—the shown uncertainties do not include
all uncertainties that are uncorrelated between the electron- and muon-tagged event
samples. For the decay channel τ− → K−π0ντ , the uncertainty due to the electron
and muon identification is comparable to the statistical one (Table 6.5). Thus, the
agreement is acceptable also for this decay mode.
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6.5.13 Dependencies on the run period

Similar to Figure 6.3, Figure 6.4 displays the N = 6 measured branching fractions and
their total statistical uncertainties for the different run periods of data taking as well as
the entire data set (Table 2.1). The χ2 values as defined by Equation 6.63 as well as the
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Figure 6.4: Measured branching fractions for the different run periods of data taking
(Table 2.1). The plotted uncertainties include all uncertainties that are of inherent
statistical nature. The red lines mark the value (dashed) and the uncertainty band (solid)
of the total measured branching fractions. The given χ2 values are calculated according
to Equation 6.63. Their expectation value is five if the measurements follow a Gaussian
distribution. The values P (χ2) are corresponding the probabilities that this is the case.

resulting probabilities are also given. All six measurements of each branching fraction
are statistically independent and have partially different systematic uncertainties. The
particle identification uncertainties contain a significant fraction originating from the
limited size of the control samples (Section 3.5), which is completely independent
between all run periods. Additionally, the uncertainty of the luminosity is partially
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independent between the run I–III and run IV–VI periods (Section 6.5.2).
All but the two decay modes τ− → K−ντ and τ− → K−π0ντ show a good agreement

of the measurements for the different run periods. However, in case of the mode
τ− → K−ντ , the uncertainty due to the luminosity is of the order of 1 % and by a factor
of two bigger than the sum of the statistical uncertainties (Table 6.5). It can explain
the deviation between the run I–III and run IV–VI measurements. The deviations
within these two periods can be explained by the uncorrelated uncertainties of the
particle identification. A similar argument holds for the mode τ− → K−π0ντ , where
the uncertainty due to the particle identification is comparable to the statistical one.

The uncorrelated systematic uncertainties are especially significant for the decay
modes τ− → K−ντ and τ− → K−π0ντ , where the purely statistical uncertainties are
small. As the former are not included in Figure 6.4, the deviations are acceptable. This
is supported by the fact that the deviations exhibit different patterns for the different
decay channels. E. g., run I is not always low, as in the case of the modes τ− → K−ντ
and τ− → K−π0ντ , and a systematic deviation of the run I data can be excluded.

6.6 Results

Table 6.5 summarizes the branching fractions and all contributions to the statistical
and systematic uncertainties for the measured decay modes. Each uncertainty is
defined as the standard deviation according to Equation 6.37. The listed statistical
uncertainties include all uncertainties that are of inherent statistical nature, i. e., those
due to the statistical fluctuations of the numbers of selected data and simulated events
(Sections 6.4, 6.5.6, 6.5.7). In future, the statistical uncertainties as defined here could
be reduced without further data taking by increasing the amount of available Monte
Carlo simulated events. The remainder of the uncertainties are summarized into the
total systematic uncertainties.

Assuming that statistical and systematic uncertainties are independent, the total
statistical and systematic covariance matrices VB(stat) and VB(syst) are obtained as the

sum of the matrices VBi of all n contributions (see Appendix C):

VB(stat) =

n(stat)∑
i(stat)

Vi(stat) , VB(syst) =

n(syst)∑
i(syst)

Vi(syst)
. (6.64)

The total statistical and systematic uncertainties σ
(stat)
Bi and σ

(syst)
Bi are defined as the

corresponding standard deviations according to Equation 6.37. This is equivalent to
adding all contributing uncertainties in quadrature. The resulting branching fractions
are:

B(τ− → π−π0π0π0ντ ) = ( 1.263± 0.008(stat) ± 0.078(syst) )×10−2 ,

B(τ− → π−π0π0π0π0ντ ) = ( 9.6 ± 0.5(stat) ± 1.2(syst) )×10−4 ,

B(τ− → K−ντ ) = ( 6.57 ± 0.03(stat) ± 0.11(syst) )×10−3 ,

B(τ− → K−π0ντ ) = ( 4.61 ± 0.03(stat) ± 0.11(syst) )×10−3 ,

B(τ− → K−π0π0ντ ) = ( 5.05 ± 0.17(stat) ± 0.44(syst) )×10−4 ,

B(τ− → K−π0π0π0ντ ) = ( 1.31 ± 0.43(stat) ± 0.40(syst) )×10−4 .

(6.65)
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According to Equation 6.38, the corresponding correlation matrices are

π3π0 π4π0 K Kπ0 K2π0 K3π0

ρB(stat) =



1.000 −0.462 0.003 −0.004 0.038 −0.104

−0.462 1.000 0.001 −0.000 0.000 0.001

0.003 0.001 1.000 −0.063 −0.006 0.006

−0.004 −0.000 −0.063 1.000 −0.100 0.017

0.038 0.000 −0.006 −0.100 1.000 −0.459

−0.104 0.001 0.006 0.017 −0.459 1.000



π3π0

π4π0

K

Kπ0

K2π0

K3π0

(6.66)

for the total statistical uncertainties and

π3π0 π4π0 K Kπ0 K2π0 K3π0

ρB(syst) =



1.000 0.724 −0.531 0.826 0.891 0.381

0.724 1.000 −0.429 0.615 0.692 0.316

−0.531 −0.429 1.000 −0.051 −0.364 −0.137

0.826 0.615 −0.051 1.000 0.860 0.402

0.891 0.692 −0.364 0.860 1.000 0.381

0.381 0.316 −0.137 0.402 0.381 1.000



π3π0

π4π0

K

Kπ0

K2π0

K3π0

(6.67)

for the total systematic uncertainties. The uncertainties of the mode τ− → K−ντ are
anti-correlated with all other decay channels. This is due to the fact that the dominant
uncertainty in decay modes with reconstructed π0 mesons is due to the π0 efficiency
correction (Table 6.5). This uncertainty only enters the mode τ− → K−ντ via the
background modes that contain a π0 meson. Since this background is subtracted, the
uncertainty of the branching fraction that is caused by the uncertainty of the efficiency
correction is anti-correlated with all other modes. The correlation matrices of the
different statistical and systematic contributions are listed in Appendix C.

Adding the total statistical and systematic covariance matrices yields the final result
of the measured branching fractions:

B(τ− → π−π0π0π0ντ ) = ( 1.263± 0.078 )×10−2 ( 6.2 %) ,

B(τ− → π−π0π0π0π0ντ ) = ( 9.6 ± 1.3 )×10−4 ( 13 %) ,

B(τ− → K−ντ ) = ( 6.57 ± 0.11 )×10−3 ( 1.7 %) ,

B(τ− → K−π0ντ ) = ( 4.61 ± 0.12 )×10−3 ( 2.5 %) ,

B(τ− → K−π0π0ντ ) = ( 5.05 ± 0.47 )×10−4 ( 9.4 %) ,

B(τ− → K−π0π0π0ντ ) = ( 1.31 ± 0.59 )×10−4 ( 45 %) ,

(6.68)

where the numbers in brackets are the relative uncertainties. The corresponding total
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correlation matrix is

π3π0 π4π0 K Kπ0 K2π0 K3π0

ρB =



1.000 0.646 −0.507 0.796 0.831 0.250

0.646 1.000 −0.379 0.548 0.595 0.198

−0.507 −0.379 1.000 −0.051 −0.327 −0.088

0.796 0.548 −0.051 1.000 0.770 0.267

0.831 0.595 −0.327 0.770 1.000 0.122

0.250 0.198 −0.088 0.267 0.122 1.000



π3π0

π4π0

K

Kπ0

K2π0

K3π0

(6.69)

Since the total uncertainties are dominated by the systematic ones—except for the
decay mode τ− → K−π0π0π0ντ—their correlation matrix is similar to the one from
Equation 6.67. All measured branching fractions are the most precise measurements
currently available for these decay modes [3]. A more detailed comparison with other
measurements is provided in Chapter 8.
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Chapter 7

Extraction of |Vus|

Within this work, |Vus| is extracted from the total decay rate of the τ lepton into strange
hadronic final states Rτ,S following the method suggested in References [4, 5]. The
context is described in Section 1.4.2 and results in the following formula:

|Vus| =

√√√√ Rτ,S

Rτ,NS

|Vud|2
− δRτ

. (7.1)

The symbol Rτ,NS denotes the total decay rate of the τ lepton into non-strange hadronic
final states and |Vud| is the corresponding CKM matrix element. The latter can be
obtained from independent measurements. The quantity δRτ is the (small) flavor-
SUF (3) breaking difference, which is dominated by the strange-quark mass and can be
calculated theoretically (Section 1.4.2).

Experimentally, Rτ,S is obtained from the total branching fraction of the τ lepton
into hadronic final states with net strangeness BS and the lepton-universality improved
electronic τ branching fraction B(uni)

e (Section 1.2.3, [4, 5, 10]):

Rτ,S =
BS

B(uni)
e

. (7.2)

The most precise determination of Rτ,NS is performed using Rτ,S and the lepton-

universality improved total hadronic branching fraction B(uni)
had (Section 1.2.1, [10]) with

B(uni)
had = 1− Be − Bµ = 1− (1 + rµe)B(uni)

e . (7.3)

The symbols Be/µ are the measured leptonic τ branching fractions. Their ratio rµe can
be calculated theoretically with high precision [10]. Thus, the branching fraction of the
τ lepton into final states without net strangeness BNS is

BNS = B(uni)
had − BS = 1− (1 + rµe)B(uni)

e − BS . (7.4)

The corresponding decay rate of the τ lepton Rτ,NS is obtained from

Rτ,NS =
BNS

B(uni)
e

=
1

B(uni)
e

− (1 + rµe)−
BS

B(uni)
e

. (7.5)
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In consequence, |Vus| can be calculated from the experimental measurements accord-
ing to

|Vus| =

√√√√ BS

1−(1+rµe)B(uni)
e −BS

|Vud|2
− B(uni)

e δRτ

. (7.6)

The biggest contribution to the final uncertainty of |Vus| is due to the experimental
uncertainty of the branching fraction of the τ lepton into final states with net strangeness
BS (Section 1.4.2, [4, 5, 10]). This analysis has improved the branching fractions of the
four decay modes τ− → K−nπ0ντ (n = 0, 1, 2, 3) that contribute to BS by factors of up
to five with respect to the current world averages (Equation 6.68, Table 1.4, [3, 10]).
In the following section, these measurements are combined with the current world
averages to provide the most precise measurement of BS. The resulting value is used in
Section 7.2 to calculate |Vus| according to Equation 7.6.

7.1 Branching fractions of strange τ decays

For all decay modes of the τ lepton into final states with net strangeness other than the
four channels τ− → K−nπ0ντ (n = 0, 1, 2, 3), the current world averages are used as
summarized in Table 7.1. The measurements described in this document (Equation 6.68)
are combined with the current PDG world averages of the decay modes τ− → K−nπ0ντ
into updated world averages using the method advocated by the PDG [3]. In this
method, correlations between different decay modes and experiments are neglected, as
they are not known for measurements other than the one performed within this work.
However, scale factors are used to enlarge the experimental uncertainties if two or more
measurements are inconsistent with each other.

In a first step, the contributing N measurements Bi with uncertainties ∆Bi are
averaged using a standard weighted least-squares procedure [3]. Assuming uncorrelated
measurements, the average B and its uncertainty ∆B are obtained as

B ±∆B ≡

N∑
i=1

1
(∆Bi)2

Bi
N∑
i=1

1
(∆Bi)2

±

(
N∑
i=1

1

(∆Bi)2

)− 1
2

. (7.7)

In a second step, the consistency of the calculated average and the single measure-
ments is tested using a χ2 variable:

χ2 ≡
N∑
1

(
B − Bi

)2

(∆Bi)2 . (7.8)

It is compared with (N − 1)—the expectation value of χ2 if the measurements follow
a Gaussian distribution. If χ2 ≤ (N − 1), the result is accepted as it is. However, if
χ2 >∼ (N − 1), the data is still averaged but the resulting uncertainty is increased by a
scale factor S with

S ≡

√
χ2

(N − 1)
. (7.9)
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Table 7.1: Updated averages for the branching fractions of τ decays into final states
with net strangeness. The table lists the current world averages BPDG from Table 1.4
as taken from References [7, 10]. These include recent measurements of the BABAR and
Belle collaborations [24, 25]. The table also lists the measurements Bthis of the decay
modes τ− → K−nπ0ντ (n = 0, 1, 2, 3) performed in this analysis. The updated averages
Bupdate and the corresponding scale factors S are obtained using the method of the PDG
as described in the text. The value for the τ− → (Kπππ)−ντ branching fraction from
Table 1.4 has been splitted into the measurement of the decay τ− → K−π0π0π0ντ and
the remaining contributions from the mode τ− → K−π+π−π0ντ as well as estimates for
unseen final states using isospin relations. For the updated value, only the contributions
from decays of the type τ− → K−π0π0π0ντ are averaged.

Mode BPDG [10−3] Bthis [10−3] Bupdate [10−3] S

τ− → K−ντ 6.85 ± 0.23 6.57 ± 0.11 6.63 ± 0.11 1.1

τ− → K−π0ντ 4.54 ± 0.30 4.61 ± 0.12 4.60 ± 0.11 1

τ− → π−K0ντ 8.31 ± 0.28

τ− → K−π0π0ντ 0.58 ± 0.24 0.505 ± 0.047 0.508 ± 0.046 1

τ− → π−K0π0ντ 3.6 ± 0.4

τ− → K−π+π−ντ 2.80 ± 0.16

τ− → K−ηντ 0.27 ± 0.06

τ− → K−π0π0π0ντ 0.37 ± 0.24 0.131 ± 0.059 0.144 ± 0.056 1

τ− → (Kπππ)−ντ
a 0.37 ± 0.18

τ− → K1(1270)−ντ
b 0.67 ± 0.21

τ− → (Kππππ)−ντ
c 0.40 ± 0.12

τ− → K−K+K−ντ 0.016 ± 0.002

τ− → X−S ντ =
∑

28.78 ± 0.79 28.31 ± 0.62

a This value does not include the mode τ− → K−π0π0π0ντ .
b With a following decay into the final state K−ωντ .
c This branching fraction also includes a small contribution from the mode τ− → K∗−ηντ .

The reasoning is that the large value of χ2 is likely to be caused by an underestimate of
uncertainties in at least one of the experiments. Not knowing which of the uncertainties
are underestimated, they are all scaled up by the common factor S such that their
χ2 becomes (N − 1) [3]. It is noted that the scaling only affects the uncertainties and
leaves the central values of all averages unchanged.

Table 7.1 summarizes the contributing measurements to the updated world averages
of the branching fractions B(τ− → K−nπ0ντ ) with n = 0, 1, 2, 3—the current PDG
world averages and the measurements presented in this document. It also lists the
resulting updated world averages of the branching fractions as well as their uncertainties
and the calculated scale factors. The value for the τ− → (Kπππ)−ντ branching fraction
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has been splitted into the measurement of the decay τ− → K−π0π0π0ντ and the
remaining contributions from the mode τ− → K−π+π−π0ντ as well as estimates for
unseen final states using isospin relations. For the updated world average, only the
contribution from decays of the type τ− → K−π0π0π0ντ is averaged.

The resulting updated total branching fraction of the τ lepton into final states with
net strangeness BS and the corresponding decay rate Rτ,S (Equation 7.2) are listed in
Table 7.2. The uncertainty of the total branching fraction is obtained by adding the

Table 7.2: Comparison of the updated total strange and non-strange branching fractions
and decay rates of the τ lepton with previous measurements. The table lists the total
strange branching fraction BS and decay rate Rτ,S (Equation 7.2). They are determined
from the updated world averages obtained in this analysis as well as the current PDG
world averages (Table 7.1). The table also contains the corresponding total non-strange
branching fraction BNS and decay rate Rτ,NS according to Equations 7.4 and 7.5. The
universality-improved values (uni) use the predicted branching fraction of the mode
τ− → K−ντ from Equation 7.11 instead of the measurements.

BS [10−3] BNS [10−2] Rτ,S Rτ,NS

Updated 28.31 ± 0.62 62.02 ± 0.09 0.1589 ± 0.0035 3.481 ± 0.010

PDG 28.78 ± 0.79 61.97 ± 0.10 0.1615 ± 0.0044 3.478 ± 0.011

Updated (uni) 28.84 ± 0.61 61.97 ± 0.09 0.1618 ± 0.0035 3.478 ± 0.010

PDG (uni) 29.08 ± 0.75 61.95 ± 0.10 0.1632 ± 0.0042 3.477 ± 0.011

single uncertainties in quadrature and the universality-improved electronic τ branching
fraction

B(uni)
e = (17.818± 0.032) % (7.10)

is used to calculate the decay rate (Equation 1.21, [10]). Table 7.2 also lists the updated
values for hadronic τ decays into final states without net strangeness according to
Equations 7.4 and 7.5.

The updated results need to be compared to the values based on the current PDG
world averages, which are also specified in Table 7.2. By including the measurements
presented in this document, an improvement of 20 % has been achieved for the strange
τ decay rate Rτ,S.

If τ −µ universality is assumed, the branching fraction BK for the decay mode τ− →
K−ντ can be calculated from the precisely known branching fraction B(K− → µ−νµ)
(Section 1.2.2, [10]):

B(uni)
K = (7.15± 0.03)× 10−3 . (7.11)

Using this value instead of the measured average from Table 7.1 yields the universality-
improved results as listed in Table 7.2. It is however noted that the measured and the
universality-improved values of BK differ by 4.6 standard deviations—a fact that could
indicate new physics [7]. A more detailed discussion is provided in Chapter 8.
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7.2 Calculation of |Vus|
Using the measured values of BS and B(uni)

e from Table 7.2 as well as the theoretically
calculated values (Sections 1.2.1, 1.4.2 [6, 10])

r(theo)
µe = 0.972565± 0.000009 ,

δR(theo)
τ = 0.216± 0.016 (7.12)

and the world average [3]

|Vud| = (0.97418± 0.00027) , (7.13)

|Vus| is calculated according to Equation 7.6:

|Vus| = 0.2146± 0.0005(theo) ± 0.0025(exp)

= 0.2146± 0.0025 (1.18 %) . (7.14)

The uncertainties are of theoretical and experimental origin respectively. They are
obtained using full Gaussian error propagation for the uncertainties of all ingredients of
Equation 7.6. The total uncertainty is calculated by adding the two contributions in
quadrature. The number in brackets is the relative uncertainty.

If the universality-improved branching fraction B(uni)
K is used, the values from Ta-

ble 7.2 result in

|Vus|(uni) = 0.2166± 0.0005(theo) ± 0.0024(exp)

= 0.2166± 0.0025 (1.14 %) . (7.15)

These are the most precise determinations of |Vus| from hadronic τ decays to date.
However, the difference of 4.6 standard deviations between the measured and the
universality-improved branching fraction for the mode τ− → K−ντ is directly propagated
into the two values of |Vus|. It is only hidden by the total uncertainty of the BS.
Considering that all but the measurements of the channel τ− → K−ντ are identical in
both cases, the two values of |Vus| are as incompatible as the two branching fractions.

The determination using the current PDG world averages of the τ branching fractions
without considering the results of this analysis yields

|Vus|PDG = 0.2164± 0.0005(theo) ± 0.0031(exp)

= 0.2164± 0.0031 (1.45 %) ,

|Vus|(uni)
PDG = 0.2176± 0.0005(theo) ± 0.0030(exp)

= 0.2176± 0.0030 (1.38 %) .

(7.16)

An improvement of 19 % has been achieved by the inclusion of the measurements
presented in this thesis. The results in Equations 7.14 and 7.16 illustrate a general
tendency. The determinations of |Vus| that include new branching fraction measurements
from the B factories result in considerably lower values than those which only consider
the older LEP and CLEO measurements [7]. This is due to the fact that many
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measurements of τ branching fractions at the B factories result in lower values than
the corresponding averages of the LEP and CLEO results [7].

The new values from Equations 7.14 and 7.15 need to be compared to the current
PDG world average of |Vus| as obtained from semileptonic kaon decays (Section 1.4.1):

|Vus|K`3 = 0.2255± 0.0019 (0.84 %) (7.17)

This measurement differs by 3.4 standard deviations from the fully measured value in
Equation 7.14. The difference with respect to the universality-improved measurement
(Equation 7.15) amounts to 2.8 standard deviations. A more detailed comparison of
the most important measurements of |Vus| that are currently available is provided in
the following conclusion.



Chapter 8

Summary and conclusion

Within this thesis, the branching fractions of the decay modes τ− → K−nπ0ντ with
n = 0, 1, 2, 3 and τ− → π−nπ0ντ with n = 3, 4 have been measured. The measurements
are based on a data sample of approximately 427×106 ττ pairs that have been recorded
with the BABAR detector in the years 1999–2007. The data sample corresponds to an
integrated luminosity of 464.4 fb−1.

All measured decay modes are mutual backgrounds. Thus, their branching fractions
have been determined simultaneously, taking into account migrations in the form of
a migration matrix. All correlations of the uncertainties between the different decay
modes have been fully determined. The resulting correlation matrices are listed in
Section 6.6 and Appendix C. The final results for the measured branching fractions are

B(τ− → K−ντ ) = ( 6.57 ± 0.03(stat) ± 0.11(syst) )×10−3 ,

B(τ− → K−π0ντ ) = ( 4.61 ± 0.03(stat) ± 0.11(syst) )×10−3 ,

B(τ− → K−π0π0ντ ) = ( 5.05 ± 0.17(stat) ± 0.44(syst) )×10−4 ,

B(τ− → K−π0π0π0ντ ) = ( 1.31 ± 0.43(stat) ± 0.40(syst) )×10−4 ,

B(τ− → π−π0π0π0ντ ) = ( 1.263± 0.008(stat) ± 0.078(syst) )×10−2 ,

B(τ− → π−π0π0π0π0ντ ) = ( 9.6 ± 0.5(stat) ± 1.2(syst) )×10−4 .

For all decay modes whose final states contain multiple π0 mesons, contributions from the
intermediate resonances K0

S → π0π0 and η → π0π0π0 have been excluded or subtracted
before the determination of the branching fractions.

The largest contribution to the uncertainty of the mode τ− → K−ντ originates from
the uncertainty of the luminosity measurement. For the channel τ− → K−π0π0π0ντ ,
the largest contribution is caused by the statistical fluctuations of the data and Monte
Carlo simulated event samples. The uncertainties of all other modes are dominated by
the unknown π0 reconstruction efficiency (Table 6.5).

Within this analysis, the π0 efficiency correction for simulated events has been
determined by comparing the agreement of data and Monte Carlo simulation for the
precisely measured decay mode τ− → π−π0ντ . This method in a way measures the
decay mode τ− → K−π0ντ relative to the channel τ− → π−π0ντ and, to first order,
many uncertainties cancel when evaluating the branching fraction. For the same reason,
the uncertainties related to the π0 reconstruction cancel in first order for the first π0 in
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all other modes. The correction derived from the channel τ− → π−π0ντ has been tested
using the description of the data by the Monte Carlo simulation in the precisely measured
decay mode τ− → π−π0π0ντ . In this way, the uncertainty due to the reconstruction
of π0 mesons has been reduced by a factor of two in the framework of this analysis
compared to previous measurements by the BABAR collaboration [72]. The precision of
the measured branching fractions—which is still dominated by the uncertainty of the
π0 efficiency correction—illustrates the importance of this achievement.

Figure 8.1 shows a comparison of the results with earlier measurements and the cur-
rent PDG world averages—if available [3]. All presented measurements are compatible
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Figure 8.1: Comparison of the branching fractions measured within this work with
earlier measurements and the current PDG world averages. The measurements of the
ALEPH, CLEO and OPAL collaborations as well as the PDG world averages have been
taken from Reference [3]. The updated averages, which include the results of this thesis,
are indicated by the yellow bands. The corresponding scale factors S are also listed. They
are used to enlarge the uncertainties according to the method of the PDG collaboration
if the averaged measurements are not compatible within the given uncertainties [3]. In
all analyses of final states containing multiple π0 mesons, the intermediate resonances
K0
S → π0π0 and η → π0π0π0 have been excluded.
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with the results of other experiments and the PDG averages. The measurement of the
mode τ− → π−π0π0π0π0ντ is the first determination of this branching fraction. So far,
only the combined mode τ− → h−π0π0π0π0ντ with h = π,K has been measured. The
results of this analysis are the most precise measurements currently available and more
precise than the existing PDG world averages by factors of up to five. On the basis of
the presented measurements and the existing PDG averages, updated world averages
have been calculated using the method of the PDG collaboration (Section 7.1, [3]).
They are indicated by the yellow bands in Figure 8.1.

Due to a slight difference between the ALEPH measurement of the mode τ− →
π−π0π0π0ντ and the result of this analysis, the uncertainty of the combined value has
been enlarged by a scale factor S = 2.4 according to the prescription of the PDG
collaboration (Section 7.1, [3]). In case of the mode τ− → K−ντ (Figure 8.1(c)), the
scale factor is S = 1.1, while it is S = 1.0 for all remaining modes. This illustrates the
good agreement of the presented with all previous measurements.

The measurement of the decay mode τ− → K−ντ presented in this thesis has
increased the deviation of the measured branching fraction from the prediction using
the branching fraction B(K− → µ−νµ) and τ − µ lepton universality (Section 1.2.2).
Using the updated world average, the difference amounts to 4.6 standard deviations,
compared to 1.3 standard deviations for the current PDG world average. It is however
noted that both the measurement of the OPAL and the one of the CLEO collaboration
(Figure 8.1(c)) agree very well with the result of this analysis. The larger value of the
PDG world average is solely caused by the measurement of the ALEPH collaboration.
It dominates the PDG average due to its smaller uncertainty with respect to the
measurements of the OPAL and CLEO collaborations.

Using the updated world averages of the measured decays into final states with net
strangeness, τ− → K−nπ0ντ with n = 0, 1, 2, 3, the most precise determination of
the total decay rate of the τ lepton into strange final states Rτ,S and its non-strange
counterpart Rτ,NS (Section 1.2.3) has been performed:

Rτ,S = 0.1589± 0.0035 ,

Rτ,NS = Rτ −Rτ,S = 3.481± 0.010 .

The symbol Rτ denotes the total hadronic decay rate of the τ lepton. The current PDG
world averages and recent measurements of the BABAR and Belle collaborations have
been used for the modes that were not measured in this analysis (Table 7.1, [3, 24, 25]).
An improvement of 20 % has been achieved for Rτ,S with respect to the determination
based on the current PDG world averages and the recent measurements of the BABAR
and Belle collaborations alone, R

(PDG)
τ,S = 0.1615 ± 0.0044. Due to the lower values

of the updated averages of the branching fractions of the modes τ− → K−ντ and
τ− → K−π0π0(π0)ντ , the updated value for Rτ,S is also smaller than the PDG-based

value R
(PDG)
τ,S .



144 8 Summary and conclusion

On the basis of these new values for Rτ,S and Rτ,NS, an updated measurement of |Vus|
from hadronic τ decays (Equation 7.1) has been performed:

|Vus| = 0.2146± 0.0005(theo) ± 0.0025(exp)

= 0.2146± 0.0025 (1.18 %) .

The total uncertainty is calculated by adding the experimental and theoretical contribu-
tions in quadrature. The number in brackets is the relative uncertainty. This is the most
precise measurement of |Vus| from hadronic τ decays. The uncertainty has been reduced
by 19 % with respect to previous measurements, which have used the PDG world aver-
ages of the branching fractions as well as recent measurements of the BABAR and Belle
collaborations [3, 24, 25], |Vus|PDG = 0.2164± 0.0005(theo)± 0.0031(exp). However, as dis-
cussed below, the new measurement differs by 3.5 standard deviations from the current
world average of |Vus| from semileptonic kaon decays, |Vus|K`3 = 0.2255±0.0019 [3]. The
uncertainties of the two determinations are comparable. While the measurement from
semileptonic kaon decays is limited by its theoretical uncertainty [3], the uncertainty of
the determinations from hadronic τ decays is dominated by the experimental uncertainty
of Rτ,S.

Figure 8.2 provides a comparison of the measurement of |Vus| performed within
this work with the current world average from semileptonic kaon decays and other
recent measurements. Unitarity refers to the determination from the unitarity condition
for the first row of the CKM matrix and the world averages of |Vud| and |Vub|. The
measurements based on (semi)leptonic kaon decays K`3 (K`2) and hyperon decays use
similar methods and are all dominated by their theoretical uncertainties. The current
PDG world average is marked by a grey band in Figure 8.2 and the yellow band indicates
the updated measurement from hadronic τ decays.

While the measurements based on kaon and hyperon decays are all compatible with
unitarity, the updated measurement from hadronic τ decays differs by 4.0 standard
deviations from unitarity. This deviation has been increased by the new smaller values
for the branching fractions of the decay modes τ− → K−ντ and τ− → K−π0π0(π0)ντ
as presented in this thesis.

However, care needs to be taken when considering the unitarity condition for the
first row of the CKM matrix. The PDG world average of |Vud| is solely based on
measurements of superallowed 0+ → 0+ nuclear β-decays [3]. To extract |Vud| from
the measurements, corrections for the structure of the nuclei and isospin breaking
effects are needed. The central value of the current average obtained from these
measurements has shifted upwards by 1.5 standard deviations compared to the average
of the year 2006 due to a recent evaluation of the isospin breaking Coulomb corrections [3].
Moreover, determinations of |Vud| using neutron decays yield results that differ from
the PDG world average by as much as 4.5 standard deviations. They range from
|Vud| = 0.97092± 0.00068 [86] to |Vud| = 0.9786± 0.0019 [3], depending on the values of
the neutron lifetime τn and the ratio of the axial-vector/vector coupling gA ≡ GA/GV

that are used to calculate |Vud|. Both have been subject of discussions lately [3, 86]. A
recent measurement of the neutron lifetime differs by 6.5 standard deviations from the
PDG world average [3, 87]. In addition, a recent determination of gA also differs from
the world average by 1.9 standard deviations [3, 86]. In total, these observations show
that the experimental and theoretical situation in the |Vud| sector is unclear.
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|
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|V
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Unitarity  0.0012)±(0.2257 

 decaysl3K  0.0019)±(0.2255 

 decaysl2K  0.0014)±(0.2262 

Hyperon decays  0.0050)±(0.2260 

 decaysτUpdated  0.0025)±(0.2146 

Figure 8.2: Comparison of the updated measurement of |Vus| using hadronic τ decays
with current measurements from other methods [3]. Unitarity refers to the value obtained
from the world averages of |Vud| and |Vub| by imposing unitarity (Equation 1.63). The
measurement using K`3 decays is described in Section 1.4.1. Hyperon [31] and K`2

decays [32] provide similar methods to determine |Vus|. All three measurements are
dominated by theoretical uncertainties [3, 31, 32]. The independent measurement using τ
decays has been performed within this work and is described in Section 7.2. It includes
the updated world averages of the decay modes τ− → K−nπ0ντ with n = 0, 1, 2, 3
(Equation 6.68). This measurement is dominated by experimental uncertainties. The
current world average—which does not include the measurement using K`2 decays [3]—is
marked by the grey band. The yellow band indicates the updated measurement from τ
decays.

Finally, the deviations of the measured branching fraction B(τ− → K−ντ ) from the
predicted value using τ − µ lepton universality and of the measured value of |Vus| using
τ decays from determinations on the basis of kaon and hyperon decays also need to
be considered in a wider context. While they could indicate new physics beyond the
Standard Model, they also add to a growing list of deviations between measurements in
the τ lepton sector and other experimental areas [10]. One example is the comparison
of τ vector spectral functions (Section 1.2.4), e. g., in the mode τ− → π−π0ντ , with
the e+e− annihilation cross section of the corresponding isovector final state, i. e.,
e+e− → π+π−, via the conservation of vector currents [10]. Correcting for all identified
sources of isospin breaking, e. g., the π−-π0 mass splitting, a significant deviation is
observed between the τ and the e+e− data [10]. Integrating the τ spectral function and
the annihilation cross section up to the τ mass results in a difference of 2.9 standard
deviations between the measured rates in τ decays and in e+e− data [10]. Similarly,
the hadronic vacuum polarization contribution to the anomalous magnetic moment of
the muon also shows significant deviations between τ and e+e− based calculations [10].
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In summary, the results of this analysis—in conjunction with the outlined findings
of other experiments and calculations—underline the necessity for a careful review of
the theoretical understanding of τ decays and for precise measurements of hadronic τ
decays. Considering hadronic τ decays into final states with net strangeness, updated
measurements of the modes

τ− → π−K0ντ ,

τ− → π−K0π0ντ ,

τ− → K−π+π−π0ντ ,

τ− → K−ωντ

would be most valuable. These four modes contribute a large fraction to the total
uncertainty of Rτ,S and |Vus| as determined from hadronic τ decays. In addition, precise
measurements of the spectral functions of hadronic τ decays with net strangeness would
allow further tests of the theoretical description of τ decays [4, 5, 10].



Appendix A

Distributions of selection variables

Figures A.1–A.12 show the distributions of the selection variables (Tables 4.2, 4.3) for
the remaining decay modes that are not displayed in Chapter 4.
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Figure A.1: Distributions of the maximal hadron-π0 angle in the center-of-mass system
αcms
hπ0 for the different event categories without net strangeness, τ− → π−nπ0ντ with
n = 1, 2, 3, 4, using muon tagged reactions. The selection criteria on this variable are
indicated by the vertical lines.
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Figure A.2: Distributions of the maximal hadron-π0 angle in the center-of-mass system
αcms
hπ0 for the different event categories with net strangeness, τ− → K−nπ0ντ with n =

1, 2, 3, using muon tagged reactions. The selection criteria on this variable are indicated
by the vertical lines.
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Figure A.3: Distributions of the unassociated energy in the signal event hemisphere
Eunass for the different event categories without net strangeness, τ− → π−nπ0ντ with
n = 1, 2, 3, 4.



150 A Distributions of selection variables

Data

τν- K→ -τ

τν0π- K→ -τ

τν0π0π- K→ -τ

τν0π0π0π- K→ -τ

τν-π → -τ

τν0π-π → -τ

τν0π0π-π → -τ

τν0π0π0π-π → -τ

τν0π0π0π0π-π → -τ

τν0π nη)-/K-π (→ -τ

τν0π n
0

K)-/K-π (→ -τ

τν)0/Kη (
0

K-π → -τ

 

 

q q→ -e+e

-µ+µ → -e+e

 rest→ -τ

τνµe/ν)-µ/- (e→ -τ

 

 [GeV]unassE
0 0.5 1 1.5 2 2.5 3

E
ve

nt
s 

/ 0
.1

 G
eV

210

310

410

510

 [GeV]unassE
0 0.5 1 1.5 2 2.5 3

E
ve

nt
s 

/ 0
.1

 G
eV

210

310

410

510

(a) τ− → K−ντ .

 [GeV]unassE
0 0.5 1 1.5 2 2.5 3

E
ve

nt
s 

/ 0
.1

 G
eV

210

310

410

510

 [GeV]unassE
0 0.5 1 1.5 2 2.5 3

E
ve

nt
s 

/ 0
.1

 G
eV

210

310

410

510

(b) τ− → K−π0ντ .

 [GeV]unassE
0 0.5 1 1.5 2 2.5 3

E
ve

nt
s 

/ 0
.1

 G
eV

10

210

310

410

 [GeV]unassE
0 0.5 1 1.5 2 2.5 3

E
ve

nt
s 

/ 0
.1

 G
eV

10

210

310

410

(c) τ− → K−π0π0ντ .

 [GeV]unassE
0 0.5 1 1.5 2 2.5 3

E
ve

nt
s 

/ 0
.1

 G
eV

1

10

210

 [GeV]unassE
0 0.5 1 1.5 2 2.5 3

E
ve

nt
s 

/ 0
.1

 G
eV

1

10

210

(d) τ− → K−π0π0π0ντ .

Figure A.4: Distributions of the unassociated energy in the signal event hemisphere
Eunass for the different event categories with net strangeness, τ− → K−nπ0ντ with
n = 0, 1, 2, 3.
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Figure A.5: Distributions of the missing mass mmiss for the different event categories
without net strangeness, τ− → π−nπ0ντ with n = 1, 2, 3, 4, using electron tagged reactions.
The selection criteria on this variable are indicated by the vertical lines.
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Figure A.6: Distributions of the missing mass mmiss for the different event categories
with net strangeness, τ− → K−nπ0ντ with n = 0, 1, 2, 3, using electron tagged reactions.
The selection criteria on this variable are indicated by the vertical lines.
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Figure A.7: Distributions of the hadron-lepton acoplanarity ∆φcms
h` in the center-of-mass

system for the different event categories without net strangeness, τ− → π−nπ0ντ with
n = 1, 2, 3, 4, using electron tagged reactions.
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Figure A.8: Distributions of the hadron-lepton acoplanarity ∆φcms
h` in the center-of-mass

system for the different event categories with net strangeness, τ− → K−nπ0ντ with
n = 0, 1, 2, 3, using electron tagged reactions. The selection criterion on this variable is
indicated by the vertical line.
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Figure A.9: Distributions of the thrust for the different event categories without net
strangeness, τ− → π−nπ0ντ with n = 1, 2, 3, 4. The selection criteria on this variable are
indicated by the vertical lines.
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Figure A.10: Distributions of the thrust for the different event categories with net
strangeness, τ− → K−nπ0ντ with n = 0, 1, 2, 3. The selection criteria on this variable are
indicated by the vertical lines.
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Figure A.11: Distributions of the squared invariant neutrino mass m2
ν for the different

selected event categories without net strangeness, τ− → π−nπ0ντ with n = 1, 2, 3, 4.
Negative values occur because of the finite detector resolution and due to the rough
estimate of the τ direction using the thrust direction.
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Figure A.12: Distributions of the squared invariant neutrino mass m2
ν for the different

selected event categories with net strangeness, τ− → K−nπ0ντ with n = 0, 1, 2, 3. Nega-
tive values occur because of the finite detector resolution and due to the rough estimate
of the τ direction using the thrust direction. The selection criteria on this variable are
indicated by the vertical lines.



Appendix B

Distributions of kinematic variables

Figures B.1 and B.2 show the π0 energies Eπ0 for all decay channels with final state π0

mesons.
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Figure B.1: Distributions of the π0 energies Eπ0 for the different event categories
without net strangeness, τ− → π−nπ0ντ with n = 1, 2, 3, 4.
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Figure B.2: Distributions of the π0 energies Eπ0 for the different event categories with
net strangeness, τ− → K−nπ0ντ with n = 1, 2, 3.



Appendix C

Correlation matrices

Equations C.1–C.10 list the correlation matrices for the individual contributions to the
statistical and systematic uncertainties that are not listed in Chapter 6.

ττ production cross section σ(e+e− → τ+τ−)

π3π0 π4π0 K Kπ0 K2π0 K3π0

ρBσττ =



1.000 1.000 −1.000 −1.000 1.000 1.000

1.000 1.000 −1.000 −1.000 1.000 1.000

−1.000 −1.000 1.000 1.000 −1.000 −1.000

−1.000 −1.000 1.000 1.000 −1.000 −1.000

1.000 1.000 −1.000 −1.000 1.000 1.000

1.000 1.000 −1.000 −1.000 1.000 1.000



π3π0

π4π0

K

Kπ0

K2π0

K3π0

(C.1)

All decay channels are fully correlated with respect to the uncertainty of the ττ
production cross section. This is due to the fact that background from reactions other
than e+e− → τ+τ− is negligible in this analysis (Figures 4.13, 4.14). Thus, the ττ
cross section enters in the same way into all branching fractions. The anti-correlation
of events of the type τ− → K−ντ with respect to all modes containing multiple π0

mesons is caused by the treatment of the π0 efficiency correction. The decay mode
τ− → K−π0ντ is also anti-correlated with all modes containing multiple π0 mesons. It
is however noted that the uncertainty of the branching fraction B(τ− → K−π0ντ ) due
to the uncertainty of the ττ production cross section is very small (Table 6.5). This
is caused by the method of the π0 efficiency correction, which in a way is a relative
measurement of the mode τ− → K−π0ντ with respect to the channel τ− → π−π0ντ .
Hence, many uncertainties cancel in first order. The same arguments hold for the
luminosity and the tracking efficiency, which enter the calculation of the branching
fractions in the same way as the ττ production cross section.
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Luminosity

π3π0 π4π0 K Kπ0 K2π0 K3π0

ρBL =



1.000 1.000 −0.999 −0.948 1.000 1.000

1.000 1.000 −1.000 −0.952 1.000 1.000

−0.999 −1.000 1.000 0.957 −0.999 −1.000

−0.948 −0.952 0.957 1.000 −0.945 −0.950

1.000 1.000 −0.999 −0.945 1.000 1.000

1.000 1.000 −1.000 −0.950 1.000 1.000



π3π0

π4π0

K

Kπ0

K2π0

K3π0

(C.2)

Background normalization

π3π0 π4π0 K Kπ0 K2π0 K3π0

ρBBiBG
=



1.000 0.886 −0.202 0.569 0.596 0.139

0.886 1.000 −0.207 0.504 0.497 0.140

−0.202 −0.207 1.000 0.600 0.071 0.009

0.569 0.504 0.600 1.000 0.553 0.179

0.596 0.497 0.071 0.553 1.000 0.229

0.139 0.140 0.009 0.179 0.229 1.000



π3π0

π4π0

K

Kπ0

K2π0

K3π0

(C.3)

Tracking efficiency

π3π0 π4π0 K Kπ0 K2π0 K3π0

ρBηtrack =



1.000 1.000 −1.000 −1.000 1.000 1.000

1.000 1.000 −1.000 −1.000 1.000 1.000

−1.000 −1.000 1.000 1.000 −1.000 −1.000

−1.000 −1.000 1.000 1.000 −1.000 −1.000

1.000 1.000 −1.000 −1.000 1.000 1.000

1.000 1.000 −1.000 −1.000 1.000 1.000



π3π0

π4π0

K

Kπ0

K2π0

K3π0

(C.4)

Charged particle identification efficiency

π3π0 π4π0 K Kπ0 K2π0 K3π0

ρBηPID
=



1.000 0.657 −0.250 −0.043 0.048 −0.038

0.657 1.000 −0.169 −0.023 0.017 −0.007

−0.250 −0.169 1.000 0.727 0.377 0.151

−0.043 −0.023 0.727 1.000 0.781 0.407

0.048 0.017 0.377 0.781 1.000 0.341

−0.038 −0.007 0.151 0.407 0.341 1.000



π3π0

π4π0

K

Kπ0

K2π0

K3π0

(C.5)



164 C Correlation matrices

While the uncertainties of all decay modes comprising a kaon in their final state are
positively correlated, they are negatively correlated with the ones of the two modes
that contain a charged pion. This is due to the identification of charged pions as “not
being kaons” (Section 3.3.2). If an event of true type τ− → π−π0π0π0ντ is spuriously
identified as an event of the type τ− → K−π0π0π0ντ , the event is not counted in the
decay mode τ− → π−π0π0π0ντ while the number of reconstructed τ− → K−π0π0π0ντ
events increases. Thus, the two modes are anti-correlated.

Signal selection efficiencies

π3π0 π4π0 K Kπ0 K2π0 K3π0

ρBεsig =



1.000 −0.343 0.009 −0.011 0.075 −0.110

−0.343 1.000 0.004 0.005 −0.003 0.002

0.009 0.004 1.000 −0.076 −0.015 0.021

−0.011 0.005 −0.076 1.000 −0.043 0.005

0.075 −0.003 −0.015 −0.043 1.000 −0.756

−0.110 0.002 0.021 0.005 −0.756 1.000



π3π0

π4π0

K

Kπ0

K2π0

K3π0

(C.6)

Background misidentification probabilities

π3π0 π4π0 K Kπ0 K2π0 K3π0

ρBεBG
=



1.000 −0.464 −0.001 0.002 0.039 −0.123

−0.464 1.000 −0.003 −0.010 −0.006 0.001

−0.001 −0.003 1.000 −0.067 −0.012 −0.002

0.002 −0.010 −0.067 1.000 −0.129 0.018

0.039 −0.006 −0.012 −0.129 1.000 −0.366

−0.123 0.001 −0.002 0.018 −0.366 1.000



π3π0

π4π0

K

Kπ0

K2π0

K3π0

(C.7)

π0 efficiency correction

π3π0 π4π0 K Kπ0 K2π0 K3π0

ρBηπ0
=



1.000 1.000 −1.000 1.000 1.000 1.000

1.000 1.000 −0.999 0.999 1.000 1.000

−1.000 −0.999 1.000 −1.000 −1.000 −0.999

1.000 0.999 −1.000 1.000 1.000 0.999

1.000 1.000 −1.000 1.000 1.000 1.000

1.000 1.000 −0.999 0.999 1.000 1.000



π3π0

π4π0

K

Kπ0

K2π0

K3π0

(C.8)
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Split-offs

π3π0 π4π0 K Kπ0 K2π0 K3π0

ρBsplit-offs =



1.000 1.000 −1.000 1.000 1.000 −1.000

1.000 1.000 −1.000 1.000 1.000 −1.000

−1.000 −1.000 1.000 −1.000 −1.000 1.000

1.000 1.000 −1.000 1.000 1.000 −1.000

1.000 1.000 −1.000 1.000 1.000 −1.000

−1.000 −1.000 1.000 −1.000 −1.000 1.000



π3π0

π4π0

K

Kπ0

K2π0

K3π0

(C.9)

Background with additional π0 mesons

π3π0 π4π0 K Kπ0 K2π0 K3π0

ρB(n+1)π0 =



1.000 −0.999 −0.288 −0.022 0.023 −0.045

−0.999 1.000 0.247 −0.020 0.019 0.003

−0.288 0.247 1.000 0.964 −0.964 0.969

−0.022 −0.020 0.964 1.000 −1.000 1.000

0.023 0.019 −0.964 −1.000 1.000 −1.000

−0.045 0.003 0.969 1.000 −1.000 1.000



π3π0

π4π0

K

Kπ0

K2π0

K3π0

(C.10)



Appendix D

Dependencies on the tag lepton and
the run period

Table D.1 lists the measured branching fractions for the different tag lepton types and
run periods of data taking. All listed branching fractions are statistically independent
and have partially independent systematic uncertainties (Sections 6.5.12, 6.5.13).
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